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M 9�D K��g �# ��7 Q�� �H ���� b>� � c) A�0���T4<� K�	*� ��hD ? � /%P� ��0&�
ω = f dx + � ��� /'='� M C : [�;�] −→ R� $�'H R�D �Gj �� +$<$@ p�>�
R� �7 /��h4n� 67��� y � x � f, g : R� −→ R �Ha $@�7/� R� �7 ��D−� M g dy
1��P ? � �# +K�'H/� ^�n4<� [�;�] A��7 � = t� < · · · < tn = � A.��D�+_$'4N-
�7a $@�7/� c(ti) �� c(ti−�) .� JZ �� i ��*>C �H #�@/� K�N:� �*>C n �7 C /'='�
E�.�$<�7 ti − ti−� A�0%Y�&� �H /���P �# +_#�@ ��� �+� �
@ .� _���a �	NC
�� i ��*>C �#. S �:� J���/� c) E��V M �7 �� A��*>C ?�'� �- �$'@�7 M��H /D�H
A#�	g � �h� � c�(ti)−c�(ti−�) �7��7 JZ /:D�� �h� �H K�<./� S �:� />) E��V �7
ξi ∈ [ti−�, ti] ^�n4<� �7 �*>C �- �7 �� (Cξi) {�:< +$@�7/� c�(ti) − c�(ti−�) JZ

�̀	d� ξ = (ξ�, · · · , ξn) ^�n4<� ?�'� �- � P .��D� �- Ǳ�.� �7 +K ��L/� �]< �#

S(P, ξ) :=
n∑
i=�

f(c(ξi))[c�(ti)− c�(ti−�)] + g(c(ξi))[c�(ti)− c�(ti−�)]

�P��D ��	 9H�� /'* �$'H ��� �&P �7 P .��D� ‖P‖ �D��� J�'� +K ��L/� �]< �# ��
$O ��$:� �$<�@ ��T	- �n;� A$O �7 �0g�	d� ? � � �$''H ��� �&P �7 ti− ti−�
�L� ��� W�C# J��7 �7 +��� E$�s�V ���N7 $O ? �a +K�-#/� J�;< ∫

c
f dx+ g dy �7 ��
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A��N� E�T<Z ‖P‖ = maxi{ti − ti−�}

lim
‖P‖−→�

S(P, ξ) =
∫
c

f dx+ g dy

P A�-.��D� ��	- Ǳ�.� �7 �H #�@/� �D� J�'� A� δ > � M ε > � �- Ǳ�.� �7 �/'* 
K�@�7 �4@�# �P A��7 ξ A�07�n4<� ��	- � ‖P‖ < δ �7∣∣∣S(P, ξ) −

∫
c

f dx− g dy
∣∣∣ < ε

O� (��)�� �##�L/� � �*� S���� ? � �7 �H A$O _+��� E$�s�V ���N7 p�Y� �7 �H
f
∂

∂x
+ ��>7�Y �7 R

� A� ��< J�$�� �L� +#��# /'@� � /
 9�D ��"*� m#�@ /� E$���<

��H S(P, ξ) E�T<Z �_#�@ ��� �+� �
@ .� _^a �	NC �7a K ��T7 �]< �# �� g ∂
∂y

c �H R�D ? � �7 ��� c /'='� #�$4�� �# $O�� �� �7 ��=4� M c��� E$@ ��d<�
�S���� ? � �7 m$'4N- �7�x c) E��V JZ �7 9�< g � f � ��� c) E��V ti � ti−� �- ?�7
�]< �>:< .�a +$'H/� �"��=� �� /%H ���O �# E$@ ��d<� ��H ��$:� Gj 	g ��H\� $O

�7���< J�$�� c��� E$@ ��d<� ��H 1��P �7 �� f dx+ g dy ��N<��& # �M��GH

i
�+� �
@

_+$@�7/� dy � dx A�-�&���� �7 M��H � �0</7 J�
� �����

i
!+� �
@

c(t) = (�) ���O �K�'H/� �"��=� �<�T� �	g �# �� $O ? � K�8�T7 �
' � .� �"C
���O ? � �# +_#�@ ��� !+� �
@ .� _���a �	NC �7a K ��L/� �]< �# �� (t, y�)
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? ��7�'7 c�(ti)− c�(ti�) = � �H /��O �# c�(ti)− c�(ti−�) = ti − ti−�

S(P, ξ) =
n∑
i=�

f(ξi, y�)(ti − ti−�)

�$' ��L/� � q $O �7 �0g�	d� ? � �p�Y� �7∫
c

f dx+ g dy =
∫ �

�

f(x, y�) dx

��� !+� �
@ .� _^a �	NC �7a c(t) = (tb + (� − t)a, y�) �L� ��T # A�� .�
�\� � c�(ti)− c�(ti−�) = (b − a)(ti − ti−�) E�T<Z �_#�@

S(P, ξ) = (b− a).
n∑
i=�

f(ξib+ (�− ξi)a; y�)(ti − ti−�)

$' ��L /� � . $O �7 9�< �0g�	d� ? �

(b− a)
∫ �

�

f(xb+ (�− x)a, y�) dx =
∫ b

a

f(xy�)(ti − ti−�)

K ��# E��n�# c �- #��� �# �?�T<��� ��$:� �� �BC .� E#�&4�� �7 ��H �#

c�(ti)− c�(ti−�) = c�
′
(αi)(ti − ti−�) αi ∈ [ti−�; ti]

c�(ti)− c�(ti−�) = c�
′
(βi)(ti − ti−�) βi ∈ [ti−�; ti]

? ��7�'7

S(P, ξ) =
n∑
i=�

{f (c(ξi))c�
′
(αi) + g(c(ξi))c�

′
(βi)}(ti − ti−�)

$ ��L/� _� �� ���N�a o#�) ��"@ A9�� �7 �̀	d� ? � �H #�# J�;< #�@/�∫ �

�

{
f (c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

_���a �	NC �7a $'H/� ���O�� �� K
O ? � A��Z #� �7 �/
 9�D A��\L#�	<
J�;< y � x �7 S���47 �� c /'='� c� � c� A�-�&���� �s<�'� +_#�@ ��� 2+� �
@ .�
x = x(t) #�@/� �4&L �/
 9�D �]< .�� ��K�-# J�;< y ◦ y � x �7 �� x ◦ c �/'* � K�-#

��@�< J���/� � . �
@ �7 �� X�7 Q��T4<���y = y(t) �∫
c

f dx+ g dy =
∫ �

�

{
f(x, y)

dx

dt
+ g(x, y)

dy

dt

}
dt
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��Z #� +K�'H p�>� K�<���/� A��/�$'- ��"*� �zc) Q��T4<�y /
 9�D ��"*� �7�:� �#
�1��P ? � �# +��� ξi ��]=� �# c �7 ��	� ��#�7 �T; �	< dc/dt(ξi) �H K �@/�

A�0g�	d� �H ��� ?@��
n∑
i=�

ω(c(ξi))
dc

dt
(ξi).(ti − ti−�) = _�+� a

=
n∑
i=�

{
f(c(ξi))c�

′
(ξi) + g(c(ξi))c�

′
(ξi)(t)

}
dt

Q��T4<� J�	- �79�<∫ �

�

{f(c(t))c�
′
(t) + g(c(t))c�

′
(t)}dt

�# �� $'H/� �H�O �7�x �g�� �7 (ti−�, ti) E�.�7 �- �7 c �H /P�) ���O +$ ��L/�
_^a �	NC �7a K�'H/� ^�n4<� A� ξi ∈ (ti−�, ti) A�h'g E.�7 �- �# +$ ��T7 �]<

1��P ? � �# +_#�@ ��� 2+� �
@ .�

i 2+� �
@
dc

dt
(ξi) Q�t = (ti−�; ti) �7 �7�x �g��

=
�

ti − ti−�
(c(ti) �� c(ti−�) .� c) E��V Q�t)

�d�4< �#(dc
dt

(ξi) Q�t
)
.(ti − ti−�) = c(ti) �� c(ti−� .� c) E��V Q�t)

����O ? � �#
n∑
i=�

(dc
dt

(ξi) Q�t
)
.(ti − ti−�)

+$'H/� ��� c (�R �7 �$@�7 ��T	- �s<�'� _�+� a �̀	d� ��d�4< �# � ���� c Q�t
c) Q��T4<� ��T # 1��"g �7 +K ��L/� c Q�t � �*� �� ? �∫

c

ω = (�+� ) �# A�0g�	d� $O
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�4���V 1��P �7 [
>) �
<Z �7 {� �;� �#�	< ��"*� J���/� c Q�t 1��P �7 ��
� . �7 ω(c(t)) $ $=� �H #�@ ��� �$'H ����� +$'H/� �n;� ω �H /: �t �7
Q�t �#y ^�Y �7�x M �7��7 Tc(t)R� .� dc/dt c��� E$@ $���� A$*7 M A�BD
?��*� �c #�$4�� �# Q�t �� 4���V ����� M J#�H �n;� /*�"t W �t +��� z��#�0
��� /
��GH ��0&� A.���� J��7 ? � �$@�7/� [��	� A�-��#�7 .� M �- �7 Q�t
� �0</7 ��
� �K�'H K�N:� M��H ��>*C � �0</7 �7 �� c �s<�'� �#��#/� ��0�� ?�'� �H
+$@�7/� f(c(t)) dx+ g(c(t)) dy Q�>7 dy � dx A�-�&���� �7 � c(t) ��>:< �# M��H
ω ��D−� }�- �H K �@/� �H\4� �K .�#��7 A�4;�7 /�$'- ��7�*� �7 �
<Z .� [�V

�H #��$< #�� R� �7∫
c

ω = cQ�t A� c /'='� �- Ǳ�.� �7

�# c #��� �# �H �)�� J���/� ω /��D �c M �7 M /'='� Ǳ�.� �7 �H #�@/� �7�x
�H K�'H/� ^�n4<� A��t �� ω(c(t)) ∈ Ω�(Tc(t)R�) m$'H /� �$P X�7 ��>7��

ω(c(t)) =
(dc
dt

)
= �

6���� e�� � _E��n�# ω �� 4N- ^�n4<� �7a _#�@ ��� 5+� �
@ .� _���a �	NC �7a
�Gj �� m�N�< ?
	� ��H ? � �$@�"< M �7 M c �L� ��� +#�@/� E#�# K�	*� R� �7 ω
�- �7 �H #��$< #�� Ω�(Tc(t)R�) .� A�h'g }�- ���� �7�:� �
@ �# �H /4��O �#

+_#�@ ��� 5+� �
@ .� _^a �	NC �7a $@�7 M ��$:� �7 �]< #��� ��#�7 ��

i
5+� �
@

�� 4N-y A�-�BD � . ���� �&P�< � �	- �# �H R� �7 E��n�# ω �- Ǳ�.� �7 ��H �#
M �# 6C�� /'='� �- m$'-#/� ��
;� R� �7 A$*7 M /* .�� zΔp = ω(p)

� �� �L� �H $ # K�-��) �j$*7 +��� �&P Q�>7 �j��9�� �Δ A��7 Q��T4<� $%&�'� � .
�H\4� �Gj *D +��� 6D� �7�C �
;� ? � �K�@�7 /'='� M /��	*� Q�t �� "��=� �7

!,�
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��0&� JZ �7 �Ha $@�7 M J�� R� �&� A$%&�'� �# /'='� M c �L� �H K �@/�
/'*� �7 _�+� a �
;7 A�0g�	d� �$@�7 M �7 ��D−� M ω � _#��$< #�� Q�t

+#�	< � �*� J���/� �0g�	d� ? � $O 1��h7 �� ∫c ω ? ��7�'7 � �$'4N-
��� /* $7 ����� � �*� $ # .� �H K�'H/� p�>� �� c) Q��T4<� .� A�/Lk � J�'H�
/*7�� p : [�;�] −→ [�;�] �L� +$@�7/� ���# 9�< $ $ � �*� A��7 E�G*7 �
c◦p : [�;�] −→M /'='� E�T<Z �$@�7 [�;�] A��7 [�;�] .� M �7 M � A#�*P
��>7�Y �7 /�� ���� c J�	- #�7 �7��7 /'='� ? � #�7a K���</� c T8�H T������F �	�5� ��
/g�	d� �7 c A��7 S(P, ξ) �̀	d� �- �p�Y� �7 +$'H/� �H�O /���&4� Xj �	4O�
�- Ǳ�.� �7 �H ��� ��%*� �� �� ���� � �*� .� �e
*��7 � ���� �7��7 c◦p A��7 S(P ′, ξ′)

K ��# c : [�;�] −→ R� /'='�∫
c

ω =
∫
c◦p

ω

/'='� #��� �# �H /��T'- S%>� ? � +_��� �:4N� �4����V $ $d� .� c �7 ω Q��T4<�a
�# +$��/	< �]< �7 bY�� J�$'� �#�@ �4D�L �]< �# c : [�;�] −→ M �
@ �7
���O �# +�N�< A���@# ��H c[�,�] −→ R� �
@ �7 /'='� #��� �# �H /��O

J�� A$O �7 _�+� a A�0g�	d�∫ �

�

{
f(c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

t = p(u) A��\T � �7 �##�L/� �d�4< J�7�NO .� �]< #��� K
O e�� +$''H/� ���
K ��#∫ �

�

{
f(c(t))c�′(t) + g(c(t))c�

′
(t)

}
dt =

=
∫ p−�(�)

p−�(�)

{
f(c(p)(u))c�

′
(p(u)) + g(c(p(u)))c�

′
(p(u))

}
p′(u) du

=
∫ �

�

{
f(c ◦ p(u))(c ◦ p)�′

(u) + g(c ◦ p)�′
(u)

}
du

/07�;� 1�"��=� �ω =
n∑
i=�

ωi dx
i ��D−� M � Rn �# c /'='� M #��� �#

��d<� A��7 /��h4n� /-�T4�# K�<���/� �M E��n�# $%&�'� #��� �# m��� ��� �7�C
JZ .� /4	NC �C�$O � � $@�7 �4@�# �7 �# �� c([�;�]) �H K�'H ^�n4<� J�'� 1�"��=�
_�%4n� A�0-�T4�# �7a �7�;� �� "��=� $'� �7 1�"��=� ��)� ���O �# +$'H 6>C ��

!,!
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�� /%	g ^�n4<� �H �K�'H p�>� �� /��� � �*� �� K�<Z �7 J�'H� +#�@/� �4N
@
�H �$ ��T7 �]< �# �� R� �7 ω ��D−� M ���O K- .�7 +$@�7/�

∫
c

ω =
∫ �

�

{
f(c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

c : �@�T< #��� �# E�T<Z �$@�7 R �7 #��$<�4�� 1�h4n� E�T4�# t �L� �H #�@ ���
K ��# [�;�] −→ R

�

c∗(f dx + g dy) = (f ◦ c)c∗(dx) + (g ◦ c)c∗(dy)

= (f ◦ c) d(x ◦ c) + (g ◦ c) d(y ◦ c)

= (f ◦ c)c�′
(t)dt+ (g ◦ c)c�′

(t) dt

J��7 �7 m#�@/� �4D�L Q��T4<� c∗(f dx + g dy) .� Gj 	g �A��� �]< �>:< .� �? ��7�'7
� _��� ?
	� 1��P M �7 �0'� �Ha c∗(f dx + g dy) = hdt K�N �</� ���W�C#

+K ��L/� Q��T4<� [�;�] �7 h .� e��
�� 4D� K�	*� 67��� #��� �# �K�4&L c : [�;�] −→ Rn A�0�'='� #��� �# �� �-
�$'@�7 R� �7 /��h4n� 67��� y � x �L� +#�	< p�>� J���/� 9�< c : [�;�]� −→ Rn

K�'H/� R�D

∂c

∂x
= c∗

( ∂

∂x

)
,
∂c

∂y
= c∗

( ∂

∂y

)

i
,+� �
@

ξij ∈ �s<�'� �[�;�] .� t� < · · · < tn � s� < · · · < sm .��D� �# �- Ǳ�.� �7
�̀	d� �K ��# �$@�7 Rn �7 ��D−� M ω � [si−�; si]× [tj−�, tj ]

ω(c(ξij))
( ∂c
∂x

(ξij),
∂c

∂y
(ξij)

)
(si − si−�)(tj − tj−�)

!,2
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i
�+� �
@

∂c
∂y (ξij) � ∂c

∂x(ξij) A�-��#�7 c��� E$@ $���� `GYX�A.��4� �� 4D� K�	*� �O�N� �7��7
+�N<�# J���/� zc �� 4D� K�	*� �O�N�y J��'g �7 �� 1G	 ? � �̀	d� $O +���

+K ����7 /	�� � �*� $'� ��� �407 �J�4��# ? � J#�H E���H A��7

6�<� M�<�−k �- K��N�2� &!D

+$@�7 ���	- �H K�8�L M �# G�B� o"B�−k /���P �# �� c : [�;�] −→ M 67��
K�'H/� R�D +�N�< c J#�7 M�"
 �7 /��9� �H #��# E��@� �4
< ? � �7 G�B� pG>P�
�n;� /'*� �7 �c ?�
� S4
�−� �? ��7�'7 � [�,�]� = R�{�} ∈ R �H _#�#���Ca
#�	< �7 �� Rk �# [�;�]k .� A��4O� �@�T< +��� (�hn7 c(�) ∈M A��>:< J#�H

+K�8�L/� �������� o"B�−k JZ �7 � K�-#/� J�;< Ik : [�;�]k −→ Rk

�7 �� ω E�T<Z �$'@�7 /��h4n� 67��� x� � · · · �x� � [�;�]k �7 ��D−k M ω �L�
� �*� �1��P ? � �# +�@�< J���/� ω = f dx� ∧ · · · ∧ dxk �
@ �7 �4
 /���P

K�'H/�∫
[�;�]k

f :=
∫

[�;�]k
f(x�, · · · , xk) dx� · · ·dxk

+��� JZ M��GH /'*� �7 A�)Z Q��T4<� �H
K�'H/� � �*� �$@�7 M �# ?�
� S*
�−k M c � M �7 ��D−k M ω �L�∫

c

ω :=
∫

[�;�]k
c∗ω

(�) /& �*� �k = � #��� �# +K #�	< � �*� ��X�7 c) $'� �� /4��� �	� �H
K�'H/� � �*� ?�
� S*
�−� �- A��7 � ��� 67�� M /'*� �7 ��D−� �K ��#∫

c

f = f(c(�))

!,5
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��� M�"
 � ?�
� S*
�−n M c : [�;�]n −→ Rn K ��L �
��� ����)
? � �# +��� ω = f dx� ∧ · · · ∧ dxn ��D−n ω K ��L +[�;�]n �7 det c′ ≥ � �H

1��P∫
c

ω =
∫
c([�;�]n)

f

i
3+� �
@

� �*� �7 �'7 23�*4�∫
c

ω =
∫

[�;�]n
c∗(ω)

(�)
=

∫
[�;�]n

(f ◦ c)(det c′) dx� ∧ · · · ∧ dxn

(�)
=

∫
[�;�]n

(f ◦ c)| det c′| dx� ∧ · · · ∧ dxn

(�)
=

∫
c([�;�]n)

f

���4� ����� E�$g�C .� _2a �# � � �*� .� _!a �# ��+2+3 �� �BC .� _�a �# �
' � b�Y��
� +��� E$@ E#�&4��

�H ��� �@�V � M�"
 /4@�T< p : [�;�]k −→ [�;�]k K ��L ������ ����)
+$@�7/� M �# ��D−k M ω � ��� M �# ?�
� S*
�−k M c K ��L det p′ ≥ �

1��P ? � �#∫
c

ω =
∫
c◦p

ω

K ��# 23�*4�

!,,
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∫
c◦p

ω =
∫

[�;�]k
(c ◦ p)∗ω =

∫
[�;�]k

p∗(c∗ω)
(�)
=

∫
[�;�]k

c∗(ω)

� +��� E$@ E#�&4�� X�7 E��9L � p / �@�V .� .� _�a �# �
' � b�Y��

p : �H K�8�L c ������F �	�5� /���P �# �� c ◦ p : [�;�]k −→ M �@�T<
�? ��7�'7a �$@�7 det p′ �= � �7 � ���	- ��@�V �M�"
 /4@�T< [�;�]k −→ [�;�]k

�7 �H K�8�L &���.�% \L7 � \L7 b,�: /���P �# �� ? � m_��� ���	- 9�< p−�

$-#/� J�;< �d�4< +$@�7 det p′ < � � �	- �# � det p′ > � � �	- �# �S����
$ $d� �H ��� ?@� � m��� �0 �D�O A�-�]< $ $d� .� �:4N� c �7 ω Q��T4<� �H
K�'H /*� �L� �H #�@ ��� +$'H/� R�g �� Q��T4<� ��Gg �J�#�L�7 �0 �4����V

1��P �7 �� c /'='� �7 f : M −→M ���	- 67�� M Q��T4<�∫
[�;�]k

f ◦ c

c : �L� Gj �� +#�7 $-��) c%r ���O ? � �# !+!+� ��d�4< �7�;� K
O �K�'H � �*�
/%H ���O �# E�T<Z �[�;�] −→M∫ �

�

f(c(p(t)))dt ,

∫ �

�

f(c(t))dt

��N<��& # A�0��D ��D�L Q��T4<� J���/� �0<Z .� �H / �-9�� �A�]< E�L$ # .� +$'���&4�
����� Q���D ��+2+3 �� �BC W"t �7 �/'* a $<�@/� � $"� b�=P �
@ �7 �� . �$'4N-
�7 f 67�� M .� �0'�a �D�L Q��T4<� J���/	< �-$%&�'� �7 67��� .� m_��� ���C�7 ���4�
�7 f dx� ∧ · · · ∧ dxk ��N<��& # ��D S�� �H ��� ��D�L Q��T4<� J���/� Rk $%&�'�

+_#�@/� Rk

��`2#−k �- K��N�2� )!D

K�	*� J���/� v<�#/7 �� c ?�
� S*
�−k M A�� ω ��D−k M Q��T4<� � �*�
�# ^�Y ?�
� A�0"*
�−k .� _/-�'4� �a A��P /g�	d� ��53−k .� ��]'� +#�#
��d<.−k +�.c� − �c� + �c� ��]< /����"g ��T # 1��"g �7 +��� b�=P #�$g�
A��P Gj ��H �
@ �7 �� �-��d<�−k +�@�< J���/� 9�< c� ��E#�� 1��P �7 �� �.c�

��]< +#�	< ^�Y �0<Z �# �� A#$g � � 6	 K- �7 J���/�

�(c� + �c�) + (−�)(c� + c� + c�) = −�c� − �c� + �c�

!,�
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� �*� /0 $7 1��P �7 �� c =
∑
i

aici �
@ �7 ��d<.−k �7 ω Q��T4<� �E�Gg �7

�K�'H/�∫
Σiaici

ω =
∑
i

ai

∫
ci

ω

i
�+� �
@

S*
�−k M �0'� $<���/� �Ha c ��d<.−k �- �7 �H ��� ? � ��d<.−k p�t ���#
−(k− �̀	d� �7��7 �H K�'H ��]< K�<���/� c 3�� ��< �7 ∂c ��d<.−(k−�) M _$@�7
�7 �Ek � �7 +#�@/� R�D c �# A�0"*
�−k .� M �- .�� ����� �# A�0"*
��)

�̀	d� 1��P �7 I� .�� �Gj �� +#�	< pGP� �� E$ � ? � J���/� ?@�� /%�) �
@
S �Y /4N �7 �
%7 ��N�< �� �	� �
@ �# E$@ �n;� ?�
� S*
�−� ��0�
M Q��T4<� ����� ug�7 ��H ? � �H #�@ ���a +#�H Q�	g� �� ���� �	� �# ���'4�
−(n − �# �$47� �� ≤ i ≤ n �7 i �- Ǳ�.� �7 _+$-#/	< ����� �� ∂I� A�� ��D−�
� �*� � . �
@ �7 _In ��−(i,�) ��−(i,�) ��< �7a In

i,�
� In

(i,�)
?�
� S*
��)

E�T<Z �[�;�]n−� �L� �K�'H/�

In(i,�)(x) = In(x�, · · · , xi−�,�, xi, · · · , xn−�)

= (x�, · · · , xi−�,�, xi, · · · , xn−�)

In(i,�)(x) = In(x�, · · · , xi−�,�, xi, · · · , xn−�)

= (x�, · · · , xi−�,�, xi, · · · , xn−�)

i
�+� �
@

!,3
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� �*� ci,α = c ◦ (Ini,α) 1��P �7 �� c ?�
� S*
�−n ��−(i, α) �S���� ? � �7
K�'H/� � �*� �J�'H� +K�'H/�

∂c :=
n∑
i=�

∑
α=�,�

(−�)i+αc(i,α)

i
�I+� �
@

K�'H/� � �*� � . 1��P �7 ��
∑
i

aici ��d<.−n .�� ���d<���

∂(
∑
i

aici) =
∑
i

ai∂(ci) =
∑
i

ai

c : [�,�]� −→ S*
�−� Q�O �# +$'4N- /'*� �7 � ≤ n #��� �# � ��*� ? � ��	�
� �*� � ∈ R #$g �� ∂c �K ��L/� /
 p = c(�) ��>:< M� �7 �� JZ S%r� �� �H �M

K�'H/� � �*�
∑
i

aici ��d<.−� #��� �# � mK�'H/�

∂(
∑
i

aici) =
∑
i

ai∂(ci) =
∑
i

ai

∂c = c(�,�) − c(�,�) K ��# c : [�,�] −→ M S*
�−� #��� �# �H #�@ ���
c : [�;�]� −→M ?�
� S*
�−� #��� �# �?�'s	- +∂(∂c) = �−� = � ? ��7�'7

�H ##�L/� �]OG�

∂c = c(�,�) − c(�,�) − c(�,�) + c(�,�)

∂(∂c) = (R−Q)− (R− S)− (S − P ) + (Q− p)

i
!,�
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��+� �
@

�H #�H �]OG� J���/� _��+� �
@ .� _���a �	NC ��]<a �
@ K���� M	H �7
S*
��2 M .�� �
' � KNd� +��� b�=P ?�
� S*
�−� �- A��7 S%>� ?�	-

�K ��# ��H �# +��� /7�) ? �	� �$@�7 $<���/� ��

�7 ∂(∂c) = � E�T<Z �$@�7 M �# E��n�# S*
�−n M c �L� �
��� ����)
+∂� = � ��h4)�

x ∈ #��� �# +K ��L/� �]< �# �� (In(i,α))(j,β) � � ≤ j ≤ n − � K ��L 23�*4�
K ��# � �*� M	H �7 [�;�]n−�

(In(i,α))(j,β)(x) = In(i,α)(I
n−�
(j,β)(x))

= In(i,α)(x
�, · · · , xj−�, β, xj , · · · , xn−�)

= In(x�, · · · , xi−�, α, xi, · · · , xj−�, β, xj , · · · , xn−�)

�7�;� 1��P �7

(In(j+�,β))(i,α) = In(j+�,β)(I
n−�
(i,α)(x))

= In(j+�,β)(x
�, · · · , xi−�, α, xi, xn−�)

= In(x�, · · · , xi−�, α, xi, · · · , xj−�, β, xj , · · · , xn−�)

S%>� ? � .� +(In)(j,β) = (In(j+�,β))(i,α) K ��# � ≤ j ≤ n− � �- Ǳ�.� �7 �? ��7�'7
i ≤ j ≤ n− � �- Ǳ�.� �7 � c ?�
� S*
�−n �- Ǳ�.� �7 �H ##�L/� �d�4< /L#�� �7

K ��#

(c(i,α))(j,β) = (c(j+�,β))(i,α)

S���� ? � �7

∂(∂c) = ∂

⎛⎝ n∑
i=�

∑
α=�,�

(−�)i+αc(i,α)

⎞⎠
=

n∑
i=�

∑
α=�,�

n∑
j=�

∑
β=�,�

(−�)i+α+j+β(c(i,α))(j,β)

�? ��7�'7 +$<�@/� �-�� 1��&4� ��Gg �7 (c(j+�,β))(i,α) � (c(i,α))(j,β) �̀	d� ? � �#
A��7 ��BC J�� +∂(∂c) = � �d�4< �# � $<�@/� F\O �# �7 �# 1G	 ��	-

!,�
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���# 9�< ?�
� A�-��d<.−n �� �%H A��7 bY� �7 ���� ���# ?�
� A�0"*
�−n
� +���
∂c = �
%7 ∂(∂c) = � c:D �< c ��d<.−n M A��7 ��� ?
	� �H $�'H ���
� c�(�) = c�(�) �7 S*
�−� �# c� � c� �H c = c� − c� �s<�'� �Gj �� +�
��� ��+� �
@ .� _���a �	NC �7a $-#/� |� 6Y� ? � �$'@�7 c�(�) = c�(�)

��� ?
	� /���P �# �0< ∂c = � E�T<Z �$@�7 ?�
� S*
�−� M �0'� c �L� +_#�@
/���P �# �� c ��d<.−k ��H �# +$@�7 �4N7 /'='� c �T # J��7 �7 mc(�) = c(�) �H

+_#�@ ��� �!+� �
@ .� _���a �	NC �7a ∂c = � �H K�8�L  ��%

i
�!+� �
@

a���+� �� �9: 5!D

�# pG>P� ? � mK���</�  ��% 9�< �� dω = � �7 ω ��N<��& # ��D �H K �@/� ��Z#� 
��d<. �- ��T # A�� .�a ��� E$@ ^�n4<� �-��d<. #��� �# �7�;� pG>P� A�4���
pG>P� �
%7 �$' �L/	< M�1� M��GH 1��P �7 $<� � ? � W"t �7 �� ∂c �
@ �7
A�-�� �7�;� �t�) �7 �< A.��� 1�OG>P� ? � +_#�@/� E#�&4�� #��� ? � �# 3��
��D ?�7 {�"��� +$@�7/� ∂� = � � d� = � c7�� � #�� ��>��� �7 �
%7 ���� ∂ � d
dθ ��D−� M R� − {�} �7 �H K #�H �]OG� �Gj �� +��� ? � .� ��W�	g ��d<. �
��� �4N7 �H #��# #�� c ��d<.−� M �?�'s	- +#��# #�� W�C# ��r /�� �4N7
��4"�� +$<./� ��# �� Ǳ�$"� �H R� − {�} �# �� 4N7 /'='� M �/'* ��N�< .�� /��
1�"x� /�� +�N�< R� − {�} �# ��d<.−� }�- . �� c �H ��� ?@�� A#�0@ �]< .�
� . p�@ �7 ∂ � d ?�7 ��>7�� (�h)�# � . K
O #$d� 1�"x� /'*� �7 Gj 	g JZ W�C#

+_#�@ ��� �!+� �
@ .� _^a �	NC �7a ���

!�I
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��d<.−k M c � M �7−(k−�) M ω �L� ��9$#��� �� ���� ���� ����)
+
∫
c

dω =
∫
∂c

ω E�T<Z �$@�7 M �#

��D−(k − �) M ω �H ��� /P�) ���O �7 {�"��� �# 1�"x� K]g� �	NC 23�*4�
�
@ �7 A�0��D−(k − �) .� /g�	d� ω ����O ? � �# +c = Ik 9�< � ��� Rk �7

f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk

+K�'H/� �"��=� J�'H� +##�L 1�"x� �0' � .� M �- A��7 ��BC ��� /D�H �\� � �$'4N-
�H ##�L/� �]OG� �-#�	< ��	�� /	H �7 ��$47�∫

[�;�]k−�

Ik
∗
(j,α)(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ (dxk)) =

=

⎧⎨⎩
� j �= i �L�∫

[�;�]k
f(x�, · · · , α, · · · , xk) dx� · · · dxk j = i �L�

? ��7�'7∫
∂Ik

f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk =

=
k∑
j=�

∑
α=�,�

(−�)j+α
∫

[�;�]k−�

Ik
∗
(j,α)(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk)

= (−�)i+�
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · · dxk

+(−�)i
∫

[�;�]k
f(x�, · · · ,� · · · , xk) dx� · · · dxk

�T # A�� .�∫
Ik

d(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk) =

=
∫

[�;�]k
Di f dx

i ∧ dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxk

= (−�)i−�
∫

[�;�]k
Di f

K ��# �J�7�NO A#��'7 �� �BC 9�< � /'�7�D �� �BC �7 �'7∫
Ik

d(f dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxk) =

!��
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= (−�)i−�
∫ �

�

· · · (
∫ �

�

Di f(x�, · · · , xk) dxi) dx� · · · d̂x
i
· · ·dxk

= (−�)i−�
∫ �

�

· · ·
∫ �

�

{
f(x�, · · · ,�, · · · , xk)

−f(x�, · · · ,�, · · · , xk)
}
dx� · · · d̂x

i
· · · dxk

= (−�)i−�
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · ·dxk

(−�)i
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · ·dxk

�d�4< �#∫
Ik

dω =
∫
∂Ik

ω

K ��# � �*� �7 ��� �7 �E��n�# ?�
� S*
�−k M �#��� �#∫
∂c

ω =
∫
∂Ik

c∗ω

? ��7�'7∫
c

dω =
∫
I

c∗(dω) =
∫
Ik

d(c∗ω) =
∫
∂Ik

c∗ω =
∫
∂c

ω

� +##�L/� �d�4< 9�< E��n�# ��d<.−k A��7 ��BC p�Y� �7 �J�'H�
A� �$ #�L 1�"x� J�7�NO A#��'7 �� �BC M	H �7 �0'� eH�4�� �� �BC �H #�@ ���

+#�@/� /04'� ��BC J�	- �7 Gj 	g �ω = f � c = I� (�) ���O �#
c : [�;�] −→ /'='� �H K�-#/� J�;< �eH�4�� �� �BC .� A#�7��H J��'g �7
}�- Ǳ�.� �7 ���� �4N7 �
' � �7 c(t) = (cos�πt, sin�πt) ��>7�Y �7 R� − {�}

K�@�7 �4@�# /4N �7 �c = ∂c� �s<�'� +�N�< ∂c� A� c� ��d<.−�∫
c

dθ =
∫
∂c�

dθ =
∫
c�
d(dθ) =

∫
c�
� = �

�H $-#/� J�;< _��� K0� #�) A#�) �7 �Ha K�:4N� �� "��=� ���∫
c

dθ =
∫
c

−y
x� + y�

dx+
x

x� + y�
dy = �π

E#�&4�� ��*C�� ? � .� JZ �# �H �#��# #�� 9�< �'��. ? � �# /��"��=� ��r QX$4��a
K ��# ���� dθ �
@ �7 A� θ : R�−([�;∞)×{�}) M Ǳ�.� �7 �j*C�� dθ �H #�@ /�∫

c|[ε;�−ε]
dθ = θ(�− ε)− θ(ε)

!�!
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_+ lim
ε−→�

(θ(�− ε)− θ(ε)) = �π �
A��7 JZ .� �K #�H E#�&4�� c J#�"< . �� J#�# J�;< A��7 1�"x� ? � .� �H /��O �#
67�� M Ǳ�.� �7 �L� ��� . +#�7 E�07 J���/� 9�< �N�< W�C# ω = ”dθ” �
' � J#�# J�;<

K�@�7 �4@�# /4N �7 E�T<Z �ω = df A� f : R� − {�} − R ���	-

�π =
∫
c

ω =
∫
c

df =
∫
∂c

f =
∫
�

f = �

eH�4�� �� �BC ��� �K #�7 ”dθ” J#�"< W�C# 1�"x� �7 �#�C A��E#�� QX$4�� �7 Gj "C
�#�C �Gj �� +#.��/� Rn − {�} �7 A�0��D �7 ?4)�#�V �7 �#�C �� �� �H ��� A��97�

��N�< W�C# /�� ��� �4N7 �H K�4N- R� − {�} �7 ω ��D−� p�t �7

ω =
xdy ∧ dz − y dx ∧ dz + z dx ∧ dy

(x� + y� + z�)�/�

J���/� K�:4N� �� "��=� �7 /�� �K ��#/� �T< /&n� �� ω ��0� Ǳ�;'� �Y�O Q�O �#
�#�C �H ��d<.−� M �7 JZ .� ��N�< W�C# ω �
' � 1�"x� A��7 +dω = � �H #�# J�;<
A��7 A#$*4� A�0@�� +K ��L/� Q��T4<� ���� S� ⊆ R� − {�} E�H−� [ �	< �7
/@�� K�-��)/� �$47� �6C�� �# +��� /
 �0<Z ��	- ��d�4< /�� �#��# #�� ��H ? �
?
	� /4C� �0'� ? � +K�'H b �;� �� �-$%&�'�−n A� � �0��D−n .� A��LQ��T4<� A��7
/���� �� � �*� A��7 �H A$*7 K
O .� S%>� ? � ���# m$@�7 � \V�0 M �H ���

+$@�7/� ?@�� ����

	���
� �- K��N�2� ;!D

c�, c� : � ���� μ �0 �7 E��	- $%&�'�−n M M K ��L ����� ����)
A�0�T �N	- �# A�0	N�D�����& # �7 �� �0<Z �H $'4N- ?�
� ��d<.−n �# [�;�]n −→M

�7 �"N<a $'4N- �0 �D�O c� � c� $�'H R�D +#�# 6���� J��� /� [�;�]n .�
�H A��<�L �7 $@�7 M �7 ��D−n M ω �L� +_Rn �7 /��	*� �0 � M �7 μ �0

sup(ω) ⊆ c�([�;�]n) ∩ c�([�;�]n)

E�T<Z∫
c�

ω =
∫
c�
ω

!�2
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K�N �'7 � �K�'H E#�&4�� K�<���/� !+!+� ��d�4< .� 23�*4�
∫
c�
ω =

∫
c�◦(c−�

�
◦c�)

ω =
∫
c�

ω

�- c� � c� J��a #�@/	< � �*� [�;�]n �H �7 c−�
�
�c� �H ��� ? � �
;� �0'�

��d�4< 1�"x� �7 ��� /	H �7 ���� +_det(c−�
�
�c�)′ ≥ � K ��# �$'4N- �0 �D�O �#

�c�([�;�]n) �# K- � #��# ���C c�([�;�]n) �# K- sup(ω) J�� �H $-#/� J�;< !+!+�
+��� ��4'4�� �7�C !+!+� ��d�4< .� ��BC ? �

supω ⊆ �7 c : [�;�]n −→ M ?�
� A�0"*
�−n A��7 ∫c ω ��4;� #$g
�7 E��n�# ��D−n M ω �L� +K�-#/� J�;< ∫M ω �7 �� ��0 �D�O � c([�;�]n)

�- �H �#��# #�� U .�7 A�-�g�	d� �� %��� �7 M A��7 V /;@�V E�T<Z �$@�7 M
Φ �L� m��� KNC ? � .� S*
�−n M c �H �#��# ���C A� c([�;�]n) M �# M 
� �*� �7�C Φ .� ϕ �- A��7 ∫

M
ϕ.ω E�T<Z �$@�7 [@�V ? � ��#� . � /<�
 A.��D�

K�'H � �*� K�-��)/� +���∫
M

ω =
∑
ϕ∈Φ

∫
M

ϕ.ω

���O ? � �# �H �$@�7 E#�;D �	=� �7 ω �H K � \�7 K�<���/� /4C� �0'� �� � �*� ? �
{p : A�-�g�	d� .� /-�'4� A#�$*� �0'� ω �	=� �� . ���� A�0'4� �̀	d� Gj 	g
Ψ �L� +$'-#/� ��
;� /-�'4� �j*Y�� A�� �#�L �H ��� �$'H/� 6>C �� Φ(p) �= �}

E�T<Z �$@�7 _V ′ ��#� .a A�T # /<�
 .��D�∑
ϕ∈Φ

∫
M

ϕ.Φ =
∑
ϕ∈Φ

∫
M

∑
ψ∈Ψ

ψ.ϕ.ω =
∑
ϕ∈Φ

∑
ψ∈Ψ

∫
M

ψ.ϕ.ω

�
@ �7 �� �)Z �̀	d� p�Y� �7 � �$<�/-�'4� �0g�	d� ? � ��	- �H
∑
ψ∈Ψ

∑
ϕ∈Φ

∫
M

ϕ.ψ.ω =
∑
ψ∈Ψ

∫
M

ψ.ω

��j4:�:Oa +��� /<�
 .��D� ^�n4<� .� �:4N� �� � �*� ��d�4< �# +�@�< J���/� 9�<
A��7 −μ �0 #��� �# �� . +K�-# J�;< ∫(M,μ) ω #�	< �7 �� �̀	d� ? � ��� �407

K ��# p�Y� �7 �M∫
(M,−μ)

ω = −
∫

(M,μ)

ω

!�5
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_K�'H/	< �Hq �� μ ������ W7�>� �Q�O ? � �7
��#.�� A$*7 n $%&�'� M �H /4��O A��7 /4O �∫

M
ω � �*� �# pGP� /	H �7

$@�7 A$*7−n ��#.�� $%&�'� M M ⊂ R
n �L� +#�H � �*� �� ∫M ω J���/� 9�< $@�7

E�T<Z �$@�7 E#�;D �	=� �7 f : M −→ R �∫
M

f dx� ∧ · · · ∧ dxn =
∫
M

f

�+!+� E���9L .� E#�� A��d�4< ? � +$-#/� J�;< �� A#�g Q��T4<� M ���� �	� �H
M ω � $@�7 ��7 KN�D����U& # f : Mm −→ Nn �L� ��7�;� 1��P �7 +���

E�T<Z �$@�7 N �7 E#�;D �	=� �7 ��D−n

∫
M

f∗ω =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫
N

ω $@�7 �0 �D�O f �L�

−
∫
N

ω $@�7 J�#�L�7 �0 f �L�

�`I C�(�� =!D

A��7 /@�� �#�H ��h� J���/� � \V�0 A�-$%&�'� A�� �0'� �� �0��D−n �
' � �7
�7 /*7�� W $�'H R�D +#��# #�� A��L�0 A�-$%&�'� �7 A��LQ��T4<� ��P��

K ��# A� p ∈M �- Ǳ�.� �7 �H A��<�L �7 ��� M

W (p) = ‖np‖ A� ηp ∈ Ωn(TpM) A�.� �7

K ��# v�, · · · , vn ∈ TpM ��#�7 n �- Ǳ�.� �7 ��T # 1��"g �7

W (p)(v�, · · · , vn) = |ηp(v�, · · · , vn)| ≥ �

A��LE.�$<� A��7 /@�� �A��#�7 A�BD �- �7a $'��</� KdO J�	�� �� W /*7�� ?�'�
�$@�7 /��h4n� /-�T4�# (x, U) �L� _#��# #�� _��$4�Gg KdO �<a A$*7−n KdO

K�N �'7 U �7 K�<���/� E�T<Z

W = f |dx� ∧ · · · ∧ dxn| A� f ≥ � M A�.� �7

E�� M +$@�7 ���	- f �H ��� ���	- KdO J�	�� /���P �# ω �H K �@/� ��Z#� 
e�� � E#�	< .�rZ η ��D−n M .� �H ��� ? � KdO J�	�� J#��Z ��$7 A��7

!�,
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1��P ? � �7 /	dO J�	�� �- �H �N�< ��t ? � ��4"�� +ω(p) = |η(p)| K�'H � �*�
�Gj �� +$'
< ����� �4���V �
@ �7 p �7 �"N< ηp ��D ��� ?
	� � $@�7 E$@ �P�O
/ �BD� . 1��P �7 �� TpM J�� +$ ��T7 �]< �# �� R �# #�@ E$<�;< M ���7�� ���<

+#�H � �*� #�@/� ��D�L �]< �# J���/� TpR� .�

ω(p)(vp, wp) = w � v c��� E$@ $���� `GB�� A.��4� �O�N�

ω = ��D �7 /*Y�� �
@ �7 ω m�N�< A���@# ��H ���� KdO J�	�� ω �
' � E�$-�;�
�� . �$@�7 ���# $<���/	< M �H A��7 ? � ��� +$@�7/� ��D�! M η �H ��� |η|

+$@�7 �&P�< � �	- �# �H #��$< #�� M �7 η ��D�! }�-
�#��# /	dO A�0<�	�� #��� �# bY�� /OGP� �+2+3 �� �BC

(x, U) �$@�7 �-$%&�'�−n ?�7 ���	- /*7�� f : M −→ N �L� ����� ����)
q = f(p) ∈ N Q�O /��h4n� /-�T4�# (y, V ) � p ∈M Q�O /��h4n� /-�T4�#

�H #��# #�� A��<�L �7 g : V −→ R /&'��< 67�� E�T<Z �$@�7

f∗(g|dy� ∧ · · · ∧ dyn|) = (g ◦ f).
∣∣∣ det

(∂(yi ◦ f)
∂xj

)∣∣∣ |dx� ∧ · · · ∧ dxn|
W%>� �$C #�	< .� ��� �.X �dH �- � �4D� �+2+3 �� �BC 1�"x� �7 ��� /D�H 23�*4�

� +$�'H E#�&4��

� $'@�7 M �7 1�h4n� E�T4�# �# (y, v) � (x, u) �L� ������ ����)

g|dy� ∧ · · · ∧ dyn| = h |dx� ∧ · · · ∧ xn| (g, h ≥ �)

+h = g.

∣∣∣∣det
(∂yi
∂xi

)∣∣∣∣ E�T<Z

A�0���T�y �7 ���'4� /�$'- ���@� �KdO A�0<�	�� �H $-#/� J�;< �d�4< ? �a
_+$@�7/� 5 �hD .� �I �� ���N� �# E$@ /D�*� z#�D ���
��

A�� ω KdO J�	�� M .� A��LQ��T4<� �̀Y�� ��H\�� ��D S��>� �7 ��� �7
K�'H/� � �*� �$47� +��� A�E#�� ��H �E��n�# $%&�'�

f ≥ � �7 ω = f |dx� ∧ · · · ∧ dxn| A��7
∫

[�;�]n
ω =

∫
[�;�]n

f

!��
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K�'H/� � �*� c : [�;�]n −→M ��d<.−n #��� �# e�� �∫
c

ω :=
∫

[�;�]n
c∗ω

ω = f |dx�∧· · ·∧dxn| KdO J�	�� A��7 �+!+� E���9L �H $-#/� J�;< �+2+3 �� �BC
KdO J�	�� #��� �# !+!+� ��d�4< �? ��7�'7 +$@�"< � ≤ det c′ �L� /4O ���� ���C�7
�+,+� �� �BC ��d�4< �H K ��L/� �d�4< ? � .� +$@�"< � ≤ p′ �L� /4O ��� ���#
c�, c� J#�7 �0 �D�O R�D �L� /4O ���� ���C�7 M E��n�# KdO J�	�� #��� �#
�7 ω KdO J�	�� �- #��� �# �� ∫

M
ω ��j4d�4< +_$@�"< � \V�0 M � a $@�"< J��� �#

+#�	< � �*� #�@/� E#�;D �	g
�	- �# ��D−n M �� . +$<#���/7 uO�"� ? � ���� � \V�0 M /4C� ��4"��
M A��7 ω = f |η| �
@ �7 �� /	dO J�	�� �- �j4d�4< � �#��# #�� M �7 η �&P�< �
�7 ��  �V �- A�.� � �H K�'H ^�n4<� J�'� M A��7 μ /40 �L� +�@�< J���/� f ≥ �

K�'H � �*� K�<���/� E�T<Z �ω(v�, · · · , vn) K�@�7 �4@�# v�, · · · , vn J�� �"�� �0∫
M

ω :=
∫

(M,μ)

fη

A�-$%&�'� A�� �0��D .� A��T���T4<� �7 �hD ? � �� ��#� �# ��� ���� K0� �j$*7 KdO J�	��
/	
O ��-$%&�'� �7 �0��D Q��T4<� (�h) �# �� K
O 6C�� �# +K .�#�V/� ��$40
#��� �# K
O ? � � ��-��d<. �7 �0��D .� Q��T4<� #��� �# eH�4�� �� �BC ��"@ ���

+#��$< / ���H KdO J�	��

i
�2+� �
@

�p ∈ ∂M � $@�7 . �� J�$7 $%&�'� M �L� �H K ��Z/� #� �7 2 �hD .� �� �� ���N� .�
�- A�.� �7 �H ��P�h) ? � �7 �#�	< �n;H J���/� �� v ∈ TpM / �-��#�7 E�T<Z
v ∈ / �-��#�7 ?�'� +$@�7 A�N���7 M ��#�7 n Q�O x : v −→ v 1�h4n� E�T4�#
∂M �7 ∂μ 0	�9!� \L7 �$@�7 M �0 A���# M �L� +K� �L /� $���#�% �� TpM
A�N���7 ��#�7 M Ǳ�.� �7 �H A� �<�L �7 �- [v�, · · · , vn−�] ∈ (∂μ)p ^�n4<� �7 ��

!�3
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Hn �7 /��	*� �0 μ �L� +K�'H /� � �*� [ω, v�, · · · , vn−�] ∈ μp A� ω ∈ TpM
K ��# p = (a,�) ∈ Hn Ǳ�.� �7 E�T<Z �$@�7

μp = [(e�)p, · · · , (en)p]

= (−�)n−�[(en)p, (e�)p, · · · , (en−�)p

= (−�)n[(−en)p, (e�)p, · · · , (en−�)p]

Rn−� × �7 / �:�� �0 �H $-#/� J�;< ? � ���� A�N���7 (−en)p ��#�7 J��
�7 E�$-�;� �^�n4<� ? � ���# +��� /��	*� �0 �# (−�)n �7��7 {�} = ∂Hn

A��<�L �7 ��� (M,μ) �# �0 �D�O ?�
� S*
�−n M c K ��L ���� � q p�@
cn,� : [�;�]n−� −→ 1��P ? � �# ∂M ∩ c([�;�]n) = c(n,�)([�;�]n−�) �H
+��� J�#�L �7 �0 ��. A�- n A��7 � �0 �D�O #�D A�- n A��7 (∂M, ∂M)

? �a #��# ���C c � �h� J� �# �# JZ �	=� �H $@�7 M �7 ��D−(n − �) M ω �L�
E�T<Z �_ ��� ���@ �� c(n,�) � �h� �# {�:<� J��#∫

c(n,�)

ω = (−�)n
∫
∂M

ω

i
�5+� �
@

? ��7�'7 +##�L/� �-�� (−�)n S �Y �7 ∂C �# C(n,�) ���∫
∂C

ω =
∫

(−�)nc(n,�)

ω = (−�)n
∫
e(n,�)

ω =
∫
∂μ

ω _!+� a

Ǳ��BC �# A���< /'0'� ��Gg� K�4D�L /	< �]< �# ∂μ A��7 �� ^�n4<� ? � �s<�'�
+#�#/� |� � q

a���+� �� �9: >!D

� $@�7 ���40� ��#.��� A$*7 n $%&�'� M M �L� �9$#��� �� ��� ��%�)
$@�7 E#�;D �	=� �7 M �7 ��D (n−�) M ω� $@�7 �4@�# ���C / �:�� �0 ∂M �7

!��
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E�T<Z�E∫
M

dω =
∫
∂M

ω

#�� J�'� M − ∂M �# c �0 �D�O ?�
� S*
� n M $�'H R�D �$47� 23�*4�

1��P ? � �# + #��# ���C ω � �h� J��# �# ω �	=� �H #��#∫
M

dω =
∫
c

dω
(�)
=

∫
∂c

ω
(�)
= �

E#�&4�� �4
< ? � .� _!a �# � ��� E$@ E#�&4�� �+5+� �� �BC .� _�a �# �
' � b�Y��
K ��# p�Y� �7 �
<Z Q�O +#��# ���C c � �h� J��# �# ω �	=� �H ��� E$@∫

∂M

ω = �

∂M ∩ �H #��# #�� J�'� M �# c �0 �D�O S*
� n M K�'H R�D Q�O
? � �# +#��# ���C c � �h� J��# ⊃ ω �	=� � c([�;�]n) = c(n,�)([�;�]n−�)

K ��# _!+� a M	H �7� 9�< 1��P∫
M

dω =
∫
C

dω =
∫
∂C

ω =
∫
∂M

ω

#�� J�'� O �7 ��# � . Φ /<�
 .��D� M � M A��7 O .�7 [@�V M � �H �#
K ��#� 1��P ? � �# {��;� 1��P �# .� /
 �7 ϕ.ω ��D ϕ ∈ Φ �- Ǳ�.� �7 �H #��#

� = d(�) = d(
∑
ϕ∈Φ

ϕ) =
∑
ϕ∈Φ

dϕ

�? ��7�'7 �∑
ϕ∈Φ

dϕ ∧ ω = �

�
' � �d�4< � �/-�'4� ���� �# �̀	d� ? � ���� E#�;D �	=��7 ω J��∑
ϕ∈Φ

∫
M

dϕ ∧ ω = �

�? ��7�'7∫
M

dω =
∑
y∈Φ

∫
M

ϕ.dω =
∑
ϕ∈Φ

dϕ ∧ ω + ϕdω

=
∑
ϕ∈Φ

∫
M

d(ϕ.ω) =
∑
ϕ∈Φ

∫
∂M

ϕ.ω =
∫
∂M

ω

!��
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� +��� ��	� J�-�7 �
��$40 $%&�'�−n �H ��� /���P �# �eH�4�� �� �BC A�-#�7��H ? �� E#�� .� /
 
? � �# +∂M = φ � _��� E#�;D �	=� �7 JZ �7 /��D �- �\� �a ��� E#�;D (M,μ)

E�T<Z �$@�7 E��n�# ��D−(n− �) M ν �L� ����O∫
M

dν =
∫
∂M

ν = �

9�< �4N7 ��D ? � /4O �a �N�< W�C# �H K�7��7 K�<���/� M �7 ω ��D−n M �? ��7�'7
/��D ��� /D�H ��]'� ? � A��7 +_$<�&P M �7 A�0��D−(n+ �) ��	- �� . ��N-

�H K�7��7 �� ω∫
M

ω �= �

Ǳ�.� �7 �H #��# #�� J�'� ω ��D M K�<�#/� �H ��� +#��# #�� E���	- /��D ?�'�
K ��# TpM .� vn � · · · �v� �-

[v�, · · · , vn] = μp �L� ω(v�, · · · , vn) > � _2+� a

p�Y� �7 [�;�]n �7 c∗ ω ��D E�T<Z �$@�7 �0 �D�O c : [�;�]n −→ (M,μ) �L�
+∫
c
ω > � �d�4< �# +��� g dx� ∧ · · · ∧ dxn �
@ �7 [�;�]n �7 g > � M Ǳ�.� �7

2+�a �# � �	-�# �H ω /��D ^�n4<� �7 A.��< E�G*7 �/'* +∫M ω > � �
' � �d�4<
W�C# ��r ��D−n M /4O eV + K�'H R�g ≥ �7 �� > K�<���/� m�N�< �$'H �$P _

+#��T7 ���C 1�h4n� /T �N	- M �# [%	=� �H K�7��7 J�'� K�<���/� M �7
�7 #��$< J�
�� E#�;D ��$40 $%&�'� �- ���� ��BC M #�) A#�) �7 K
O ? �
JZ E�.�$<� �< M �
@ �K�4&L G"C �H��t J�	- +##�L ~":'� �>:< M �7 ���	- �
@
�7 �A��"*� �7 +#��# [:< ���� W�C# M �7 �4N7 ��D �- �H �̀Y�� ? � ?��*� ? � �#
A�4;�7 1�gGt� �$<�@/� W�C# �j��9�� �4N7 A�0��D 1��P �� �# �
' � �4;�7 ��%=�
J�9�� �� �H K����7 K�% �� �(�hn7 +K ����7 ��$7 K�<���/� M �
@ (�h) �#
�H ��� /*�"t +$<��# #�� E#�;D ��$40 $%&�'�−n M �7 W�C# ��r A�0��D−n .�
E��n�# ��D−(n− �) M ν �H / �- ω + dν �� �%H A��7 S%>� ? � $@�"< W�C# ω �L�
�7 �/'* +K ��T7 . ��K- �� ω + dν � ω �H ��� �d7 �? ��7�'7 +$@�7/� ���# ����
? � +��� �*��>� ? � �# /*�"t A��N� �/4	NC ���) A�-�BD �7 ?4D� �S���� ? �
+K�'H/� ��� A��"��� �- .� A�0��D #��� �# �
%7 ��0��D−n #��� �# �0'� �< �� �)��
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A�BD +��� A��#�7 / �BD M �7 �4N7 A�0��D−k ��	- Zk(M) ��  �#�L �k �- Ǳ�.� �7
J�
�� �\� � �_d� = � �� .a ��� JZ .� / �BD � . �W�C# A�0��D−k ��	- Bk(M)

/4	NC ���) A�BD ?4D�L �]< �#

Hk(M) := Zk(M)/Bk(M)

A$*7−k +��#� $E�!�� �K�� A��#�7 A�BD �� Hk(M) A��#�7 A�BD ? � m#��# #��
M �7 A��#�7 A�BD ? � �H #��#/� J�gq� ����# ��BC� +#�@/� �4&L M �7 ��]<
F����9 � �##�L/� � �*� M Af���V�� SNO �7 �j���� �H (�hn7 A��#�7 A�BD
S ��Y �7 M .� A$*7−k Af�����-�H E� �L �� �BD JZ m_��� E��n�# M �Ha +���
�$'t�7�� A�" Af���V�� �# � �� A�-#�	< �7 Bk � Zk A�-#�	< m#�@/� E$���< /:�:O

�+$<#�L/� S�� �0-��L ? � �H
��D−k �# +��� ω �4N7 ��D−k M .� [ω] A. ��K- A��4�# Hk(M) .� �Bg �-
? � J�7. �7 +$@�7 W�C# �0<Z �Y�&� �H K ��L/� . �� K- /���P �# �� ω� � ω� �� 4N7
A�BD �/'* a Hk(Rn) = � �H #��#/� J�gq� ?�'� E��
<��V K� �A��#�7 A�-�BD
� \VR�":<� M �L� ��4�%H /4O � � � < k �
<Z �7 {� �;� _��� � �Bg �0'� �7 A��#�7

+Hk(M) = � E�T<Z �k > � � $@�7
W�C# ��D−� }�-a B�(M = �) �H K�'H/� ��� �$47� H�(M) �� "��=� A��7
��N<��& # JZ .� �H K ��$< ���4)� �# /��D−(−�) }�- �� . �#��$< #�� A�&P ��r
f : M −→ �
@ �7 ���	- 67��� ��	- A��#�7 A�BD J��'g �7 H�(M) eV +_K ��T7
�7�x f #��L/� �d�4< df = � {�@ .� �$@�7 $'"	- M �s<�'� +��� df = � �7 R

_+��� M A�-�&���� #�$*� �7��7 H�(M) $*7 ��H �#a +H�(M) � R ? ��7�'7 ����
Hk(M) (�h)�# �T # S%>� M Gj 	g �� �/0 $7 1�
< ? � .� �]< F�P
��*��>� +��� � ≤ $*7 �7 Hn(M) E�T<Z �$@�7 $'"	- � E#�;D M �L� � K�<�#/�

+#��# .��< /�$�%C� A�-�BD � �-E�H �7 ��W�C# ��� �7 Hk(M) �4;�7
� <

∫
Sn−�

σ′ �7 σ ��D−(n− �) M .� /*�"t /7�n4<� Sn−� ⊂ Rn − {�} �7
+K�'H/� � �*� (v�)p, · · · , (vn−�)p ∈ TpSn−� �- Ǳ�.� �7 �#��# #��

σ′((v�)p, · · · , (vn−�)p) = det

⎛⎜⎜⎜⎝
p
v�
+++

vn−�

⎞⎟⎟⎟⎠
!3�
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�"�� X�7 1��"g �$@�7 �"�� �0 �7 A�� �V {(v�)p, · · · , (vn−�)p} /4C� p�Y� �7
�0 ? � �K�'H/� � �*� Sn−� �7 �0 M Gj 	g �S���� ? � �7 �6C�� �# +���
{p ∈ Rn : ‖p‖ ≤ $O�� �� 4N7 A�L . �� J��'g �7 Sn−� �7 / �:�� �0 J�	- ���#
SNO �7 J�'����# cN7 �7 +#�@/� E#�7 ��� �7 Rn .� 9�< JZ �7 �0 �H m��� �}

��>7�Y �7 Rn �7 σ ��D $ $=� σ′ �H K�'H/� �]OG� �X�7 �>� �7 �"N< [ �-��'��

σ =
n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

+��� S
n�� $%&�'�� . A��7

�H K�7� /� Rn − {�} �7 /��D−(n−�) � E#�H E#�&4�� Sn−� �7 σ′ ��D .� J�'H�
�@�T< +_� �= Hn−�(R� − {�}) K �E#�# J�;< �\� �a �N�< W�C# /�� ���� �4N7

��>7�Y �7 r : Rn − {�} −→ Sn−�

r(p) =
p

‖p‖ =
p

v(p)

�L� ��T # J��7 �7 mr(p) = p E�T<Z �p ∈ S
n−� �L� �H ��� ?@�� +$ ��T7 �]< �# ��

�#a +��� Sn−� /<�	- �@�T< �7��7 r ◦ i E�T<Z �$@�7 ��4O� i : Sn−� −→ Rn−{�}
�� r E�T<Z �$'H �$P r(a) = a �# A� a ∈ A Ǳ�.� �7 i : X −→ A � A ⊂ X �L� ��H

_+$'��</� A A��7 X .� s�A9� M 
�L� �� . ��N�< W�C# ���� +d(r∗σ′) = r∗ dσ′ = � �� . ���� �4N7 σ′ �p�Y� �7

+�N�< W�C# σ′ K�<�#/� �H /��O �# +σ′ = i∗r∗σ′ = di∗ν E�T<Z �r∗σ′ = dν

�H $�-# J�;< ��� �d7 �E$<��Z /�� �
;� /' �	� J��'g �7

r∗σ′ =
xdy − y dx

x� + y�
=
xdy − y dx

v�
= dθ

r∗σ′ =
xdy ∧ dz − y dx ∧ dz + z dx ∧ dy

(x� + y� + z�)�/�

=
�

vs
(xdy ∧ dz − y dx ∧ dz + z dx ∧ dy)

�"��=� �T # /: �t �7 �� �0<Z �K�<�$7 /%H ���O �# �� r∗σ′ ��� �.X Gj 	g J��
�K�'H/�

σ =
n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ ��>7�Y �7 /��D σ �L� ��	 ��)�)

!3!



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

Z���+ 8c����� �B F�F 8
�GK�
P,*� F ���

E�T<Z �$@�7 Sn−� �7 i∗σ $ $=� σ′ � $@�7 Rn �7 dxn

r∗σ′(p) =
σ(p)
‖p‖n _5+� a

? ��7�'7

r∗σ′ =
�

vn

n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

��	� A�-��#�7 � pp c��� TpRn ��	� A�BD �p ∈ Rn−{�} ��>:< �- �# 23�*4�

/D�H �? ��7�'7 +##�L/� $���� ‖p‖ `�*@ �7 Sn−�(‖p‖) E��H �7 ��	� A�BD �# vp
�$''H/� ��x��� ��#�7 n − � .� M �- �7 /4C� _5+� a F�t �# �H #�@ W�:=� ���
���� c) #�$4�� �# 6C�� ∂ /'='� �7 ��	� ��#�7 pp ��� +$'��/� �d�4< M �7
�##�L/� � �h� r(p) ��>:< M� �7 r �@�T< c��� /'='� ? � m��� p � � .� E$<�\L

�T # A�� .� +r∗(pp) = � ? ��7�'7 �

σ(p)(pp, (v�)p, · · · , (vn−�)p) = det

⎛⎜⎜⎜⎜⎜⎝
p
p
v�
+++

vn−�c

⎞⎟⎟⎟⎟⎟⎠ = �

Sn−�(‖p‖) �7 ��	� A�BD �# A�-��#�7 �7 �� _5+� a A�� �# ��� /D�H �? ��7�'7
��#�7 ?�'� �- Ǳ�.� �7 �H K�-# J�;< ��� /D�H _�, �� ���N� W7�>�a ? ��7�'7 +K�-# ��x���

K ��# �A� vp

r∗(vp) =
�

‖p‖ vr(p)

� Sn−�(‖p‖) �# 6C�� γ E� �# �7 ��	� ��#�7 vp ��#�7 �� ���� /0 $7 �j" �:� ? � ���
� #��# ���C Sn−� �# r ◦ γ /'='� �\� � ���� v ��	� ��#�7 �7 p �# Sn−� �7 ��	�
� +#� �/� �/‖p‖ �7 J��9	-

�H f : B −→ R K ��L ��:';� <�=�>? �� 53�8	�3���� ����� ��)�)
��>7�Y �7 �� g : Sn−� −→ R � B = {p ∈ Rn : ‖p‖ ≤ �}

g(p) :=
∫ �

�

un−� f(u− p)du

!32
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1��P ? � �# +K�'H � �*�∫
B

f =
∫
B

f dx� ∧ · · · ∧ dxn =
∫

Sn−�

gσ′

A� �h� �@�T< �# � Sn−� × [�;�] A�BD 23�*4�

π� : S
n−� × [�;�] −→ S

n−� π� : S
n−� × [�;�] −→ [�;�]

i
�,+� �
@

A�0�N �< ��h4)� .� +K ��L/� �]< �# ��

σ′ ∧ dt = π∗
�
σ′ ∧ π∗

�
dt

/��h4n� E�T4�# �$@�7 Sn−� �7 /��h4n� /-�T4�# (y, U) �L� +K�'H/� E#�&4��
K�'H/� R�D 9�< � K�'H/� ��]< Sn−� × [�;�] �7 �� ỹ, t = (y ◦ π�, π�)

σ′αdy� ∧ · · · ∧ dyn−�

�H ��� ?@�� 1��P ? � �#

σ′ ∧ dt = α ◦ π�dỹ� ∧ · · · ∧ dỹn−� ∧ dt

1��P �7 �� h : Sn−� × [�;�] −→ R �L� �H ##�L/� �]OG� /L#�� �7 ? � .�
1��P ? � �# �K�'H � �*� h(p, u) = un−�f(up)∫

Sn−�

gσ′ =
∫

Sn−�×[�;�]

hσ′ ∧ dt

��>7�Y �7 ϕ : B − {�} −→ Sn−� × (�;�] /	N�D����U& # J�'H�

ϕ(p) = (r(p), v(p)) = (p/‖p‖, ‖p‖)

!35
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1��P ? � �# +K�'H/� � �*�

ϕ∗(σ′ ∧ dt) = ϕ∗(π∗
�
σ′ ∧ π∗

�
dt) = ϕ∗π∗

�
σ′ ∧ ϕ∗π∗

�
dt

= (π ◦ ϕ)∗σ′ ∧ (π� ◦ ϕ)∗dt = r∗σ ∧ v∗dt

=
�

vn
(
n∑
i=�

(−�)i−� xi dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxn) ∧

n∑
i=�

xi

v
dxi

=
�

vn+�

n∑
i=�

(xi)� dx� ∧ · · · ∧ dxn =
�

vn−�
dx� ∧ · · · ∧ dxn

? ��7�'7

ϕ∗(hσ′ ∧ dt) = (h ◦ ϕ)ϕ∗(σ′ ∧ dt) = vn−� f.
�

vn−�
dx� ∧ · · · ∧ dxn

= f dx� ∧ · · · ∧ dxn

�\� �∫
B

f dx� ∧ · · · ∧ dxn =
∫
B−{�}

ϕ∗(hσ′ ∧ dt)

=
∫

Sn−�×(�;�]

hσ′ ∧ dt =
∫

Sn−�

gσ′

A�0��D �� . �$'H/� M	H E$'<��) �7 Xj �	4O� �H �#��# .��< /���7 /	H �7 �)Z �%O��a
� �*� �0<Z �7 �H S

n−� × (�;�] � _B − {�} A�-$%&�'� �7 E$;D �	g A���# ��L�#
_+$<��$< �$<�E$@

+K�'H �"��=� 9�< �T # (�hn7 ���O $'� A��7 �� Hk(M) �� K �E#��Z J�'H�
�H �K�-# ��%:� /��h4n� A�0�T �N	- QG) �# 1�"��=� �7 �� 1�"��=� �� K�<Z�7
A��#�7 A�-�BD .� A�� �#�L ��� �.X �? ��7�'7 +$'4N- M �# E#�;D / �-$%&�'�� .

+$'@�7/� ��� �7�C ���O ? � �# �H K�'H p�>� �� �T #
Hk
c (M) := 1��P �7 �� Hk

c (M) E#�;D �	=� �7 ����# Af�����-�H A��#�7 A�-�BD
�	=� �7 �� 4N7 A�0��D−k A��#�7 A�BD Zkc (M) �H �K�'H/� � �*� Zkc (M/Bkc (M)

M ν �H ��� dν �
@ �7 A�0��D−k ��	- A��#�7 A�BD Bkc (M) � ���� E#�;D
Hk
c (M) = E�T<Z �$@�7 E#�;D M �L� ��4"�� +��� E#�;D �	=� �7 ��D−(k − �)

E#�;D �	=� �7 W�C# A�0��D−k ��	- ��g�	d� J�	- Bkc (M) �H #�@ ��� +Hk(M)

�� < f A��>:< �# � $@�7 E#�;D �	=� �7 /*7�� �Rn �7 f ≥ � �L� �Gj �� +�N�<
�	=� �7 � _��� ?�'� Rn �7 �4N7 ��D �-a ��� W�C# ω = f dx� ∧· · ·∧dxn E�T<Z
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ω = dν �
@ �7 A� ν E�#�;D �	=� �7 ν ��D }�- Ǳ�.� �7 ω /�� �$@�7/� E#�;D
eH�4�� �� �BC �7 �'7 E�T<Z ���� E#�;D �	=� �7 ν �H ω = dν �L� ��:�:O �# +�N�<∫

Rn

ω =
∫

Rn

dν =
∫
∂Rn

ν = �

M �L� �H $-#/� J�;< �7�;� /�X$4�� � �Hn
c (Rn) �= � �H $-#/� J�;< Q��� ? �

�7 K�-# J�;< �H K�<Z�7 J�'H� +Hn
c (M �=)� E�T<Z �$@�7 /-��n�# � \V�0 $%�'�

�L� �H $-#/� J�;< ? � +Hn
c (M) ≈ R Gj 	g �M $'"	- � \V�0 $%&�'� �- Ǳ�.�

�E#�;D �	=� �7 ω′ ��D−n �- Ǳ�.� �7 E�T<Z �#�@ ^�n4<� ∫
M
ω �= � �7 /47�x A ω

J���/� /4O�� �7 �� α #$g +��� W�C# ω′−αω �H #��# #�� J�'� α /:�:O A#$g
E�T<Z ω′ − αω = ν �L� �#�H ��P��∫

M

ω′ −
∫
M

αω =
∫
M

dν = �

#�@ ��� +��� η #�� J#�# J�;< ����N� ��4"�� +α =
∫
M ω′/

∫
M ω �d�4< �#

/	N�D����9 � [ω] �−→
∫
M
ω �H ��� Q#�*� �g#� ? � �7 Hn

c (M) ≈ R A�g#� �H
�7��7 E#�;D �	g �7 ω �� 4N7 ��D �- ��T # 1��"g �7 +$@�7/� R A��7 Hn

c (M) .�
+∫M ω = � �
' � �7 {� �;� ���� E#�;D �	=� �7 A�T # ��D ��N<��& #

Hn
c (M) ≈ E�T<Z �$@�7 $'"	- � \V�0 $%&�'�−n M M �L� ����� ��)�)

+R

�K�'H/� 1�"x� �%O�� �� �# �� ��BC 23�*4�
+��� ���# M = R A��7 ��BC _�

��BC E�T<Z �Sn−� A��7 Ek � �7 �$@�7 ���# �L� �-$%&�'�−(n− �) A��7 ��BC _!
+��� ���# Rn A��7

E��n�# ��#�0 � $'"	- $%&�'�−n �- A��7 E�T<Z �$@�7 ���# Rn A��7 ��BC �L� _2
+��� ���#

+∫
R
ω = � �H A��t ��� R �7 E#�;D �	=� �7 ��D−� M ω K ��L ]�  8 �:��

�	=� J�� +ω = df �H #��# #�� A��t _E#�;D �	=� �7 �j��9� �<a f /*7��
�7 f ��d�4< �# +��� �&P [−N ;N ] �
@ �7 A�E.�7 ���) �7 df ���� E#�;D ω

E�Gg �7 +��� c� �7�x �7��7 [N ;∞) �7 � c� �7�x (−∞;−N)

� =
∫

R

ω =
∫

R

df =
∫

R

f ′(t)dt = c� − c�

!3�
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@

+��� E#�;D �	=� �7 f − c �H �ω = d(f − c) K ��# � c� = c� = c �d�4< �#

��� Rn �7 E#�;D �	=� �7 ��D−n M ω = f dx� ∧ · · · ∧ dxn K ��L ]�  8 �:��
{p ∈ R

n : �	=� K�'H/� R�D �u=7 J$@ ��E#�� A��7 +∫
Rn ω = � �H A��<�L �7

+ω = dη �H #��# #�� J�'� Rn �7 η ��D−(n − �) M K�<�#/� +‖p‖ < �} ⊃ ω

K���/� η A��7 b �P Q���D M �7 �3 �hD .� !2 �� ���N� .� �6C�� �#

η(p) =
n∑
i=�

(−�)i−�
( ∫ �

�

tn−�f(t.p) dt
)
xi dx� ∧ · · · d̂xi ∧ · · · ∧ dxn

K ��# �Q���D ? � �# u = ‖p‖t /' 9T � �7

η(p) =

(∫ ‖p‖

�

un−�f
(
u.

p

‖p‖
)
du

)
�

‖p‖n .

.

n∑
i=�

(−�)i−� xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

(�)
= (

∫ ‖p‖

�

un−� f
(
u.

p

‖p‖) du
)
.r∗σ′(p)

��>7�Y �7 �� g : Sn−� −→ R +��� E$@ E#�&4�� �+�+� K� .� _�a �# �H

g(p) =
∫ �

�

un−� f(u.p)du

A �7 �\� � f = � K ��# A = {p ∈ Rn : ‖p‖ > �} ��g�	d� �7 +K�'H/� � �*�
K ��#

η(p) =

(∫ �

�

un−�f
(
u.

p

‖p‖
)
du

)
.r∗σ′(p)
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�(n−�) M Ǳ�.� �7 �!+�+� ��d�4< �7 �'7 �E�Gg �7 +η = (g ◦ r).r∗σ′ = r∗(gσ′) � 
K ��# Sn−� �7 gσ′ ��D∫

Sn−�

gσ′ =
∫
B

f dx� ∧ · · · ∧ dxn =
∫
Rn

ω = �

K ��# ! �� %O�� 1�Y��&� �7�'7 ��d�4< �#

gσ′ = dλ Sn−� �7 λ ��D − (n− �) M A�.� �7

�H �����	- /*7�� h : Rn −→ [�;�] K ��L +η = r∗(dλ) = d(r∗λ) ? ��7�'7
hr∗λ 1��P ? � �# +��� �&P ��� �7��7 �&P .� A�/T �N	- �# � M �7��7 A �7
��D �1��P ? � �# +ω = dη = d(η − d(hr∗λ)) = � � ��� rn �7 ���	- /��D

K ��# A �7 �� . ���� E#�;D �	=� �7 η − d(hr∗λ)

η − d(h∗r∗λ) = η − d(r∗λ) = �

�	=� A���# ω � ∫
M ω �= � �H K�'H/� ^�n4<� J�'� ω ��D�n M �  8 �:��

M ω′ �L� +��� F����U& # Rn �7 U �H ���� U ⊂ M .�7 ��g�	d� M �# E#�;D
�7 η /��D � c A#$g �H K�-# J�;< K�-��)/� �$@�7 E#�;D �	=� �7 � �T # ��D�n

�/<�
 .��D� M .� E#�&4�� �7 +ω′ = cω + dη �H $<��# #�� A��t �E#�;D �	=�
M �# E#�;D /%	=� �-ϕiω .� M �- �H �ω = ϕ�ω+ · · ·+ϕkω K�N �'7 K�<���/�
�- ci ��� /D�H �p�Y� �7 +��� F����U& # Rn �7 Ui �H ��� Ui ⊂M .�7 ��g�	d�
��T # 1��"g �7 +ϕiω = ci ω + ηi K�@�7 �4@�# A� i �- Ǳ�.� �7 �H K�7��7 / �- ηi �
�7 �H ��� V ⊂ M .�7 ��g�	d� M �# E�#�;D �	=� A���# ω′ K�'H R�D K�<���/�

+��� F����U& # Rn

.�7 A�-�g�	d� .� A����"<# �H ��� ?@� � �M A$'"	- �7 ��� �7

U = V�, · · · , Vr = V

A��t �� ωi A�0��D +Vi ∩ Vi+� ± φ �H K�7��7 K�<���/� A��t Rn �7 F����U& #
J�� +∫Vi

ωi �= � � ��� Vi ∩ Vi+� ��g�	d� � . ωi �	=� �H K�'H/� ^�n4<�
�d�4< �# �K ��# R�D J��'g �7 Rn A��7 �� ��BC /4��#

ω� − ciω = dη� , ω� = c�ω� = dη�, · · · , ω′ = crωr−� = dηr

�]< #��� K
O �p�Y� �7 �̀Y�� ? � .� +��� (Vi ⊃) E#�;D �	=� �7 ηi ��	- �H
� +#�@/� ��4'4��

!3�
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+#�	< E#�&4�� J���/� A�T # K
O ���n4�� A��7 �� �)Z �� %O�� �# �4D� ��H �7 o��

Hn
c (M) = E�T<Z �$@�7 $'"	- � \V�< �0 $%&�'�−nM M �L� ����� ��)�)

+�

Rn �7 F����U& # U .�7 ��g�	d� M �# 6C�� E�#�;D �	=� �7 ω ��D−n M 23�*4�
/'*� �7 Q��T4<� ? � ���� � \V�0 U J��a ∫

U
ω �= � �H K ��L/� �]< �# A��t

ω = �E#�;D �	=� �7 η ��D M Ǳ�.� �7 �H K�-# J�;< ��� /D�H p�Y� �7 +_���
1��P �7 (Vi, xi) /��h4n� A�-E�T4�# .� A����"<# +dη

U = V�, · · · , Vr = V

�� ��� �� %O�� �# ωi A�0��D +$'40 �D�O �- xi ◦x−�i+� .� M �- �H K ��L/� �]< �#
K�'H/� ^�n4<� A��t �$@�7 �0 �D�O xi : Vi −→ R

n �H Vi �0 .� E#�&4�� �7
#�$g� ��j4d�4< +∫

Vi+�

ωi > � K ��# ?�'s	- �1��P ? � �# m∫
Vi
ωi > � �H

ci :=
∫
Vi

ωi/

∫
Vi

ωi−�

?�'� �$@�7 � \V�<�0 M �L� Q�O +� < c �7 ωi = cω + η �
' � �d�4< +$'4"��
�7 +�N�< �0 �D�O xr ◦ x−�� /�� �Vr = V� �H #�@/� �D� �- Vi .� A����"<#
A��7 (−c − �)ω = dη �d�4< �# +� < c �7 −ω − cω + dη K ��# ω = −ω R�D
� +c �= −� �7 c M 

+#�	< E#�&4�� J���/� 9�< E#�;D ��r A�- M A��7 �� Hn(M)

��r � � � \V�0a $'"	- E�#�;D ��r $%&�'�−n M M �L� ����� ��)�)
+Hn(M) = � E�T<Z �$@�7 _� \V�0

Rn �7 �H U /��h4n� E�T4�# M �# Q�	;� E�#�;D �	=� �7 ω ��D−n M 23�*4�
/-�'4��< A����"<# ��N�< E#�;D M J�� +$ ��T7 �]< �# �$@�7 F����U& #

U = U�, U�, U�, · · ·

!3�
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?�'� � �Ui ∩ Ui+� �= φ �H #�@/� �D� A��<�L �7 /��h4n� A�-E�T4�# ?�'� .�
+��� E��n�# E�#�;D ��g�	d� M ��	
� �# Gj 	g A����"<#

i

��+� �
@

K�'H/� ^�n4<� A��t �� Ui ∩Ui+� �# Q�	;� E�#�;D �	=� �7 ωi A�0��D−n �Q�O
J�'� Ui ��g�	d� � . E�#�;D �	=� �7 ηi A�0��D � ci �7�x #�$g� +∫

Ui
ωi �= � �H

�H $<��# #��

ω = c�ω� + dη�

ωi = ci+�ωi+� + dηi+� i ≤ �

��d�4< �#

ω = dη� + c�ω�

= dη� + c�dη� + c�c�ω�

= dη� + c�dη� + c�c�dη� + c�c�c�ω�

= · · ·

K ��# �#��# ���C �- Ui .� /
 K	4� �# �j���� A� p ∈M ��>:< �- J��

ω = dη� + c �dη� + c�c�dη� + c�c�c�dη� + · · ·

/'*� �7 �$'4N- E#�;D ��g�	d� �- ���) Gj 	g �- Ui �
' � �%g �7 ���� �	� �H
+���

· · · � U� �U� �U� A����"<# ?�'� Gj 	g �H _!I �� ���N�a #�# J�;< J���/� J�'H�
$'<���/� �- Ui � ���� .�d� 1G	 ���
�a ��� M �H J�;g�	4� �H #�@/� �D� 
E#�;D A��g�	d� ���) J�'s	- ���"<# /�� �$''H 6>C �� j < � �7 A�- Uj .� A���N7
M {ϕUi} K ��L +��� /-�'4� �j*Y�� �S���� ? � �7 O = {Ui} [@�V +_#��# ���C

!�I
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A� Ui �- Ǳ�.� �7 E�T<Z �$@�7 M �7 ��D−n M ω �L� +��� O ��# � . /<�
 .��D�
�H ##�L/� �]OG�

? ��7�'7 +��� Ui∪Ui+�∪Ui+�∪· · · �# E�#�;D �	=� A���# ηi �H ϕUi ω = dηi

ω =
∞∑
i=�

ϕUi ω =
∞∑
i=�

dηi = d(
∞∑
i=�

ηi)

� +��� ��	� J�-�7 �

@	�T Q+� �- Z�<I� #� 8��JB� c!D

_�a

Hk(Rn) =
{

R k = � �L�
� k > � �L�

E�T<Z �$@�7 $'"	- $%&�'�−n M M �L� _!a

H�(M) ≈ R

Hn
c (M) ≈

{
R $@�7 � \V�0 M �L�
� $@�"< � \V�0 M �L�

Hn(M) ≈
{
Hn
c $@�7 E#�;D M �L�

� $@�"< E#�;D M �L�

E$;< ���0D ��
O� ? � �# /�� �Hn−�(Rn − {�}) �= � �H K�<�#/� �?�'s	-
A��#�7 A�-�BD (�h) �# u=7 �� ��#� ��]'� �7 +K #�
< 1�"x� ��<Z �j���� �� . ����
�� f : M −→ N ���	- A�04@�T< �7 �"N< �0<Z ��4D� ��� �.X �����# Af�����-�H
(d f∗ ω =a ��� �4N7 9�< f∗ ω E�T<Z �$@�7 N �7 �4N7 ��D−k M ω �L� +K�'H /���7
A�� .� +$'H/� � �h� Zk(M) A�47 �� Zk(N) A�BD f∗ �\� � �_f∗dω = �)

f∗(dη) = �� . �$'H/� � �h� Bk(M) A�47 9�< �� Bk(N) A��#�7 A�BD f∗ ��T #
��D �7 /4@�T< f∗ �H $-#/� J�;< ? � +d(f∗η)

Zk(N)/Bk(N) −→ Zk(M)/Bk(M)

!��
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+f∗ : Hk(N) −→ Hk(M) �K�-#/� J�;< f∗ #�	< �7 9�< �� JZ �H �$'H/� Ǳ�:��
�j:�C# H�(N) E�T<Z �$@�7 $'"	- N �L� +$ ��T7 �]< �# �� k = � ���O �Gj ��
/*7�� 9�< f∗(c) = c ◦ f �d�4< �# +c : N −→ R �7�x 67��� ��g�	d� .� ��� 1��"g
��� 1��"g �j:�C# f∗ : H�(N) −→ H�(M) E�T<Z �$@�7 $'"	- M �L� +��� �7�x
$'"	- M �L� −R �7 H�(M) � H�(N) A��L /
 Q�	g� �7 �4"�� �/<�	- �@�T< .�
F����9 �

⊕
α∈A

Rα K�:4N� 6	 �7 H�(M) E�T<Z �$'@�7 {Mα}α∈A JZ A�-�&���� � $@�"<

.� A�h'g �7 �� c ∈ R �7�x f∗ �@�T< m$'D����U& # R �7 �- Rα .� M �- �H ����
�h'g 9�< N �L� +$'4N- c �7��7 � �7�x JZ A�-� Z�# ��	- �H #�7/�

⊕
α∈A

Rα A�BD

E�T<Z �$@�7 {Nβ}β∈B JZ A�-�&���� � �$@�7 $'"	- ��r

f∗ :
⊕
β∈B

Rβ −→
⊕
α∈A

Rα

f(Mα) ⊂ /4C� c′α = cβ �H #��T</�
⊕
α∈A

Rα .� {c′)α} �7 ��
⊕
β∈B

.� {cβ} �P�'g

+Nβ
k = ���O �K�'H/� ��� � ? � �# JZ �7 Gj 	g �H /4��O � ���S�� ���O
n $%&�'� �# �- N � M �H �f∗ : Hn(N) −→ Hn(M) �@�T< /'* +��� n
�7 R J#�	< F����9 � A��7 /*�"t E�� }�- +$'4N- E#�;D � $'"	- �� \V�0 A$*7

�� "��=� Q�"<# �7 �#��$< #�� Hn(M)∫
N

ω �
∫
M

f∗ ω

? � �# +K�'H/� ^�n4<� ∫N ω� �= � �7 A� ω� +K�4N- N �7 ω E��n�# ��D−n A��7
�H #�@/� �D� J�'� a A#$g �1��P∫

M

f∗ω� = a.

∫
N

ω�

�_N A��7 �7�;� 1��P �7 �a ��� R �7 Hn(M) .� /	N�D����9 � ω �→
∫
N

ω J��
K ��# ω ��D �- Ǳ�.� �7 �H K ��L/� �d�4<∫

M

f∗ eω = a.

∫
N

ω

E#�;D N � M �L� +K���</� f  87�� �� �#��# /T4N7 f �7 �0'� �H �a = deg f #$g
�@�T< E�T<Z �_$@�7 E#�;D �E#�;D ��g�	d� �- J� ��� � �h�a $@�7 E�� f /�� �$@�"<

!�!
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�7 �H #�@/� �D� J�'� deg f A#$g E�G*7 +K ��# �� f∗ : Hn
c (N) −→ Hn

c (M)

E#�;D �	=� �7 N �7 ω ��D �- Ǳ�.�

∫
M

f∗ ω = (deg f)
∫
N

ω

b�=P A#$g �#$g ? � E���	- �H S%>� ? � ���7 �##�T< 1�"x� � q �� �BC �H /��#��
+$@�7/� A���@# ��H ����

A�-$%&�'�−n ?�7 E�� �@�T< M f : M −→ N K ��L ����� ��*�)
�7 +��� f A��7 K]'� ��$:� q ∈ N K ��L +��� (N, v) � (M,μ) $'"	- � ��#�0

K�'H R�D p ∈ f−�(q) �- Ǳ�.�

sgnp f :=

⎧⎪⎨⎪⎩
� μp �$@�7 �0 �D�O f∗p : TpM −→ TqN �L�

TqN �7 vp �TpM �7μp �0 �7 �4"��
−� +$@�7 J�#�L�7 �0 f∗p �L�

1��P ? � �#

deg(f) =
∫
p∈f−�(q)

sgnp(f)

+K�'H/� � �*� �&P ��<Z �f−�(p) = φ �L� �

f−�(q) �E�G*7 +$<��# #�� K]'� � #�:� �#��� �� �BC �7 �'7 �H #�@ ��� �$47� 23�*4�
A��g�	d� �7 Q�7 �̀	d� �\� � �#��# ���9 � {�:< � ��� E#�;D �� . ���� /-�'4�

+#� \V/� 1��P /-�'4�

�� �- pi E��L �7 (Ui, xi) /��h4n� A�-E�T4�# +f−�(q) = {p�, · · · , pk} K ��L
+$'@�7 �9d� �- Ui � �$'@�7 f K]'� � #�:� Ui �# {�:< ��	- �H K�'H/� ^�n4<� J�'�
f−�(V ) = U� ∪ · · · ∪ �H K�7��7 J�'� q Q�O (V, y) /��h4n� /-�T4�# K�-��)/�
�� W ′ ⊂M � E#�	< ^�n4<� q .� ω E#�;D /T �N	- M ��$47� ���]'� ? � A��7 +Uk

+K ��L/� W ′ = f−�(W )− (U� ∪ · · · ∪ Uk) E�#�;D ��g�	d�

!�2
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i

��+� �
@

K�<���/� �? ��7�'7 +#��$< �7 �# �� q �H ��� �4N7 A��g�	d� f(W ′) �1��P ? � �#
f−�(V ) ⊂ �H $-#/� J�'�	t� �� �7 ? � +K ��T7 W ′−f(W ′) .� A��g�	d�� . �� V

+K�'H/� R�g Ui ∩ f−�(V ) �7 �� Ui M �- �E�)X�7 +U� ∪ · · · ∪ Uk
A���# � ≤ g �H K�'H/� ^�n4<� ω = g d y�∧· · ·∧d yn �
@ �7 N �7 �� ω J�'H�
�4�� U�∪· · ·∪Uk ��g�	d� � . f∗ ω �	=� 1��P ? � �# +��� V �# E�#�;D �	=�

? ��7�'7
∫
M

f∗ ω =
k∑
i=�

∫
Ui

f∗ ω

K ��# ���� V �7 �- Ui .� M �- .� /	N�D���	U& # f J��∫
Ui

f∗ ω =
∫
V

ω $@�7 �0 �D�O f �L�

= −
∫
V

ω $@�7 J�#�L�7 �0 f �L�

�7 � � sgnpf = � �H ��� ?
	� /4C� ���# ? � ���� ��0� � \V�0 f J��
� +��� ��	� J�-�7 � �sgnp f = −� �7�;� 1��P

�7 A : Sn −→ Sn �t�:4� �@�T< ���# ���BC .� �hDG7 A#�7��H J��'g �7
{�:< �� �%H �# A �H K �E#�H �]OG� Gj "C +K�'H/� �"��=� �� A(p) = −p ��>7�Y
J�� +��. � $@�7 #�D n �
' � �7 {� �;� ���� J�#�L�7 �0 � � ��� �0 �D�O
K
O ? � .� +degA = (−�)n−� �H K ��L/� �d�4< �#��# �Bg M ���# A−�(p)

.��< �T # K0� ��0&� M �7 JZ .� [�V /�� �K�'H ���n4�� K�<���/� S�� A��d�4<
�
@ �7a /���P �# �� ���	- A�-$%&�'� ?�7 f, g : M −→ N 67�� �# +$@�7/�

!�5
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�H ##�L �D� J�'� H : M × [�;�] −→ N ���	- /*7�� �H K�8�L ������- _���	-

∀p ∈M : H(p,�) = f(p) , H(p,�) = g(p)

�0'� � /4C� M �H #�@ ��� +K���</� g � f ?�7 _���	-a /V�����- M �� H �@�T<
������- p� �7�x �@�T< �H ��� � \VR�":<� ���	- �
@ �7 p� ∈M ��>:< �7 /4C�
��D�(k − �) M �M × [�;�] �7 ω ��D�K �- A�.� �7 �H K �@/� ��Z#� +$@�7
J�;< A��7 ��*C�� ? � .� +i∗

�
ω−i�ω = d(Iω)+I(dω) �H #��# #�� J�'� M �7 Iω

�$'4N- W�C# �� \VR�":<� ���	- �
@ �7 $%&�'� �- �7 �4N7 A�0��D ��	- �
' � J#�#
+K�'H/� �7�x �� ��/%H /	
O Q�O +K�'H/� E#�&4��

E�T<Z �$'@�7 ������- ���	- �
@ �7 f, g : M −→ N �L� ����� ��*�)
A�04@�T<

f∗ : Hk(N) −→ Hk(M) g∗ : Hk(N) −→ Hk(M)

+f∗ = g∗ �$<��7��7

� f = H ◦ i� �7 H : M × [�;�] −→ N ���	- /4@�T< �R�D �7�'7 23�*4�
ω �4N7 ��D�k M [ω] A.��K- �� 4�# H∗(N) .� �Bg �- +#��# #�� g = H ◦ i�

1��P ? � �# +��� N �7

g∗ω − f∗ω = (H ◦ i�)∗ω − (H ◦ i�)∗ω

= i∗
�
(H∗ω)− i∗

�
(H∗ω)

= d(IH∗ω) + I(dH∗ω)

= d(IH∗ω) + �

+��� g∗([ω]) = f∗([ω]) /'*� ? � �7 ? � ���

f, g : � $'@�7 E#�;D � � \V�0 $%&�'��n �# N � M �L� ������ ��*�)
+deg f = deg g E�T<Z �������- M −→ N

S
n �7 �&P�< � �	- A��#�7 J�$�� }�- E�T<Z �$@�7 ��. n �L� ������ ��*�)

+#��$< #��

!�,
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(−�)n−� �7��7 A : Sn −→ Sn ���'4� �@�T< ���# �H K �E#�H �]OG� Gj "C 23�*4�
/<�	- �@�T< �7 A ���. n ���O �# ���� M ���# .� /<�	- �@�T< J�� +���
�$@�7 #��� Sn �7 �&P�< ��	- A��#�7 J�$�� M �L� ��� +$@�7 ������- $<���/	<
A�.� �7 +K .�N7 K�<���/� � q �
@ �7 /<�	- �@�T< � A ?�7 /V�����- M E�T<Z
��#�7 �H #��# #�� A(p) = −p �� p .� ∂p #�&7 �h='� ��97 E�� �#�K�< M �p �-
� +H(p, t) = ∂p(t) K�'H/� � �*� +$@�7/� X(p) .� /7�B� �JZ .� p �# ��	�
A�.� �7 +K .�N7 K�<���/� Sn �7 �&P�< ��	- A��#�7 J�$�� M ���. n A�.� �7

K�'H/� � �*� p = (x�, · · · , xn+�) ∈ Sn

X(p) = (−x�, x�,−x�, x�, · · · ,−xn+�, xn)

���C TpSn �# ? ��7�'7 � ���� #�	g p = (x�, x�, · · · , xn+�) �# R
n+� �7 X(p)

Sn �7 X A��#�7 J�$�� _+��� � . #��$<�4�� �
@ �7 S� ���O �# �@�T< ? �a +#��#
+K�'H/� E#�&4�� /<�	- �@�T< � A ?�7 /V�����- M �)�� A��7 ��

i
!I+� �
@

��>7�Y �7 �r : R−{�} −→ Sn−� R�":<� �ZZ �� �BC .� A�T # #�7��H J��'g �7
E�T<Z �$@�7 A�4O� i : Sn−� −→ R−{�} �L� +K ��L/� �]< �# �� r(p) = p\‖p‖
�@�T< ���� +��� Sn−� �7 Sn−� .� Id /<�	- �@�T< r ◦ i : Sn−� −→ Sn−�

�7 /�� ���� /<�	- i ◦ r(p) = p\‖p‖ ��>7�Y �7 i ◦ r : Rn − {�} −→ Rn − {�}
H(p, t) = tp+(�−t)r(p) ∈ ��>7�Y �7 �� H /V�����- m��� ������ /<�	- �@�T<
+K�8�L/� 0�	��.� s�A9� �� /Lk � ? � �7 /Y�":<� +K�'H/� � �*� Rn − {�}
� ? ��7�'7 +$'4N- /
 (i ◦ r)∗ � (r ◦ i∗) A�04@�T< �$@�7 /N #�L# R�":<� r E�L�-

K ��# Sn−� ⊂ Rn − {�} ���O �#

Hk(Sn−�) r∗−→ Hk(Rn − {�}) i∗−→ Hk(Sn−�)

E�Gg �7 �

!��
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r∗◦i∗ = (i◦r)∗ = Hk(Rn−{�}) /<�	- i∗◦r∗ = (r◦i)∗ = Hk(Sn−�) /<�	-
�d�4< �# �$<�T $
 J���� r∗ � i∗ eV

Hk(Sn−�) = Hk(Rn − {�})A� k �- A�.� �7

+��� r∗σ′ �� 4N7 ��D Hn−�(Rn − {�}) $��� +Hn−�(Rn − {�}) K ��# �Ek � �7
? � A��7 +K .�#�V/� �%4n� A�- k A�.� �7 Hk(Rn − {�}) �� "��=� �7 Q�O
M × {�} ⊂ M × $%&�'� �H ��� ?@� � +K ��# .��< A�T # E�$-�;� �7 ��]'�
Hk(M) ≈ A� l �- A�.� �7 �? ��7�'7 +��� M × Rl .� /N #�L# � \VR�":<� Rl

+Hk(M × Rl)

K ��# � < k < n− � �- Ǳ�.� �7 ����� ��*�)

Hk(Rn − {�}) = Hk(Sn−�) = �

#�� Gj 	g JZ 1�"x� A��7 A9�� �H /���4��O +K�'H/� �	g n �7 Ǳ��:4�� �7 23�*4�

+H�(R� − {�}) = � �H K�'H/� �g#� +��� n = � ���O �#��#
�7 R� �# .�7 �g�	d� �# B � A K ��L +��� R� �7 �4N7 ��D−� M ω K ��L

�$<� . p�@

A = R
� − {(�,�)× (−∞;�]} B = R

� − {(�,�)× [�; +∞)}

A�0��D−� �\� �(�,�,−�) � (�,�,�) S���� �7 {�:< �7 �"N<a $'%
@ E��4� B � A J��
�H $<��# #�� J�'� B � A �7 S���� �7 fB � fA

A �7 ω = d fA B �7 ω = d fB

�d�4< �#

[R� − {�}]× R = A ∩B �7 d(fA, fB) = �

�� . ���� W�C# ω ��d�4< �# +��� c �7�x A ∩B �7 fA − fB �? ��7�'7

ω =
{
d(fA − c) A �7
d(fB) B �7

+A ∩B �7 fA − c = fB �

!�3
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.� E#�&4�� �7 � �7�;� /�X$4�� �7 �$@�7 R� �7 �4N7 ��D−� M ω �L�

A = R
� − {(�,�,�)× (−∞;�)} B = R

� − {(�,�,�)× [�;∞)}

� ηA A�0��D−� E�T<Z �$@�7 R� �7 �4N7 ��D−� M ω �s<�'� +#�H �	g J���/�
�H K ��Z/� ��$7 A��t �� ηB

B �7 ω = d ηB , A �7 ω = d ηA

� A ∩B �7 d(ηA − ηB) = � J�'H�

H�(A ∩B) = H�([R� − {�}]× R) ≈ H�(R� − {�}) = �

��"C ���O FG) �7 +ηA−ηB = dλ K ��# A∩B �7 λ ��D−� M Ǳ�.� �7 ��d�4< �#
A��7 +#�@/	< � �*� A �7 �� . �K ��T7 �]< �# �� ηA − dλ E#�� /%�) K�<���/	<
.� {A,B} [@�V A��7 {ϕA, ϕB} /<�
 .��D� M �H K�'H/� ��� ��
;� ? � 6D�

�#��# #�� R� − {�}

ϕA + ϕB = � dϕA + dϕB = � SuppϕA ⊆ A SuppϕB ⊆ B

67�� [ �	< A��7 �� ϕBλ �L� Q�O{
ϕBλ A ∩B �7
� A− (A ∩B) �7

K ��# �K�'H � �*� �� ϕAλ �7�;� 1��P �7 � K�'H/� E#�&4��

��� B �7 ���	- ��D M ϕAλ , ��� A �7 ���	- ��D M ϕBλ

K ��# A ∩B �7 �E�Gg �7

ηA − d(ϕBλ) = ηA − ϕBdλ− dϕB ∧ λ = ηA − dλ+ d(ϕAλ)

= ηA − dλ+ d(ϕAλ) = ηB + d(ϕAλ)

���	- ��D M K�<���/� �B �7 ηB + d(ϕAλ) 9�< � A �7 ηA − d(ϕBλ) R�D �7 eV
p�Y� �7 +K�'H � �*� A ∪B = R− {�} �7

ω =
{
dηA = d(ηA − d(ϕBλ)) A �7
dηB = d(ηB − d(ϕAλ)) B �7

+��� W�C# ω �\� �
� +��� �7�;� �
@ �7 Ǳ��:4�� /%H �� %O��
+K �7/� J� �V �7 �$�Z $-��) ��H �7 �� �hD �# �H ��T # A��"��=� �7 �� �hD ? �

!��
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+H�
c (Rn) = � K ��# �� ≤ k < n �- Ǳ�.� �7 ����� ��*�)

+��� E$'<��) E�$0g �7 ? �	� J��'g �7 H�
c (Rn) = � �
' � 1�"x� 23�*4�

i
!!+� �
@

Ǳ�.� �7 �H K�<�#/� +� < k < n �H ���� Rn �7 E#�;D �	=� �7 ��D−k M ω K ��L
ω �	=� ���@ �� 4N7 A�L M B K ��L +ω = dη K ��# Rn �7 η ��D−(k − �) M 
F����U& # R

n−{�} �7 A J�� +dη = � K ��# A = R
n −B 1��P ? � �# +���

�H K�<�#/� ,+�+� �� �BC .� �k − � < n− � � ���

η = dλ K ��# A �7 λ ��D − (k − �) M Ǳ�.� �7

� ��&P �7��7 B .� /T �N	- M �7 �H ��� ���	- /*7�� f : Rn −→ [�;�] K ��L
? � �# +��� B �7��7 �# `�*@ �7 A�L �T; �	< �B �H ���� M �7��7 Rn − �B �7
η − d(fλ) ��D mω = dη = d(η − d(fλ)) � ��� /'*� �7 Rn �H �7 d(fλ) �1��P
� +$@�7/� �B �# E�#�;D �	=� �7 p�Y� �7

'�
��(�  d!D

+��� ��$<��H f : [a; b] −→ R K ��L +�7��# Q��T4<� A��7 J�	 � Q��T4<� �̀< +�
mi = K�'H/� R�D �[a; b] .� P = {t� < · · · < tn} .��D� �- A�.� �7
� �*� �� Mi = Mi(f) �7�;� 1��P �7 � ��� [ti−�; ti] �7 f ��	�&' � mi(f)

�7 ξ = (ξ�, · · · , ξn) / ���n M �P A��7 ^�n4<� M .� ��]'� +K�'H/�
P .��D� A��7 J�	 � �̀	d� � X�7 �̀	d� �?� �V �̀	d� +��� ξi ∈ [ti−�, ti]

1��P �7 S���� �7 �� ξ ^�n4<� �

L(f, P ) =
n∑
i=�

mi(f).(ti − ti−�) _?� �V �̀	d�a

!��
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U(f, P ) =
n∑
i=�

Mi(f).(ti − ti−�) _/ X�7 �̀	d�a

S(f, P, ξ) =
n∑
i=�

f(ξi).(ti − ti−�) _J�	 � �̀	d�a

/���P �# �� f.L(f, P ) ≤ S(f, P, ξ) ≤ U(f, P ) p�Y� �7 +K�'H/� � �*�
�- U(f, P ) ��	- ��	�&' � �7��7 �- L(f, P ) ��	- ��	 �V�� �H K� �L �%���g�	
F(��)��
�# �� f +K���</� [a; b] �7 f $�%��� (��)�� �� ��	�&' � � � ��	 �V�� ? � m$@�7

�H K�8�L J�	 � � \VQ��T4<� /���P

lim
‖P‖−→�

S(f, P, ξ)

+K���</� [a, b] �7 f J�	 � Q��T4<� �� $O ? � ��$:� m$@�7 #���
$�-# J�;< ��� +#�	< � �*� J���/� �$@�7 J��H/7 f �L� /4O �� S(f, P, ξ) _���

+#��$< #�� lim
‖P‖

−→ �(f, P, ξ) E�T<Z �$@�7 J��H/7 f �L� �H

� \VQ��T4<� 9�< � �7��# � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 �4���V [a; b] �7 f �L� _^
�7 f �)��'
 /T4���V .�a +$<�7��7 Q��T4<� �# ����O ? � �# � ���� J�	 �

+$�'H E#�&4�� [a; b]

��� �7��# � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 J�	 � � \VQ��T4<� [a; b] �7 f �L� _�
+$<�7��7 K- �7 Q��T4<� �# �- �

Q = {t� < � P = {s� < · · · < sm} K ��L +[a; b] �7 m ≤ f ≤ M K ��L _#
K�'H/� R�D i = �, · · · , n �- A�.� �7 +$'4N- [a; b] A��7 .��D� �# · · · < tn}

ei = [ti−�; ti] Q�t −
{

�- [sα−�; sα] ��	- Q�t �̀	d�
$'4N�< [ti−�; ti] �# Q�	;� �H

}

i
!2+� �
@

E�T<Z �$@�7 [ti−�; ti] �7 f ��	 �V�� �T; �	< Mi �L� �H $�-# J�;<

U(f, P ) ≤ U(f,Q) +
n∑
i=�

(M −Mi)ei ≤ U(f,Q) + (M −m)
n∑
i=�

ei

!�I
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+#��# #�� ?� �V �̀	d� #��� �# �7�;� /	
O

�d�4< �� �7��# �� �BC � �$ ��/� �&P �7
n∑
i=�

ei‖P‖ −→ � E�L�- �H $�-# J�;< _-

�$ ��T7∑
‖P‖−→�

U(f, P ) = inf{U(f,Q) : ��� [a; b] .� A.��D� Q}

lim
‖P‖−→�

L(f, P ) = sup{L(f,Q) : ��� [a; b] .� A.��D� Q}

+��� J�	 � � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 [a; b] �7 �7��# � \VQ��T4<� f �L� _�
�- A�.� �7 �H $�-# J�;< +$<� \VQ��T4<� [a; b] �7 g � f K ��L +_��)��  8 �21a _.

K ��# �P A��7 ξ′ � ξ ^�n4<� �#

∑
‖P‖−→�

n∑
i=�

f(ξi)(ti − ti−� =
∫ b

a

fg)

|f(ξ′i), (ξ
′
i)−f(ξi), (ξ′i)| ≤M |f(ξ′i)− E�T<Z �[a; b] �7 |g| ≤M �L� J0	���K��

+f(ξi)|

��$:� �7 �##�L � �*� �̀	d� $O 1��P �7 �s<�'� ∫
c f dx+g dy $�-# J�;< _p

��� �7��7 � .∫ b

a

[f(c(t))c�
′
(t) + g(c(t))c�

′
(t)]dt

� ≤ �7 c(t) = (cos(�πt), sin(�πt)) �H �$�'H �"��=� �� ∫
c
dθ =

∫
[�;�]

c∗dθ +!
+t ≤ �

�7 CR,n : [�;�] −→ R� − {�} K ��L �� < R �- �n b�=P #$g �- A�.� �7 +2
���� � . ��>7�Y

cR,n(t) = (R cos(�nπt), R sin(�nπt))

#�� J�'� c : [�;�]� −→ R� − {�} ?�
� S*
��� M �H $�-# J�;< _���
cR�,n − cR�,n = ∂c �H #��#

J�;< �$@�7 c(�) = c(�) �7 E��n�# /'='� c : [�;�] −→ R� − {�} �L� _^
+��� R� − {�} �# .�� M c− c�,n �H #��# #�� J�'� A� n �H $�-#

!��
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+K���</� ◦ Q�O c[��Q ��_ �� #$g ? � +��� #�&7 �h='� n $�-# J�;< _�

���� f(z) = zn+a�z
n−�+ · · ·+an A��%	 $'� M f : C −→ C K ��L +5

� �*� cR,f = f ◦ cR,� ��>7�Y �7 �� CR,f : [�;�] −→ C �@�T< +� ≤ n �H
+K�'H/�

M .�� cR,f − cR,n E�T<Z �$@�7 ��97 /D�H E�.�$<�7 R �L� �H $�-# J�;< _���
� cR,n(t) = [cR,�(t)]n �H #�@ ��� � 0	���K�� +��� C − {�} �# ��d<.

$�N �'7

f(z) = zn
(
�+

a�
z

+ · · ·+ an
zn

)
+_�" /���� �� �BCa f(z) = � A� z ∈ C M A�.� �7 �H $�-# J�;< _^
cR,f − E�T<Z �f(z) �= � K�@�7 �4@�# |z| ≤ R �7 z �- A�.� �7 �L� �0	���K��

+��� .�� M c�,f

+#��# #�� ?�
� A�0"*
� A�d7 A�0*	4d� M	H �7 A��LQ��T4<� A��7 /@�� +,
�H ��><�	- Q�O ? � �7 �#�@/� ��E$�s�V eH�4�� �� �BC � ���O ? � �# �4"��
Δn ⊂ Rn K ��L +��� #�) �7 (�) / � �9� A���# �$ # K�-��) $*7 �� ���N� �#

+� ≤ xi ≤ � �
n∑
i=�

�H $@�7 / �- x ∈ Rn ��	- ��g�	d�

i

!,+� �
@

��d<.�n � c : Δn −→ M J�� ���	- ��� /*7�� �M �# ?�
� �#���n

K ��L ��"C $'<�	- +?�
� A�0*	4d��n .� A��� �̀	d� M .� ��� 1��"g
K�'H/� � �*� � ≤ i ≤ n A�.� �7 +��� A�4O� �@�T< In : Δn −→ Rn

∂i : Δn−� −→ Δn

∂i(x) =

⎧⎪⎨⎪⎩
(
�−

n−�∑
i=�

, x�, · · · , xn−�
)

i = � �L�

(x�, · · · , xi−�,�, xi, · · · , xn−�) � < i < n �L�

!�!
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� �*� �e�� +∂ic = c ◦ ∂i K�'H/� � �*� c ?�
< �#��−n #��� �# �

∂c =
n∑
i=�

(−�)i∂ic K�'H/�

+$�'H ��P�� /�$'- �]< .� �� Δn �# ∂i(Δn−�) �
@ _���

+∂� = � $�-# J�;< _^

�7 ��D−(n− �) M ω = f dxi ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn �L� �H $�-# J�;< _�a
_+$�'H #�$=� �� �0"*
� #��� �# 1�"x�a +∫In dω =

∫
∂In ω E�T<Z �$@�7 Rn

E#�	< � �*� �� ∫
c
ω Q��T4<� M �7 ω ��D−k �- � M �# c ��d<.−k �- Ǳ�.� �7 _#

+∫c dω =
∫
∂c ω K ��# ω ��D−(k − �) �- Ǳ�.� �7 �H $�'H �7�x �

+x′ ∈ ∂�(Δk) � � ≤ t ≤ � �H �@�< J���/� tx′ 1��P �7 �� x ∈ Δk+� �- +�
?�
� �#��−k �- Ǳ�.� �7 +��� #�&7 �h='� x′ ��>:< t = � /4C� �E�G*7
c̄(x) = t.c(x′) ��>7�Y �7 �� c̄ : Δk+� −→ Rn �@�T< �c : Δk −→ Rn

+##�L/� � �*� /0 $7 �
@ �7 c̄ � c ��d<. �- Ǳ�.� �7 +K�'H/� � �*�

i
!�+� �
@

+c = ∂c̄ #�@/� �d�4< ∂c = � .� �H $�-# J�;< _���

}�- .�� c $�-# J�;< +��� �4N7 /'='� M c : [�;�] −→ R� K ��L _^
E���7 �# �∂σ =

∑
i

aici �L� �0	���K�� +�N�< ?�
� A�0"*
�−� .� σ �̀	d�

+$���V J���/�
∑
i

ai

c′([�;�]) /'* ���� T��K��% c′ �H �c = ∂σ+c′ �@�< J���/� �H $�-# J�;< _�
+��� �>:< M�

�� ���� .�� M c�− c� $�-# J�;< �c�(�) = c�(�) � c�(�) = c�(�) �L� _#
+�0H#�� .� E#�&4�� �7 �� � �0"*
� � .� E#�&4�� �7

!�2
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�� 4N7 /'='� �- A�.� �7 $�'H R�D +��� M $%&�'� �7 ��D−� M ω K ��L +3
K�@�7 �4@�# �L� �0	���K�� +��� W�C# ω $�-# J�;< +∫

c
ω = � �M �# c

+∫c ω = f(c(�))− f(c(�)) K ��# A� c /'='� �- A�.� �7 E�T<Z �ω = df

���	- �@�T< �- � E#�7 $'"	- M �H K�8�L T��� ��A�K /���P �# �� M $%&�'� +�
E��n�# A�BD M Gj 	g� +$@�7 �>:< M �7 ���	- � \VR�":<� f : S

� −→ S
n

�@�T< �- � E#�7 $'"	- �H K�8�L E#�� $'"	- /���P �# �� _$%&�'� �j��9� �<a
�+$@�7 �>:< M �7 � \VR�":<� �4���V �
@ �7 f : S� −→M �4���V

/-�� $'"	- M E�T<Z �$@�7 �>:< M �7 � \VR�":<� ���	- �
@ �7 �L� _���
+���

+�N�< /-�� $'"	- S� _^

f : �- $�-# J�;< �0	���K�� +��� /-�� $'"	- Sn A� n > � �- A�.� �7 _�
+��� �@�V ��r �j��9�� ����	- S� −→ Sn

�7 f : S� −→ M ���	- �@�T< �- E�T<Z �p ∈ M � E#�7 /-�� $'"	- M �L� _#
+��� � \VR�":<� p �7 ���	- �
@

$'"	- u ∩ V �7 /-�� $4"	- A�-�g�	d� � . V � U �H M = U ∪ V �L� _-
Sn J#�7 /-�� $'"	- A��7 �T # /��"x� ? �a +��� E#�� $'"	- M E�T<Z �$'@�7
/-�'4� A#�$*� �7 �� S� �R��&� f : S� −→ M A�.� �7 �0	���K�� _+���

+V �# � � #��# ���C U �# �7 M �- �H $�'H K�N:� A��t ��C

_+#�@ ��� 3 �� ���N� �7a +H�(M) = � E�T<Z �$@�7 /-�� $'"	- M �L� _�

$'"	- R�−U �H A��<�L �7 ��� ��$<��H .�"0� g�	d� M U ⊂ R� K ��L _��� +�
e
ga +��� � \VR�":<� �>:< M �7 ���	- �
@ �7 U �H $�-# J�;< +�N�<
J�;< �$@�7 R�−U .� ��$<��H �� &���� M p �L� �0	���K�� _+3 �hD .� !5 �� ���N�
�7 +_$'H/� �t�O�a $<./� ��# �� p �H #��# #�� U �# /'='� M �H $�-#

+#�@ ��� !3+� �
@ .� _���a �	NC

�7 �>:< M �7 /4C� �0'� � /4C� U ⊂ rr� ��$<��H � $'"	- .�7 ��g�	d� �- _^
+$@�7 /-�� $'"	- �H ��� � \VR�":<� ���	- �
@

+��� c%r R� �# .�7 A�-�g�	d� � . #��� �# S%>� ? � _�

!�5
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/<�
 .��D� �# Ψ � Φ K ��L +��� Mn ��$40 $%&�'� �7 ��D−n M ω K ��L +�I
_���$�'H �7�x .

∑
ϕ∈Φ

.

∫
M

ϕ.|ω| < ∞ E�G*7 � �$'4N- E#�;D �	=� �7 67��� .�

+��� W%>� A��T	-
∑
ϕ∈Φ

∫
M

ϕ.ω �̀	d� �H ##�L/� �d�4< ? � .�

$�-# J�;< _^∑
ϕ∈Φ

∫
M

ϕ.ω =
∑
ϕ∈Φ

∑
Ψ∈Ψ

∫
M

Ψ.ϕ.ω

A�.� �7 �H $�'H ��<a +��� ���# �>7�� ?�	- �K�'H ~	g |ω| �7 �� ω �L� �
_+��� �&P�< sup pϕ �7 �H #��# #�� Ψ /-�'4� A#�$*� �0'� �ϕ �-

? � +
∑
ϕ∈Φ

∫
M

ϕ.ω =
∑
ψ∈Ψ

∫
M

ψ.ω 9�< �
∑
ψ∈Ψ

∫
M

ψ.|ω| < ∞ �H $�-# J�;< _�

+K�'H/� � �*� ∫M ω �� ��4;� �̀	d�

/*7�� f : R −→ R K ��L +$<��4N7 A�-�g�	d� An ⊂ (n;n + �) K ��L _#
� Φ /<�
 .��D� �# +Suppf ⊂

⋃
nAn � ��� ∫An

= (−�)n/n �7 ���	-
A��T	- � #��� �# �-

∑
ψ∈Ψ

∫
R

ψ.f dx �
∑
ϕ∈Φ

∫
R

ϕ.f dx �H $�7��7 A��t Ψ

+1��&4� /�� �$'@�7 W%>�

.� #�D /"N< A�-��N<�� �7 ���'4� /�$'- Ǳ��@� �3 �hD .� �! ? �	� �� �#� �# +��
+_/:�:O ��� A#$g ω �Ha K�'H/� � �*� �� ω J.� �7 � (

k
�

) �̀<

/;n7 E��	- �7 {(x, y) ∈ R� : |(x, y)| < �} ��g�	d� M K ��L _��� +�!∫
M
dω �=

∫
∂M

ω $�-# J�;< +ω = xdy 9�< � �$@�7/� o.�� .� �n;�
.��< �"��=�a +#�@ E#�&4�� �I �� ���N� .� +$'@�7 /'*� �7 F�t �# �- �L� /4O
_+K�@�7 �4@�# �� .�� �H �H ��� ���C�7 /4C� �0'� A��N� �H $�'H ��� ��N�<

+#�@ ��� !3+� �
@ .� _^a �	NC �7

i
!3+� �
@

!�,
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M = JZ �# �H $� ��7 eH�4�� �� �BC A��7 /B:< Q��� ��7�;� 1��P �7 _^
+�N�< E#�;D JZ �	=� �H ��� /��D−� M ω � (�;�)

$�-# J�;< �E#�;D �	=� �7 67��� c��� (�;�) A��7 /<�
 .��D� M /���7 �7 _�
+##�L/� ~:< ���O ? � �# eH�4�� �� �BC K
O ��� �H

M θ � ���� _.�� J�$7a E#�;D � � \V�0 $%&�'�−n M M $�'H R�D +�2
+��� �&P A��>:< �# dθ �H $�-# J�;< +$@�7/� M �7 ��D−(n− �)

+M� ⊂M�−∂M� �H $<�E#�;D � ��#. �� $%&�'�−n �# M� � M� ⊆ R
� K ��L +�5

�7 ∫
∂M�

ω =
∫
∂M�

ω K ��# M� �7 ω ��D−(n− �) �- A�.� �7 �H $�-# J�;<
+#�@ ��� !�+� �
@ .� _���a �	NC

r∗(Vp) = �H #�@/� �4&L K� ? � �#a $�'H ^�NO �� 3 K� �# �/‖p‖n ���g +�,
un−�, · · · , v� ��#�7 �� n−� �� . ���� �/‖p‖n−� ���g A��7 /0��� _(�/‖p‖)vr(p)

+_#��# #��

+$�'H �"��=� �� R∗σ′ _5 �hD .� � �� ���N�a r∗dxi A��7 Q���D .� E#�&4�� �7 +��
i ◦ r : Rn − {�} −→ �@�T< mr∗σ′ = r∗i∗σ = (i ◦ r)∗σ �H#�@ ���a
�# Rn − {�} A�47 /4@�T< J��'g �7 �H /t�@ �7 ���� r ���# _Rn − {�}

_+#�@ �4D�L �]<

�	=� �7 ��D−n S���� �7 η � ω � $<��$40 $%&�'� Nm � Mn K ��L _��� +�3
{v�, · · · , vn, ω�, · · · , ωm} ?4N<�# .�d� �� M ×N +$'4N- N � M �7 E#�;D
{ω� · · · , ωm} � {v�, · · · , vn} �H �K�'H/� � �*� TM×N

p,q T̃pM ⊕ TqN �#
� π� : M × N −→ M �L� +$'4N- TqN � TpM S���� �7 �# �"�� A�-� �V

$�-# J�;< �$'@�7 /0 $7 � ��h� π� : M ×N −→ N∫
M×N

π∗
�
ω ∧ π∗

�
η =

∫
M

ω.

∫
N

η

�H ∫M×N hπ
∗
�
ω ∧ π∗

�
η
∫
M gω E�T<Z �$@�7 ���	- h : M ×N −→ R �L� _^

g(p) =
∫
N

h(p,�)π∗
�
η h(p,�) = q �→ h(p, q)

+��� π∗
�
ω∧π∗

�
η �
@ �7 A� η � ω M A�.� �7 M ×N �7 ��D−(m+n) �- _�

!��
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�7 ν ∈ TpR
n � ω�, · · · , ωn−� ∈ TpR

n K ��L +p ∈ Rn − {�} K ��L _��� +��
�H $�-# J�;< +$@�7 (λp)p �
;7 A� λ ∈ R M A�.�

r∗σ′(ν, ω�, · · · , ωn−�) = �

/g�	4� �H ��� E#�;D � ��#.�� $%&�'�−(n−�) M M ⊆ Rn−{�} K ��L _^∫
M r∗σ′ = $�-# J�;< +$@�7/� O ��$"� .� E$<�\L A�0g�*@ .� A�0>)E��V .�

+#�@ ��� !�+� �
@ .� _^a �	NC �7 +�

i
!�+� �
@

`�*@ �- �H ��� E#�;D ��#.�� $%&�'�−(n− �) M M ⊂ Rn − {�} K ��L _�
J�;< +c(M) = {λp : p ∈ M,λ ≥ �} � $'H/� 6>C ��"
 �� � .� E$<�\L

+∫
M
r∗σ′ =

∫
c(M)∩S�

r∗σ′ �H $�-#

i
!�+� �
@

S%r� ���# ?�	- �7 +$'H/� �"��=� �� M /	dO ��  ��. ��$:� �)Z Q��T4<�
+$'-#/� J�;< dθn �7 �� Q��T4<�

�z ∈ (−∞;�) � y = � �x = � �H / �0<Z 9d7 (x, y, z) ∈ R
� ��	- Ǳ�.� �7 +��

� �*� (x, y, z) � ��$"� ?�7 �P�� `�*@ � ��=�−z ?�7 ��  ��. �� ϕ(x, y, z)

+K�'H/�

+ϕ(x, y, z) = arctan(�
�

√
x� + y�) $�-# J�;< _���

!�3
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i
2I+� �
@

R
� �7 θ(x, y, z) = arctan y

x ��>7�Y �7 /*7�� J��'g �7 θ � �P (p) = ‖p‖ �L� _^
��g�	d� �7 1�h4n� E�T4�# M (p, θ, ϕ) �H $�-# J�;< 1��P ? � �# �$@�7
� � y ∈ [�;∞) � y = � �H / �0<Z 9d7 R

� �# (x, , y, z) J�� /t�:< ��	-
+$'-#/� ��
;� �z ∈ (−∞;�] � y = � �x = � �H / �0<Z

+dϕ(v) = � $�'H �7�x �$@�7 r `�*@ �7 S�(r) E��H �7 ��
 ��	� ��#�7 v �L� _�
$�'H �7�x �$@�7 p = (x, y, z) ∈ S�(r) ��>:< �# ��	� ��
 ��#�7 ω �s<�'�

+dθ(ωp) = �/
√
x� + y�

�]< �# _JZ .� �n;� /;n7 �4"��a S� �7 ϕ � θ $ $=� /'*� �7 ��ϕ � θ �L� _#
67�� h : S� −→ R �H σ′ = hdθ ∧ dy 1��P ? � �# �H $�-# J�;< �K ��T7

+_��� S� �7 ��#�0 ���# �7 /0'�a ��� h(x, y, z) = −
√
x� + y�

+σ′ = d(− cosϕdθ) �H $ ��T7 �d�4< _-

��D M A��7 dθ = r∗
�
i∗σ �H A��<�L �7 R�":<� r� : R�−{�} −→ S� K ��L _�

�$@�7 /*�"t � �h� π : R� −→ R� �L� +r∗
�
dθ = dθ A$�-# J�;< +R� �7 σ

_.� /4	NCa �7 /��D dθ �H ���� π∗dθ ���# R� _.� /4	NCa �7 dθ ��D E�T<Z
+r∗dθ = dθ �H $�'H �7�x � E#�	< E#�&4�� ? � .� +$@�7/� R�

r∗(vp) = K ��# S�(‖p‖) �7 ��	� v �- A�.� �7 �
' � � _�a �	NC .� E#�&4�� �7 _.
+r∗dθ = dθ $�'H �7�x �j	�:4N� �vr(p)/‖p‖

�7 _t+dθ� = r∗σ′ = d(− cos(ϕ ◦ r)dθ) = d(− cosϕdθ) �H $ ��T7 �d�4< _p
+$�-# cN7 R

n−�−{�} �7 dθn−� SNO �7 R
n−{�} �7 �� dθn �7�;� 1��P

�H ���� U� ∪ U� ∪ U� ∪ · · · `�	4� �
@ �7 $'"	- $%&�'� �- �H $�'H �7�x +!I
���) �# �"C�g ���"<# � �Ui ∩ Uj �= ρ �$'4N- /��h4n� A�0-�T4�# �- Ui

+#��# ���C E#�;D A��g�	d�

!��
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f∗ : �H A��<�L �7 �-$%&�'�−n ?�7 E�� �@�T< M f : Mn −→ Nn K ��L +!�
J�;< +$@�7 K]'� A��>:< ρ �H /��#�� ���� �0 �D�O TpM −→ Tf(p)N

�1��P ? � ��r�# � � ���� N A��7 f E�T<Z �$@�7 $'"	- N �L� �H $�-#
+$'4N- f ?�
� ��>:< �{�:< ��	-

f(z) = ��>7�Y �7 f :� C −→� C A��%	 $'� �@�T< �- �H $�-# J�;< _��� +!!
+_� ≤ na ��� E�� zn + a�z

n−� + · · ·+ an

f ′(z) = $�-# J�;< +f ′(z) = nzn−�+(n−�)a�zn−�+ · · ·+an−� K ��L _^
+$'H/� �H�O c%4n� #�$g� �7 ω �H lim

ω−→�

f(z + ω)− f(z)
ω

f(x + iy) = u(x, y) + K�N �</� A� v � u /:�:O ��$:� �7 67��� A��7 _�
$�-# J�;< +iv(x, y)

f ′(x + iy) =
∂u

∂x
(x, y) + i

∂v

∂x
(x, y) =

∂v

∂y
(x, y)− i

∂u

∂y
(x, y)

+$ ��T7 ih ��<Z ��T # ��7 � /:�:O A#$g �� ω ��"
 �0	���K��

��� J�	- �� �	� �# f ′ �H �|f ′(x + iy)|� = det f ′(x, y) $ ��T7 �d�4< _#
E$@ � �*� />) � $"� ����� �	� �# f ′ � $@ � �*� _^a �	NC �# �H

+$@�7/� f : R� −→ R� J�� /4@�T< �- A��7

+$�'H �8��� �" /���� �� �BC A��7 �T # /��"x� �!� �� ���N� M	H �7 _-

�hD ? � A� �BC .� A���N7 �Ha !� �� ���N� .� E#�&4�� J�$7 ���E#�� /�X$4�� _�
E�� f : M −→ N �L� �H $�-# J�;< �j	�:4N� +#��# #�� _#�7/����
7 ��
K]'� � #�:� ��g�	d� �7 �7�x �j*Y�� /*7�� f (−�)(a) �# {�:< #�$*� E�T<Z �$@�7
$'"	- f :� C −→� C A��%	 $'� �- A��7 �g�	d� ? � �H $�-# J�;< +��� f

+$'H/� ���4)� �� � #�:� ��	- f �H $ ��T7 �d�4< � ����

�p ∈ Rn − M Ǳ�.� �7 +��� E#�;D $'"	- $%&�'� M Mn−� ⊂ Rn K ��L +!2
�)�# {�:< ��	- �H K�'H/� ^�n4<� J�'� p Q�O ∑ A$*7−(n − �) E��H M 
R�":<� rp : Rn − {p} −→

∑ K ��L +$@�7 �4@�# ���C Rn − M �# ∑
���# �� p R��&� ��>:< Q�O M $%&�'� ω(p) 0N��Q ��_ +��� /0 $7

+K�'H/� � �*� rp|M

!��
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+#��# �:7�>� $@ E#��Z 2 �� ���N� �# �H �s<Z �7 � �*� ? � �H $�-# J�;< _���

+#��$< /T4N7 ∑ ^�n4<� �7 � �*� ? � �H $�-# J�;< _^

�- �7 ω �H $ ��T7 �d�4< +��� �7�x p .� /T �N	- M �# ω �H $�-# J�;< _�
+��� �7�x Rn −M .� �&����

�7 /t�:< q � p K ��L +#��#�7�# �� �=&P−(n− �) .� /4	NC M $�'H R�D _#
J�;<a +ω(q) = ω(p)± � $�-# J�;< +�%4n� F�t �# �# ��� �$<��=&P ? �
�� A .� A��>:< }�- � ��� rp|M �7��7 M − A �7 �H /4@�T< �7 rq|M $�-#

_+��� ����	- �#�7/	< n A��7

�&���� �# �C�$O Rn −M E�T<Z �$@�7 � \V�0 M �L� ��H �# �H $�-# J�;< _-
M �H /4��O �# /4O �� K
O ?�	- �H $'-#/� J�;< $*7 �� ���N� $'� +#��#
�(�h) ? � �# ��W�C# S%>� +#�	< 1�"x� J���/� �<�T� �$@�7 � \V�<�0

+��� E$@ E#��Z �� �hD �#

���	- �
@ �7 f, g : M −→ N � $<�E#�;D $%&�'�−n �# N � M K ��L +!5
+H : M × [�;�] −→ N ���	- /V�����- �7 �$'V�����-

#�$*� �T; �	< #f−�(q) K ��L +��� H A��7 K]'� A��$:� q ∈ N K ��L _���
+#f−�(q) ≡ #g−�(q) _! �<�	�Va $�-# J�;< +��� f−�q �# {�:< _/-�'4�a
o.�� �7 {�:< #�$*� +��� E#�;D ��#. �� $%&�'�−� M H−�(q) J0	���K��
E#�&4�� #��� �� �BC ��A�C �
@ .� �H ��� / � �d' �a +��� ��. p�Y� �7

_+#�@/�

g � f ��4;� K]'� ��$:� q �H /���P �# K
O ? � �H $�-# J�;< ��4�%H _^
+��� ���C�7 K- .�7 �$@�7

�$'V�����- ���	- �
@ �7 g, f �
' � [ �	< A��7 �f, g : M −→ N �H /���P �# +!,
+K�'H/� E#�&4�� f g̃ .�

2II
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#�� J�'� H ′ : M × [�;�] −→ N ���	- /V�����- M E�T<Z �f g̃ �L� _���
�H #��#

H ′(p, t) =
{
f(p) � .� /T �N	- M �# A�- t Ǳ�.� �7
g(p) � .� /T �N	- M �# A�- t Ǳ�.� �7

+��� A.��K- A��>7�� ? _^

A��<�L �7 �$@�7 ������- g �7 H ���	- /V�����- c��� ���	- �
@ �7 f �L� +!�
�7 ���	- �
@ �7 f K�8�L/� ���� KN�D����U& # t �- Ǳ�.� �7 p �→ H(p, t) �H

+��� i��#4	� g

+��� A.��K- A��>7�� �J#�7 ����9 � ���	- �
@ �7 �_���

�"�� $O�� A�L M J��# �7 �H ��� ���	- /*7�� ϕ : Rn −→ R K ��L �_^
H ′ : R × Rn −→ Rn �@�T< �p ∈ Sn−� Ǳ�.� �7 +�&P �-� � �� �# � ���
�7 ����N� ? � ^�� �- ��+!+, �� �BC �7 �'7a $ ��T7 �]< �# �� c7�� � �# �#�P
x �→ H(tmn) 67��� .� M �- �H $�-# J�;< _+##�L/� � �*� �- t ��	- Ǳ�.�
�# {�:< ��	- � $'V���9 � /<�	- �@�T< �7 ���	- �
@ �7 � $'4N- KN�D����U& #

+$<��#/� E�T< �7�x �� �7�x $O�� A�L M ���)

� (�hn7 ��>:< �- �� H(t,�) J���/� �H $�-# J�;< t � p S��'� ^�n4<� �7 _�
+�D�L $O�� A�LJ��#

J�'� f : M −→ M /	N�D����U& # E�T<Z �p, q ∈ M � E�7 $'"	- M �L� _#
+��� ����9 � /<�	- �@�T< �7 ���	- �
@ �7 f, f(p) = q �H #��# #��

�� �BC 1�"x� .� ��� �� %O�� �	NC A��7 �T # /��"x� �_#a �	NC .� E#�&4�� �7 _-
+$�'H K-��D 5+�+�

�H $�-# 1��P ? � �# �f : M −→ N � $'@�7 ���	- $%&�'�−n �# N � M �L� _�
+#f−�(q�) ≡ #f−�(q�) _! �<�	�Va K ��# q�, q� ∈ N K]'� � #�:� Ǳ�.� �7
�� <�	�V �7 f  87�� �� #$g ? � +_��� E$@ � �*� !2 �� ���N� �# #f−�(q) �Ha

+K���</� !

�s<�'� �!2 �� ���N� �# z! �� <�	�V �7 ���#y �7 z��#y ~ �*� �7 �H $�-# J�;< _.
�# �C�$O Rn −M E�T<Z �$@�7 A$*7−(n − �) E�#�;D $%&�'� M M ⊂ Rn

+#��# �&����

2I�
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M E�#�;D $%&�'� �7 ���	- A��#�7 A�0<�$�� .� ���	- A�E#��<�) {Xt} K ��L +!3
M × [�;�] �7 ���	- A��#�7 J�$�� M X $�'H R�D ���W�C# J��7 �7a ���
��	�	Y .� +K�-#/� ?%;< Xt(p) #�	< �7 �� π∗

MX)(p, t) 1��P ? � �# +���
A�E#��<�) �H ##�L/� �d�4< �+!+, �� �BC 1�"x� �# �4D� ��
7 QX$4�� 9�< � , �hD
A��<�L �7 _A�4����V−� E��L �j��9� �<a M A�0	N�D����U& # .� {ϕt} ���	-
���	- 67�� �- Ǳ�.� �7 ��T # 1��"g �7 +$'H/� $���� �� {Xt} �H #��# #��

K ��# f : M −→ R

(Xtf)(p) = lim
h−→�

�

h
(f(ϕt+h(p))− f(ϕt)(p))

�K�'H/� � �*� � . �
@ �7 /��D−k �M �7 A�0��D−k .� ωt E#��<�) �- A��7

ωt := lim
h−→�

�

h
(ωt+h − ωt)

+ ddt (ϕ∗
tω)t) = ϕ∗

t (LXt ωt + ω�t ) $�-# J�;< _���

M E�#�;D ��$40 $%&�'�−n M �7 �&P �dH }�- ��D−n �# ω� � ω� K ��L _^
/4C� {Xt} c��� E$@ $���� A�0	N�D����U& # ϕt E�#��<�) $�-# J�;< +$'4N-
LXωt = ω� − K�@�7 �4@�# �H $'H/� �$P ϕ∗

tωt = ω� {�@ �# /4C� �0'� �
+ω�

?
	� /4C� �0'� � /4C� ? � �H $�-# J�;< �3 �hD .� �� �� ���N� .� E#�&4�� �7 _�
+d(Xt!ωt) = ω� − ω� �H ���

J�;< +ω� − ω� = dλ A� λ M A�.� �7 �\� � ∫
M
ω� =

∫
M
ω� $�'H R�D _#

+ω� = f∗ω� �H #��# #�� J�'� f� : M −→M /	N�D����U& # $�-#

N � M �H �$<���	- / �04@�T< g : N � −→ Rn � f : Mk −→ Rn K ��L +!�
�@�T< +f(M)∩g(N) = φ � n = k+ �+� �$<�E#�;D � \V�0 A�-$%&�'�

1��P �7 �� αf,g : M ×N −→ Sn−� ⊂ Rn − {�}

αf,g(p, q) = r(g(q) − f(p)) =
g(q)− f(p)
|g(q)− f(p)|

�H �K�'H/� � �*� �(f, g) = degαf,g 1��P �7 �� g � f _c7�a #��)�7 #$g
+��� �0 A���# � � \V�0 �� �� ���N� �# ��"*� �7 M ×N

+�(f, g) = (−�)k+�+��(g, f) $�'H �7�x _���

2I!
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�7 ���	- /V�����- �# k : N × [�;�] � H : M × [�;�] −→ Rn K ��L _^

H(p,�) = f(p) H(p,�) = f ′(p) K(q,�) = g(q) K(q,�) = g′(q)

+{H(p, t) : p ∈M} ∩ {K(q, t) : q ∈ N} = φ A� t �- A�.� �7 �H A��<�L �7
$�-# J�;<

�(f, g) = �(f ′, g′)

E�T<Z �f, g : S� −→ R� �L� �H $�-# J�;< _�

�(f, g) =
−�
�π

∫ �

�

[∫ �

�

A(u, v)
{r(u, v)}�

du

]
dv

� r(u, v) = |g(v)− f(u)| �H

A(u, v) = det

⎛⎝ (f�)′(u) (f�)′(u) (f�)′(u)
(g�)′(v) (g�)′(v) (g�)′(v)

g�(v)− f�(u) g�(v)− f�(u) g�(u)− f�(v)

⎞⎠
+_�� �hD .� �5 �� ���N�� ∫

S�
σ′ = �π �H ��� ���# ? � �7 �/�π ���ga

�(f, g) = � E�T<Z �$'@�7 6C�� �=&P M �# �# �- g � f �L� �H $�-# J�;< �_#
�<�T� �H $-#/� J�;< $*7 �� ���N� +_$�-# ��d<� �=&P−xy A��7 �$47� �� ? �a

+#��Z ��$7 J���/� �"��=� J�$7 �� �(f, g)

K�'H/� � �*� (a, b, c) ∈ R� A�.� �7 _��� +!�

dΘa,b,c =
(x − a)dy ∧ dz − (y − b) dx ∧ dz + (z − c) dx ∧ dy

((x− a)� + (y − b)� + (z − c)�)�/�

K�'H R�D �(a, b, c) �∈M � M ⊆ R� . �� J�$7 � ��#�0 $%&�'�−� A�.� �7
p ∈ /
 #9< �# /t�:< (a′, b′, c′) � (a, b, c) K ��L +Ω(a, b, c) =

∫
M
dΘ(a,b,c)

/40 ?�	- �# (a, b, c) $�'H R�D +$<��# ���C M F�t �# �# �H �$'4N- M
{ωp, (v�)p, (v�)p} �H A��<�L �7 #��# ���C ωp ∈ TpR� − TpM ��#�7 �H ���
�"�� �0 �7 TpM �# {(v�)p, (v�)p} E�L�- ��� �"�� �0 �7 TpR� �#

+ lim
(a,b,c)−→p

Ω(a, b, c)− Ω(a′, b′, c′) = −�π $�-# J�;< +$@�7

2I2



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

8
�GK�
P,*� F ��� ����
%� �e�F

i
2!+� �
@

(a, b, c) ∈ �- A�.� �7 $-#/� �d�4< M = ∂N �H $�-# J�;< �$47� �0	���K��
+Ω(a, b, c) = � A� (a, b, c) �∈ N �- A�.� �7 � Ω(a, b, c) = −�π A� N−M

���#�"� $%&�'�−� M A�.� �7 �H ��� A�E$'<�;< f : S� −→ R� K ��L _^
�Gj �� +#��# #�� ���	- A� M ?�'�a+f(S�) = ∂M A� M E�#�;D ���#�0

_+##�L ��� ��-$%&�'�−� Af���V�� �1��D .� �2� ��=&P �7

JZ .�� �H $-#/� J�;< �� � \�40 ��  � � M .� /4	NC �� �	� �# �
@
\r�H �;V �# �H ��� E�HK�< M �� � � A�04	NC � �� +��� ? / X �� E��L

+�N�< � \�40 ���� �	� ��  � � +��� E� �# ���) JZ .�� � #��# ���C

i
22+� �
@

+dg/dt �∈ TpM K�@�7 �4@�# �g(t) = p ∈ M /4C� � g : S� −→ R� K ��L
.� ωp ��#�7 �H �0 J�	- �# dg/dt �H ��� / �-#��)�7 #�$*� n+ K ��L
J�;< +��� �-#�)�7 � �� #�$*� n− � �$@�7/� 6C�� �#��# ���C _���a �	NC

+n = n+ − n− = −�
	π

∫
S�
g∗(dΩ) �H $�-#

$�-# J�;< _�

∂Ω
∂a

(a, b, c) =
∫

S�

f∗
((y − b) dz − (z − c) dy

‖(x, y, z)‖�
)

∂Ω
∂b

(a, b, c) =
∫

S�

f∗
((z − c) dx− (x − a) dz

‖(x, y, z)‖�
)

∂Ω
∂c

(a, b, c) =
∫

S�

f∗
((x− a) dy − (y − b) dx

‖(x, y, z)‖�
)

2I5
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� . A�0�'='� �& .� M �- A��7 �� �(f, g) ��$:� +n = �(f, g) $�-# J�;< _#
�$�'H �"��=�

i
25+� �
@

J�'� �� A,B ⊂ Rn−{p, q} .�7 A�-�g�	d� +$'���&4� p, q ∈ Rn K ��L _��� +2I
+��� F����U& # �Rn �7 A∩B � �$'D����U& # Rn�# �7 B � A �H $�'H ^�n4<�
�7 �H $�-# J�;< �D� ��
7 ,+�+� �� �BC 1�"x� �# �H �s<Z �7�;� /�X$4�� �7
Hn−�(Rn−{p, q}) 9�< � �Hk(Rn−{p, q}) = � A� � < k < n−� �- A�.�

+��� A$*7 �#

A��g�	d� F ⊆ Rn �H �$�7��7 �� Rn−F ����# Af�����-�H A��#�7 A�-�BD _^
+��� /-�'4�

1��P �7 �� U : Hk(M) × H�(M) −→ Hk+�(M) /<�d'D ^�Y�P�O +2�
+K�'H/� � �*� [ω] ∧ [η] = [ω ∧ η]

�$@�7 �4N7 η � W�C# ω �L� �T # 1��"g �7 +��� � �*�o�) U $�-# J�;< _���
+ω ∧ η E�T<Z

+��� />) �# U $�-# J�;< _^

+α∪β = (−�)k�β∪α E�T<Z �β ∈ Hk(M) � α ∈ H�(M) �L� �H $�-# J�;< _�

i
2,+� �
@

2I,
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�GK�
P,*� F ��� ����
%� �e�F

$�'H �7�x �β ∈ H�(N) � α ∈ Hk(N) �f : M −→ N �H /����P �# _#
+f∗(α ∪ β) = f∗αUf∗β

1��P �7 �� × : Hk(M)×H�(N) −→ Hk+�(M×N) /��) ^�Y�P�O _-
� ��� � �*4@�) × $�-# J�;< +K�'H/� � �*� [ω] × [η] = [π∗

Mω ∧ π∗
Nη]

+α× β = π∗
Mα ∩ π∗

Nβ

$�-# J�;< �$@�7 Δ(p) = (p, p) ��>7�Y �7 Δ : M −→ MM × M �L� _�
+α ∪ β = Δ∗(α× β)

.� /�H n ^�Y�P�Oa Tn = S� × · · · × S� A$*7−n ^��� �7 $�'H R�D +2!
+��� �� i ��&���� �7 � �h� πi : Tn −→ S� �H ���� π∗

i dθ �T; �	< dθi _S�

J�;< �� Hk(Tn) .� /&%4n� �P�'g �- dθi� ∧ · · · ∧ dθik ��	- �H $�-# J�;< _���
�%4n� A�0���T4<� �0<Z �7 �H Tn .� / �-$%&�'� � . ?4D� �7 �� �� ? � +$'-#/�

+dimHk(Tn) ≥
(
n
k

) �d�4< �# +$�'H E#�&4�� �$<��#

!, �� ���N� .� �0	���K�� +��� �&P ���# .� f : S
n −→ T

n �H $�-# J�;< _^
+$�'H E#�&4��

2I�




