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Lecture 2
ol b JUSow

Solai (6999 b b pwnw g

AF-AY pgo Jlaos

40 J0

z(n) =g (s(n),v(n),nT) 5 03Il Hlude 31 5(N) JUSw (mosd dllino yo @

S5l Joo 1 S (o0 i (SBolai &g a9 Ygamo v(n) G295 £
Onxed . Cawl (Solai b JUSw (9905 Algo y8 w3l v(n) 298

45 ol a5 wlbl (Bolai b pudtio Jold s(n) JUSGow 0,18 ol
B (o0 L e 31 e |y (ol JUSomw (ke Juo 9 oyl

26 asgazeo 31 GiulejT Sy e gl olusl y (Bolai o Sy ¢
Dol (oo y y2i S
bl 08 ol asgame p A Slagy Sy 0

S: Probability Space
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acgozo & S acgozmo jl (b jl Canl Ojyle X (SBolad piio S ¢
i Sloc]

aeS — X(@)eR
x#0
X(a)=0
10,5 ool i ) (g ledg HLS L Canl (Soo il °

a, < i"trial = x(i)=x(e)  where,i=12,...

sample realizations

of random variable x
sample values

Estimation Theory 3
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olas by o
o led P(A) L1,S sasls #y asgozxo 31 A axdly yols &, Jlois! @

AR (0
P(A) e R

tdmd §olo gy OYolel g wYoleo AcS (glp °
0<P(A) <1 2.1)
P(S) =1 2.2)
AcS )
BcS P(AUB) = P(A)+ P(B) 2.3)
ANB=yY
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olai b o
AcS

BcS P(AuB)=P(A)+P(B)-P(AnB)
AnB=J

P(@)=0 .

23 = { _
P(A)=1-P(A)

LS (Probability Space) Jlosi>! glad yo X Solai juiio S
B35 oo asiine oyl Jlodi| 29 595 @b 3 o0l

F.(X)=P{aeS:x(a)<x}

b yiSKgS X Bolad yuiio sladio 4SSyl Jloso! 31 cawl & yles F(X)
Mb X 6.9.».99 )L,\.s.o ‘sgl.ww
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by Dr B. Moaveni

Sobai b yurio

FB LT 3590 30 35 w¥olro Jlodio| 21595 @il iy p2i dazgi' by
il (o0 axgd

Fu(=0) =0 } 2.4)

F, () =1
0<F,(x)<1 forall x (2.5)
If x, <x, = F (x)<F./(x,) (2.6)

B e b Sy Jloso! g2 98 45 903 o L (VF) ey #

.Cew! (non-decreasing)
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BB 35 bl Jlois| I 2l 3l eoliswl b X dobai yuiio o
OT Jlosis| 23595 @b @din 1 ol Wyl 2ol (! a5 .Cawl o g
q (olai pxie
f,(x)=—F.(x) 2.7)
dx
27 = F(X)= j f (x)dx  (2.8)

2391 wiblgs Ll il 555 ¥oleo (Y.A) 5 (YY) Lalgy dy amgi b @

T f (x)dx =1
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Sobai b yurio

391 wiblg Ll 8 55 ¥oleo (Y.A) 5 (YY) Lalgy d amgi b @

If x, <x,eR = P(x1<x£x2):Fx(xz)—Fx(xl):ffx(x)dx

Most likely value of RV x:

X| max[xjtg fx(x)dx} - %=0

X—&

Estimation Theory 8
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SOolai b yurio

S = {working normally, not working normally} iJlo ©

P (working normally) =0.9, P(not working normally)=0.1
10g0d iy p p1 ) Wyge 4 ly X (Bolai piio (418 (0

x (working normally) =0,  x(not working normally)=1

= The Probability Distribution Function:

0, x<0
F.(x)=P{aeS:x(a)<x}=409, 0< x<1
1, x=1

= f (x)=0.96(x)+0.10(x-1)

Estimation Theory 9
by Dr B. Moaveni

Sobai b yurio

S =[-1,1] CS sy 21398 b (PBolai piio: JLo

X(a)=a
(Awgw) Jlodo| &9 595 @b

Xx<-1

F.(x)=P{aeS:x(a)<x}= =0.5(x+1), -1< x<1

1<x
0.5, l<x<l
= f,(x)= :
0, otherwise
Estimation Theory 10
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SOolai b yurio

X(a)=«a
_(x-n)* = e . s .
f(x)= 1 oo eweS &9 2P
N2ro 0 — S —
n . real number
o positive number

x=n=2: most likely valué*

0.051

11

“Zpy DF B. Moavehi

b B 9 b b 2598

X: RV
S : probability Space
AcS: Aisanevent

(b 22388 U

P({aeS:x(@)<x}nA)
P(A)

b JBy b e

Fx(XlA)zP({aeS:x(a)gx}|A):

dF, (x| A)

LAY =—

Estimation Theory 12
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b B 9 b b 2598

0, x<-1 JLo.o °
F.(x)=P{aeS:x(a)<x}=10.5(x+1), -1< x<1
1 1<x

A={xeS:0<x<1 = P(A) =05

0, x<0
P({aeS:x(a)<x}nA)={05x, 0< x<1
0.5, 1<x
0, x<0
= FX|A)=1X, 0< x<1
1, 1< x
Estimation Theory 13
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olad o 3 &b
V¥ : real valued function
y=%(x) = Yy(@)=¥(x(a)

:Jlo °
y(a) =¥ (x(a))=ax(a)

F(y)=P{aeS:y(@)<y} = F,(y)=P{aeS:ax(a)<y}
= F,(y)= P{aeS : x(a)s%== Fx(é)

Estimation Theory 14
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gsé¢L~23<}¢ilﬂ Lsgo)stlﬁkf

X: RV
f, (x) : probability density function

i" momentof x: E[ X' |= T x £, (x)dx

Sl b 0uS0lio yladio [y (Soladi i S Jgl 5alicdS (8L 5wl
g8 Jloio! I 2l J& 5550 b piio o] (8L,

E[x]= T x f (x)dx

N
XX, Xyyeoy Xy —> E[x]z%in
i=1

Estimation Theory 15
by Dr B. Moaveni

‘séOL¢ﬁ‘)¢§l& LSQ_)stL:Jf

x: Uniformly Distributed RV :Jle

X, <X<x, > f (x)= !

2 1

= E[x]:_J;x fx(x)dx:;fx xzixldxzngxl

95 SHolal yurio S (il I 1 Lo

_(x-n)?
e 2062

x~N(n,c°): f(X)=

1
\N2ro

Estimation Theory 16
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oS i pitio S (uSilio ,lio 1 Lo anlsl

— E[x]=7: most likely value

(090 4w yo Holils

E[x]= j x*f (x)dx >0  : mean of the square/ mean square

XX, Xyyein Xy —> E[xz]z%ixf
i=1

Estimation Theory 17
by Dr B. Moaveni

Polai i S Hlre Byl g (il lg

isBolal yutio S il yly

Var[x]=E| (x-7)’ | eSilen slin U alold 9o (ol 5 ol
n: mean of X

©

Var[x] = j (x=n)" f,(x)dx = E[x*]- (E[x])’

—0

 olad yuie S Hlue Bl il

o= ‘Nar[x] Solad ko S il ylg o
Estimation Theory 18
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Eolai piio S Hlo Byl g il g

x: Uniformly Distributed RV Jle
1
<X<X f.(X)=

Xl 2 - x( ) Xz —Xl

0 X 2 2
= E[xzjz.[xzfx(x)dx:jx2 ! dx = L FXX X

-0 % X, =% 3

2 2 2 2 2

—>Var[x] = E[] - (E[x])’ =2 *Xg"ﬁxz _X +2><sz +x5 _ (% szz)

9 Sl &2 g5 oy (6l il ylg 9 (Sl lade (09 polre tdgi ©
WS od CulaS dasino 90 ol (IS Sl H0 (Sdg Cawl SBBT cweS 2590
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S piin 22585 b (BolaS yuiio 93
X, y: Jointly Distributed RVs

Joint Distrbuted Function: ~ F, (x,y)=P({x<x y<y})

: : : o°F, , (%, Y)
Joint Density Function:  f, (X, Y) =—l—"
: oxoy
y X
= P({x <X,y < y})=_[ j f.,(xy) dx dy

f,00= ., 00y) dy
= 70(;
Ly = f,00y) dx

Estimation Theory 20
by Dr B. Moaveni
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S o 22598 b (HoLai o g0
S o 29595 b (SBolai o 90 (£8L ) dael
E[xy]= I I xy f.,(x,y)dxdy

X, ¥: Uncorrelated RVs <> E[xy]=E[X]E[Y]

Y 9X il ylegs ©

Cov[x,y]=E[(x—E[x])(y—ELy])]

X, ¥: Uncorrelated RVs <> Cov[x,y]=0

Estimation Theory 21
by Dr B. Moaveni

S b 22598 b (Bolai o 90

Fowo Holai o 9o °
;‘ ..\Jg.m «® o..\;|9.> | F-5- W 6.9&[.«0; ,.u.w 99

Foy(6y)=FXF @) = f,xy)=f0f(y)

(uncorrelated) diuwaod sl dlil Jiwn Holai o 9o )51 :as g
. * e i ‘ﬁ.‘

oLl i 33 51 ol

z=Y(x,y) — E[z]= J' I\P(x,y) f., (X y) dx dy

—00 —0

Estimation Theory 22
by Dr B. Moaveni
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S oo 259 b (Solal puiie 90

(Jlo
Z=X+Y = E[z]=E[x]+E[y]
— Ifx,y are uncorrelated = Var[z]=Var[x]+Var[y]
_, Ifx,y are independent
= @)= [ fL,z-nfydy=f,@)*f,@)
x: N(n,,0?) S
y: N(n,,07) = z=x+Y is Gaussian: N(77, +7,,0; +0,)
X, y are Independent
Estimation Theory 23

by Dr B. Moaveni

S o 22395 b (Solai o 90

: 3 N . ‘ . °
X, y: Jointly Distributed RVs P b 259 &y

X <X,
where, are real numbers
y

Conditional Distrbuted Function:
P{y<y,x <x<X}

FoyIx <x<x)=P({y<y}lx<x<x)=

P{x <x<X}
Xy
where, P{y< y,x1<xsx2}=_” f.,(xy) dxdy
P{x1<x§x2}:f f (x) dx
Estimation Theory 24

by Dr B. Moaveni
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S yieo 22395 b (Solai o 90
ot JEz oy

]2 fo, (X y) dx

X

aFy(y|x1<xsx2):

f(yI% <x<x)=

% jfx(x) dx
X+AX
f, . (xy)d
g IR=X ¢ B J oy (0Y) X~ f, (X y) AX
= f(YIX<XSX+AX) = ~
X, = X+ AX j £ (x) d f, (X) Ax
_MX0 Ly x=x) = lim f(y[x< x < xt ax) = s &)
y et - f (x)
Estimation Theory 25
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S o 22395 b (Solai o 90

Bayes all, °

fy(xY)
= f (y|x:x):'y—
Y f (x) o ROy=y)f(y)
f,(ylx=x)=
N ) £ ()
similarly: f, (x|y=y)=
f,(y)
Estimation Theory 26

by Dr B. Moaveni
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S oo 259 b (Solal puiie 90

Z=X+Yy JL“"
X,y are independent  — f,(z| Xx=x)="?
y~N(0,07)
P{z<z,x=x}=P{x+y<z,x=x}=P{y<z-xx=x}
independence
= Ply<z-x}P{x=x}
1 _(z—xz)2
= f,(z|x=x)=f (z—x)= e 7 2.45
(z] )="f,(z—X%) Jaro, (2.45)
Estimation Theory 27

by Dr B. Moaveni

S o 22395 b (Solai o 90

Z=X+y (Byaes akuly ;1 solwwl) : Jlo
X, y are independent ; )
x~N(77X,af) - f (x|z=2)="

y~ N(ﬂylo-i)

z =x +y isGaussian: N (7, +7,,0; +0,) — f,(z)=

(z=x)?
1 B 20'5

e
N 27zc7y

2 2 7(Z_X)27(Z_’7x)2* (Z*Uz)z
f(z| x=x)f (xX) \JOx t Oy o 207 207 2(of+ol)
f,(2) V2ro,0,

Estimation Theory 28
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(245) —» f,(z|x=x)=

— f.(X|z=2)=

14



S o 23395 b (SBolai o 90
(b (8L 5 gl
Ey 1x =x]= [ ¥, (v Ix =x) dy =¥(x)

E[w(x)]=E[E[y Ix]]= T Tyfy(y |x =x)f, (x) dydx

—00 —00

[ [yt 00y) dyax =] yf, (v) dy =E[y]

—  E[E[yIX]]=E[y]

Estimation Theory 29
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Sloy (Bolad b puiito

Xy, Xy,..., Xy - N jointly dsitributed RVs on S

X, X (a)
X, s X, ()
vector RV x = : —= X(a)= :

Xy Xy (@)
E[x]
E[X]: E[XZ]
= E[XN]

CoV(X) oy = E[(x— E[x])(x- E[x])TJ : Symmetric and P.D.

Estimation Theory 30
by Dr B. Moaveni
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Solop (Bolad b puiio

Xy, Xy,..., Xy - N jointly dsitributed RVs on S

F (X) = P{X, <X, X, S Xy, Xy < Xy }

aN
f () =————F()
OX,0X, -+ OXy,

Estimation Theory 31
by Dr B. Moaveni

Ay Sy 5900 4 g7 (50 1y oL (3o 33 S JUius S
310 i lod goue
- X(=2), X(=1), x(0), X(@), X(2),... = X(n):ne[-o0,00]

B8 i loi b g s U il @y 395 b (Solad gl piio b x(71) a5
Wi (0 dilul a8 )b g0 Solai JUSow SO

5905 1 G157 (50 315 @900 441 4y Sy (B0l JUSpus 31 Jlko

x(0), x(D), x(2),... — Xx(1):1>0

Estimation Theory 32
by Dr B. Moaveni
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obai lo) yo awnnS by LK

Slasine 3l oolisuwl b ¢lgi oo 1y Bobai o) 5o dimn JUSomw S
Sgei 9 yxe o] (Autocorrelation function) Souwses 395 asb

R, (i, )= E[XOX(D)] = [ [ XOX(D) f (<0 X(D)) 0X() ()

—00 —00

i, j: integer value

o b (Smaod 30 31 (5 kexo (JUSw SO M 395 4> gl

Estimation Theory 33
by Dr B. Moaveni

olai b Ho dwns by JUSw
x(n+1) = ax(n) Jbs

a=0 o
aei}{ F\)X(I’J):’>

x(i) = a'x(0) . T ,
x(j)=ajx(0)}:> R, (i, j) = E[x()x(j)] =a"'E[ x(0) |

a<0

If R(i. i) <0
i+j:oo|o|}:> (1)<

So, the autocorrelation of RVs can be “negatively correlated”

Estimation Theory 34
by Dr B. Moaveni
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obai lo) yo awnnS by LK

x(n) : random signal Jl...o
x(i), x(j): are independent for all i, j

E[x(i)]=0, Vi

E[x()* ] i=j

R.(i, ]) = E[X(I)X(J)]:{E[X(i)]E[X(j)] i

= R(,))=0, i#]
= there is no correlation between the samples of signal
— Random Signal is Purely Random

If E[x(i)] =c, =0, Vi = Thereis correlation between the samples.

Estimation Theory 35
by Dr B. Moaveni

:Wide-Sense Stationary b JLSw

()- E[x(n)]=c (aconstant valug) vne|—o0,x]
(2)— E[x()x(j)]=E[x(i+k)x(j+k)], Vi, jk: integer

2 = j=i: E[x(n)’]=cte = Var[x(n)]=cte
Gl (0] L WSS Bolas JUSms S a8yl p3¥ by azeis 4o
bl coli Ny l3l 4 X(N) byl g (Sl a5

Estimation Theory 36
by Dr B. Moaveni
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:Wide-Sense Stationary ¢l JUSXww

L.t_s“sf &9 b (HBola b e 3 JSllicto JUS o SO s
Ol oyl 9 (Sl 51 s g 5T cowl WSS e lgisy &0 595

il Sy B 29395 pluw (gl g M5 <l j0 b ol
:WSS b JLKw ples
R (i, J) = E[x()x(i)] = E[x(0)x(j -D)]=R, (0, j -1)
S I k=j-i = R(K)=R(0,k) k=0,41+2,...
R, (k) =R, (k)

Estimation Theory 37
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:Wide-Sense Stationary b JUSXww

(Wi 39 99) 1 JLio

Wbl yho (S b Jiliwws (Bolai gl piiio 3 JSicio (UK )5
W51 Laiid g 451 ol WSS U Sy

E[x(n)*|=Var[x(n)] =0’ =cte

= R,(K) = 6?5(K)

where, 5(k):{é ';j)
ol o0t e |y Bed Wlasino b JUSaw 1as gy

Estimation Theory 38
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:Wide-Sense Stationary ¢l JUSXww

WSS Jl&ww 1 Jlw

x(n) = w(n) + w(n—-1)

where, w@(n): white noise
E [a)(n)] =0
E [a)(n)z] =0’

= E[x(n)]=E[w(n)]+E[w(n-1)]=0 Vn

= E[x()x(J)] = E[ (o) + @i -1))(o(]) + o(j-1)]
=E[o(i)o(j) + 0i)o(j-1) + ol -Do(j) + o(i —Do(j-1)]
= E[w@)o(j)]+E[e@)o(j-1)]+E[wi-Do(j)]+E[wli -Do(j-1)]
= X is WSS

Estimation Theory 39
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:Wide-Sense Stationary b JUSXww

x(n) = w(n) + o(n-1) WSS JUSw :Jtio 4ol

= E[x(@)x(j)]=

= E[o(i)a(j)]+E[o)o(j-1)]+E ol -Da( )]+ E ol -Dao(j-1)]
= 6?[25(j—i)+0(j—i-1)+5(j—i+D)] =0 [20(K) + (K ~1) + 5(k +1)]

S5 oS danod X(]) 9 X(i) Bobai G pdsio:azes

j=i
j=i-1
j=i+1

Estimation Theory 40
by Dr B. Moaveni
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(Autocorrelation) Swwwod 095 23U yoski

395 & 5 oo bl po (puSileo LWSS JUSw S x(0) 551
islod (o0 iy 325 395 D ygu0 4 g 0018 (LA R, (K) b 1) R (K) ( Sotmmrod

X(1), x(2),...,x(N): sample values of RV x(n)

N-k

R (k) _% X(ix(+k),  k=012..N-1

*  R/(k)=R/(-k), k=-1,-2,...,-N+1

Estimation Theory 41
by Dr B. Moaveni

(Autocorrelation) SKiuwos 555 &b oo

09 o0 Jos ) Dygo a4 R(K) ol Camidg 2U 3l Heliio 4
A Nk
Rx(k)=%2x(i)x(i+k), k=0,12,....,N-1

i=1

= E[F‘ex(k)]z Z E[x(i)x(i +k)]_ N-kg (K

el R,(K) 31 o0 (bl cpmodd Sy R, (K) 4z 5o

* E[R)]#R(K)

edls> ‘:’.’.)J.Q.f )\5
*  (If Now) = (Iflx(k)sz(k))

Estimation Theory 42
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:(Power Spectrum) g5 Gub

oly JE&s @b widl yao (25ile L WSS JUSiuw S x(n) S
4,99 Jbos b oyl (power spectrum) L/ 9 (power fpectral density)
10,5 (o0 Ly y2 g Djge 4 g ol ploj 5O A

5,(67)= 3 R, (K)e " (2.67)

WS o0 ol il 58 s g |y JUSw lg (il 8 2588 &b
S,(e)>0
s, (e en
properties : e o ) ) )
S, (e’) is periodic fuction of @ with period 27z
S, (') is symmetric about @ =0

Estimation Theory 43
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:(Power Spectrum) /g5 Gub

WS b 5o 1) Yo (Sl LWSS wuiuw 3991 Jlie
x(n): white noise
S R(K)=025(K)
= S,(e")= Y R(Ke " =0 { S 5(k)e-ikw}

o’ Pl b aols glylo sduw e JUKew oyl b a0
oS e ple ol & e canl

Estimation Theory 44
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:(Power Spectrum) g5 Gub

aSCol 3l Cawl Wyle (Y.2VY) dolan 01,500 b ol tas g8
2 [R(k)] <o
k=—c0

S9) b3 g 1510 5,(2) 51 kaid g F10g wnles 41,8 by (pl g
Sals aslgopmls

AN +«=N(@)
sx(z)_k;ORx(k)z D) (2.69)

Estimation Theory 45
by Dr B. Moaveni

olar JUSw g0

ksl 90 m» 51wy o8 jointly distributed Iy Solai JUSuw 9o
Aol ouly iy g2 S Sl lad S 69,

Cross Correlation function:
nyy(i, )= E[x(i), y(j)] i, j: integer values

R, () &b ol&T aisislh WSS ol picio g0 Y(N) 9X(N) 51
OSgales j-i Jola jl b

Estimation Theory 46
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Holai 5 (69955 b (yloj 5o w51 i
£ 69959 L (deterministic) dolas s potummw S Tus!
g R S 50 5 e |y (Solad
y(n) = f;o h(n, u(i) 2.73)
7 Bl (50 s 43306 Gy N(NT) a5

©ygee 4 glgio 1) (V.VY) ally alil o b piiols piansans o 55T
Sgod 993k 23

y(r) = Y. h(n-iu(i) (2.74)

Estimation Theory 47
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olai g (69959 L o) yo ELSWIVIC gy T Y SO

Eolai JUKww .ol (n) Polai (69959 <9, w21 (6999 55
3l Canl @yls (29,5

y(n) = i h(n,i)@() 2.75)

Al o s 1 Gy M) a5
©ygeo & Gl 1 (V.VO) auly 0l loj b ol pomnnw (2! 51

i 905 w93 25
y(n) = Z h(n—1)a(i) (2.76)

S o 30 S g Gl Holai puiio Ky @) 4yl 4y agi b
il 05 domloe JBY(N) 548 Lals,
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olai sy (699,59 L o) 40 dwnS b o
9 (Y.¥0) Laslgy olT 098 (B 20 () 31 sl diged lgae as(n) ST
g0 o g3l ) O ygeo A (lei (o0 1, (V.VF)
y(n) =2 h(n.Ha() (2.77)

Bl (50 s 43306 Gy N(NT) a5
oo & Glgiao [y (VYY) abasly bl (sloj b puiiols s o3 55T
) 3905 3l 23

y(n) = Z h(n-) (i) (2.78)

ewl Y(N) Polas piio j b digos ¢ y(N) OVl ol 29,5

Estimation Theory 49
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olai g (69959 L o) yo ELSWIVIC gy T Y SO

Q295 Bolal o Solal Gluogas dwlxo pieo 56 Ll
el @(n) (PBolai o Oloogas | b Oye0

s Gl Y & yguo & u5_.,!9 ‘o)l.).; S99 ol&d O‘l‘ «5’5 J 39 Py
LT yuiio Abl (g Solal ke S (6399 45 (S y9e0

ob)lg 9 (el a5 091 wblgs uwsS (Solal ke SO 3 (o295
] d..g.wl.‘zo J:b OT
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olai sy (699,59 L o) 40 dwnS b o

580 (Sad 395 @il o

il & (=955 (992 WSS lasl (Sotuwaod 395 il dpwlno Hglido &
20,5 -0 WLIIWSS Solai 599,9

29 50 P S BIBO arly 9 oo b yediol imsns L] 52

@ y()= Zh(n Da(i) > E[y(n)]= {Zh(n l)w(l)}

- E[y(n)] [z h(n- |)E[a>(|)]J
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