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Lecture 2

ST b gl donie
letrodaction to Stockastic Process

40 A0

31.00,5 oo solaiw! potwenw Joo ol Cps (o595 o0 ‘5,.9?
Oygo & Ygoro V(M) 598 p 5 (29,5 — (5999 Wlualin o &5 Lxl
3909 Agoyd wiojlivin) R g8 gilw Juo 14 S (o puniti (S0l

ol Bolai b U

u(n) —— g (UM, v(N),nT)——— 7(n)
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S: Probability Space
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acgozo & S acgozmo jl (b jl Canl jyle X (SBolad piio S ¢
i Slac]

aecS — X(a)el
x#0
X(a)=0
10,5 ool i ) (g g HLs L Canwl (Soo adl °

a, < i"trial = x(i)=x(e)  where,i=12,...

1
sample realizations

of random variable x
sample values

System Identification 3
by Dr B. Moaveni

olas by o
owled P(A) L1,S sasls #y acgozxo 31 A axdly yols &, Jlois! @

SRS (0
P(A)el"

W @olo py OYoleoli g Yoo AcS lp
0<P(A) <1 2.1)
P(S)=1 (2.2)
AcS )
BcS P(AUB) = P(A)+ P(B) (2.3)
ANB=g

System Identification 4
by Dr B. Moaveni




olai 5l o

AcS
BcS P(AuB)=P(A)+P(B)-P(ANB) .
ANB=J
{P(@) =0 .
23) = _
P(A)=1-P(A)

LS (Probability Space) Jlodis! (glad jo X Solai yuiio S
B3 )5 oo asine oyl Jlodi| 29595 @b 3 o0l

F.(X)=P{aeS:x(a)<x}

U pSaes X Holai i jlado a0l Jlosa! 31 cawl wyle F(X)
Mb X 6.9.».99 )L,\.s.o ‘sgl.ww

System Identification 5
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Sobai (b yurio

FB LT 5590 50 pj O¥olro Jlodo| @595 @l iy i ayamgi b
Al (o0 azgi

Fu(=0) =0 } 2.4)

F, (0)=1
0<F (x)<1 forall x (2.5)
If x, <x, = F.(x)<F./(x,) (2.6)

B il b Sy Jloso! g1 398 45 903 o L (YF) ey #

.Cew! (non-decreasing)

System Identification 6
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olai 5l o

JB o blon Jlos| JBs b jleolawl b X Solai i po ©
C)T Jlosis| 2595 @b @din 1 ol Wyl 2ol (! 45 .ol o g

d (Holai i
ORI 2.7)
X

27 = Fx(x)z_[ f (x)dx  (2.8)

—00

2391 wiblgs gLl il 555 ¥oleo (Y.A) 5 (YY) Lalgy damgi b @

T f (x)dx =1

System Identification 7
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Sobai (b yurio

g ddles mlociwl bl wj OYoleo (Y.A) g (Y.V) kulgyaase b ©

If x, <x,ell = P(x1<x£x2):FX(x2)—Fx(x1)=ffx(x)dx

X

Most likely value of RV x:

X| max[xr fx(x)dx} - %:0

X=&

System Identification 8
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olai 5l o

S = {working normally, not working normally} Jle

P (working normally) =0.9, P (not working normally)=0.1
10g0d iy p p1 ) Wyge 4 ly X Bolai piio (418 (0

x (working normally) =0,  x(not working normally) =1

= The Probability Distribution Function:

0, x<0
F.(x)=P{aeS:x(a)<x}=:09, 0< x<1
1, Xx=1

= f,(x)=0.95(x)+0.16(x-1)

System Identification 9
by Dr B. Moaveni

Sobai (b yurio

S =[-1,1] CS Sy jg b (PBolai pise :Jlno

X(a)=a
(awgm) Jloiol 2598 @b

x<-1

F.(X)=P{aeS:x(a)<x}= =0.5(x+1), -1< x<1

1<x
0.5, 1<x<1
= f.(x)= i
0, otherwise
System Identification 10
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olai 5l o

Joyi b i3S (sSolai pisa o *

X(@)=«a
_(x=n)° . E . e . 2 N
f(x)= 1 oo WS By PR
§ \N2ro 0 S —
n . real number
o positive number

x=n=2: most likely valué*

0.051

S : . . . 11
“py Dr B. Moavehi

b B 9 b b 2598

X: RV
S : probability Space
AcS: Aisanevent

rsb b @398 U

P({zeS:x(@)<x}nA)
P(A)

b S &b e

F (x| A)=P({aeS:x(a) <x}|A)=

dF, (x| A)

LA =—

System Identification 12
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b B 9 b 2598

0, x<-1 .JU.O °
F.(x)=P{aeS:x(a)<x}=10.5(x+1), -1< x<1
1 1<x

A={xeS:0<x<1 = P(A)=05

0, x<0
P({aeS:x(a)<x}nA)=105x, 0< x<1
0.5, x>1
0, x<0
= FX|A) =X 0< x<1
1, 1<x
System Identification 13

by Dr B. Moaveni

Polai o )l @b

¥ : real valued function

y=¥(x) = y(@)=¥(x()

iJleo

y(a) =¥ (x(a))=ax(a)

F,(y)=P{aeS:y(@)<y} = F,(y)=P{aeS:ax(a)<y}

= Fy(y)= P{aeS : X(a)S%}= Fx(%)

System Identification 14
by Dr B. Moaveni




X: RV
f, (x) : probability density function

i" moment of x: E[x‘] = T x' £ (x)dx

Sl b 0uS0lio yladio [y (Solad o Sy Jgl HglicdS (ol ) wol @
oS Jloio! JBs 2l J& 5550 b pito o] (8L

N
XX, XKooy Xy > E[x]z%in
i=1

System Identification 15
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x: Uniformly Distributed RV iJle

1

2

X, <X<X, > f (x)=

= E[x]:[Ox fx(x)dx:;’ix XzindX:XZ_Zi_Xl

95 SHolal yurio S (il Hlio  JLo @

(x-n)?
e 20’2

xOON®@m,o?): f(x)=

1
V2zo

System Identification 16
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oS i pitio S (uSilio ,lio 1 Lo anls]

— E[Xx]=n: most likely value

PS4 yo ol

E[xz] = _[ x*f, (x)dx >0 . mean of the square/ mean square

XX, Xoreon Xy —> E[ijz%ixf
i=1

System Identification 17
by Dr B. Moaveni

Polai o S Hlre Byl g (il lg

isBolal yutio S il yly

Var( = | (x-7)’ | Slsn sloko U alols j9icme (5l 5 el
n: mean of x

©

Var[x] = j(x—n)z f (x)dx = E[xz]—(E[x])2

—0

ol yuiie S lro Bl yzl

o= Nar[x] ‘ﬁoba.? o V) w-;l-.'.)b Pl
System Identification 18
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Eolai i Sy Hlao Byl g il )l
(Jlo

x: Uniformly Distributed RV
1

X, XX, > fx(x)—
X2+ X, X, + X

3
()(1_)(2)2

X
= E[x*] _[x f (X)dx = j
X
_X1+X2X1+X22_X12+2X1X2+X22_
B 3 4 T2

— Var[x] = E[x*]-(E[X])
9 eSSy 21598 o 5l il lg 9 (ke Hlado (091 palre ta g
WS oo Colas aasin 9o ool (S Sl Ho (Sdg el (S gs‘“; &y

19

System Identification
by Dr B. Moaveni

S o 23598 b (Bolai o 90

X, ¥ : Jointly Distributed RVs
Fy (X y)= P({x <X y< y})

Joint Distrbuted Function:

O°F. (X,
foy00y) = )
Y axay

Joint Density Function:

= P({x<xy< y})=J. f f, (X, y) dx dy

fL00=] ., 00) dy

: 0
f,0) = [ f, (%) dx

System Identification
by Dr B. Moaveni

20
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S o 22395 b (Holad yurio 90
S o 29395 b (Solai ko 90 (SL y vl

Eby]= [ [ f Xy el

—00 —00

X, y: Uncomelated RVs <> E[xy] =H XA § {

Y 9X il ylegs ©

Covkyl=E [k EKIN €¥1)]

Xy : Uncomelated RVs <> Covixyl=0

System Identification 21
by Dr B. Moaveni

S o 23598 b (Bolai o 90

Fowo Holai o 9o °
;‘ ..\Jg.w ® o..\.a|9.> (o 6‘9‘5[‘4’ JaRio 9O

Fy,(6y)=FXF @) = f,xy)=f0f(y)

(uncorrelated) diuwaod sl dlil Jiwn Holai o 9o )51 :as g
. * e ﬂ H

oLl i 33 51 ol

2=P(xy) — E[z]=[[wy)f, &y)xdy

—00 —0

System Identification 22
by Dr B. Moaveni
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S oo 259 b (Solal puiie 90

(Jlo
Z=X+Y = E[z]=E[x]+E[y]
— Ifx,y are uncorrelated = Var[z]=Var[x]+Var[y]
__, Ifx,y are independent
= f.(9)= I fi(z=y)f,(y)dy =f,(2)* f,(2)
x: N(n,,0?) S
y: N(n,,07) = z=x+Y is Gaussian: N(7, +7,,0} +0,)
X, y are Independent
System Identification 23

by Dr B. Moaveni

S yien 23395 s (HoLaT puicio 93

: 3 N . ‘ . °
X, y: Jointly Distributed RVs P b 259 &y

<X
where,{x1 2 are real numbers
y

Conditional Distrbuted Function:
{y<y,x <x<x|

P
Fo(yIx <x<x)=P({y<y}lx <x<x)=

P{x <X<X}
Xy
where, P{ysy,x1<xsx2}=jj f,.y (X, y) dx dy

P{x < XSXZ}:IZ f (x) dx

System Identification 24
by Dr B. Moaveni
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S o &3 595 b (Bolai ko 90
(b S alsi
T fxvy(x, y) dx

OF,(yI% <x<%) 3
oy

fy(y|X1<XSX2): %,
jfx(x) dx

X+AX

j f,(xy) dx

=X f (X, y) AX
If {Xl = f, (Y] X< X<X+AX) = < By Y)
X, = X+ AX

X+AX ~ f A
[ £,00 dx < () AX
f (X,
M0 gy x=x) = lim £ (y]x< x < x ax) =Y
A0 f(x)
System Identification 25

by Dr B. Moaveni

S oo &390 b (Bolad pudio 90

.Bayes all, °

f ’
= fy(y' XZX)ZM
f, (X) fxly=y)1,(y)
= f(ylx=x)=
o o () f, (x)
similarly: f (x|y=y)=
f,(y)
System Identification 26

by Dr B. Moaveni
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S oo 259 b (Solal puiie 90

Z=X+Yy JL""
X,y are independent ; — f,(z| x=x)="?
y[I N(0,07)
P{z<z,x=x}=P{x+y<z,x=x}=P{y<z-xx=x}
independence
= P{y<z-x}P{x=x}
1 _(z—x2>2
= f(z|x=X)=f (z—X) = e 2% 2.45
(2] )=f,(z—X%) Varo, (2.45)
System Identification 27

by Dr B. Moaveni

—>

S oo 2598 b (Bolad pudio 90

Z=X+Yy (Byaes akuly 3l sslwl) : Jlo
X, y are independent

XU N(n,,07)
yD N(nylo-i)

- f(x|z=2)="

__(zn,)
1 2(o-xz+ax2)
]

27r(0'f +0'X2)

z=x+Yy is Gaussian: N(;, +7,,0; +0;) — f,(2)=

(2-x)°
1 B 20')2,

e
N2ro,
2 27 @) (zn)? (z-m,)
f(z|x=x)f (x) Jox +o, o 2 2 Zohd])

f,(2) B V2ro,o,

System Identification 28
by Dr B. Moaveni

(245) — f(z|x=x)=

f.(x|z=2)=

14



S yidio 29398 b Bolal o 9o
(b (2L Aol

E[yIx=x]= [ ¥, (v x=x) dy = ¥(x)

—00 0

E[®()]=E[E[y|x]]= [ [ ¥f,(yIx=x)f,(x) dydx
— [ [ vh,, () dydx=[ v, (v) dy =E[]

—  E[E[yIX]]=E[y]

System Identification 29
by Dr B. Moaveni

Sloy (Bolad b puiito

Xps Xpyeen, Xy : N jointly dsitributed RVs on S

X, X (a)
X, s X, ()
vector RV x = : —==5 X(a)= :

Xy Xy (@)
E[x,]
E [X] - E [:XZ]
—> E[xy]

Cov(X) oy = E[(x— E[x])(x-E [x])T} : Symmetric and P.D.

System Identification 30
by Dr B. Moaveni
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Siloy (Bolad b yuiito

Xy, Xy,-.-, Xy N jointly dsitributed RVs on S

Fo(X) = P{X, <X, X, < Xy Xy < Xy }

o
f, (X) = —F,(x
<) OX,0X, - -+ OXy «(X)

System Identification 31
by Dr B. Moaveni

Ay Sy 5300 4 I3 50 1y GO (3o 33 S JUiius S
310 i lod goue
o X(=2), X(=1), X(0), X(@), X(2),... = x(n):ne[—o0,0]

B9 e los b g wiiwd U il o395 b (Solad gl piio b x(11) a5
N (0 dilul a8 )b g0 Solai JUSow SO

5905 11 G157 (50 325 5900 441 4y Sy (I3l JUSpus 31 Jlko

x(0), x(@), x(2),... — x(1):i>0

System Identification 32
by Dr B. Moaveni
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obai lo) yo awnnS by LK

Slasio jl eslawl b ylgh (oo 1y HBolai ylo) 50 diwns JUSKaw S
Sged By ] (Autocorrelation function)  Suwaod 3¢5 2ob

R, (0, ) = E[XOX(D] = [ [ XX fnc (X0, X()) () ()

—00 —00

i, j: integer value

o b (Swod 30 31 g 5bo (JUSan SO si.....,.,:o.:o S5 14> g

System Identification 33
by Dr B. Moaveni

x(n+1) = ax(n)

a=0 o

acR RX(I,J)=?

x(i) = a'x(0) . o " ,

i) =ajx(0)}:> R, (i, ) = E[x()x(j)] =a"E[ x(0) ]
a<o0 .

If i+j:odd}:> R, (i,])<0

by Dr B. Moaveni
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obai lo) yo awnnS by LK

x(n) : random signal Jl.w
X(i), x(j): are independent for all i, j

E[x(i)]=0, Vi

E[x()* ] i= |

R, J)= E[X(I)X(J)]={E[X(i)]E[X(j)] x|

= R(i,))=0, i#]
= there is no correlation between the samples of signal
— Random Signal is Purely Random

If E[x(i)]=c;#0, Vi = Thereis correlation between the samples.

System Identification 35
by Dr B. Moaveni

:Wide-Sense Stationary ¢l» JUSKw

()- E[x(n)]=c (aconstant value) ¥ne|—o0,x]
(2)— E[x()x(j)]=E[x(i+k)x(j+k)], Vi, jk: integer

(2) = j=i: E[x(n)’]=cte = Var[x(n)]=cte
ol 321 b WSS 50l Jimms <55 4Gl 3¥ b b dras 0
bl el Ny 6l3l 4 X(N) il ylg 9 il a5

System Identification 36
by Dr B. Moaveni
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:Wide-Sense Stationary b U

b owsS @095 b (90U (gl puiin 31 JSoiiio JUams S a2
ol owlle 9 (uilee 51 kadtd g 51wl WSS cB19isS &9 595

i) Sy B 29395 plw gl g A5 <> j0 b ol
:WSS b JLKww ples
R, (i, J) = E[x()x(])] = E[x(0)x(j -D)]=R,(0, j ~i)
S I k=j-i = R(K)=R(0,k) k=0,%1+2, ..
R.(k) =R, (k)

System Identification 37
by Dr B. Moaveni

:Wide-Sense Stationary s JUS o

(Wi 39.99) 1 JLio

WSl pho (Sl b Jiliwo (Bolai (gl piio 31 JSiidio (JUSow 55
51 10 g 1 ool WSS UKo S

E[x(n)* | =Var[x(n)] =0’ =cte

= R, (k) = c?5(K)

where, 5(k) = {; l;z(())
1S (o0 i 1290 1) §98 Clasuiio b (JUSGw 14263

System Identification 38
by Dr B. Moaveni
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:Wide-Sense Stationary b U

WSS Jl&ww 1 Jlw

x(n) = w(n) + w(n-1)

where, @(n): white noise
E[ew(n)]=0
E [a)(n)z] =0’

= E[x(n)]=E[w(n)]+E[w(n-1)]=0 Vn

= E[x()x(})]=E[(e()+ o -1)(a())+ o(j-1))]
= E[o(i)o(j) + o(i)o(j —1) + o(i Do j) + o(i ~Do(j-1)]
= E[w(i)o(j)]+E[e()o(j-1)]+E[ali -Do(j)]+E[e(i -Do(j-1)]
= X is WSS

System Identification 39

by Dr B. Moaveni

:Wide-Sense Stationary s JUS o

x(n) = o(n) + o(n-1) WSS JUSw : JLwo anls!

= E[x(@)x(j)]=

= E[o(i)o(j)]+ E[o)o(j-1)]+E ol -Da(j)]+ E[ei -Do(j-1)]
=6?[25(j—i)+5(j—i-1)+5(j—i+1)]= 02 [25(K) +5(k —1) + S(k +1)]

ST s wivmon X(]) 9X(1) (Solai (Gl ptio:azis

j=i
j=i-1
j=i+1

System Identification 40

by Dr B. Moaveni
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(Autocorrelation) Sowwod 3¢5 &by

395 & 5 oo bl po (puSileo LWSS JUSw S x(0) 551
i led (oo syl 15 Dygeo s g 00l (LIS R(K) 1y Re(K) (Ko

X(1),x(2),...,x(N): sample values of RV x(n)

N-k

5 1
R (k) =—
«(K) N 2

x(i)x(i + k), k=0,12,...,N-1

*  R(k)=R(-k), k=-1-2,...,-N+1

System Identification 41
by Dr B. Moaveni

(Autocorrelation) Swod 395 &b cposxi

09 o0 Jos ) Sygo 4 R(K) pesd Camidg U3l Helio 4
N-k

Fix(k)=% x(i)x(i +k), k=012,..,N-1
N-—

1
N i=1

r

E[x()x(i+k)]= R LK)

el Ry(K) 31 oo (bl cpmodd Sy R, (K) 4z 5o

* E[ﬁx(k)]i R (k)

il (i 5o
*  (If Now) = (ﬁx(k);Rx(k))

System Identification 42
by Dr B. Moaveni
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:(Power Spectrum) ;lg5 b

oly JE&s @b wdl yao (25ile L WSS JUSiuw S x(n) S
4,99 Jbos b oyl (power spectrum) L/ 9 (power fpectral density)
10,5 (o0 Ly y2 g Djge 4 g ol ploj 5O A

5,(67)= 3 R, (K)e " 2.67)

WS (20 ol il 38 e 1 1) JUSKw (lg (iS58 & 588 U (2
S, (e/)>0
. S, (e")eRn
properties : _
S, (e'”) is periodic fuction of e with period 27
S, (') is symmetric about @ =0

System Identification 43
by Dr B. Moaveni

:(Power Spectrum) |55 b

W S Sl jo 1y yho (Silbo LWSS wiw 3951l
x(n): white noise
= R.(K) =625(K)
= 5,e")= 3 R (ke =a{§ 5(k)eikw}

o2 plp b anls glylo wdw e Juw Oly b axs yo
B oS e ol ol 4 cuwl

System Identification 44
by Dr B. Moaveni
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:(Power Spectrum) ;lg5 b

aSCol 3l Cawl Wyle (Y.2Y) dolan o1 3500 b ol tas g8
2 R0 <0
k=—c0

$9) b3 g 1510 5,(2) ,51 ks g F10g wnles 41,8 by (pl g
Sls aslgopmls

= +«_N(2)
S,(2)=Y R (kK)z"=—== (2.69)
k:Z—oo D(z)
System Identification 45

by Dr B. Moaveni

olar JUSww g0

ksl 90 m» 51wy o8 jointly distributed Iy Solai JUSuw 9o
Aol ouly iy g2 S Sl lad S (69,

Cross Correlation function:
R, (i, J))=E[x(i),y())] i, j: integer values

R, (i, J) &b oSl wiilb WSS oLy yuiso 99 y(n) gx(n) ,51
gy ables joi Juolis 5l ol

System Identification 46
by Dr B. Moaveni
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olai s 69959 b ylo) yo ddunS b o
£ 69959 L (deterministic) dolas s potummw S Tus!
W S Sl 50 g5 yge )y (Bolad
y(n) = 3" h(n,iu(i) (2.73)

3l g s 415 gty DD a5
g & (lgsne 1) (VVF) aaly s o b puiciol i (21 )57
Sgod o33l 53

y(m) = 3 h(n—iu(i) (2.74)

System Identification 47
by Dr B. Moaveni

olai g (69959 L ko) yo L SWOV Jpp T I SV

Eolai JUKww .ol o(n) Polai (69959 <9, w21 (6999 55
) ol @yls (29,5
y(m = h(n, (i) (2.75)

Bl (50 s 43306 Gy N(NT) a5
©ygeo & Gl 1 (V.VO) auly ull oloj b pdiols s 21 551
) 3905 9934

y(n) = Z h(n—1)a(i) (2.76)

S G 30 S g Sl (Bobas i Sy @(N) asCyl s a5 b
bl a5 dlme BB V() 395 Luly,

System Identification 48
by Dr B. Moaveni




olai s (69959 L o) 50 dwnS s o

9 (Y.¥0) Lulg, olST 898 (8 0 @(n) 31 S diged g war(n) ST
Og0d (o g3l 2 Gy A (lgF (o 1, (V.VF)
y(n) =3 h(n.e() (2.77)

Al s 415 oy ML)
©ygee 4 Glaino 1) (VYY) aaly alil lo b piciol ot 21 57

) 3905 sl 1)
y(n) = z h(n—i) (i) (2.78)

ewl Y(N) (Pl piio j o bd digosi ¢ y(N) OVl ol 29,5

System Identification 49
by Dr B. Moaveni

olai g (69959 L ko) yo L SWOV Jpp T I SV

4 295 Solar e Solar Gluogas dwlxe ppo 455 Lol
ol o (n) ,_s_eoha; yico ul.u.ow 3! s:.gl.? O ygeo

30 Lanl &S Gyguo a0 ;X9 0yl 8929 (ol (| (L5 <l o Ll
(Bobal yutio Wbl (S (Bolal yutio S (6999 4 (g0
oillg g (Sl 45 09y WIS (pwsS (Bl pudite SO 35 (295
! Ao J98 T

System Identification 50
by Dr B. Moaveni
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olai s (69959 L o) 50 dwnS s o

o8 (Snad 395 @il Ao

Sl 4 o295 (99 WSS oyl (Swnod 395 2l sl jgien &
03,5 -0 WLIIWSS Solai 69,9

29 o0 P S BIBO arly 9 o) b yediol s Lol 52

M) y(n)= i h(n-i)o(i) > E[y(n)] = E{i h(n—i)a)(i)}

- E[y(m]= [Zh(n I)j [@(i)]

— BBl E[y(n)]= Ay = constant

System Identification 51
by Dr B. Moaveni

olai g (69959 L ko) yo L SWOV Jpp T I SV

5 E[y(i)y(j)]=EKi h(n—r)w(r)j[i h(j—l)w(l)ﬂ
h(l Nh(j- I)E[w(r)w(l)]
=G - I)E{a)(r+k)w(l+k)}

h(i—F+k)h(j—I +K)E[ o(N)a(T) ]

h(| r +k)a)(r)j[i h(j—F+k)a)(I_)H: E[y(i+Kk)y(j+k)]
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—Nh(k =)E[o(r)a()]

P
i i h(=nh(k -1) E[@(0)e(l -1)] (2.80)

= i i h(-=nh(k—=DR, (I -r)=h(k)*h(-k)*R, (k)  (2.81)
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R, (k)=E [@(n)y(n+k)]=E[w(0)y(k)]=E [a)(O)(i h(k — i)w(i)ﬂ

=3 h(k-DE[0(0)ol0)]
= 3 hl-DR, () = (6)*R, () (2.86)
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The material of this lecture is based on:

[1] E. W. Kamen, J. K. Su, Introduction to Optimal Estimation., Springer, 1999.
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