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Nonlinear Estimation
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{x(n +1) = ¢(x(n)) + Tew(n)
z(n) =y (x(n)) +v(n)

w(n): zero mean white noise |

E[ 0o’ ()] = Quadli— D)

where, Q: covariance matrix

v(n) and w(n): uncorrellated

The Extended Kalman Filter

b5 e SMM b o+
8.1)
(8.2)

v(n): zero mean white noise

E[v(iV' (i) ]=R,.,00-j);

where, R: covariance matrix
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The Extended Kalman Filter

Xa (N+1) = .4 (X(N)) + TCeo(n)
Zpa(N) = 7 pa (X(N)) +v(n)

A (x)

o) =| 00

| ¢ (X)) |

$(X), 7;(x): scalar valued functions

Estimation Theory 4
by Dr B. Moaveni

b5 58 SMM (S0 ¢
@.1)
8.2)

_7/1(X)_

00 =| 2

7, (X))
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Gl 1y ©laalin/ JlSuw hs Joo pallf s aColaazgi b
SMM ous g3Lw Jas Jow 3l led o0 8 8 o0 a5 4o (yosd

RUSCPVERRRI v W)
g(x (n)) = (X (n))+3,(X (M) [x (M) =X (n)]+... (8.3)
é(x) [0p,  op o9, |
#,(x) xoox o,
4 (x) = J,(=| & & o, (8.4)
. o0 00  Oom
X= X:Z L ox, ax,  ox, |
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ebld paples 7 (n) Joo 7 (X(M) &b sl p (tolieo jobo 4 @
y(x (M) =7~ (M) +, (X (M) [x () =X "(n) ]+.. (8.5)

MO g °

x(n+1) =¢(>€(n))+J¢(>€(n))[x (n)—x‘(n)]+l“w(n) (8.6)
z(n)=y(X (N)+J, (X ()] x(n)=X"(n) ]+v (n) 8.7)

o oolaw! (EKF) aidl azwgi (podl5 il Jlos! cg> Joo (w2l 31 9
O gud
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The Extended Kalman Filter
« Time Update:

S1APrior pyess alo yo oyl 30 cpodlS yikid GYolro g o] aslie
18,5 o0 &1, X°(n)

Unbiased Estimation SE [X(n) . )z_(n) I Z_:I -0

2 (n) = E[x(n)\z-} (8.8)
=E[¢(>z(n—1))+J¢(>z(n—1))[x(n—1)—>z(n—1)]+rw(n-1)|z*} (8.9

= % (n) = g(R(n-1)) + J¢(>2(n—1))E[x(n—l)—k(n—l)‘Z’]

+TE [a)(n-l) |z*}
Estimation Theory 7
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The Extended Kalman Filter
« Time Update:

Unbiased Estimation SE [x(n _1) _ )z(n _1) ‘Z—] =0

—E[a(n-1)[z" |=0

= X (n) =¢(X(n-1))

o199 (i yilo cmostd Cawl p3¥ (Lo (Sl j9y 4 S 5O
6°°;@ﬁb|y°d‘“&ﬂwoo)§wwﬁ&w
ol ol 77 Olaaliv Gl a4 g oud gilw Jas Joo
20,5 o wl’ms
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The Extended Kalman Filter
« Time Update:

P~(n) = Cov[x(n) —x-(n)\z-] (8.11)

=E[((n)-% ()(x(m)~% () [Z ] (8.12)
= P~(n)=Cov| §(%(N-1) + I, -D)X(-D+T(n-1)-X (n)[Z" |
— P~ (n)=Cov[J,(X(n-D)X(n—1) +Tew(n-1)|Z "] (8.13)
1S s wiald g3 5l e slas Ml 4 4265 b
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The Extended Kalman Filter
« Time Update:

= P (n)=1J ¢(>2(n-1)Cov[>z(n —1)\2*]3; (&(n-1))+TQ(n-)I" (8.14)
Sy 5o
P(n) = Cov[ (n)|Z ] =Cov| x(n)—%(n)|Z ] (8.15)
2051
P (n)=J,(&(N-DP(n-1)J7 (R(n-1)+TQ(n-1T" (8.16)
Estimation Theory 10
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The Extended Kalman Filter

* Measurement Update:

099 ol g X7 (n) cued (3081 WLL e (B8 b Al o (] 5o
Jsa  z(n-1),...,2(2),2() wladlie p X(N) o glas

1092 bl ) g0 a A(N) s 1L
X(n)=b(n)+K(n)z(n) (8.17)

1A Gl b b s R(N) cpeds a4 agi b

E[x(n)-&(n)|Z]=0
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The Extended Kalman Filter

* Measurement Update:

8 aloleo 43 (ANY) g (AY) e¥olre 2o 35ele b

E[ x(n)~b(n) — K[ 7(& () +3, (& ()L (n)+v(n) ]|z | =0

& Gl dinlg 77 a9 laiid a5 1y Cawl Coli X (N) &S Gl ,5°8 a9 03
a2 50 oudlie (0,51 2(n) &
b(n)=E [b(n)IZ] = —K(n)y(X"(n)) - K(n)J, (X" (n))E[%"(n)|Z]
+E[x(n)|Z]1- K (n) E[v(n)|Z] (8.18)
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The Extended Kalman Filter

* Measurement Update:

_ o S o
Unbiased Estimation N E[)~(— (n)|z] =0
E[v(n)|Z]=0
= b(n) =-K(n)y (X () +E[x(n)|Z]
—88 5 p(n)=x"(n)-Kn)y(X (n))
®17) x(n) = X" (n) + K(n)[z(n) — (X" (n))] (8.19)
Estimation Theory 13
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The Extended Kalman Filter

* Measurement Update:
Dgu oo odlaiwl wolas ol 51 K(N) (e ylo (8L (gl

E[(x(m-&M)z" ()2 ]=0, i=L..n. (8.20)

(8.19)

_ 619 E[{x(n)—fc(n)—K(n)[z(n)—y(x-(n))]}zT(i)\z] 0, i=1..n.

= E[{)?’(n)—K(n)[z(n)—y(k’(n))]}zT(i)\ZJ=0, i—1..n (8.21)

E[x 0z ()2 ]=0, i=12,...,n-1 od
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The Extended Kalman Filter

* Measurement Update:
(AY) ally jlooliiwl bg i=n gl I
E| (% (M)=K(MJ, (X ()X () -K(n)v(n))
x (y(f(’(n))+J7(>‘(’(n))>”(’(n)+v(n))T |z}=o (8.22)
12(n) oawliw 5l (o9 Jiwn 9 (o (092 LU (g by a4 angi b
E[x"(n))z=2]= E[x”(n)‘Z’:Z’]:O
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The Extended Kalman Filter

* Measurement Update:

10905 o 9330 33 Syguo A yled <ol (AYY) adaly
P7(n)J; (X" (n))-K(n)J, (X" ()P~ (n)I] (X (n)) K (n)R(n) =0

331 992 aplgs & ylae EKF 53 (pallS' yilad o 0 a5

K(n)=P (3] X (M)[J,(&F (MP-(MIIE M)+RM ] (8.23)
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The Extended Kalman Filter
* Measurement Update:
1l pudlgs Uas b pls il 51995 (s yilo g1y (yaizrod

P(n) = Cov| x(n) =X (n) = K(n)[ 3, (X ()X (n) +v(n) ]|Z |
=P~ (n)—P~(n)J;] (X ()K" (n) - K(n)J, (X" (n))P~(n)
+K(n)[Jy (X (M)P~ ()] (R~ (n)) + R(n)] K™ (n) (8.24)

s pedlys (ATY) alal,y 31 3%l b

P(n)=P (n)-K(n)J, (X (n)P (n) (8.25)
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The Extended Kalman Filter

* Measurement Update:
K(n)=P(n)J] (X (M), (X (n))P(n)I] (X (n))+R(n)]" (8.26)
(n) =%"(n) + K(n)[z(n) — »(x"(n))] (8.27)
P(n) =P~ (n)-K(n)J, (X" (n))P(n) (8.28)
« Time Update:
P=(n+1) = J,(XR)P(n)I] (R(M)+TQ(MIT  (8.29)
£~ (n+1) = g(X(n)) (8.30)
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The Extended Kalman Filter

X, (kK +1) = X, (k) + X, (k) + (k) JLo
_x(k)

“ % (K)%(K) - g + (k)

X, (K +1):x2(k)+%e
%, (k +1) = X, (K) + @ (K)

y(k) =x (k) +v(k)

p, =0.0034 1 1 0
_x(k) _x(k) _x(k)
g=322 3, = —%e SRR (K) 1+ pe * % (K)X(K) %e © x2(K)
x =32000 0 0 1
R =100
Q=0 J =1 0 0]
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" Jtio aola!
1 T T T T T
b >~ State I
State Estimation
_1 [
2 2 40 60 80 100 120
0
50001
-10000 : ; : : :
0 20 40 60 80 100 120
0.2
0
0.2 : ; : ; :
0 20 40 60 80 100 120
20

Estimation Theory
by Dr B. Moaveni

10



The Extended Kalman Filter

Estimation Error

1000

500

T T T T T T

-1000

T

-1500

I

-2000

—T—

-2500
0

Estimation Theory
by Dr B. Moaveni

80 90 100

Jlwo aslol

21

The Extended Kalman Filter
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The Iterated Extended Kalman Filter

* Measurement Update:
%" (n,0) = % (n)
P"(n,0) =P (n)
K(n) = P*(n,i)JyT(f(*(n,i))[Jy()‘(*(n, i))P*(n,i)JI(R*(n,i))+ R(N)™
R (n,i+2) = 81 (n, i) + K()[z(n) — 7 (X (n,1))]
P*(n,i+1)=P"(n,i)—K(n)J, (X" (n,i))P*(n,i)
i=N
« Time Update:
P(n)=P"(n,N +1)
%(n) = %" (n,N +1)
P(n+1) = J,(X(n)P(n)J] (X(n)) + Q)T
X" (n+1) = ¢(X(n))

Estimation Theory
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The Extended Kalman Filter

X, (K +1) = ,(K) + X, (K) + (k) Jto
_x(k)
X+ =K+ %0~ g+ k)
%, (K +1) = X, (k) + o(K)
y(k) =x, (k) +v(k)
P, =0.0034 1 1 0
_x(k) _x(k) _x (k)
g=322 3, = —%e CXRKXK) L+ pe * % (K)o (K) %e < x2(K)
x =32000 0 0 1
R =100
Q=0 J =1 0 0]
24
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The Iterated Extended Kalman Filter

Estimation Error
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The Iterated Extended Kalman Filter

X 105
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The Iterated Extended Kalman Filter

Estimation Error
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