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“Given a set of observations, which model parameters gives a model
which approximates those up to the smallest sum of squared residuals?”
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We choose model parameters @ which explain the data as well as possible.
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(Model): What is a good set of functions { f, } which gives plausible models?

(Objective): In what sense do we need (formulate) the estimate be optimal?

(Optimization): How do we solve the minimization problem?
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1- LS : The archetypical Least Squares (LS) estimation problem solves

0 =argmin Zn:( (%))
i=1

2- WLS : The Weighted Least Squares (WLS) estimation problem
solves

é:argmoin;wi(fo(xi)_yi)z

Systems Identification
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3- TA : The Tchebychev Approximation (TA) problem

4- L1 : The L1 estimation problem solves
f=arg mginiZ:l]fH(xi)— |

5- LO : A robust approximation problem solves

0 z=0

é:argmgin;|f€(xi)—yi|o, where:: |z|0:{1 20
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Figure 2.1: An example of an estimation problem. Assume that {fy : R — R} equals the straight
lines passing through the origin, with slope # € R. Assume that there are n = 10 samples (indicated
by the black dots), with the 9th one containing a disturbance. Then the different estimators would
give different solutions: (blue dashed-dotted line): the best ¢ according to the least squares criterion
as in eq. (2.2), (red dashed line): the best # according to the TA criterion as in eq. (2.4). (black
solid line): the best # according to the Ly criterion as in eq. (2.6).
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Systems Identification 10
by: Dr B. Moaveni




L yiolyby 4y o oz @algi (5 yxe

Definition 2 (LIP) A model for {y;}; is linear in the unknowns {Hj}le if for each y; : i =
1.....n, one has given values {-“z‘j}le such that
d

Y = Z w505 + ey, (2.7)

i=1

and the terms {e;} are in some sense small. Such model ean be summarized schematically as

7" 11 ... wg| | e
=1 AIHEIEE (2.8)
Un Tl ... Xpd| |fa €n
or in matriz notation
y=X0#+e. (2.9)

where the matriz X € R"*? the vectors § € R? and e € R™ are as in eq. (2.8). In case d is 'small’
{compured to n), one refers to them us the parameter vector.

Systems Identification 11
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Example 1 (Constant Model) Perhaps the simplest example of a linear model is
v =0+ ey (2.10)

where O € R is the single parameter to estimate. This can be written as in eq. (2.7) as

ye = X0+ ey (2.11)
where x, =1 € R, or in vector form as
y=1.0+e, (2.12)

where ¥y = (y1,.. ., )T €R", e = (eq...., )T € R and 1, = (1,..., 17T € R*. Hence, the
‘inputs’ take the constant value 1. This thinking is also used in order to express a model of d inputs
Xy = xz— cR? forallt=1,..., n with a constant intercept term By given as

ye =XL0+ 0+ cr (2.13)

In matriz form one has
v=X'0+e. (2.14)
where now §' = (070,)" € R and X' = [X ln},

Systems Identification 12
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Example 2 (Polynomial Trend) Assume the output hus u polynomial trend of order smaller
than m > 0, then it is good practice to consider the model

d m
ye= il + > e =x[0+2" ()0 + e, (2.15)
k=0

7=1

where z(t) = (1,1,#%,..., ) e Rt and 0 = (6,6, 0,)T € R Again, in matriz
notation one has
y=X'0"+e (2.16)

where X = (xI',1,t...., ) and 0 = (07, 00,04, ..., g )T € Rl

Systems Identification 13
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Example 3 (A Weighted sum of Exponentials) It is crucial to understand that models which
are linear in the parameters are not necessary linear in the covariates. For example, consider a
nonlinear function

yy = (X)) + ey, (2.17)
where f: R — R is any function. Then one can find an arbitrary good approzimation te this model

m

= Z Pr(Xe) 0k + er = p(xe)0 + e, (2.18)
k=1
where {¢y, ..., dm} C{f : R — R} are an appropriate set of basis functions. Then p(x) =
(p1(x), ..., pm(x))T € R™. There ure ample ways on which form of basis functions to consider. A
method which often works is to work with exponential functions defined for any k=1,..., moas

or(x) = exp Gw) . (2.19)

Tk

where o, > 0 and xi € B? is chosen suitably. Specific examples of busis functions are the orthogonal
polynomials (e.q. Chebychev, Legendre or Laguerre polynomials). More involved sets lead to methods
as wavelets, splines, orthogonal functions, or kernel methods.

Systems Identification 14
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Example 5 (Nonlinear in the Parameters) Consider the following model for observations {y: }74
y, = asin(bt + ¢), (2.23)

where (a, b, c) are unknown parameters. Then it is seen that the model is linear in a, but not in b, c.
A way to circumvent this is to come up with plausible values {by. ..., b} for b, and {b1,..., by }
for ¢, and to represent the model as

™m

Y = Z a; ;sin(b;t 4 ¢;), (2.24)

ij=1

where the model (2.23) is recovered when a; ; = a when b; = b and ¢; = ¢, and is zero otherwise.

Systems Identification 15
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Example 6 (Quadratic in the Parameters) Consider the following model for observations {(ys, x¢) }1y
Ye = axy + ¢ + beg_1, (2.25)

where {¢;}; are unobserved noise terms. Then we have cross-terms {be;_1} of unknown quantities,
and the model falls not within the scope of models which are linear in the parameters.
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(1.20) < s(n) =Zq:91yj (n) = s(n)=y(n)é

6,,0,,...,6, constant and unknown 0=

7(n),7,(n),...,7,(n): known function of n

y)=[n0) - 7,m]
Measurments of signal: z(n) = s(n) +v(n)

3100l LNT yloj 50 Cawl O (ymosd oylone & 6(n) QUL PRE-RV- - PV
Z(l)! 2(2)1 T Z(n)

Systems Identification 18
by: Dr B. Moaveni




(Least Square Estimation) <sles po (g 308 yots

Iy 8(n) olee b gusas JUSaw olgiuso O(N) oo 63 ooy luio I eolisul b
il o0 5(N) (2319 JUSw I (S 45 S L

s(n) = y(n)4(n), (1.34)

3 Olgime O(N) 3l ooliiawl b 1SN 03l 15 1) JUK s 31 (ona 5 3lio (yuizron
eails o

§(i)=y@)0(n), i<n (1.35)
1o b O(n) cedss ,1 4 5903 &1yl ) g0 4y (Slayo £ 9000 (ylgine Jlo

(1.¥7) adasly )0 Wlasyo ggoomo abl V(i) =0, i=12,--,n goedg 2l ¢
RUNL SV PN

$.8.=[2) - 8O +[2(2) -8 +---+[2() -8 (1.36)
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05S) __opr [zn —rné(n)] =0 — TI'remn=r'z, (1.38)
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M.,Z.,=IZ +y"(n+1)z(n+1) (1.40)
rzﬂrnﬂ = 1—qr;l—‘n + 7T (n +1)}/(n +l) (141)
: : i P lo g5lw (weSae 4B jl oolaiwl b
Matrix Inversion Lemma :
-1 -1 -1\-1

(AL + A AR " = A= A A (A AR, + AR)  AuAy
rr, ] 7 (+dy(+[rir, T

1+y(n+)[TIr, ] 7 (n+D)

T -1 _ T -1 _ |:
I:Fn+lrn+l:| - [Fnrn] (142) )

7

RLS g, 3l eolasiw! b JUSKw b yiol b o

el paales (1.¥9) jo N gl 4Nl 6,0l b
. T 17
B(n +1) = I:rn+1rn+l] 1—‘n+lzn+1 (143)
il puplgs (LFF) 50 (1.F4) 9 (1.FY) 5, b

A(n+1) = O(n) + K(n)[z(n +1)—(n +1)é(n)] (1.44)

[rir, ] 7" (n+1)

K(n)qxl = -1
1+y(n+)[TI0, | 7" (n+1)

(1.45)
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=[rir, ] - Kmy(+y[rir, ] = (1 -KMy(+D)[TIr, ]

1 K(n) = Pn7T (n+1)
P :[rﬁrn] 1+ p(n+D)PyT (n+1)
" 10(n+1) =0(n)+ K(n)[z(n +1)—y(n +1)é(n)]
Pn+1 = (I - K(n)}/(n +1)) Pn
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Weighted Least Square:
om=[rw,r,] TIw,z

n n—n n n—n

Weighted Recursive Least Square :

"0 0
n-2 :

If W, = 0 aO ,0 ) 0<a <1 forgetting factor
0 e 001

[riw,r, ] 7" (n+D)

n n=n

a+y(n+)[TIW,r, ] 7 (n+D)

n n=n

[T ] =(1-Kmy+n)[rw,r, ]

K (n)qxl =
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Recursive Least Square with Forgetting Factor:

K(n) = PnVT (n+1 0<a <1 forgetting factor
a+y(n+1)Py" (n+1)

A(n+1) =A(n)+ K(n)[z(n+1)—7(n+1)é(n)]
I -K(n)y(n+1))P,
p :( v ) 4

n+1
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y(k)=-a,,y(k-)—---—a, y(k—-n+1)—a, y(k—n)+b,_,u(k 1) +b, ,u(k—2)+---+byu(k —n)

A
y(k)=[-y(k-12) - -—y(k-n) uk-1) - u(k-n)] ba:ol = (k)0
L b:O _
0="
Systems Identification 37

by: Dr B. Moaveni

V-Y o059,
T yo S5l s S o Lol

RLS,LS L;’S) MLO.D b

RLS b9y y0 byl ol Kon Jodoxi g (owyyr
adgl byl 1 oy .
Uas il 51998 o yilo andgl sladio (omw )y .
s il 5995 i yile (SLi 3L Aluno oy y .
g0l o b 31 (uwyy .

Ty 9 W g0 ad po Ol Judxi' g oy °

Systems Identification 38
by: Dr B. Moaveni

19



LS gy 3l ooliiw! b b el ymoss
x(n+1) =D, x(n) (1.54)
z(n) =C,  x(n)+v(n) (1.55)
S 55 031l 3l ooliiw! b cawl b Cdl> (rosni’ Sud L8 alieo
20, 2(2), -, z(n)

S 39 Olg (o 1) (1.0F) dolro Cowl pdy (wgSre @ (g yilo 4l 3 L
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x({)=®™x(n), i=12-n (1.56)
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z(:2) _ Cx:(2) N v(:2) _ Cd):‘"+2 X(n) + v(:2) (L57)
z(n) Cx(n)| |v(n) C v(n)

—>  Z,=Ux(n)+V, (1.58)

Cigd ) D90 A (ylgF (oo |y Ol po & oo JIU Azl yo

S$.8.=[2,-U x(m] [Z, -U,x(n)] (1.59)
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x(n=[uju, Uz, (1.61)
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C
Co . . -
O,=| . |+ observability matrix = U,=0,0""
co™
— #(n=0"'[0]0,] 0]z, (1.67)
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K(n+1) = dX(n) + K(n)[2(n+1) ~CDR(n)]
PCT

K(n)=—""—
") 1+CPC’
P, =®[I-K(nC]P®’

n

P, =0"[0]0, (@)
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