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— Finite Impulse Response (Wiener-Hopf Equation)

— Infinite Impulse Response

— Causal Wiener Filter
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The FIR Wiener filter
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The FIR Wiener filter

Nt R
$(n) =Y h(i)z(n-i) (4.13)

MSE = E[(s(n) —s‘(n))z} (4.14)

fh(j)Rz(j ~i)=R, (i), 0<i<N-1 (4.15)
R,(0) R@D - R(N-I) | h(0) R, (0)
N Rz:(l) Rz:(O) Rz('\f -2) h(:1) _ Rsz:(l) (4.16)
[R(N-D) R(N-2) -~ R(0) J[h(N-1)| [R,(N-1)]
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Estimation Theory w‘ % OW)
by Dr B. Moaveni
The FIR Wiener filter
Al o
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h(0) RO RO - R(N-D] R,0)
h(:1) _ Rz:(l) Rz:(O) : Rz('\f -2) Rsz:(l) 4.19)
h(N-)| [R(N-1) R,(N-2) -~ R,(0) R, (N -1)
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The FIR Wiener filter
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The FIR Wiener filter
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z(n) =s(n)+v(n) >
s(n),v(n): uncorrelated, zero mean & JWSS

AZS yo

R, (k) =E[z(n)z(n—K)]=E[(s(n)+V(n))(s(n—k) +Vv(n—k))]
=E[s(n)s(n—k)]+E[v(nv(n—k)] =R, (k) + R, (k) (4.25)
R, (k) = E[s(n)z(n—k)] = E[ s(n)(s(n—k) +v(n—k))]
=E[s(n)s(n—k)]+E[s(n)v(n—k)]=R (k) (4.26)
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The FIR Wiener filter

signal s(n), R, (k) = 0.95"

Additive noise v(n), o’ =2 — R (k)=25(k)
s(n),v(n): uncorrelated, zero mean & JWSS

atled W1 ¥ o 31 o Aty iled Sy

(F.Y) Jo

N-1=2=[N=3]|

R, (k) = R, (k) + R, (k) = 0.95" + 25(k)
R, (k) =R, (k) =0.95"

R,(0) RO R, hO)]| [R,(0) 3 0.95 0.9025|[h(0) 1

RO RO RO |hD|=|R.MD|—| 095 3 095 | h@|=| 095

R(2) R® R()]h(@)] [R,(2) 09025 095 3 |[h(@)| |0.9025
= h=[0.2203 0.1919 0.1738]
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The FIR Wiener filter
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R(N-1) R(N-2) -+ R(0) |[h(N-1)| |[R,(N)

3l 09 wdlgs & yle MSE axi o

MSE =R, (0)-§ h(i)R,, (i +1) (4.35)
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The FIR Wiener filter
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d(n), w(n) are uncorrelated
all processes are JWSS
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The FIR Wiener filter
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R, (k) = E[z(n)z(n—k)]=E[(s(n)+Vv(n))(s(n—k) +v(n—k))]
=E[(s(n)+0.5x(n-1)+0.3s(n 1) +d(n) ) (s(n—k) +0.5x(n—k —1) + 0.3s(n—k —1) + d (n—k)) |
=R, (k) +0.5R, (k +1)+0.3R (k +1) + 0.5R . (k —1) + 0.25R (k) +0.15R_ (k) +0.3R (k —1)
+0.15R (k) +0.09R_ (k)
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The FIR Wiener filter
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The FIR Wiener filter P Jin sl

¥ A po (0SS (Saw ) pSoesi SO (5l
2.8172 1.2129 0.7567 0.4385 || h(0) 0.5503
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D
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The FIR Wiener filter
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The Non-causal Wiener filter
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The Non-causal Wiener filter
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The Non-causal Wiener filter
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The Non-causal Wiener filter
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The Non-causal Wiener filter
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The Non-causal Wiener filter
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= H(z2) =—SSSZ((ZZ))

(4.47)

— 1 _ SSZ (Z) -1 -1 _ 1 _ Ssz (Z) -1
MSE = jzﬂgcﬁ[ss(z) 50 S, (z )}z dz_—jzﬂfss(z){l —sz(z)} dz

1 S,(2) |4 _ 1 a

_—jzﬂcss(z){—sz(z)}z dz —jzﬂ%ssv(z)H(z)z dz
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The Non-causal Wiener filter
Non-Causal ¢ FIR 59 5l au o :(F.0) Jlw
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R (k) =0.95" + 25 (k)
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Z Jrowd (58,5 b Az o
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S,(2) =09 42223055 _1)( )
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5.(2) 17095

~ (1-0.952 1)(1-0.952)
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The Non-causal Wiener filter
Non-Causal ¢ FIR ysg yilid duw lio :(F.0) JLio aols!

R (k) =0.95" + 25 (k)
R,,(z) =0.95"
Z Jrowd (58,5 b a0

S,(2) 0.0975

H(z)= =
(2) S,(2) 2.3955(1—0.79312‘1)(1—0.79312)

1-(0.7931)°

h(n) =0.1097(0.7931)"
(1—0.79312’1)(1—0.79312)_) ™ ( )

=0.1097
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The Non-causal Wiener filter
Non-Causal ¢ FIR 59 yls au lio :(.0) JLw dols!

MSE = (0.95)° - " 0.1097(0.7931)"(0.95)"

N=—0

:1-0.1097@(0.7931)“(0.95)" +3(0.7931) " (0.95)"}

:1—0.1097{22 (0.7931)"(0.95)" —1}
n=0

=0.2195

2
0.2195

) =9.5960%

NC _ wiener

- - MSEno—filter
reduction in MSE=10log VSE. =10log(

Estimation Theory 41
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The Non-causal Wiener filter
Non-Causal ¢ FIR ysg yilid duw lio :(F.0) JLio aols!

0.4405

) =3.0251%
0.2195

. . _ MSEFIR_wiener—filter _
reduction in MSE=10log| ————=———— |=10log(
MSE

NC _wiener

Non-causal Wiener Filter a5 puil acils JUas! el p3Y 4z o5
0185 )Lt 3o LT (6o ild o 50 1) (Ko crmasi ¢33 ity
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The Causal Wiener filter

Pz 3l ooliiwl 38,5 0 g Jos Pl j0 BB Cledbl 3445
Sl s ygumwY g0, 1A il Sow yue NON-causal Wiener Filter
§(n)=> h@)z(n-i)  (4.50)
i=0

o] lgs 40 45 g 4 Wiener-Hopf aolee ases 4o

SR (-D=R,@ ieN (@5

3,5 3l oolw (pliggils S yguo as (ylgF 0 T I (FFY) doleo BN a5
D,l0 g2 g el oo b LSS  eolasw! (ol azxus o 9

Estimation Theory 43
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The Causal Wiener filter

99 Cawl @3V 05,5 sleddy Ao yilid (2hb (gl (SoST 4ol 5
3yl oG yle a5 00,5 &l 4l o oo

« Spectral factorization theorem
« Causal-part Extraction: The plus operation
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The Causal Wiener filter

Spectral factorization theorem:
&L LWSS g 5i0 (Sl b (i jlado b« olai alyb Sy X 51
@90 43 1) 2 el olSST .l Si(D) @90 43 o5 @b Sy o b S
el 41385 le (o0 2
$(2) =5, (9)S,(2) (4.52)
a5
A Z 3l oS &b g0 S, (2) 9 S (2)
|pi|<1 o1 ‘MDS:(Z) s kil b 51 e
|Zi|<l ol&ST e b S:(Z) s oo by Z; Sl
P21 ol&ST (il S, (2) slo cdad o p; )51 e
2|21 olT il S (7) b yoo L Z ST
S, (2)=5,(z") .

Estimation Theory 45
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The Causal Wiener filter

ok & b i :(FLY) Lo
fadl 5 Lol dolee b cimogi BB Bolad Wiyl 8 Sy s(0) 51
s(n) =1.1s(n—1) - 0.24s(n - 2) + 2e(n) + 3cw(n 1)
zero mean, WSS
{Rw(n) =5(0.6)"

S(z) =1.127'S(z) —0.24272S(2) + 2W (2) +327'W (2)

S(z) 2+3z7" 2(1+1.5z7h)

= HS(Z)=W(Z)‘1_1.1z*1+o.24z*2 (1-03z7)(1-0.82")
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by Dr B. Moaveni

23



The Causal Wiener filter

b JB &b i (F.Y) Lo aolo!
0.64 Bk J
1-0.67")(1-0.62)

S,(z)=5
(
RY]

= S,(2)=H,(2)H,(z7)S,(2)
2(1+1.527Y) 2(1+1.52) 3.2

=3.(2)= (1-0.3z7)(1-0.82") (1-0.3z)(1-0.82) (1-0.62 *)(1-0.62)
L s- 2(1+1.52)+/3.2

(1-0.3z")(1-0.82)(1-0.62")
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The Causal Wiener filter

The Causal-Part Extraction: The plus operation

.l plus-operator . e s gitwlas 3o 3L 5,90 b ygilpl 31 S
el g e it 90 Wygo a1y N(N) Glei (o yloj 0je> 5o il

h(n) = causal part of h(n) + anticausal part of h(n)
causal part of h(n) 2[h(n)], =h(n)1(n)
anticausal part of h(n) £ [h(n)] =h(n)i(-n-1)
= H@)=[H@®)], +[H@)]
Estimation Theory 48
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The Causal Wiener filter

The Causal-Part Extraction: The plus operation

[H(2)], =Z {h(n)L(n)}: plus operator or causal — part extraction

[H(2)] =Z{h(n)I(-n-1)}:  minus operator

H(Z) LoS &b gl Causal o & il

L M N-1
n -n -Nn
2B+ B L b,z
H(z) =2t — " = Yc, 2" +) cz+it
a,z" - -0 a,z’"
=i P "o () Z; i

A —
Anti —Causal ~ Causal Q(2)

Estimation Theory
by Dr B. Moaveni

(4.60)

49

The Causal Wiener filter

The Causal-Part Extraction: The plus operation

618 &b ol oS 558 5T .l cdaB N g yio N-1 s 350 sfyls Q(2)
g3l 2 g0 a1 1) T plgF g0 olT (K SN a8) by im0 e K

N-1 N-1
bz . bz™" P, : pole position
Q(z) =1 = (—]K”O—
>az" [Ta-pzH™ m, : pole degrees
n=1 k=1

.ég.w

P3G S A S b

Estimation Theory
by Dr B. Moaveni
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The Causal Wiener filter
The Causal-Part Extraction: The plus operation

A o0 ol 1y plK dad i eaims L Q(2)as

R Ox.m _ O < Uy m
Qk (Z)_;(l_ pkz_l)m (1_ pkzil)+m:2 (1_ pkz_l)m
Qk(2)

; - u"u(n), ROC={z:|z|>|u|} (4.63)
Z‘l[Q;(Z)]=Z‘{—k'l }:

1-puzt
# —p'u(-n-1)  ROC={z:|z]<|u|} (4.64)

Jolio 1) H(Z) LS ali ROC as 50,5 Gl cawl p3¥ (o2l azis 4o
O gud

Estimation Theory
by Dr B. Moaveni 51

Extraction for Stable Rational H(z)

Al aplgs i oolw CaUSAl isy gl ysuuwl aiul,d wil last H(Z) 5
yaslgopls  Qu(2) & by ROC 555 (o0 czga H(2) o sl
00,5 ol

SGLLG aS g oolaw! (F.PY) ally 5l cawl o3 Q, (2) o9 HIab LI
anti-causal (Q,(z) wisb JlusbL P, 51 9 .cwwl CaUsAl JUSoww

RYVRVIPES
N,+N;.=N
N, : order of the poles of H (z) outside the unit circle
N. : order of the poles of H(z) inside the unit circle
Estimation Theory 52
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Extraction for Stable Rational H(z)

Na-1 AR 50
. > Az
Q.(2) = Z Q. (z) =——="——— : Anti-causal, proper, rational part of H (z)
‘pkkTil H (1_ pkzil)mk
k=1
[p[>1
Ng-1
’ D
Q@)= > Q2)=—"2 : Causal, proper, rational part of H (z)
0<l\<p:kl\<1 H (1_ pkzil)mk
k=:
0<\pkl\<1

13 Gl @yl CAUSAl sty azacis yo
= [H@®@)], =R(@)+Q(2)

Estimation Theory 53
by Dr B. Moaveni
Extraction for Stable Rational H(z)
SLNETY

oo Slowmdis 3l ooliswl b Pa(2) 4 P (2) g!pmew! -
(S SRS & O S b Qa(2) 9 Qc(2) &l yoiw! =¥

[H@)], =R (@)+Q.(2) _y
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Extraction for Stable Rational H(z)

52_1+5271_§Z’2 1 :f-A J&O
H(z) = ROC=1z:=<|z|<
1 1 -1 4
-=1z
4
52—3+52’1—§z’2 1—12’1
2 4 4
_(SZ_EJ 52+§=QA(2) §2,1_§Z,2
LY 4 3,16 4
3 . H(z)=5z+—+ 1
Z457t -7 4 1-=z"
4 4
_(g_iz'lj
4 16
8, 5,
16 4
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Extraction for Stable Rational H(z)
F.A JLo aolsl

52—1+52’1—§z’2

H(z) = 2 ROC= Z:1<|Z|<oo
1 1 -1 4
-=z
4
f§z’z+%z’1 L 3 3 3
5 3 H(z)=52+z+52’172+ f
- (—Z z? +521j 5z _Z:QC(Z) 1_Z z*
_ 1 4
(321_§j =5Z2+52" + 1.,
16 4
3
4

Estimation Theory 56

by Dr B. Moaveni

28



Extraction for Stable Rational H(z)

F.A Jlo alsl
3 "
:[H(z)]+=521+1_i'21 - h(n)=55(n—1)+%(%) u(n)
4

: [H(@)], dawlxo 095 (W9,

Hy
1—12‘1
4

H(z)=c,z+c,+Cz "+

Estimation Theory 57
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Extraction for Stable Rational H(z)
F.A JLo aolsl

1 1 L (1),
C,Z+|==C+Co+uy |[+| —>Co+C |2+ =" |2z
4 4 4
H(z) = 1

1-=z771
4
52—l+52‘1—§z‘2
T2 4
1—32’l
4
3
=[c, ¢ ¢ ]=|5 0 5 "

Estimation Theory 58
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Extraction for Stable Rational H(z)

F.A Jlo alsl
1 1 . 1 P
CLZ+|—=C +Co+uy |+| —=Co+C |27+ "¢, |2
4 4 4
H(z)= 1
1-=z71
4
52—l+52‘1—§z‘2
T2 4
1—32’l
4

=[c, ¢ ¢ ,uo]:{S 0 5 ﬂ
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Extraction for Stable Rational H(z)
A Lo

2?2 -517+128-109z71+197272-232z° +80z*
2-17zt+40z%-167"°

H(Z)=6 ROC:{Z:%<|Z|<4}

7z271+3722-1682°+80z"*

H(z2)=3z°+4+
(2) 2-17z2'+40z27°-162°

4-1771+32772

H(z) =3z +4+(-2)-52 '+
(2) 2 2-172"+40z%-1627°

2 1 zt+16272

_ 2 _ 1 1
e (1-052%)(1-4z) (1—0-52_1)+(l—4zl)2

Estimation Theory
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Extraction for Stable Rational H(z)
.2 Jls awlsl

2?2 -517+128-109z71+19722-232z7° +80z*
2-17zt+40z%-162"°

H(Z)=6 ROC:{Z:%<|Z|<4}

[H (z)]+ =2-52"+ (1_0.52_1)
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Derivation of the Causal Wiener Filter

Jo cuwl 3 causal yog yilid dwlxo sy (F.OV) abasly 4 azg5 b
10 gud

Sh(i)R,(j-i) =R, (i) 120 (4.51)

j=0

120 lyp hid doleo a5 [y 0 )l0i 0959 Z Jsuwd 31 oolasiw! Sl Sdg
D (oo 25y ) ygeo A1) Wlawo (ol Jo jeliie 4wl Cawyo
(i) =R,()-Sh(DR(j-)) icZ (465

j=0
0 i>0
Rsz(i)—ih(j)Rz(j—i) i<0

Estimation Theory
by Dr B. Moaveni

h'(i) = (4.66)
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Derivation of the Causal Wiener Filter

Az 430,10 8959 Z Jruwi 1 ool oSl N(1) iy 5 & 4563 b Jlo
1l pudles Z Joud 3l ool b

H'(z) =S,,(z2)-H(2)S,(z) =S,,(z) —H(2)S, (2)S, (2)
1Cai]d pulgs S, (Z) p cpd o o b

H(2) S,(2) )
5. 5. " WN®
causal sy gl sl jglie 4

H(@) | _|S.(2) | _ )
[SZ(Z)}+ _[Sz(z) } [H@s, @],

Estimation Theory 63
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Derivation of the Causal Wiener Filter

odad ol kais 3.5 H'(2) 140 .0 anti-causal Sbs N'(1) a5 conl malg
oyl zHB 30 3 S, (2) s Aduy g el uslgopls izl zils s
1A 90 0,10 4148 ol
H'(2) o e LS U ol
S;(2) |,

545 57 (2) (ol s 3 sl CAUSAD H(2) iy poi ay argi by 1550 (59
Ll azlgopmle J&1o 50

S, (2) v
222 _H(2)S;(2)=0
{85(2)1 (2)S;(2)

:Causal Wiener Filter axgs o

—_ 1 SSZ (Z)
= "0=5 { 5. (2) } (+59)

64
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Properties of the Causal Wiener Filter

w>lgonld 69,5, (2) sla adu) 092 g pus B9 9 (FFA) dlolao s axgil b
ol Hlasl Mels H(z) a5 ols Lis lgd (o0

:Causal ysq yild MSE ,ludie

Slxly 23 akly olee NON-causal gl yilid sl MSE aluly 4 4295 b
. 13905 451, causal s yild MSE aulxo
MSE =R,(0)~>_h(i)R (i)
i=0

—@[s (2)-H(2)S,,(z) |2"'dz = )" [Residues of integran inside unit circle] S, (z) rational

S sz

2z
(4.75)
jz—”gﬁ[ss (2)-H(2)S, (z)] 77z otherwise
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The Causal Wiener Filter

O sy a5 50 Ioaze 1) F.0 ¢ F.Y Jlio :F.)e Jlio

0.0975
1-0.952*)(1-0.952)

Ss (Z) = (

S,(2)=2
=S,(2) =S5,(2)

0.95 1-0.7931z %) (1-0.7931z
S,(2) = ! 7?'95 +2:2.3955( 71)( )
(1-0.952 ")(1-0.952) (1-0.95z *)(1-0.95z)

1-0.7931z7 1-0.7931
(t-079312°) - )><1.5477—( 2)
(1-0.95z7) (1-0.957)

Estimation Theory
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= S,(z)=15477 =S,(2)S,(2)
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The Causal Wiener Filter

(1-0.7931z)

(1-0.95z7") e Jlo aolol
(1-0.79317)

(1-0.952)

0.0975

s,(z) (1-0.952%)(1-0.95z) 0.0630

S,(2) 1-0.7931z)  (1-0.7931z)(1-0.952 ")

15477
(1-0.952)

S/ (2) =1.5477

S (z) =1.5477

~0.0794z
(1-1.26082")(1-0.9527")
S,(z) _ 02555  0.2555 :{sﬂ(z)} _ 0.2555
S;(2) (1-095z") (1-1.2608z) "|S,(2)]. (1-0.95z7)
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The Causal Wiener Filter

¥ Jlo aolsl
0.2555
L ool [Ssz(z)} _ (r-oeszt) 0651
S:(2)| S; (2) (1-0.7931z") (1-0.7931z)
(1-0.95z7")

= h(n) =0.1651x(0.7921)"u(n)

MSE =1-0.1651x Y (0.7531)'(0.95)' =1— 01651 _ ) 330,
= 1-0.7531x0.95

MSEno—filter MSEFIR—fiIter MSENC MSEC

2 0.4405 0.2195 0.3302
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Signal Prediction

M ojluil as g yug yidad 31 oolisiwl b JUSow SO (S i (152
1Cd g Al 4o
s(n+m) =3 h(i)z(n-i)
i=0

o] wBlgs 48 w5 O ygee 4 Wiener-Hopf aolee azss 4o

Sh(R,(i=i) =R, (m-+) i>0

~ H@- 1 |2z"S,(2)
S; ()| S, (@) |,

B3,5 o0 dwlxo JKuosd lie jui MSE jluiie
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