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ln(x) − �

x − e
M) lim
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ln(cos x)

sin(�x�)
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α − β
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≤ tan α − tan β ≤ α − β
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|αβ + αγ + βγ|� = (αβ + αγ + βγ)(αβ + αγ + βγ)

= (αβ + αγ + βγ)(αβ + αγ + βγ)

= αβαβ + αββγ + αβγα + βγαβ + βγβγ

+βγγα + γααβ + γαβγ + γαγα

= (αα)(ββ) + αγ(αα) + βγ(ββ) + γα(ββ) + (ββ)(γγ)

+βα(γγ) + γβ(αα) + αβ(γγ) + (αα)(γγ)
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lim
x→e

ln(x) − �

x − e
= lim

y→�

ln(ey + e) − �

ey
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ln(y + �) + ln e − �

ey

=
�

e
lim
y→�

ln(y + �)

y
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e
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y+�
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e
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lim
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ln(cos x)

sin(�x�)
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ln[�+ (cos(x) − �)]
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dy
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= −

∂f

∂x
∂f

∂y

= − yxy−� + yx ln(y) − �y

xy ln(x) + xyx−� − �x
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∃c ∈ (β; α) : tanα − tan β =
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cos� c
(α − β)

�D)
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cos� α
⇒ α − β
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 u =

√
a� − x�

I =

∫ √
a� − x�dx = x

√
a� − x� −

∫
x

−x√
a� − x�

dx

= x
√

a� − x� −
∫ √

a� − x�dx + a�
∫

dx√
a� − x�

= x
√

a� − x� − I + a� arcsin
(

x

a

)
+ C

G�+��� 
� 
 8�I = x
√

a� − x� + a� arcsin
(

x

a

)
+ C �����
��

I =
x

�

√
a� − x� +

a�

�
arcsin

(
x

a

)
+ C
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∫
x�dx

�x� + �x� + �
=

∫
x�dx

(x� + �)(�x� + �)

=

∫ (
�

x� + �
+

−�
�x� + �

)
dx =

∫
dx

x� + �
−
∫

dx

�x� + �

= arctan x −
√
�

�
arctan(

√
�x) + C
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lim
n→∞

(
�

n + �
+

�

n + �
+ · · · + �

n + n

)
=

= lim
n→∞

�

n

⎛
⎜⎝ �

�+
�

n

+
�

�+
�

n

+ · · · + �

�+
n

n

⎞
⎟⎠

= lim
n→∞

�− �

n

n∑
k=�

�

�+ k
�− �

n

=

∫
�

�

dx

�+ x
= ln�
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< ��F�	 !� �� �
�F	 �B
1	 �@ 9�
F	 c�	�� &� 5�
3��� 
� �� ����	
 ���


A =
�
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∫
�π

�

{
x(t)y′(t) − y(t)x′(t)

}
dt

=
�

�

∫
�π

�

{
[a cos� t][�a sin� t cos t] − [a sin� t][−�a cos� t sin t]

}
dt

=
�a�

�

∫
�π

�

(sin� t + cos� t)(cos� t sin� t)dt
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=
�a�

�

∫
�π

�

(sin t cos t)�dt =
�a�

�

∫
�π

�

sin�(�t)dt =
�

�
πa�
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 8��;�	 n�) ���; P�� �� ��� ��� �; :��;�	 ��
X �� ����	
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G'��) ��� �� 
 n < m :��;�	 s�� 8��H�	 ��� ���� ���
��	

|xm − xn| =

∣∣∣∣ sin(n + �)

�n+�
+

sin(n + �)

�n+�
+ · · · + sin(m)

�m

∣∣∣∣
≤ | sin(n + �)|

�n+�
+

| sin(n + �)|
�n+�

+ · · · + | sin(m)|
�m

≤ �

�n+�
+

�

�n+�
+ · · · + �

�m

=
�

�n+�
× �− (�

�
)m−n

�− �

�

<
�

�n

�− ln ε

ln�
< n 
� �

�n
< ε �; ��� ��
; 8|xm − xn| < ε �+��� ���� *<

G:��;�	 5�
3��� 
���� ���� ���� ��	&( &� �� ������ 	
��

� = lim
n→∞

n

√∣∣∣∣[cos( a

n

)]n�
∣∣∣∣ = lim

n→∞

[
cos
(

a

n

)]n�

= lim
n→∞

[
�+ (cos

(
a

n

)
− �)

] �

cos
(

a
n

)
− �

× cos( a
n
) − �

( �
n
)�

= exp

[
lim

n→∞

cos
(

a
n

)
− �

( �
n
)�

]
= exp

(
− a�

�

)
= e−a�/�

�Nexp x := ex �; ��� �A�%o ��
��	 ��7"� ��;w	 ��� *< 8� < � ��4
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C �) lim
x→�

∫ sin x

�

√
tanxdx∫ tan x

�

√
sin xdx

M) lim
x→�

√
(�+ ax)(�+ bx) − �

x
x) lim

x→π/�
(sin x)tan x
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f(x) =

⎧⎨
⎩

�− x�

�
� ≤ x ≤ �

�

x
x > �

G��y
"� �9�
F	 �� 
��( �
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�	 &� Ngo

C �)
∫

cosh x

cosh x + sinh x
dx M)

∫
lnx

(�+ ln x)�
dx x)

∫
arctan(

√
x)dx

G���; ��� �� �� ��& 5��
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�

�

sin(�
x
)√

x
dx

c�B �� ≤ x ≤ π

�

 y = sin x 8y = cos x �� �
�F	 �@ �B
� ���
� &� .)
B :�B N]o

G���
( ���� �� 
� x ��F	

����; ��� �� �� ��& ��� ����I�
 
� 
 ����7"� Nlo
∞∑

n=�

n + �

n(n + �)

�� �� ��� ����I�

� ����7"� 85��
( ���� �� ��& ����% ��� ����7"� 5@&
� 
 L
,� Nko
G��y
"� ��� �� ��
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2�

∞∑
n=�

n

�n
(�x − �)n

����
( ���� �� z� + z� + � = � �@  �
,	 �
����� NC � Nho
���� �B�
 ����� n�� �
����� M�tD)
B ��y
"� J�2F% NM
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lim
x→�

∫ sin x

�

√
tan xdx∫ tan x

�

√
sin xdx

�
= lim

x→�

cos x
√

tanx

�

cos� x

√
sin x

= lim
x→�

cos x × sin
�

� x

cos
�

� x
�

cos� x
× sin

�

� x

= lim
x→�

cos� x · sin �

� x

cos
�

� x · sin �

� x
= lim

x→�

cos
�

� x = �

�1; x�E	 
 '��) $
��� W�� ���� �	
����	 �

�
$
��� � 
B �� �B ��4 �� �� ����	
 ���


�:��;�	 M�� '��) x
�6	 �� ��

lim
x→�

√
(�+ ax)(�+ bx) − �

x

= lim
x→�

[
√

(�+ ax)(�+ bx) − �][
√

(�+ ax)(�+ bx) + �]

x(
√

(�+ ax)(�+ bx) + �)

= lim
x→�

(�+ ax)(�+ bx) − �

x(
√

(�+ ax)(�+ bx) + �)

= lim
x→�

a + b + abx√
(�+ ax)(�+ bx) + �

=
a + b

�

���%�	 A = lim
x→ π

�

(sin x)tan x s�� 
� ��� �����< �,�
% y = ln x ��4 �� �� ����	
 ���

G����

ln A = lim
x→π/�

tan x · ln(sin x) = lim
x→π/�

ln(sin x)

cot x

�
= lim

x→π/�

cos x

sin x
−�

sin� x

= lim
x→π/�

(
− sin x cos x

)
= �

�A = e� = � �����
�� 
 ln A = � *<

���� � � � �� 	
� � 
 [a; b] �� 	� � ���� � � � y = f(x) ��� � � �� ���� �� ��� �� � ����� 	
� �
�� ���� ���� �� c ∈ (a; b)�� ����� ��� !�� �� "f(a) = f(b) � �#�� ��$%&	'( (a; b)

"f ′(c) = �
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G:���I�	 �H� �� � 
B �� )��*+�
�f(x�) > f(a) �; ���� ��A
 �� x� ∈ (a; b) !� ./�0 NC �
�f(x�) < f(a) �; ���� ��A
 �� x� ∈ (a; b) !� ./�0 NM

f(x�) = f(a) �� x� ∈ (a; b) �� Ǳ�&� �� Nx

�� y = f(x) $�	��1;� �@  
@1	 8�����
�� 8��� �����< [a; b] �� y = f(x) ��4 8���	 �� �� ��

 ��� ��I�6� f(a) &� [a; b] �� y = f(x) $�"�6;
	 8c
� � 
B �� ���� M��A ����� [a; b]

�f ′(c) = � �( Ǳ�&� �� �; ���� ��A
 �� c ∈ (a; b) !� 8*< �����	 z� (a; b) &
� 5@&
� ��
�� �( J��	 �����
�� 
 ��� ��
X W�
% Nxo � 
B �� ���
��	 NC �o � 
B ��9� NMo � 
B

����� �3) (a; b) P
2� $
"%

��#�� ��$%&	'( (a; b) ��� ����� �� � �	
��
 [a; b] �� 	�� ����� �� y = f(x) ���� ��� ���� !" �� ���
�� ���� ���� �� c ∈ (a; b)�� ����� ��� !�� ��

f(b) − f(b) = f ′(c)(b − a)

8x ∈ [a; b] Ǳ�&� �� 8:��; s�� �#�$%�

g(x) = (b − a)f(x) − x(f(b) − f(a))

5
>,� ���� ��wQ2��	 (a; b) �� 
 �����< [a; b] �� y = g(x) '��) ��� ��

g(a) = g(b) = bf(a) − af(b)


	� �g′(c) = � �; ���� ��A
 �� c ∈ (a; b) 8c
 � �@ �t/ �� 
�� 8�w 

g′(x) = (a − b)f ′(x) − (f(b) − f(a))

��f(b) − f(a) = f ′(c)(b − a) �( ��&� �� �; ���� ��A
 �� c ∈ (a; b) 8�����
��

�� �H� ���	 W�
 % ���� 
 d4 �B 5�� 5��� �@ �	�� 
 W�
 % ��� � u ���I0 ����� ���	 ��
�:��;�	 ��� ��

lim
x→�−

f(x) = lim
x→�−

�− x�

�
= �

lim
x→�+

f(x) = lim
x→�+

�

x
= �

���� �����< [�,�] �D)
� �� y = f(x) W�
% *<
G:���� ���w<J��	 ���	 ��

f ′(x) =

{ −x � < x < �
−�
x�

x > �
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G���� ���%�	 x = � ���	 �� 


f ′(�−) = lim
x→�−

f(x) − f(�)

x − �
= lim

x→�−

�− x�

�
− �

x − �
= lim

x→�−

�+ x

−� = −�

f ′(�+) = lim
x→�+

�

x
− �

x − �
= lim

x→�+

−�
x

= −�

��t/ Y���� �����
�� ���� ��w<J��	 (�,�) �@ D)
� �� y = f(x) 8f ′(�) = −� �����
��
G�+���K� ���� ��A
 c ∈ (�,�) ���
	 �K2� !� ./��B �����
�� ���� ���/�� ��7�
�	 ���2	

�

�
− �

�
= f(�) − f(�) = f ′(c)(b − a) = f ′(c)(�− �)

NOo ��# �� �91� c ��,�
 �� ��1� ��� ���K�
� 
� f ′ W�
% ��4 � 
 �f ′(c) = −�
�

*<
G:���I�	 �H� �� �� ��& � 
B 
�

C �)
{

f ′(c) =
−�
�

� < c ≤ �

⇒ −c =
−�
�

⇒ c =
�

�

M)

{
f ′(c) =

−�
�

� ≤ c < �

⇒ −�
c�

=
−�
�

⇒ c = ±
√
�⇒ c =

√
�

:+B �����
�� ���
��"� 5�� 5��� �@ D)
� �� JD,�	 ���& ��
��"� c�9/ .�
/ c = −
√
� 
���� ��

���
��	 ���/�� c =
√
� 
 c = �

�
���� ��t/

G:���� !� ���Q�� ����1; 
 ����� C��,% �� �A�% 
� ���
 �� ������ 	
��∫
cosh x

cosh x + sinh x
dx =

∫
ex + e−x

�ex
dx

(�)
=
�

�

∫
(�+ e−�x)dx =

�

�
x − �

�
e−�x + C

�:��5��"� :�12% x�E	 �� �� '��) 8NOo �� �+��� {���%

�����
�� �:��;�	 5�
3��� u = �+ ln x ���|�	 ���|% &� .B ���� �� �� ������ 	
��

 dx = eu−�du 8x = eu−� :����∫

ln x

(�+ ln x)�
dx =

∫
u − �

u�
eu−�du = e−�

∫
eu(u − �)

u�
du

= e−�
∫

eu

u
du + e−�

∫ −eu

u�
du
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= e−�
∫

eu

u
du + e−�

∫
eud(

�

u
)

= e−�
∫

eu

u
du + e−�

{
eu × �

u
−
∫

eu

u
du

}
= e−�eu�

u
+ C = eu−� × �

u
+ C =

x

ln x + �
+ C

�:��5��; 5�
3��� Ǳ6A �� Ǳ6A 5�#
/ &�
∫ −eu

u�
du .B ���� �; ���; �A�% (∗)

G:���� :��;�	 5�
3��� Ǳ6A �� Ǳ6A 5@�#
/ &� .B ���� �� �� ������ 	
��
{

u = arctan(
√

x)
dv = dx

⇒
{

du = dx
�
√

x(x+�)

v = x

∫
arctan(

√
x)dx =

∫
u · dv = uv −

∫
vdu

= x arctan(
√

x) −
∫

x · dx

�
√

x(x + �)

G*< �dt =
dx

�
√

x
G:���� t =

√
x s�� 
�

= x arctan(
√

x) −
∫

t�dt

�+ t�
= x arctan(

√
x) −

∫ (
�− �

t� + �

)
dt

= x arctan(
√

x) − t + arctan(t) + C

= x arctan(
√

x)−√
x+arctan(

√
x)+C =(x+�) arctan(

√
x)−√

x + C

G:���� α �� ��&� �� | sin α| ≤ � �+��� �� �A�% 
� �� ����	
 ���
∣∣∣∣∣
∫

�

�

sin(�
x
)√

x
dx

∣∣∣∣∣ =

∣∣∣∣∣ lim
ε→�+

∫
�

ε

sin(�
x
)√

x
dx

∣∣∣∣∣ ≤ lim
ε→�+

∫
�

ε

| sin(�
x
)|√

x
dx

≤ lim
ε→�+

∫
�

ε

dx√
x

= lim
ε→�+

[
�
√

x
]�

ε
= lim

ε→�+
(�− �

√
ε) = �

���
��	 6�� ��7"� 8��� JDK	 ���7"� �H� ���	 c��7��� ��4

y� = cos x ��F�	 ���
� &� .)
B :�B ��� ��
; O .+� �� �A�% 
� �� ������ 	
��

� x ��F	 c�B y� = sin x ��F�	 ���
� &� .)
B :�B 
 5��; �9�
F	 �� 
� x ��F	 c�B
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��� ����	� �� 
 �� ����	 �� ���

GV = V� − V� :�y
"� �1; �( &� ��

V = π

∫ π
�

�

y��dx − π

∫ π
�

�

y��dx = π

∫ π
�

�

(cos� x − sin� x)dx

= π

∫ π
�

�

cos(�x)dx = π

[
�

�
sin(�x)

]π
�

�

=
π

�

��� ��9� ��� 
 ��� ����� '��) �A�� &� �B�
 !� x�E	 �@ A�� ��4 �� ����	
 ���


�:��;�	 �1�
2	 ��� ��� 
� ���( �w 8���
∞∑

n=�

�

n
!���	�
�

lim
n→∞

n + �

n(n + �)

�

n

= lim
n→∞

n + �

n + �
= lim

n→∞
�+ �

n

�+ �

n

= �

��I�
 6�� 5�� 5��� ��� 8���# �
���� �@ 1�
2	 ��	&( ��
�� ���� ��I�

∞∑

n=�

�

n
��4 *<

����
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 ���



� ����% ��� !� ��� �
∞∑

n=�

n

�n
yn ���� ���%�	 y = �x− � s�� 
� �� ������ 	
��

G5
7�( 8��
� ��� ��� ����7"� L
,� R �I� �����
�� ���� an =
n

�n
$� n �@ D"A \���

�

R
= lim

n→∞
an+�

an
= lim

n→∞

n + �

�n+�

n

�n

= lim
n→∞

n + �

�n
=
�

�
⇒ R = �

�I� 
 ���� ��7"� ��� 5
7�( 8Nbx > � 
 x < �a 
 � |�x − �| < �o |y| < � �I� c
B
� 
B 
��% 8���� �
 � � ���
��	 ��I�
 ��� 5
7�( N� < x < � 
 � |�x − �| > �o |y| > �
∞∑

n=�

n

�n
����� x = � ��&� �� 5�� 5��� ��� ���� Nx = � 
� x = �o |y| = � 5��
	�/
�

n ≤ �
n 5���"� :��; �A�% �1��
; \DK	 ��� ���� ���
��	 ��7"� ��� !� ��� �; ����

G:���� �w 
 ���
∞∑

n=�

n

�n
≤

∞∑
n=�

�
n

�n
=

∞∑
n=�

(
�

�
)n

��I�6� ��?� ��� &� ��4 
 ��
��	 O &� ��"; �91� ��/ 
� ����� ��� !� 8�?( ��� �;

���
��	 ��7"� ��� !� 8
∞∑

n=�

n

�n
*< 8��
��	

� �
 �� � �� � ! � � �� � ; 8� ��
∞∑

n=�

(−�)n n

�n
� ��� � x = � ��&� � � 5� � 5��� �� �


 xn =
n

�n
�@  
9�� ���� � 
6� 
� ��� c�
,	 ��� ��� ����7"� 86���9�0 ��	&( �� 
�� ����

G:���� �����
�� �( �B ��� �3)

xn+� ≤ xn ⇔ n + �

�n+�
≤ n

�n
⇔ n + � ≤ �n ⇔ � ≤ �n

� ≤ lim
n→∞

xn = lim
n→∞

n

�n
≤ lim

n→∞
�

n

�n
= lim

n→∞
(
�

�
)n = �

���� ��7"� x ∈ [�,�] ��&� �� Y2� 
 Y2� 5�� 5��� ��� �; :���I�	 ����� *<

� �
,	 '��T� ���%�	 �� 5�� 5��� 5�
,	 5
7�( 8w = z� :��;�	 s�� �� ������ 	
��
G�����
�� ���"� �1���&
� w� + w + � = � $
� �A��

w =
−�±√

�− �

�
⇒

⎧⎪⎨
⎪⎩

w� =
−�
�

+

√
�

�
i

w� =
−�
�

−
√
�

�
i

*< ���1� �7��"� x
�6	 w� 
 w� �; ����	 5��
�	 8YD�E	 ��# 
� x
�6	 C��,% �� 
��
$�� �����
�� �:��; 5�
3��� �
(�	� ��t/ &� �1�
��	 w = z� �@  �
,	 .B ���� �w� = w�
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�
	�I�( 
 NJDK	 ��/o c
�	 ��H�	 ��� ���� �:��;�	 ���,% �� w� 
 w� ��
"� 
� �%
`D`	
�:��;�	 ���,% �� w� 
 w� N&
�o

���� �N$�
�4 
% c
� W��o z = x + iy YD�E	 ��# �� y 
 x ���
2	 �� �A�% 
 � �����
�
�1� ����	 W/�
 ��B
� j &� !�	��; �� z �; ��+� ��� �� �A�% θ �
	�I�( 8���
( ����

���� :�	

r = |x + iy| =
√

x� + y� ⇒ r� =

√
(
−�
�

)� + (

√
�

�
)� = �

G:���� �
	�I�( ���,% ���� ���
��	 r� = r� *< ���1� �7��"� x
�6	 w� 
 w� ��4 


arg(w�) = arctan

( √
�

�

−�
�

)
= arctan(−

√
�) =

−π

�

��� W/�
 $
� ��B
� ��w�
	� ⇒ π

�
< θ < π

⎫⎪⎬
⎪⎭⇒ θ� = π − π

�
=
�π

�

�θ� =
−�π

�
G�����
�� ���7��"� x
�6	 w� 
 w� ��4 


'��T� z YD�E	 ��# �9K/ 
 �%�
;� -�
"� ���� �� d4 &� \�%�% �� �; :�����	 
	�
G��� ��&

z = x + yi = reiθ = r(cos θ + i sin θ)

w� =
−�
�

+

√
�

�
i = �e

�π

�
i

= �

[
cos

(
�π

�

)
+ i sin

(
�π

�

)]

w� =
−�
�

−
√
�

�
i = �e

−�π

�
i

= �

[
cos

(
−�π

�

)
+ i sin

(
−�π

�

)]

�� �+��� �� �A�% 
� 
 �
(�	� ��t/ &� 5�
3��� 
� z ���,% ���� ��� w = z� s�� ��
�� 
	�
G:���I�	 �H� �� �� k = �,� �
�� 
B ��
��	 ���� n ����� n �A�� �@  �
,	

w = z� ⇒ z = w�/� =
√

w

G:���� z ���,% ���� �����
��

√
w� =

√
�e

�π

�
i

=
√
�e

(
�π
�

+ �kπ
)

i

� = e

(
π

�
+ kπ

)
i

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e

π

�
i

= cos
(

π
�

)
+ i sin

(
π
�

)
= �

�
+

√
�

�
i k = � �I�

e

�π

�
i

= cos
(
�π
�

)
+ i sin

(
�π
�

)
= −�

�
−

√
�

�
i k = � �I�
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√
w� =

√
�e

−�π
�

i =
√
�e

(−�π
�

+ �kπ)i

� = e

(
−π

�
+ kπ

)
i

=

⎧⎪⎨
⎪⎩

e

−π

�
i

= cos
(−π

�

)
+ i sin

(−π
�

)
= �

�
−

√
�

�
i k = � �I�

e

�π

�
i

= cos
(
�π
�

)
+ i sin

(
�π
�

)
= −�

�
+

√
�

�
i k = � �I�

M��A �@ #�"�	 =

⎧⎨
⎩e

π

�
i
, e

�π

�
i
, e

−π

�
i
, e

�π

�
i

⎫⎬
⎭

=

{
�

�
+

√
�

�
i,

−�
�

−
√
�

�
i,
�

�
−

√
�

�
i,

−�
�

+

√
�

�
i

}
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 , 	 M�� A ! � x + iy � I� � ; �� " � � �
 X ��� %� 	 � ; � �� � ;} � � $&0
�2�2B ���#� an 
 ��� 8a� 8a� �= � 8y 8x �( �� �; ��
� a�z

n + a�z
n−� + · · · + an = �

���� � �
,	 M��A 6�� x − iy 8���1�
����o ���7��+� x
�6	 8�2�2B \���� 
� ���D"A��4 !� �
����� 8�%5�
� �
�� ��

�N���; 5�
3��� reiθ ��
"� $�� &� �����%�	 '
9X�

�
 �� � �� 8(P ) M� t D )
 B 
 (S) L� " � 	 � ; �� �� 	 � �
 X �� �� � ��� � � 	
� �
� �& �
 �  � 	� � &� � �� a� �= � �( �� � ; a�z

n + a�z
n−� + · · · + an = � ��� D " A� � 4

G��(�	 ����

S =
−a�
a�

P = (−�)n an

a�

�P = (−�)� × �

�
= � _�T? �� �@  
@1	 ��� �� *<
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���; n�) ��& �K��� �� �; ���
�� YD�E	 �@ F3) �� �� �r
2� ����� �
+	 NOo

|Im(z + i)| ≤ �

����; �9�
F	 �� ��& �
�B &� !� �� NZo

C �) lim
x→ π

�

(tanx)tan(�x) M) lim
x→�

x

[
�

x

]
���
��	 {�F) Ǳ6A 
� 
 ��
 �; �
�,	 �� 8[ ] �
"�

����
�� �� f(x) = ln
√

(�− x�)x W�
% ��� !	 Y1� Ngo

GG���; UF� ��& W�
% ���w< J��	 
 �7����< �� G0S 
� Njo

f(x) =

{
e−�/x� x �= �

� x = �

���� �����< 8��w<J��	 W�
% �� �; ���� �
�� G
S��
X
����� (�,�) 5@&
� �� ���� !� 
��% 
 !� x = �

−x �@  �,	 �; ���; ��
X N]o
����; �9�
F	 �� ��& �
�c��7��� &� !� �� ���2	 Nlo

C �)
∫

�

�

|x − �|dx M)

∫ +∞

−∞

dx

x� + �x + �

����; �9�
F	 �� ��& �
�c��7��� &� ���	 
� Nko

C �)
∫

x� dx√
x� + �

M)

∫
x� sin(ln x) dx x)

∫
arcsin

√
x√

x(�− x)
dx

����; UF�
∫ ∞

�

dx

x� + �
5@��
� c��7��� ����I�
 
� ����7"� �� Nho

���� ��7"�
∞∑

n=�

sin( x
n
)

n�/�
��� 8x &� ���
2	 $��; ��&� �� �; ���; [E�	 Nio

�9�
F	 �� 
� x ��F	 
 y = x�(�− x�) W�
% -�
"� ��F�	 �� �
�F	 �@ �B
� �B
1	 NOmo
����;

����
 ��

G�����
�� ~|Im(z + i)| ≤ � 
 z = x + iy :��; s�� �� ������ 	
��

|Im(x + i(y + �))| ≤ � ⇔ |y + �| ≤ � ⇔ −� ≤ y + � ≤ �
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A ��" #$	 �� ���

G&� �1%�
9# �H� ���	 �@ #�"�	 
 ��� −� ≤ y ≤ � �����
��

A = {x + iy | − � ≤ y ≤ �}

���y
"� �A�% Z .+� ��

s� � 
 � �� 	
 � ��� 	 �∞ : � 9 	 �  
 B � � � B � �� �� �
 �� � ��� � � 	 
� �
G&� �1%�
9# �H� ���	 �B 8:���� ����r &� ���Iln 
� 
 8A = (tan x)tan(�x)

lnA = lim
x→π/�

ln y = lim
x→π/�

tan(�x) ln(tan x)

= lim
x→π/�

ln(tanx)

cot(�x)

�
= lim

x→π/�

⎛
⎜⎜⎝
�/cos� x

tan x
−�

sin�(�x)

⎞
⎟⎟⎠

= lim
x→π/�

⎛
⎜⎝

�

sin x cos x
−�

� sin� x cos� x

⎞
⎟⎠ = lim

x→π/�
(−� sin x cos x) = −�

�A = e−� =
�

e
�����	 �� 
 lnA = −� �����
��
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5
7�( 8x > � �I� ��
x

≤
[
�

x

]
<
�

x
+� G:���� x �= � �� ��&� �� �� �� ������ 	
��

G����� �� 
 � ≤ x
[
�

x

]
< �+ x G:���� 8x �� 
��

1	
� ����r ���; M�� 
�

� = lim
x→�+

(�) ≤ lim
x→�+

x

[
�

x

]
≤ lim

x→�+
(�+ x) = �

�� 
 �+ x < x

[
�

x

]
≤ � G:���� 8x �� ����r M�� 
� 5
7�( 8x < � �I� ��
�	 '��) �� 


G�����

� = lim
x→�−

(�+ x) ≤ lim
x→�−

x

[
�

x

]
≤ lim

x→�−
(�) = �

�� ����
��	 !� ����� 
 ��A�	 x = � �K2� �� x

[
�

x

]
W�
% ���� �B 
 d4 �B �����
��

����
��	 !� ����� 
 ��A�	 6�� x = � �� x

[
�

x

]
W�
% �B 8�����

G
� ��� ����� ln(x + �) ��� !	 Y1� �+��� �� �A�% 
� �� ������ 	
��

ln(�+ x) = x − x�

�
+

x�

�
− · · · + (−�)n+�xn

n
+ · · ·

G:���� ����� ��

f(x) = ln(
√

(�− x�)x) = ln(�− x�)
x
� =

x

�
ln(�− x�)

=
x

�

{
(−x�) − �

�
(−x�)� +

�

�
(−x�)� − · · ·

· · · + (−�)n+��

n
(−x�)n + · · ·

}

=
x

�

{
−x� − �

�
x� − �

�
x� − · · · − �

n
x�n − · · ·

}

= −x�

�
− x�

�
− x�

�
− · · · − x�n+�

�n
− · · ·

G:���� 8y =
�

x
s�� 
� ���
 �� ������ 	
��

lim
x→�±

f(x) = lim
x→�±

e−�/x� = lim
y→±∞

e−y� = lim
y→±∞

�

ey�
= � = f(�)
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G:���� 8x �= � �I� ���w<J��	 ��� �� ���� ���� �����< x = � �� f 8�����
��

f ′(x) =
{

e−�/x�
}′

=

(
−�
x�

)′
e−�/x� =

�

x�
e−�/x�

G:���� ��
� x = � �I� ��
�	 ��K� 


f ′(�±) = lim
x→�±

e−�/x� − �

x − �
= lim

y→±∞
y

ey�
=

∞
∞

�
= lim

y→±∞
�

�yey�
= �

G*< ���
��	 ��w<J��	 6�� x = � �� f �����
��

f ′(x) =

{
�

x�
e−�/x� x �= �

� x = �

��A
 f ′(x) ���
	 �,�
% 5
7�( 8��
� ��w<J��	 x = x� �� y = f(x) �I� �� �� ����	
 ���


G�����
�� ���� f ′(x�) ����� x = x� �@ K2� �� f(x) − f(x�)

x − x�
�1; �B �; ����

∀ ε ∃ δ ∀ x

(
� < |x − x�| < δ ⇒

∣∣∣∣f(x) − f(x�)

x − x�
− f ′(x�)

∣∣∣∣ < ε

)
Gc�
,	 ��K� 
� 


∀ ε ∃ δ ∀ x
(
� < |x − x�| < δ ⇒ |f(x) − f(x�) − f ′(x�)(x − x�)| < ε|x − x�|

)
G5
7�( � < |x − x�| < δ �I� �; ���� ��A
 ���r δ > � 8ε =

�

�
f ′(x�) ��&� �� *<

−ε(x − x�) < f(x) − f(x�) − f ′(x�)(x − x�) < ε(x − x�)(
�

�
f ′(x�)

)
(x − x�) < f(x) − f(x�) <

(
�

�
f ′(x�)

)
(x − x�)

6�� Y�
 '�
9# �B 8��
��
� ��t/ ��
�� �w 
 lim(x − x�) = � 5
7�( x → x� �I� �����
��
���
��	 �����< x = x� �� f �����
�� lim

x→x�

f(x) = f(x�) 
 ��� �3)

�A�%o ��� �����< [�,�] 5@&
� �� f ��4 8f(x) = �
−x−x :��;�	 s�� �� ������ 	
��

8f(�)f(�) = (�−�)(
�

�
−�) < � 
 N��������< R .; �� ����% 
 ���D"A ��4 W���% �; ���;

(�,�) 5@&
 � � � ���� !� ./�0 f *< �f(c) = � �; ���� ��A
 c ∈ (�,�) ���
	 ���K2�
�����

�� f ��4 5
7�( 8� < x� < x� < � >S `	 8��
� ����� (�,�) �� ���� !� &� -�� f �I�
���� ��A
 c ∈ (�,�) ���
	 ���K2� c�� �@ �T/ ��
�� 8��� ��w<J��	 (�,�) �� 
 �����< [�,�]

*< ���� c
F	 −�−c + � = � 
	� −�−c − � = � 
 � < c < � ��,� �f ′(c) = � �;
���� !� 
��% 
 !� 8f �����
�� ���� YD� (�,�) �� f ���� ���� !� &� -�� ��A
 s��

����� (�,�) ��
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G :���� 8����	 �K�
� ���,% x = � �� y = |x − �| W�
% ��4 ���
 �� ������ 	
��∫
�

�

|x − �|dx=

∫
�

�

|x − �|dx+

∫
�

�

|x − �|dx=

∫
�

�

(�− x)dx+

∫
�

�

(x − �)dx

=

[
x − x�

�

]�
�

+

[
x�

�
− x

]�
�

=

(
�− �

�

)
+

(
�− �− �

�
+ �

)
= �

G:���� 5��
� c��7��� C��,% ��
�� �� �� ����	
 ���
∫ +∞

−∞

dx

x� + �x + �
= lim

b→∞

∫ b

−b

dx

x� + �x + �
= lim

b→∞

∫ b

−b

dx

(x + �)� + �

= lim
b→∞

[arctan(x + �)]
b
−b = lim

b→∞
[arctan(b + �) − arctan(�− b)]

= lim
u→+∞

(arctan u) − lim
v→+∞

arctan(−v) =
π

�
−
(
−π

�

)
= π

G:��;�	 5�
3��� ��& �9%�	 -�
; c�	�� &� .B ���� ���� �� ����	
 ���
∫
Pm(x)dx√
ax� + bx + c

= Pm−�(x)
√

ax� + bx + c + k

∫
dx√

ax� + bx + c

5�
3��� c���	 \y��� R
 � &� k ��
X ��# 
 Pm−�(x) ���D"A��4 \y��� ���,% ����
G�����
�� �:��;�	∫

x�dx√
x� + �

= (Ax + B)
√

x� + �+ k

∫
dx√

x� + �

G:���� ����r &� ���IJ��	 
�

x�√
x� + �

= (A)
√

x� + �+ (Ax + B)
�x

�

√
x� + �

+
k√

x� + �

=
A(x� + �) + (Ax + B)x + k√

x� + �


� x� = A(x� + �) + (Ax + B)x + k �+��� �����
{

� = �A
B = �

�A + k = �

⇒

⎧⎪⎨
⎪⎩

A =
�

�
B = �

k = −�
G�����
��∫

x�dx√
x� + �

=
x

�

√
x� + �− �

∫
dx√

x� + �

=
x

�

√
x� + �− � sinh−�

(
x

�

)
=

x

�

√
x� + �− � ln

∣∣∣x +
√

x� + �

∣∣∣
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G*< dx = etdt 
 x = et *< 8t = ln x :��;�	 s�� �� �� ����	
 ���


I =

∫
x� sin(ln x)dx =

∫
(et)� sin(t)etdt =

∫
e�t sin tdt


 du = �e�tdt G* < dv = sin(t)dt 
 u = e�t G: ���� Ǳ6 A � � Ǳ6 A R
 � &� 5�
 3 � �� 
 �
G:���� �w 
 v = − cos t

I = (e�t)(− cos t) −
∫

(− cos t)(�e�tdt) = −e�t cos t + �

∫
e�t cos tdt

����� �� �du = �e�tdt 
 v = sin t G:���� 8dv = cos tdt 
 u = e�t s�� 
� 8�S���	

I = −e�t cos t + �

{
(e�t)(sin(t)) −

∫
(sin(t)(�e�tdt)

}
= −e�t cos(t) + �e�t sin(t) − 	

∫
e�t sin(t)dt = e�t(� sin t − cos t) − 	I

:���� I \1B �� 0
� �

1% .B 
� 8�����
��

I =
�

��
e�t (� sin(t) − cos(t)) + C =

�

��
x� (� sin(ln x) − cos(ln x)) + C

G:���� ����r &� ���IJ��	 
� ~arcsin(
√

x) = u :��;�	 s�� �� �� ����	
 ���


du =
dx

�
√

x · √�− x

G���� ���%�	 c��7��� �� ���w7�
A 
�∫
arcsin(

√
x)√

x(�− x)
dx =

∫
u

�
du =

u�

�
+ C =

�

�
(arcsin(

√
x))� + C

�� ��&� �� �; :��; ��
X ��� ��
; 8��� �9`	 �,�
% f(x) =
�

x� + �
��4 �� ����	
 ���


�; :���7� ���� � *Q� 
 ��
��	 ������; 0
� &�
∫ b

�

dx

x� + �
5
7�( b > � ���
	 ���K2�

G5
7�( 8��
� b > � �I� ���
��	 ��7"� 5�� 5��� c��7���∫ b

�

dx

x� + �
=

∫
�

�

dx

x� + �
+

∫ b

�

dx

x� + �

≤
∫

�

�

dx

x� + �
+

∫ b

�

dx

x� + �
= I + [arctan x]b

�

= I + arctan b − arctan� < I +
π

�
− π

�

���� � �",	 c��7��� 8I =

∫
�

�

dx

x� + �

���� �� �;
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�� �� ����	 %� &'� ��!� ( �� )*�+ �� ���

f(−x) = −f(x) '�� ) � �� �� : � 	
 � � f(x) �� �� � : � � ; s� � �� � ��� � � 	
� �
s�� :����%�	 *< ���� ��,	 !� �� f(−x) 
� x > � ��&� �� f(x) ����7"� 8�����
��
�����
�� 8� ≤ x

n�
< π �; �"1/ �� ���� ��A
 n� ���
	 ���K2� x ≥ � ��&� �� �; :��;

G:�1����	

∞∑
n=�

sin( x
n
)

n�/�
=

n�−�∑
n=�

sin( x
n
)

n�/�
+

∞∑
n=n�

sin( x
n
)

n�/�

G:���� ��� �9`	 '>"A 
� ��� !� �; 8$
� ��� ���	 �� ���
��	 ��
��	 c
� L�"�	 �;
∞∑

n=n�

sin( x
n
)

n�/�
≤

∞∑
n=n�

�

n�/�

���
��	 ��7"� *< 8��
��	 � < k =
�

�
���% 
� ����% ��� !� 8���� �"� ��� �;

���
��	 ��7"� 5�� 5��� ��� Nx ≤ � �� �w 
o � ≤ x �� ��&� �� 8�����
��

��� �� �� N
� x ��F	 
� ��F�	 ���?�� .F	o y = � P�� ����� ��� ������ 	
��
G:��;�	

x�(�− x�) = � ⇒
{

x� = �

x� = �
⇒
{

x = �

x = �

x = −�

� 	> # � � � , % c
� A 
 � 
 g . + � �
 � &� : � 	 � �� � ;o y ≥ � 5
 7 �( −� ≤ x ≤ � � I�

 W�
% ����"� �� 5�� �
�F	 �@ �B
� �����
�� ���� y ≤ � '��T��� ��� �� 
 N����	 [E�	


� ��� ����� 
� x ��F	

A =

∫
�

−�
x�(�− x�)dx =

[
�

x�

�
− x�

�

]�
−�

=
���

��
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G���
( ���� �� ��& �
�B NOo

C �) lim
x→�+

∫ x�

�
sin(

√
x)dx

x�
M) lim

x→�

(sin x)tan x

�; ���; ���< �%��) �� �� y(x) W�
% J��	 NZo

arctan(
y

x
) = xy + cos(x� + y�)

G���� v�
< ��& c��@� 
� &� ���	 !� �� Ngo

���9,% �( ���� 
 ��y
"� '
9X� 
 5��; �
�� �� Nu���I0o ��7�
�	 ���2	 ��t/ NO
����� �y��� �����

x� + x − � = � �@  �
,	 �; ���� �
�� �( &� 5�
3��� 
� 
 5��; �
�� �� c�� ��t/ NZ
����� �2�2B ���� !� Y2� 
 !�

G��y
"� �9�
F	 �� ��& �
�c��7��� &� !� �� Njo

C �)
∫

eαx cos(βx)dx M)

∫
dx

(x + �)
√
�x� + �

x)

∫ √
x� − �

x
dx

���y
"� .B 5��E � �� �� ���	 !� ��& N5��
�o �,��% c��7��� 
� &� N]o

C �)
∫

�

�

dx√
�x − x� − �

M)

∫ +∞

�

dx

�+ x�

G��& ��F�	 ��/ c�r �@ 9�
F	 �1��DK	8��
� � < t ≤ �π 
 a > � �I� Nlo

x = a(t − sin t), y = a(�− cos t).

G���; ��� �� �� ��& �
���� ����7"� 80S 
� Nko

C �)
∞∑

n=�

n!

nn
M)

∞∑
n=�

�

(n + �)
√

ln(n + �)

�� ��� ��,�
 
 5��
( ���� ��
∞∑

n=�

xn

√
n

����% ��� ����7"� �@ D)
� 
 L
,� 8
S��
X

���y
"� ��� �� �D)
� ��
���� P
2� ��
���y
"� �y��� �( ���� ����� ���9,% 
 5��; M
1B �� �B�
 :�� �
����� Nho

x = x� �� ϕ(x) 85�� � �,�9r ���# n �( �� �; �� f(x) = (x − x�)
n ϕ(x) W�
 % Nio

�� f(x) W�
% �91� :"���	 
 :"�6;
	 �:���I�	 �H� �� �� ��� �3) 
� C 
E	 
 �����<
����; ��� �� x = x� �@ K2� ��
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 ��

G:���� c
��<�� ��t/ !"; �� ���
 �� ������ 	
��

lim
x→�+

∫ x�

�
sin(

√
x)

x�
�
= lim

x→�+

�x sin(
√

x)

�x�
= lim

x→�+

� sin(
√

x)

�x

=
�

�
lim

x→�+

�√
x
× lim

x→�+

sin(
√

x)√
x

= +∞

���
��	 lim
x→�+

sin(
√

x)√
x

= � 
 lim
x→�+

�√
x

= +∞ �+��� {���%

8��
� y �B A �I� '��T��� �� 8y = (sin x)tan x :��;�	 s�� �� �� ������ 	
��
G:����

ln A=lim
x→�

tanx ln(sin x) = lim
x→�

ln(sin x)

cot x

�
= lim

x→�

cos x

sin x
−�

sin� x

= lim
x→�

(− cos x sin x)=�

�A = e� = � G*< ln A = � �����
��

G��� s�� �I� �:��;�	 5�
3��� ��"� W�
% J��	 c�	�� &� �� ������ 	
��

f(x, y) = arctan
(

y

x

)
− xy − cos(x� + y�)

G:���� 5
7�(

dy

dx
= −

∂f

∂x
∂f

∂y

= −

−y

x�

�+ ( y
x
)�

− yxy−� + �x sin(x� + y�)

�

x

�+ ( y
x
)�

− xy ln x + �y sin(x� + y�)

'
9X� 6�� 
 Nu���I0 
�o ��7�
�	 ���2	 �@ �t/ '��) 5@��
�	 ���� ���� &'	� �� ����	
 ���

G��� ���4 �( ����� ��9,% ���� �A�% $
� �
F�	� &� Z � 
1	 v�
< �� �(

(a, f(a)) P
2� &� 5���wI Y? ���� 5�� :���% [a; b] 5@&
� �� y = f(x) W�
% ���; s��
���
	 ���K2� 8u���I0 �@ �t/ J�
K	 ���
��	 m =

f(b) − f(a)

b − a
\�� ����� (b, f(b)) 



� ����� (c, f(c)) �@ K2� �� y = f(x) W�
% ��F�	 �� �
"	 Y? \�� �; ���� ��A
 c ∈ (a, b)

���� m
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�A�% O�]�j �@ �t/ �� c
 � �@ �t/ '��) 5@��
�	 ���� ����  !�" �� ������ 	
��
����

f W�
% 
 f(�) = � 
 f(�) = −� ��4 �:���I�	 �H� �� �� f(x) = x� + x − � W�
%
f ��,� �f(c) = � �; ���� ��A
 c ∈ (�,�) ���
	 ���K2� *< 8��� �����< [�,�] �@ D)
� ��

����� ���� !� ./��B
: � � ; s� � �: � � ;� 	 . " # C D ? �
 �� � 
 � 8���� � � �� ! � 
 � � % f � + � �� '
 9 X� ��� �

 ��� ��w<J��	 (a, b) �� 
 ����� < [a, b] �� F W�
 % ��4 ����
� f W�
 % �
����� a < b

���� f ′(c) = � �; ���� ��A
 c ∈ (a, b) ���
	 ���K2� c�� �@ �t/ �� 
�� *< 8f(a) = f(b)

s�� 
� ��� �; ��� !� �

1	 
� ��I�6� 5���"� ��;w	 5@&
� �� �; f ′(x) = �x� + � 
	�
���� ���� !� &� -�� ��A
 s�� �; :��; x
����� :����%�	 *< ���� �/
��	 f ′(c) = �

����� ���� !� 
��% f �����
�� 
 5��� YD� f

:���I �:��;�	 5�
3��� Ǳ6A �� Ǳ6A ���Ic��7��� R
 � &� ���
 �� ������ 	
��{
u = eαx

dv = cos(βx)dx
⇒
{

du = αeαx

v = �

β
sin(βx)

8�����
��

I =

∫
eαx cos(βx)dx =

∫
udv = uv −

∫
vdu

=
�

β
eαx sin(βx) − α

β

∫
eαx sin(βx)dx

G:��;�	 s�� �S���	{
u = eαx

dv = sin(βx)dx
⇒
{

du = αeαx

v = −�
β

cos(βx)

G:���� �����
��

I =
�

β
eαx sin(βx) − α

β

{
−�
β

eαx cos(βx) +
α

β

∫
eαx cos(βx)dx

}

=
�

β
eαx sin(βx) +

α

β�
eαx cos(βx) − α�

β�
I

G����� ��(
�+

α�

β�

)
I =

eαx

β�
(β sin(βx) + α cos(βx))

I =
eαx

α� + β�
(β sin(βx) + α cos(βx)) + C
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� ��� �
 � � � �
 �� 	 x + � =
�

u

 � 
 � �� u =

�

x + �
: � � ; s� � �� �� � ��� 	 
 ��� 


G*< dx =
−du

u�

I =

∫
dx

(x + �)
√
�x� + �

=

∫ −du

u�

�

u

√
�( �

u
− �)� + �

=

∫ −du√
	u� − �u + �

=

∫ −du√
(�u − �

�
)� + ��

	

G�����
�� 8�u − �

�
=

√
��

	
sinh t :��;�	 s�� ���;�

u =
�
√
� sinh(t) + �

	
⇒ du =

�
√
�

	
cosh(t)dt

I =

∫ − �
√
�

	
cosh(t) · dt√

��

	
sinh�(t) + ��

	

=

∫ − �
√
�

	
cosh(t) · dt

�
√
�

�

√
sin h�(t) + �

=
−�
�

∫
cosh(t)

cosh(t)
dt =

−t

�
+ C

G��4 �;

sinh t =

√
	

��

(
�u − �

�

)
=

√
	

��

(
�

�

x + �
− �

�

)
=

�− �x

�
√
�(x + �)

I =
−�
�

arcsinh

(√
�(�− �x)

��(x + �)

)
+ C G�����
��

�@ 1�
2	 
 � 
���� �� �:��;�	 5�
3��� �D�1���3�� ���D"A
� R
 � &� �� �� ����	
 ���


&� 
 p =
�

�

 n = � 8m = −� G: ����

∫
xm(axn + b)pdx c�� 7 � �� 
 � 5� � 5��� c�� 7 � ��

���
��	 P x�E	 k �; axn + b = tk :��; s�� :����%�	 ��� m + �

n
= � ��4 ���r

G���� ���%�	 �����
�� x� = t� + � 
 x · dx = t · dt *< x� − � = t� ��,�

I =

∫ √
x� − �

x
dx =

∫ √
x� − �

x�
· x · dx =

∫ √
t�

t� + �
tdt =

∫
t�dt

t� + �

(�)
=

∫
(�− �

t� + �
)dt = t − �× �

�
arctan(

t

�
) + C

I =
√

x� − �− � arctan(
�

�

√
x� − �) + C G�����
��

� K ��� &� n� � �  
@ 1 	 . B �� 
 : ��5�� ; : � 1 2 % x� E 	 � � �� '�� ) NOo �� � + � �� � A� %
�:����1A ���

∫
du

a� + u�
=
�

a
arctan(

u

a
)
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c��7��� C��,% �� 
�� *< ���� c
+�� x = � �� �H� ���	 c��7��� ���
 �� ������ 	
��
G:���� 8$
� L�� 5@��
�

∫
�

�

dx√
�x − x� − �

= lim
ε→�+

∫
�

�+ε

dx√
�x − x� − �

= lim
ε→�+

∫
�

�+ε

du√
�− (x − �)�

(�)
= lim

ε→�+

∫
�

ε−�

du√
�− u�

= lim
ε→�+

[arcsin u]�ε−� = lim
ε→�+

(
π

�
− arcsin(ε − �)

)
(�)
=

π

�
− arcsin(−�) =

π

�
−
(
−π

�

)
= π

&� NZo �� 
 x �+ ε �

u ε − � �

 dx = du �w  
 u = x − � ��� 5�� s�� NOo �� �;

�:��5��"� 5�
3��� −π

�

� �( �B ��� ����� 
 x = −� �� arcsin x �7����<

G:���� c
� L�� 5@��
� c��7��� C��,% &� 5�
3��� 
� �� �� ������ 	
��

I =

∫ +∞

�

dx

�+ x�
= lim

a→+∞

∫ a

�

dx

�+ x�

.+� �� �� �( x�E	 ��
� �

x� + �
W�
% &� ���I c��7��� ����

x� + � = (x + �)(x� − x + �)

G:��;�	 s�� �����
�� ���"� ��6�%

�

x� + �
=

A

x + �
+

Bx + C

x� − x + �
⇒ � = A(x� − x + �) + (Bx + C)(x + �)

G��& '0�
,	 5
7��� .B 
� 


A + B = �, −A + B + C = �, A + C = �

G��,� �C =
�

�

 B =

−�
�


 A =
�

�
G���� :����?

I = lim
a→+∞

�

�

∫ a

�

(
�

x + �
+

−x + �

x� − x + �

)
dx

(�)
= lim

a→+∞
�

�

{∫ a

�

dx

x + �
− �

�

∫ a

�

�x − �

x� − x + �
+
�

�

∫ a

�

dx

x� − x + �

}

=
�

�
lim

a→+∞

{
[ln(x + �)]

a
�
− �

�

[
ln |x� − x + �|

]a

�
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+
�

�

∫ a

�

dx

(x − �

�
)� + �

�

}
(�)
=

�

�
lim

a→+∞

{
ln

(
(a + �)�

a� − a + �

)
+

[√
� arctan(

√
�

�
(�x − �))

]a

�

}

=
�

�
lim

a→+∞

{
�

�
ln

(
a� + �a + �

a� − a + �

)
+

√
� arctan

(√
�

�
(�a − �)

)

+
√
� arctan(

√
�

�
)

}
(�)
=

(
�

�
× �

)
+

√
�

�
× π

�
+

π
√
�

��
=
�
√
�

	
π

c�� 7 � �� c
� A &� NZo �� 
 �: ��5�� ; �� A '�� ) �� �� x� E 	 J � � 	 NOo �� � + � �� { � �� %
G�; ��� 5�� 5�
3��� ��,/�
 ��� &� 6�� Ngo �"1/ �� �:��5��"� 5�
3���

lim
x→�

ln x = �, lim
x→+∞

arctan(x) =
π

�

G:���� 8���	��
< ��F�	 !� ��/ c�r �@ 9�
F	 c�	�� !"; �� �� ����	
 ���


� =

∫ b

a

√
[x′(t)]� + [y′(t)]�dt =

∫
�π

�

√
(a − a cos(t))� + (a sin(t))�dt

=

∫
�π

�

√
�a� − �a� cos(t)dt = a

∫
�π

�

√
�− � cos(t)dt

(�)
= a

∫
�π

�

√
� sin�(

t

�
)dt = �a

∫
�π

�

∣∣∣sin(
t

�
)

∣∣∣ dt

(�)
= �a

∫
�π

�

|sin(u)|�du
(�)
= �a

∫ π

�

sin(u) · du = �a[− cos u]π� = �a

��� 5�� s�� NZo �� 
 ���� 5�� 5�
3��� sin� x =
�− cos(�x)

�
c�	�� &� NOo �� �;

JDK	 ��/ [�, π] �@ D)
� �� sin(u) ���� �9`	 �D# �� Ngo �� 
 �du = dt �����
�� 
 u =
t

�

�:��������� ���� �9`	 s�� 
� ��

��� xn = n!
nn ��4 �:��;�	 5�
3��� �91� ��	&( &� ���
 # $% �
 �� ������ 	
��

G�����
��

l = lim
n→∞

∣∣∣xn+�

xn

∣∣∣ = lim
n→∞

(n + �)!

(n + �)n+�

n!

nn

= lim
n→∞

nn(n + �)!

n!(n + �)n+�

= lim
n→∞

nn(n + �)n!

n!(n + �)n+�
= lim

n→∞
nn

(n + �)n
= lim

n→∞

(
n

n + �

)n
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= lim
n→∞

(
n + �

n

)−n

=
�

lim
n→∞

(
�+

�

n

)n

(�)
=

�

e

���
��	 ��7"� ��� �w 
 ��� l =
�

e
< � �����
�� e = �/
 > � ��4 �;

�:����1A ��� 8 lim
n→∞

(�+
k

n
)n = e�/k �& ��:� &� NOo �� �; ���; �A�%

:��; s�� �:��;�	 5�
3��� 
���� ���� c��7��� ��	&( &� �� # $% �
 �� ������ 	
��
G5
>,� 
 ��� � 
6� 
 �9`	 f '��T��� �� f(x) =

�

(x + �)
√

ln(x + �)∫ ∞

�

dx

(x + �)
√

ln(x + �)
= lim

b→∞

∫ b

�

dx

(x + �)
√

ln(x + �)

(�)
= lim

b→∞

∫ ln(b+�)

ln �

du√
u

= lim
b→∞

[
�
√

u
]ln(b+�)

ln �
= � lim

b→∞

(√
ln(b + �) −

√
ln�

)
= +∞

��� �����
�� 8��� ��I�
 5��
� c��7��� ��� ��4 �u = ln(x + �) ��� 5�� s�� NOo �� �;
�; ��� �;} �� $&0 ���� ��I�
 6�� 5�� 5���

loga � =

{
−∞ a > �

∞ a < �
loga ∞ =

{
∞ a > �

−∞ a < �

L
,� R �I� *< �an = �√
n

&� �1%�
9# \y��� L�"�	 ��� ��� �� ��(���% �� ����	
 ���

G:���� ��
� �( ����7"�

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

∣∣∣∣∣∣
�√
n+�

�√
n

∣∣∣∣∣∣ (�)
= lim

n→∞

( √
n√

n + �

)
= �

�� � 5
 7 �( N−� < x < � c�
 , 	 �� K � 
 �o |x| < � � I� � ��� �
 � � �� �
 �� 	 R = � * <
���� ��I�
 ��� 5
7�( ��
� Nx > � 
� x < −� c�
,	 ��K� 
�o |x| > � �I� 
 ��� ��7"�
'��T� ��;w	 ��� 5
7�( 8x = � �I� � ��
��	 x = −� 
� x = � 5
7�( 8|x| = � �I� 
	�
*< ��
��	 k < � ��4 �; ��� k = �

�
�
"� 
� ��
"� ��� !� �; �� ����? ∑∞

n=�
�√
n

�� 
�� �; �� ����? ∑∞
n=�

(−�)n �√
n

'��T� ��� 5
7�( 8x = −� �I� ���� ��I�
 ���
�3) �� ��7"� 
 � 
6� xn = �√

n
���& ���� ��7"� ��
��� �
���� ���� 6���9�0 ��	&(

�[−�,�) G&� �1%�
9# 5�� 5��� ����% ��� ����7"� �@ �	�� �����
�� ���
��	

G�
(�	� �@ �t/ ��
�� ��
��	 � = �e�i ��4 �� ������ 	
��
�
√
� =

�
√
�e

�+�kπ
�

i = ekπ/�i (k = �,�,�,�,�,�)
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'*�� ./� 0�1�/2% �� ���

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

�e�i = � k = �

�e
π
�

i = cos(π
�
) + i sin(π

�
) = �

�
+

√
�

�
i k = �

�e
�π
�

i = cos(�π
�

) + i sin(�π
�

) = −�
�

+
√
�

�
i k = �

�eπi = −� k = �

�e
�π
�

i = �e−
�π
�

i = − �

�
−

√
�

�
i k = �

�e
�π
�

i = �e−
π
�

i = �

�
−

√
�

�
i k = �

�HB>	 N��� �A�% j .+� ��o :��; :���% YD�E	 �@ F3) �� �� YD�E	 ��# -� ��� �I�
.�+�% �� x� + y� = � 5���� �� P
F	 :H��	 �,D� -� !� ��y� 
��( �; ��; :����?

������	

G:�1����	 x = x� �� �� ϕ ��D�% Y1� ����� �� ������ 	
��

f(x) = (x − x�)
nϕ(x)

= (x − x�)
n

{
ϕ(x�) + (x − x�)ϕ

′(x) +
�

�
(x − x�)

�ϕ′′(x�) + · · ·
}

� (x − x�)
nϕ(x�)

���� �9`	 f W�
% x� < x Ǳ�&� �� 
 �3�	 f W�
% x < x� ��&� �� 5
7�( 8��
� ��� n �I� *<
� �
 ; 5&�� �� � � x � � ��&� � � 5
 7 �( 8� �
 � x
& n � I� 
 	� ����� � : 	� � 1 ;� x� �� f � ��� �
 � �
x = x� �� f �����
�� ���� �3) �

1	 x = x� �� 
 ���� �9`	 f(x) W�
% 8x� �� !��6�

���
��	 �3) ����� �,��	 :"���	 �����
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����; ��� �� x = � �K2� �� �� ��& W�
% ���w<J��	 
 �7����< NOo

f(x) =

{
πx ln x x > ��I�
πx x ≤ ��I�

����; �9�
F	 �� ��& �
�B &� !� �� NZo

C �) lim
x→�

esin(�x) − esin(x)

x
(c
��<�� 5�#
/ &� 5�
3��� �
��)

M) lim
x→�

(
�+ tan�(

√
x
)�/�x

���� 
� �� ��� �; ���; ��
X �( &� 5�
3��� 
� *Q� 
 ���; �
�� Y2� �� c�� �@ �t/ Ngo
G��
"����o ����� ���/ ex cos x = −� �@ ��� !� ./�0 ex sin x = � �@  �
,	 �2�2B

N�f(x) = e−x − sin x �; ���; s��

���y
"� �9�
F	 �� ��& �
� ��7��� &� !� �� Njo

C �)
∫

ln x√
�− x

dx M)

∫
dx

�− sin x − cos x

x)

∫
dx√

x� · �
√
�+

�
√

x�

����; ��� �� �� ��& 5��
� �
� ��7��� ����I�
 
� ����7"� N]o

C �)
∫ ∞

�

dx√
x(�x− �)(�x− �)

M)

∫ ∞

�

arctan(x)

�+ x�
dx

���
� 
�x ��F	 c�B �� y =
	

�π�
x� �"�� 
 y = cos x ��F�	 �� �
�F	 ��B
� Nlo

�/>% P
2� c�r �; ���; �A�%o ���y
"� �9�
F	 �� ���
� &� .)
B :�B �:����	
N����
��	 x� =

π

�

 x� =

−π

�

���y
"� ���,% ��
∞∑

n=�

�

(�+ �

n
)n�

��� ����I�
 
� ����7"� NC � Nko

���y
"� ���,% ��
∞∑

n=�

xn

n� × �n
��� ����7"� �@ D)
� NM

����
( ���� �� z� =
�+ i

�− i
�@  �
,	 �
����� Nho
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5��; �9�
F	 x = � �� ���( �@ ��K+� �
�B 8x = � �� f �7����< J�2F% ���� �� ����	
 ���

�:��;�	 �1�
2	 �K2� �( �� W�
% ���2	 
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lim
x→�+

f(x) = lim
x→�+

πx ln x = π
lim

x→�+
x ln x

= π

lim
x→�+

(
ln x
�

x

)

�
= π

lim
x→�+

(
�

x

−�
x�

)
= π

lim
x→�+

(−x)
= π� = �

lim
x→�−

f(x) = lim
x→�−

πx = π� = �

f(�) = π� = �

W�
% *< ����1� �

1	 x = � �K2� �� W�
% ���2	 
� d4�B 
 �����B �; ����	 5��
�	
���� �����< x = � �K2� ��

G:���� ���w<J��	 ���	 ��

f ′(�+) = lim
x→�+

f(x) − f(�)

x − �
= lim

x→�+

πx ln x − �

x

�
= lim

x→�+

(lnx + �)πx ln x × ln(π)

�

= ln(π) lim
x→�+

πx ln x × lim
x→�+

(lnx + �) = ln(π) × �×−∞

���
��"� ��w<J��	 x = � �� f W�
% ����� �� 
 ����� ��A
 x = � �� f ���� J��	 *<
Y��
 � &� n�� � 
@1	 .B �� �; ��� $�0 ��+� ��� �;}

�) y = au ⇒ y′ = u′au ln a �) lim
x→�

(lnx) = −∞

���
��	 e = �/
 > � :���
7 ��
< �; ��� ��� .� � �� $
� �

1% �:��5��"� 5�
3���

�:��;�	 5�
3��� ex − � ∼ x 
 sin x ∼ x �& ��:� &� ���
 �� ������ 	
��

lim
x→�

esin(�x) − esin(x)

x
= lim

x→�

e�x − ex

x
= lim

x→�

ex lim
x→�

ex − �

x
= e� × � = �

G'��T��� �� A = lim
x→�

y 
 y = (�+ tan�(
√

x))
�

�x :��; s�� �� �� ����	
 ���


lnA = lim
x→�

ln y = lim
x→�

ln(�+ tan�(
√

x))

�x
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�
= lim

x→�

�

�

�
�

�
√

x
tan(

√
x)(�+ tan�(

√
x))

�+ tan�(
√

x)
= lim

x→�

tan(
√

x)

�
√

x

�
= lim

x→�

�

�
√

x
(�+ tan�(

√
x))

�
�

�
√

x

= lim
x→�

�

�
(�+ tan�(

√
x)) =

�

�

�A = e
�

� �����
��

G:����� 8:���;�	 5�
3��� tan x ∼ x �& ��:� &� �I� ���� &' (
)

ln A = lim
x→�

ln(�+ (
√

x)�)

�x
= lim

x→�

ln(�+ x)

�x

�
= lim

x→�

(
�

�+x

�

)

= lim
x→�

�

�(�+ x)
=
�

�
⇒ A = e�/� =

√
e

���� �A�% O�]�j �@ �t/ �� c
 � �@ �t/ '��) 5@��
�	 ���� �� ����	
 ���

'�� T � �� �� �� � � 1 � y = f(x) � � �� 
� a < b 
 f(x) = e−x − sin x : � � ; s� �
c�� �@ � t / � �
 � � * < �f(a) = f(b) = � 
 � �� � �w <J � � 	 (a, b) � � 
 � � �� � < [a, b] � � f

��
X �����
�� �−e−c − cos c = � ��,� f ′(c) = � �; ���� ��A
 c ∈ (a, b) ���
	 ���K2�
Nex sin x = � c�
,	 ��K� 
 �o e−x = sin x � �
,	 �
����� a < b �; b 
 a �I� �; ��
c�
,	 ��K� 
�o e−x = − cos x �@ ��� a < c < b �; ���� ��A
 c ���
	 ���K2� 5
7�( 8���
�

���� Nex cos x = −�

Gs�� 
� 
 Ǳ6A �� Ǳ6A R
 � &� ���
 �� ������ 	
��
{

u = ln x
dv = dx√

�−x

⇒
{

du = dx
x

v = −�√�− x

G���� :����?

I =

∫
ln x√
�− x

dx = −�
√
�− x lnx −

∫
−�
√
�− x · dx

x

G�����
�� �dx = −�tdt 
 x = �− t� G:���� 8t =
√
�− x s�� 
� ���;�

I = −�
√
�− x ln x + �

∫
t
−�tdt

�− t�

= −�
√
�− x ln x + �

∫
t�dt

t� − �
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(�)
= −�

√
�− x ln x + �

∫ (
�+

�

t� − �

)
dt

= −�
√
�− x ln x + �t + � ln

∣∣∣∣ t − �

t + �

∣∣∣∣+ C

= −�
√
�− x ln x + �

√
�− x + � ln

∣∣∣∣
√
�− x − �√
�− x + �

∣∣∣∣+ C

�:��5��"� !�+3% �� t�

t� − �
�1; NOo �� �+��� {���%

G��,� :��;�	 5�
3��� ��/ CT� ���u�
% ��|�	 ���|% &� �� �� ������ 	
��

t = tan
(

x

�

)
⇒ dt =

�

�

(
�+ tan�

(
x

�

))
dx ⇒ dx =

�dt

�+ t�

G�����
��

∫
dx

�− sin(x) − cos(x)
=

∫ �dt

�+ t�

�− �t

�+ t�
− �− t�

�+ t�

=

∫
dt

t� − t

(�)
=

∫ (
�

t − �
+

−�
t

)
dt = ln |t − �| − ln |t| + C

= ln

∣∣∣∣ t − �

t

∣∣∣∣+ C = ln

∣∣∣∣�− �

t

∣∣∣∣ = ln

∣∣∣�− cot(
x

�
)

∣∣∣+ C

�:��5��; ��6�% �� �

t� − t
=

�

t(t − �)
�1; NOo �� �+��� {���%

n =
�

�
8m =

−�
�


 � . � 1 ��� 3 �� ��� D " A 
� ! � c�� 7 � �� � �� �� �� � ����� 	
� �
� �� � � ��� � p x� E 	 
 � �� { � F ) m + �

n
+ p = −� �� 4 �� �
 �� 	 p =

−�
�



� ��� �
 � � �� �
 �� 	 p x� E 	 �
 " � 
 � � �� �� k � ; 8axn + b = xntk : � � ;� 	 s� �

G���� :����? x−�/� �� �

1% ����r M�� 
� �����
�� ��+ x�/� = x�/�t�

x−�/� + � = t� ⇒ t = (x−�/� + �)
�

� ⇒ x−�/� = t� − �⇒ x = (t� − �)−�/�

G���� ���%�	 �����
�� �dx = −�t�(t� − �)−�/�dt ���r &�∫
dx√

x� · �
√
�+

�
√

x�
=

∫
x−�/�(�+ x�/�)−�/�dx

=

∫ (
(t� − �)−�/�

)−�/�
(
�+

(
(t� − �)−�/�

)�/�
)−�/�
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(
−�t� · (t� − �)−�/� · dt

)
= −

∫
�(t� − �)�(�+

�

t� − �
)−�/� · t� · (t� − �)−�/� · dt

= −�
∫

(t� − �)�(
t�

t� − �
)−�/� · t� · (t� − �)−�/� · dt

= −�
∫

(t� − �)

︷ ︸︸ ︷
�+ �/�− 
/�

=�

· t�

t
· dt

= −�
∫

tdt = −�t� + C = −�(�+ x−�/�)�/� + C

5@&
� �� f(x) =
�√

x(�x− �)(�x − �)
��,� 8c��7��� ���	 W�
% ��4 ���� �� ����	
 ���


���
��	 ������; 0
� &� c��7��� ��� �; :��; ��
X ��� ��
; 8��� ��,	 
 �9`	 [ε, +∞)

G�����
�� 8�x − � > �x 
 �x − � > x G�; ��� ����� 
 ��
 �∫ ∞

�

dx√
x(�x− �)(�x− �)

= lim
b→∞

∫ b

�

dx√
x(�x − �)(�x − �)

≤ lim
b→∞

∫ b

�

dx√
x(x)(�x)

= lim
b→∞

[√
�

�
× x−�/�

−�
�

]b

�

= lim
b→∞

[
−
√
�√

x

]b

�

= lim
b→∞

[
−
√
�

(
�√
b
− �

�

)]

=

√
�

�
−

√
� lim

b→∞

(
�√
b

)
=

√
�

�

��; �9�
F	 6�� �� c��7��� ��� ���2	 ���%�	 ��9  � ���
��	 ��7"� 5�� 5��� c��7��� *<
���� �.�����	 v�
< 
 Np���74o

G:���� u = arctan x ��|�	 ���|% !"; �� �� �� ������ 	
��

x � b

u � arctan b
du =

dx

�+ x�

����� ��∫ ∞

�

arctan x

x� + �
dx = lim

b→∞

∫ b

�

arctan x

�+ x�
dx = lim

b→∞

∫ arctan b

�

u · du

= lim
b→∞

[
u�

�

]arctan b

�

= lim
b→∞

�

�
arctan� b =

π�

�

5@&
 � �� � F 3 ) ! � �� y = 	x�

�π�

 y = cos x W �
 % ���� " � : � �� % &� * < �� � ��� 	
 ��� 


V� 
�� �� �� �; V = V� − V� &� �1%�
 9# �H� ���	 :�B �; :���I�	 ���� � 8[−π
�

, π
�
]
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���
� &� .)
B :�B V� 
 
�x ��F	 c�B y = cos x 
 −π
�
≤ x ≤ π

�
���
� &� .)
B :�B

G�����
�� ���
��	 
�x ��F	 c�B y = 	

�π�
x�

V = V� − V� = π

∫ π/�

−π/�

(cos x)�dx − π

∫ π/�

−π/�

(
	x�

�π�

)�

dx

= π

∫ π/�

−π/�

�+ cos(�x)

�
dx − ��

�π�

[
x�

�

]π/�

−π/�

=
π

�

[
x +

�

�
sin(�x)

]π/�

−π/�

− π�

��
=
�π�

��
+

√
�

�
π

G:��;�	 5�
3��� 8���# �
���� ���� ���� ��	&( &� ���� �� ����	
 ���


L = lim n
√

|xn| = lim
n→∞

n

√
�

(�+ �

n
)n�

=
�

lim
n→∞

(�+
�

n
)n

=
�

e

���
��	 ��7"� ��� *< ��
��	 l < � ��4 �;

�� 4 �: ��
(� 	 � �� � �� � ��� % �� � � ��� 7 " � L
 , � �� � �� �� �� � ��� � � 	
� �
G
� ��� ����? ����� �( ����7"� L
,� R �����
�� ��
��	 an =

�

n� × �n

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

n� × �
n

(n + �)� × �n+�
= lim

n→∞
�

�

(
n

n + �

)�
=
�

�

��
��	 ��7"� ��� 5
7�( 8N−� < x < � ��,�o |x| < � �I� *< ���
��	 R = � �����
��
8��
� |x| = � �I� � 
 ���
��	 ��I�
 ��� 5
7�( 8��
� N� < x < −� ��,�o |x| > � �I� 


�; ����	 .)
B
∞∑

n=�

�

n� × �n−� ��� 5
7�( 8��
� x = � �I� �����
�� x = ±� G5
7�(

G
 ��� �9`	 '>"A 
� ��� ���& ���� ��7"�

∞∑
n=�

�

n� × �n−� <

∞∑
n=�

�

n�
< ∞

��7"� �( JDK	��/ ��, �o JDK	 ���7"�
∞∑

n=�

(−�)n

�n−� × n�
��� 5
7�( 8x = −� �I� 


5�� 5��� ���� % ��� ����7"� �@ D)
� 8L�"�	 �� *< ���
 ��	 ��7"� ���� �
 � � 
 N���
[−�,�] G&� �1%�
9#
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G5
7�( 8��
� u = �+ i �I� ���"� 5�
� �� �+ i

�− i
'�
9# ��
� ����� �� ������ 	
��

|u| =
√
�+ � =

√
�, arg(u) = arctan(

�

�
) =

π

�
⇒ u =

√
�eπi/�

����� ��

�+ i

�− i
=

√
�eπi/�

√
�e−πi/�

= eπi/�−(−πi/�) = eπi/�

G:���� �
(�	� ��t/ &� 5�
3��� 
� ���;�

z =
�

√
�+ i

�− i
=

�
√

eπi/� = e

π/�+ �kπ

�
i

= e(π/�+�kπ/�)i

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

eπi/� = cos(
π

�
) + i sin(

π

�
) =

√
�

�
+
�

�
i k = � �I�

e�πi/� = cos(
�π

�
) + i sin(

�π

�
) =

−
√
�

�
+
�

�
i k = � �I�

e	πi/� = e�πi/� = cos(
�π

�
) + i sin(

�π

�
) = �− i = −i k = � �I�
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��� 
���
	

����� v�
< c��e� 
� �� ��& �"1/ �� &� NOo

C �) lim
x→�

∫
�x−�
�

et� · dt

sin(πx)
M) lim

x→π/�
[tan(x)]tan(�x)

���y
"� ��� �� �� ��& W�
% �7����< Nx

f(x) = lim
n→∞

(
�

�+ xn

)
(x ≥ �)

����; ��� �� �� ��& �

1	
� Nu���7�0o ��7�
�	 ���2	 �@ �t/ &� 5�
3��� 
� NZo

ln

(
x + �

x

)
≥ x

x + �
; (� < x ≤ �)

���y
"� �9�
F	 �� ��& �
� ��7��� Ngo

C �)
∫

dx

x
√

x� − a�
M)

∫
dθ

�+ �sec(θ)

���y
"� ��� �� ��
∫ ∞

e

dx

x(lnx)p
c��7��� ����I�
 
 ����7"� Njo

�� y = x + � Y? 
 y = x� + � �"�� ��� ��TF	 ��B
� ���
� &� .)
B :�B N]o
����
( ����
�x ��F	 c�B

���y
"� ��� �� ��
∞∑

n=�

(−�)n+�

log(n + �)
��� ����I�
 
� ����7"� NC � Nlo

����
( ���� ��
∞∑

n=�

(x − �)n

�n
��� ����7"� �@ D)
� NM

�� b 
 a 8
S ��
X ���1���� N�9K/ 
�o ����� '��T� �� z = � + i YD�E	 ��# 80S 
� Nko
�
����� $
"% 8
S` 
X ���
� z� + az� + b = � �@  �
,	 M��A 8z = �+ i �; ���
�� �
�4

����
�� �� z = �+ i :��<

����
 ��

5�
3��� c
��<�� 5�#
/ &� �����
�� ��	
����	 �
�

:�9	 � 
B �� �B ��� ���� �� ����	
 ���

�:��;�	

lim
x→�

∫
�x−�

�

et� · dt

sin(πx)

�
= lim

x→�

(�x − �)′ex�

π cos(πx)
= lim

x→�

�ex�

π cos(πx)
=

�e�

π(−�)
=

−�e

π
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G'��T��� �� A = lim
x→ π

�

(y) 
 y = [tan(x)]tan(�x) :��; s�� �� �� ����	
 ���


lnA = lim
x→π

�

(ln y) = lim
x→π/�

tan(�x) ln(tan x) = lim
x→π/�

ln(tanx)

cot(�x)

�
= lim

x→π/�

⎛
⎜⎜⎝
�/ cos� x

tan x
−�

sin�(�x)

⎞
⎟⎟⎠ = lim

x→π/�

⎛
⎜⎝

�

cos x sin x
−�

� sin� x cos� x

⎞
⎟⎠

= −� lim
x→π/�

(sin x cos x) = �× � = �

���
��	 A = e� = � �H� ���	 �B 
 ln A = � �����
��

�:���I�	 �H� �� � 
B �� 8!� ��# �� �91� x ��,�
 �� ��1� �� �� ������ 	
��
5
7�( 8x = � �I� �f(x) =

�

�+ �
= � �����
�� lim

n→∞
xn = � 5
7�( ��
� � ≤ x < � �I�

*< f(x) = � �����
�� 
 lim
n→∞

xn = ∞ 5
7�( 8��
� Nx > �o �I� �f(�) =
�

�+ �
=
�

�

GL�"�	 ��

f(x) =

⎧⎪⎨
⎪⎩

� � ≤ x < � �I�
�

�
x = � �I�

� � < x �I�

!� �� f 5
7�( � < x < � �I� ����� ���� �7����< 8x �� f 5
7�( ��
� x = � �I� �����
��
�7����< �� ~x �� f 5
7�( 8x = � �I� ���� �����< �����
�� 
 ��� !� ����� x &� �7�
1"�
!� �� f 5
7�( 8��
� � < x �I� ���
��"� �����< �����
�� d4 �7����< �� 
 ���� ����

���
��	 �����< �����
�� 
 ��� (�) ����� x &� �7�
1"�

���# x �; 8:���I�	 �H� �� (�,�] 5@&
� �� �� f(y) = ln(x + y) W�
% �� ������ 	
��
J��	 
�o ��w<J��	 (�,�) �� 
 ����� < (�,�] �� f 8'��T��� �� ���
��	 �9`	 
 ��
X
���� ��A
 y� ∈ (�,�] �� �
	 ���K2� 8u ���I0 ��t/ ��
 � � *< ��
 ��	 Nf ′(y) =

�

x + y
G�+���K�

f(�) − f(�) = f ′(y�)(�− �)

�

x + �
<

�

x + y�
< �����
�� 8� < y� < � ��4 �ln(x +�)− ln(x+�) =

�

x + y�
8��,�

����� �� 
 8 �

x + �

�

x + �
< ln(x + �) − ln x <

�

x
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G�����
�� � x

x + �
≤ �

x + �
*< 8� < x ≤ � 8���r &�

x

x + �
≤ ln(x + �) − ln x = ln(

x + �

x
)

p 
 n 
 m �( �� � ;
∫

xm(a + bxn)pdx c�� 7 � �� �� � ; : � ���� 	 ���� �� � ���	
 ��� 


α �; a + bxn = tα :��;�	 s�� ��
� {�F) ��# �

1	 m + �

n
5
I�� ���1� 
��I ���#�

.�1���3�� ���D"A
� &� c��7��� !� c��7��� ��� ����	 5��
�	 ���
��	 p �1; x�E	
x�E	 
 ��� {�F) ~m + �

n
= � ��4 ���r &� 
 p =

−�
�


 n = � ~m = −� �; 8���

 x = (t� + a�)

�

� 8t = (x� − a�)
�

� �����
�� x� − a� = t� :��;�	 s��8��
��	 � ����� p

G*< dx =
�

�
t(t� + a�)−

�

�

I =

∫
dx

x
√

x� − a�
=

∫
x−�(x� − a�)

−�

� dx

=

∫ {
(t� + a�)

�

�

}−�
(t�)

−�

�

{
�

�
t(t� + a�)

−�

� · dt

}
=

�

�

∫
(t� + a�)−�dt =

�

�

∫
dt

t� + a�

� � � �� I =
−�
�

x
−�

� + C � ��� �
 � � �I =
−�
�t

+ C 
 I =
�

�

∫
dt

t�
5
 7 �( 8a = � � I�

G'��T���

I =
�

�
× �√

a�
arctan

(
t√
a�

)
+ C =

�

�
√

a�
arctan

(√
(
x

a
)� − �

)
+ C

G�; ����� �r
? �� .9/ &� G.�"+% 
 ��
(�
�∫
du

u� + a�
=
�

a
arctan

(
u

a

)
+ C

:��;�	 s�� �:��;�	 5�
3��� ��/ CT� ���u�
 % ��|�	 ���| % &� �� �� ����	
 ���

�����
�� 8t = tan(

θ

�
)

dt =
(

θ

�

)′ (
�+ tan�

(
θ

�

))
=
�

�
(�+ t�)dθ ⇒ dθ =

�dt

�+ t�

I =

∫
dθ

�+ � sec(θ)
=

∫
cos(θ)dθ

� cos θ + �

=

∫ (
�− t�

�+ t�
)(

�dt

�+ t�
)

�(
�− t�

�+ t�
) + �

=

∫ −�(t� − �)dt

(t� + �)(t� + 	)
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−�(t� − �)

(t� + �)(t� + 	)
=

A

t� + �
+

B

t� + 	

G����� �� 
 −�(t� − �) = A(t� + 	) + B(t� + �) �����
��{
A + B = −�
	A + B = �

⇒
{

B = −�− A
�A = �

⇒
{

A = �

�

B = −�
�

�����
��

I =
�

�

∫
dt

t� + �
− �

�

∫
dt

t� + 	

=
�

�
arctan(t) − �

�
× �

�
arctan

(
t

�

)
+ C

(�)
=

θ

�
− �

�
arctan

(
�

�
tan
(

θ

�

))
+ C

8sin(x) =
� tan(x

�
)

�+ tan�(x
�
)

8sec(x) =
�

cos(x)
�; ����� �r
? �� '
`D`	 &� G.�"+% 
 ��
(�
�

arctan(tan x) = x �K��� &� NOo �� 
 �tan(x) =
� tan(x

�
)

�− tan�(x
�
)


 cos(x) =
�− tan�(x

�
)

�+ tan�(x
�
)

W�
% ���2	 �� �( �
K? ��� ��,	
� c��7��� ��4 �; 5�� 5�
3��� −π

�
< x <

π

�
P�� 
�

�@ �	�� �� ��
� 8��
� ��,	 c��7��� �V�
�4 �; ��� $&0 ��+� ��� �� �/� G����	 ��H�	 C

���wI
A 
� 
S"�2�1	 ��
� �+��� 
� ��"� 5�
3��� ����	 n�� �K��� &� 
�( �; ���� �A�% c��7���
���"� �9�
F	 �� arctan(tanx) '�
9# ���2	 c��7��� �
����;

du =
dx

x
G:���� u = ln(x) s�� 
 5��
� c��7��� C��,% !"; �� �� ������ 	
��

G�����
��

Ip =

∫ ∞

e

dx

x(ln x)p
= lim

b→∞

∫ b

e

dx

x(lnx)p
= lim

b→∞

∫ ln b

�

du

up

G5
7�( ��
� p > � �I�

Ip = lim
b→∞

[
u�−p

�− p

]ln b

�

=
�

p − �
lim

b→∞

{
�− �

(ln b)p−�

}
=

�

p − �


 up < u G:���� 8� < e ≤ u ��4 5
7�( 8p ≤ � �I� � lim
b→∞

[ln(b)] = ∞ 
 p − � > � ���&
G�w 

Ip = lim
b→∞

∫ ln b

�

du

up
≥ lim

b→∞

∫ ln b

�

du

u
= lim

b→∞
[ln u]ln b

� = lim
b→∞

ln(ln b) = ∞

���
� p > � �; ��� ��7"� ��/
 
��% 
 ��/
 Ip *<
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 �� ����	 5!�4 �
 ���

G:����	 ���?�� �� 5�� 5��� �"�� 
 Y? ����� �� ������ 	
��{
y = x + �

y = x� + �
⇒
{

y = x + �

x� − x − � = �
⇒
{

y = x + �

x = �,−�


 y = x� + � �"�� �� ��y
< &� �; ����B
� ��1�
� 8����	 �HB>	 ] .+� �� �+���K�
"�
��F	 c�B �� ��� 5�� �
�F	 x = � 
 x = −� �� q��r� &� 
 y = x + � Y? �� 0
� &�
V� 
 Y? ���
� &� .)
B :�B V� �; ��� ����? V = V� − V� .)
B :���� ���
� 
�x

G��
��	 �"�� ���
� &� .)
B :�B

V = V� − V� = π

∫
�

−�
(x + �)�dx − π

∫
�

−�
(x� + �)�dx

= π

∫
�

−�
(−x� − x� + �x + �)dx

= π

[
−x�

�
− x�

�
+ �x� + �x

]�
−�

=
��
π

�

�( �	�"# �@ D"A JDK	��/ 
 ��� ��
��� ��� !� 5�� 5��� ��� ���� �� ����	
 ���


5��� ��� ����7"� ���� ��
; 
 $&0 P�� 86���9�0 ��	&( ��
�� ���
��	 xn =
�

log(n + �)

:�����	 
 n < n + � ��4 G��
� �3) �( �B 
 5��� � 
6� xn �@  
 9 �� �; ��� �( 85��
����� �� 
 log n < log(n + �) *< 8��� ���,) �,�
% :�� �
7 

xn =
�

log n
>

�

log(n + �)
= xn+�
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>,�

lim
n→∞

xn = lim
n→∞

�

log n
= �

���
��	 ��7"� 5�� 5��� ��� *<

. �� 9 %
∞∑

n=�

yn

�n
. + � � � 5� � 5��� �� � 8y = x − � s� � 
 � �� �� � ��� � � 	
� �

G��4 ���� an =
�

�n
�	�"# �@ D"A \��� 
� ����% ��� !� �; ����	

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

⎛
⎜⎝

�

�n+�

�

�n

⎞
⎟⎠ =

�

�


 � −� < y < � ��,�o |y| < � �I� ���� �
 � � ���
��	 R = � ��� ����7"� L
,� *<
��K� 
� 
 Nb� < y 
� 
 y < −�a ��,�o |y| > � �I� ���� ��7"� ��� 5
7�( N� < x < �

��K� 
� y = ±� ��,�o |y| = � �I� 
	� ���� ��I�
 ��� 5
7�( bx > � 
� x < �a c�
,	

!� �; ����	 .��9%
∞∑

n=�

(±�)n $�� �� 5�� 5��� ��� 5
7�( Nbx = � 
� x = �a c�
,	

5@&
� L�"�	 �� *< ���
��	 ��I�
 8�����
�� ���� �3) C 
E	 �	�"# �@ D"A �B 
� ���
�(�,�) G&� �1%�
9# 5�� 5��� ��� ����7"�


 r = |z| =
√
�� + �� =

√
� ��4 �$% �
 �� ������ 	
��

���%�	 *< ���� c
� ��B
� �� JD,�	 z �; L���	 �
� �� �A�% 
� 
 θ = arctan(�/�) =
π

�

�
√
�eπi/� G&� ��� '�
9# z �9K/ .+� �; �3I

*< 8z = �+ i ��4 ��%*��+ �� ������ 	
��

z� = (�+ i)� = �+ �i + i� = �i,

z� = zz� = (�+ i)�i = �i + �i� = −�+ �i,

z� = z�z� = (−�+ �i)�i = −�i + �i� = −�− �i

G��,� z� + az� + b = � �����
�� 


(−�− �i) + a(−�+ �i) + b = � ⇒ (−�+ b − �) + i(−�+ �a) = �

�����
��{
−�− �a + b = �

�a − � = �
⇒
{

b = �+ �a
a = �

⇒
{

b = �

a = �
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�
√
�+ i =

�
√√

�eπi/� =
��
√
�e

π/�+ �kπ

�
i

=
��
√
� cos

(
�+ �k

��
π

)
+

��
√
� sin

(
�+ �k

��
π

)
i

8�����
�� �k = �,�,�,�,� �( �� �;

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

��
√
�

[
cos
(

π

��

)
+ i sin

(
π

��

)]
k = � �I�

��
√
�

[
cos

(
	π

��

)
+ i sin

(
	π

��

)]
k = � �I�

��
√
�

[
cos

(
�
π

��

)
+ i sin

(
�
π

��

)]
k = � �I�

��
√
�

[
cos

(
�π

�

)
+ i sin

(
�π

�

)]
k = � �I�

��
√
�

[
cos

(
��π

��

)
+ i sin

(
��π

��

)]
k = � �I�
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 � g(x) W �
 % � 7 � �� � < �� �� s
 � 3 	 f(x) =
x + x�enx

�+ enx
� I� NOo

����; ��� �� �� g(x) = lim
n→∞

f(x)

G���; �9�
F	 �� ��& �
�B &� !� �� NZo

C �) lim
x→∞

[
cos(

�

x
)
]x�

M) lim
x→∞

�

x

∫ x

�

e(t�−x�).(t� + �)dt

G��y
"� �9�
F	 �� ��& �
� ��7��� &� !� �� Ngo

C �)
∫

sin
�

� (x). cos−
�

� (x) · dx M)

∫
dx

(x + �)�
√

x� + �x

G���� v�
< ��& c��e� 
� &� �+� �� Y2� Njo

5@���� x�
? 
 r� = �a� cos(�θ) .?�� �� W/�
 �@ �B
� �B
1	 ���,% �1��DK	 NC �
�r = a


 r = a(�+ cos θ) ��y��
 �
; .?�� �� W/�
 �@ �B
� �B
1	 ���,% �1��DK	 NM
�r = a cos(θ) 5@���� x�
?

�x = � Y? c�B x� + y� = � 5���� ���
� &� .)
B :�B �@ 9�
F	 �1��DK	 N]o


� 
 ����7"� ���,% 

∞∑

n=�

n(x − �)n

�n(�n − �)
��� M�
2% �@ D)
� 
 L
,� ���,% �1��DK	 Nlo

��D)
� ��
���� P
2� �� ��� ����I�

*Q� 
 ��� ��7"� ��& N5��
� 8��
#���o �,��% c��7��� c &� ����2	 �4 ��&� �� Nko

G���
�� �� c��7��� ���2	∫ +∞

�

(
cx

x� + �
− �

�x + �

)
dx

G���� v�
< ��& c��e� 
� &� �+� �� Y2� Nho

�
∣∣∣∣z − �

z + �

∣∣∣∣ = � �; ���
�� �� ��
� z �@ #�"�	 NC �

�z� + z� − � = � G
 ��
 � �@  �
,	 �
����� $
"% ���,% �1��DK	 NM

�2�2B ��# �� Ǳ�&� �� �; ���� �
�� 
 5��; �
�� �� Nu���I0o ��7�
�	 ���2	 �@ �t/ Nio
�N��
� (z + �) > � �+�( P�� ��o ��� ���/�� ��& �@ K��� α ≥ �

(�+ z)α ≥ �+ αz
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 lim
n→∞

enx = lim
n→∞

(ex)n = � 8� < ex < � 5
7�( 8x < � �I� �� ����	
 ���


g(x) = lim
n→∞

x + x�enx

�+ enx
=

x + �

�+ �
= x

�w  
 nx > � 5
 7 �( 8x > � � I� �g(�) =
�+ �e�

�+ e�
= � 5
 7 �( 8x = � � I�

G:���� 8m = enx s�� 
� *< lim
n→∞

enx = +∞

g(x) = lim
n→∞

x + x�enx

�+ enx
= lim

m→∞
x + x�m

�+ m
= lim

m→∞

x
m

+ x�

�

m
+ �

= x�

G:���� L�"�	 �� 8 �����
��

g(x) =

{
x� x ≥ �

x x ≤ �

�����< �����
�� 
 ��� ����� x� 
� x� �7�
1"� �� g 5
7�( 8x� > � �I� �; ����	 �HB>	
����� < ���� �
 � � 
 ��� � ��� � x 
 � x� &� �7�
1"� !� �� g 5
7�( 8x� < � �I� ���
 ��	

G5
7�( x� = � �I� ���
��	

lim
x→�+

g(x) = lim
x→�

x = � lim
x→�−

g(x) = lim
x→�

x� = �

6� � x� = � �� g *< 8��� g(�) = � � ��� � 
 ��A�	 x� �� g ���� 
 d4 �B ��4 *<
���� �����< R .; �� g 8��,� ���� �����<

G'��T��� �� A = lim
x→∞

y 
 y =
[

cos
(
�

x

)]x�

:��;�	 s�� ���
 �� ������ 	
��

lnA = lim
x→∞

(ln y)
(�)
= lim

x→∞
x� ln

[
�− � sin�

(
�

x

)]
(�)
= lim

x→∞

ln
[
�− �(�

x
)�
]

�

x�

(�)
= lim

x→∞

(
−�
x�

�

x�

)
= lim

x→∞

(
−�x�

x�

)
= −� lim

x→∞
x = −∞

�A = e−∞ = � G&� �1%�
9# �H� ���	 �B 
 ln A = −∞ �����
��
��4 NZo �� 
 cos(�α) = �− � sin�(α) �%
`D`	 �K��� &� NOo �� �; ���
� ����� �A�%
�& ��:� &� ���%�	 
 ��;�	 .�	 �3) �"� �� �/x �
"; ��;�	 .�	 ��
���� �"� �� x

�/x� '�
9# ��;�	 .�	 ��
���� �"� �� x �; ��
	& 6�� Ngo �� 
 ��"� 5�
3��� sin x ∼ x

���"� 5�
3��� 8ln(�+ ax) ∼ ax �& ��:� &� ���%�	 
 5��; .�	 �3) �"� ��
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lim
x→∞

�

x

∫ x

�

e(t�−x�).(t� + �) · dt = lim
x→∞

e−x�

x

∫ x

�

et� .(t� + �) · dt

= lim
x→∞

�

xex�

∫ x

�

et� .(t� + �) · dt
�
= lim

x→∞
ex� · (x� + �)

ex� + �x�ex�

= lim
x→∞

�+ �/x�

�+ �/x�
= lim

x→∞
x� + �

�x� + �
=
�

�

G:���� :�	
�� n �� �����1; '�
9# ���% 
 m �� ������ '�
9# ���% �I� ���� �� ����	
 ���


&� �����
�� ��� x
& 
 �3�	 ���# .)
B �; ����	 5��
�	 �; m + n =
�

�
− �

�
= −�

G���� ���%�	 
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I =

∫
sin�/�(x) · cos−�/�(x)dx =

∫
sin�/�(x)

cos�/�(x)
. cos−�(x).dx

=

∫
tan�/�(x).

�
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.dx =

∫
tan�/�(x) · (�+ tan�(x)) · dx

=

∫
t�/�.dt =

�

�
t�/� + C =

�

�

√
arctan�(x) + C
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�

�+ tan�(x)
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 ��
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 �

�cos�(x) =
cot�(x)

�+ cot�(x)
���V"� 
 �
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(x) = �+ tan�(x)
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�

u
− � � ��� �
 � � 8x + � =

�

u
: � � ;� 	 s� � �� � �� �� �� � ��� � � 	 
� �

G���� ���%�	 �����
�� �dx =
−du

u�

I =

∫
dx

(x + �)�
√

x� + �x
=

∫ −du

u�

( �
u
)�
√

( �
u
− �)� + �( �

u
− �)

=

∫ −du

u�√
�−u�

u�

= − u� du√
�− u�

G
 du = cos(t)dt *< 8u = sin(t) :��;�	 s�� ���;�

I =

∫ − sin�(t)√
�− sin�(t)

. cos(t)dt = −
∫

sin�(t).dt

(�)
= −

∫
(
�− cos(�t)

�
)�.dt =

−�
�

∫
(�− � cos(�t) + cos�(�t)).dt
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(�)
=

−�
�

t +
�

�
sin(�t) − �

�

∫
�+ cos(�t)

�
.dt

= −�
�

t +
�

�
sin(�t) − �

�
t − �

��
sin(�t) + C

=
−�
�

t +
�

�
sin(�t) − �

��
sin(�t) + C

G�����
�� ���
��	 u =
�

x + �

 t = arcsin(u) 
	�

sin(�t) = � sin(t) · cos(t) = �u
√
�− u� =

�

(x + �)�

√
x� + �x

cos(�t) = �− � sin�(t) = �− �u� = �− �

(x + �)�
=

x� + �x − �

(x + �)�

sin(�t) = � sin(�t) · cos(�t) =
�

(x + �)�
(x� + �x − �) ·

√
x� + �x

G����� �� 


I =
−�
�

arcsin(
�

x + �
) +

�

�(x + �)�

√
x� + �x

− �

�(x + �)�
(x� + �x − �)

√
x� + �x + C

cos�(α) =
�+ cos(�α)

�
c�	�� &� NZo �� 
 sin�(α) =

�− cos(�α)

�
c�	�� &� NOo �� �;

���� 5�� 5�
3���

cos(�θ) ≥ � ��
 � �; :�� �I�	 ���� � r� = �a� cos(�θ) &� ���
 �� ������ 	
� �
� ; � �� � �� � � , 	 � � cos(�θ) ≥ � P� � 
 	� r =

√
�a
√

cos(�θ) G'�� T � �� �� 

5
7�( ��
� k = � �I� 
 −π

�
≤ θ ≤ π

�
5
7�( k = � �I� �; ��kπ − π

�
≤ �θ ≤ �kπ +

π

�

�A�% �%�
;� �@ F3) �� r = a
√
� cos(�θ) W�
% ����"� :���% ���� ���� �π

�
≤ θ ≤ �π

�

G�; :��;�	

θ −π/� � π/� �π/� � �π/�

r � a
√
� � � a

√
� �

�����
�� ���
��	 5���?���
B ��B
� 8�H� ���	 ��B
� ���"� :���% �� l .+� ���%�	 �����
��
����� A 5�� �����? �B
1	 8:�	
�� A� �� d4 �"� 
 A� �� ���� �"� ��B
� �B
1	 �I�

G:���� ��
��	 A� = A� ��4 
 A� + A� 
� ���

A = �A� = �× �

�

∫ π/�

−π/�

(a
√
� cos(�θ))� · dθ

=

∫ π/�

−π/�

�a� · cos(�θ)dθ =
[
a� sin(�θ)

]π/�

−π/�
= �a�
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67��8 � �� ���	 %� A ��" #$	 �� ���

�� 4o r = a cos(θ) �@ � 	�� 
 [−π, π] � ��� � r = a(� + cos θ) �@ � 	�� �� �� � ��� 	 
 ��� 

�� ��& c
�A ��H�	 ��� ���� �:��;�	 :���% �� W���% ��� ����� ����

[
−π

�
,
π

�

]
����� Nr ≥ �

G:����	 \�%�%

θ −π −�π/� −π/� � π/� �π/� π

r = a(�+ cos θ) � a/� a �a a a/� �

r = a cos(θ) − − � a � − −
���	 ��B
� �B
1	 ���; :���% k .+� �� ���%�	 �� ��F�	 
� ��� &� !� �� ����"� 8�����
��

G��
��	 
�x ��F	 �0
� �� W/�
 �@ �B
� �B
1	 A′ �; ��� �A′ ����� A �H�

D′ : � ≤ θ ≤ π , a cos(θ) ≤ r ≤ a(�+ cos θ)

G��� ��& ��� �� ��B
� 
� &� �#
"�A� D′ ��B
� 
	�

D′ = D� ∪ D�

D� : � ≤ θ ≤ π

�
, a cos(θ) ≤ r ≤ a(�+ cos(θ))

D� :
π

�
≤ θ ≤ π , � ≤ r ≤ a(�+ cos(θ))

G:���� L�"�	 �� 8�����
��

A = �A′ = �

{
�

�

∫ π/�

�

[(
a(�+ cos θ)

)� − (a cos θ)�
]

.dθ

+
�

�

∫ π

π/�

[a(�+ cos θ)]�.dθ

}
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698 � �� ����	 %� D ��" #$	 �� ���

= a�
∫ π/�

�

(�+ � cos θ)dθ + a�
∫ π

π/�

(�+ � cos θ + cos� θ)dθ

= a� [θ + � sin θ]
π/�

�
+ a� [θ + � sin θ]

π
π/� + a�

∫ π

π/�

�+ cos(�θ)

�
.dθ

= a�(
π

�
+ �) + a�(

π

�
− �) +

a�

�

[
θ +

�

�
sin(�θ)

]π

π/�

=
�π

�
a�

��F	 &� [−�,�] 5@&
� �:��;�	 5�
3��� ���I�
" � R
 � &� h .+� �� �A�% 
� �� ����	
 ���

x� + y� = � 5@���� &� �D�K�1	 �:��;�	 ��A ���( &� [y, y + �y] �@ ,K/ 
 ����I �H� �� �� y

. )
 B x = � Y ? c� B . � K � 1 	 � �� ���
� &� � ; ���� � : � B ��� �� 	 �6 � 	 �( Y �� %

� ��� ����� ����	

dV = π
(√

�− y� + �

)�
dy − π

(√
�− y�

)�
dy = π

(
�+ �

√
�− y�

)
dy


� ��� ����� �H� ���	 :�B �����
��

V =

∫
�

−�
dV = �π

∫
�

−�
(�+

√
�− y�)dy

= �π

[
�y +

�

�
y
√
�− y� +

�

�
arcsin y

]�
−�

= π(�+ π)
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 �� ����	 �* 0�:; 0:)<+�#�� =�% �� ���

R �I� *< ���
��	 xn = n
�n(�n−�) 8����% ��� ��� �	�"# �@ D"A \��� �� ����	
 ���


G5
7�( ��
� �( ����7"� L
,�

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

n + �

�n+�(�n + �)
n

�n(�n − �)

= lim
n→∞

(n + �)(�n − �)

�n(�n + �)
= lim

n→∞
(�+ �

n
)(�− �

n
)

�(�+ �

n
)

=
�

�
=
�

�


 ��� ��7"� ��� 5
7�( N−� < x < � c�
,	 ��K� 
�o |x− �| < � �I� ��,� �R = � *<
�I� ���r &� ���� ��I�
 ��� 5
7�( Nx < −� 
� x > � c�
,	 ��K� 
�o |x − �| > � �I�

G:����
∞∑

n=�

�

�n
��� 
� �1�
2	 �� 5
7�( Nx = −� 
� x = � c�
,	 ��K� 
�o |x − �| = �

lim
n→∞

∣∣∣∣∣
n(±�)n

�n(�n−�)
�

�n

∣∣∣∣∣ = lim
n→∞

n

�n − �
=
�

�
�= �

8�����
�� ���� ��7"� *< ��
��	 !� &� ��"; �91���/ 
�
∞∑

n=�

�

�n
����� ��� ��4 


���� [−�,�] ����7"� �@ �	�� 8�+��� ����� ���
��	 ��7"� x = −� 
 x = −� ��&� �� ���
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G:���� 5��
� c��7��� C��,% !"; �� �� ������ 	
��

Ic =

∫ +∞

�

(
cx

x� + �
− �

�x + �

)
dx

= lim
a→∞

∫ a

�

(
cx

x� + �
− �

�x + �

)
dx

= lim
a→∞

[
c

�
ln |x� + �| − �

�
ln |�x + �|

]a

�

= lim
a→∞

(
c

�
ln(a� + �) − �

�
ln |�a + �|

)

=
�

�
lim

a→∞
ln

∣∣∣∣ (a� + �)c

�a + �

∣∣∣∣ =
�

�
ln

∣∣∣∣ lim
a→∞

(a� + �)c

�a + �

∣∣∣∣
�3) JDK	��/ �B �w 
 ����	 x�E	 �A�� &� ��"; '��) �A�� 5
7�( 8c <

�

�
�I�

�N lim
a→�+

ln a = −∞ ���&o ��;�	 .�	 −∞ �� Ic �����
�� 
 ���I�	

G5
7�( 8c =
�

�
�I�

Ic =
�

�
ln

∣∣∣∣∣ lim
a→∞

√
a� + �

�a + �

∣∣∣∣∣ =
�

�
ln

∣∣∣∣∣∣ lim
a→∞

√
�+ (�

a
)�

�+ �

a

∣∣∣∣∣∣ =
�

�
ln

(
�

�

)

J D K 	�� / . ?�� � B �w  
 �� �� 	 x� E 	 � A�� &� � � � � � '�� ) � A�� 5
 7 �( 8c > �

�
� I�

�����	 ��I�
 +∞ �� Ic �����
�� 
 ����	 ��
����
5
> , � 
 c =

�

�
� ; � �� �� 7 " � � � /
 
 � � % 
 � � /
 Ic 8� + � �� L� " � 	 ��

�Ic =
�

�
ln(

�

�
) = −�

�
ln�

*< 8��
� 5�� C��,% z − �

z + �
��
� ��4 �z = x + yi :��; s�� ���
 �� ������ 	
��∣∣∣∣z − �

z + �

∣∣∣∣ = � P�� &� �z = x + yi �= −�+ �i G��,� ��
� �3) C 
E	 �1; x�E	 ��
�
Gc�
,	 ��K� 
� 
 |z − �| = �|z + �| �; ���I�	 �����

|(x − �) + yi| = �|(x + �) + yi|√
(x − �)� + y� = �

√
(x + �)� + y�

x� − �x + 	+ y� = �(x� + �x + 	+ y�)

.	
; W��	 &� *< x� + ��x + y� + 	 = � *< ��x� + ��x + �y� + �
 = � �����
��
�F3) �� � L
,� 
 −�+ �i 6;�	 �� ��5���� � �
,	 �; (x + �)� + y� = �� G:���� ���;
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 ���


x�E	 ��� �3) &� ����7� �w 
 ����� ���/ �#�"�	 �� z = −�+ �i �K2� ���� YD�E	
���� ���	��

�����
�� ���� $
� �A�� �@  �
,	 !� z� \1B�� 5�� 5��� �@  �
,	 �� �� ������ 	
��
� I� 
 ~� � � 1 � � 2 � 2 B 
� � � � I 8z = ±

√√
�−�
�

5
 7 �( 8z� =
√
�−�
�

� I� �z� = −�±
√
�

�

����1� YD�E	 
� �� �; 8z = ±
√

−
√
�+�
�

= ±i

√√
�+�
�

5
7�( 8z� = −
√
�+�
�

���� �A�% $
� �
F�	� �� Z � 
1	 v�
< ��� '��) 5��
�	 ���� �� ������ 	
��
'��T��� �� �:���I�	 �H� �� [�, z] 5@&
� �� �� f(x) = (�+x)α W�
% 
 α ≥ � :��; s��
�� 
�� *< �f ′(x) = α(�+ x)α−� G�����
�� ���� ��w<J��	 (�, z) �� 
 �����< [�, z] �� f

�f(z) − f(�) = f ′(c)(z − �) �+���K� ���� ��A
 c ∈ (�, z) ���
	 ���K2� 8u���I0 ��t/
�7�� �
�� ��

(�+ z)α − � = α(�+ c)α−�z

� + c > � &� �����
�� 
 Nα − � ≥ � �w 
 α ≥ � ���&o ��� ���,) y �→ yα−� W�
% 
	�
G:���� 0
� �

1	
� !"; �� 8����� �� �(�+ c)α−� > � ����	 �����

(�+ z)α − � ≥ αz

���
��	 
	 �H� ���	 �

1	
� �;
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���� 
���
	
���y
"� �9�
F	 �� ��& �
�B &� !� �� NOo

C �) lim
x→�

(
sin x

x

)cot x

M) lim
x→+∞

(
sin
(√

x + �

)
− sin

(√
x
))

x) lim
x→π/�

�− � cos x

sin
(
x − π

�

) Nc
��<�� 5�#
/ &� 5�
3��� �
��o

W�
% �; ���� �
�� NZo

f(x) =

{
x� sin

(
�

x

)
x �= � �I�

� x = � �I�

�@ 9%�	 J��	 ����� x = � �� � 
 5��� c
� �@ 9%�	 J��	 ����� (−∞,+∞) �@ D)
� ��
���
��"� $
�

����� �y��� ����� ��9,% �( ���� 85��; ��
X 
 �
�� �� ��7�
�	 ���2	 �@ �t/ NC � Ngo
Y2� f(x) = x� − �x� + ��x W�
% J��	 �; ���� �
�� c�� �@ �t/ &� 5@�
3��� 
� NM

����� [−�,�] �� ���� !�
���1���� x $�� ���% 
% �� f(x) = (�+ x)x W�
% ��� !	 Y1� Njo

���y
"� �9�
F	 �� ��& �
� ��7��� &� !� �� N]o

C �)
∫

x�dx

x� − �x + �
M)

∫
�x
√
�− x�dx

x)

∫
dx

(x − �)
√

x� + x + �

�)
∫ π

�

x sin x

�+ cos� x
dx

��y�D+�� ��F�	 &� ��/ !� c�r Nlo

x = a(t − sin t), y = a(�− cos t), � ≤ t ≤ �π

���y
"� �9�
F	 ��
x�

a�
+

y�

b�
= � �t�� 
� �� 5���"� 
 ��;�	 �;�B yOz �@ F3) �&��	 �"�2�1	 Y? Nko

���� :�B ���� �+�	 ���1� W/�
 xOz 
 xOy '
F3) �� �; x�

a�
+

z�

c�
= � 


����; M
1B �&
��	 ��F�	 Y? ��� �; �� �"1A &� 5�	(

�� �� � � ��� 7 " � �@ D )
 � �� �� s
 � 3 	
∞∑

n=�

(
�+

�

n

)n

(x − �)n �� � NC  � Nho

�@ D)
� ��
�� �� P
2� �� �� ��� ����7"� 8���� ��
��	 '��) �� 
 ���
( ����
���y
"� ��� �� ����7"�

���y
"� J�2F% �� ��& �
���� ����7"� NM

a)

∞∑
n=�

�

n ln n(ln ln n)�
b)

∞∑
n=�

(�n)!

(n!)�
c)

∞∑
n=�

(−�)n (�n)n

(n + �)n+�
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���1���� α + iβ '��T� ��
(
�+

√
�i

�−
√
�i

)��

'�
9# NC � Nio

���� �
�� 8��
� �B�
 $� n �@ ��� !� w �= � 
 ��� c
� ���# n ���; s�� NM
G:���� 5
>,� 
 ���1� wn−� � � � 8w� 8w .+� �� �B�
 $� n �
����� � �
� �;

�+ w + w� + · · · + wn−� = �

����
 ��

G'��T��� �� �A = lim
x→�

y 
 y =
[
sin x

x

]cot x

:��; s�� ���
 �� ������ 	
��

ln A = lim
x→�

ln y = lim
x→�

cot x ln
(

sin x

x

)
=
(

lim
x→�

cos x
)

lim
x→�

ln
(

sin x

x

)
sin x

!"; �� 8*< ��	
����	 �
�

:�9	 � 
B �� $
� �B 
 ��� N!�o ����� c
� �"1/ �B �;
G:���� c
��<�� 5@�#
/

ln A
�
= lim

x→�

cos x

sin x
− �

x
cos x

=

(
lim
x→�

�

cos x

)(
lim
x→�

x cos x − sin x

x sin x

)

G:���� 8��
��	 �− cos x ∼ x�

�

 sin x ∼ x ��4

ln A = lim
x→�

x cos x − x

x · x = lim
x→�

cos x − �

x
= lim

x→�

−x�

�

x
=

−�
�

lim
x→�

x = �

�A = e� = � �����
��

G:���� sin a − sin b = � sin
(

a−b
�

)
cos
(

a+b
�

)
�� �A�% 
� �� �� ������ 	
��

A = lim
x→∞

[
sin(
√

x + �) − sin(
√

x)
]

= lim
x→∞

� sin

(√
x + �−√

x

�

)
cos

(√
x + �+

√
x

�

)

= � lim
x→∞

sin

(
�

�(
√

x + �+
√

x)

)
cos

(√
x + �+

√
x

�

)

M�tD)
B ���& 8A = � :���� 8 lim
x→∞

�√
x+�+

√
x

= � 
 −� ≤ cos
(√x+�+

√
x

�

)
≤ � ��4

���� !4�; ��
���� �,�
% 8!4�; ��
���� W�
% !� �� ������; W�
% !�
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��

A = lim
x→π/�

�− � cos x

sin(x − π
�
)

= � lim
x→π/�

�

�
− cos x

sin(x − π
�
)

= � lim
x→π/�

cos(π
�
) − cos x

sin(x − π
�
)

= −� lim
x→π/�

(cos x − cos(π
�
))/(x − π

�
)

sin(x − π
�
)/(x − π

�
)

= −�
(

lim
x→π/�

cos x − cos(π
�
)

x − π
�

)
÷
(

lim
x→π/�

sin(x − π
�
)

x − π
�

)

− sin(π
�
) = −

√
�

�
� ��� � �w  
 � �� x = π

�
� K 2 � �� y = cos x J � � 	 � ��� � c
� 6 � ��� < � ;

G�����
�� ���� !� ��# 
� ����� �; ��
��	 lim
x→�

sin x
x

G�B 
� c�
,	 $
� 6����< 
 ��
��	
�A = −�
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) ����� x �7�
1"� �� f 5
7�( 8x �= � �I� �� ����	
 ���


f ′(x) = �x sin
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+
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√
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∫ ∞
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√
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(x� + �)y′′ + xy′ − m�y =

=
my√
x� + �

(m
√

x� + �− x) +
mxy√
x� + �

− m�y

=
my√
x� + �

{(m
√

x� + �− x) + x − m
√

x� + �} = �

G'��T��� �� A = lim
x→�+
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 y = (tan x)�/ ln x :��; s�� ���
 �� ������ 	
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lnA = lim
x→�+

ln y = lim
x→�+

�

ln x
ln(tan x) = lim

x→�+

ln(tan x)

ln x
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ln A = lim
x→�+

�/ cos� x
tan x

�

x

= lim
x→�+

�

cos x
sin x

x

=
�

�
= �

�A = e� = e �����
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G:���� u = �

t
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� ��	
����	 ∞

∞ :�9	 � 
B �� �H� ���	 �B �� �� ������ 	
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lim
t→∞

√
t +
√

t +
√

t
√

t + �
= lim

u→�

√
�

u
+

√
�

u
+

√
�

u√
�

u
+ �

= lim
u→�

√
�+

√
u +

√
u�√

�+ u
=
�

�
= �

G�; :���I�	 ����� �iz� + �
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z� =
�


�i
=
�
i

�i�
= −�


�
i
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�� arg(w) = �π
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z = �
√

w =
�

√
�


�
e

�π/�+ �kπ

�
i

=
�

�
e
(
π

�
+ k

�π

�
)i

8�����
�� �k = �,�,� �( �� �;

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�

�
eπi/� =

�

�

(
cos
(

π

�

)
+ i sin

(
π

�

))
=
�

�
i

�

�
e�πi/� =

�

�
eπi · eπi/�

=
�

�
(−�)

(
cos
(

π

�

)
+ i sin

(
π

�

))
=

−�
�

(
√
�+ i)

�

�
e��πi/� =

�

�
e�πi · e−πi/�

=
�

�
× �

(
cos
(−π

�

)
+ i sin

(−π

�

))
=
�

�
(
√
�− i)
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√
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7�( 8w = �+i �I� �� �� ������ 	
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G�����
�� ��− i = w =
√
�e−πi/� G5
>,� �w =

√
�eπi/� G�w 


�+ i

�− i
=

√
�eπi/�

√
�e−πi/�

= eπi/�
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�

√
�+ i

�− i
=

�
√
�e

π/�+ �kπ

�
i

= e(π/
+kπ/�)i

= eπi/

(
eπi/�

)k

=
(

cos
(

π

�

)
+ i sin

(
π

�

))
· ik

G:��;�	 ."# ��& R
 � �� sin
(

π



)

 cos

(
π



)
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cos
(

π

�

)
=

√
�+ cos(�π



)

�
=

√
�+

√
�

�

�
=

√
�+

√
�

�

sin
(

π

�

)
=

√
�− cos(�π
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�
=

√
�−

√
�

�

�
=

√
�−

√
�

�

G:���� i� = −� 
 i� = −� 8i� = i 8i� = � ��4 ���r &�

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(√
�+

√
�

�
+ i

√
�−

√
�

�

)
(�) =

√
�+

√
�

�
+ i

√
�−

√
�

�(√
�+

√
�

�
+ i

√
�−

√
�

�

)
(i) = −

√
�−

√
�

�
+ i

√
�+

√
�

�(√
�+

√
�

�
+ i

√
�−

√
�

�

)
(−�) = −

√
�+

√
�

�
− i

√
�−

√
�

�(√
�+

√
�

�
+ i

√
�−

√
�

�

)
(−i) =

√
�−

√
�

�
− i

√
�+

√
�

�
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l = lim
n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

{(n + �)!}�
(�n + �)!

|�α|n+�

(n!)�

(�n)!
|�α|n

= lim
n→∞

(n + �)� × �|α|
(�n + �)(�n + �)

= �|α| lim
n→∞

(
�+

�

n

)�

(
�+ �

n

) (
�+ �

n

) = �|α| �
�

�× �
=

|α|
�
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7�( 8 |α|
�
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m=�

(m!)�
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�
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an =
(n!)�

(�n)!
�

n =
�× �× · · · × n × �× �× · · · × n

�× �× · · · × n × (n + �) × · · · × (�n)
�

n

=
�× �× · · · × n

(n + �)(n + �) · · · (�n)
�

n =
n!�n

(n + �)(n + �) · · · (�n)
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� = lim
n→∞

n
(
�− an+�

an

)
= lim

n→∞
n

(
�− (n + �)!�n+�

(�n + �) · · · (�n + �)
.
(n + �) · · · (�n)

n!�n

)
= lim

n→∞
−n

�n + �
= −�

�
< �

�; ��� ��7"� ��/
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 ��/
 5�� 5��� ��� 8�+��� ����� ���� ��7"� ��� ��� 8�����
��
���
��	 −� ≤ α ≤ � ��,� 8 |α|

�
≤ �
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� G:��;�	 ��6�% �� �

�m(m + �)(m + �)
�1; ����� �� �� ������ 	
��

�

�m(m + �)(m + �)
=

A

�m
+

B

m + �
+

C

m + �

8m = � ���� ���/ 
� �� = A(m + �)(m + �) + �Bm(m + �) + �Cm(m + �) :����

 B =

−�
�

8A =
�

�
: ��
(� 	 � �� � \ � %� % � � 0
 � �

 1 % �� m = −� 
 m = −�

G�����
�� C =
�

�

∞∑
m=�

�

�m(m + �)(m + �)
= lim

N→∞

N∑
m=�

�

�m(m + �)(m + �)

=
�

�
lim

N→∞

N∑
m=�

{
�

m
+

−�
m + �

+
�

m + �

}

=
�

�
lim

N→∞

{
N∑

m=�

(
�

m

)
− �

N∑
m=�

(
�

m + �

)
+

N∑
m=�

(
�

m + �
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�

�
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N→∞

{
N∑

m=�

(
�

m

)
− �

N+�∑
m=�

(
�

m

)
+

N+�∑
m=�

(
�

m

)}

=
�

�
lim

N→∞

{
�

�
− �

N + �
+

�

N + �
+

�

N + �

}
=
�

�

8� � , �o y = ex W �
 % ��� D + 	 Y 1 � � � � A� % 
 � �� �
 �� � ��� � � 	 
� �

G:���� Nex = �+ x +
x�

�
+ · · ·

f(x) = (�− x)e−x = (�− x)

(
�+ (−x) +

(−x)�

�
+ · · · + (−x)n

n!
+ · · ·

)

= �− x +
x�

�
− · · · + (−�)n xn

n!
+ · · ·

· · · − x + x� − x�

�
+ · · · + (−�)n+�xn+�

n!
+ · · ·

= �− �x +
�

�
x� − �

�
x� + · · · + (−�)n n + �

n!
xn + · · ·

G:���� ln(�− x) = x +
x�

�
+ · · · + xn

n
+ · · · �� �A�% 
� �� �� ������ 	
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∫
ln(�− x)

x
dx =

∫ {
�+

x

�
+ · · · + xn−�

n
+ · · ·

}
dx

= x +
x�

�
+ · · · + xn

n�
+ · · · + C

N(−�,�) 5@&
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 �� ������ 	
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G:��;�	 :�12%∫

�

�

x�

x� + �
dx =

∫
�

�

{
x� − �+

��

x� + �

}
dx

=

[
x�

�
− �x + ��× �

�
arctan

(
x

�

)]�
�

= � arctan
(
�

�

)
− ��

�

u = ln(x +
√

x� + �) 
 dv = dx s�� 
� Ǳ6A �� Ǳ6A R
 � &� �� �� ������ 	
��
G�����
�� �:��;�	 5�
3���

du =
�+ x/

√
x� + �

x +
√

x� + �

dx =
dx√

x� + �
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 V = x 
∫
ln(x +

√
x� + �)dx = x ln(x +

√
x� + �) −

∫
x

dx√
x� + �

= x ln(x +
√

x� + �) −
√

x� + �+ C

G:���� 8�9K/ W���% ��/ c�r �@ 9�
F	 c�	�� !"; �� ���
 �� ������ 	
��

� =

∫ θ�

θ�

√
[r′(θ)]� + [r(θ)]�dθ

=

∫ π/�

�

√[
sin θ

(�+ cos θ)�

]�
+

[
�

�+ cos θ

]�
dθ

=

∫ π/�

�

√
sin� θ + �+ � cos θ + cos� θ

(�+ cos θ)�
dθ

=

∫ π/�

�

√
�+ � cos θ

(�+ cos θ)�
dθ =

√
�

∫ π/�

�

dθ√
(�+ cos θ)�

=
�

�

∫ π/�

�

dθ

cos�( θ
�
)

=
�

�

∫ π/�

�

cos�( θ
�
) dθ

cos�( θ
�
)

G����� �� � θ � π/�

u �
√
�/�


 du = cos
(

θ
�

)
dθ :���� u = sin

(
θ
�

)
s�� 
� �;

� =
�

�

∫ √
�/�

�

du

(u� − �)�

:��;�	 s�� 8(u� − �)� = (u − �)�(u + �)� ��4 �:��;�	 5�
3��� �1; !�+3% R
 � &�
����� �� � �

(u� − �)�
=

A

u − �
+

B

(u − �)�
+

C

u + �
+

D

(u + �)�

A(u − �)(�+ u)� + B(�+ u)�

+C(u − �)(u + �)� + D(u + �)� = �⎧⎪⎨
⎪⎩

A + B + C + D = �

A − �B + C + �D = �

A + C = �

−A + B + C + D = �

⇒ A = −�
�

, B = C = D =
�

�

:���� � �� ���� ���/ 
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� =
�

�

∫ √
�/�

�

{
−�

u − �
+

�

(u − �)�
+

�

u + �
+

�

(u + �)�

}
du
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− �

�
ln(u − �) − �

u − �
+
�

�
ln(u + �) − �

u + �

]√�/�

�

=

√
�

�
+
�

�
ln
(
�
√
�+ �

)
���& ���;�	 WK/ �� �7��+� x = � 
 x = � P
2� �� 5�� 5��� ��F�	 
� �� �� ����	
 ���
{

y =
√

x

y = x�
⇒ √

x = x� ⇒ √
x(�− x�/�) = �

⇒
{ √

x = �

�− x�/� = �
⇒
{

x = �

x = �

5�� �� �% :�B ��
� *< ���� ���/ y =
√
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� �� 85
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GN���

V = V� − V� = π

∫
�

�

(
√

x)�dx − π

∫
�

�

(x�)�dx

= π

[
x�

�

]�
�

− π

[
x�




]�
�

=
π

�
− π



=
�π
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√
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√
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� ����7"� �� 8
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��( 
 ���; UF� ��& �
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n→∞

(−�)n + �
n
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(��� �,�9r ��# !� n �( �� �;)
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∫
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�

cos x dx
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�n� − ��
+ · · · + �√
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√
�)� = �, arg(z) = arctan
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�

�
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=
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�
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√
� = �+ i

√
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√
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√
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(√
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x tan
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x
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) �
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−π/(�− x)�
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)
=

−�
π

(
lim
x→�

(�− x)�
)(

lim
x→�

sin�
(

π

�− x

))
=

−�
π

(�)�(�)� =
−�
π

�f(�) =
−�
π

:��; C��,% ��� ��
; 8NW�
% �>)�o �����< �,�
% ��?
� ���� *<

��
 � �:���I�	 �H� �� [�,∞) 5@&
� �� �� f(x) =
ln x

x(�+ ln� x)
W�
% �� ������ 	
��

G���& 8��
��	 � 
6� 5
>,� 
 ��� �9`	 [�,∞) �� f �; ���

f ′(x) =

(
�

x

)
(x(�+ ln� x)) −

(
�+ ln� x + x

� ln� x

x

)
(ln x)

(x(�+ ln� x))�
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=
−� ln� x

x�(�+ ln� x)�


� ����7"� �����
�� ���
��	 � 
6� �( �� f �w 
 ��� �3�	 [�,∞) 5@&
� �� n�� '�
9#

� 
	� ~���

∫∞
�

f(x)dx 5@��
� c��7��� ����I�
 
� ����7"� ��,	 �� 5�� 5��� ��� ����I�

8�����
�� � x � a

u � ln a

 du = dx

x
:���� u = ln x s��

∫ ∞

�

f(x)dx= lim
a→∞

∫ a

�

ln xdx

x(�+ ln� x)
= lim

a→∞

∫ ln a

�

udu

�+ u�
≤ lim

a→∞

∫ lna

�

udu

�+ u�

≤ lim
a→∞

∫ ln a

�

du

u�
= lim

a→∞

[
−�
u

]lna

�

=�− lim
a→∞

�

ln a
=�

���
��	 ��7"� 6�� ∑∞
n=�

f(n) ��� �����
�� 
 ��� ��7"�
∫∞
�

f(x)dx 5@��
� c��7��� *<
���� ��7"� 5�� 5��� ��� ��,�

G���& ��� ��7"� �����
�� 
 8��7"� 
S2DK	 5�� 5��� c��7��� �� ������ 	
��
∫ ∞

�

∣∣∣∣ cos(�
x
)

x�(�+ ex)

∣∣∣∣ dx = lim
a→∞

∫ a

�

| cos(�
x
)|

x�(�+ ex)
dx

≤ lim
a→∞

∫ a

�

�

x�(�+ �)
dx = lim

a→∞

[
−�
x

]a

�

= �− lim
a→∞

�

a
= �

G:���� A = lim
x→�+

y 
 y = | ln x|�/x s�� 
� ���� �� ����	
 ���


ln A = lim
x→�+

ln y = lim
x→�+

�

x
ln | lnx| = lim

x→�+

ln | ln x|
x

G:���� 8c
��<�� ��t/ !"; �� *< ��	
����	 �

�
:�9	 � 
B �� �;

ln A
�
= lim

x→�+

sgn(lnx)�
x

ln x

(�)
= lim

x→�+

−�
x

lnx

�
= lim

x→�+

�

x�

�

x

lim
x→�+

�

x
= +∞

W�
% �; ��� 5�� 5�
3��� ��+� ��� &� 8NOo �

1% �� �+��� {���% ������ ��A
 A �B 8��,�
���
��	 �3�	 !� &� ��+4�; x ���
2	 ���� lnx

G:���� A = lim
x→π/�

y 
 y = (tan x)tan(�x) s�� 
� �� �� ������ 	
��

ln A = lim
x→π/�

ln y = lim
x→π/�

tan(�x) ln(tanx) = lim
x→π/�

(
ln(tan x)

cot(�x)

)
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G:���� c
��<�� �@ �t/ !"; �� *< ��	
����	 �

�
:�9	 � 
B �� �;

ln A
�
= lim

x→π/�

�/ cos� x

tanx
−�

sin�(�x)

=
−�
�

lim
x→π/�

sin�(�x)

tan x cos� x

=
−�
�

lim
x→π/�

(� sin x cos x)�

sin x

cos x
· cos� x

= −� lim
x→π/�

(sin x cos x) = −�

���� A = e−� = �/e �����
��

G:��;�	 :�12% (−�)n �� �� x�E	 
 '��) �� �� ������ 	
��

� = lim
n→∞

(−�)n + �
n

(−�)n+� + �n+�
= lim

n→∞
�+ (− �

�
)n

−�+ �(− �

�
)n

� =
�+ �

−�+ �
=

−�
�

�����
�� 
 lim
n→∞

(
− �

�

)n
= � *< 8

∣∣−�
�

∣∣ < � ��4


 du = exdx
ex+�

*< dV = dx
ex 
 u = ln(ex + �) :��;�	 s�� ���
 �� ������ 	
��

G�����
�� �V =
∫

dx
ex = −e−x

ln(ex + �)

ex
dx =

∫
ln(ex + �)

ex
dx

= −e−x(ex + �) −
∫

−e−x · exdx

ex + �
= − ln(ex + �)

ex
+

∫
dx

ex + �

Gdx = dt
t−� 
 x = ln |t − �| G:���� t = ex + � s�� 
� ���;�

ln(ex + �)

ex
dx = − ln(ex + �)

ex
+

∫
dt

t(t − �)

= − ln(ex + �)

ex
+

∫ {
−�
t

+
�

t − �

}
dt

= − ln(ex + �)

ex
− ln |t| + ln |t − �| + C

= − ln(ex + �)

ex
− x + ln |ex + �| + C

G���� ���%�	 �����
�� dx = et · dt 8x = et G:���� t = ln x s�� 
� �� �� ����	
 ���
∫
(ln x)�dx =

∫
(ln x)�dx =

∫
t� · et · dt

(�)
=

∫
t�d(et) −

∫
�t · etdt

(�)
= t� · et − �

∫
t · d(et) = t�et − �

{
tet −

∫
�etdt

}
= t�et − �tet + �et + C = x(lnx)� − �x ln x + �x + C
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�� 
 :��5��; 5�
3��� dv = et · dt 
 u = t� s�� 
� Ǳ6A �� Ǳ6A 5@�#
/ &� NOo �� �+��� {���%
�dv = et · dt 
 u = t s�� 
� NZo

� x � π/�

u � �

 du = cos xdx 5
7�( 8u = sin x ��� s�� �I� �� �� ������ 	
��

G�����
��∫ π
�

�

cos xdx

�− � sin x + sin� x
=

∫
�

�

du

�− �u + u�
=

∫
�

�

du

(u − �

�
)� − (�

�
)�

=

[
�

�(�
�
)

ln

∣∣∣∣ (u − �

�
) − �

�

(u − �

�
) + �

�

∣∣∣∣
]�
�

=

[
ln

∣∣∣∣u − �

u − �

∣∣∣∣
]�
�

= � ln�− ln�

Gc�	�� !"; �� �� ����	
 ���

∫

�

�

f(x)dx = lim
n→∞

b − a

n

n∑
k=�

f
(

a + k
b − a

n

)
G:����

lim
n→∞

{
�√

�n� − �

+
�√

�n� − ��
+ · · · + �√

�n� − n�

}

= lim
n→∞

�

n

⎧⎨
⎩ �√

�− ( �
n
)�

+
�√

�− ( �
n
)�

+ · · · + �√
�− (n

n
)�

⎫⎬
⎭

= lim
n→∞

�− �

n

n∑
k=�

�√
�− (k �−�

n
)�

=

∫
�

�

dx√
�− x�

=
[
arcsin(

x

�
)
]�
�

=
π

�

G:���� 8 �

�− x
= �+ x + · · · + xn + · · · �+��� �� �A�% 
� �+ ����	
 ���


f(x) =
x�

�− x�
= x�

�

�− x�

= x�
(
�+ x� + (x�)� + · · · + (x�)n + · · ·

)
= x� + x� + x� + · · · + x�n + · · ·

���� an = � �( $� n �D"A \��� �; f(x) =

∞∑
n=�

yn ���� ���%�	 8y = x� s�� 
�

G5
7�( 8��
� �( ����7"� L
,� R �I� *<

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

�

�
= �
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��� 5
7�( Nbx < −� 
 x > �a 
� x� > � 8��,�o |y| < � �I� *< �R = � �����
�� 

�I� 
 ��� ��7"� ��� 5
7�( N−� < x < � 
� x� < � 8��,�o |y| = � �I� 
 ��� ��I�

�B �; ����	 .��9% ∑∞

n=�
(�) '��) �� ��� 5
7�( Nx = ±� 
� x� = � 8��,�o |y| > �

��/
 
��% 
 ��/
 ��� 8L�"�	 �� *< ���� ��I�
 �����
�� 8�1�� �3) �( �	�"# �@ D"A
G�; �� ��
X 8��,� �−� < x < � �; ��� ��7"�

f(x) =

∞∑
n=�

x�n (� < x < �)

:�B �����
�� y =
√

x �; ���I�	 ����� y� = x &� *< 8� ≤ x ≤ � ��4 ��, ����	
 ���

G
� ��� ����� �H� ���	

V = π

∫ b

a

[f(x)]�dx = π

∫
�

�

(
√

x)�dx = π

[
x�

�

]�
�

= �π
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������ 
���
	

G��y
"� �9�
F	 �� ��& �
��B &� !� �� NOo

C �) lim
x→�

(
sin x

x

)sin x/(x−sin x)

M) lim
x→+∞

(
arctan

(
x + �

x + �

)
− arctan

(
x

x + �

))
x) lim

x→a

(
�− x

a

)tan(πx/�a)

8��
� ��w<J��	 (�,�) �@ D)
� �
 � 
 �����< [�,�] �@ D)
� �
 � f W�
% ���; s�� NZo
G�; ���r �� ���� ��A
 � < c < � ���
	 ���# ���; ��
X

c�f ′(c) + �cf(c) = f(�)

���� �����< f(x) = lim
n→∞

ax + x�enx

�+ enx
W�
% a &� ����
2	 �4 ��&� �� Ngo

� lim
x→+∞

∫ x

�

e(t�−x�) dt G�@ 9�
F	 �1��DK	 Njo

���y
"� �9�
F	 �� ��& �
� ��7��� &� !� �� N]o

C �)
∫

x� − x + �

(x + �)
√

x − �
dx M)

∫ √
�+ sin(

x

�
) dx x)

∫
cos(ln x) dx

����
�� �� y = ln x 
 y = ln� x �
���F�	 ��� �B
1	 Nlo

��F�	 ��/ c�r ���� �
�� 80S 
� Nko

x = f ′′(t) cos t + f ′(t) sin t, y = −f ′′(t) sin t + f ′(t) cos t

���
��	 [f(t) + f ′′(t)] ����� t = t� 
% t = t� &�
��F�	 c�r 8
S��
X

x = et(cos t + sin t), y = et(cos t − sin t)

���y
"� �9�
F	 t = � 
% t = � &� ��

p��� ��7"�
∞∑

n=�

�

{n ln n[ln(ln n)]}p
��� p > � &� ����
2	 �4 ��&� �� NC � Nho

P
2� �� �� ��� 6�� 
 ���
�� ��
∞∑

n=�

�
n(sinx)n

n�
��� ����7"� �@ D)
� 
 L
,� NM

����; ��� �� ��
����

����
�� �� z =

(
�+ i

√
�

�− i
√
�

)�

��# $�
�4 �
����� $
"% Nio
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����
 ��

G�����
�� �A = lim
x→�

y 
 y =
(

sin x

x

)sin x/(x−sinx)

:��; s�� ���
 �� ������ 	
��

lnA = lim
x→�

ln y = lim
x→�

sin x

x − sin x
ln
(

sin x

x

)
=
(

lim
x→�

sin x

x

)(
lim
x→�

ln( sin x
x

)

�− sin x
x

)

G:���� u =
sin x

x
s�� 
� *<

ln A = lim
u→�

ln u

�− u
= lim

u→�

�

u

−� = lim
u→�

−�
u

= −�

� ��� �
 � � �: ��5�� " � 5�
 3 � �� c
 � � <� � 5@� #
 / &� 
 � �� 5� � 	
 � �� �
�

: � 9 	 �  
 B � � � ;
�A = e−� = �/e

G:���� arctan a − arctan b = arctan
(

a − b

�+ ab

)
�� �A�% 
� �� �� ������ 	
��

A = lim
x→∞

x

(
arctan

(
x + �

x + �

)
− arctan

(
x

x + �

))

= lim
x→∞

x arctan

(
x+�
x+�

− x
x+�

�+ x+�
x+�

× x
x+�

)

= lim
x→∞

x arctan

(
(x + �)(x + �) − x(x + �)

(x + �)� + x(x + �)

)

= lim
x→∞

x arctan

(
x + �

�x� + �x + �

)
= lim

x→∞

arctan
(

x+�

�x�+�x+�

)
�

x

G:���� c
��<�� 5@�#
/ !"; �� *< ��	
����	 �
�

:�9	 � 
B �� �;

A = lim
x→∞

(
(�)(�x�+�x+�)−(�x+�)(x+�)

(�x�+�x+�)�

)
÷
(
�+ ( x+�

�x�+�x+�
)�
)

−�
x�

= lim
x→∞

−x�(�x� + �x + �− �x� − ��x − ��)

(�x� + �x + �)� + (x + �)�

= lim
x→∞

�x� + �x� + �x�

�x� + ��x� + ��x� + ��x + ��

(�)
= lim

x→∞
�x�

�x�
=
�

�

x�E	 
 '��) �A�� ����I�6� �; ��+� ��� �� �A�% 
� ��
���� �� �& �� :� &� NOo �� �;
�:��5��"� 5�
3��� ���1� �����
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G'��T��� �� �A = lim
x→a

y 
 y =
[
�− x

a

]tan(πx/�a)

:��; s�� �� �� ������ 	
��

ln A = lim
x→a

ln y = lim
x→a

tan
(

πx

�a

)
ln
(
�− x

a

)
= lim

x→a

ln
(
�− x

a

)
cot
(

πx
�a

)
G:���� c
��<�� 5@�#
/ !"; �� *< ��	
����	 �

�
:�9	 � 
B �� �;

ln A = lim
x→a

(−�
a

)/(�− x
a
)

(−π
�a

)/ sin�(πx
�a

)
=
�

π
lim
x→a

sin�(πx
�a

)

�− x
a

=
�

π
× sin�(π

�
)

�− �
=
�

π

�A = e�/π �����
��

8��� �����< [�,�] �� f ��4 �:���I�	 �H� �� �� g(x) = x�f(x) W�
% �� ������ 	
��
8u���I0 �@ �t/ �� 
�� *< ���� ���4 6�� g 8��� ��w<J��	 (�,�) �� f ��4 ���� ���4 6�� g

8g(�) = f(�) 
	� �g(�) − g(�) = g′(c)(�− �) G�; ���� ��A
 c ∈ (�,�) ���
	 ���K2�
� ; f(�) − � = c�f ′(c) + �cf(c) G� ��� �
 � � �g′(c) = c�f ′(c) + �cf(c) 
 g(�) = �

���
��	 
	 �H� ���	 �

1%

G�w 
 lim
n→∞

enx� = � 5
7�( 8x� < � �I� �� ������ 	
��

f(x�) = lim
n→∞

ax� + x�enx�

�+ enx�
=

ax� + �

�+ �
= a x�

G5
7�( 8x� = � �I�

f(�) = lim
n→∞

�+ �× e�

�+ e�
=
�

�
= �

G:���� 8enx� �� x�E	 
 '��) :�12% 
� 
 lim
n→∞

e−nx� = � 5
7�( 8x� > � �I� 
	�

f(x�) = lim
n→∞

ax� + x�
�
enx�

�+ enx�
= lim

n→∞
ax�e

−nx� + x�
�

e−nx� + �
=

ax� × �+ x�
�

�+ �
= x��

���� ���%�	 L�"�	 �� �����
�� 


f(x) =

⎧⎨
⎩

x� x > � �I�
� x = � �I�
ax x < � �I�

���� �����< x� �= � �@ K2� �� f(x) W�
% 8a &� 5��E � ���2	 �� ��&��� �; ����	 �HB>	
G���& 8��� �����< 6�� x� = � �� 85
>,�

lim
x→�+

f(x) = lim
x→�+

x� = � = f(�) lim
x→�−

f(x) = lim
x→�−

ax = � = f(�)
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G���� ���%�	 8��� ��
X t �� �91� 8e−x� ��4 �� ����	
 ���


A = lim
x→∞

∫ x

�

e(t�−x�) · dt = lim
x→∞

e−x�
∫ x

�

et�dt = lim
x→∞

∫ x

�
et� dx

ex�

G:���� c
��<�� 5@�#
/ !"; �� *< ���� �	
����	 ∞
∞ :�9	 � 
B �� �;

A = lim
x→∞

ex�

�x ex�
= lim

x→∞
�

�x
= �

Gdx = �udu 8x = u� + � *< 8u =
√

x − � :��; s�� ���� �� ����	
 ���
∫
x� − x + �

(x + �)
√

x − �
dx =

∫
(u� + �)� − (u� + �) + �

(u� + �+ �)u
(�u)du

= �

∫
u� + �u� + �

u� + �
du = �

∫ (
u� +

�

u� + �

)
du

= �
u�

�
+ �

√
�

�
arctan

(
u√
�

)
+ C

=
�

�
(x − �)�/� + �

√
� arctan

(√
�

�

√
x − �

)
+ C

�����
�� 
 sin
(

x

�

)
= u� − � *< 8u =

√
�+ sin

(
x

�

)
:��; s�� �� �� ����	
 ���



 dx =
�udx√

�− (u� − �)�
*< �x = � arcsin(u� − �)

∫ √
�+ sin(

x

�
)dx =

∫
u

�udu√
�− (u� − �)�

= �

∫
u�du√
�u� − u�

= �

∫
udu√
�− u�

(�)
= −�

√
�− u� + C = −�

√
�− sin

(
x

�

)
+ C

�
(√

�− u�
)′

= −u√
�−u�

�; :��5��; 5�
3��� ��+� ��� &� NOo �� �;

Gdx = etdt 8x = et G�����
�� 8t = ln x :��; s�� �� �� ������ 	
��

I =

∫
cos(lnx)dx =

∫
et · cos t · dt

G�����
�� �v = sin t 
 du = et · dt G:���� dv = cos t · dt 
 u = et s��
�

I = et sin t −
∫

et · sin t · dt
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G�����
�� �v = − cos t 
 du = et · dt G:���� dv = sin t dt 
 u = et s�� 
� �S���	

I = et sin t −
{
−et cos t +

∫
et · cos t · dt

}
= et sin t + et cos t − I

G�����
��

I =
�

�
(et · sin t + et cos t) + C =

x

�
(sin(ln x) + cos(lnx)) + C

G:����	 ���?�� �� 5�� 5��� �
���F�	 ����� �� ����	
 ���
{
y = lnx

y = ln� x
⇒ ln x = ln� x ⇒

{
ln x = �

ln x = �
⇒
{

x = �

x = e

��� ����� 5�� �����? �B
1	 �����
�� �ln� x ≤ ln x *< 8� ≤ lnx ≤ � 8� ≤ x ≤ e ��4
G
�

A =

∫ e

�

(
ln x − ln� x

)
dx

�����
�� 
 x � e

u � �
8dx = eudu 8x = eu G:���� u = ln x s�� 
�

A =

∫
�

�

(u − u�)eudu
(�)
=

∫
�

�

(u − u�)d(eu)

=
[
(u − u�)eu

]�
�

−
∫

�

�

(�− �u)eudu
(�)
= �−

∫
�

�

(�− �u)d(eu)

= −
[
(�− �u)eu

]�
�

+

∫
�

�

−�eudu = e + �− � [eu]�
�

= �− e

G:���� 8���	��
< �
���F�	 ��/ c�r c�	�� !"; �� �"( �� �� ����	
 ���


� =

∫ b

a

√
[x′(t)]� + [y′(t)]� dt =

∫ t�

t�

{[
f ′′′(t) cos t + f ′(t) cos t

]�
+
[
− f ′′′(t) sin t − f ′(t) sin t

]�}�/�

dt =

∫ t�

t�

√[
f ′′′(t) + f ′(t)

]�
dx

=

∫ t�

t�

(
f ′′′(t) + f ′(t)

)
dt =

[
f ′′(t) + f(t)

]t�

t�

G:���� 8.9/ �"1/ ��
�	 ��(���% �� ����	
 ���


� =

∫
�

�

{
[et(cos t + sin t) + et(− sin t + cos t)

]�
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[
et(cos t − sin t) + et(− sin t − cos t)

]�}�/�

dt

=

∫
�

�

et
√

(� cos t)� + (−� sin t)�dt

= �

∫
�

�

et · dt = �

[
et
]�
�

= �(e� − �)

�

{x(ln x)[ln(ln x)]}p
W�
% f(x) �I� �:��;�	 5�
3��� c��7��� ��	&( &� ���� �� ����	
 ���


G5
>,� 
 ��� �9`	 8[�, +∞) �� f 5
7�( 8 ��
�

f ′(x) = −p
[
(ln x) · ln(ln x) + x × �

x
ln(ln x)

+x(lnx)
�

x

ln x

]
.
[
x(lnx) · ln(ln x)

]p−�

= −p
[
(�+ ln x) · ln(ln x) + �

][
x · (lnx) · ln(ln x)

]p−�

&� 5�
3��� Y���� 8��,� ���
��	 � 
6� 5&
� �( �� f �w 
 ��
��	 �3�	 8[�, +∞) �� �;
∞∑

n=�

f(n) ��� ����7"� ���� ��
; 
 $&0 P�� 8�����
�� ���� :���� c��7��� ��	&( ��t/

� H B> 	 u = ln(ln x) s� � 
 � �� �
 �� 	
∫ ∞

�

f(x)dx 5@� �
 � c�� 7 � �� � ��� 7 " � &� '�
 9 #

�����
�� � x � a

u ln(ln�) ln(ln a)

 du =

dx

x ln x
�; ����	

Ip =

∫ ∞

�

f(x)dx = lim
a→∞

∫ a

�

dx

x(lnx)[ln(lnx)]p
= lim

a→∞

∫ ln(ln a)

ln(ln �)

du

up

G�w 
 p − � > � 5
7�( 8p > � �I�

Ip = lim
a→∞

[
−�

(p − �)up−�

]ln(ln a)

ln(ln�)

=
−�

p − �
lim

a→∞

(
�

{ln(ln a)}p−� − �

{ln(ln�)}p−�

)
=

�

(p − �){ln(ln�)}p−�

G5
7�( 8p = � �I�

I� = lim
a→∞

[
lnu
]ln(ln a)

ln(ln �)
= lim

a→∞

{
ln[ln(ln a)] − ln[ln(ln�)]

}
G�w 
 ��� p − � < � 5
7�( 8p < � �I� ���;�	 .�	 ��
���� �� �;

Ip = lim
a→∞

[
u�−p

�− p

]ln(ln a)

ln(ln �)

=
�

�− p
lim

a→∞

{
[ln(ln a)]�−p − [ln(ln�)]�−p

}
p > � �; ��� ��7"� 5�� 5��� �@  
9�� ��/
 
��% 
 ��/
 8�����
�� ���;�	 .�	 ��
���� �� �;

���
�
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����% ��� !� �;
∞∑

n=�

�
n

n�
yn ���� ���%�	 8y = sin x s�� 
� �� �� ������ 	
��

�( ����7"� L
,� �I� *< ���� an =
�

n

n�
�	�"# �@ D"A \��� 
�

�

R
= lim

n→∞

∣∣∣an+�

an

∣∣∣ = lim
n→∞

�
n+�

(n + �)�

�
n

n�

= � lim
n→∞

(
n

n + �

)�
= (�)� × � = �

5
7�( 8|y| >
�

�
�I� 
 ���� ��7"� ��� 5
7�( 8|y| <

�

�
�I� �����
�� �R =

�

�
�����
�� ����

�� �; ����	
∞∑

n=�

�

n�

�

∞∑
n=�

(−�)n �

n�
�� ��� 5
7�( 8|y| =

�

�
�I� 
	� ���
��	 ��I�
 ���

��/
 
��% 
 ��/
 ��� *< �N���
��	 p > � 
� ����% ��� ���&o ������7"� ��;w	 ��� 
�
��7"� ��/
 
��% 
 ��/
 �D)� ��� *< 8y = sin x 
	� �−�

�
≤ y ≤ �

�
G�; ��� ��7"�

���� {�F) ���# k �; ��kπ − π

�
≤ x ≤ �kπ +

π

�
��,� 8−�

�
≤ sin x ≤ �

�
�; ���

G&� �1%�
9# ��� ����7"� �@ �	�� 8��,�

D =

∞⋃
n=−∞

[
�nπ − π

�
,�nπ +

π

�

]


 |w| =

√
�� + (

√
�)� = � 5
7�( 8��
� w = �+ i

√
� �I� �+ ����	
 ���


arg(w) = arctan
(√

�

�

)
=

π

�
⇒ w = �eπi/�

G�����
�� ��− i
√
� = w = �e−πi/� 5
>,�

z =
(

w

w

)�
=
(
�eπi/�

�e−πi/�

)�
=
(

e�πi/�
)�

= e
πi/� = e�πi+�πi/�

= e�πi/� = cos

(
�π

�

)
+ i sin

(
�π

�

)
=

−�
�

+

√
�

�
i
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����	�� 
���
	

����; .B �� z� + (�i − �)z + �− i = � �@  �
,	 NOo
����
( ���� �� ��& �
��B .)
B NZo

C �) lim
x→�

(
�+ tan x

�+ sin x

)�/ sin x

M) lim
x→�

ln(cos x)
�
√
�+ x� − �

�D)
� ��� �� f(x) = � �@  �
,	 
 ��� �����< [a, b] �@ D)
� �� f(x) W�
% :��; s�� Ngo
\%�	 a < x� < x� < x� < · · · < xn < b '��T� �� 
��( ����� ���� ��
��	 ���,%
(a, x�), (x�, x�), (x�, x�), · · · , (xn, b) �
��D)
� &� !� �� �� ���; ��
X 8:��;�	

���� ��
X W�
% �	>#

����
�� �� y′ =
dy

dx
���2	 8

∫ ln y

arctan x

et

t
dt + xy = � s�� 
� Njo

��&� �� �; ���; ��
X 
S��
X 
 5��; �
�� �� NJ��	 ����o ��7�
�	 ���2	 ��t/ '��) 0S 
� N]o
�arctan x� − arctan x� ≤ x� − x� :���� x� < x� ��
G���� v�
< 5��E �� 8��& �"1/ ��< &� ���	 �
�4 �� Y2� Nlo

C �)
∫

dx√
(�+ x�) ln(x +

√
�+ x�)

M)

∫
dx

(x + �)
√

x� + �x

x)

∫
sin� x · dx

ex
�)
∫

dx

x� · �

√
�+ �

x

�)

∫ e�

�

dx

x · �
√

ln� x
G���
"� �9�
F	 �� ��& �B .)
B Nko

lim
n→∞

�

n�

{
e−�/n + �e−�/n + �e−�/n + · · · + ne−n/n

}
���y
"� J�2F%

∞∑
n=�

(−�)n−�

�n − �
sin

(
�√
n

)
����I�
 
� 
 ����7"� �� NC � Nho

G���; ��
X c��7��� ��	&( &� 5�
3��� 
� NM
π

�
− �

�
arctan

�

�
<

∞∑
n=�

�

n� + �
<

π

�

����
 ��

a = � 
 b = �i − � 
 c = � − i G�; ��� {��
 � 
@ 1	 .B ���� �� ������ 	
��
G�����
��

� = b� − �ac = (�i − �)� − �(�)(�− i)
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= −�− ��i + 	− ��+ �i = −��− �i

y 
 x 8z = x + iy s
 �3	 YD�E	 ��# �� �I� �; :�����	 .9/ &� 8√� ���
( ���� ����
G���� ���%�	 ���
� �2�2B ���#�

(x + iy)� = x� − y� + �xyi = −��− �i

G�����
��{
x� − y� = −��
xy = −� ⇒

{
x� − y� = −��
y = −�/x

(�)

G:���� NOo �K��� �� y ���wI
A 
� �;

x� − ��

x�
= −��⇒ x� + ��x� − �� = �

(x� + ��)(x� − �) = �⇒
{

x� = −�� c�9/ .�
/ ���
x� = � c�9/ .�
/

x ��� � c� 9 / . �
 / �
 �� � �� x = ±� * < � �
 �� 	 � 2 � 2 B �� # x �� 4 � + � �� { � �� %
(x = �, y = −�) G:���� xy = −� �K��� �� x ���2	 ���wI
A 
� �; ��� {��
 ����1�

 (� − �i) G&� � � %�
 9 # � ; � �(� 	 � �� � √� ��� � � � �� 
� * < 8(x = −�, y = �) 


G���� ���%�	 �����
�� �(−�+ �i)

z =
−b ±√�

�a
=

−(�i − �) ± (�− �i)

�
= �− �i 
� �+ i

z =
−b ±√�

�a
=

−(�i − �) ± (−�+ �i)

�
= �+ i 
� �− �i

G'��T��� �� �A = lim
x→�

y 
 y =

(
�+ tan x

�+ sin x

)�/ sin x

:���I ���� �� ����	
 ���


lnA = lim
x→�

ln y = lim
x→�

�

sin x
ln

(
�+ tan x

�+ sin x

)
= lim

x→�

ln(�+ tan x) − ln(�+ sin x)

sin x

G:���� c
��<�� 5�#
/ !"; �� *< ��	
����	 �

�
:�9	 � 
B �� �;

ln A = lim
x→�

(
�/ cos� x

�+ tanx
) − (

cos x

�+ sin x
)

cos x
=
�− �

�
= �

�A = e� = � �����
�� 
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G:���� n
√
�+ x−� ∼ x

n

 ln(�+x) ∼ x �
��& ��:� !"; �� �� �� ������ 	
��

� = lim
x→�

ln(cos x)
�
√
�+ x� − �

= lim
x→�

ln[�+ (cos x − �)]
�

�
x�

= lim
x→�

cos x − �

�

�
x�

G:���� �− cos x ∼ x�

�
�& ��:� !"; �� *Q� 


� = lim
x→�

−(�− cos x)
�

�
x�

= lim
x→�

−�
�

x�

�

�
x�

= −�

f(b) 
 f(a) 
 ��
� �����< [a, b] �@ D)
� �� y = f(x) W�
% �I� �; :�����	 �� ����	
 ���

� � 
 � � ����� � � �� ! � . /�� B (a, b) �@ D )
 � �� y = f(x) 5
 7 �( 8� � �
 � � 	> ,  � C D � E 	

 xi < α < β < xi+� �I� �; � 
B �� ������ ������ ��� (xi, xi+�) 5@&
� �� f W�
% s��
�f(c) = � �+���K� ��
� ����� ��A
 c ∈ (α, β) ���
	 ���K2� ��
� 5
7�( f(α)f(β) < �

W�
% 
 f(α)f(β) ≥ � 5���"� ��,� 8��� YD� β 
 α ��A
 P�� �; ����	 �
�� �/
�% ���
�����"� �	># ���|% (xi, xi+�) 5@&
� ��

G���� ���%�	 :��; s�� g = xy 
 f =

∫ lny

arctan x

et

t
dt �I� �� ������ 	
��

f ′ =
y′

y
× elny

ln y
− �

�+ x�
× earctan x

arctan x

(�)
=

y′

ln y
− earctan x

(x� + �) arctan x

�����
�� 
 ln g = y ln x 8g = xy ��4

g′

g
= y′ ln x +

y

x
⇒ g′ = xy(y′ ln x +

y

x
)

G�����
�� f + g = � :���� � 
@1	 '��) �� �A�% 
� 
	�

y′

ln y
− earctan x

(x� + �) arctan x
+ xy

(
y′ ln x +

y

x

)
= �

G���� ���%�	 �����
�� �:��
( ���� �� y′ ���2	 0
� � �
,	 &� �; ��� ��
; c
B

y′ =

(
earctan x

(x� + �) arctan x
− yxy−�

)
÷
(

�

ln y
+ xy lnx

)

:��;�	 ��
(�
� �:��5��"� 5�
3��� N logx
N = x 8c�	�� &� NOo �K��� �� G.�"+% 
 ��
(�
�

5�
3��� .�
/ 8loga
a = � �+��� �� �A�% 
� 6�� blogN

a = N logb
a G'��T� 6�� ���
�	 �K��� �;

���
��	
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Z � 
1	 v�
< �� Nu���I0 
�o ��7�
�	 ���2	 ��t/ '��) 5��
�	 ���� �� ������ 	
��
���� �,A��	 $
� �
F�	� &�

[x�, x�] �� y = f(x) ��4 �:���I�	 �H� �� (x�, x�) 5@&
� �� �� f(x) = arctan x W�
%
8��7�
�	 ���2	 ��t/ �� 
�� 8Nf ′(x) =

�

�+ x�
8���&o ��� ��w<J��	 (x�, x�) �� 
 �����<

G��,� �f(x�) − f(x�) = f ′(c)(x� − x�) �+���K� ���� ��A
 c ∈ (x�, x�) 8���
	 ���K2�

arctan x� − arctan x� =
�

�+ c�
(x� − x�) (∗)

G��"� �1���&
� ��& '��) �� ���%�	 �� (∗) *< �

�+ c�
≤ � �����
�� 8��
��	 c� ≥ � ��4

arctan x� − arctan x� ≤ (x� − x�)

G'��T��� �� 8u = ln(x +
√
�+ x�) :��; s�� ���� �� ����	
 ���


du =

�+ �x

�

√
�+x�

x +
√
�+ x�

dx =
dx√
�+ x�

�����
�� 
∫
dx√

(�+ x�) ln(x +
√
�+ x�)

=

∫
du√

u

= �
√

u + C = �

√
ln(x +

√
�+ x�) + C

G
 dx =
−du

u�
'��T��� �� 8x + � =

�

u
:��; s�� �� �� ����	
 ���
∫ −du

u�

�

u

√
( �

u
− �)� + �( �

u
− �)

= −
∫

du√
�− u�

= − arcsin u + C = − arcsin

(
�

x + �

)
+ C


 u = sin� x : � � ;� 	 s� � 
 5�� ; 5�
 3 � �� Ǳ6 A � � Ǳ6 A R
 � &� �� �� � ��� 	 
 � �� 

���� ���%�	 8*< �v = −e−x 
 du = � sin x cos xdx �����
�� �dv =

dx

ex

I =

∫
sin� x

ex
dx = −e−x sin� x +

∫
�e−x sin x cos xdx

8du = (� − � sin� x)dx � ��� �
 � � �dv = e−x · dx 
 u = sin x cos x : � � ; s� � �S�� � 	
G�����
�� v = −e−x

I = −e−x sin� x + �

(
−e−x sin x cos x +

∫
e−x(�− � sin� x) · dx

)
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= −e−x sin� x − �e−x sin x cos x + �

∫
e−xdx − �

∫
e−x sin� xdx

= −e−x × �− cos�x

�
− e−x sin�x − �e−x − �I

G�����
��

I =
�

�

{
�

�
e−x(cos�x − �) − e−x sin�x − �e−x

}
+ C

=
�

��ex
(cos(�x) − � sin(�x) − �) + C

8n = −� 8m = −� 
 � .�1���3�� ���D"A 
� !� 85�� 5��� c��7��� �* �� ����	
 ���

:��;�	 s�� ��
��	 ] ����� p x�E	 
 ��� {�F) ���# m+�

n
= � ��4 ���� p = −�

�

G���� ���%�	 
 dx = −�t�(t� − �)−� 8x = (t� − �)−� �����
�� ��+ x−� = t�∫
dx

x� · �

√
�+

�

x

=

∫
x−� ·

(
�+ x−�

)−�/�

· dx

=

∫ [
(t� − �)−�

]−� [
�+ ((t� − �)−�)−�

]−�/� [
−�(t� − �)t� · dt

]
= −�

∫
(t� − �)� · (t�)−�/� · (t� − �) · t� · dt = −�

∫
t�(t� − �)�dt

= −�
∫

t�(t�� − �t�� + �t�� − �t� + �)dt

= −�
(

t��

��
− �

t�	

�	
+ �

t��

��
− �

t	

	
+

t�

�

)
+ C

�t = �

√
�+ �

x
�( �� �;

x = � �� �( .+�	 �; 8��� 5��
� c��7��� !� 85�� 5��� c��7��� �0 �� ������ 	
��
�����
�� � x �+ ε e�

u ln(�+ ε) �

 du = dx

x
:���� 8u = ln x s�� 
� ����

∫ e�

�

dx

x · �
√

ln� x
= lim

ε→�+

∫ e�

�+ε

dx

x · �
√

ln� x
= lim

ε→�+

∫
�

ln(�+ε)

du
�
√

u�

= lim
ε→�+

[
u

−�

�
+�

−�
�

+ �

]�
ln(�+ε)

= � lim
ε→�+

(
�
√
�− �

√
ln(�+ ε)

)
= �

�
√
�

:����
∫ b

a

f(x)dx = lim
n→∞

b − a

n

n∑
k=�

f
(

a + k
b − a

n

)
�� �A�% 
� �� ����	
 ���


� = lim
n→∞

e−�/n + �e−�/n + · · · + ne−n/n

n�
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= lim
n→∞

�

n

(
�

n
e−�/n +

�

n
e−�/n + · · · + n

n
e−n/n

)

= lim
n→∞

�− �

n

n∑
k=�

(
�+ k

�− �

n

)
e
−
(
�+ k

�− �

n

)
=

∫
�

�

xe−x dx

�v = −e−x 
 du = dx :���� dv = e−xdx 
 u = x s�� 
 Ǳ6A �� Ǳ6A 5�#
/ !"; 
� c
B
�����
��

� =
[
− xe−x

]�
�

−
∫

�

�

−e−xdx = −e−� +
[
− e−x

]�
�

= �− �e−�

���� �
 � � sin

(
�√
n

)
≥ � �w  
 � ≤ �√

n
≤ � 5
7�( 8n ≥ � �I� ���� �� ����	
 ��� 



 $&0 P�� 86���9�0 ��	&( �� 
�� ���� ��
��� ��� !�
∞∑

n=�

(−�)n−�

�n − �
sin

(
�√
n

)
���

��7"� 
 � 
6� an =
�

�n − �
sin

(
�√
n

)
�@  
9�� �; ��� �( ��� ��� ����7"� ���� ��
;


 � ≤ lim
n→∞

an ≤ lim
n→∞

�

�n − �
= � *< 8� ≤ sin

(
�√
n

)
≤ � ��4 ���
 � �3) ��

���� ��7"� �3) �� an �����
��
� H � �� �� f(x) =

�

�x − �
sin

(
�√
x

)
W �
 % 8an �@  
 9 �� ��� � �  
6 � J � 2 F % ��� �

G&� �1%�
9# �( J��	 '��T��� �� �:���I�	

f ′(x) =

− �

�x
√

x
cos

(
�√
x

)
(�x − �) − � sin

(
�√
x

)
(�x − �)�

x
√

x > � 
 �x − � > � 8cos
(
�√
x

)
≥ � 8sin

(
�√
x

)
≥ � 5
 7 �( 8x ≥ � � I� 
 	�

�����
�� ���� � 
6� [�,∞) �� f �w 
 ��
��	 [�,∞) �D)
� �� f ′(x) < � �����
��

an+� = f(n + �) < f(n) = an

���
��	 ��7"� 5�� 5��� ��� 86���9�0 ��	&( �� 
�� *< ���� � 
6� an �@  
9�� ��,�

G5
7�( 8��
� �9`	 
 � 
6� [�,∞) �� y = f(x) �I� �� �� ������ 	
��
∫ ∞

�

f(x)dx ≤
∞∑

n=�

f(x) ≤
∫ ∞

�

f(x)dx (∗)
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G*< f(x) =
�

x� + �
� 
B ��� �� ��4

∫ ∞

�

f(x)dx = lim
a→∞

∫ a

�

dx

x� + �
= lim

a→∞

[
�

�
arctan

(
x

�

)]a

�

= lim
a→∞

[
�

�
arctan

(
a

�

)
− �

]
=
�

�
× π

�
=

π

�

∫ ∞

�

f(x)dx = lim
a→∞

∫ a

�

dx

x� + �
= lim

a→∞

[
�

�
arctan

(
x

�

)]a

�

= lim
a→∞

[
�

�
arctan

(
a

�

)
− �

�
arctan

(
�

�

)]
=

π

�
− �

�
arctan

(
�

�

)

G���� ���%�	 N∗o �@ K��� �� 0
� ���
2	 ���wI
A 
�

π

�
− �

�
arctan

(
�

�

)
<

∞∑
n=�

�

n� + �
<

π

�

���� �H� ���	 �K��� �
"� 8�K��� ��� �;
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��� !� 
���
	

���1���� α + iβ '��) �� ��
(
�+

√
�i

�−
√
�i

)��
YD�E	 ��# NOo

� lim
x→�

(�+ sin x)
csc x �B �@ 9�
F	 �1��DK	 NZo

���
� ���/�� lim
x→a

(x − a)�

�+ cos
(

π
a
x
) =

�

π�
�

1% �; ���
�� �
�4 �� a Ngo

����
( ���� �� dy

dx
5
7�( 8��
� arcsin

(
y

x

)
+ xy = ln

(
x� + y�

)
5
I�� Njo

G���� �
�� ��7�
�	 ���2	 �@ �t/ &� 5�
3��� 
� 5
7�( 8��
� � < a < b <
π

�
�I� N]o

(a − b) tan b < ln
(

cos b

cos a

)
< (a − b) tan a

���; �9�
F	 �� ��& �
� ��7��� Nlo

C �o
∫

x�
√
�− x�dx Mo

∫
dx

sin x
(
sin� x + � cos x − �

)
xo

∫ π�/�

�

sin
√

xdx

����; UF�
∫ e

�

dx

x�
√

ln x
c��7��� ����I�
 
� ����7"� �� Nko

����
( ���� x = ln(�
√
�) 
% x = ln(

√
�) &� �� y = ex ��F�	 ��/ c�r Nho

���� v�
< c��e� !� �� 
��% ��& c��e� 
� &� Nio

���y
"� ��� �� �� xn =
nn

n!
�@  
9�� ����I�
 
� ����7"� NC �

����; UF�
∞∑

n=�

�
n + (−�)

n

n
(x + �)

n ����I�
 
� ����7"� �� NM

����
 "���

��& '��T� ���( �
	�I�( 
 c
�	 z = �+
√
�i �9K/ .+� ���,% ���� �� �� ���� 	
��

:�y
"��	 ���,%

r =

√
�� + (

√
�)� = �, θ = arctan(

√
�) =

π

�
⇒ z = �+

√
�i = �e(πi)/�

���� ���%�	 YD�E	 ��# x
�6	 C��,% �� �A�% 
� 
	�

�−
√
�i = z̄ = �e(πi)/� = �e−(πi)/�
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���� ���%�	 5�?0
� 
(
�+

√
�i

�−
√
�i

)��

=

(
�e(πi)/�

�e−(πi)/�

)��

=
(
e(�πi)/�

)�� (�)
= e(��πi)/�

= e�πi+(�πi)/� =
(
e�πi

)�
× e(�πi)/�

(�)
= (�) ×

[
cos

(
�π

�

)
+ i sin

(
�π

�

)]
=

−�
�

+

√
�

�
i

(
eiθ
)n

= einθ �@ K��� &� NOo �� �+��� {���% ���
��	 β =

√
�

�

 α =

−�
�


���� �� �;
�; :�����	 NZo �� 
 :��5��"� 5�
3���(

e�πi
)�

= [cos (�π) + i sin (�π)]
�

= [�+ �]� = �

� 
B �� �B �; ����	 5��
�	 csc x = �/ sin x �%
`D`	 �@ K��� �� �A�% 
� �� �� ��	
 ���

:���� 8A = lim

x→�

y 
 y = (�+ sin x)
csc x s�� 
� �	
����	 �∞ $
���

ln A = lim
x→�

ln y = lim
x→�

�

sin x
ln (�+ sin x) = lim

x→�

ln (�+ sin x)

sin x

�
= lim

x→�

cos x
�+sinx
cos x
�

= lim
x→�

�

�+ sin x
=
�

�
= �

�A = e� = e 
� ln A = � �����
��

���� q�r 
� ���� ���/ �

1	 *Q� 
 �

1% d4 q�r �B �@ 9�
F	 &� �� �� ���� 	
��
���� ���%�	 �����
�� �����	 �9�
F	 a ���2	 �/π�

lim
x→a

(x − a)�

�+ cos
(

π
a
x
) �

= lim
x→a

� (x − a)

−
(

π
a

)
sin
(

π
a
x
)

�
= lim

x→a

�

−
(

π
a

) (
π
a

)
cos
(

π
a
x
) =

�(
−π�

a�

)
× cos π

=
�

π�

a�

=
�a�

π�

���� ���%�	 ���� 
 d4 q�r ���� ���/ �

1	 
�
�

π�
× a� =

�

π�
× � ⇒ a� = � ⇒ a = ±�

�����
�� �F (x, y) = arcsin
(

y

x

)
+ xy − ln(x� + y�) = � :��;�	 s�� �� �� ��	
 ���


���� ���%�	 ��"� J��	 c�	�� &� 5�
3��� 
�

dy

dx
= −

∂f

∂x
∂f

∂y

= −

(
− y

x�

)√
�−( y

x )�
+ y (�)xy−� − �x

x�+y�

( �

x )√
�−( y

x )�
+ (�)xy ln x − �y

x�+y�
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'�
 9 # �� � 1 ; x� E 	 
 '�� ) M� � 
 � �
√
�−

(
y
x

)�
=

√
x�−y�

x
� + � �� � � � A� % 
 �

��"� �1���&
� ��& �%5�
� '��T� �� n�� '�
9# ���%�	 (x�+y�)
√

x�−y�

x

dy

dx
= − (− y

x�
)(x� + y�) + (x� + y�)(

√
x� − y�)yxy−� − �

√
x� − y�

(�
x
)(x� + y�) + (x� + y�)(

√
x� − y�)xy−� ln x − �( y

x
)
√

x� − y�

� 1 ; x� E 	 �� 
 x � � 	��
 < � � � 9 1 � �� � IJ � � 	 8� 1 ; '�� ) �� � ; � � + � � �� � � � A� % 


���� :�	 �
�1� ��
��	 y ��	��
< �� �91� ���IJ��	

�:���I�	 �H� �� � < a < b <
π

�
5@&
� �� �� F (x) = ln (cos x) W�
% �� �� ���� 	
��

J � � 	 
 �o � �w <J � � 	 (a, b) � � 
 � � �� � < [a, b] 5@&
 � � � F '�� T � �� ��
x� ∈ [a, b] ���
	 ���K2� u���I0 ��t/ ��
�� *< ���
��	 NF ′ (x) =

− sin x

cos x
= − tanx

��,� �F (b) − F (a) = F ′(x�) (b − a) �+���K� ���� ��A


ln (cos b) − ln (cos a) = − tanx� (b − a) = (a − b) tan x� (�)

� < a < x� < b <
π

�
��4 *< ���� ���,) �S��;�

(
�,

π

�

)
5@&
� �� y = tanx W�
% 
	�

:���� ���

tan a < tan x� < tan b (�)

���� ���%�	 NZo 
 NOo &� �����
��

(a − b) tan b < ln
(

cos b

cos a

)
< (a − b) tan a

���
��	 ln x − ln y = ln

(
x

y

)
�; ���
� ����� �A�%

c��7��� �1�
2	 
� �:��;�	 5�
3��� �D�1���3�� ���D"A 
� R
 � &� �� �� ���� 	
��
��4 ���r &� �p =

�

�

 n = � 
 m = � :����

∫
xm (axn + b)p dx c��7��� 
� 5�� 5���

p x�E	 (k = �) �; 8axn + b = tk �; :��; s�� :����%�	 8��� m + �

n
=
�+ �

�
= �

*< �− x� = t� ��,� ���
��	

x� = �− t� ⇒ x =
(
�− t�

)�/�

⇒ dx =
−�
�

t
(
�− t�

)−�/�

dt

���� ���%�	 �����
��

I =

∫
x�
(
�− x�

)�/�

dx =

∫ (
�− t�

)�/�

× t × −�t

�

(
�− t�

)−�/�

dt

=
−�
�

∫
t�
(
�− t�

)
dt =

−�
�

∫
t�dt +

�

�

∫
t�dt =

−�
	

t� +
�

��
t� + C
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:���� 0
� �K��� �� ���wI
A 
� �; �t =
√
�− x� =

(
�− x�

)�/�

:�����	 
	�

I =
−�
	

(
�− x�

)�/�

+
�

��

(
�− x�

)�/�

+ C

=
−�
	

√(
�− x�

)�
+

�

��

√(
�− x�

)�
+ C

'�� T � � ��
 2 % �@ K ��� � V �
 � 4 p (sin x, cos x) �
 �� I W ��� % &� �� � I c�� 7 � �� �� �� -.
5�
3��� u = cos x ��|�	 ���|% &� ��
� ����� ��A
 p (− sin x, cos x) = −p (sin x, cos x)

����� ��A
 p (sin x,− cos x) = −p (sin x, cos x) '��T� ���
2% �@ K��� �V�
�4 
 :��;�	
'��T� ���
2% �@ K��� �V�
�4 
 ��y
"� 5�
3��� u = sin x ��|�	 ���|% &� �1�
��	 ��
�

p (− sin x,− cos x) = p (sin x, cos x)

���� 5�
3��� u = cot x 
� 
 u = tanx ��|�	 ���|% &� ��� ���� ��
� ���/��
�; ��� {��
 n�� � 
@1	 ��

p (− sin x, cos x) =
�

− sin x
(
sin� x + � cos x − �

) = −p (sin x, cos x)

:���� u = cos x ��|�	 ���|% &� 5�
3��� 
� �����
��

du = − sin xdx, sin� x = �− u�

:���� �����
��

I =

∫
dx

sin x
(
sin� x + � cos x − �

) =

∫
sin xdx

sin� x
(
sin� x + � cos x − �

)
=

∫
du(

�− u�
) (

u� − �u + �
) =

∫
du(

�− u�
)

(u − �)
�

(�)
=

�

�

∫
du

�− u
+

�

��

∫
du

�+ u
+
�

	

∫
du

u − �
− �

�

∫
du

(u − �)
�

=
−�
�

ln |�− u| + �

��
ln |�+ u| + �

	
ln |u − �| + �

� (u − �)
+ C

:��5��"� !�+3% ��& �@ 2��r �� �� �1; NOo �� �+��� {���%

�(
�− u�

)
(u − �)

�
=

A

�− u
+

B

�+ u
+

C

u − �
+

D

(u − �)
�

A (�+ u) (u − �)
�

+ B (�− u) (u − �)
�

+C
(
�− u�

)
(u − �) + D

(
�− u�

)
= �
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:����	 ���2	 u �� 8\���� �@ 9�
F	 ���� '��) ��� ��

u = −� ⇒ ��B = � ⇒ B = �/��
u = � ⇒ �A = � ⇒ A = �/�
u = � ⇒ −�D = � ⇒ D = −�/�
u = � ⇒ �A + �B − �C + D = � ⇒ C = �/	

���
��	 5��E � ����2	 ��?( 
 ��A�E	 �
����� c
� �
% �� �;


 dx = �tdt 8x = t� � ��� �
 � � √x = t : � � ;� 	 s� � �� � �� . B ��� � �� - .

:�1���� :����%�	 8����� �� � x � π�/�

t =
√

x � π/�

I =

∫ π�/�

�

sin
√

x dx =

∫ π/�

�

(sin t).(�tdt) = �

∫ π/�

�

t sin t dt

8dv = sin t dt 
 u = t s�� 
� :��;�	 5�
3��� Ǳ6A �� Ǳ6A R
 � &� n�� c��7��� .B ����

 v = − cos t 8du = dt :����

I = �

[
−t cos t +

∫
cos t · dt

]π/�

�

= � [−t cos t + sin t]
π/�

�

= �

[−π

�
cos
(

π

�

)
+ sin

(
π

�

)
− �

]
= �[�+ �] = �

���� ���%�	 .B ���� �� �� ��	
 ���

∫ e

�

dx

x · �
√

ln x
= lim

ε→�+

∫ e

�+ε

dx

x (ln x)�/�

(�)
= lim

ε→�+

∫
�

ln(�+ε)

eu · du

eu · u�/�

= lim
ε→�+

∫
�

ln(�+ε)

u−�/� · du = lim
ε→�+

[
�

�
u�/�

]�
ln(�+ε)

= lim
ε→�+

(
�

�
− ln(�+ ε)

)
(�)
=
�

�


 dx = eudu 8x = eu * < 8u = ln n � �� 5� � s� � NOo �� � + � �� { � �� %

�����< x = � �� y = ln x �; ��� 5�� 5�
3��� ��+� ��� &� NZo �� � x �+ ε e

u ln (�+ ε) �

����

:��;�	 5�
3��� ��& �K��� &� 5�� 5��� ��F�	 ��/ c�r �9�
F	 ���� �� �� ���� 	
��

� =

∫ b

a

√
�+ y′� · dx =

∫ ln(�
√
�)

ln(
√
�)

√
�+ e�x · dx
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 � e�x = u� − � � � � � � �� �� + e�x = u� : � � ;� 	 s� � n� � c�� 7 � �� . B ��� �


 x ln
√
� ln(�

√
�)

u � �
���r &� �dx =

u du
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� �@  �
,	 �� ���& 8���

�−i 
 i 8−� &� ��� '�
9#

8��,	 c��7��� ���� �
"�� C��,% &� 5�
3��� 
� ��/� ���


�B = lim
n→∞

π

�n

n−�∑
i=�

cos
(

i
π

�n

)
= lim

n→∞
π

�n

n−�∑
i=�

cos
{
�

�

(
�+ i

π − �

n

)}

=
�

�

∫ π

�

cos
(

x

�

)
dx = sin

(
x

�

)∣∣∣π
�

= �
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lim
n→�+

(
�

x

)sin x

= exp

{
ln
(

lim
n→�+

(
�

x

)sin x)}
= exp

{
lim

n→�+
sin x. ln

(
�

x

)}
= exp

{
− lim

n→�+

ln x

�/ sin x

} �
= exp

{
− lim

n→�+

�/x

− cos x/ sin� x

}
= exp

{
lim

n→�+
tan x

sinx

x

}
= exp(�× �) = �


 �����< I �� f '��) ��� �� �. �; I = [�, h] 
 f(x) = ln(�− x) :��; s�� �� ���

�� c ∈ (�, h) !� 8�����
�� ���� :���� u���I0 �@ �t/ Y���� *< ���� ��A�	 (�;h) �� f ′

'��) �� 
� ~ln(�− h)− ln� =
�

�− c
.h �7�� '�
9,� �f(h)− f(�) = f ′(c).h �; �1�

c�
,	

ln
(

�

�− h

)
=

h

�− c
(�)


� �− h < �− c < � ����� �� 8� < c < h 
	�

� <
�

�− c
<

�

�− h

: ���� (1) &� 5�
 3 � �� 
 � 
 � < h �� 
 � �

 1 	
 � � �� � � �� r M� � 
 � * <
�h < ln

(
�

�− h

)
=

h

�− c
<

h

�− h

: ���� dv = x� dx 
 u = ln x s� � 
 � 8Ǳ6 A � � Ǳ6 A R
 � &� 5�
 3 � �� 
 � �� /� ��� 

*< �v = x�/� 
 du = dx/x∫

x�. ln x dx =
x�

�
. ln x −

∫
x�

�
.
dx

x
=

x�

�
. ln x − x�

��
+ C

j 
 g ����	 M�t	 ����+4�; 
 ��� �

�

 �

�
c��7��� ��� �� x ���% ��4 �� /� ���


'��) ��� �� �x = t�� :��; �	 s�� *< 8��� OZ �����∫
dx

�
√

x( �
√

x + �)
=

∫
��t�� dt

t�(t� + �)
= ��

∫
t� dt

t� + �

(�)
= ��

∫ {
t� − t +

t

t� + �

}
dt

(�)
= ��

(
t�

�
− t�

�

)
+ �

∫ ( −�
t + �

+
t + �

t� − t + �

)
dt

=
��t�

�
− �t� − � ln |t + �| + � ln(t� − t + �)

+�
√
� tan−�

(√
�

�
(�t − �)

)
+ C
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 � &� Ngo �� 
 ��� 5�� 5�
3��� t� + � �� t� :�12% &� NZo �� �+��� {���%
:��; s��

��t

t� + �
=

A

t + �
+

Bt + C

t� − t + �

�B = C = � 
 A = −� �w 
 (A + B)t� + (B + C − A)t + (A + C) = ��t ����� ��

��� �� t = tan(x/�) G:��; �	 5�
3��� ��/ CT� ���u�
% ��|�	 ���|% &� �� /� ���

'��)∫

dx

�+ � cos x
=

∫ � dt

�+t�

�+ �
�−t�

�+t�

=

∫
dt

�− t�
(�)
=

∫ {
�/�

t − �
+

−�/�

t + �

}
dt

=
�

�
ln |t − �| − �

�
ln |t + �| + C =

�

�
ln
∣∣∣ t − �

t + �

∣∣∣+ C

�:��5��"� 5�
3��� �1; !�+3% &� Njo �� �+��� {���%

�:���I�	 u ���A ��|�	 �� ex *Q� 85��; M�� ex �� �� x�E	 
 '��) ����� �� /� ���

����� ��∫

dx

ex + e−x
=

∫
ex dx

e�x + �
=

∫
du

u� + �
= tan−�(u) + C

:���� ��/ c�r c�	�� �� �A�% 
� �� ���


� =

∫ b

a

√
�+

(
dy

dx

)�
dx =

∫ e

�

√
�+

(
x

�
− �

�x

)�
dx

=
�

�

∫ e

�

√
�+ x� +

�

x�
dx =

�

�

∫ e

�

√(
x +

�

x

)�
dx

=
�

�

∫ e

�

(
x +

�

x

)
dx =

�

�

[
x�

�
+ ln x

]e

�

=
�

�
(e� + �)

5�
3 ��� [�, +∞] 5@&
 � � � f(x) = �/(x.(ln x)�) s�� 
 � c��7� �� ��	&( &� �� /� ���


 ��� �9`	 
 � 
6� f ��4 �:��;�	∫ ∞

�

f(x) dx =

∫ ∞

�

�

(ln x)�
.d(ln x)

(�)
=

∫ ∞

ln�

du

u�
=
[
�

u

]∞
ln �

=
�

ln�

5�� 5�
3��� u = ln x ��|�	 ���|% &� N]o �� ���� ��7"� 6�� 5�� 5��� ��� *< 8��� ��7"�
����

��	�# �D"A �B ��4 �:��;�	 5�
3��� �	�"# �@ D"A �B ��	&( &� ��/� ���


lim
(
�+

�

n

)n�

= lim
{(

�+
�

n

)n}n

= lim en = +∞



.1'�1 ����	� ��
 ���


���� ��I�
 ��� *< 8��� �3) C 
E	

*< ���� an = �/(�n.
√

n) �( xn �@ D"A \��� 
 x� = � 5�� 5��� ��� 6;�	 �� ���

5
7�( 8:�	
�� R �� ��� ����7"� L
,� �I�

R = lim
an

an+�

= lim

�

�n.
√

n

�

�n+�.
√

n+�

= lim�

√
n + �

n
= �

5
7�( 8x = −� �I� 
	� ���� ��I�
 (−∞,−�] ∪ [�,∞) �� 
 ��7"� (−�,�) �� ��� *<
∞∑

n=�

xn

�n.
√

n
=

∞∑
n=�

(−�)n

√
n

(�)

(6) ��� 6��9�0 ��	&( ��
�� *< ���� �3) �� ��7"� 
 � 
6� �@  
9�� !� xn = �/
√

n �;
5
7�( 8x = � �I� ���r &� ���� ��7"�

∞∑
n=�

xn

�n.
√

n
=

∞∑
n=�

�√
n

��� L�"�	 �� ��,� ���� ��I�
 ��;w	 ��� *< 8� > �/� ���� �"� ���% ��4 �;
���� ��7"� [−�,�) �� 
��% 5�� 5��� ����%
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�; ���
�� ���r �� {�F) ��# 0S 
� ���
� z =
cos(π/�) + i sin(π/�)

cos(π/�) + i sin(π/�)
���; s�� NO

p���
( ���� �� z $
� �
����� *Q� p��� �2�2B ���# zn

G���; �9�
F	 ��A
 '��) �� �� ��& �
��B NZ

C �o lim
x→+∞

(∫ x

�

et�dt
)�

∫ x

�

e�t�dt

Mo lim
n→∞

n∑
k=�

�

n
cos�

(kπ

n

)

�� 
 �����< x� = �

�
�� f ���; ��
X 8f(x) =

{
x x ∈ Q
�− x x �= Q

���; s�� Ng
N��
��I ���#� �#�"�	o p��� �����<
� �2�2B ���#� �P
2� ��
�

p���
�� x = π
�


% x = � &� �� f(x) =

∫ x

�

√
tan� t − � dt W�
% ��/ c�r Nj

8:����	 ���
� x ��F	 c�B �� y� = �x �"�� 
 x�+y� = � 5���� �� �
�F	 ��B
� N]
p���
�� �� .)
B :�B

N���� v�
< ���	 �� �� Y2�o G���; �9�
F	 �� ��& �
� ��7��� Nl
C �o

∫
cos x

sin x + cos x
Mo

∫
tan−�(

√
x − �) dx

xo
∫

dx

x�
√
�+ x�

�o
∫

ln(x)√
�− x

dx

p���; ��� �� �� ��& c��7��� 
 ��� ����I�
 
� ����7"� Nk

C �o
∞∑

n=�

(−�)n+� ln(n)

n�
Mo

∫ +∞

−∞

� sin(�x) + � cos(�x)

(x� + x + �)
dx

����
 "���


� ��� ����� zn � 
� c�	�� &� 5�
3��� 
� �� ���

(

− cos
(

π
�

)
+ i sin

(
π
�

)
− cos

(
π
�

)
+ i sin

(
π
�

)
)n

=

(
cos
(
�π
�

)
+ i sin

(
�π
�

)
cos
(
�π
�

)
+ i sin

(
�π
�

)
)n

=

(
e�πi/�

e�πi/�

)n

=
(
eπi/��

)n

= enπi/�� = cos
(

nπ

��

)
+ i sin

(
nπ

��

)
G��
� π &� {�F) ���t	 nπ

��
��
� ��,� sin

(
nπ
��

)
= � �; ��� �2�2B zn �%��) �� *<

���
� ��
� OZ &� ���t	 n 8��,� ��� 
 �n = ��k 
� nπ
��

= kπ



.1'$1 ����	� ��� ���
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√

z =
√

eπi/�� = ±eπi/�� = ±
(

cos
(

π

��

)
+ i sin

(
π

��

))
:���� c
��<�� 5�#
/ &� 5�
3��� 
� �� ���


C �o lim

(∫ x

�

et� dt
)�

∫ x

�

e�t� dt

�
= lim

x→∞

�.ex� .

∫ x

�

et� dt

e�x�

= lim
x→∞

�

∫ x

�

et� dt

ex�

�
= lim

x→∞
�ex�

�xex�
= lim

x→∞
�

x
= �

Mo lim
n→∞

n∑
k=�

�

n
cos�

(
kπ

n

)
= lim

n→∞

∞∑
n=�

b − a

n
f
(
�+ k

b − a

n

)

=

∫ b

a

f(x) dx =

∫
�

�

cos�(πx) dx =
�

�

∫
�

�

(�+ cos(�πx)dx

=
�

�

[
x +

�

�π
sin(�πx)

]�
�

=
�

�

�f(x) = cos(πx) 
 b = � 8a = � 
���� �� �;

��
X �� 
 f(�
�
) = �

�
0S 
� �� ���


∣∣∣f(x) − f
(�
�

)∣∣∣ =

{ ∣∣x − �

�

∣∣ x ∈ Q∣∣�− x − �

�

∣∣ x �∈ Q
=
∣∣x − �

�

∣∣
� � �� � < x = �

�
�� f � � , � �|f(x) − f(�

�
)| < ε : ���� |x − �

�
| < δ 
 δ = ε s� � 
 � * <

� ; � �
 � ��� %� 	 �� {yn} 
 {xn} �@  
 9 �� 
� 8� �
 � �

�
6 � � ��� K 2 � x� � I� �� ��

'��) ��� �� �yn �∈ Q 
 xn ∈ Q 8lim xn = lim yn = x�

lim f(xn) = lim xn = x�, lim f(yn) = lim(�− yn) = �− x�.

��1�� �����< �w 
 ����� �B x� �� f *< �x� �= �− x� �; � 
B ��

:���� ��/ c�r c�	�� �� �A�% 
� �� ���


� =

∫ π/�

�

√
�+ (f ′(x))� dx =

∫ π/�

�

√
�+ | tan� x − �| dx

=

∫ π/�

�

| tan x|dx = − ln(cos x)
∣∣∣π/�

�

= − ln
(√�
�

)
=
�

�
ln�
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G:����	 ���? �� �� 5�� 5��� �F�	 
� ����� �� ���
{
x� + y� = �

y� = �x
⇒ x� + �x − � = � ⇒ x =

−�± �

�
= �,−�

�  
 1 	 8. + � � � � A� % 
 � �� �� c� 9 / ��� 	 x = � 
 � � % �w  
 � ≤ x * < 8y� = �x �� 4
���
� ��7�� 
 ��F	−x c�B � ≤ x ≤ � 
� y =

√
�− x� ���
� �+� G���� �"1/ 
�

�����
�� ���F	−x c�B � ≤ x ≤ � 
� y =
√
�x

:�B = π

∫
�

�

(
√
�x)� dx +

∫
�

�

(
√
�− x�)� dx

= π.�.

[
x�

�

]�
�

+ π.

[
�x − x�

�

]�
�

=
�

�
π +

�

�
π =

�	

�
π

��| �	 � � �| % &� 
 5��"� :�12% cos x � � �� 5�� 5��� �1; x�E	 
 '��) ���� /� ���

����� �� �:��;�	 5�
3��� t = tan x ���u�
%∫

cos x

sin x + cos x
dx =

∫
dx

�+ tan x
dx =

∫
d(arctan t)

t + �
=

∫
dt

(t� + �)(t + �)

(�)
=

�

�

∫ {
�− t

t� + �
+

�

t + �

}
dt =

�

�
ln |t + �| − �

�
ln(t� + �) +

�

�
arctan t + C

=
�

�
ln | tanx + �| + �

�
cos x +

x

�
+ C

:��; s�� G:��5��"� 5�
3��� �1; !�+3% R
 � &� NOo �� �+��� {���%

�

(t� + �)(t + �)
=

At + B

t� + �
+

C

t + �
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�

(At + B)(t + �) + C(t� + �) = �


 B = � 8A + C = � ����� �� �:���7� �3) �� x CD�E	 �
����% \���� ��
� �����	
�C = � 
 B = � 8A = −� :���� 5
7��� ��� .B 
� �B + C = �


 dv = dx : � � ;� 	 s� � 85�� " � 5�
 3 � �� Ǳ6 A � � Ǳ6 A R
 � &� �� /� � �� 

����� �� �u = tan−�(

√
x + �)∫

tan−�(
√

x + �) dx = x. tan−�(
√

x + �) −
∫

x.d
(
tan−�(

√
x + �)

)
= �� −

∫
x.

�

�

√
x+�

�+ (x + �)
dx

(�)
= �� − �

�

∫
u� − �

u� + �
du

(�)
= �� − �

�

∫ {
�− �

u� + �

}
du = �� − �

�
u + arctan u + C

= (x + �). tan−�(
√

x + �) − �

�

√
x + �+ C

�du = dx/�
√

x + � 
 x = u�−� *< �u =
√

x + � ��� 5�� s�� NOo �� �+��� {���%
���� 5�� 5�
3��� x�E	 �� '��) :�12% &� NZo ��


 dx = dt/ cos� t 5
7�( 8x = tant :��; s�� �� /� ���
∫
dx

x�
√

x� + �

=
cos� t

sin� t
dt =

∫
�− sin� t

sin� t
. cos t dt

(�)
=

∫
�− s�

s�
ds =

∫ {
�

s�
− �

s�

}
ds =

−�
�s�

+
�

s
+ C

(�)
=

−�
�

(
�

x

√
�+ x�

)�
+
�

x

√
�+ x� + C

�sin t = x/
√
�+ x� :��5��� ���/ NZo �� 
 s = sin t ��� 5�� s�� NOo �� �+��� {���%

:���� dv = dx/
√
�− x 
 u = lnx s�� 
 � 8Ǳ6A �� Ǳ6A 5@�#
/ !"; �� �* /� ���



 v = −�√�− x∫
lnx√
�− x

dx = −�
√
�− x. ln x + �

∫
�

x

√
�− x dx

(�)
= �� + �

∫
u

�− u�
.(−�u du) = �� + �

∫ {
�− �

�− u�

}
du

= �� + �u + � ln

(
�− u

�+ u

)
+ C

�dx = −�udu 
 x = �− u� *< 8u =
√
�− x ��� 5�� s�� NOo �� �;
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lim xn = lim
ln(n)

n�
= lim

x→∞
ln x

x�
�
= lim

x→∞
�/x

�x
= lim

x→∞
�

x�
= �

8��� � 
6� xn 


xn+� ≤ xn ⇔ �

(n + �)�
. ln(n + �) ≤ �

n�
. ln(n)

⇔ ln
(
(n + �)n�

)
≤ ln

(
n(n+�)�

)
⇔ (n + �)n� ≤ n(n+�)�

⇔
(

n + �

n

)n�

≤ n�n+� ⇔
(

n + �

n

)n

≤ n�+�/n

�� 8�����
�� ���� ���� xn+� ≤ xn *< ���� +∞ ���� �"� �B 
 e d4 �"� �B
���� ��7"� 5�� 5��� ��
��� ��� 86���9�0 ��	&( �
��

:�1����	 ����� �� /� ���
∫ +∞

−∞

� sin(�x) + � cos(�x)

(x� + x + �)
dx =

=

∫
�

−∞

� sin(�x) + � cos(�x)

(x� + x + �)
dx +

∫ +∞

�

� sin(�x) + � cos(�x)

(x� + x + �)
dx

=

∫ +∞

�

� sin(�x) − � cos(�x)

(x� − x + �)
dx +

∫ +∞

�

� sin(�x) + � cos(�x)

(x� + x + �)
dx

f(x) = : � � ; s� � 8$
� c�� 7 � �� ��� 	 �� �: � � ;� 	 5�
 3 � �� � + �� �� �� 	&( &�
�� a �� Ǳ�&� �� 8'��) ��� �� �g(x) = �/(x� + x + �) 
 � sin(�x) + � cos(�x)∣∣∣ ∫ a

�

f(x) dx

∣∣∣ =

∣∣∣�
�

(�− cos(�a)) +
�

�
sin(�a)

∣∣∣ ≤ �

6�� 
 lim
x→∞

g(x) = � 
 ��� ��w< J��	 g 85
>,� ���� ��7"� �w 


g′(x) =
−�x − �

(x� + x + �)�
≤ � �� x ≥ −�

�
�� ��&� ��

c��7��� 8�����
�� ���� ��7"� 6�� $
� c��7��� 8��
�	 .� � �� ���� ��7"� c��7��� �� 
� *<
���� ��7"� 8�H� ���	
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#!�
 ��
$% #��

sin� x + cos� x = �, tanx =
sin x

cos x
,

cot x =
cos x

sin x
, sec x =

�

cos x
,

csc x =
�

sin x
,

sin (x ± y) = sin x cos y ± cos x sin y, cos (x ± y) = cos x cos y ∓ sin x sin y,

tan (x ± y) =
tan x ± tan y

�∓ tan x tan y
, cot (x ± y) =

cot x cot y ∓ �

cot y ± cot x
,

cos�x = cos� x − sin� x = �− � sin� x = � cos� x − �,

sin�x = � sin x cos x, tan�x =
� tanx

�− tan� x
,

sin� x =
�− cos�x

�
, cos� x =

�+ cos�x

�
,

c′ = �, (cu)′ = cu′,

(u + v)′ = u′ + v′, (uv)′ = u′v + v′u,(
u

v

)′
=

u′v − v′u
v�

, (nn)′ = nu′nn−�,

(sin u)′ = u′ cos u, (cos u)′ = −u′ sin u,

(tanu)′ = u′
(
�+ tan� u

)
, (ln u)′ =

u′

u
,

(au)′ = (ln a)u′au, (eu)′ = u′eu,

(arcsin u)′ =
u′√
�− u�

= −(arccos u)′, (arctan u)′ =
u′

�+ u�
= −(arccotu)′,

∫
af (x) dx = a

∫
f (x) dx + C,

∫
(u ± v) dx =

∫
u dx ±

∫
v dx + C,

∫
u dv = uv −

∫
v du + C,

∫
un du =

un+�

n + �
+ C, (n �= −�)∫

du

u
= ln |u| + C,

∫
eu du = eu + C,∫

au du =
au

ln a
+ C,

∫
sin u du = − cos u + C,∫

cos u du = sin u + C,

∫
tan u du = ln sec u + C,
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∫
cot u du = ln sin u + C,

∫
du

cos u
= ln | sec u + tan u| + C,∫

du

sin u
= ln | csc u − cot u| + C,

∫
du

u� + a�
=
�

a
arctan

u

a
+ C,∫

du

u� − a�
=

�

�a
ln

∣∣∣u − a

u + a

∣∣∣+ C,

∫
du√

a� − u�
= arcsin

u

a
+ C,

∫
du√

u� ∓ a�
= ln

∣∣∣u +
√

u� ∓ a�
∣∣∣+ C,

∫ √
ax + b =

�

√
(ax + b)�

�a
+ C,

∫
du

u
√

u� ∓ a�
=

−�
a

ln

∣∣∣∣∣u +
√

u� ∓ a�

u

∣∣∣∣∣ ,
∫

dx√
ax + b

=
�
√

ax + b

a
+ C,

f(−x) = f(x) ⇒
∫ a

−a

f(x) dx = �

∫ a

�

f(x) dx,

f(−x) = −f(x) ⇒
∫ a

−a

f(x) dx = �,

∫ a

�

cos� x dx =

∫ a

�

sin� x dx =
a

�
,

∫ π/�

�

cos�n x dx =

∫ π/�

�

sin�n x dx =
�× �× · · · × (�n − �)

�× �× · · · × (�n)
.
π

�
,

∫ π/�

�

cos�n+� x dx =

∫ π/�

�

sin�n+� x dx =
�× �× · · · × (�n)

�× �× · · · × (�n + �)
.


