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Abstract—Spatial shaping of magnetic fields at low frequencies has various applications in biophysics such as magnetic
drug targeting, magnetic innervation, and hyperthermia. In this letter, for a given arbitrary one-dimensional magnetic
pattern, the spatial spectrum is calculated by Fourier series. It is shown that a set of regularly spaced coils realizes a
controlled sinusoidal base pattern, that is, a typical spatial mode, along a target line parallel to axis of the coil array. Hence,
multimode sets were employed simultaneously to synthesize the fundamental spectra of the desired pattern. In a specific
mode, each coil’s center and radius are specified by the corresponding spectrum, while the current is proportional to the
Fourier coefficients. Every coil set was fabricated on a thin dual-layer printed circuit board and then mounted on each
other. An excellent agreement between the analytical solution and experiment results was obtained using the five modes
of the spectrum. The proposed setup is simple to realize, electronically reconfigurable, and allows for fast analysis.
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I. Introduction19

Spatial patterning of magnetic (H ) fields is referred to as form-20

ing fields as a function of coordinates in space. Although near-field21

patterning of high-frequency electromagnetic fields (from hundreds of22

megahertz to gigahertz) usually has been realized by phase array anten-23

nas, such a technique cannot be used at low frequencies because every24

two different observation points have the same phase [Balanis 2012].25

The arbitrary subwavelength patterning still remains a challenging26

subject among various applications in biophysics, such as magnetic27

hyperthermia [Hergt 2004, Laurent 2011, Bellizzi 2015], magnetic28

drug targeting through a blood vessel [Cherry 2010, Tehrani 2014,29

Hajiaghajani 2017], magnetic innervation and neuron rehabilitation30

[Roth 1990, Ruohonen 1996, Davey 2000, Haan 2014], and wireless31

power transfer for implanted devices [Jian 2016, Sun 2016]. Addi-32

tionally, the technology is essential for low-frequency imaging [Lee33

1993], and biasing of reconfigurable and graphene-based structures34

[Sung 2004, Castro 2007, Xiao 2007].35

In recent research, coil arrays have played a considerable role in36

focusing of magnetic fields [Gao 2015, Choi 2016]. However, the37

analytical approach to find the coil currents is often an unwieldy and38

time-taking procedure [Markley 2008].39

This letter proposes a fast technique for controlling the spatial pat-40

tern of magnetic fields. We consider the spatial spectrum of a desired41

one-dimensional (1-D) pattern and discuss the fabrication and place-42

ment of a coil array in order to realize each spectrum separately.43

Simultaneous usage of these arrays produces multiple spatial spectra.44

The arrays are fed by currents whose values are found by using the45
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Fourier coefficients. The similarity between the desired pattern and the 46

realized profile is quantified and employed to enhance the synthesis 47

accuracy. Applicability of this method is validated by both simula- 48

tion and experimental implementation. The setup includes five sets of 49

coils mounted above each other. The desired 1-D sample pattern is 50

synthesized at a distance of 1 cm from the coils. 51

II. Spatial Patterns in Terms of the Fourier Series 52

In this section, f (x) is assigned to the arbitrary H field pattern and 53

is considered to be synthesized along the x-axis. Assuming that f (x) 54

is well behaved on the domain set [0, L], it can be expanded by the 55

Fourier series as follows [Kreyszig 2011]: 56

f (x) = 1

2
a0 +

∞∑

n = 1

{
an cos

(
2πnx

L

)
+ bn sin

(
2πnx

L

)}
(1a)

where the coefficients are calculated by 57

an = 2

L

∫ L

0
f (x) cos

(
2πnx

L

)
dx, n = 0, 1, 2, . . . (1b)

bn = 2

L

∫ L

0
f (x) sin

(
2πnx

L

)
dx, n = 1, 2, 3, . . . . (1c)

In practical and engineering subjects, the series contains finite 58

modes (n varies from 0 to N ). Throughout this letter, we refer to 59

the Fourier reconstruction of the N th order by f̃ . We aim to realize 60

the base sinusoidal profiles by using coil arrays and finally synthesize 61

f̃ on set [0, L]. 62
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Fig. 1. (a) Circular curve’s geometry. (b) Typical sets of coils whose
magnetic pattern is greatly similar to a sine function. (c), (d) Combination
of stacked sets to respectively realize odd (sine) and even (cosine)
sentences of the Fourier representation of the desired magnetic field
pattern.

III. Realization of the Base Functions63

In the previous section, f̃ was expanded in terms of sinusoidal bases64

as a function of x . Here, we aim to realize the sentences appeared in65

(1a) by connecting each sinusoidal mode to an array of subwavelength66

coils. The magnetic quasi-static fields produced by a circular coil67

(with equiphasic approximation and the wavenumber much lower than68

unity) of radius R which runs current of I (phasor notation) is obtained69

by [Griffiths 1999]70

�H (x, y, z) = I

4π

∫

c

−→
d�′ ×

(
�r − −→

r ′
)

∣∣∣�r − −→
r ′

∣∣∣
3 (2)

where �r and
−→
r ′ , respectively, represent the vectors of observation point71

and point on the circular curve c [see Fig. 1(a)]. Assuming the coil is72

centered at the origin, the produced Hz (z component of the magnetic73

field, i.e., the dominant component) is obtained by substituting the74

observation point along the target line y = z − z0 = 0 into (2)75

Hz (x, 0, z0) = I

4π

∫ 2π

0

R2 − Rx cos ϕ′

(x2 + z2
0 + R2 − 2Rx cos ϕ′)1.5

dϕ′. (3)

76

Hz peaks at x = 0 (beneath the coil’s center). If z0 ≥ R, the an-77

alytical solution acquired by discretization of this elliptic integral is78

noticeably similar to one sine lobe with a spatial wavelength of 4R. The79

similarity is still established even if z0 is marginally smaller than R.80

To realize a single-mode sinusoidal pattern function sin(2πnx/L)81

Fig. 2. Synthesis of various sine modes along a line placed 1 cm
beneath the coils. Solid and dashed lines indicate the produced field
and the corresponding sinusoidal mode, respectively. Patterns are valid
between [0, L = 10 cm]. The correlation values (between the sine func-
tion and the realized field in valid intervals) are marked. The distortion
only in the first mode is made, since z0 is lower than R1. Although the
distortion will affect the accuracy of the synthesis, it is acceptable due
to its high correlation. We accept marginally lower accuracy of the first
mode at the expense of not losing the field’s amplitude in higher modes.
It is shown the guard coils produce additional sine lobes out of the valid
region and enhance the correlation within the valid interval.

on the target line y = z − z0 = 0 within 0 < x < L , an array of 82

2n + 2 coils, all with the radius of Rn(= L
4n ) and centered at 83

((2i − 1)Rn, 0,
g
2 (−1)i ), i = 0, 1, . . . , 2n + 1 is proposed where g is 84

the very minute distance between two adjacent coils in the z-direction. 85

Axis of the coil array is parallel to the target line. Coils lie on the z- 86

plane and run same current (In) but in the opposed direction relative 87

to the adjacent coil, in order to interpret positive and negative peaks 88

of the sine function [see Fig. 1(b)]. The two guard coils (peripheral 89

coils corresponding to i = 0 and 2n + 1, which are placed out of the 90

set [0, L]) are essential to form a clear sinusoidal spatial shape within 91

the set. 92

Under this combination, the resultant perpendicular magnetic field 93

of the nth mode is obtained by the following series: 94

Hn =
2n+1∑

i=0

(−1)i+1 Hz

(
x − (2i − 1) Rn, 0, z0 − g

2
(−1)i

)
(4)

Substituting (3) into (4) reduces to a pattern of magnetic field, which 95

shows remarkable likeness to function sin(2πnx/L) within [0, L]. 96

To show this similarity for a typical mode n, the normalized cross- 97

correlation criterion defined by 98

σ (A, B) =
∫ L

−L

(
A − Ā

) (
B − B̄

)
dx

√(∫ L
−L

(
A − Ā

)2
dx

) (∫ L
−L

(
B − B̄

)2
dx

) (5)

is employed, where X̄ = 1
2L ∫L

−L Xdx . As σ approaches to 1, the 99

similarity between functions A and B increases. The sinusoidal pattern 100

of Hn becomes distorted when z0 is much lower than Rn . On the other 101

hand, the amplitude of the magnetic field reduces dramatically by 102

increasing z0. According to (3), this becomes important especially for 103

higher modes, where R becomes smaller. 104

The first four modes of Hn are depicted in Fig. 2 for z0 = L/10. 105

At such distance we attain both 1) an acceptable correlation between 106

Hn and sin(2πnx/L) with σ > 0.95 and 2) lower amplitude loss. 107

Nonetheless regarding the application, one can adjust the distance 108



IEE
E P

ro
of

IEEE MAGNETICS LETTERS, Volume 8 (2017) 6508904

marginally in order to reach greater synthesis accuracy or lower am-109

plitude loss.110

Using the proposed array, a sinusoidal magnetic field pattern was111

realized. We aim to find In , such that the resultant Hn (as a function112

of x, n, and In) becomes equal to a typical sine function of (1a). To113

this end, (3) is substituted into (4) to derive114

In ×
2n+1∑

i=0

(−1)i+1

4π

∫ 2π

0

R2
n − Rn(x − xi ) cosϕ′

((x − xi )2 + z2
i + R2

n − 2Rn(x − xi ) cosϕ′)1.5
dϕ′

= bn sin

(
2πnx

L

)
(6)

where xi and zi (∼= z0) are respectively the x and z components of115

center of the i th coil in the array [an and bn are known by (1)]. The116

high correlation values for various modes show that the left-hand side117

of (6) behaves like the sine function on the right-hand side; thus,118

the resultant In is proportional to bn . The simultaneous usage of multi-119

ple sine modes (i.e., summation of multiple modes of Hn) realizes sine120

sentences of (1a). Fig. 1(c) depicts the general setup for synthesizing121

the sine modes.122

Similarly, the discussed method holds true for the cosine sentences123

of (1a). To this end, centers of the coils of each mode must be shifted124

toward the +x direction by Rn . Therefore, these coils are centered at125

(2i Rn, 0,
g
2 (−1)i ), i = 0, 1, . . . , 2n as shown in Fig. 1(d). In this126

case, the resultant Hn realizes an cos( 2πnx
L ) and currents are found by127

an analogous approach. Additionally, for a0 �= 0, a long rectangular128

coil with a length of L (in the x-direction) and small width (e.g., 4 cm129

in the y-direction) centered at (L/2, 0, z0) would produce a constant130

magnetic pattern. A detailed analysis of radiation from an oblong131

rectangular coil is available in Jackson [1999].132

It was shown that coefficients of the Fourier series (denoted by133

cn , which is an or bn) are linearly proportional to the currents that134

ran on their corresponding modes. In order to adjust the amplitude135

of the induced magnetic field by the entire setup (Htot), first, the136

amount of all currents should be scaled (multiplied by α0) according137

to the magnitude level of the required field. Second, the coil sets138

are stacked and each set is distanced by zn from the target line. In139

order to compensate the effect of small vertical displacement, currents140

of each mode should be modified anisotropically (multiplied by βn).141

Accordingly, current of coils in the nth set is obtained by142

In = α0 βncn, cn = an or bn . (7a)

The exact value of (α0βn) can be obtained from (6). As a simple143

rule of thumb, regarding the coil radius, βn can be found separately144

by substituting a peak’s coordinate of Hn (e.g., (L/4n, 0, 0)) in (6).145

Therefore146

βn
∼=

(
Rn

2 + z2
n

Rn
2 + z2

0

)1.5

(7b)

which is the ratio of the current of displaced set at zn to the current of147

fixed set at z0. It is observed that for larger coils (with lower orders148

of the Fourier spectrum), these vertical displacements do not make149

noticeable effect and βn
∼= 1.150

It should be noted that coils can be fed by nonsinusoidal wave-151

forms (e.g., with a frequency modulation in imaging, tomography,152

etc.) as long as the bandwidth of the current signals lies within the153

subwavelength frequency span.154

Fig. 3. Synthesis of a high gradient triangular-shaped sample pattern.
(a) Fabricated coils on PCBs and the measurement setup. To ease the
measurement, the setup and spacer were rotated. The gridded spacer is
not shown. (b) Correlation value reflects the optimum distance between
the target line and the setup (N = 5). To attain the highest synthesis
accuracy, the bottom frontier of the setup must be placed 1 cm (L/10)
above the target line. (c) Results of simulation and measurement for
magnetic fields for N = 5 on a line 1 cm beneath the coils. The solution
is only valid between [0, L = 10 cm]. Under this situation, the peak of
5 A/m at 250 kHz was measured by the probe.

IV. Setup Fabrication and Validation 155

Here, we discuss the design procedure of the pattern synthesizer 156

setup. Each mode was fabricated on a dual-layer printed circuit board 157

(PCB) with the thickness of 0.5 mm. Top and bottom layers of each 158

board were connected at one point by a via in order to behave like 159

contactless loops [see Fig. 3(a)]. Because of series coils in each set, 160

the number of sources is dramatically less than the number of coils; 161

this is recognized as a certain advantage of this device. Given a sample 162

triangular pattern, the reconstructed function by the Fourier series ( f̃ ) 163

was calculated [as shown in Fig. 3(c)]. In order to eliminate Htot at 164

x < 0 and x > L , one can expand the spatial period L , define a new f 165

with zero fields around the old pattern, and then follow the synthesis 166

procedure. 167

The calculation of correlation between f and Htot for five coil sets 168

shows that the most accurate pattern is synthesized at z0 = 0.1 L (see 169

Fig. 3(b); same result was obtained for various values of N and L). In 170

addition, the correlation values between f , f̃ , and Htot along the target 171

line y = z + 1 cm = 0 for various Fourier orders (N ) are compared in 172

Table 1. 173

As expected, it is found that to reach a greater correlation, one may 174

employ higher order Fourier modes. We chose N = 5 and mounted 175

the five contactless boards on each other. This subwavelength structure 176

is able to work from dc to hundreds of MHz; however, we fed layers 177

by in-phase currents at 250 kHz (a common frequency for modern 178

hyperthermia [Golovin 2015]). The currents were found based on the 179
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Table 1. Effect of number of the coil sets in the setup (N ) on σ . Func-
tions and fields are truncated for x = [0, L = 10 cm]. Target line was
placed 1 cm beneath the setup.

N σ ( f, f̃ ) σ ( f, Htot)

4 0.9307 0.9284

5 0.9438 0.9333

6 0.9528 0.9331

Table 2. Calculation of the currents applied to each layer for N =
5, L = 10 cm, z0 = −1 cm, and α0 = 0.44.

n Rn (mm) zn (mm) bn (A/m) βn In (mA)

1 25 –12 0.636 1.09 306

2 12.5 –11.5 –0.318 1.19 –167

3 8.33 –11 0.212 1.19 111

4 6.25 –10.5 –0.158 1.11 –77

5 5 –10 0.126 1.00 56

Fourier coefficients, distance of the target line, coil radius, and scaling180

coefficients, and are represented in Table 2. Using a resistive current181

divider circuit, expected currents were imposed with a tolerance of182

±12 mA. The experimental setup is shown in Fig. 3(a).183

A small multiturn loop with a radius of 3 mm and connected to184

a spectrum analyzer was used as a magnetic probe to measure the185

near field’s amplitude. Also, the probe was connected to an oscillo-186

scope to identify the field’s polarity. The target line was structured187

by a polystyrene planar spacer with the thickness of 1 cm and was188

gridded. The probe was positioned centered over the target line, and189

manually scanned over the axis of the coil arrays in 5 mm steps. With190

a good dynamic range of 41 dB (from the pattern’s null to peak), the191

desired and measured patterns were in a very good agreement, with192

the correlation value of up to 0.92.193

Since the proposed scheme is free of magnetizable parts (e.g., iron194

cores, ferrites, etc.), no magnetic saturations occur. Therefore, the195

amplitude of the pattern can be maximized regarding the maximum196

tolerable temperature of the boards. The amplitude can be increased197

by using cooling systems and particular PCB substrates.198

V. Conclusion199

A new approach to design and fabrication of a magnetic pattern200

synthesizer was proposed and validated by simulation and experi-201

ment, as well. Since the conventional patterning techniques such as202

phase arrays cannot be generalized to subwavelength instruments, the203

design procedure presented in this letter, for the first time, follows an204

analytical straightforward approach by rewriting the arbitrary linear205

pattern in terms of Fourier spatial spectra. A coil array was introduced206

to realize each spectrum. In order to enhance the pattern’s resolution,207

more Fourier modes and hence more sets of coils should be employed.208

The magnetic fields were spatially shaped from dc to hundreds of209

megahertz. The setup is easy to fabricate on PCBs, requires a signif-210

icantly low number of current sources, and free of unwieldy current211

calculation. The proposed technique will find applications in magnetic212

particle imaging, tomography, magnetic drug targeting, and magnetic213

field scanners by sweeping the setup and record induced fields.214
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