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Rn �# {�:< J��'g �7 �� x � Rm �# {�:< J��'g �7 �� t �� . �� �BC �# +_Rn �7 Rm .�
Dif A��7 ∂f

∂ti .� J���/� f : Rm×Rn → Rk 67�� �- #��� �# �eV mK�'H/� E#�&4��
+#�H E#�&4�� Dm+if A��7 ∂f

∂xi .� �

� ∈ .� A�/T �N	- U �H ���� .�7 U × V ⊆ Rm×Rn K ��L ����� �����
�7 �1��P ? � �# +i = �, · · · ,m �H �$<���	- /*7��� fi : U ×V → R

n � ��� R
m

.� W A�/T �N	- �7 �H #��# #�� α : W → V 67�� M ��H�$O �A� x ∈ V �- Ǳ�.�
�$'H/� �$P � . c7�� � �# � #�@/� � �*� � ∈ Rm⎧⎨⎩ α(�) = x

∂α

∂ti
(t) = fj(t, α(t)) ∀ t ∈W

_3+� a

W�∩ .� A��&���� �7 �W� �7 α� � W� �7 α� $'<�� /*7�� ?�'� �# �- ���W�C# J��7 �7a
.� W A�/T �N	- �# /4C� �0'� � /4C� /*7�� ?�'� _+$<�7��7 ���� � ���@ �H W�

J�'� (�, x) ∈ U×V .� A�/T �N	- �H _��� ���	- ��H#�) ��t �7 �a #��# #�� �
�H $@�7 �4@�# #��

∂fj
∂ti

− ∂fi
∂tj

+
n∑
k=�

∂fj
∂xk

fki −
n∑
k=�

∂fi
∂xk

fkj = � i, j = �, · · · ,m _�+� a

E#�� _�+� a c ��@ ��9� J#�# J�;< +#�@/� �d�4< #�� 1�"x� .� / �4
 23�*4�

? � �L� �H K�-# J�;< ��� /D�H �? ��7�'7 mE$'<��) E�$0g �7 ? �	� J��'g �7 � ���

��!
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��V�+ W�R ��= K�
P,*� ����� = ���

�+�+� E���9L ��"@ 1�"x� +#��# #�� �]< #��� c ��@ �7 /*7�� E�T<Z �$'@�7 ���C�7 c ��@
+JZ A�04<� �# M��H �
;� M �7 ����

�H K�'H � �*� A��t �� α(t,�, · · · ,�) K�-��)/� �$47�{
α(�,�, · · · ,�)
∂α
∂t�

(t,�, · · · ,�) = f�(t,�m · · · ,�, α(t,�, · · · ,�)) _�+� a

/��	*� ��N<��& # ��#�*� ���]'� ? � A��7{
β�(�) = x
β′
�
(t) = f�(t,�, · · · ,�, β�(t))

� �*� |t| > ε� �7 A�- t A��7 �H #��# #�&7 �h='� ��#�*� ? � +K ��L/� �]< �# ��
K�'H/� � �*� +##�L/�

α(t,�, · · · ,�) = β�(t) |t| < ε�

+��� ���C�7 |t| < ε� A��7 _�+� a ��>7�� �1��P ? � �#
�� �#�*� �

∣∣∣t�∣∣∣ < ε� �7 �7�x t� �- A��7 J�'H�{
β�(�) = α(t�,�, · · · ,�)
β′
�
(t) = f�(t�, t,�, · · · ,�, β�(t))

�h='� ^�� �M��H /D�H E�.�$<�7 A�- t Ǳ�.� �7 9�< ��#�*� ? � +K ��L/� �]< �# ��
W�:=� �� � q K
O � ##�L�7 !+!+, �� �BC �7 E$'<��) ��� �.X ��d' � �# +#��# #�&7
A�-^�� �

∣∣∣t�∣∣∣ < ε� �- Ǳ�.� �7 E�T<Z �K�'H ^�n4<� M��H /D�H E�.�$<�7 �� ε� �L� �$�'H
|t| < ε� A��7 M �- �β�(�) = α(t�,�, · · · ,�) �� ���� c ��@ �7 β� A��7 1X#�*�

K�'H/� � �*� �1��P ? � �# +��� (�) A#$g ε� > � �H �$<#�L/� � �*�

α(t�, t,�, · · · ,�) = β�(t) |t�| < ε� , |t| < ε�

K ��# �S���� ? � �7⎧⎪⎪⎨⎪⎪⎩
α(�,�, · · · ,�) = x

∂α

∂t�
(t�, t,�, · · · ,�) = f�(t

�, t,�, · · · ,�, α(t�, t,�, · · · ,�))

|t�| < ε� , |t| < ε�

_�I+� a

K ��# 9�< |t| < ε� �7 t �- Ǳ�.� �7 �|t�| < ε� �7 �7�x t� �- Ǳ�.� �7 �H K�'H/� �g#�

� = g(t) =
∂α

∂t�
(t�, t, · · · ,�)− f�(t

�, t,�, · · · ,�)α(t�, t,�, · · · ,�)_��+� a

��2
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K�
P,*� ����� = ��� ��V�+ W�R ��=

K ��# _�+� a �7 �'7 �H K�'H/� ��� �$47�

g(�) = � _�!+� a

�# �� α ���@ 1���"g ��	- ����#� �# +K�'H/� ���n4�� g′(t) A��7 A���#�*� Q�O
+(t�, t,�, · · · , · · · ,�, α(t�, t,�, · · · ,�)) �# �� fi ���@ 1���"g ��	- � K �E#�H /7� ��$:� (t�, t,�, · · · ,�)

K ��#

g′(t) =
∂�α

∂t�∂t�
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

∂αk

∂t�

(�I+� )
=

∂

∂t�

(
∂α

∂t�

)
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

fk
�

(�I+� )
=

∂f�
∂t�

+
n∑
k=�

∂f�
∂xk

∂αk

∂t�
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

fk
�

_�2+� a

(��+� )
=

∂f�
∂t�

+
n∑
k=�

∂f�
∂xk

(gk(t) + fk
�
)− ∂f�

∂t�
−

n∑
k=�

∂f�
∂xk

fk
�

(∗∗)
=

n∑
k=�

∂f�
∂xk

gk(t)

����� {�@ �- A��7 #�&7 �h='� /7�� �7 ��N<��& # ��#�*� M (�) �� �#�*� �J�'H�
A� t �- Ǳ�.� �7 p�Y� �7 �(�) �# E$@ p�>� g(�) = � �� ���� {�@ �7 ^�� +���

+��� ���# (�) eV +g(t) = �

(∗) �# � #�@/� � �*� (−ε�, ε�)× · · · × (−εn, εn) �7 Gj 	g α �
' � J#�# J�;<
� +��� E#�� /' �	� �$'H/� �$P
A��t �7 �� $<��# Q��T4<� $%&�'� ��-6 .�� 1��P �� �# �
' � �� ���N� !+�+� �� �BC
�# /���� /"%>� ���H\� �� ���N� �j4 �0< � �� u=7 E���@ +$'H/� �O �� A��7 /����

�$-#/� ��N<��& # ���$'- �# A� �BC #���
+$'4N- K�N:� �7�C �4�# �# �7 ���N<��& # ��$'- �# /���� A� �BC .� A���N7
M ���]<a $ ��7 [�V /"��'� ��*Y� �s<�'� �H $' �L/� �� �7 � �BC .� Q�� �̀<
m$<���C�7 9�< �T # c ��@ E�T<Z _$@�7 A��>:< �- .� E$<�\L A�-$%&�'� � . A���# 6 .��
c ��@y �0<Z �7 � �$<�@/� �P�O SH�� /89 1�:4;� J#�# ���C �7��7 �7 c ��@ ? �
m$''H/� ���� �� A��\LK�� ? � ���# �� �BC .� ��# �̀< +#�@/� �4&L zA� \VQ��T4<�
S��'� ��*Y� JZ �7 J$��� A��7 zA� \V��T4<� c ��@y $'-#/� J�;< �H S���� ? � �7

+$'4N- /D�H

��5
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?����.�
� 8
�'(��
P,*� �� �9: X"�U�� �� �
Y* $�= K�
P,*� ����� = ���

�K �@/� #��� �-u=7 �<�L ? � �7 ��7 Q�� A��7 �� �H �u=7 A$*7 A�-�	NC �#
�$-#/� J�;< �� ��N<��& # ��$'- A� �BC #��� �# A��K0� S��>�

A� \VQ��T4<� c ��@ p�@ A��7 /Y�	C� �7�C ��r Q�O ?�g �# � S�� ��t �;�	-
u=7 �# /89 1�:4;� ��0� �<�L }�- ��0<Z � �&H 1�"x� �# �H A�=< �7 �#��# #��

+�N�< �.X ��

?��
�-�� 8��VW���N�2� �� �9: ������ �� ��X2 &!=

M S���� �7 ���	- A��#�7 A�-J�$�� Y � X � �$@�7 ���	- /*7�� f : M → N �L�
A� p ∈ M �- Ǳ�.� �7 �H $'4N- OA��� −f Y � X K�8�L/� /���P �# $'@�7 N �

E�T<Z �$@�7 ���	- /*7�� g : N → R �L� +f∗p(Xp) = Yf(p)

Yf(p)(g) = f∗pXp(g) = Xp(g ◦ f)

? ��7�'7

(Yg) ◦ f = X(f ◦ g)

Y � X E�T<Z �$@�7 ���C�7 ���	- g : N → R 67��� ��	- A��7 ? � �L� �e
*��7
+$'4N- c"���−f

A�T # A��#�7 J�$�� }�- �7 ��� ?
	� X A��#�7 J�$�� M ��� ?
	� ��4"��
�7 M �7 X R��&� A��#�7 J�$�� M �H #��$< /��9� �E�Gg �7 +$@�"< c"���−f Y
��� ?
	� ���O M �# ��)� ���O +$@�7 c"���−f M �7 �T # A��#�7 J�$�� M 

�$@�7 Q�=�

?@�	 � f �H A��t ���� ���	- /*7�� f : M → N K ��L �
��� �����
M E�T<Z �$@�7 Yf(p) ∈ fp∗(TpM) �7 N �7 ���	- A��#�7 J�$�� Y �L� +$@�7/�

+��� c"���−f Y �7 �H #��# #�� M �7 X ���	- A��#�7 J�$��

Yf(p) ∈ �H K�'H � �*� TpM .� / �4
 �h'g $ �7 �� Xp �H ��� ?@�� 23�*4�
E�T4�# �K�'H/� E#�&4�� _! �	NCa 2+,+! �� �BC .� �X A���	- 1�"x� A��7 +fp∗Xp

�H $<��# #�� J�'� f(p) ∈ N Q�O (y, V ) 9�< � p ∈M Q�O (x, U) /��h4n�

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , an,�, · · · ,�)

��,
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K�
P,*� ����� = ��� ?����.� 
� 8
�'(��
P,*� �� �9: X"�U�� �� �
Y* $�=

/4N �7 �1��P ? � �# �H #�@/� �]OG� /L#�� �7

fp∗

(
∂

∂xi

∣∣∣
p

)
=

∂

∂yi
|f(p)

�# �H �X =
n∑
i=�

βi
∂

∂xi
E�T<Z �$<���	- 67��� �- αi �H �Y =

n∑
i=�

αi
∂

∂yi
�L� �? ��7�'7

� +_2 �� ���N�a $<���	- 9�< βi 67��� �H $'H/� ^�d � ? � +αi ◦ f = βi JZ
�K�'H/� p�>� �� J#�7 c"���−f ��P�) � �4	0� �Gj  q

1��P ? � �# +i = �,� �H �$'@�7 c"���−f Yi � Xi �L� �
��� �����
+��� c"���−f [Y�, Y�] �7 [X�, X�]

E�T<Z �$@�7 ���	- g : N → R �L� 23�*4�

(Yi g) ◦ f = Xi(g ◦ f) i = �,� _�5+� a

K ��# ��d�4< �#

{[Y�, Y�]g} ◦ f = {Y�(Y�g)} ◦ f − {Y�(Y�g)} ◦ f

= X�([Y�g] ◦ f)−X�([Y�g] ◦ f)

E�T<Z �K�'H R�g Y�g e�� � Y�g �7 �� g �
' � � (�) �7 �'7

_�5+� )
= X�(X�(g ◦ f))−X�(X�(g ◦ f))

= [X�, X�](g ◦ f)

� +��� ��	� J�-�7 �
A��#�7 J�$�� K�8�L/� /���P �# +K ��L/� �]< �# �� Δ A$*7−k 6 .�� M Q�O
Q��T4<� $%&�'� M N $�'H R�D +Xp ∈ Δp �- p ��	- Ǳ�.� �7 �H ��� M�"�� Δ �7 X
A��#�7 J�$�� �# Y � X �L� +$@�7/� JZ A��4O� �@�T< i : N ↪→ M � ���� Δ

X̃p, Ỹp ∈ TpN #�&7 �h='� �P�'g �- p ∈ N ��	- Ǳ�.� �7 E�T<Z �$'@�7 Δ �7 W%*4�
�H $<��# #�� A��<�L �7

Xp = i∗ X̃p Yp = i∗ Ỹp

$-#/� J�;< �+!+� E���9L +$'4>"���−i 9�< Ỹ � Y c"���−f X̃ � X ��T # J��7 �7
�H $-#/� J�;< 9�< !+!+� E���9L � �$'4N- N �7 ���	- A��#�7 A�-J�$�� Ỹ � X̃ �H

���
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?����.�
� 8
�'(��
P,*� �� �9: X"�U�� �� �
Y* $�= K�
P,*� ����� = ���

[X̃, Ỹ ]p ∈ �d' � �# +i∗[X̃, Ỹ ]p = [X,Y ]p /'* +$'@�7/� c"���−i[X,Y ] � [X̃, Ỹ ]

A��7 /���T4<� $%&�'� �L� e
*��7 +[X,Y ]p ∈ Δp K ��# �̀	d� �# �? ��7�'7 mTPN
+��� W%*4� Δ �7 9�< [X,Y ] E�T<Z #�\T7 E��n�# p �- .� �H $@�7 �4@�# #�� Δ

1��P �7 �H R� �# Δ 6 .�� �7 A��]=� A��7

Δp =
{
r
∂

∂x

∣∣∣
p

+ s
∂

∂y

∣∣∣
p

+ (rf(p) + sg(p))
∂

∂z

∣∣∣
p

: r, s ∈ R

}
A��#�7 A�-J�$�� +K #�L/��7 �$@ p�>�

X =
∂

∂x
+ f

∂

∂z
Y =

∂

∂y
+ y

∂

∂z

�H K�'H/� �]OG� ��!� ��=&P �# Q���D M	H �7 +$':%*4� Δ �7

[X,Y ] =
{
∂y

∂x
− ∂f

∂y
+ f

∂y

∂z
− g

∂f

∂z

}
.
∂

∂z

J�	- ���# ? � �H �$@�7 �&P ∂/∂z �;V 1��"g �H ��� W%*4� Δ �7 /4C� �0'� ? �
E��n�# ��>:< �- .� E$''H ��"g Q��T4<� $%&�'� A���# Δ JZ /t �H Δ �7 ��� /t�@

+���
[X,Y ] �Δ �7 W%*4� Y � X �- Ǳ�.� �7 �H K�8�L �	
F(��)�� �� Δ /���P �# ��H�#

�#�	< W�:=� J���/� /L#�� �7 S%r� �� {�@ ? � +$@�7 W%*4� Δ �7 9�<

$���� p .� U /T �N	- M �# �� Δ 6 .�� Xk � · · · �X� �L� �
��� �����
�7 />) /"�H�� [Xi, Xj] �H ��� � \VQ��T4<� U �7 Δ /4C� �0'� � /4C� E�T<Z �$''H

�
@

[Xi, Xj ] =
k∑

α=�

Cαij Xα

+$@�7 Cαij ���	- S ��Y �7

� /4C� E�T<Z �$''H $���� p .� U /T �N	- �# �� Δ 6 .�� Xk � · · · �X� �L� 23�*4�
�
@ �7 />) /"�H�� �- [Xi, Xj ] .� M �- �H ��� � \VQ��T4<� U �7 Δ /4C� �0'�

[Xi, Xj ] =
k∑

α=�

Cαij Xα

+$<���	- /*7��� �- Cαij �H �$'@�7

��3
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�'(��
P,*� �� �9: X"�U�� �� �
Y* $�=

Ǳ�.� �7 �� . �$<��# #�� /*7��� ?�'� E�T<Z �$@�7 � \VQ��T4<� Δ �H� �p�Y� �7 23�*4�
+##�L/� $���� �- Xα(q) c��� Δq � ��� W%*4� Δq �7 [Xi, Xj ]q A� q ∈ U �-
�$'@�7 W%*4� Δ �7 Y � X �L� +$'@�7 �4@�# #�� /*7��� ?�'� �K�'H R�D �e
*��7

K�N �'7 K�<���/� p�Y� �7

X =
k∑
i=�

fiXi , Y =
k∑
j=�

gjXj

[fiXi, gjXj ] .� M �- W%*� ��� /D�H Δ �7 [X,Y ] W%*� 1�"x� A��7 �H ��� ?@��
J�� +K ��T7 �]< �# �<�L�$ ��t �7 ��

[f X, g Y ] = fg[X,Y ] + f(Xg)Y − g(Y f)X

� +�N- 9�< [f X, g Y ] E�T<Z �$'@�7 W%*4� Δ �7 [X,Y ] � Y �X �L� �eV
!+�+� �� �BC �7 ��BC ? � +K ��# �� /%P� �� �BC bt A��7 �.X /L#��Z J�'H�
���� +_3 �� ���N�a #�H ���n4�� J���/� JZ .� �� !+�+� �� �BC �6C�� �# m��� Q#�*�

+��� 1��&4� �j���� JZ 1�"x�

Δ K ��L ��,-� .#� /0#�1�2- 34 53�67,�38��� �� ���� ���� �����
E�T4�# M �p ∈ M �- Ǳ�.� �7 +��� M �7 ���	- � � \VQ��T4<� �A$*7−k 6 .��

�7 (x, U) /��h4n�

x(p) = � , x(U) = (−ε; ε)× · · · × (−ε, ε)

��g�	d� �
∣∣∣ai∣∣∣ < ε � an � · · · �ak+� �- Ǳ�.� �7 �H #��# #�� J�'�

{q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an}

� +��� Δ Q��T4<� $%&�'� M 
+��� W%*4� �-�g�	d� ? � .� /
 �7 �U �7 Δ .� Q��T4<� $%&�'� �- $ $=�

K�<���/� �E�Gg �7 +p = � � K�4N- Rn �# K�'H R�D K�<���/� �H ��� ?@�� 23�*4�
c��� Δ� ⊆ T�Rn �H K�'H R�D

∂

∂t�

∣∣∣
�

, · · · , ∂

∂tk

∣∣∣
�

? � �# +��� ���g k ?���� A��7 � �h� π : Rn → Rk K ��L +##�L/� $����
Ǳ�.� �7 π∗ �/T4���V R�D �7 �'7 +��� KN�D����9 � π∗ : Δ� → T�Rk 1��P

���
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�G�
� �� �
Y* &�= K�
P,*� ����� = ���

�h='� A�-��#�7 � /
 #9< �# �? ��7�'7 +��� M �7 M Δq �7 � M #9< A�- q
�H K�'H ^�n4<� K�<���/� A��t �� X�(q), · · · , xk(q) ∈ Δq #�&7

π∗Xi(q) =
∂

∂ti

∣∣∣
π(q)

i = �, · · · , k

_Rk �7a ∂∂ti � _� ∈ Rn .� A�/T �N	- �7a Xi A��#�7 A�-J�$�� �1��P ? � �#
K ��# �!+!+� E���9L �7 �'7 +$'4N- c"���−π K- �7

π∗Xi(q) = ∂ =
[
∂

∂ti
,
∂

∂tj

]
π(q)

= �

[Xi, Xj ] = � ? ��7�'7 +��� M �7 M Δq �7 Δ � [Xi, Xj ]q ∈ Δq R�D �7 �'7 ����
�H #��# #�� J�'� π /��h4n� E�T4�# M ��I+5+, �� �BC

Xi =
∂

∂xi
i = �, · · · , k

A�-$%&�'� {q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an} A�-�g�	d� �p�Y� �7
�i = �, · · · , k �H ∂/∂xi = Xi c��� �0<Z �7 ��	� A�-��#�7 �� . �$'4N- Δ Q��T4<�

+$<#�L/� $����
i : N ↪→ U � ��� E$@ $ $=� U �7 �H $@�7 Δ .� A$'"	- Q��T4<� $%&�'� N �L�
�]< �# �� k + � ≤ m ≤ n �7 d(xm ◦ i) A�-��N<��& # �$@�7 JZ A��4O� �@�T<

K ��# TqN .� Xq ��	� ��#�7 �- Ǳ�.� �7 +K ��L/�

d(xm ◦ i)(Xq) = Xq(xm ◦ i) = i∗Xq(xm) = �

�? ��7�'7 +##�L/� $���� i = �, · · · , k �7 A�- ∂/∂xi
∣∣∣q c��� Δq �H �i∗Xq ∈ Δq �� .

� +��� �7�x N $'"	- Q��T4<� $%&�'� �7 xm ◦ i JZ S�� � �H �d(xm ◦ i) = �

��E�� �� ��X2 )!=

M �L� �K�'H/� p�>� ��L��D ��
O� �4:D�� J��7 ��]'� �7 �� � q p�@ �7 /OG>P�
/���P �# �� M .� N _$'"	- ��r S%r� �a A$*7−k $%&�'� � . �$@�7 ���	- A$%&�'�
A$'"	- A��&����a �# M .� �>:< �- �H K�8�L M .� _A$"'L �7 �/'*� �7a �?;���D
�7 (x, U) 1�h4n� E�T4�# M �p ∈ M �>:< �- #�L � �$@�7 �4@�# ���C N _.�
N ∩ U A$'"	- A�-�&��� �� �H ##�L �D� J�'� x(U) = (−ε; ε)× · · · × (−ε; ε)

���
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K�
P,*� ����� = ��� 
�G�
� �� �
Y* &�=

N A$'"	- ��&���� �- +$'@�7 3+� �
@ .� _���a �	NC �# 1��P �7 / �-�g�	d�
+K�8�L/� N A$"'L�7 .� �x�% M ��

i 3+� �
@

A$"'L�7 .� ��7 M �7 N ∩ U .� �9d� A$'"	- ��&���� �# #��# J�
�� �H #�@ ���
+$'@�7 W%*4�

+��� M �7 A$*7 −k � ���	- �� \VQ��T4<� 6 .�� M Δ K ��L ����� �����
.� A$'"	- ��&���� �-a +��� A$"'L�7 Δ Q��T4<� A�-$%&�'� c��� M �1��P ? � �#

+_K���</� Δ Q�	�NH�� Q��T4<� $%&�'� ��� JZ

A�-E�T4�# .� A����"<# �7 �� M �H ##�L/� �]OG� ZZ �� �BC .� E#�&4�� �7 23�*4�
�- #��� �# +K�-# [@�V K�<���/� 5+!+� �� �BC c ��@ �# �#�P (xi, Ui) /��h4n�
{q ∈ U ; xk+�(q) = �
@ �7 A�-�g�	d� .� M �- �(x, U) �/��h4n� E�T4�# ?�'�
Q�	4O� �H #�@ ��� +K���</� U .� � B	��% _a�%a M �� ak+�, · · · , an(q) = an}
S∩Uj ��� +$'H 6>C �
 ��7 M .� [�7 �# �� Uj ��g�	d� �S ��� Ui .� A��
 ��7 #��#
A��
 ��7 �# JZ .� A$'"	- ��&���� �- � �#��# A$'"	- ��&���� ���	@ A#�$*� �7 ��H�$O
�7 ��H�$O �# S ∩ Uj ��d�4< �# +#��# ���C _5+!+� �� �BC �7 �'7a Uj .� (�h) �7

+_#�@ ��� 3+� �
@ .� _^a �	NC �7a #��# ���C Uj .� �
 ��7 ���	@ A#�$*�
^�n4<� p ∈ U� �7 (x�, U�) /��h4n� /-�T4�# �R��&� p ∈ M �- Ǳ�.� �7
�� Ui .� S ��
 ��7 +#��#�7 �# �� p �H $@�7 U� .� A��
 ��7 S� K�'H/� R�D � E#�	<
�0<Z �7 ���'4� � � = i�, i, · · · i� = � ��]< A����"<# �H K�8�L p �7 �<�� /���P �#

�H ##�L �D� A��<�L �7 S� = Si� , Si� , · · ·Si� = S �7 A�-�
 ��7 .� A����"<#

Siα ∩ Siα+�
�= φ α = �, · · · , �− �

R��&� �� ��"<# �- �7 ��]< S��'� A�-�
 ��7 .� A�-���"<# ���	@ A#�$*� �7 ��H�$O J��
#�� A#�$g� A�-���"<# ?�'� .� ���	@ A#�$*� �7 ��H�$O 9�< � #��# #�� i�, · · · , i�

!II
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�G�
� �� �
Y* &�= K�
P,*� ����� = ���

M	H �7 �J�'H� +#��# #�� p �7 �h4� ��
 ��7 �7 ���	@ A#�$*� ��H�$O �? ��7�'7 �#��#
M .� A$%&�'� � . �/ �-�
 ��7 ?�'� ��	- `�	4� �H �K�'H/� �]OG� ��2 �� ���N�
+$<�7��7 Gj ��H �
' � � � $'4N- �9d� ��]< A�-`�	4� � �q �= p �- Ǳ�.� �7 +���
��	- .� �9d� /g�	4� �7 M ��j4d�4< +$'4N- �9d� K- .� Gj ��H / �-`�	4� ?�'� eV
A$%&�'� ��9d� `�	4� ? � �H ��� ?@� � m��� E$@ A$"'L�7 / �-$%&�'� � . ?�'�
� +$@�7/� Δ .� Q��T4<�

Q��T4<� $%&�'� �Q��T4<� A�-$%&�'� `�	4� �
' � �7 ��� �7 �������� �����
Q��T4<� $%&�'� .� zQ��T4<� A�-$%&�'�y A� �7 ZZ �� �BC 1��P �# J���/� ����

+�&L ?n�
�.X �� . �#�@/� K- ��E#�� 1�"x� �K�<�$7 .�d� �� � \V�< �4� A�-$%&�'� �s<�'�
��� /D�H � �K�7��7 ��7 �- A��7 /��h4n� A�-E�T4�# .� ���	@ /g�	4� �N�<
�-��7 ��	- JZ �7 ?"N< �H A�Af���V�� ? �4
��H 1��P �7 �� A$"'L�7 Af���V��
�# �6C�� �# +�N�< ���# A$*7 S��>� ���O ? � �# ��4"�� +K�'H � �*� �$<.�7
�4	H $*7 �7 $'"	- $%&�'� � . c��� ��� E$@ p�>� A� \V�< �4� $%&�'� ���� ��	�	Y

+��� E$@ A$"'L�7
��BC 1�"x� �# E$@ ��P�� �̀< .� /��h4n� /-�T4�# (x, U) �L� �H #�@ ���
W%*4� $O�� ��7 M �7 U A�-�
 ��7 .� #�$*� � �0</7 ��� ?
	� E�T<Z �$@�7
���	@�< /g�	4� ��7 �1��P ? � ��r �# m��� ���	@ ��H�$O #�$*� ? � ��4"�� +$'@�7
.� E#�&4�� J�
�� ��� ? � +��� ?
	� ��r �H �$@ $-��) �9d� .�7 A�-�g�	d� .�

+$-#/� �� �7 �� ! �hD .� A�E��9L

i
�+� �
@

�n;� A$"'L�7 .� ��7 M M� � ���	- A$%&�'� M K ��L ����� �����
/*7�� f : P → M � ��� A�T # ���	- $%&�'� P K ��L +$@�7 Δ 6 .�� c��� E$@
M� A�47 P .� /4@�T< J��'g �7 f 1��P ? � �# +$@�7/� f(p) ⊆ M� �7 ���	-

+��� ���	-

!I�
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K�
P,*� ����� = ��� ����
%� 5�=

M� A�47 /4@�T< J��'g �7 f �H K�-# J�;< ��� /D�H 5+,+! E���9L W"t �7 23�*4�
J�'� f(p) Q�O (x, U) /��h4n� /-�T4�# �R� �&� p ∈ P �- Ǳ�.� �7 +��� �4���V

A�-�
 ��7 �H K�'H/� ^�n4<�

{q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an}

i �+� �
@

� ���� �4���V M A�47 /4@�T< J��'g �7 f �J�'H� +$'@�7 Δ Q��T4<� A�-$%&�'�
+K ��T7 K�<���/� $'"	- �� W m#��T</� U A�47 �� p .� A� W /T �N	- f ? ��7�'7
xi ◦ f E�T<Z �xi(f(p′)) �= ai A� p′ ∈ W M Ǳ�.� �7 �L� �k + � ≤ i ≤ n Ǳ�.� �7
/'*� J�$7 ? � +$'H ���4)� _/T4���V �7 �'7a �� xi(f(p′)) � ai ?�7 � #�:� ��	� /4N �7
f(W ) ⊆ M� �H ��*C�� ? � �7 �H #��#�7 �# �
 ��7 ���	@�< #�$*� �7 f(W ) �H ���
f(W ) ��T # J��7 �7 +xi(f(p′)) = ai A� p′ ∈W �- Ǳ�.� �7 �j4d�4< +$@�7/� #�B� �#
f �H #.��/� ?@�� ? � +��� ���@ �� p �H #��# ���C U .� (�h) �7 A��
 ��7 �#
� +$@�7/� �4���V M� A�47 /4@�T< J��'g �7

'�
��(� 5!=

ζ′ = π′ : � ���� A��=&P−n FGH M ζ = π : E → B K ��L _��� +�
i : E′ ↪→ E �L� +E′ ⊂ E �H A��t ���� A��=&P−k FGH M E′ → B

�� ζ′ /���P �# �$@�7 /<�	- �@�T< IdB : B → B � E#�7 A�4O� �@�T<
6 .�� �- �H $�-# J�;< +$@�7 /DGH �@�T< (i, IdB) �H K�8�L ζ ��� �	3

+$@�7/� TM .� FGH � . M ���# M �7 A$*7−k
���	- FGH � . �M ���	- $%&�'� A� � ζ′ � ζ ���	- A�-FGH #��� �# _^
��� ���	- /4C� �0'� � /4C� A$*7−k 6 .�� �- �H $�-# J�;< � E#�	< � �*�

+$@�7 ���	- /DGH � . �H

!I!
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����
%� 5�= K�
P,*� ����� = ���

^�n4<� M��H /D�H E�.�$<� �7 #��� �# A�g#� �!+�+� �� �BC 1�"x� #��� �# _�� +!
+$�'H /�� �7 �� ε� J#�H

+$�'H ��	
� �� ��BC / �4
 �	NC 1�"x� _^

+f∗
( ∂

∂xi

∣∣∣
p

)
=

∂

∂yi

∣∣∣
p

�H $�-# J�;< �+!+� E���9L 1�"x� �# _��� +2

�Y =
n∑
i=�

αi
∂

∂yi
�L� �H $�-# J�;< � E#�H ��	
� �� �+!+� E���9L 1�"x� _^

+$<���	- βi 67��� � αi ◦ f = βi �H X =
n∑
i=�

βi
∂

∂xi
E�T<Z

+$<���	- /T	- Cαij 67��� �H $�-# J�;< 2+!+� E���9L 1�"x� �# +5

dh � · · · �d� S���� �7 $*7 �7 M �7 � \V Q��T4<� A�-6 .�� Δh � · · · �Δ� K ��L +,
+TpM = (Δ�) ⊕ · · · ⊕ (Δh)p A� p ∈ M �- Ǳ�.� �7 �H $�'H R�D +$'4N-
#�� A��t (x, U) /��h4n� E�T4�# M A��>:< �- #�L �# �H $�-# J�;<

+· · · � ##�L/� $���� ∂

∂d�
� · · · � ∂

∂x�
c��� Δ� �H #��#

��>7�Y �7 _x � t 1�h4n� �7a Rm × Rn �# Δ 6 .�� ?4D�L �]< �# �7 +�

Δp =

{
m∑
i=�

ri
∂

∂ti

∣∣∣
p

+
m∑
k=�

( m∑
i=�

ri fki (p)
) ∂

∂xk

∣∣∣
p

: r ∈ R
m

}

x �7 fj /4C� /4O �H $�'H ��� +$ ��T7 �d�4< 5+!+� .� �� !+�+� �� �BC
�
@ �7 1X#�*� /'* �#��$< /T4N7

∂α/∂tj(t) = fj(t)

�K�'H/	< ��H Rm×Rn �# E�Ts�- �$'4N- ∂fj
∂ti

=
∂fi
∂tj

A� \VQ��T4<� c ��@ �7 �
$ $ �:4N� A�-���4� .� E#�&4�� $'D�� �7 ? � +K�-#/� ��d<� Rm �# �
%7

+��� {�7��

��N<��& # 1X#�*� p�t M	'H �7 !+�+� �� �BC 1�"x� A��7 �T # /@�� ����N� ? � +3
E$<�\L {�>) #�$4�� �# /��	*� 1X#�*� �7 �-JZ � $"� � /89 �%:4;� �7
���N7 �H #�7 ! �hD .� 3 [n7 �# /07�;� M�'
� +$'H/� K-��D �Ǳ�$"� .�

+��� ��	-��7

!I2
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K�
P,*� ����� = ��� ����
%� 5�=

J�;< �α(ut) = β(u, t) #�@ R�D β : [�; ε)×W → V /*7�� Ǳ�.� �7 �L� _���
E�T4�# �# /4N �7 β $�-#

∂β

∂u
(u, t) =

m∑
j=�

tj .fj(ut, β(u, t)) β(�, t) = x

�7 ��#�*� J��a #�H �O J���/� �� /�X#�*� ?�'� �H K�<�#/� +$'H �$P
/���7 ��� �.X +_K ��# .��< ,�, �� ���N� �7 �#��# /T4N7 t ∈ Rm �4����V

+$'H ��H �- t ∈W ��	- A��7 �H #�	< ^�n4<� J���/� J�'� A� ε �H #�@

��#�*� M �# 67�� �# �- �H $�-# J�;<a +β(u, vt) = β(uv, t) $�-# J�;< _^
/
 9�D �# �- A.�rZ {�@ �H �$''H/� �$P u .� /*7��� J��'g �7 ��N<��& #

+ε = � �H K�'H R�D K�<���/� W J$�;H �7 _+���

�H $ ��T7 �d�4< _�

∂β

∂tj
(v, t) = v.

∂β

∂ti
(�, vt)

v.fj(vt, β(v, t)) � ∂β
∂tj (v, t) �H $�-# J�;< f �7 A� \VQ��T4<� {�@ M	H �7 _#

E#�&4�� _�a .� +$''H/� �$P A$O�� ��N<��& # ��#�*� �# v .� /*7��� J��'g �7
+$<�/
 67�� �# ? � �H $�-# J�;< � E#�H

α $�-# J�;< +α(vt) = β(v, t) �H #�@ ��� +α(t) = β(�, t) $�'H � �*� _-
+$'H/� �$P �]< #��� �� �#�*� �#

f : K ��L +$-#/� o.��Z �� c%4n� 9���<Z (�h) �# /"��>� ����N� ? � +�
1��P �7 �� C × C �# /��h4n� 67��� �L� +��� c%4n� /%�%=� C × C → C
�/@�H 1X#�*� �# f = u, iv E�T<Z �K�-# J�;< (z�, z�) = (x�, y�, x�, y�)

$'H/� �$P J�	 �

∂u

∂xi
=

∂v

∂yi

∂u

∂yi
= − ∂v

∂xi
i = �,�

1X#�*� �H $�'H �7�x !+�+� �� �BC M	H �7

∂α�

∂x
= u(x, y, α�(x, y), α�(x, y)) =

∂α�

∂y

∂α�

∂x
= v(x, y, α�(x, y), α�(x, y)) = −∂α

�

∂y

!I5
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����
%� 5�= K�
P,*� ����� = ���

� �#�	< �O J���/� _z� ∈ C �T # ��>:< �- � a � ∈ C .� A�/T �N	- �# ��
��N<��& # ��#�*� �H $ ��T7 �d�4<

ϕ′(z) = f(z, ϕ(z))

ϕ(z�) = �� ���� {�@ �H �#��# ^�� z� .� A� /T �N	- �# _c%4n� W4;� /'* �Ha
+$@�7/� E��n�# w�

!I,




