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Lecture 4

Setecting the Mode/
wd Selecting the lapat

Y(z) b(z) b,,2""+b, 2"+ +h
U@) a(z) 2"+a,, 2" +--+az+a

Y(z')  bzt+b, 244z "

U (Z_l) B 1+ an712_1 4ot alzl—“ + aoz—n

Y(Zil) = b"’1271+bn—2272+"'+bozin
UED Tratera e

ir_)y(k);a";1 y(k-1 g, y(k—n+1)—670 y(k—n)+bn7,1u(k—1)+b"7,2u(k_2)+...+l10u(k_n)
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y()=-a,, y(k-1)—---—a y(k-n+1)-a, y(k—n)+b, u(k -1 +b, ,u(k —2)+---+byu(k —n)

B
y(k)=[-y(k-1) - -y(k-n) u(k-1) - u(k-n)] b?: =y(k)o
0="?
Systems Identification 3
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y=hy*xu+ hox*xe

‘.SJL»;LM M‘;S o Jd.o ubuu‘ %ml )y
8 y(k)-0.8y(k—1) = u(k —1) +e(k)
8,0 y(k)—0.8y(k 1) =u(k —1)+e(k)—0.8e(k 1)

u: N(0,0%)
e: N(0,4%)

U h1 ) Yy

€,u are uncorrelated = u,v are uncorrelated

Systems Identification
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5,0 y(k)—0.8y(k —1) =u(k —1) +e(k) u: N(0,0%)
S, y(k)—0.8y(k-1) =u(k —1) +e(k)—0.8e(k -1) e: N(0,2%)

-1 -1
z yA
= o Y= U+ —€
1-0.8z 1-0.8z
00,5 (o0 Lasl Gl Slo SR 50 gl ) s j3 1)
Z—l
= 0,. y=—T—Uu+e
1-0.8z
Systems Identification 5
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Parameters True Values Model 1 Model 2
a -0.8 -0.7935 -0.5733
b 1 1.0130 0.9693

e For System I, the model structure is identical to the model of the
processes. Thus, the parameters converged to the real parameters.

s For System II, the model structure is different from the actual model.
The estimated parameters had a bias.

Systems Identification 6
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y(k)+ay(k —1) =bu(k —1) +e(k) +ce(k —1)

y(k) = —ay(k —1) + bu(k —1) +e(k) +ce(k —1)
v(t)

y(k)=[-y(k-1) u(k —1)]{:} +e(k)+ce(k 1)
v(t)
y@ -y(0)  u(0)

Y| _y:(l) u(:l) [Z}e(k)me(k-l)

ey wen) o

Iy

y(n)
—
Zn
Systems Identification 7
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Z =T 0+v = 'l 0=I'"Z

Syk-1)  -Yyk-Duk-1| =D yk-Dyk)
N i k=1 k=1 i é: lr(]zl
Suk-Dyk-) (k-1 > u(k-D)y(k)
18, 1 1 |
ISR S ykeDuk-D | | yk-Dy(K)
= k=1 k=1 é — k=1
SEYuk-Dyk-D) I (k- LS ut-y
Systems Identification 8
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%Zn: y? (k1) —%Zn:y(k -Du(k-1) _%Zn:y(k ~-1)y(k)
_— k=1 k=1 é: k=1
S uk-Dyk-D Ik LS ut-y

E[v'(k-D] -E[u(k)y)] é_{—E[y(k—l)y(k)]}
—Eluty®)] E[wk-D]| [ E[uk-1y()]

Systems Identification 9
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y(k) +ay(k —1) =bu(k —1) + e(k) +ce(k —1)

E[y*(k)]= E[(—ay(k “1)+bu(k —1) + e(k) + ce(k —1))2} -
=a’E[y* |+b’E[u® |+E[e® |+¢’E| e |- 2abE [y(K=Du(k ~1)]
_2aE Mk)] —2acE[y(k-1)e(k ~1)]+ 2bEW(I?)]

+2bcE [u(k%n] + 2cET§cts)egk\—1)] 0

0 (0]
E[y(k-De(k—1)]=E[e(k —De(k —1)] = 22

b’c? +(1+c?—2ac)A?
= E[y’(K)]= (1_a2 )

Systems Identification 10
by: Dr B. Moaveni




y(k) +ay(k —1) =bu(k —1) +e(k) +ce(k —1)

E[y(k)u(k)]=0
E[u(k)u(k)]

2
O

E[y(k-1)y(k)]=E[ y(k-1)(-ay(k —1)+bu(k —1) +e(k) +ce(k —1)) | =
b’c? +(1+c¢* - 2ac) A°
=—-aE[y(k-Dyk-D]+cE[y(k-De(k-1)]=ci’*-a T

—ab’c’ +(c—a)(l-ac) A’
1-a’

Systems Identification 1
by: Dr B. Moaveni
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y(k)+ay(k —=1) =bu(k —1) +e(k) +ce(k -1)

E[y(k)u(k -1)] = E[u(k —1)(-ay(k —1) +bu(k -1) +e(k) +ce(k —1)) | =
=-aE[u(k —1)y(k -]+ bE[u(k —Lu(k -1)] =bo?

| b’o? +(1+¢? —2ac) A° ~ab’c? +(c—a)(1-ac) 2’
= 1-a Vo= 1-a’
0 o’ bo?
. —c(1-a%) 2’
d=a+
= b2c? +(1+ ¢’ —2ac)/12
6 =b Systems Identification 12
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y(k) +ay(k —1) =bu(k —1) +e(k) +ce(k —1)

—C (l—az)ﬁ2
b2c? + (1+ c?- 2ac)/12

"

‘Importance of selecting the "model structure

Systems Identification 13

by: Dr B. Moaveni
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A general description of a SISO LTI system:

y(k) = z hrut—r + Z gret—r
=0 =0

=(1+hlz*1+---+hrz*+---)ut +(1+ g,z et gTz*T+---)et
LTI s S5 Joe (gly ooy Sl gla,lis L

FIR(m,):
Y, :(b0 +bz7 +- b, 2™ )uk +e, =B(z")u, +¢,

Systems Identification 14
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ARX(m_,m,): “Auto-Regressive model with eXogenous inputs”

A(Zil)yk = B(Zil)uk +€

where, A(z)=1+az"+--+a,z ™
B(z")=by+bz"+--+b 2™

_B(@?) I
AzH ¢ Az

Y

e
1
A
y
—{ 21—
A
The ARX model structure

* The noise influences the outcome in a nontrivial way. This is typical for situations where
the disturbances come into the dynamical systems at earlier stages, i.e. the noise shares some

important aspects of the dynamics with the influence of an
Systems Identification
by: Dr B. Moaveni

input.
15
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ARMAX(m,,m,,m,): “Auto-Regressive model with eXogenous inputs and
Moving Average model for the disturbances”

Az ™M)y, =B(z )y, +C(z e,

where, A(z7")=1+az" +--+a,z "™
B(z")=b,+bz " +---+b, ™
C(zh)=1l+cz " ++c, 2™

_ B(z‘l)u +C(z‘l)
AzYH ¢ A

Yy

e
€
A
R
A

The ARMAX model structure

* The dynamics of the noise are parametrized more flexible than in the ARX model

Systems Identification
by: Dr B. Moaveni
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OE(m,,m,.): “Output Error model”
B(z* ¢
z
K= ( 71) Uy +& u B Y
A(z™) 3 (D
The output error model structure

where, A(z7")=1+az" +--+a,z "™

-1 -1 _
B(z")=b, +bz" +---+b, 2™
* This model is often used in case the noise comes only in at the end-stages of
the process to be modeled: it does not share many dynamics with the input.

Systems Identification 17
by: Dr B. Moaveni
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BJ(m,,m,,m,,m,,m;): The general fractional representation of a polynomial model is
refered to as a Box-Jenkins (BJ) model.

B(z™") C(z™

Az Yy, = U, + e
( )yk F(Zil) k D(Zfl) k e
c
where, D(z*)=1+d,z""+---+d, 2™ D
FzH=1+fz '+ f 2™
( ) + 1 + + mg u E r+\ 1 y
F ~ A

General model structure

* The dynamics of the noise are parametrized more flexible than in the ARX model

Systems Identification 18
by: Dr B. Moaveni
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State Space Model :

x(k +1) = A(0)x(k) + B(Q)u(k) + w(k) EE\‘:"(?))V"TV“()‘;);R'}((;)

y(k) = C@x(k)+v(k) E(wOV (1)=R,,(6)
FBaile el 8) allS il 5l ool L
R(k+1,6) = AR(K, 6) + Bu(k) + K () [ y(k) —CA%(K, )]

Algebraic Riccati Equation(ARE) :
P - <1>[Pw‘ ~P.CT(CP.CT + R)’lcpgg}qf +IQr"

K, =P.C"(CP.C" +R)

Systems Identification 19
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State Space Model :

R(k+1,6) = AR(K, 6) + Bu(k) + K (k) [ y(k) —CAR(k, 6)
= Y(k,0) =C(O)R(k, 6) = C(6) (2! — A(6) + K(K)C(O)A(®)) " (Bu(k) + K (K) y(K))

Innovation:
y(k) =9 (k,0) =C(0) (x(k) - A(O)x(k, ) )+ v(Kk) = e(k)

R(k +1,0) = A@)R(k, 0) + Bu(k) + K (k)e(k)
y(k) = C(O)A)R(k, 0) +e(k)

= y(k) =(CO)AW®) (21 - A®))  BYu®)+(1 +C(O) A©) (21 — A®)) " K (K))e(K)

H(z,60
G(2.0) 1 is ARMAX model 29

Systems Identification 20
by: Dr B. Moaveni
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A general description of time —series

y(k) = Z g.6_, = (l+ glzf1 o492+ .)et
=0

MA(m,):  Moving Average model
Y =C(z e,

* Such an all-zero model is useful to model signals with power spectra which
have sharp valleys toward zero.

Systems Identification 21
by: Dr B. Moaveni
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AR(m):

* Such an all-pole model is useful to model signals with power spectra which
have sharp upward peaks.

Systems Identification 22
by: Dr B. Moaveni
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ARMA(mM,,m,): “Auto-Regressive Moving Average model”
C(z™)
Yo = = &
A(z7)

ARIMA(d, m,, mc) ;. “Auto-Regressive Integrated Moving Average model”
(1-2) Az )y, =C(z e,

d=1 - AZY)(Y,~Y.)=Clz Ve,

Systems Identification 23
by: Dr B. Moaveni
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©99,9 Oloxe a4 aly (65959 ;5 ool

u: step - o,: y(k)—0.8y(k—1) =u(k —-1) +e(k)
e: N(0,4%) 0, Yy(k)—-0.8y(k—1) =u(k—-1)+e(k)—0.8e(k —1)

1Sk A s

Parameters True Values Model_1 Model_2
a -0.8 -0.7908 -0.0107
b 1 1.0419 5.0470

fowl onid | Kan o28ly sl ol )b 4 pgo Jow sl (g5l dcds ami 1> 5
§ ol gjlo s 1ol I b1 s

Systems Identification 24
by: Dr B. Moaveni
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u: step, amplitude=o .
et N, 1) So* gN’U..

y(k)+ay(k —1) =bu(k —1) +e(k) +ce(k -1)

E[y' (k-] —E[uk)y(k)] é_[—E[y(k—l)y(k)]}
“Euk)y®)] E[wk-D]| [ E[uk-1y()]

Systems Identification 25
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E[y:()]=E [(-ay(k “1) +bu(k —1) +e(k) + ce(k —1))2} -
=a’E[ y* |+b’E[u’ |+ E[e® |+ c’E[ €’ |- 2abE [y(k —Du(k ~1)]
_aE Mk)] —2acE [y(k —1)e(k —1)]+ 2bEW(k)]
+2bcE [u e(K-1)]+2cE[e k—-1)] 0
(e=De(l- O [et9e(k - )

E[y(k -De(k —1)] = E[e(k —De(k —1)] = 4>
E[y(k-Duk-1)] Steaiysme%a — oS
(1+c*—2ac) A

1—a?

= E[y'(k)|=0"S"+

Systems Identification
by: Dr B. Moaveni
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E[y(Ku(k)]= oS
E[u(k)u(k)] = o2
E[y(kuk-1)]=07S

E[y(k-1)y(k)]=E[ y(k-1)(-ay(k —1) +bu(k —1) +e(k) +ce(k -1)) | =
=-aE[y(k -1)y(k -1)]+bE[y(k —~Du(k -1)]+cE[y(k -De(k -1)] =
(1+ ¢’ - 2ac)/12

:—3[0'252+ 5
l1-a

J+bo-282 +cA? =
, (c-a)(1-ac)a?
1-a’?

Systems Identification 27
by: Dr B. Moaveni

e bwlbcds wss 1,9 48 (68959 LSl Coodl (wy p

c(lfaQ) N 1—a
- b=b—-—be——F——
1+ c2 — 2ac 1+ c2 — 2ac

e The estimates

a=a

sFor §1, c=0 and
a=-0.8 _ . _
h=1 consistent with numerical results

s For §5, c=-0.8 and

a=20 )
b= g — § ~ consistent with numerical results
1+a
—
hat th i b i | i d
- Note that the s.s gain 1+a is correctly estimated.

s Complete agreement. Results are independent of the calculations!

Systems Identification 28
by: Dr B. Moaveni
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693,5 Oloe 4 4 05 (5999 5 eslinl

u: impuise 6,1 Y(k)-08y(k-1)=u(k-1)+e(k)
e N(0,1) 5, y(K)—=0.8y(k —1) = u(k —1) +e(k) —0.8e(k 1)

16w Al S

Parameters True Values Model_1 Model_2
a -0.8 -0.8083 -0.0022
b 1 2.6802 1.9588

Systems Identification 29
by: Dr B. Moaveni

SO o2
0,5 b sy (pl o & ol
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