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 ��*��>� �7
M � p .� /T �N	- M �# �H ��� A��#�7 /<�$�� X K ��L +K .�#�V/� _A��#�7
p .� E$<�\L p : (−ε, ε) → M A�/'='� � Z �H K�<�$7 K�% �� +##�L/� � �*�
�/'* w$@�7 X A��#�7 J�$�� .� �P�O A�-��#�7 �7 [��	� A�-��#�7 �H #��# #�
�

�H #��# #�
� p(�) = p � p A�/'='�

p∗

(
d

dt

∣∣∣
t

)
=
dp

dt

∣∣∣
t
= X(p(t))

i A��#�7 J�$�� ��+, �
@

K�<���/� J�'� p Q�O (x, U) /��h4n� /-�T4�# ���� /*Y�� /@�7 X J��
�H K �@/� ��Z#� +#�@ �:4'� x(U) ∈ Rn A�� �7 X JZ S
�� �7 �H �K�'H p�>�
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��4"�� +$@�"< /'*� �7 α : M −→ N ���	- 67�� A��7 ��� ?
	� α∗X /%H ���O �#
K�'H � �*� K�<���/� �$@�7 KN�D����U& # α �L�

(α∗X)q = α∗ α−�(q)(Xα−�(q)) � (α∗X)q := α∗(Xα−�(q))

/<�$�� �Ek � �7+_� �� ��N�a �N�< �
;� ���� ���	- α(M) �7 αastX �
' � W�:=�
Ǳ�.� �7 �H #��# #�
� f : x(U) −→ Rn /*7�� +K ��# x(U) ⊂ Rn �7 x∗X A��#�7

A� q �-

(x∗X)q = f(q)q ∈ TqRn

c = x ◦ p /'='� +fn(q) � · · · �f�(q) .� $'���"g (x∗X)q A�-�&���� ��T # 1��"g �7
p∗

(
d
dt

∣∣∣
t

)
= X(p(t)) /'*� �7 dpdt = X(p(t)) {�@ 1��P ? � �# +$ ��T7 �]< �# ��

? ��7�'7 +���

dc

dt

∣∣∣
t
= x∗p∗

(
d

dt

∣∣∣
t

)
= x∗(X(p(t))) = (x∗, X)x(p(t)) = (x∗X)c(t)

�K�'H E#�&4�� c A��$:� −Rn 67�� /��	*� W4;� [ �	< A��7 c′(t) #�	< .� �L� �eV
E�#�� �
@ �7 �� X�7 A��N� E�T<Z

c′(t) = f(c(t))

c : R −→ R
n 67�� A��7 ��N<��& # ��#�*� M .� A�E#�� Q��� ? � +�@�< J���/�

K���/� 1X#�*� E�T4�# M �7 �K�N �'7 ci 1�h4n� SNO �7 ��<Z �L� �H ����

ci
′
(t) = f i(c�(t), · · · , cn(t)) i = �, · · · , n

A.�rZ c ��@ �H K�% �� �E�G*7

ci(�) = xi(p)

JZ ���#a $' �L/� ��#�*� .� zA��LQ��T4<�y �� 1X#�*� �<�T' � �O $<�� +$@�7 ���C�7
JZ ?�D�t .� �f : R −→ R �H c′(t) = f(t) E�#�� ���O �O A��7 �H $@�7 ? � $ �@
zA�-Q��T4<�y �� $' Z/� ��$7 S���� ? � �7 �H / �-^��
 +_#�@/� �4D�L Q��T4<�
p : (−ε, ε) −→ /'='� +#��# #�
� 1�OG>P� ? � .� /;n7 K- .�'- +$'��</� ��#�*�
$3�kl ?�H �% X $��% (��)�
� 0�=�� �� dp/dt = X(p(t)) � p(�) = p �7 M

]V���
0� p(�) = p
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\!�: ��Q m0!��)�
� $�K0�=�� G��Q 0	��B	 # ��7# 0�>�  8 �21 ^�R 3� �A1
]V	��.0� �W
 �� �� `��

�% @���� \!�: ��  � R ��% �% c 0�=�� ���� �� c′(t) = −(c(t))�  8 !��"�
f(a) = �5�	� �� ]��H0�  �H�
 dy/dx = −y� P��>  % y : R −→ R n%�� o�:

J\�� �	3 P��>  %  !��"� G	� �: ����
���� a#� ]−a�

dy

−y�
= dx ⇒

∫
dy

−y�
=
∫
dx ⇒ �

y
= x+ c ⇒ y =

�

x+ c

&#�% # �C��9��� �� 6�D�� G	� ]����K ;��7 c(t) = �/(t+ c) $�K0�=�� mG	��%��%
y′ = f ◦ y P��>  % �� T�H T���  8 !��"� ]��� +�5
� &���0� p�% q=%  % &�H �����

rF m\H�
 &���0�(
�

t
◦ y

)
.y′ = �

$��_ C  � F (y(x)) = x + c �
! # (F ◦ y)′ = � T�)
l mF ′ = �/f �.� �
! #
c(t) = ��H s�, 0��	�% mc(�) = a  8 �!#� ?�H  % (�<: $��% ]G�� T��S!� # \%�t
;��7 m\!�: G	� �� ]\�� \��� a = � 45% Pp�:  8�K �� G	� ]�/(t + �/a)

$�K0�=�� m$����% $�K&���� &�%3  % c $�K0�=�� ]\�� u∀t : c(t) = �v \���
]����K X(a) = −a� d

dt

j
X(a) = −a� d

dt $����% &���� J�]' �BH

45% X 3� 0!��)�
� 0�=�� w�K m��H0� c	�"� R �� �% X  � 0!�: �� m����  7��
G	� ��H0� ]���.0� c	�"� &l 3� 0NS% �% �L�� # ��H0�
 c	�"� R �� �% c(t) = �

��H0�
 $��� \!�: G	� �%  � ]X(�) = �  � \�
�� o�I� G	� 3� q"A�� �� 6�D��
x�4% 0,�� T3��
�  % $�K t  8�K $��% c(t) = �/(t+ �/a) 0�=�� m� < a �.� ]���
$�� 3� ]���0�
 ��>  % T�.w�K 0!# ��H0� @	�4
 ��>  % t→ α 0�1# # ���.0�
 % 0�=�� m��H0� x�4% ����% $����% &����  B�	� ��!�  % mt → −�/a 0�1# m�)	�
3�% mV��� ^�>� ��> 0)	���K �� �� $����% &���� �.� 0�: ]���0� ��� \	�L��%

]��H0�
 @	�4
 ��>  % 0�=�� \�� \��� p�% q=% VK
 % ���	� ]��� T�K�N� �� $�)	� ���,� &���0� c′(t) = c(t)�/�  8 !��"�  8 "!�I� �%
#� mc(�) = �  8 �!#� ?�H �% ]\H�
 &���0� dy/dx = y�/� P��>  % @���� �BH
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0�"	 m���� c��S� ;��7

�) ∀ t : c(t) = � �) ∀ t : c(t) = t�/��

]\��
 �	
F���
���	� a = � �� # \�� f(a) = a�/�  8I%�D �% f n%�� m\!�: G	� ��
0	��B	 ��� m��H 0�  5��
 0	��B	 m\�� C� ��� 3� f : U −→ Rn n%�� 0�1# o�k�
f�> 4��H y�! ?�H �� U �% f V�e�.0� 0���> �� ]\�� ��$�1 0�� ?�H G	� 3�

 � ���. \,�	 &��Q $� k  � ���0�

∀x, y ∈ U :
∣∣∣f(x)− f(y)

∣∣∣ ≤ k
∣∣∣x− y

∣∣∣
\��
 $� K w�K �C �_ z���0�
 f�> 4��H y�! ?�H�� f(a) = a�/�  � ��H  7��
��	3 m�H�% ���1�%

∣∣∣f(x) − f(�) ≤ k
∣∣∣x∣∣∣ $#����
 ��> 0B	�4
 �� x �K Ǳ�3�  %  �

0�#4! ��� m\��  ����F m4��H y�! n%�� �K m �̂D#  % limx→�± x�/�

x = x−�/� → α

��� 3� n%�� �K m�)	� $�� 3� ]Xf(x) =
∣∣∣x∣∣∣ m�C h�Y ]�H�% �	
F���
���	�  � ����


?�H �� ma� I9
 �K 3� $�0)	���K �� m0�"	 m\�� 4��H y�! 0"D�� P��>  % C�

�K  � \�� GH#� mT#�_  % ]��H0�  5��
 'g� V! 3� G	� ]���0� f�> 4��H y�!
]\�� ���
��� m$���
���  8_��5� �K �% 4��H y�! n%��

j
f(a) = a�/� n%�� �����
 J�]' �BH

����<� � ���� 8���9: &!;

$��� $�K�2, ���� �� T��� 0�!  % ���
���	� Pp��"� $��% 0	��B	 # ��7#  8 �21
]���� 3�A
 ����

�5�
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0L� ��k ���� $��� $�2, @	 (M,p) V	��. ��&�'(�� �	� ���� �����
��H0� \,�	 &��Q � < C < � $��_ m0�"	 m\�� s�A9
� f : M =⇒M # m\��

 �

∀x, y ∈ N : p(f(x), f(y)) ≤ c p(x, y)

\%�t  I9
 f n%��Y f(x) = x  � ���� ��7# ���% �<=�� $� x ∈ M mP��> G	� ��
]X���� ���% �<=��

 % �� {xn}  8 !�A
� # x� ∈ M V	��. ]\��  ����F f �̂D#  %  � ��H  7�� 23�*4�
m�)	� P��A_  % ]V���0� c	�"� xn+� = f(xn) �BH  % Ǳ��9���

xn+� = fn(xn) = f ◦ f ◦ · · · ◦ f︸ ︷︷ ︸
��7n

(x�)

 5��
 �� # p(xn, xn+�) ≤ Cn p(X�, x�) V	��� Ǳ��9���  % ��% mP��> G	� ��

p(xn, xn+k) ≤ p(xn, xn+�) + · · ·+ p(xn+k−�, xn+k)

≤ (Cn + · · ·+ Cn+k−�)p(x�, x�)

] lim
n→α

(Cn+· · ·+Cn+k+�) = � G	��%��% m\�� ��)�K
α∑

n=�

Cn 6��5� mC < � &�Q

f 0)����F ]x = lim
n→α

xn  � \�K $� x �
! # m\�� 0H�� {xn}  8 !�A
� m 5��
 ��
 � �K�0� &�N


f(x) = lim
n→α

f(xn) = lim
n→α

xn+� = x

� ]\�� +��� &�K�% #
]V	��)% ��B% n%��� 3� 0>�<S% $�K�2, $��% s�A9
� V! 3�  � V�
l �% &����
 8�K  8_��5� T�)
l mT��N, X # �H�% $��� $�2, (M,p) �.�  � V	�H0� �#l��	

c	�"� �% σ ��� �% $��� \�� 0	�2, f : X −→M  ����F n%���

σ(f, g) := sup
x∈X

p(f(x), g(x))

M �.� mT#�_  % ]\�� T��N, X ��H s�, ����
 0�#4! m�H�% ���
�� M  |
��Q
$� �21 �C���� VB: G	� ]��% �K��� ���� 4�
 �	�7 $��� $�2, T�)
l m�H�% ����
��!�  %  B�	� G��|�K # m\��  ����F m ����F n%��� 3� �BH @	 �: �	�.0�  � \��

�5�
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$� _��5� �	3 M �.� T}	�% ]���� ��7# lim
n→α

fn(x) $� x �K Ǳ�3�  % mM &��% ����
���� �	3 ��� �% f : X −→ M  ����F n%���  8�K  8_��5� T�)
l m�H�% Rn 3� T��N,

J\��∣∣∣∣∣∣f ∣∣∣∣∣∣ := sup
x∈X

∣∣∣f(x)
∣∣∣ �H σ(f, y) :=

∣∣∣f − g
∣∣∣

P�9�N� # �	
F���
���	� n%��� 0�	4)	�7 m���
���	� Pp��"� �: �� �� 0�>� $}������
T�)
l m�H�%  ����F f : U −→ Rn # U ⊆ Rn �.� ]\�� �K(��)�
� #  ����F n%��� �%
� ��.  % $�T3�% �%  � α : (−b, b) −→ U  ����F n%�� 0���> ��  � \�� GH#�

O%�# � �� m��H0� c	�"�

(�) α′(�) = f(α(t)) α(�) = x

(��)�
�  8 !��"�  � ���0� f�>

(�) α(t) = x+
∫ t

�

f(α(θ))dθ

P��>  %  � \�� $���9� −Rn n%�� @	 3� 0!��)�
� mX�Y (��)�
�  � m�H�% ���1�%
mrB"!�% ]���.0� c	�"� VK 3� ��7 P��>  % &l $�K �!�8� 3� @	 �K 3� $��.(��)�
�
G	��%��% ]\��  ����F �
! # \�� �	
F���
���	� α T�)
l m��� f�> X�Y �� α �.�

�
! # m\��  ����F 4�
 α′ = f ◦ α

α(t)− x = α(t) − α(�) =
∫ t

�

α′(u)du =
∫ t

�

f(α(u))du

f : $� ����F n%�� �.� ]\�� 3��
 T��� o	�9� @	  % �L�� m0�>�  8 �21 P�At� $��%
$��% ]

∣∣∣ ∫ ba f(u)du
∣∣∣ ≤ k(b − a) T�)
l m��� f�>

∣∣∣f ∣∣∣ ≤ k ?�H �� [a, b] −→ Rn

# m\�� \��� \%�t n%��� $��% VB: G	�  � ��H  7�� \�� 0,�� m6�D�� G	� P�At�
P�At� �%�1  ����F n%��� $��% T�)
l # m���.0� \%�t 0�:��  % VK $� �F n%��� $��% �
!

]\�� [a, b] �% $� �F n%��� �BH @	 �: m ����F n%�� �  � ��Q m\��

3�% U ⊂ Rn  � m\�� T��S!� 0"%�� f : U −→ Rn V	��. ����� �����
6�"H  % B̄�a(x�)  8 ��% $�.  � \�� $��_ a > � 4�
 # x� ∈ U V	��. ]�H�%0�

 � ���� s�, ]���.0� ���1 U �� �C���� x� �� 4��� # �a

�) B̄�a(x�) �7 |f | ≤ L

�) ∀x, y ∈ B̄�a(x�) : |f(x)− f(y)| ≤ k|x− y|

�,I
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 � ���� ;�S�
� $��R �� b > �

�) b ≤ a/L

�) b < �/k

���% �<=�� $� αx : (−b, b) −→ U @	 mx ∈ B̄a(x�) �K Ǳ�3�  % mP��> G	� ��
 � ���� ��7#

α′
x(t) = f(αn(t)) , αx(�) = x

V	��. ]\�� \%�t rF G	� 3� # T��S!� x ∈ B̄a(x�) V��� s�, 23�*4�

M =
{
α
∣∣∣ ��� �4���V α : (−b, b) −→ B̄�a(x�)

}
S α 0�5�� mα ∈ M �K Ǳ�3�  % ]\�� ���� $��� $�2, @	 M mP��> G	� ��
f &�QY ]V���0� c	�"� S α(t) = x +

∫ �
�
f(α(x))du P��>  % (−b, b) �% ��

 ����F S α 0�=��  � \�� GH#� ]X���� ��7# (��)�
� m\��  ����F B̄�a(x�) �%
V	��� $� t ∈ (−b, b) �K Ǳ�3�  % mT#�_  % ]�H�%0�

|S α(t)− x| =
∣∣∣ ∫ t

�

f(α(u))du
∣∣∣ (�)
< bL

(�)

≤ a

]|Sα(t)−x�| < �a $� t ∈ (−b, b) �K Ǳ�3�  %  � V	��.0�  5��
 m|x−x�| ≤ a &�Q
rF

∀ t ∈ (−b, b) : S α(t) ∈ B�a(x�) ⊂ B̄�a(x�) _�+, a

]S : M −→M G	��%��% #
P��> G	� �� ]α, β ∈M V��� s�, (�:

∣∣∣S α− S β
∣∣∣ = sup

t

∣∣∣ ∫ t

�

f(α(u))− f(β(u))du

(�)
< bk sup

−b<u<b

∣∣∣αu− βu
∣∣∣ = bk

∣∣∣α− β
∣∣∣

 � V	��.0�  5��
 ���� $#����
 G	� 3� mbk < � \�� T�H s�, XX�Y  % ��%Y &�Q
J0�"	 z��� $���% �<=��  I9
 S m 5��
 �� ]\�� 0D�A9
� S : M ⇒M

]α(t) = x+
∫ t
�
f(α(u))du  � \�� ���% �<=�� α : (−b, b) −→ B̄�a(x�) @	

�,�
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V! @��  % 0�:  B�% ]�	�.0�  �21  � \��
 $4�Q &l �C9�1� G	� m(�: G	� �%
J\�� T�N
 \%�t �	3 ��M�1� VB: 3��K ms�A9
� VL�

J���0� f�> �	~ ?�H ��  � \�� βc(−b, b) −→ U �L�� α \H�)


β(t) = x+
∫ t

�

f(β(u))du

���1 B̄�a(x�) �� �C �_ $� β G��Q �K  � V	�H0� �#l��	 J\�� G��Q VB: G	� ��!�
__�+, Y ��Y �C A1 ]V	��)% �W
 �� �� t > � ���_� ���%� ]B�a(x�) �� 0�: # ����

K ��# � ≤ t < b �7 t �- Ǳ�.� �7 �H $@ �]OG�

β(t) = x+
∫ t

�

f(β(u))du ∈ β�a(x�) (��� .�7 A�L) _!+, a

J��7 �7 �/'* +β(u) ∈ B̄�a(x�) K�@�7 �4@�# � ≤ u < t �7 u �- Ǳ�.� �7 �H /t�@ �7
QX$4�� .� J�'H� +β(u) ∈ B�a(x�) K�@�7 �4@�# � ≤ u ≤ t �7 u �- Ǳ�.� �7 ��T #

K ��L +K�'H/� E#�&4�� sup �7 /'4"�

A = {t
∣∣∣� ≤ t < b, β(u) ∈ B�a(x�)A� u ∈ [�, t)}

K ��# � ≤ u < α �7 u �- Ǳ�.� �7 p�Y� �7 +α < b $�'H R�D +α = supA K ��L
? � .� �p�Y� �7 +β(α) ∈ B�a(x�) K ��# _!+, a �7 �'7 �e�� β(u) ∈ B�a(x�)

�β(α+ s) ∈ B�a(x�) M��H /D�H E.�$<�7 A�- s > � ��	- Ǳ�.� �7 �H #�@/� �d�4<
A��7 /07�;� QX$4�� supA = b /4N �7 eV +��� #�B� �# α = supA R�D �7 �H

+��� ��
� �7�C −b < t ≤ � ���O
#��� #�&7 �h='� /'='� J�	- ���� �4
 �H s �@�T< αx �7�x ��>:< �6	
 �#
� +��� �� ��]4<�

/*	
 ����� �7 �"N< α′(t) = f(α(t)) ��N<��& # �� �#�*� A�-^��
 �H #�@ �
��
E�T<Z �β(t) := α(t� + t) #�@ R�D �L� �/'* $<��/� �7�x ��4����V �#

β′(t) = α′(t� + t) = f(α� + t) = f(β(t))

�� �BC / �4
 �	NC o�4NL A��7 A�E9�T<� ��4
< ? � +��� ^��
 M 9�< β �\� �
+��� !+!+,

�- #�L /'* ���� 94�@ ��� �j*Y�� f : U −→ Rn $�'H R�D ����� �����
A� k Ǳ�.� �7 !+!+, �� �BC .� _!a {�@ �# JZ �7 f �H #��# #�
� A�L M U .� �>:<

�,!
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+_$'H/� �$P _�a {�@ �# 9�< �n;� A� L Ǳ�.� �7 �\� �a $'H/� �$P ��n;�
�α�(I), α�(I) ⊆ U �H $'4N- .�7 I A�E.�7 �7 �@�T< �# α� � α� � x ∈ U K ��L

α′
i(t) = f(αi(t)) αi(�) = x i = �,�

+I �7 α� = α� 1��P ? � �#

K�'H � �*� �s<�'� +t� ∈ I M Ǳ�.� �7 α�(t�) = α�(t�) $�'H R�D 23�*4�
$''H/� �$P $O�� ��N<��& # ��#�*� M �# βi 67��� E�T<Z �βi(t) := αi(t� + t)

βi(�) = α�(t�) = /'* a ��� /
 9�< �0<Z �� ���� c ��@ � _β′
i(t) = f(βi(t)) /'* a

β�(t) = K ��# ��+!+, �� �BC �7 �'7 �/D�H E�.�$<�7 A�- t Ǳ�.� �7 �? ��7�'7 +_α�(t�) ∈ U
�g�	d� ? � p�Y� �7 +��� .�7 {t ∈ I

∣∣∣α�(t) = α�(t)} ��g�	d� ��d�4< �# +β�(t)
� +��� I �7��7 �\� � ���� /0� ��r � �4N7
�αx(t) A�d7 α(t, x) ?4@�< �7 +K #�L/� .�7 !+!+, �� �BC �# ��*Y� �7 Q�O

�@�T<

α : (−b, b)×B − a(x�) −→ U

�# �H #�@/� �P�O

α(�, x) = x ,
d

dt
α(t, x) = f(α(t, x))

�# d/dt � ∂/∂t #�	< .� S%r� ��� �D� α(t, x) = f(α(t, x)) 6C�� �#� +$'H/� �$P
A��7 _/*Y����@ � a /*Y�� A�%D �� α �@�T< ? � +�K�'H/� E#�&4�� #���� �<�L ? �
K�<���/� �@�T< ? � KNd� A��7 �H A��H ? �407 +K���</� (−b, b)×Ba(x�) �# f
E�T<Z �y = αx(t�) �L� +��� αx Q��T4<� A�-/'='� �� �h� K���� �K�-# ��d<�
/'='� �7 �4����V ����� M �7 �0'� �αx(�) = x A.�rZ {�@ �7 αx Q��T4<� /'='�
�7 +$'4N- W">'� K- �7 ? ��7�'7 � �$'H/� 1��&� αy(�) = y .� A.�rZ αy Q��T4<�
�# �j��	� −b < t < b �7 t �→ α(t, x) �@�T< ��7�x eV ? � .� � E��n�# x �- Ǳ�.�
E�T<Z �K ��# E�T< �7�x �� t �L� ��T # A�� .� +#��# ���C x .� E$<�\L /'='� .� /;n7
/'='� #�$4�� �# A� x ��>:< �- JZ c��� �H #�@/� �P�O x �→ α(t, x) �@�T<
? � �7 �4;�7 �
�� A��7 +$'H/� �H�O /<��. $O�� t E�.�$<�7 �JZ .� E$<�\L Q��T4<�

�K�-#/� J�;< ϕt #�	< �7 �� JZ ��@�T<

ϕt(x) := α(t, x) = αx(t)

�,2
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i 5+, �
@

J��'g �7 �/'* a ��� �4���V α ��@ �H 6C�� �# +��� �4���V E���	- �@�T< ? �
+_x � t SNO �7 /4@�T<

α : ��@ E�T<Z �$@�7 94�@ ��� �j*Y�� f : U −→ Rn �L� ����� �����
+��� �4���V �$@ p�>� !+!+, �� �BC �# �H (−b, b)×Ba(x�) −→ U

�7 �K�-#/� J�;< Sx #�	< �7 �� !+!+, �� �BC 1�"x� �# E$@ /D�*� S �@�T< 23�*4�
K ��# �1��P ? � �# +#�@/� ���n;� x [:< ��H ? �∣∣∣αx − Syαx

∣∣∣ =
∣∣∣Sxαx − Syαx

∣∣∣ =
∣∣∣x− y

∣∣∣
�$@�7 Sy ���
� ��7 n �T; �	< Sny �L� +

∣∣∣Sα− Sβ
∣∣∣ ≤ bk

∣∣∣α− β
∣∣∣ �H K �@/� ��Z #� 

E�T<Z∣∣∣αx − Sny αx

∣∣∣ ≤
∣∣∣αx − Syαx

∣∣∣ +
∣∣∣Syαx − S�yαx

∣∣∣ + · · ·+
∣∣∣Sn−�y αx − Sny αx

∣∣∣
≤ (�+ bk + · · ·+ (bk)n− �) |x− y|

≤ �

�− bk
|x− y|

n→ �7 Sny α $O �7 Sy �@�T< αy �7�x ��>:< ��+!+, �� �BC �7 �'7 �H K �@/� ��Z#� 
? ��7�'7 � αy = lim

n→α
Sny αx 1��P ? � �# +��� �7��7 α

∣∣∣αx − αy

∣∣∣ ≤ �

�− bk
|x− y|

+��� E$@ �7�x α /T4���V S���� ? � �7 �
∣∣∣αx−αy∣∣∣ = supt

∣∣∣α(t, x)−α(t, y) J��
�

#�
� α A���	- 1�"x� J�
�� �K�'H ��	=� f �@�T< �7 A�4;�7 c ��@ �s<�'�
α : (−b, b) × ��@ E�T<Z �$@�7 Ck �GH .� f : U −→ Rn �L� 6C�� �# +#��#

+��� Ck �GH .� 9�< Ba(x�) → U

�,5
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� \V��N<��& # A�-$%&�'� �7 A���$:� ^�4H �# +��� ���@# ���N7 ��BC ? � ��<�&��j4�
1�=&P �# ?�'s	- +��� E$@ p�>� JZ .� M��GH /��"x� �_��# [ �� �a v<X �x�
�� *��>� A��7 +��� E$@ p�>� ��$ $
 /��"x� 9�< v<X �x� ! 9���<Z ^�4H �2� �� �!�
�� |�<�7�J�- �� �BC ���@ |�<�7 A� �BC Q�P� �$47� �H ��� �.X ����@# 1�"x� ? �
A� �BC ���@ �$�'H �*��>� �� |�<�7 A�-�BD �# ��N<��& # ^�NO e�� � $�'H �*��>�
�� *��>� .� ��H ? � �Q�O ? � �7 +_! 9���<Z .� �!� �� �2 1�=&Pa /'	Y � J���� 67��
A�-�BD (�h) �# /��gGt� ���H ��	�� .� eV �/4O �a ��� ���O�� M��GH 1�"x�

+_$ �E#�	< SNH 9�< �� �0<Z �# ��N<��& # ^�NO � |�<�7
�$@�7 Cα ���	- f �L� �H #�@ �
�� +K � \V/� 1�"x� J�$7 �� K
O ? � c:D ��

+$'4N- Cα ���	- 9�< ϕt A�-�@�T< ��	- E�T<Z
�$'H/� �$P α(�, x) = y {�@ �# α : (−b, b)×Ba(x�) −→ U �@�T< J��

K ��#

α : {�} × B̄a/�(x�) −→ B̄a(x�) ⊆ Ba(x�)

#�
� J�'� A� ε > � �H #�@/� �d�4< {�} × B̄a/�(x�) /L#�;D � α /T4���V .�
�H #��#

α : (−ε, ε)×Ba/�(x�) −→ Ba(x�)

i
,+, �
@

|t| < �H A� t �- Ǳ�.� �7 x A.�rZ {�@ �7 Q��T4<� /'='� E�T<Z �x ∈ Ba/�(x�) �L�a
Ba(x�) �7 α(s, x) ��>:< E�T<Z �x ∈ Ba/� �

∣∣∣s∣∣∣ < ε �L� eV _+��� 6C�� Ba(x�) �#
K�'H � �*� K�<���/� �\� � ���� W%*4�

∂(t) := α(t, α(s, x)) |t| < ε

�,,
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�?�'s	- +$'H/� �$P ∂(�) = α(s, x) � ∂′(t) = f(∂(t)) c ��@ �# �@�T< ? �
�# 9�< β(t) = α(s + t, x) �@�T< �

∣∣∣s + t
∣∣∣ < ε �H A� t �- Ǳ�.� �7 �H K ��# �
��

K ��# |t| < ε �7 �j4d�4< +$'H/� �$P β(�) = α(s, x) � β′(t) = f(β(t)) c ��@
α(t, α(s, x)) = E�T<Z �|t|,

∣∣∣s∣∣∣, ∣∣∣t + s
∣∣∣ < ε �L� �T # J��7 �7 +β(t) = α(t, α(s, x))

ϕt(x) := α(t, x) 1��P �7 �� ϕt : Ba/�(x�) → R
n �@�T< �L� Q�O +α(s + t, x)

ϕt(x) ∈ Ba/�(x�) � |t|,
∣∣∣s∣∣∣, ∣∣∣t + s

∣∣∣ < ε �L� �H K�8�T7 K�<���/� �K�'H � �*�
A�

∣∣∣s∣∣∣ < ε �- Ǳ�.� �7 �H $-#/� J�;< Ek �7 ? � +ϕs(ϕt(x)) = ϕt+s(x) E�T<Z
�H / �-u=7 ��	- J�� +��� ϕ−s �7��7 ϕ−�

s JZ J� ��� � ��� KN�D����U& # ϕs
�0<Z ��	- �H �D�L �d�4< J���/� �A��4
< � � 1�"x� }�- J�$7 �$<#�7 /*Y�� K�4@�#

+$'4N- b�=P 9�< $%&�'� #��� �#

? � �# +p ∈M � ��� M �7 ���	- A��#�7 J�$�� M X K ��L ����� �����
�h='� A�� �#�L �H $<��# #�
� J�'� A� ε > � � p ���@ V .�7 A��g�	d� �1��P

�#��# #�
� � . (��) � |t| < ε �7 ϕt : V → ϕt(V ) ⊆ N �-KN�D����U& # .� #�&7

+��� Cα ���	- ϕ(t, p) := ϕt(p) ��>7�Y �7 ϕ : (−ε, ε)× V −→M _�a

+ϕs+t(q) = ϕs ◦ ϕt(q) E�T<Z �q, ϕt(q) ∈ V � |t|,
∣∣∣s∣∣∣, ∣∣∣s+ t

∣∣∣ < ε _!a

��#�7 J��'g �7a ��� ��	� t �→ ϕt(q) /'='� �7 t = � �# Xq E�T<Z �q ∈ V _2a
+_��	�

/%H ���O �# �@�# ��]4<� J���/	< �H $'-#/� J�;< �K #�H p�>� Gj "C �H / �-Q���
J�
� ? � /4��O �# +##�L � �*� M �H �7 ϕt � � #�@ � �*� �- t ��	- Ǳ�.� �7 ϕt
{p ∈ M

∣∣∣Xp �= �} ����% P��>  % \��� �� X $����% &���� ��=� +#��# #�
�
]V���0� c	�"�

T�)
l mX�H�% T��N, M �.� mT}	�%Y �H�% T��N, ��=� �% X �.� ����� �����
X�Y # X�Y mX�Y `��� �% ϕt : M → M $�KV��,����U�	� $� t ∈ R �K Ǳ�3�  %

]�
��� ��7#

�%  � mV�
�H�F0� Vn # · · · mV� 3�%  8_��5� 0K���� $���"� �% �� X ��=� 23�*4�
K ��L +$<���'4� ϕnt � · · · �ϕ�t A�-KN�D����U& # � εn � · · · �ε� �7 ,+!+,  8 �21 MAR

�,�
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ϕit(q) = A� q ∈ Vi∩Vj �- Ǳ�.� �7 / �4
 �7 �'7 �H #�@ �
�� +ε = min{ε�, · · · , εn}
K�'H � �*� K�<��4�� eV +ϕit(q)

ϕt(q) :=
{
ϕit(q) q ∈ Vi �L�
q q �∈ SuppX �L�

E�T<Z |t|,
∣∣∣s∣∣∣, ∣∣∣t + s

∣∣∣ < ε �L� � ��� ���	- ϕ : (−ε, ε) × M −→ M p�Y� �7
+$'4N- KN�D����U& # �- ϕt .� M �- � ϕt+s = ϕt ◦ ϕs

��� b�=P A#$g k �H t = k. ε
�

+ r �K�N �</� �|t| ≥ ε A��7 ϕt � �*� A��7
K�'H/� � �*� J�'H� +

∣∣∣r∣∣∣ < ε
�

�

ϕt =
{
ϕε/� ◦ · · · ◦ ϕε/� ◦ ϕr (ϕr �7ϕε/� �� kS�H��) k ≥ ��L�
ϕ−ε/� ◦ · · · ◦ ϕ−ε/� ◦ ϕr (ϕr �7ϕ−ε/� �� − kS�H��) k < ��L�

� +��� �]< #��� E�$<��<�) J�	- {ϕt} �H #�H W�:=� J���/� /4O�� �7

8�$(H�
*���O��� #� 8����*�P F� @��E )!;

.� t �→ ϕt �@�T< ���W�C# � ��+!+, �� �BC �# E$@ /D�*� {ϕt} #�&7 �h='� ��  �#�L
$���� A�0	N�D����U& # .� A�4����V−� E� �L �� M A�-KN�D����U& # ��	- E��L �7 R

−� E��L M �7 ���� /*Y�� �H ,+!+, �� �BC ���O �# +K���</� X c��� E$@
$��� �� X A��#�7 J�$�� +K���/� /*Y�� A�-KN�D����U& # .� /*Y�� A�4����V
�� A��#�7 A�-J�$�� �E�L$ # ? � �#a #�@/� E$���< 9�< {ϕt} E�#��<�) M��H � �0'�7

+_$'��</� M��H � �0'�7 1G $"�
f : M → R ���	- 67��� �7 Xq �	g ���� �7 �� ,+!+, �� �BC �# _2a {�@

�H K �@/� ��Z#� �#�H J��7 J���/�
dc

dt
(f) = df

(c(t))
dt

= (f ◦ c)′(t)

? � �7 ���# ���� t = � �# t �→ ϕt(q) /'='� �7 ��	� ��#�7 Xq �
' � �? ��7�'7
�H ��� /'*�

(Xf)(q) = Xqf = lim
h→�

�

h
(f(ϕh(q)) − f(q))

�� �BC .� �4'� A���BC ���n4�� �# �JZ E�#�&4�� ?���� +��� A#�7��H ���N7 ��#�*� ? �
A��#�7 A�-J�$�� �7 {�"��� �# 1�"��=� .� A���N7 J#�H E#�� J�
�� �H ��� ,+!+,

+#��# 9�< /	0� A�]< A�-#�7��H � �#.��/� K-��D ��

�,3
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? � �# +X(p) �= � � ��� ���	- A��#�7 J�$�� M X K ��L ����� �����
+U �7 X = ∂/∂x� �H #��# #�
� J�'� p #�T7 (x, U) /��h4n� /-�T4�# �1��P

1�h4n� E�T4�# �7a M = Rn K�'H R�D K�<���/� �H #�@/� �]OG� /L#�� �7 23�*4�
X(�) = K�'H R�D K�<���/� �E�Gg �7 +p = � ∈ Rn � _(t�, · · · , tn) #��$<�4��
�h='� Q��T4<� /'='� M � .� /T �N	- M �# �H ��� ? � 1�"x� E�$ � +∂/∂t�

∣∣∣
�

.� E$<�\L /'='� �7 q �L� m#�\L/� (�, a�, · · · , an) ��>:< �- .� �H #��# #�
� #�&7
/<�. E�.�7 .� � q �)Z �4n� n − � A��7 an � · · · �a� .� �$@�7 �4@�# ���C �>:< ? �
+K�'H E#�&4�� K�<���/� �4n� ?���� J��'g �7 ��� 6C�� JZ �7 q �H A�/'='� �7 ��]<

��>7�Y �7 X �@�T< � $'H $���� �� {ϕt} E�#��<�) X K�'H R�D ��]'� ? � A��7

X(a�, · · · , an) = ϕa�(�, a
�, · · · , an)

i
�+, �
@

Ǳ�.� �7 J�'H� +$ ��T7 �]< �# �� #�@/� � �*� � ∈ R .� /T �N	- M �# �H
K ��# a = (a�, · · · , an)

X∗

(
∂

∂t�

)
(f) =

∂

∂t�

∣∣∣
a
(f ◦ x)

= lim
h→�

�

h
{f(x(a� + h, a�, · · · , an))− f(x(a))}

= lim
h→�

�

h
{f(ϕa�+h(�, a

�, · · · , an))− f(x(a))}

= lim
h→�

�

h
{f(ϕh(x(a) − f(x(a))} = (Xf)(x(a))

K ��# �i > � �- Ǳ�.� �7 E�Gg �7

X∗

(
∂

∂ti

∣∣∣
�

)
(f) =

∂

∂ti

∣∣∣
a
(f ◦ x)

�,�



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

"� �B�
. � S,2� 5�; ��)*�
��+ ��+��� � 8��+
. D���� ; ���

= lim
h→�

�

h
{f(x

∣∣∣
�

, · · · , h, · · · ,�)− f(�)}

= lim
h→�

�

h
{f(�, · · · , h, · · · ,�)− f(�)} =

(
∂

∂ti

∣∣∣
�

)
+��� ?�
��< X∗� = I �H $-#/� J�;< ? � �R�D �7 �'7 X(�) = ∂/∂t�

∣∣∣
�

J��
J���/� � .� /T �N	- M �# /��h4n� /-�T4�# J��'g �7 �� x := X−� ��d�4< �#
J���/� /4O�� �7 �H ��� ���� �]< #��� /��h4n� E�T4�# J�	- ? � +�D�L �]< �#
�7 Q#�*� ����# ? � �H ���� ���C�7 X∗(∂/∂t�) = X ◦ X �� �#�*� �H #�	< W�:=�
� +��� X = ∂/∂x�

�� Q���- � R�1� 5!;

�
' � +��� ����	%� (Xp) = lim
h→�

�

h
{f(ϕh(p)) − f(p)} �� �#�*� .� E#�&4�� ?���#

�	g � �*� J�
�� �#�# b�Y�� J���/� Gj ��H ϕh A�-KN�D����U& # SNO �7 �� Xf
? � /��q �7�;� J#�H J� �	< A��7 +#.��/� K-��D Q��'� ?�	- �7 �� �T # Ǳ��@� �7 X
�� LX f +K�-#/� J�;< LX f #�	< �7 �� Xf �H K�'H/� .�rZ #�#���C ? � �7 �K�-�&�
1��P �7 p �# JZ ��$:� �H ��� A�T # 67�� ? � mK���</� X �7 �"N< f _/�a W4;�

(LX f)(p) = LX f(p) = (Xf)(p) = Xp(f)

A��#�7 J�$�� �$@�7 ���	- J� ���H A��#�7 J�$�� M w �L� Q�O +##�L/� �"��=�
1��P �7 X �7 �"N< w /� W4;� ��'7 A$ $
 J� ���H

(LX f)(p) = lim
h→�

�

h
{(ϕ∗

h w)(p) − w(p)}

��Z#� +��� T ∗
hM .� /hn;� Ǳ�Bg� $O LX w �S���� ? � �7 +K�'H/� � �*�

E�T<Z �Xp ∈ TpM �L� �H K �@/�

(ϕ∗
hw)(p)(Xp) = w(ϕh(p))(ϕ∗

hXp)

�#��# #�
� $O ? � E���	- �H _� �� ��N�a #�# J�;< J���/� E#�� Gj ��H /�X$4�� �7
+��� C∞ ���	- LX w �#�@/� � �*� S���� ? � �7 �H /<� ���H A��#�7 J�$�� �
��
O� � ##�L �"��=� b �P ��>7 1�h4n� SNO �7 �� A��#�7 J�$�� ? � ���#� �#

�#�H K�-��) ���n4�� /0 $7 ��
O� 1��P �7 �� ��H\�

�,�
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1��P �7 �� X �7 �"N< Y /� W4;� �$@�7 �T # A��#�7 J�$�� M Y �L�

(LX Y )(p) = lim
h→�

�

h
{Yp − (ϕh∗Y )p}

.� /P�) ���O �Q���D ? � �# E$@ �-�� ϕh∗Y A��#�7 J�$�� +K�'H � �*� K�<���/�
α : M −→ KN�D����U& # �- A��7 �hD ? � A�$47� �# �H ��� α∗Y A��#�7 J�$��
(ϕh∗Y )p = ϕh∗(Yϕ−h(p)) ��d�4< �# +$ #�L � �*� M �7 Y A��#�7 J�$�� �- � N
p �7 ϕh∗ c��� ���#� �# �H �#�@/� ��0� ϕ−�

h (p) = ϕ−h(p) �# Y ��$:� ?��*� �7
+��� E$@ E#�# �;L�7

J���/� LX w � LX f �7 ��M #9< ���N7 � q u=7 �7 �
�� �7 �� LX Y � �*�
E�T<Z �$@�7 N #�7 �7 A��#�7 J�$�� Y � KN�D����U& # α : M −→ N �L� +�N<�#

1��P �7 �� M �7 α∗Y A��#�7 J�$��

(α∗Y )p := (α−�)∗(Yα(p))

Q�O +��� (α−�)∗Y J�	- ���# α∗Y �H ��� ?@� � ��4"�� +K�'H � �*� K�<���/�
�H $�'H �
��

lim
h→�

�

h
{(ϕ∗

hY )p − Yp} = lim
h→�

�

h
{Yp − (ϕ∗

hY )p}

= lim
h→�

�

k
{Yp − (ϕ∗

−kY )p}

= lim
h→�

�

k
{Yp − (ϕk∗Y )p} = (LxY )(p)

i
3+, �
@

+K�-# ���C �
�� #��� �� ����� � �*� J�	- E���	- �K�-#/� ��
�� Q�O ? � �7
.� E#�&4�� �7 +K�'H/� �"��=� /��h4n� E�T4�# M �# �� LXY � LXw J�'H�

+$@ $-��) ��E#�� ���N7 1�"��=� �� . E���9L

��I
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�# �$'@�7 �4@�# #�
� LXwi � LXYi Ǳ��@� i = �,� Ǳ�.� �7 �L� �
��
� �����
1��P ? �

�) LX(Y� + Y�) = LXY� + LXY�
�) LX(w� + w�) = LXw� + LXw�

1��P ? � �# �$'@�7 #�
�� LXw � LXY �L�

�) LX(fY ) = Xf.Y + f.LXY

�) LX(fw) = Xf.w + f.LXw

�$'@�7 #�
�� LXY � LXw � E#�7 p �→ w(p)(Yp) 67�� �T; �	< w(Y ) �L� �E�)X�7
E�T<Z

�) LX(w(Y ) = (LXw)(Y ) + w(LXY )

(fg)′(x) ?4D� A��7 �H /@�� ��"@ �� 1X#�*� � �� +$'4N- / $7 _!a � _�a 23�*4�

J��'g �7 #���� � �� � K�'H/� �7�x �� _2a �0'� �d' � �# +K ��Z/� ��$7 �K #�# ��d<�
+�	@ E�$0g �7 ? �	�

(LXfY )p = lim
h→�

�

h
{(fY )p − (ϕh∗fY )P }

= lim
h→�

�

h
{f(p)Yp − f(ϕ−h(p))ϕ

(
h∗fY )ϕ−h(p)}

= lim
h→�

�

h
{f(p)Yp − f(ϕ−h)ϕh∗(fY )ϕ−h(p)}

= lim
h→�

f(p)
�

h
{Yp − ϕh∗Yϕ−h(p)}

+ lim
h→�

[
�

k
{f(p)− f(ϕ−h(p))}]ϕh∗Yϕ−h(p)

$O �9�< ��# $O #��� �# +$@�7/� �7��7 f(p).LXY (p) �7 Q�� $O �H ��� ?@��
�7��7 �@��H �)�#

lim
k→�

−�
k

(f(p)− f(ϕk(p))) = Xf(p)

� +��� ��	� J�-�7 � lim
h→�

ϕh∗Yϕ−h(p) = Yp �H ##�L/� �]OG� �?�'s	- � ���

���
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+K�'H �"��=� M �7 (x, U) /��h4n� /-�T4�# SNO �7 �� LX �� K �E#��Z J�'H�

.�a K �@/� ��Z#� +K�'H/� �"��=� �� LX(dxi) �$47� +X =
n∑
i=�

ai
∂

∂xi
K�'H R�D

1��P ? � �# �$@�7 N �7 /��h4n� E�T4�# y � f : M −→ N �L� �H _��5 �� ��N�

f∗(dyi) =
n∑
i=�

∂(yi ◦ f)
∂xj

dxj

1��P ? � �# +K ��T7 x �� y � K�'H Q�	g� K�<���/� ϕ∗
h �7 �� ? �

LX(dxi)(p) = lim
h→�

�

h
{(ϕ∗

h)dx
i(p)− dxi(p)}

= lim
h→�

�

h
{
n∑
i=�

∂(yi ◦ f)
∂xj

(p) dxj(p)− dxi(p)}

.� �N���"g dxj(p) S �Y �S���� ? � �7

lim
h→�

�

h

[
∂(xi ◦ ϕh)

∂xj
− δij

]
= lim

h→�

�

h

[
∂(xi ◦ ϕh)

∂xj
(p)− ∂(xi ◦ ϕ�)

∂xj
(p)

]
=

∂

∂xj

∣∣∣
p

lim
h→�

�

h
[(xi ◦ ϕh)− (xi ◦ ϕ�)]_2+, a

=
∂

∂xj

∣∣∣
p
X(xi) =

∂xi

∂xj
(p)

.� ���	- /4@�T< A(h, q) = xi(ϕh(q)) �H #�@ �
�� _2+, a ��>7�� W�:=� ��]'� �7
��� _2+, a J�	- ? � �H �∂�A/∂h∂xj = ∂�A/∂xj∂h eV m��� R �7 R ×M

�
' � �d�4< +$@ R�g W4;� � $O A�
 JZ �# �H

LX dxi =
n∑
i=�

∂ai

∂xj
dxj

�K�'H/� E#�&4�� LXw /%H ��D �� "��=� A��7 � E���9L .� _5a � _!a A�-�	NC .� J�'H�
1�"��=� .� LX(∂/∂xi) �� "��=� A��7 +K�@�7/� LXY �� "��=� �
�4� �:�:O �# ���
A��#�7 A�-J�$�� �7 {�"��� �# ϕh∗ J�� ��� mK �"7 E�07 K�<���/� LXdxi �7 {�"��� �#
?�	- �H ��� J� ���H A���#�7 A�-J�$�� �7 {�"��� �# ϕ∗

h .� �4;�7 S�H�� M A���#
�# Gj "C �$ Z/� ��H �7 ��*Y� ? � �# �H /
�'
� +#��Z/� #�
�7 �� /�G
;� ���
�7 �� ���N� ���V +��� E$@ E#�&4�� �+5+, E���9L .� _,a � _5a � _2a 1�"x� #���

�#��Z ��$7 J���/� �+5+, E���9L _,a �	NC .� E#�&4�� �7 /4O��

� = LXδij = LX
[
dxi(

∂

∂xj
)
]

= (LXdxi)
(

∂

∂xj

)
+ dxi

(
LX

∂

∂xj

)
��!
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dxi
(
LX

∂

∂xj

)
= − ∂a

i

∂xj

�\� �

LX
∂

∂xj
= −

n∑
i=�

∂ai

∂xj
∂

∂xj

K ��# _2a .� E#�&4�� �7 �Q�O

LX
(
bj

∂

∂xj

)
= LXbj.

∂

∂xj
+ bjLX

(
∂

∂xj

)
=

n∑
i=�

ai
∂

∂xj
−

n∑
i=�

bj
∂ai

∂xj
∂

∂xj

K ��L/� �d�4< ��P�O �� <�L�# �̀	d� �# j � i ~ �*� e�� � j A�� ?4N7 6	
 �7
��H

1��P ? � �# �Y =
n∑
i=�

bi∂/∂xi � X =
n∑
i=�

ai∂/∂xi �L� ������ �����

LXY =
n∑
i=�

{
n∑
i=�

ai
∂bj

∂xi
− bi

∂aj

∂xi

}
∂

∂xj

A�E#�� J��7 �7 �K�'H p�>� #�.Z 1�h4n� �
@ �7 �L� �� E$�s�V �-�� �7 Q���D ? �
���� 67�� Y f E�T<Z �$@�7 ���	- /*7�� f : M −→ N �L� +$��� K�-��) LXY A��7

�H ��� ?@� � +��� /'*� �7 9�< XY f = X(Y f) �\� �

X(Y f) =
n∑
i=�

ai
∂

∂xi

(
n∑
i=�

bj
∂

∂xj

)
=
∑
i,j

ai
∂bj

∂xi
∂f

∂xj
+ aibj

∂�f

∂xj∂xi

��# �"��� 1�:4;� ���@ 1G	
 �K�-# ��
;� �� X(Y f)− Y (Xf) 1��"g �s<�'�
�H K ��L/� �d�4< � �$<�@/� F\O Y (Xf) �# �7�;� 1G	
 c��� X(Y f) �#

LXY = XY − Y X

#�@ �
�� mK���</� Y � X �H��7 � E#�# J�;< [X,Y ] #�	< �7 �� XY − Y X 1��"g
�H

[X,Y ]p := Xp(Y f)− Yp(Xf)

��2



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

��)*�
��+ ��+��� � 8��+
. D���� ; ��� "� �B�
. � S,2� 5�;

�H #�# J�;< K�:4N� Gj ��H 1�"��=� �7

[X,Y ]p(fg) = f(p)[X,Y ]p(g) + g(p)[X,Y ]p(f)

+$@�7/� TpM .� A�Bg �\� � ��� p �# /:4;� [X,Y ]p ? ��7�'7
�7 [X,Y ] � LxY A��#�7 A�-J�$�� +K �E$��� A�E$�s�V 6Y� M �7 J�'H�
E�T4�# M �7 �0'� /�� �$<$@ � �*� 1�h4n� E�T4�# ^�n4<� .� �:4N� 1��P
�# ��� ���� ���H �-/%�) $ # .� QX$4�� �̀< ? � �$<�7��7 �0<Z �H $@ �7�x (�)

+��� ��	%� ��r � ���@# 1�h4n� .� /��) 1�"x� ��<�&���4� +�N�< ?�'� �P�
f : ���	- 67�� �- $ �L/� R (�) ���O �# �H K #�H 1�"x� �� /	� 2 �hD �#
g : �H ��@�< J���/� f(t) = tg(t) �
@ �7 �� f(�) = � �7 (−ε, ε) −→ R

�:�:O �# +��� g(�) = f ′(�) �7 ���	- /*7�� (−ε, ε) −→ R

g(t) =
∫ �

�

f ′(s t)ds

�#�# K�	*� J���/� � . �
@ �7 �� K
O ? �

A� p ∈ M �- Ǳ�.� �7 � E#�7 ���	- f : (−ε, ε) ×M −→ R �L� ��	 �����
�H #�@/� �D� J�'� g : (−ε, ε)×M −→ R ���	- /*7�� E�T<Z �f(�, p) = �

f(t, p) = t g(t, p) ,
∂f

∂t
(�, p) = g(�, p)

� +g(t, p) =
∫ �
�

∂
∂s f(st, p)ds #�@ � �*� ��� /D�H 23�*4�

LXY = 1��P ? � �# �$'@�7 ���	- A��#�7 J�$�� Y � X �L� ����� �����
+[X,Y ]

$���� �� {ϕt : |t| < ε} E�#��<�) X K ��L +��� ���	- f : M −→ R K ��L 23�*4�
�H #��# #�
� J�'� M �7 gt ���	- 67��� .� A�E#��<�) 2+5+, K� �7 �'7 +$'H/�

f ◦ ϕt = f + t gt , g� = Xf

K ��# �? ��7�'7

(ϕh∗Y )p(f) = ϕh∗(Yϕ−h(p))(f) = Yϕ−h(p)(f ◦ ϕh) = Yϕ−h(p)(f + hgh)

��5
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�d�4< �#

lim
h→�

�

h
{Yp − (ϕh∗Y )p}(f) = lim

h→�

�

h
{(Y f)(p)− (Y f)(ϕ−h(p))}

− lim
h→�

(Y gh)(ϕ−h(p))

= (LXY )(p)− (Y g�)(p)

= Xp(Y f)− Yp(Xf)

� +��� ��	� J�-�7 �
.� �H �$-#/� �d�4< LXY ��>7�� �# /P�) ��
O� LXY = XY − Y X A��N�
�\� � [X,Y ] = −[Y,X ] p�Y� �7 +�N�< /0 $7 J��'g }�- �7 JZ �� ���� � �*� A��

�j4d�4< +[X,Y ] = �

LXX = � , LXY = −LXX

�7 �"N< L �H K ��L/� �d�4< �LX [aY�+ bY�] = aLXY�+ bLXY� p�Y� �7 J��
/>) 9�< X �7 �"N< L �H #�H W�:=� J���/� /L#�� �7 �E�Gg �7 +��� />) Y

����

LaX�+bX�
Y = aLX�

Y + bLX�
Y

�#�H 1�"x� �� /7�H�f #�=�� J���/� K�:4N� �� "��=� �7 �E�)X�7

[X, [Y, Z]] + [Z, [X,Y ]] + [Y [Z,X ]] = �

�#�H ��
�� J���/� 1��P �# �7 /� W4;� ���� �7 �� ��#�*� ? �

+LX [Y, Z] = [LXY, Z] + [Y,LXZ] _���a

� +L[X,Y ] = LX ◦ LY −LY ◦ LX K ��# ����	- 67��� �7 A�-�T%	g J��'g �7 _^a
K ��# /<��7 �7

L[X,Y ] = [LX ,LY ]

67��� �7 �"N< �< ���� />) �-�7�x �7 �"N< LY �H #�@ �4&L ��� �.X ��d<���
[X,Y ] � �*� �7 /'4"� �H �<E#�� 1�"��=� /4O � � � E���9L �7 �'7 �6C�� �# +F ���	-

�H #�# J�;< J���/� ����

[fX, gY ] = fg[X,Y ]− f(Xg)Y + g(Y f)X

��,
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�
%7 �#��# /T4N7 Yp � Xp �7 �0'� �< [X,Y ]p /'* ��N�< ��N<�� [X,Y ] �? ��7�'7
Y � X A�d7 J���/� �
' � S��
 �/4Oa �#��# /T4N7 Y � X A��#�7 A�-J�$�� �7
A��7 /%��# }�-�Xp = � �L� /4O �Ek �7 _+#�H E#�&4�� 9�< �0<Z .� />) /"�H�� .�

1��"g �# ��H ��� +#��$< #�
� [X,Y ]p = � A��L�d�4<

[X,Y ]p(f) = Xp(Y f)− Yp(Xf)

JZ �# �� . �$@�"< �&P ��� ?
	� ��# �� %	
 /�� ���� �&P Xp(Y f) Q�� �� %	

?
	� K- .�7 (Xf)(p) = � �L� /4O +#�@/� �"��=� Yp A�4��� �# Xf W4;�

+$@�"< �&P ��# �� %	
 ���
�7 �(�) A�-��N<�� .� A���N7 � �*� �# ��N�< ��N<�� �
' � �7 [X,Y ] �H��7
A$'- ��"*� J��7 �7 �
<Z .� [�7 +#� �/� ��
7 �$@ $-��) �4'@�� �4D� �4D� �H /% X#
�4"�� +K .�#�V/� K�:4N� �
@ �7 LXY �7 {�"��� �# K
O �# 1�"x� �7 �K .�#��7 �H��7

+$<�/0 $7 [X,Y ] � �*� .� E#�&4�� �7 K
O �# ? �

+LXX = � K ��# X A��#�7 J�$�� �- Ǳ�.� �7 ��	 �����

i
�+, �
@

A� h �- Ǳ�.� �7 �H K�-# J�;< ��� /D�H �$'H $���� �� {ϕt} E�#��<�) X �L� 23�*4�
Xϕ−h(p) J�'H� +(ϕh∗X)p = ϕh∗Xϕ−h(p) �H K �@/� ��Z#� (ϕh∗X)p = Xp

�7��7 �\� � �t = −h ��>:< �# t �→ ϕt(p) /'='� �7 ��	� ��#�7 .� ��� 1��"g �j:�C#
��#�7 ϕh∗Xϕ−h(p) ? ��7�'7 +��� t = � ��]=� �# ?(t) := ϕt−h(p) /'='� �7 ��	�
? � ��� +$@�7/� t = � �# ϕh◦?(t) = ϕh(ϕt−h(p)) = ϕt(p) /'='� �7 ��	�
� +��� Xp ��	� ��#�7 J�	- ���#

+LXY (p) = � 1��P ? � �# �$'@�7 �&P Yp � Xp �L� ��	 �����

���
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� C(�) = p �H #��# #�
� A� C #�&7 �h='� Q��T4<� /'='� �Xp = � J�� 23�*4�
�H /���T4<� /'='�a ��� C(t) = p /'='� ? � �H ��� ?@�� +dc/dt = X(C(t))

A��>:< .� /���T4<� /'='� �L� �e
*��7 m$'H/	< ��� �� p E�L}�- � #�@/� .�rZ p .�
K ��# Yp = � J�� ? ��7�'7 _+$��� $-��n< p �7 E�L}�- E�T<Z �#�@ .�rZ p 9d7

(ϕh∗Y )p = ϕh∗Yϕ−h(p) = ϕh∗Yp = ϕh∗(�) = �

� +LXY (p) = � ? ��7�'7 �
+��� .��< � . A�-K� �7 �K�'H �8��� [X,Y ] .� A��"*� �
' � A��7

��� M �7 A��#�7 /<�$�� X � KN�D����U& # α : M −→M K ��L ��	 %����
+$'H/� $���� �� {α ◦ ϕt ◦ α−�} 9�< α∗X 1��P ? � �# +$'H/� $���� �� {ϕt} �H

23�*4�

(α∗X)q(f) = [α∗Xα−�(q)](f) = Xα−�(q)(f ◦ α)

= lim
h→�

�

h
{(f ◦ α)(ϕh(α−�(q)))− (f ◦ α)(α−�(q))}

= lim
h→�

�

h
{f(α ◦ ϕh ◦ α−�(q))− f(q)}

� +

�7 �H α∗X = X /4C� �0'� � /4C� E�T<Z �α : M −→ M �L� ������ )����
+ϕt ◦ α = α ◦ ϕt A� t �- Ǳ�.�

�1��P ? � �# +$''H $���� �� {ψt} � {ϕt} S���� �7 Y � X K ��L ��	 *����
+◦ψs = ψs ◦ ϕt A� s � t �- Ǳ�.� �7 �H [X,Y ] = � /4C� �0'� � /4C�

ϕt∗Y = K ��# �+5+, ��d�4< �7 �'7 E�T<Z �ϕtψs = ψsϕt A� s �- Ǳ�.� �7 �L� 23�*4�
+LXY = � p�Y� �7 E�T<Z �$@�7 ���# �- t ��	- A��7 S%>� ? � �L� +Y

A� q �- Ǳ�.� �7 �d�4< �# �[X,Y ] = � K�'H R�D �e
*��7

� = lim
h→�

�

h
{Yq − (ϕh∗T = Y )q} _5+, a

c(t) := 1��P �7 �� c : (−ε, ε) → TpM /'='� �R��&� p ∈ M �- Ǳ�.� �7
TpM A��#�7 A�BD A�47 �@�T< ? � c′(t) W4;� #��� �# +K�'H/� � �*� (ϕt∗Y )p

��3
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K ��#

c′(t) = lim
h→

�

h
{c(t+ h)− c(t)}

= lim
h→

�

h
{(ϕ(t+h)∗Y )p − (ϕt∗Y )p}

= lim
h→

�

h
{ϕt∗(ϕh∗Y )ϕt(p) − ϕt∗Yϕ−t(p)}

= ϕt∗{lim
h→

�

h
[(ϕh∗Y )ϕ−t(p) − Yϕ−t(p)]}

(�)
= ϕt∗(�) = �

� c(t) = c(�) �jd�4< +K �E#�H E#�&4�� q = ϕ−t(p) �7 _5+, a .� (1) �# �
' � b�Y��
� +ϕtψs = ψsϕt K ��# A� s � t �- Ǳ�.� �7 ��+5+, ��d�4< �7 �'7 eV +ϕt∗Y = Y �\�

#��# #�
� A�/��h4n� E�T4�# E�T<Z �X(p) �= � �L� �H K #�# J�;< �"C /	H
�$@�7 A�T # A��#�7 J�$�� Y �L� +X = ∂/∂x� ��@�< J���/� JZ �7 �"N< �H
E�T4�# ��� ?
	� �1��P ? � �# ���� />) �:4N� X �7 �"N< �
 �	- �# �H

�H �D� J��47 x A�/��h4n�

X = ∂/∂x� , Y = ∂/∂x�

[∂/∂x�, ∂/∂x�] = � �H �D�L �d�4< J���/� E#�� A��"��=� �7 �1��P ? � �# ����
E#��Z�7 /4C� �0'� �$@�7 ���C�7 _,+, a JZ A��7 �H x E�T4�# M #�
� ��]4<� �\� �
�.X �0'� �< [X,Y ] = � {�@ �H ��� ? � �
�� �7�C K
O +[X,Y ] = � �H #�@/�

+�N- 9�< /D�H �
%7 ����

/T �N	- M �# $'@�7 A�A��#�7 A�-J�$��Xk � · · · �X� �L� ����� �+����
�[Xα, Xβ ] = � K�@�7 �4@�# � ≤ α, β ≤ k �- Ǳ�.� �7 �L� 9�< � $<�/>) �:4N� p .�
α = �- Ǳ�.� �7 �H #�@/� �D� J�'� p #�L �7 (x, U) /��h4n� /-�T4�# E�T<Z

+Xα = ∂/∂xα K ��# U �7 A� �, · · · , k

�7 � p = � � M = Rn �H K�'H R�D K�<���/� �+2+, �� �BC 1�"x� �# J�s	- 23�*4�
A� α = �, · · · , k �- Ǳ�.� �7 �H K�'H R�D K�<���/� />) 1�h4n� ����< M Xj �	4O�

1��P �7 �� X �@�T< �$'H $���� �� {ϕαt } A� Xα �- �L� +Xα(�) = ∂/∂tα
∣∣∣
�

X(a�, · · · , an) = ϕ�a�(ϕ
�

a�(· · · (ϕ
k
ak(�, · · · ,�, ak+�, · · · , an)) · · ·))

���
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�H K ��T7 �d�4< � K�'H �"��=� K�<���/� ��+2+, ��BC 1�"x� $'<�� +K�'H/� � �*�

X∗

(
∂

∂tα

∣∣∣
�

)
=

⎧⎪⎨⎪⎩
Xα(�) =

∂

∂tα

∣∣∣
�

α = �, · · · , k
∂

∂tα

∣∣∣
�

α = k + �, · · · , n

p = � .� /T �N	- M �# /��h4n� /-�T4�# J��'g �7 �� x = X−� ? ��7�'7
+X� = ∂/∂x� �H ##�L/� �]OG� �"C ��� ���# �E�Gg �7 +�D�L �]< �# J���/�
���]'� ? � A��7 +K�'H E#�&4�� [Xα, Xβ] = � 1�Y� �&� .� �H E$��� JZ �C� J�'H�
�7 �� X �@�T< � ≤ α ≤ k �- Ǳ�.� �7 �K� ? � �7 �]< mK ��Z/� J��� �7 �� �+5+, K�

1��P

X(a�, · · · , an) = ϕαaα(ϕ�a�(· · · (· · · (�, · · · ,�, a
k+�, · · · , an) · · ·))

� +Xα = ∂/∂xα �H $-#/� J�;< �"C QX$4�� � �#�H � �*< #�@/� 9�<
A�-/'='� .� E#�&4�� J�
�� J�9�� �A��"*� �7 [X,Y ] �H K�'H/� �]OG� �eV
+$'H/� ?��*� �� 1�h4n� E�T4�# M /��h4n� {�>) J��'g �7 Y � X Q��T4<�
�� �̀Y�� ? � �H #��# #�
� ���� �4	H [4�	-� /�� �����@# JZ 1�"x� �H /	
O
�$'@�7 p .� /T �N	- M �# A�A��#�7 A�-J�$�� Y � X �L� +$-#/� b�Y�� ��W�C#

K�<���/� M��H /D�H E�.�$<�7 A�- h Ǳ�.� �7 E�T<Z

mK�'H �H�O /<��. $O�� h E�.�$<�7 p .� E$<�\L X Q��T4<� /'='� #�$4�� �# _�

�H�O /<��. $O�� h E�.�$<�7 Y Q��T4<� /'='� #�$4�� �# ���*C�� ? � .� �̀ �@ �7 _!
mK�'H

mK #�L�7 S:g �7 /<��. $O�� h E�.�$<�7 X Q��T4<� /'='� #�$4�� �# �eV _2

+K #�L�7 S:g �7 /<��. $O�� h E�.�$<�7 Y /'='� #�$4�� �# �eV _5

i

���
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@

�7 /��h4n� /-�T4�# x �$@�7 ���C�7 [X,Y ] = � ��>7�� p .� /T �N	- M �# �L�
9�< � $@�7 x(p) = �

X = ∂/∂x� , Y = ∂/∂x�

���� ?�'� / �04<� ��>:< �X�7 �� %O�� ��0� .� M �- �# �1��P ? � �#

�) (h,�,�, · · · ,�) �) (�, h,�, · · · ,�)
�) (h, h,�, · · · ,�) �) (�,�,�, · · · ,�)

[X,Y ] �= � �L� /4O ���� �4N7 ��H\� `GYX� /Y��4� E���	- ���O ? � �# ��\�
�# �� c � δ /'='� �#a �H /'*� ? � �7 +��� M �� "��� .� �� 4N7 `GYX� A.��4� ? �
K ��L +_c′(�) = δ′(�) � c(�) = δ(�) �H K�8�L � ��>:< �# Q�� �� "��� .� �7��7 /���P

+$@�7 _5a �� %O�� �04<� �# ��>:< c(h)

�� "��� .� �7��7 p �7�x /'='� �7 c(h) = ψ−h(ϕ−h(ψ−h(ϕh(�)))) 1��P ? � �#
/'* +��� M 

+c′(�) = � �
��
� ������
K�'H � �*� �s<�'� 23�*4�

α�(t, h) = ψt(ϕh(p))

α�(t, h) = ϕ−t)(ψh(ϕh(p)))

α�(t, h) = ψ−t(ϕ−h(ψh(ϕh(p))))

E�Gg �7 +c(t) = α�(t, t) 1��P ? � �#

a) α�(�, t) = α�(t, t)

b) α�(�, t) = α�(t, t)

A� f : M → R ���	g 67�� �- Ǳ�.� �7 �

c) ∂(f ◦ α�)/∂t = Y f ◦ α�
d) ∂(f ◦ α�)/∂t = Y f ◦ α�
e) ∂(f ◦ α�)/∂t = Y f ◦ α�

�3I
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�
<Z Q�O �

f) ∂(f ◦ α�)/∂h(h) = Xf(α�(�, h))

K ��# �W4;� A�E��d<. E�$g�C .� � �
� E#�&4�� �7 ��j4d�4<

(f ◦ c)′(�) = D�(f ◦ α�)(�,�) +D�(f ◦ α�)(�,�)
(b)
= D�(f ◦ α�)(�,�) + {D�(f ◦ α�)(�,�)

+D�(f ◦ α�)(�,�)}
(a)
= D�(f ◦ α�)(�,�) = D�(f ◦ α�)(�,�)

+{D�(f ◦ α�)(�,�) +D�(f ◦ α�)(�,�)}

�H K ��L/� �d�4< (f) � (e) �(d) �(c) .� �J�'H�

(f ◦ c)′(�) = −Y f(p)−Xf(p) +Xf(p) = �

� +

�$@�7 c′(�) = � ∈ TpM � c(�) = p �7 c : (−ε, ε) → M /'='� M E�L�-
1��P �7 d�c

dt�

∣∣∣
�

� c′′(�) A$ $
 ��#�7

c′′(�)(f) := (f ◦ c)′′(�)

�T%	g ? ��7�'7 �c′(�) = � J�� �H #�# J�;< J���/� E#�� �� "��=� �7 +K�'H/� � �*�
�3 �� ��N� �#a +c′′(�) ∈ TpM ? ��7�'7 � ���� W4;� M X�7 �# p��;� c′′(�)

�H��7 ��"C �# E$@ � �*� c /'='� �H #�@/� �7�x _+#�@/� p�>� ��/%H /4)��
?
	��E$;< p�>� /� E��L �H /��T'- �� +#��# {�"��� ��# �� "��� W4;� �7 [X,Y ]p

�� ��� �hD A�04<� Gj 	g �H JZ 1�"x� +$ ��7 �]< �7 #���/7 /	H A$*7 �� �BC ���
�hD ? � ��	�	Y +#��# #�
� JZ �# A��<�$'	@�- 1�"��=� ��� �#�H F\O J���/�
E#�&4�� #��� �j$*7 �H ��� ��N<��& # 1X#�*� �7 {�"��� �# /P�h) �7 ��
O� ���@

+�D�L $-��) ���C

+c′′(�) = �[X,X ]p ����� ������
K ��# (f ◦ c)(t) = (f ◦ α�)(t, t) J�� �/%"C A�-A��\L#�	< .� E#�&4�� �7 23�*4�

(f ◦ c)′′ = D�,�(f ◦ α�)(�,�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�) (∗)

�3�
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1��P ? � �#

D�,�(f ◦ α�)(�,�)
(e)
= D�(−Y f ◦ α�)(�,�)

(e)
= Y Y f(p) (�)

�H ##�L/� �]OG� �?�'s	-

�D�,�(f ◦ α�)(�,�)
(e)
= �D�(−Y f ◦ α�) (�)
(b)
=
c.r.

�{D�(Y f ◦ α�)(�,�) +D�(Y f ◦ α�)(�,�)}
(d)
= �XY f(p)− �D�(Y f ◦ α�)(�,�)
(a)
=
c.r.

�XY f(p)− �{D�(Y f ◦ α�)(�,�)

+D�(Y f ◦ α�)(�,�)}
(c)
=
(f)

−�XY f(p)− �XY f(p)

K ��# (b) .� E#�&4�� �7 +��� W4;� A�E��d<. E�$g�C �&n� c.r �H

D�(f ◦ α�)(�,�) = D�,�(f ◦ α�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(d)
= D�(−Xf ◦ α�)(�,�) + �D�(−Xf ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(d)
=
c.r.

XXf(p)− �{D�(Xf ◦ α�)(�,�)

+D�(Xf ◦ α�)(�,�)} +D�,�(f ◦ α�)(�,�)
(c)
=
(f)

XXf(p)− �Y Xf(p)− �XXf(p)

+D�,�(f ◦ α�)(�,�)

K ��# (a) �7 �
�� �7 ���d<���

D�,�(f ◦ α�)(�, s) = D�(f ◦ α�)(s, s) +D�(f ◦ α�)(s, s)

�\� �

D�,�(f ◦ α�)(�,�) = D�,�(f ◦ α�)(�,�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(c)
=
(f)

Y Y f(p) + �XY f(p) +XXf(p) (�)

� +##�L/� �d�4< ��BC (∗) �# (�) �� (�) A��\L�
 �7

�3!
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G�H2����� 'S���� !�(�(� ;!;

�
@ �7 ��N<��& # 1X#�*� #���� S%r� �# �
' � �7

∂

∂t
α(t, x) = f(α(t, x))

A� t� Ǳ�.� �7 �H $ Z/� �.X #���� /)�7 �# �K�'H/� �O �� α(�, x) A.�rZ {�@ �7
K�@�7 �4@�#

α(t�, x) = x

� � �#�H R�g !+!+, �� �BC 1�"x� �# t� �7 �� � �
 �	- �# J���/� ? � 1�"x� A��7
+#�	< E#�&4�� t �→ α(t− t�, x) �@�T< .� α A�
 �7 �
' �

�$@�7/� ?�'� ���� �Hq �7 �.X ��N<��& # 1X#�*� �7 {�"��� �# �H A�T # S%>�
/4O +�N�< α′(t) = f(α(t)) ��N<��& # 1X#�*� ?�7 �# α′(t) = g(t) E�#�� �� �#�*�

�
@ �7 1X#�*� K�% �� /%H ���O �# +�N�< 1X#�*� ? � �9
 9�< α′(t)tα(t)

∂

∂t
ᾱ(t, x) = f(t, α(t, x)) α(�, x) = x

����� �# ��� /D�H ���
' � ��d<� A��7 +f : (−c, c) × U → Rn �H �K�'H �O ��
9�< A��<�$'	@�- o�� +K�'H E#�&4�� f(t, α(t, x)) .� ���� f(α(t, x)) �
 �- J�-�7

�K�'H/� � �*� +#��# #�
� #��� ? � �#

f̄ : (−c, c)× U → R
n+� f̄(s, x) = (�, f(s, x))

�7 (−b, b)×W → R× Rn �
@ �7 (α−�, α−�) = ᾱ A��@ �1��P ? � �#

∂

∂t
ᾱ(t, s, x) = f̄(ᾱ(t, s, x)) ᾱ(�, s, x) = (s, x)

�H ��� /'*� J�$7 ? � �ᾱ� A��&��� 67�� ?���� #��� �# +#��# #�
�

∂

∂t
ᾱ�(t, s, x) = � ᾱ�(�, s, x) = s

K ��# ᾱ� A��&��� 67�� ?���# #��� �# +ᾱ�(t, s, x) = s+ t �d�4< �#

∂

∂t
ᾱ�(t, s, x) = f(ᾱ(t, s, x)) = f(ᾱ(t, s, x)) = f(s+ t, ᾱ�(t, s, x))
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���� � . c ��@ �7 �]< q��� ��@ β(t, x) = ᾱ�(t,�, x) �1��P ? � �#
∂

∂t
β(t, x) = f(t, β(t, x)) β(�, x) = x

ᾱ(t�, s, x) = �
@ �7 �� ᾱ �$47� �# �a β(t�, x) = x K�'H R�D K�4N<���/� ��4"��
+_K ��T< �]< �# �� t �→ β(t− (t�, x)) /'='� � �K ��T7 (s, x)

�K ��L/� �]< �# �� ᾱ�(t) = g(t.α(t)) />) ��N<��& # ��#�*� (�) ���O ���d<���
+f(t, x) = g(t).x ���O ? � �# +��� n × n e ���� � #�:� �7 (a, b) �7 /*7�� g �H

1��P ? � �# �$@�7 E��n�# _�7�xa n× n e ���� M c �L�

(c.α)′(t) = c.α′(t) = g(t).c.α(t)

#��� �# /	0� S%>� ��4
< ? � +��� ��N<��& # ��#�*� ?�	- .� /7��
 9�< c.α �\� �
1X#�*� `��<� � �� .� JZ 9��	� �
� �H �$<���/� 1�"x �7 �� />) ��N<��& # 1X#�*�
E�.�7 �# �0'� �-^��
 ��� ?
	� �
' � JZ � �α′(t) = f(t, α(t)) �$@�7/� ��N<��& #

+$@�7 ���	- f : (a, b)× Rn → Rn �L� /4O �$<�@ � �*� J��. .� /
��H

E�T<Z �$@�7 (a, b) �7 �4���V n× n e ���� � #�:� �7 /*7�� g �L� �
��
� �����
+$<�@/� � �*� (a, b) �H �7 /T	- α′(t) = g(t).α(t) �� �#�*� A�-^��


9�4@ ��� f(t, x) = g(t) − x 67�� #�@/� �d�4< �g /T4���V .� �H #�@ �
�� 23�*4�
.�7 E�.�7 M �# A.�rZ {�@ �- �7 �� ��#�*� J���/� A� t�ε (a, b) �- Ǳ�.� �7 eV +$@�7
^��
 �L� +K�-#/� o�4NL ���� ?
	� �H / �
 �� �� ��$H �- +#�	< �O t� ���@
t� K�'H/� R�D �#�;< � �*� t� < t < b �7 A�- t ��	- Ǳ�.� �7 α �4D� o�4NL
R�D +#�@/� � �*� �0<Z A��7 α �H ��� / �- t ��g�	d� / X�7 J��H ? �4
��H
� β′(t) = g(t)β(t) K�@�7 K�4@�# �t� M #9< A�- t Ǳ�.� �7 �H ��� A��t β K�'H
K ��# t� �7 M #9< /D�H E�.�$<�7 t∗ < t� �- Ǳ�.� �7 1��P ? � �# +β(t�) �= �

^��
 / �4
 �7 �'7 +#��# #�
� (c − β)(t∗) = α(t∗) �7 A� c �? ��7�'7 +β(t∗) �= �

c.β 1��P �7 �� α ? ��7�'7 +$'4N- W">'� �$<�@ � �*� J��9	- �H A�E.�7 �7 α � c.β
�7 /4N �7/� α ��7�;� 1��P �7 +��� ~C�'� �H �#�# o�4NL J���/� t� �	NC �7
� +##�L � �*� a < t ≤ t� �H / �- t ��	- Ǳ�.�

'�
��(� =!;

���	- α∗ : TM → TN 1��P ? � �# �$@�7 ���	- α : M → N �L� _��� +�
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+���
�$@�7 M �7 ���	- A��#�7 /<�$�� X � �$@�7 KN�D����U& # α : M → N �L� _^

+��� ���	- 9�< N �7 α∗X A��#�7 J�$�� E�T<Z
R �7 X A���	- A��#�7 J�$�� E�T<Z �$@�7 α(t) = t� ��>7�Y �7 αR → R �L� _�

+��� ���	- ��r A��#�7 J�$�� α∗X �H #��# #�
� J�'�

�0'� JZ Q��T4<� A�-/'='� ��	- �H $�7��7 J�'� R �7 A�&P ��r A��#�7 J�$�� +!
+$<�@ � �*� �&P Q�O .�7 A�E.�7 �7

f : M → M �
@ �7 67�� M � (M,p) ���H A�4� A�BD M .� /���� +2
}�- f /�� �p(f(x), f(y)) ≤ p(x, y) �- x, y ∈ M ��	- Ǳ�.� �7 �H $ ����7

+$@�7 �4@�$< /47�x �>:<

R�D 9�< � $<.�7 U, V ⊆ R
n �H ���� ���	- f : (−c, c)×U×V → R

n K ��L +5
A$*g � (x�, y�) .� W /T �N	- M $�'H �7�x �(x�, y�) ∈ U × V $�'H
α = α(x,y) : M A� (x, y) ∈ W �- Ǳ�.� �7 �H #�;�� �D� J�'� b �"��
A� t ∈ (−b, b) �- Ǳ�.� �7 �H #��# #�
� J�'� #�&7 �h='� (−b, b) → U

?�'s	- � α′(t) ∈ V

α′′(t) = f(t, α(t), α′(t)) α(�) = x α′(�) = y

α : (−b, b) ×W → U E�T<Z �α(x,y)(t) = α(t, x, y) K�N �'7 �L� �E�Gg �7
+��� ���	-

�]< �# �� β′(t) = f(t, α(t), β(t)) � α′(t) = β(t) 1X#�*� E�T4�# 20������'
+$ ��T7

�K�'H �O �� �4����V �7 �4N7�� 1X#�*� ��� �.X 1�C�� /)�7

∂

∂t
α(t, y, x) = f(t, y, α(t, y, x)) α(�, y, x) = x (∗)

+V ⊆ Rm � U ⊆ Rn .�7 A�-�g�	d� Ǳ�.� �7 �f : (−c, c)×V ×U → Rn �H
� x �� ���� {�@ �- Ǳ�.� �7 ^��
 α(y,x) : (−b, b) → U 67�� M ?4D� F$-

�� �#�*� �Q��� J��'g �7 +��� y �4����V

α′(t) = yα(t) α(�) = x

+$@�7/� α(t) = xeyt JZ ^��
 �H ��� 1X#�*� ?�'� .� A��<�	<
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f̄(t, x, y) = 1��P �7 �� f̄ : (−c, c) × V × U → Rm × Rn �@�T< _��� +,
(ᾱ�, ᾱ�) = ᾱ : (−b.b)×W → Rm×Rn �L� +K�'H/� � �*� (�, f(t, y, x))

E�T<Z �$@�7 (y�, x�) .� A�/T �N	- �# f̄ A��7 �%D M 

∂

∂t
ᾱ(t, y, x) = f̄(t, ᾱ(t, y, x)) ᾱ(�, y, x) = (y, x)

�ᾱ(t, y, x) = (y, α(t, y, x)) K�N �'7 K�<���/� A� α M Ǳ�.� �7 �H $�-# J�;<
+$'H/� �$P (∗) �# α �H $ ��T7 �d�4< e�� �

�
@ �7 1X#�*� �H $�-# J�;< _^
∂

∂t
α(t, x) = f(t, x, α(t, x)) α(�, x) = x (∗∗)

�
@ �7 1X#�*� �7 ��d�'� �# �a #�	< � $"� J���/� (∗) �
@ �7 1X#�*� �7 ��
�GH .� f : U → Rn 67�� �- �H #�@ �7�x /4C�� _+ ∂∂tα(t, x) = f(α(t, x))

���@# �	NC ���� Ck �GH .� α : (−b, b ×W → U) ��@ M A��# Ck
W �# A�-���4� �7 �"N< α E�T<Z �$@�7 C� �GH .� f �L� �H ��� ? � 1�"x�
�K�-# J�;< D�α #�	< �7 �� �-���4� ? � �7 �"N< W4;� �L� � ���� � \VW4;�

E�T<Z

D�D� α(t, x) = D�f(α(t, x)).D�α(t, x) (∗ ∗ ∗)

D� α(t, x) = �� ���� �� �#�*� .� E�T<Z �$@�7 C� �GH .� f �L� �D�D� = D�D� J��a
�
@ �7 D� α �- Ǳ�.� �7 (∗ ∗ ∗) J�� +_##�L/� �d�4< S%>� ? � f(α(t, x))

.� f /'* a $@�7 C� �GH .� D� f �L� �H K ��L/� �d�4< ���� ���C�7 (∗∗)

.� A� \V��N<��& # Q�O +��� � \V��N<��&7# D� α E�T<Z _$@�7 C� �GH
�+��� ��4'4�� �7�D /Y� � Ǳ��:4�� M	H �7 � �7�;� 1��P �7 Ck �GH

g : R → �H �$ ��T7 �]< �# �� α′(t) = g(t)α(t) />) ��<��& # ��#G*� _��� +�
��	- �H $�-# J�;< +��� α /:�:O ��$:� �7 67�� ?4D� F$- �? ��7�'7 +R
/*7�� �T; �	< ∫ g(t)dt �H �$'4N- α(t) = exp(

∫
g(t)dt) .� /7��B� �-^��


^�Y �"�� A#$g �# α 67�� �G ~ �*� �7 ��4"��a +G′(t) = g �H ��� G
A�-E�T4�# A��7 /07�;� ��
O� �H K�-#/� J�;< ����N� ? � �� ��#� �# _+#�@/�

+��� ���C�7 />) ��N<��& # 1X#�*�

�-
∣∣∣aij∣∣∣ ��	- K	 9H�� /'*� �7 |A| � ��� n×n e ���� M A = (aij) K ��L _^
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$�-# J�;< +���∣∣∣A+B
∣∣∣ ≤ |A|+

∣∣∣B∣∣∣ ∣∣∣AB∣∣∣|A|.∣∣∣B∣∣∣
�
@ �7 n× n A�-e ���� .� /-�'4��< A�� �H $ ��T7 �d�4< _�

exp(A) := eA := I +A+
�

�
A� + · · ·+ �

n!
An + · · ·

/89
 A�-�g�	d� .� �� (i, j) ��  Z �# �H /'*� ? � �7� +��� W%>� A��T	-
�- �7 � �+��� ��T	- W%>� 1��P �7 �n;� /N ���� .� �� (i, j) ��  ��# �7

+��� �
@ M A��T	- �A��$<��H ��g�	d�

+exp(TAT−�) = T. exp(A).T−� �H $�-# J�;< _#

+exp(A+B) = exp(A). exp(B) E�T<Z �AB = BA �L� _-

J�;< �
�N∑
p=�

�

p!
(A+B)p = (

�N∑
p=�

�

p!
Ap)(

�N∑
p=�

�

p!
Bp) = RN $�N �'7 20������'

+
∣∣∣RN ∣∣∣ E�T<Z N →∞ �L� �H $�-#

+��� � \V��
*� expA E���	- �\� � (expA).(exp(−A)) = I $�'H �7�x _�

J�;< +��� _/%�%=� /4O �a � \V��N<��& # exp : Rn
�→R

n� �@�T< p�Y� �7 _.
$�-#

exp′(�)(B) = exp(�).B = B

_+|A| ≤ |A| ≤ n|A| K ��# A ∈ Rn
� �# |A| /��	*� ��< A��7 �H #�@ ���a

AB = BA �L� �H $�-# J�;< _.a �	NC �# E$@ ��P�� $O .� E#�&4�� �7 _p
+exp′(A)(B) = exp(A).B K ��#

�L� +B(t) = exp(A(t)) � ��� � \V��N<��& # A : R → Rn
� $�'H R�D _t

$�-# J�;< +��� JZ �7 ��]< ��  ��# W4;� JZ ��  ��# �- �H $@�7 /N ���� B′(t)

E�T<Z �A(t)A′(t) = A′(t)A(t) �L� �H

B′(t) = A′(t). exp(A(t))

AA′ = E�T<Z �A(s)A(t) = A(t)A(s) A� s � t �- Ǳ�.� �7 �L� �H ��� ?@��a
+_A′A

�33



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

��)*�
��+ ��+��� � 8��+
. D���� ; ��� ����
%� =�;

α(t) = E�T<Z �g(s)g(t) = g(t)g(s) A� t � s �- Ǳ�.� �7 �L� �H $�-# J�;< _A
�n;�a +��� α′(t) = g(t).α(t) />) ��N<��& # ��#�*� ^��
 exp(

∫ t
�
g(s)ds)

�$@�7 �7�x S ��Y �7 E�T4�# /'* �$@�7 A �7�x e ���� g(t) �L� �H ���
exp(

∫ t

�

g(s)ds) = ���O ? � �# +s � t �- Ǳ�.� �7 g(s)g(t) = g(t)g(s) E�T<Z
_+�D� J���/� J�� �f /<�<�H �
@ �7 A � $"� �7 �� exp(tA)

1��P ? � �# ���� x = X−� �
@ �7 A� X : Rn → M �L� �H $�-# J�;< +3
+��� Q#�*� X∗(∂/∂t�) = X ◦ X �7 X = ∂/∂x�

f : M×N → 67�� Ǳ�.� �7 $�'H R�D +$<���	- $%&�'� N � M $�'H R�D _��� +�
p �→ f(p, q) ��>7�Y �7 M → R 67�� �T; �	< f(�, q) �q ∈ N � ���	- R

∂f/∂xi 67�� �H $�-# J�;< �$@�7 M �7 A�/��h4n� E�T4�# (x, U) �L� +���
��>7�Y �7

∂f

∂xi
(p, q) :=

∂(f(�, q))
∂xi

(p)

+��� ���	- M ×N �7
�$@�7 �-KN�D����U& # .� A�4����V −� E� �L M ϕ : (−ε, ε)×M →M �L� _^

lim
h→�

�

h
(f(ϕh(p)) − $O �f : M → R ���	- 67�� �- Ǳ�.� �7 �H $�-# J�;<

+$'H/� � �*� M �7 ���	- /*7�� � ���� #�
�� f(p))

�#�@ � �*� ϕ∗(t, v) = ϕt∗(v) 1��P �7 ϕ∗ : (−ε, ε)× TM → TM �L� _�
X ���	- A��#�7 J�$�� �- Ǳ�.� �7 �H $ ��T7 �d�4< � ���� ���	- ϕ∗ $�-# J�;<

$O �M �7 w ��D −� �

lim
h→�

�

h
{(ϕ∗

hw)(Xp)− w(Xp)}

+$'H/� � �*� M �7 ���	- /*7�� � ��� #�
��
+$�'H �	g �7�;� 1��P �7 LXY �7 _#

E$@ � $"� Yp �7 ϕh∗Yϕ−h(p) JZ �# �H � E���9L .� /4	NC A��7 /�X$4�� +�
+$ ����7 ����

$�'H �7�x _��� +�I

LX fw = Xf.w + f.LX w

LX(w(Y )) = (Lw)(Y ) + w(LY )

�3�
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A����� �� � E���9L lim
h→�

�

h
{(ϕh∗Y )p − Yp}(LXY )(p) �H /���P �# _^

w#�H $-��)

+ϕ∗(df)(Y ) = Y (f ◦ ϕ) $�-# J�;< _��� +��
A� Y ∈ TpM �- Ǳ�.� �7 �H $�-# J�;< LX � �*� .� �j	�:4N� ��� .� E#�&4�� �7 _^
/����D +LXdf = d(LXf) �H $ ��T7 �d�4< � {LXdf(p)}(Yp) = Yp(LXf)

�# +��� /%H Q���D ? � .� /P�) ���O ���� E$�Z ?4� �# LXdxi A��7 �H
.� JZ �# �H �K�'H/� p�>� LXY = [X,Y ] A��7 ��E#�� /��"x� �$*7 �	NC

+#�@/� E#�&4�� �, E���9L �# �4D� ��
7 o��
X �L� +��� ���	- /*7�� f : M → R � $<� M �7 A��#�7 J�$�� Y � X K ��L _�
J�;< +α(t, h) = Yϕ−t(p)(f ◦ ϕh) K�'H/� � �*� �$'H $���� �� {ϕt} E�#��<�)
$ ��T7 �d�4< +D�α(�,�) = Yp(Xf) � D�α(�,�) = −Xp(Y f) �H $�-#

K ��# c(h) = α(h, h) Ǳ�.� �7 �H

−c′(�) − LXY (p)(f) = [X,Y ]p(f)

+$�-# J�;< �� /7�H�f #�=�� +�!

A��#�7 A�-J�$�� R
� �7 Z � Y �X $�'H R�D +�2

X = z
∂

∂y
− y

∂

∂z
Y = −z ∂

∂x
+ x

∂

∂z
Z = y

∂

∂x
− x

∂

∂y

+$'4N-
.� /	N�D����9 � aX + bY + cZ �→ (a, b, c) ∈ R� �@�T< �H $�-# J�;< _���
^�B%P�O �7 [U, V ] � ��� R� �7 A��#�7 A�-J�$�� .� (�h) �7 A��g�	d�

+#�@/� ��]< V � U � ��h� /
��)
E$<�\L A��=� Q�O R� J���# .� 1��"g aX+ bY + cZ ��@ �H $�-# J�;< _^a

+��� � .�

� . �
@ �7 M �7 �� ϕ∗A �$@�7 KN�D����U& # ϕ : M → N � N �7 (k�) �L� +�5
E�T<Z �λ�, · · · , λ� ∈ T ∗

pM � v�, · · · , vk ∈ TpM �L� +?�'H/� � �*�

[ϕ∗A(p)](v�, · · · , v)k, λ)�, · · · , λ�)

= A(ϕ(p))(ϕ∗v�, · · · , ϕ∗vk, (ϕ−�)∗λ�, · · · , (ϕ−�)∗λ�)

�3�
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M �7 _J� ���H A��#�7 J�$�� � a A��#�7 J�$�� A��L/
 �7 �H $�-# J�;< _���
Gj "C �H ϕ∗Y ���O �7 ��@�T< ? � _(�

�

) �̀< .� � a (
�

�

) �̀< .� A��N<�� J�$��
+��� /
 �K #�H � �*�(

k
�

) �̀< .� A��N<�� A � $'H $���� �� {ϕt} E�#��<�) M �7 X A��#�7 J�$�� �L� _^
K�'H/� � �*� �$@�7 M �7

(LXA)(p) := lim
h→h

{(ϕ∗
hA)(p)− A(p)}

$�-# J�;<

LX(A+B) = LXA+ LXB

LX(A⊗B) = (LXA)⊗B +A⊗ (LXB)

+_(L§({A)) = X ({)A + {LX∈A (�h) �7 a

A��7 Gj "C �� S%>� ? � �/ �	'-�� +LX�+X�
A = LX�

A �= LX�
A $�-# J�;< _�

+K�<�#/� ���� (�
�

) � (�
�

) � (�
�

) �̀< .� A �H /4��O

�$@�7 R�":<� M C : T k� (V ) → T k−�� (V ) K ��L _#

(CT )(V�, · · · , Vk−�, λ�, · · · , λ�−�) :=

(x, λ) �→ T (v�, · · · , vα−�, v, vα+�, · · · , vk−�, λ�, · · ·

· · · , λβ−�, λ, λβ+�, · · · , λ�−�)

+LXCA = C(LXA) �H $�-# J�;<

R�":<� /V �# /V A��L��
7 �7 �� A(X�, · · · , Xk, w�, · · · , w�) �H $�'H �
�� _-
.� E#�&4�� �7 +#��Z ��# �7 J���/� A⊗X� ⊗ · · · ⊗Xk ⊗w� ⊗ · · · ⊗w� �7

$�'H �7�x _#a

LX{A(X�, · · · , Xk, w�, · · · , w�)} = (LXA)(X�, · · · , Xk, w�, · · · , wk)

+
k∑
i=�

A(X�, · · · ,LXXi, · · · , Xk, w�, · · · , w�)

+
�∑
i=�

A(X�, · · · , Xk, w�, · · · ,LXwi, · · · , w�)

��I
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$@�7 Aj�,···,j�i�,···ik .� 1��"g x R��&� 1�h4n� E�T4�# M �# A A�-�&���� �L� _�

.� ��� 1��"g LXA 1�h4n� �H $�-# J�;< �X =
n∑
i=�

ai∂/∂xi �

(LXA)j�···j�i�···ik =
n∑
i=�

ai
∂

∂xi
A
j�···j�
ii···ik

k∑
α=�

n∑
j=�

A
j�···jα−�jjα+�···j�
ii···ik .

∂ajα

∂xj

+
�∑

α=�

n∑
i=�

Aj�···j�i�···iα−�iiα+�···ik .
∂ai

∂xiα

A�-J�$�� � #��T</� F ���	- 67��� �7 �� F ���	- 67��� �H ��� A�T%	g D K ��L +�,
D : H → H � D : F → F �H A��<�L �7 �#��T</� H �7 �� H ���	- A��#�7

� $'4N- />) −R �7

D(fY ) = f.DY +Df.Y

A��N<�� A�-J�$�� �H #��# �T%	g M �7 #�&7 �h='� /*���� D $�-# J�;< _���
�H A��<�L �7 �#��T</� J�@#�) ��]< /8��@� �7 �� (k�) �̀< .�

���� />) R �7 D _�
+D(A⊗B) = DA⊗B +A⊗DB _!

+DC = CD K�@�7 �4@�# �C R�":<� �- Ǳ�.� �7 _2
LX #�&7 �h='� 6���� ? � �DY = LXY � Df = Xf #�@ R�D �s<�'�

+���
A(p) ∈ K�'H R�D K�<���/� �\� � ���� (�

�

) �̀< .� A��N<�� /<�$�� A K ��L _^
/<�$�� 9�< A(X) �X A��#�7 J�$�� �- Ǳ�.� �7 �S���� ? � �7 mEnd(TpM)

�DAX = A(X) � DAf = � K�'H � �*� �L� �H $�-# J�;< +��� A��#�7
+$'H/� �$P _2a � _!a � _�a �# �H #��# #�&7 �h='� /*���� DA E�T<Z

+(DAw)(p) = −A(p)∗(w(p)) $�-# J�;< _�
A�-J�$�� � 67��� A��7 �� ? � �/ �	'-�� +LfX = fLX −DX⊗df $�-# J�;< _#

+$�'H /���7 A��#�7
$�-# J�;< �$@�7 (�

�

) �̀< .� T �s<�'� _-

(DAT )ijk =
n∑

α=�

Tαjk Aiα +
n∑

α=�

T iαk Ajα −
n∑

α=�

T ijα Aαk

���
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+$�-# K�	*�
(
k
�

)
�̀< .� A�-��N<�� ���O �7 �� ? �

� �*� t ≥ � Ǳ�.� �7 +$'H/� �$P f ′(�) = � �# f : R → R K ��L _��� +��
_��%�� �� �BC M	H �7a ���� W4;� �H $�-# J�;< +g(t) := f(

√
t) K�'H/�

.� �N���"g

g′+(�) = lim
h→�+

�

h
(g(h)− g(�)) =

�

�
f ′′(�)

δ(t) := $�'H � �*� t ≥ � � c′(�) = � ∈ TpM �7 c : R → M Ǳ�.� �7 _^
c′′(�)(f) = (f ◦ c)′′(�) ��>7�Y �7 c′′(�) ��	� ��#�7 �H $�-# J�;< +c(√t)

+�D�L �]< �# J���/� c′′(�) = �δ′(�) 1��P �7 ��

�7 +f∗p = � ? ��7�'7 ���� f : M → R 67�� A��7 ?�
� A��>:< p K ��L _��� +�3
A��t �� Ỹ � X̃ A��#�7 A�-J�$�� �Xp, Yp ∈ TpM R��&� A�-��#�7 Ǳ�.�
K�'H/� � �*� 1��P ? � �# +Ỹp = Yp � X̃p = Xp �H K�'H/� ^�n4<�
�H $�-# J�;< �[X,Y ]p(f) = � �
' � .� E#�&4�� �7 +f∗∗(Xp, Yp) := X̃p(Ỹ f)

+��� � �*4@�) �H $ ��T7 �d�4< � ���� J��:4� f∗∗(Xp, Yp)

$�-# J�;< _^

f∗∗

⎛⎝ n∑
i=�

ai
∂

∂xi

∣∣∣
p
,

n∑
j=�

bj
∂

∂xj

∣∣∣
p

⎞⎠ =
n∑

i,j=�

aibj
∂�f

∂xi∂xj
(p)

+���1�h4n� E�T4�# ^�n4<� .� �:4N� (∂�f/∂xi∂xj)(p) �� "�� �H $�-# JG;< _�

� Xp, Yp ∈ TpM Ǳ�.� �7 +��� f : M → N 67�� .� ?�
� A��>:< p K ��L _#
�H $�-# J�;< +f∗∗(X,Y )(g) = X̃(Ỹ (g ◦ f)) K�'H/� � �*� g : N → R

� �*4@�) � />) �# f∗∗ : TpM ×TpM → Tf(p)N �@�T< �1��P ? � �#
+���

c∗∗ : T�R × T�R → $�-# J�;< �$@�7 c : R → M 67�� ?�
� ��>:< � �L� _-
c′′(�)(f) = (f ◦ � �*� �7 c′′(�) ��	� ��#�7 �7 �� (��,��) ��. Tc(�)M

+#��T</� c)′′(�)

/��h4n� E�T4�# x �L� +��� �!+5+, �� �BC � ��+5+, E���9L �# /'='� c K ��L +��

xi(c(t)) = $�-# J�;< �[X,Y ]p =
n∑
i=�

ai∂/∂xi
∣∣∣
p

9�< � E#�7 x(p) = � �7 p Q�O

��!
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lim
t→�

O(t�)/t� = �H /Lk � ? � �7 ��� /*7�� �T; �	< O(t�) �H �ait�+O(t�)

+�

f : M → R A��7 K]'� A��$:� � � E#�7 E#�;D M �L� �H $�-# J�;< _��� +��
f−�(�)× �7 f−�(U) �H #��# #�
� J�'� � ∈ R .� U A�/T �N	- E�T<Z �$@�7
ϕ : f−�(�) × U → �t�7�� KN�D����U& # �H A��<�L �7 ��� F����U& # U
��BC .� E#�&4�� �7 �/ �	'-�� +$'H/� �$P f(ϕ(p, t)) = t {�@ �# f−�(U)

J�'� f−�(�) .� /T �N	- M �7 X A��#�7 /<�$�� �/<�
 .��D� � �+2+,
+f∗X = −d/dt �H $ .�N7

f : M → N A��7 K]'� A��$:� q ∈ N � E#�7 E#�;D M �L� ��� /%H _^
ϕ : /	N�D����U& # � q .� U A�/T �N	- �H $�-# J�;< 1��P ? � �# �$@�7

+f(ϕ(q, q′)) = q′ �H $<��# #�
� J�'� f−�(q)× U → f−�(U)

Ǳ�.� �7 E�T<Z �$'@�7 K]'� � #�:� N {�:< ��	- �L� �H $ ��T7 �d�4< _^a .� _�
�L� +$'D����U& # f−�(q�) � f−�(q�) �K- �7 M #9< /D�H E�.�$<�7 q� � q� �-
F����U& # f−�(q) × N �7 M �H �D�L �d�4< J���/� � Z �$@�"< N A��7 f

w���

��2




