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�-�� �)�)�+ Y��� �)�?>* �3E2$2* � \OE* 0)�+)[�& 0��hEg*

��c? pZ)� - �#/) >/��� 0�E�) >&�c? Y��� ^EE%? 50()R� �8 S�89* U�1 0��#S�; () 5�� Y��) �� �&�� ��$�
>?D��B? � R��EQ� �j&- ) \E9&)�@�- �S-�%* i� 0���)� 0�J+ ��) D� �* �-()-�6>* ��c2* -�1 0�E�) >/�� ��
�� �RE29� �E�- ��c? () 0)�S�89* �� 5����$&>* \��B? �Q��3� �� ) �S-�%* �� 0���)� �� RE��� �2�)- �j& �* )
��0()R� -�1 () 0)�!�$P* ��cEZ- �� -�$��� �)�?>* ) >&�$� �I@E�*i� 0��0�2*���) 5����c? () �Q�- >S��* �)��!

��&)->* Y�Q& #��, ) >&�$� �2* �� ��29�

�#/) > �1 \E9&)�@�- Y�Q2/- �8 S�89* 5��-�� Y��) �)�� �E& n�+ - �� 0()R� �8 S�89* () 0�Q�- U�1 #S�;
�-)- )�Z �@= 0��9* h/�? �� #/) �I@E�* i� �� Y�� <��%? Ab-�%* () >��Q2/- > �1 \E9&)�@�- Y�Q2/- i�
o�+ Y�Q2/- 5>IE9&)�@�- Y�Q2/- 5����� >M1 ��[�+ >*�$? Y���� �--��>* <��%? > �1 >IE9&)�@�- [�+ 0-)�%?
>����I@E�*��( >�%� #/) > �1 \E9&)�@�- Y�Q2/- C)�Q2&) 0���I@E�* �8 %S�M* Y�E� ^�) - >I=) �8 S�89* �-��>* Y�E*�&
> �1 \E9&)�@�- 0��Y�Q2/- �8%S�M* �� �� -�� >9� ^ES�) o�+ ������ n-�= Y�Q2/- Ab-�%* >*�$? - �� �� ()
>M1 �- ���)�� �� o�+ [�+ i� > �1 :27* �F
�
sm
uH -�$& Y��) o�+ \a�9* - ')0���C�*�+ d�/) ��
C�/ - ��� C�B&- 
��K - ��)- h/�? 0�,�8* \3� �� � ��-�� >+�%* 
�rr C�/ - d�E����+ h/�? -��>* Y�E*�&
�) �-�$& >+�%* ) ��&� > �1 0��\E9&)�@�- � �?b�� e?)�* () > �1 >IE9&)�@�- 0��[�+ {�| - ��?�� >S) 
LKK
0��Y���m�B� �� >S 0��Y��� () ��?��m�* 0��[�+ RE$%? 0� -�1 A�%S�M* - 
Lv� �? 
Lvs ^E� 0��C�/ -
0��Y�Q2/- - 5A�%S�M* ^�) - Y�� >+�%* >/��� RE��@* �-�� �2+�� #/- o�+ Y�Q2/- () >7��$& �� 5�%� >���2*�& >S
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L �_.��? � �*�c*

- �� ��E*( ^�) - �B2%* ��E� i� �#/) ~E.7? \��Z �/�� �,� - �� �&�� ��$� 5#/) Y-�@2/) \��Z >I� \E9&)�@�-
- � ��E*( ^�) - �#/) ��7* �I��m��?�� �8 EJZ �� �� #/) 0-� � 0)�EJZ #/) Y�� �a)) �I�� h/�? 
L�s C�/
h/�? �EJZ ^�) () �?>I� #S�; �#/) >39S)��m>��� �8 EJZ 5>/�/) 0-� � �8 EJZ >�� A�c27* �� Ab-�%* lgB*

���-�� ��E� 
L
v C�/ - ��)�3�

0��:27* �-��+) �� >S�) �� #/) �-�� >7_E6 � >�--)�2*) > �1 \E9&)�@�- Y�Q2/- �8 ��j& - >I=) [��@* �-
h�)�� �� >*�- � --��>* �P�* �?Y-�/ � ��� Ab-�%* �� ��E/ � �?b�� e?)�* # 0���J+ - ���E}2* �� >�� 
>7_E6 #E=�1 �#�)- RE�)�1 (�E& ��&� >��E_E6 :EZ- ��E� �� >I� #S�; - >S� #/) q���* Y�Q2/- 0��N6C)�Q2&)

�F
LrLH ��-��>+�%* ��?�� h/�? [�! #EB9& -�* - ^E7��) � ��?�� 4�27* A�%S�M* - �-��

-�* \a�9* ^EEB? � 0��-�� �� -�E�>* ��- ) C�) \V+ �� C�) ".� �#/) Y�� \E37? ".� �/ () �2��& ^�)
- � R�()-�6>* )-��& >IE9&)�@�- 0��[�+ � T��R� 5T�� >+�%* �� ".� ^�) - �-)- U�V21) >?� C�V+ - (�E&
- �� ) 0-�1�� 0��[�+ � >�--)�2*) 5# 0�J+ 50)-�� �)�E* 0���V.7* 5>S Y���m�B� ��� >$E��@* �*)-)

�R�)->* ��E� 5��29� #E$�) �a�; �E9� 0()R� �8 S�89* �?R�* �$� () � > �1 \E9&)�@�- Y�Q2/- 5��c? lgB*

G��� �� () U�1 >2S�; �)��! �� ��c? () ) 0()R� �8 S�89* lg� �#/) u �? K C�V+ \*�� �,) ^�) [�- ".�
0��Y�Q2/- �8%S�M* �� ��c? - z�M* \a�9* ^E� () � #/) Y-�29� �E9� R�* eS�M* lE; () lgB* ^�) �RE��$&>*
0��i��� #����E� '� ��� 0-)�* �R�()-�6>* 5#/) )�+�]�6 �E9� -���� � 0��? �j& () �� \E9&)�@�- Ab-�%*
�)��! #g? � [�- \V+ - >&�c? Y��� i� 0��Y�����( 0����2/- � ��E*( ^�) - ��7* � R�* AD��B? G)�&) 5>S

��&-��>* ��E� ��c?

\V+ ^�) - �#/) q���* > �1 \E9&)�@�- Y�Q2/- �8 ��j& >�%� 0()R� �8 S�89* () >=�1 #S�; �� �E& [�/ \V+
�? --�� ��E� � �* >?�= �� ���j& ^�) R�* 0��C��* � 0-�E�� 0���JZ >I=) <��%? �� #/) Y-�� �� �� >%/ R�*
'� ��� >$�* l;�B* �� \V+ ^�) - ���� Y��� ��E*( ^�) - �%S�M* 0)�� G��� i� �)��! �� �� () �&)�2� Y��&)�1
5>39S)��m>��� 5d�E����+ �EJZ ��� >/�/) 0���JZ �E& � ��?�� ��*(� � C)�Q2&) R��6 5C)�Q2&) ��$S) 5���V.7*
\BZ \V+ ��&�$� \V+ ^�) �� #/) �2�)- �E*) R�* ^�) �� Y��9��& ��� ��)�1 Y��) >7E&)��m��?�� � �I��m��?��

�-(�/ �E�* � Y-�*� �%� C�V+ - >I=) 0()R� �8 S�89* z�] 0)�� ) Y��&)�1 ^��

0()R� �8%S�M* �� ) 0()R� '� �-��>* >+�%* >I� #S�; - 0()R� �8 S�89* �S�/ ^�) RP�6 � [��� \V+ -
() >I*�� 0���C�*�+ �a)) �� � Y-�$& (�k� [��� \V+ - 0����2/- 0���I@E�* � Y�� :27* 0��)-��& 5��T��R�
) �� RP�6 \V+ - 5�B2%* p )�* - -� �* 0��R2��QS) d�/) �� ��E�� � p*� >$2��QS) �� ��E/ �? 0()R� '�
\E37? ) R2��QS) ^�) >I=) �8 29� �� 0(�/C�*�& � >�--)�2*) 5"��� ��� >$�* 0�������+ ^E�_$� �RE��>* \*��

��&�E�>* )�Z >/�� -�* RP�6 \V+ - 5���->*

l;�B* () 5Y��9��& h/�? Y�� y)�.2/) Ab�c* ".� ^�) - �#/) #/�E6 \V+ \*�� 5�S�/ ^�) [�/ ".�
C�V+ - l;�B* CD1 - �#/) Y�� Y-�� >S 0��Y���m�B� � > �1 \E9&)�@�- 0��Y�Q2/- 5��c? 50()R� �8 S�89*
�� #/) #� �� () �S�/ ^�) 0��2&) - ��&� �-�� � #/) Y�� Y-)- G� ) Ab�c* ^�) �� Y-�� [(b �� �P� �� �2�N�

�-��N6 A�= �?#;) eS�M* �8 %S�M* � ���� �?p��/ T��2& �� \E&
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v

�_&��� � --�� z�M* ���JZ � <��%? 0D�b - ��� ��E� �� ".� �� (� eS�M* �? #/) Y�� 'D? �S�/ ^�) -
�#/) Y�&�Q& ��� 0��-��2/- 5eS�M* ^�) �8 I$ () �--�� \c2�* >B/��* �g& �� �2�)- -� � ����E*( �� - >?�E��P?
\V+ - �#/) Y�&�Q& T��2& () >Q$� F[�- � C�) 0��C��* �P�H ��c? ".� - z�M* 0��C��* 5[�- \V+ - D� �*
\V+ RE��@* ��E� - �#/) Y�� Y-�@2/) >V.� A�E��P? () ��C��* ��E� � > �1 \E9&)�@�- Y�Q2/- >+�%* - [�/
eS�M* � (� R�* eS�M* () "?�E��P? d�/) �� �� #/) Y-�$& >%/ Y��9��& RP�6 \V+ 0��C��* �E& � RP�6 � [���
z�M* �8 �E�� \3� �� Y��9��& h/�? �� ^ES�) 0)�� 0()R� '� R2��QS) �-�B� ) >+�� Y��� \E9&)�@�- �/��� >/�/)
Y�� Y-�� ��E*( ^�) - z�M* (�� \a�9* Y)�$� �� R7� \V+ - �E& ��� T��2& >c��* �#/) Y��-�� ��E� 5�S�/ - Y��

�#/)
\E9&)�@�- Y�Q2/- � ��c?U�1 0��#S�; � ��?�� 0()R� '� ��E� � >+�%* - �)�?>* ) �S�/ ^�) >I=) o)��)
h/�? �=� �1 5��E*( ^�) - �2+�� A�= 0���2+�� ^��1� ��E� ^E�_$� �-�� �)��! >I� R2��QS) i� #g? > �1
^�) �� [)��E*) �#/) �2��& ^�) �Q�- o)��) () ��E*( ^�) - �7Q�) 0��Y����- � ��C��* �a)) � �S�/ ^�) Y8��9��&
\E9&)�@�- �/��� () R�* "�)�� ^�) �8!��) - >2B�* [�Z � �2�)- Y)�$� �� ) ��N* o)��) �&)�2� 0-��( -��; �? �S�/

�����
^E�_$� �#/) Y�� 0)--�1 5�&(�/>* �- >I=) lg� () ) �* ��&� ��E� �� >����JZ A�B,) z�] () �S�/ ^�) -

x#/) Y�� Y-�@2/) 5Y�� Y��) 0��-�$& () ��( A)�B! () i� �� 0��2&) -

��� ����� �
� A�B,)
�� C��*
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����� � ��� � �

1&� 5���� 0(�� �8!�$P* U ⊂M � M �8 ��6 �I@E�* �� F0)-��H >I=) 0�? oD� E Y���� 231&�4 5��6� �2�2�
(σ�(p), · · · , σk(p)) �� 0)�&�� �� 5#/) U �� E () σi )�$� 0��'�� () (σ�, · · · , σk) e?�* >��? k 5U �� E 0)��67)#

�RE*�&>* ��,��* ) T�� U = M Y���� ����� Ep �? 0)�� 0)���6 p ∈ U -

U ⊂ (�� �8!�$P* �� (σ�, · · · , σn) A�= �� )�$� 0)-�� 0���)�E*R� () e?�* >��? n 231&���4 5��6� �2�2�
U = Y���� 5#/)��,��* 5T��R� �-(�9� T ∗

pM (p ∈ U) 0)�� 0)���6 (σi
p) Y���� 5-��>* Y�E*�& 67)# 1&��� 5M

�M
(ε�, · · · , εn) -�@��Vg�* � )�$� >%f�* T��R� 5U (�� �8!�$P* 0� TM 0)�� (E�, · · · , En) >%f�* T�� �� 0)��

�RE*�&>* �E& 	�,�� 1&��� ) T��R� ^�) �εi(Ej) = δi
j �� #9�

!�"���#�� $�% & �

�*) �#/) TM �� �29�)� >%f�* >P�� �)�E* i�
( ∂

∂u�
, · · · , ∂

∂um

)
Y�Q&� 5���� M 0� A�� i� (U, u) ��)

U 0� T ∗M 0)�� >%f�* >P�� �)�E* i� (du�, · · · , dum) ^�)����� � ∂
∂ui

|x(uj) = duj(
∂

∂ui
|x) = δj

i �� RE&)->*
�-��>* Y�E*�& 8�* 9� i� T ∗M () '�� �� �#/)

�� ���� � R
〈
V ×W

〉 -)(� 0)-�� 0�J+ () >��J+��( R � ����� >cEc; 0)-�� 0���J+ W � V �E�� ��+
x#/) Y�� -�P�) ��( \3� �� 0�=��! h/�?

a(v, w) − (av, w),

������ ��	
� V × W ���� �� ����������−R ������� �� �� ��� ������� ��!"�
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K

a(v, w) − (v, aw),

(v, w) + (v′, w) − (v + v′, w),

(v, w) + (v, w′) − (v, w + w′),

0�J+ ��)�� 5RE�->* ��7& V ⊗ W �� )�&� �� W � V ��)���� :�7 �w,w′ ∈ W � v, v′ ∈ V 5a ∈ R ��
��f � #/) v⊗w A�= �� V ⊗W - (v, w) �V�! 0()R� dD� pZ)� - �����>* R

〈
V ×W

〉
/R >2$9Zy�1

�-��>* Y�E*�& w � v 0�9&�?

0�J+ �� F�)����−( l
k) �=D1 A�= �� ��H ( l

k) ;)� �� �)���� i� 5l, k ∈ N �� 0)�� 23�)����4 5��6� �2�2�
A�= �� V 0)-��

T l
k(V ) := V ⊗ · · · ⊗ V︸ ︷︷ ︸

�� l
⊗V ∗ ⊗ · · ·V ∗︸ ︷︷ ︸

�� k
�-��>* <��%?

i� 5M �I@E�* �� F�9&�? −( l
k) �)�E* ��H ( l

k) ;)� �� ��)���� 	�%�# () �j�* 23��)���� 	�%�#4 5��6� �2�2�
0)-�� oD� () )�$� '��

T l
kM := T l

k(TM) =
l⊗
TM ⊗

k⊗
T ∗M = TM ⊗ · · · ⊗ TM︸ ︷︷ ︸

�� l
⊗T ∗M ⊗ · · ·T ∗M︸ ︷︷ ︸

�� k

�����>*

>%f�* >P�� �)�E* 5����M 0� A�� i� (U, u) ��)
(

∂

∂ui�
⊗ · · · ⊗ ∂

∂uil
⊗ duj� ⊗ · · · ⊗ dujk

)
ir∈{�,···,m},js∈{�,···,m}, �≤r≤l,�≤s≤k

xR�)- A 0�9&�?−(l
k) �)�E* �� 0)�� ^E�_$� 5-�� �Ej& �)�?>* U ��⊗p

TM ⊗⊗q
T ∗M 0)-�� oD� �� )

A|U =
∑
i,j

Ai�···il

j�···jk

∂

∂ui�
⊗ · · · ⊗ ∂

∂uil
⊗ duj� ⊗ · · · ⊗ dujk

������>* U �� 0)�$� p�)�? Ai�···il

j�···jk
e�)�f ��

����� �����  ���−C∞(M) !� � �"�"# ��$
% ��&�!�M 
% ( l
k) '(� )$ ��(*��� ����$��� +,�� +,-(�.�

�$(�� ���/
% +,�� ��$
% ��&� �$(�- +% Γ(T l
k (TpM)) 0p ∈ M 
1$ 2��3�� �4���� 5���� Γ(T l

kM) �% $
�� +6
�(/�� 7�
8�⊗l(TpM) ⊗⊗k(T ∗

pM) ��$
% 9:6

�-��>* �2+�� >3� �9&�? �� 0�9&�? �)�E* ��BS�k
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� �;*� �$���� � $���� ��*�$
<� =
� �>��

����"?��� ����(*��� −( 0
k ) () �� ���� T 0

k (TpM) () >��J+ ��( Λk(T ∗
pM) � )�$� 0�I@E�* M RE�� ��+

��c2*-�6 0���9&�? −( 0
k ) () 0)-�� oD� i� 5ΛkT ∗M :=

∐
p∈M Λk(T ∗

pM) A�= ^�) - 5#/) Y�� \E37?
�����>* Fk = �, · · · , dimMH

58�*−ki� �=D1 A�= �� �� k  !��� �� ���� 8�* �� ��������� 8�* () �j�* 23��������� 8�*4 5��6� �2�2�
�-��>* Y-)- "��$& Ωk(M) �8 IE/�� ��>*�+−k �8$� 0�J+ �����>* ΛkT ∗M 0)-�� oD� () '�� i�

0��#��Q& �8$� 0�J+ >�%� 5��c2* -�6 0�9&�?−(0k) 0���)�E* �8$� 0�J+ A�= �� ) Ωk(M)

Φ : X (M) × · · · × X (M) = X (M)k −→ C∞(M)

����� ��c2* -�6 � >M1−k 5C∞(M) 0� ��

Φ(Xσ� , · · · , Xσk) = sgn(σ) · Φ(X�, · · · , Xk) ∀σ ∈ Sk

sgn(σ) ���� y�( σ ��) 5σ ∈ Sk �� 0)�� �� 5#/) #*D! p��? sgn � k �8 B?�* ��c2* Y��� SkH #+�� �j& - �)�?>*
�F#/) m
 A�= ^�) �Ek - � �
 ��)��

�B i� ��( ��f Y)�$� �� Ω(M) :=
⊕dimM

k=� Ωk(M) 0�J+ A�= ^�) - 5Ω�(M) := C∞(M) RE�� ��+
Y�Q&� φ ∈ Ωk(M) � ψ ∈ Ωl(M), Xi ∈ X (M) ��) ��->* \E37?

(φ ∧ ψ)(X�, · · · , Xk+l) =
�

k!.l!

∑
σ∈Sk+l

sgn(σ).φ(Xσ� , · · · , Xσk).ψ(Xσ(k+�) , · · · , Xσ(k+l))

n�+ ��f 5^E�_$� �(φ ∧ ψ)x = φx ∧ ψx 50) x ∈M�� 0)�� 5>�%� �-��>* <��%? �? �� �? A�= �� ��f ^�)
�RE���>* ��[�+ @�$A(1 B
C 5��f ^�) �� �φ ∧ ψ = (−�)klψ ∧ φ >�%� �#/) y�* >��P�� � ��N6#���

�'"� 
����(� � ����(� !�"���#�� $�% ) �

�j&- ) m���>* \$! �� �� G AD��B? Y��� ��mM �� Ω \E9&)�@�- [�+ 23������ ��������� 8�*4 5��6� �2�2�
>�%� 5�&�$� >Z�� �EE}? ���� Y���	#7��� \$! #g? Y���� 5#/) ������9G 5Ω RE��� ����EQ�

∀g ∈ G, ∀x ∈M : g∗(Ω|g.x) = Ω|x.

����� � ≤ i, j ≤ k # X�, · · · , Xk ∈ X (M) �� ��� �� $�� �%� ���� ����� &�'�� (��� M � )��*����+ ��,-�� −( 0
k ) (T .�%�'�

�T (X�, · · · , Xi, · · · , Xj , · · · , Xk) = −T (X�, · · · , Xj , · · · , Xi, · · · , Xk) /.��� 
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5G 0)�� <��7 =��/� i� () �j�* 5��� \$! M �I@E�* �� �� ���� >���� G �E�� ��+ 25��6� �2�2�
x���� �2�)- ) ��( U�1 [�+ �� #/) 5F(M) >�%� 5>cEc; ��-�c* �� p�)�? 0�J+ �� 5F̄ = g.F 	"��$&

F̄ (x̄) = F̄ (g.x) = μ(g.x)F (x) g ∈ G, F ∈ F(M). F
�
 H

� �? �� ���� n�= >�E%* 0�B -�g?) - μe��f �� -(�/>* ^E%* G Y��� 0)�� ) >7��$& ��cEZ- F
�
 H �8M�) >&�*(
x���>* #/�� ��( �8V.7* 5REc29* \EIg? � ���P? [�P&) �� g.(h.F ) = (g.h).F >�%� 5Y��� ��f Y8�!�Z ��

5����>* F���>* \$! M �I@E�* �� ��H G >?�%@� ���, ���' <��7 i� μ : G×M → R p��? 25��6� �2�2�
x��� n�= ��( e��f �8 S-�%* - ��) hc+ � ��)⎧⎪⎨

⎪⎩
μ(g.h, x) = μ(g, h . x)μ(h, x), g, h ∈ G

μ(e, x) = �, x ∈M.

) R(x) p��? 5���� AD��B? Y��� \$! 0)�� e��f i� μ : G ×M → R Y���� 23@�� �������4 5��6� $2�2�
x���� n-�= ��( q�� - Y���� ��*�&>* μ �(� �� @�� �������

R(g . x) = μ(g . x)R(x) .

) >B9& 0��)-��& () \*�� Y�Q2/- i� G 5��� \$! -)(� ��%f�* A�= �� M �I@E�* �� G ��) 2���A, +2�2�
�-��N6>*

� ��E�� G�  Ls �8g@= 5{�L| �� �� A�Ea� ���- � Y)�� A�B,) 0)�� 2>�@B�

��� *+� � 
����, -��� �./0� 1 �

�E}2* q � x = (x�, · · · , xp) \c29* �E}2* p \*�� �� RE��� �2�)- ) F>�� H \E9&)�@�- Ab-�%* () >��Q2/- RE����+
U 	 Rq � X 	 Rp eE?�? �� >/�EIZ) 0���J+ 0� >%f�* A�V2.* A�= �� �� ����� u = (u�, · · · , uq) �8 29�)�
E = X × U 	 x#/) �29�)� � \c29* 0���E}2* �8$� >/�EIZ) 0�J+ 5C� ��D* () �j�* ��&)Y�� �2+�� �j& -
0���E}2* () \=�; 0�J+ �� - �� 5#/) �29�)� � \c29* 0���E}2* () \=�; 0)-�� oD� >I� 0�J+ pZ)� - R

p+q

�#/) -)�&�2/) �? 5U�29�)� 0���E}2* 0�J+ � ���6 0�J+ 5X \c29*
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u �D6 E?�� � ��$
% �$��� +,�F�� �G��

i��� #����E� 0���S�* d�/) �� �)�?>* ) Y��� \$! 5#/) ��B$� AD��B? () >/�� -�* Y��� �� >2S�; -
0)-�� �)�E* ^2+�� �j&- �� �-)- WEf�? �� �� ����2*

v =
p∑

i=�

ξi(x, u)
∂

∂xi
+

q∑
α=�

ϕα(x, u)
∂

∂uα
, FK�
 H

exp(t v) ����>* �ES�? ) exp(t v) �� F�29�)� � \c29* 0���E}2* 0�J+ 0�H E 0)-�� oD� () >��� �)��! ��
��� ���)�1 >+�%* 0)�Mc& AD��B? �)��! �� >?� \V+ - �� #/) >=�V.� AD��B? () >%f�* 0�2*)�6m
 Y���
�#/) E 0)-�� oD� () >��� pZ)� - � u = f(x) A�= �� )�$� >%��? 5\E9&)�@�- Ab-�%* Y�Q2/- () �)� i�
0�I@E�*��( �� C�; ^�) �� �{�L| #/) E () Rj�* � 0�%�−p 0�I@E�*��( �E& Γf = {(x, f(x))} >�%� p��? )-�$&

x{�L| R�)- ) ��( Y8)�� >�$f p��? �8 EJZ i$� �� >S� #9E& )�$� >%��? )-�$& ��*��S E () Rj�* � 0�%�−p

�$�H��*�� � 0�	$ � �I1$
� z� = (x�, y�) ∈ Γ +,J"� � +6 $� Γ ⊂ E 4K�� � ��8%−p��D<���
�) 2���A, �2$2�
��	$ u = f(x) ��$�"� !� � �$(�� L%�� �$(�� 0x� )$

F��%f�*H 0)�!�$P*��( Γf �� )-�$& Y���� RE*�&>* ������ G AD��B? Y��� \$! #g? ) u = f(x) p��? C�;
g · (x, u) ∈ Y�Q&� g ∈ G � (x, u) ∈ Γf >2Z� x�&�$� >Z�� �EE}? ���� Y��� \$! #g? �� [��@* ^�) �� 5���� )-��&−G
�� 0�J!) () i� �E� �)�2& Y���� RE*�&>* >%��? \c29* ) �!�$P* ^�) 5R��EQ� �j&- ) p�)�? () 0)�!�$P* ��) �Γf

�-�$& ��E� p�)�? >c��* () >%��? \3� �� )

Y�D%� ������ ��)�� �� 0��)�* >*�$? �%� Y���� RE*�& �E&# ) G AD��B? Y��� 23�E&#��� � �E&#4 5��6� �2$2�
i� �� �� �� p]�c? �� -�� #+�� ���� >3��� >Q��9$� �Mc& �� C�; � ���� Rj�* �� >2Z� -��>* Y�E*�& �E&#���

����� ��B$� G 0��)�* ()

����$�� � ��6 ��- E 	 X×U 
% 4K��4�� � �I1$
� ��(M +% +6 �/�% ��:��;� A�
1 G 4��6N
� 2 �DF �2$2�
�"?*� ���$���� )$ �D��6 +,-(�.� I�(x, u), · · · , Ip−s(x, u), J�(x, u), · · · , Jq(x, u) 2��3�� ���/�% ��8%−s ��
�	$ ���% �%�O 
�) ���C ��/ +% �8C(� ��(M +% u = f(x) $����−G L%�� 
� ��(M 2�$ � ���/�% G )$ �8%��

.y = I(x, u) � w = J(x, u) �� >2Z� w = h(y)

� ��E�� Y���7* ) {�L| p �* Y)�� A�B,) 0)�� 2>�@B�

C��* i� �#/) >/�Ec* AD��B? Y��� () >�)-��& p��? >�� Ab-�%* Y�Q2/- i� () ���72* �)� 2(�G# $2$2�
�� \c29* 0��)-��& () �2/- i� �����>* (x, y, u) 
→ (λx, λα y, λβ u) 0�2*)�6m
 Y��� 5Y��� G�& ^�) () U�1

�$�� ����$- ���0� 12 # &�� �*"� )3 �� 4�0� ��!" �� 5�67� 8%� � �
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\3� �� �� w = h(y) A�= �� d�Ec* �EE}? #g? )-��& p�)�? ^�)����� � w =
u

xβ
� y =

y

xα
0��#B9& () ��?�B!

� �#/) ��E� \��Z u = xβ h
( y
xα

)
>�$f

<��%? ��( [�+ �� �� #/) Q(x, u(�)) p�)�? () >��? q i� 5FK�
 H [�+ �� v 0)-�� �)�E*  !HIJ# 25��6� +2$2�
�&-��

Qα(x, u(�)) = ϕα(x, u) −
p∑

i=�

ξi(x, u)
∂uα

∂xi
, α = �, · · · , q.

+, ;�
� A�H?	 )$ �%$(� 
1$ ���� � 
1$ �	$���� �$+J"� �:��;� )$ ��;�� A�
1 �P� u = f(x) L%�� 2 �DF 02$2�
�/�% v ∈ g !Q(6 ������% ����R(� +% 
S��?� Q(x, u(�)) ���+�F�� )$ 
�) ��T� ��*�$
<� �U�8� )$  �$

Qα(x, u(�)) = �, α = �, · · · , q.

 �$ +, ;�
� �D�*�$
<� 
HD�- xi �JV �"?*� 2��$ i +% �;*� C� K�J# 07D?F� L%��� � �W�(�-

Di =
∂

∂xi
+

q∑
α=�

∑
J

uα
J,i

∂

∂uα
J

,

��/�%�� #J = k  (X �% +��1��Q Y���$ !� J = (j� · · · jk) � uα
J,i = Di(uα

J ) = uα
j�···jki �� � +6 �	$

� ��E�� G�  ) {�L| p �* �� A�B,) 0)�� 2>�@B�

������+� � 23 4 �

>Q&�Q� ^29&)- �� ���? �& 5-)- -� � \E9&)�@�- Ab-�%* 0��&�c? �8 %S�M* 0)�� >&)�)�+ �8 ZD! Y)�$� �� >��P&� ()
�29�)� 0���E}2* 0��:27* �� ��&� \$! >Q&�Q� �� �3I� 5R���*(�E& �29�)� � \c29* 0���E}2* �� AD��B? Y��� \$!
0���E}2* () �� >I� 0�J+ �� hB?�* F#	  oD� ��H #	  0�J+ () �� 0)>*�$! <��%? h/�? �� ^�) �R�)- y�E2;) �E&
���� �29�)� 0���E}2* 0	 ��:27* �)��! �� # 0�J+ A�V2.* ��� ��)�1 [�P&) 5-��>* \E37? �29�)� � \c29*

�-��>* �a)) ���J+ ^�) () >$Ec29* � Y-�/ 0���C�*�+ 5�*)-) - �--��>*
�8 B?�* >a� :27* �? pk = (p+k−�

k ) 5#/) �29�)� 5\c29* �E}2* p �� �� f(x�, · · · , xp) >cEc; ��-�c* �� � )�$� p��?
J = (j�, · · · , jk), � ≤ �&����� 0�����&) �8$� h/�? �� 5-)- ) ∂Jf(x) = ∂kf/∂xj�∂xj� · · · ∂xjk [�+ �� A��@2* k
(u�, · · · , uq) �29�)� �E}2* q ��) 5^�)����� �F���@S�8* �� �=��! -)�%? >�%� #H-��>* 0)N����&) k = #J �8 B?�* () jk ≤ p

[) k �8 B?�* 0�� :27* �8$� �� R�)- (�E& , � ≤ α ≤ q, #J = k �� uα
J A��@2* A�V2.* qk = qpk �� 5RE��� �2�)- )

�RE�- "��$& ) u = f(x) ��&�* >%��? () uα
J = ∂Jf

α(x)
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Jn = JnE = 5[) n �8 B?�* L� ��D* 5E 	 X × U 	 Rp × Rq >I� 0�J+ 0)�� 23L� ��D*4 5��6� �2+2�
�8 29�)� �E}2* q 5xi \c29* �E}2* p () �� A�V2.* �� ����>* p+q(n) ≡ p+q(p+n

n ) �%� () >/�EIZ) 0�J+ 5X×U (n)

�-��>* \E37? α = �, · · · , q �� � ≤ #J ≤ n �8 B?�* () uα
J >	 c27* A�V2.* � u

α

0��:27* � �29�)� 0���E}2* �8$� \*�� � �&��>* Y-)- ��7& 5 u(n) �� U (n) F�? q�c& >�%�H 0-�$! 0�J+ q�c&
�� �P&� () �-��>* Y-)- ��7& (x, u(n)) h/�? z ∈ Jn �8Mc& i� A�V2.* ^�)����� `����>* ��&� [) n �8 B?�* ()
πn+k

n : Jn+k → >%EB] ���V? p��? 5#/) u(n+k) 0��:27* A�V2.* () 0)�!�$P* ��( 5u(n) 0��:27* A�V2.*
x--��>* <��%? ��( A�= �� �� 5-)- -� � ��# 0�J+ �� Jn

πn+k
n (x, u(n+k)) = (x, u(n)) .

- 5���� (�� 0)�!�$P*��( M ⊂ E ��) 5����>* E = J0 �� Jn ���V? �� 5πn
0 (x, u(n)) = (x, u) U�1 #S�; -

���V? JnE �� ) M �� #/) [) n �8 B?�* # 0�J+ () 0(�� �8!�$P*��( 5JnM = (πn
0 )−�(M) ⊂ JnE A�= ^�)

����>*

5u(n) = f (n)(x) 5n �8 B?�* () ����%�#� 0))- U �� X () u = f(x) )�$� p��? i� 23����%�#�4 5��6� �2+2�
>�� A�c27* �8$� �8 B/�g* h/�? � F-��>* Y-�@2/) �E& 5jnf -�$& �� 5# mn �)��! �� ^E�_$�H 5#/) U (n) �� X ()
�f (0) = f 5U�1 #S�; - ���29� uα

J = ∂Jf
α(x) A�= �� f (n) A�V2.* p�)�? )NS �--��>* <��%? 5f [) n �8 B?�*

��#/) Jn () 0�%�mp �I@E�*��( 5 Γ(n)
f = {(x, f (n)(x))} >�%� f (n) >�--)�2*) �p��? )-�$&


1$ ["� � 
1$ 0���6��\F�� $� Jn )$ ���*�� +,J"� 2�$
%��% � ���$ ���*�� ��$�?�$ x ∈ X +,J"� � L%�� �
���/�% �8� n  ! @��# ��)��' �$�$ 0+J"� �� �

0��dD� �8!�$P* �)��! �� )�&� �� #/) A�= ^�) �� Jn # 0�J+ <��%? 0)�� �?-�P* '� 5^�)�����
>�--)�2*) \$! �� #/) ��� �� [(b �R��EQ� �j& - 5[) n �8 B?�* -�1�� ^2�)- 0	 ()R� �8M�) �� 5)�$� p�)�? () 0()R�

�π(n+k) ◦ f (n+k) = f (n) x^�)����� �����>* ��(�/ # 0�J+ ����V? ��
A�V2.* �EE}? χH ���� (x̄, ū) = g.(x, u) = (χ(x, u), ψ(x, u)) A�= �� F>%f�*H0)�Mc& \��B? i� g ��)
\$! ��&� 	)-�$& �-)- C�c2&) �� p�)�? �� g Y�Q&� 5F����� E 	 X×U >I� 0�J+ () U 0� A�V2.* �EE}? ψ � X 0�

����>* \$! p�)�? A�c27* �� >%EB] A�= �� )NS � ���$&>*
Jn # 0�J+ �� (x̄, ū(n)) = g(n).(x, u(n)) Y8�� �ES�? ���%�#� ��%@� 5�� -��>* R�)�+ ) ��3*) ^�) 5�S�89* ^�)

�RE��$& <��%? )
�� [) n �8 B?�* >�--)�2*) �� 5z� = (x�, u

(n)

�
) Y)�.S- �8Mc& - u = f(x) )�$� p��? "��$& ��) 5�?U�1 >$�

������ 9%�:� Γg = {(x, f(x)) : x ∈ M} ��� � �� .��� �� 1%�0- Γf � �� M $;7��� � f < �� ����0-�
$-���, �# x � $-���� =� �� f(n)(x) � �� ���7>�?� �? �* # (x �?�*- � =� �� �*�,� ��@�� p ��� $: −p ��:% ���� ��@�� p �� �: �� f ��%��

�$����0- ��%� �� $: #
���� �	% x �?�*- �� � �� 5� n �? ���� ��;�� ���;0A$�B 8���� � �� ($-� �� ��*- )3 �� �6-3 �,2- C�
� n �� 5�67� 8%� � �
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z̄� = >S�c2&) �8Mc& �z� = (x�, f (n)(x�)) ∈ Jn R�)- 5A�= ^�) - 5R��EQ� �j& - ) #/) ^E%* 5x� �8Mc& -
(x̄�, ū�) = �� q�� ^�) �� Y)�$� 5-��>* �B/�g* x� 0���V? �8Mc& - f̄ = g.f >S�c2&) p��? A�c27* h/�? g(n).z�

x̄� �8Mc& - f̄ �-�� )�$� 5<��%? ^�) �z̄� = (x̄�, ū
(n)

�
) = (x�, f̄ (n)(x�)) 5^�)����� �(x̄�, f̄(x̄�)) = g.(x�, f(x�))

0-)�2*) \��B? 5^�)����� �-��>$& <��%? (x�, u(n)

�
) �8Mc& - 50-)�2*) \��B? A�= ^�) �Ek - 5#/) �2+�� �j&- )

>�%� �� ���V? () [) n �8 B?�* 0-)�2*) )-�$& �� ) u = f(x) ��&�* >%��? [) n �8 B?�* >�--)�2*) () Γ(n)
f )-�$& 5g(n)

x-�Q&>* 5f̄ = g.f

g(n).Γ(n)
f = Γ(n)

g.f .

Jn �8Mc& i� () >7��$& �)��! �� f U�1 p��? �� �21�/ ^�) �� ��->* ��7& 0)Y�EP&( Y8�!�Z () REc29* Y8-�@2/)
>+�� 5�&�� �2+�� >3� [) n �8 B?�* �IE? 0��0)�I$ ��� �� Jn q�c& �� �j& �Mc& ^�) () 5U�1 #S�; - �#9E& �29�)�
�� #/) ��� �� [(b �R�(�/ ^E%* ) n ���)�; �8 - () 0��0)�I$ ��� 0� 0)�Mc& \��B? -�3I$! >Q&�Q� �� #/)
^�) �� #/) ��(�/ # 0�J+ ���V? �� � 5(g ◦ h)(n) = g(n) ◦ h(n) 5>�%� ���>* �@; ) eE��? \$! 5>�--)�2*)

�π(n+k) ◦ g(n+k) = g(n) �� >�%*
��7& G(n) �� �� 5RE��$&>* <��%? ) ���%�#� ���, �/M 5���>* \$! E 0� �� AD��B? () F>%f�*HY��� 0)��
>�--)�2*) 5>*�$! #S�; - �--��>* <��%? 5G �� >�E%* AD��B? >�--)�2*) �� 5JnE # 0�J+ �� � -��>* Y-)-
�+�; 0��\$! ��&�* >�E%* 0��dD� ���� 5RE�� <��%? ) G Y��� >%f�* \$! �� ���>* R�)�+ ) ��3*) ^�) ���?


� A�g@= �� -�* ^�) - >���C��* Y8���7* 0)��H ��&)- �E�)�+ 0��-)�2*) 5����>* \$! �E�)�+ A�= �� �� 5�?

F��E��$& �% )�* {�L| () 

s �


���5�, $�% 6 �

0�J+ �� F\c29* 0���E}2* 0�J+HX () �� 5-(�/ ^E%* ) u(n) = f (n)(x) 0-)�2*) p��? 5u = f(x) p��? �� �E����+
>�%� 5# 0�J+ �j& -�* 0��'�� �� #/) A�= ^��� �S�89* ^�) �3! �-��>* <��%? 5F[) n �8 B?�* # H Jn

��?��f ����>* #/�� >S�$%* p�)�? >�--)�2*) () ^�) � R�(�/ ~.7* ) u(n) = F (x) q�� �� F : X → Jn p�)�?
- ����) �#/) >3� 5��29� 0-)�2*) p�)�? )-�$& 5Jn () 0�%�mp 0���I@E�*��( �� - �� ^EE%? �8 S�89* �� \$! ^�)
R� �� >B/��* (�] �� ��:27* A�V2.* �� ) G�f�* ^�) H #/) >���� D� *�� �S�89* �- �� �)� >%f�* A�V2.*
�� >%EB] A�= �� �� -)- -� � �S�89* ^�) 0)�� >BS� � �E@* �)� 5F�-�� >/�� �)�?>* ) �&��>* � � #@ 

�#/) Y�� 0)N� ���6 5\E9&)�@�- 0��[�+ () Y�� <��%? Y�Q2/-

�8$� Y���� 5RE*�&>* ���)��' 8�* ) Jn # 0�J+ �� θ \E9&)�@�- >*�+ m
 23���)��' 8�*4 5��6� �202�
5���� f (n) : X → Jn >�--)�2*) �� )�$� >%��? u = f(x) ��) 5�Q�- A�B! �� ������ �� (�/��6 50-)�2*) p�)�?

�(f (n))∗θ = � x--�� �@= X �� f (n) h/�? θ i�mC�6
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L ��(V
% =
� �]��

) >I=) 0-�1�� 0��[�+ i$� �� >/�/) 0��[�+ ^EE%? 5-��>* �P�* ".� ^�) >&���6 �8 EJZ �- �� �� ��( C��*
���->* z��

C�) �8 B?�* # 0�J+ �� �� 5R�)- �29�)� �E}2* i� �E& � \c29* �E}2* i� �� ���EQ� �j& - ) >2S�; 2(�G# �202�
- �� 5#/) θ = a dx + b du + c dp A�= �� >*�$! [�+m
 �� ��&�� ~.7* p = ux � u 5x A�V2.* �� 5J�

^�) - ��� ^�)����� �#/))- ) p = f ′(x) C�) �8 B?�* >�--)�2*) 5u = f(x) p��? ���29� x, u, p () >%�)�? a, b, c ��
��)�� (f (�))∗θ ^�)����� 5(x, f (�)(x)) = (x, f(x), f ′(x)) = (x, u, p) = ((f (�))�(x), (f (�))�(x), (f (�))�(x)) #S�;

x�� #/)

[a(x, f(x), f ′(x))
d(f (�))�

dx
+ b(x, f(x), f ′(x))

d(f (�))�

dx
+ c(x, f(x), f ′(x))

d(f (�))�

dx
] dx

= [a(x, f(x), f ′(x)) + b(x, f(x), f ′(x))f ′(x) + c(x, f(x), f ′(x))f ′′(x)]dx.

�� () >��J* ���� θ = b(x, u, p)θ� ^�)����� `a = −b p � c = � ��) ���? � ��) 5#/) �@= f p�)�? �8$� 0)�� �M�) ^�)
����� θ� = du− p dx = du− ux dx ���� �������

m
 �� ��->* ��7& ���7* A�B/�g* 5q = uxx >+�f) ~2.* �� J� [�- �8 B?�* # 0�J+ 0)�� 5���7* \$! ��
θ� = �� 5θ = b θ� + c θ� ��) ���? � ��) 5#/) 0-�1�� [�+m
 θ = a dx + b du + c dp + e dq >*�$! >*�+
��N6\E9&)�@�- p�)�? -�* - �� �&�Q&�$� �E& �P��) -H �#/) 0�%� >	 I=) 0-�1�� [�+ 5dp− q dx = dux − uxx dx

F�RE�� ^EE%? 5J� �� (π�
�
)∗θ� i�mC�6 �� ) θ [�+ �� #/) ^�) �� �VZ 5R�-)- [�P&) �E1)

θk = >I=) 0-�1�� 0��[�+ >	 M1 eE��? A�= �� ) >*�$! 0-�1�� [�+ 5x, u ∈ R �� >&�*( 5>I� #S�; -
�#/) u [) k �8 B?�* :27* uk = Dk

xu �� #��& �)�?>* Fk = �, · · · , n− �H duk − uk+� dx

0-�1�� [�+ �� 5RE��� �2�)- ) v � u �8 29�)� �E}2* �- ��) �� ���->* ��7& >?�*�c* A�B/�g* 5���7* :��] ��
�� >���&� >�%� 5�&��>* -�P�) v 0)�� ^E�_$� � u 0)�� �� #/) 0)>I=) 0-�1�� 0��[�+m
 () >M1 >BE��?
\c29* �E}2* �- �� 0)�� 5�Q�- A�B! �� �Y�Ek � dvx − vxx dx 5dv − vx dx Y)�$� �� R�-�� ~.7* u 0)�� D� BZ
>I=) 0-�1�� [�+ �- � J� # 0�J+ �� θ� = du − ux dx − uy dy >I=) 0-�1�� [�+ 5�29�)� �E}2* i� �
0��[�+ �� �&)- -� � Y�Ek � J� # 0�J+ �� θy = duy − uxy dx − uyy dy � θx = dux − uxx dx − uxy dy

� ��&(�/>* ) 0-�1��

x����>* #/�� 0-�1�� 0��[�+ () ��( �8V.7* 0���EJZ 5�27E� �8 29�)� � \c29* 0���E}2* ^2+�� 0)�� �� �*)-) ��
F��E��$& �% )�* 
K� �8g@= 5{�L| �� �27E� A�!D]) 0)��H

L%$(� Pα
J (x, u(n))0 0�� � +6 ��	$ θ =

∑
J,α P

α
J θ

α
J �JV^�6
� ��(M +% Jn 
% ��(V
% =
� 
� 2 �DF �202�

�DM$ ��(V
% ���=
� ^�$
C +6 ��?*� ��$(��

θα
J = duα

J −
p∑

i=�

uα
J,idx

i, α = �, · · · , q, 0 ≤ #J < n
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F�����>* θα
J 0-�1�� [�+ �8 B?�* #J 5�E1) �8M�) -H���/�%��

� ��E�� Y���7* ) {�L| p �* A�B,) 0)�� 2>�@B�

x#�)- RE�)�1 �E& �

� 
1$ 0F = f (n) ��8� �	$ u = f(x) ����� �8%��@��$�?�$ 0Jn �� ��&� )$ u(n) = F (x) _
% 2 �DF $202�
`�/�% Jn 
% ��(V
% ���=
� +,�� )�	a(� F 
1$ ����

F ∗θα
J = 0, α = �, · · · , q, 0 ≤ #J < n.

� ��E��$& G�  {�L| p �* �� A�B,) ���- 0)�� 2>�@B�

�7 
(����89�'� : �

� Y���m�B� [��@* ^29&)- �� �%� 0��\V+ - Y�� z�M* l;�B* - �#/) {�| p �* () �2+���� ".� ^�) eS�M*
x#/) ��( A�= �� Y���m�B� ��� <��%? �#�)- RE�)�1 (�E& >S Y���m�B�

() 0(�� �8!�$P*��( 0��R9E+�*�E@�- () 0)�!�$P* G � ���� F>cEc;H 0�I@E�* M RE�� ��+ 25��6� �2N2�
��) #/) ���,9 @O G A�= ^�) - �����M 0�2� M

�V ⊂ U �� ���� G () 0�J! �E& τ |V Y�Q&� 5���� G �J! τ : U →M ��) x���� �29� ���g? #g? G FiH

Y�Q&� ���� τ |Us ∈ G q�� �� >$9E+�*�E@�- τ : U →M �E& � U =
⋃

s Us � ���� (�� 0)�!�$P* U ⊂M ��) FiiH
�τ ∈ G xRE��� �2�)-

>2Z� �2BS) �σ ◦ τ ∈ G Y�Q&� 5����� G () �J! �- σ : V → M � τ : U → M ��) x���� �29� eE��? #g? G FiiiH
����� >�%* �� eE��? ��

����� >&�$� R9E+�*�E@�- \*�� G FivH

G - �E& F#/) τ(U) ')��*)- ��H τ−� Y�Q&� 5���� G - τ : U → M ��) x���� �29� 0�E�d�3%* #g? G FvH
�����

��(M �b ^�6
� �P� +6 �	$ M �D<��� 
% �8C(� ���4*���(�(�<� )$ �$+-(�.� G A�
1c+;/ 0+M:V �(X +%
��	$ +?*% d��/ 7�
8�
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 �R ���A�
1c+;/ �e��

^�)����� �#/) >�%* �� 5���� τ� -�� \*�� τ� �8 �*)- �� >2Z� ���? τ� ◦τ� eE��? ��29� >%f�* ��R9E+�*�E@�- ���
��5#/) >*�$! �E9� >�E� Y���m�B� �--��>* <��%? �� - Y)�$� eE��? �� #/) >���� Y8���- "��� ��� A�B!

�RE��>* -��g* >S Y���m�B� �� )

>	 %f�* >IEIg? 0���)� �)��! �� �� >���R9E+�*�E@�- �� #/) >����m�B� 23" ���,9 @O4 5��6� �2N2�
��&��>* <��%? 5>a� \E9&)�@�- Ab-�%* () R >IEIg? Y�Q2/- i�

M 0� A�V2.* x ��) �#/) [) k �8 B?�* # 0�J+ () R ⊆ Jk(M,M) �8!�$P*��( R >IEIg? �8 2�)� ^�)�����
� x \c29* 0���E}2* �� #/�� PDE () >��Q2/- R Y8�� <��%? Y�Q2/- `���� A�V2.* Y�Q2/- ^�) () 0)�.9& X �

-��>* Y-)- z�� ��( [�+ �� Ab-�%* h/�? >%f�* A�= �� � ���>*~.7* ) X �8 29�)� 0���E}2*

F (x,X,X(�), · · · , X(k)) = �.

RE��>* ��+ ^�)����� �-��>* Y-�/ �E9� ���� C�) �8 B?�* Y�� <��%? Y�Q2/- �� >?�= - ��?�� 0�21�/ �8 ��j&
>���".� - �#/) �9E* 5#/) Y�� Y-)- z�� {KL| - �� >�� :��] () C�) �8 B?�* �� "��� ����� ^E�� ^�) ��
<��%? >�� 0��:27* �� Ab-�%* �� Y�� 0)N����6 �8 ��j& 5�*) ����� \EIc? �&)�?>* C∞ �� �-�� >IEIg? 5���j& ()
5>IEIg? 0��Y�Q2/- 0)�� ����� >�E�"E6 \��Z �)� 0�J+ Y8()�&) �? -)- (�E& 0-� � � -�@��Vg�* 0)�PE2& �� Y��
0)�� F��)�3�m#&� 5�I��m��?��H �IE? 0��0�/ �� Y�� 0)N����6 � hB?�* 0���EJZ � >39S)���m>��� �8 EJZ

������>$& '�29� C∞ #S�; �� U�1 -)�* - � T��2& ^�) �����>* "c& 0�@�) �j�* ^�)
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�� >BS�M* \E9&)�@�- Ab-�%* ������ ���	
�� 0)�� >S �8 ��j& ��� 0��-���� >1�� � C�=) -�* - \V+ ^�) -
^�) Y(��*) �#/) � ������� ������� �� [�/�* >�� 5Y-�@2/) -�* >I=) '� �--��>* �a)) �V2.* A�=
�8 B/�g* �#/) >%��/ #+�7E6 C�; - -���� �j& () �� � 0��? �j& () �� �� #/) >$I! )�+�]�6 l;�B* () '�
0����2/- 5>S�$%* \E9&)�@�- Ab-�%* () 0�E�C)�Q2&) - >&)�)�+ #E$�) 0))- \E9&)�@�- �S-�%* i� >&�c? Y���
() 0�E9� � A)�EE}? ��9; 5>�� \E9&)�@�- Ab-�%* 0(�/>M1 5>*�$! �)� >I� [�+ 5)-��& \E9&)�@�- Ab-�%*
�)�?>* ��&� �� q���* 0��-���� � RE��@* ^�) () 0�E9� Y8���7* 0)�� �#/) i��E+ � A�Ef�� - �Q�- 0��-����
� R�()-�6>* \E9&)�@�- Ab-�%* 0����c? R�* �8 S�89* �� \V+ ^�) - �-�$& �% )�* {sK5 �L5 ��5 
L5 
�5 u5 s| ��
�RE�->* )�Z >/�� -�* 5�&��>* q���* \E9&)�@�- Ab-�%* () >$�* A�!D]) �� �� ) AD��B? () >$�* 0��#S�;
�8 29�)� � \c29* 0���E}2* �� �� #/) AD��B? () >%f�* Y��� ^��?��� \E9&)�@�- Ab-�%* () >��Q2/- >&�c? Y���

�0���& ��7* �)�Ef�� F
�sKm
�LLH >S �+�/ x
�K \3�

��E� \V+ ^�) >I=) o�� �-(�/>* \c2�* �Q�- 0���)� �� ) ���)� �� #E=�1 ^�) �� Y)�$� ���>* \$! Y�Q2/-
��B$� � >%f�* >&�c? >S 0��Y��� �� ) lg� �#/) \E9&)�@�- 0��Y�Q2/- () �B/�g* \��Z � >S�=) 5��� eS�M*
� R�* l;�B* () >3� �����>$& \V+ ^�) lg� G�f�* ��d�3%&) ��&�* �299� 0����c? >/�� � R�(�/>* -��g*

K�
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0��\V+ - �� �?>I� #S�; � -�E�>* )�Z Y-�@2/) -�* U�1 >2S�; - �� #/) >�--)�2*) lg� \V+ ^�) 0�EI�
�-�� RE�)�1 >/�� ) AD��B? ^�) �� q���* >&�c? Y��� �8 B/�g* Y8�E� � AD��B? Y��� <I2.* G)�&) �-��>* ��E� �%�
^2+�� - >$�* T��2& � -��>* q���* � ���� ������ lgB* �� �� RE��>* ��E� ) ��c? ��� 0��-��2/- () >7.�
0��Y�����( 0����2/- �8 S�89* �-�$& �)��! 5�j& -�* �Q�- o)��) () �-)- Y)�$� �� ^E7E6 0����c? () ��� 0����c?
�#/) �2+�� A��� ����� 	� !"# �� �� #/) ����2* >&�c? >S �B d�/) �� \E9&)�@�- Ab-�%* () Y�Q2/- i� >&�c?

!�"���#�� ;<�(= ���(>� ���8 � &

RE��� �2�)- ) ��( [)−n �8 B?�* \E9&)�@�- Ab-�%* Y�Q2/- RE�� ��+

Δν(x, u(n)) = �, ν = �, · · · ,m, F
�K H

u 0��:27* �Q7��$& u(n) � #/) u = (u�, · · · , uq) �8 29�)� �E}2* q � x = (x�, · · · , xp) \c29* �E}2* p 0))- ��

�KH \E9&)�@�- Ab-�%* Y�Q2/- - �u(�) = u �� #/) ^�) �� ��+ � ����>* n �8 B?�* �? ���)�; x 0���E}2* �� #B9&
0)�� �Δν : Jn −→ R x#/) Y�� <��%? [)−n �8 B?�* # 0�J+ �� �� #/) >IE9&)�@�- >%��? Δν 5ν �� 0)�� F
'�29� �?>I� 0��#S�; �� ) '� ^�) �)�?>* �2BS) � RE��>* -��g* )�$� p�)�? �� 0��Y�Q2/- �� ) lg� >�-�/

-�� Y-�@2/) ��( �8 2�)� <��%? 0)�� �)�?>* F
�K H Y�Q2/- () �-)-

SΔ =
{

(x, u(n)) ∈ Jn | Δν(x, u(n)) = �, ν = �, · · · ,m
}
.

0�J+ 0���E}2* �� #B9& Δν p�)�? >���)� ���?�* SΔ () �Mc& �� - Y���� �&��>* Y�E*�& �E&# Δν Y8�� <��%? p�)�?
() # 0�J+ �%� �� � �? �� �� #/) Jn () 0�I@E�*��( SΔ pZ)� - ������m �� ��)�� R$����* �%� 0))- (x, u(n)) # 

Ab-�%* Y�Q2/- () >�)� u = f(x) F)�$�H p��? �#/) ��N* Y�Q2/- �8 B? r �� >2Z� `#/) p+ q

(
p+ n

n

)
− r �%�

Δν(x, f (n)) = �, ν = x��� n�= Y�Q2/- - f (n)(x) >�%� �� [)−n �8 B?�* -)�2*) ��) ���? � ��) #/) F
�K H
x-�E� )�Z SΔ \1)- D� *�� f [)−n �8 B?�* -)�2*) () Γ(n)

f = {(x, f (n))} )-�$& �� #/) �� �� C-�%* �� 5�, · · · ,m
�Γ(n)

f ⊂ SΔ

Y���� -��>* Y�E*�& ��PQ�R �S67)# (x�, u
(n)

�
) ∈ SΔ �8Mc& - \E9&)�@�- Ab-�%* () Y�Q2/- i� 25��6� �2�2�

�� \E9&)�@�- Ab-�%* () >��Q2/- �u(n)

�
= f (n)(x�) �� ���� -� �* x� () 0)>Q��9$� �� u = f(x) F)�$�H �)� 

�-��>* Y�E*�& �E&# ?S #�� ���� n-�= 0��N6\; ��%f�* � �-�� Rj�* q�� �- �� - <��%? �8 �*)- () �Mc& �� -

>S�$%* \E9&)�@�- Ab-�%* () >��Q2/- 0��N6\; ��%f�* D� �* ���29� Rj�* D� *�� 5>/�� -�* 0��Y�Q2/- ���)
0��Y�Q2/- 0��N6\; ��%f�* �I��m��?�� � d�E����+ 0���JZ �#/) >3� 0(�k� ��-�c* �� �8 S�89* �)� -� � q�� ��

�F#1)-�6 RE�)�1 RE��@* ^�) �� \EV@? �� �%� \V+ -H ����>* ^E$J? ) >7_E6 >�� \E9&)�@�- Ab-�%*
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i� ) G () g �V�! ����>* \$! M �I@E�* �� �� ���� AD��B? () >���� G RE�� ��+ 23	��
�4 5��6� �2�2�
) �� �� #/) >S Y��� i� N () >�����c? ^E�� �8!�$P* �g · N ⊂ N Y���� RE*�&>* N ⊂ M �I@E�*��( () 	��
�

�RE*�&>* N ���
� ���,

�� >2Z� hc+ � >2Z� #/) F
�K b ��*�$
<� �U�8� )$ 
�I��# �W8C(� A�H?	 )$ ���"� !� g ���;� 2 �DF �2�2�
�g(n)(SΔ) ⊂ SΔ x���� )-��& 0-)�2*) AD��B? #g? �� �� ����2* SΔ �8 2�)�

0��N6\; ��%f�* () Y-�@2/) �� 5���� Y�� <��%? z̄� = g(n) · z� � Y�� Y-)- z� = (x�, u
(n)

�
) ∈ SΔ RE�� ��+ T>�@B�

�8Mc& >3�-�& - \Z)�; �E& f̄ = g · f ^�)����� �u(n)

�
= f (n)(x�) R�)- x� >3�-�& - u = f(x) �)� ��.2&) � SΔ

� �z̄� = (x̄�, f̄ (n)(x̄�)) ∈ SΔ R�)- �PE2& - � #/) Y�Q2/- () �)� i� (x̄�, ū�) = g · (x�, u�)

A�V2.* �EE}? #g? \E9&)�@�- Ab-�%* () Y�Q2/- i� 0����c? �� #/) �� ����c? -�* - R�* T��2& () >3�
#/) >S�; - ^�) �-�� )�E6 ) >&�c? Y��� 5�?Y-�/ >2S�; �� �� A�V2.* �EE}? �� �)�?>* )NS � �&�*>* >Z�� �EE}? ����
\��Z A�V2.* �EE}? >2;) �� �� >2S�; - � U�V.� A�V2.* i� - i��� #����E� 0���S�* ^2�)- 0)�� ��

�-�� )�E6 A�V2.* �� - ) Y�Q2/- ��c? ��$Ec29* ���� 5#9E& C�$!)

(�?��� 2�(���, @�� & &

AD��B? �� >2S�; - �R�)- �� � �/ ��29� ��B$� �� G F0-�1�� ��H 0)�Mc& AD��B? 0��Y��� �� ".� ^�) -
#/) ��( [�+ �� 0)-�� 0���)�E* \*�� �� ���->* \E37? g >S �B i� i��� #����E� 0���S�* 5��29� 0)�Mc&

v =
p∑

i=�

ξi(x, u)
∂

∂xi
+

q∑
α=�

ϕα(x, u)
∂

∂uα
,

0)-�� �)�E* [)−n �8 B?�* -)�2*) �Q7��$& v(n) RE�� ��+ ��&��>* <��%? �29�)� � \c29* 0���E}2* 0�J+ �� ��
A�= ^�) - ����� Jn # 0�J+ �� ��N*

v(n) =
p∑

i=�

ξi(x, u)
∂

∂xi
+

q∑
α=�

p∑
#J=j=�

ϕα
J (x, u(j))

∂

∂uα
J

>I=) �EI� ��( �8 EJZ �F�E��$& G�  {�L5 ��| �� A�E�� Y8���7* 0)��H ϕα
J = DJ(Qα) +

∑p
i=� ξ

i uα
J,i �� - ��

x#/) >&�c? Y��� ^2+��

:W ��6 A�H?	 )$ ����"� A�
1 !� G �:��;� )$ ��;�� A�
1 F{��|H 23UV)� L��W&�' 	��
� UX#4  �DF �2�2�
!Q(6 ������% �R(� 
� �$
% 
�) !Q(6 ������% ����"� [�$
/ 
1$ ���� � 
1$ �	$ F
�K H ��*�$
<� �U�8� )$ 4K��
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���"� �f ��� Kt

��/�% �$
O
% G )$ v ∈ g

v(n)(Δν) = �, ν = �, · · · , r, FK�K H

��/�% �$
O
% F
�K H ��*�$
<� �U�8� A�H?	 +6 �?O�

[(b �� � �� ig* ^�) - ���*�&>* �j& -�* Y�Q2/- >&�c? Y��� () �%&&� Y��6� >Z��6# ) FK�K H Ab-�%*
�?b�� 0��:27* Y���� ^EE%? Ab-�%* - eE?�? ^�) �� `RE��>* Y-�@2/) F
�K H \E9&)�@�- Ab-�%* 0)�Z�� () ����
Y�Q2/- Ab-�%* () Y-�@2/) 5Y�Q2/- () 0-�! #S�; - ��&-��>* \��B? �?^E��6 �8 B?�* �� 0��:27* �� Y�Q2/- �8 B?�* ()
5Ab-�%* Y�Q2/- �� 0-)�2*) 0)-�� 0���)�E* �-)- �,) () �%� �#/) 0�E21) Y���� ^EE%? Ab-�%* �-�$& Y-�/ #� 
e�)�f e9; �� �� ���>* -���7E6 ) >�� \E9&)�@�- Ab-�%* () ^E%* n�+ � >M1 >��Q2/- Y���� ^EE%? Ab-�%*
#B9& �� >����E}2* �E& � �&)�29�)� ��&� �� φα � ξi e�)�f �� >����E}2* �� � �? �� �� () �%� ���29� v () φα � ξi

-)(� 0���E}2* e�)�f ^2�)N� �@= () �� �?>�� Ab-�%* �� Y���� ^EE%? Ab-�%* 5�&��>* ��9g* -)(� ��&� ��
Ab-�%* � �? -�* \a�9* eIk) - ���*�&>* Y���� ^EE%? Ab-�%* ) ��� Ab-�%* eIk) �RE/>* 5�&��>* \=�;
() >1�� �� #/) >S�; - ^�) �#/) ��N6��3*) >�-�/ �� e�)�f ^�) �8 B/�g* � �&)Y-�/ >+�� Y8()�&) �� Y���� ^EE%?
� #/) )��- �B/�g* d�2/- - 0��)�+)[�& ^2�)- �� >2; �� �*�P&)>* 0)��- >�� A�c27* �� Ab-�%* �� \a�9*
\;)�* >2; �� #9E& >%*� �8 *�&�� 0))- ��&� () i� �E� �� ��29� �3E2$2* � \OE* �� ^�) 0)�� e/��* 0��)�+)[�&
��H {�t| - C��* �)��! �� ���- [�P&) \*�� �] �� ) >�)�.S- >�� A�c27* �� �S-�%* >&�c? Y��� �B/�g* 0-�!
Y��� ^2+�� � Y���� ^EE%? Ab-�%* \; �� #/) Y�� �21)-�6 >M1�Ek �8 S-�%* i� �� F�� ��)�1 Y-�� �E& #/�E6 -

�#/) \37* 0�� �� 0)�� 0)�Mc& 0����c?


��A>� ;B��'� ) &

5����c? () G�& ^��?R�* () >3� ����� �29�)� � \c29* 0���E}2* �8$� >/�EIZ) 0�J+ E = X×U 	 Rp+q RE����+
A�= �� E 0� >%f�* 0��R9E+�*�E@�- h/�? �� #/) >&�c?

(x̄, ū) = g · (x, u) = (φ�(x, u), φ�(x, u)),

\$! �Mc& �� �Mc& A�= �� E >I� 0�J+ �� )��( ��*�&>* �� [
� >?�%@� ) AD��B? () G�& ^�) �--��>* �Ej&
G�& ���29� �%S�M* -�* G�& ^��?-�����6 � ^��?T�) () ��&� �� ����2* 0����c? � AD��B? () G�& ^�) �����>*
�x̄ = φ(x), ū = u x����>* �,) \c29* 0���E}2* �� ���? �� ��*�&>* �� ��Q >?�%@� ) AD��B? ^�) () 0)Y-�/

A�= �� �� 0)�Mc& AD��B? () 0�Q�- U�1 G�&

(x̄, ū) = g · (x, u) = (φ�(x), φ�(x, u)),
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Kr �$+J"� �:��;� �>�f

�EE}? () �,�82* \c29* 0���E}2* 0� A)�EE}? �� #� �� () `����� 3���)H�4 ��� \*�R >?�%@� ) �&��>* <��%?
� �&��>* �2��& �ES�) 0���E}2* e9;�� ���? 5��� \c29* 0���E}2* 0�J+ eE?�? ^�) �� � #9E& �29�)� 0���E}2*

�--��>* �P�* ��E*( �I@E�* 0���E}2* �� (x̄, ū) � (x, u) 0�? ���V?
�Q��3� �� �29�)� � \c29* 0���E}2* >&�- �EE}? h/�? �� ��29� ]��,��)� >?�%@� 5R�* AD��B? () �Q�- G�&
0����c? �� >2S�; - ���29� >3� �? �+�; � 0)�Mc& 0����c? eIk) �Fx̄ = u, ū = x D� �*H �&-��>* <��%?
\��Z 0�E�R7� �] �� �� #g? >I=) �8 S-�%* �� -��>* #+�� o)���-�� AD��B? () >!�& 5��29E& �? �+�; 50)�Mc&

�#/) 0(�/ Y-�/
>I� [�+ d�/) �� ) 0)�Mc& AD��B? i��� #����E� �S�*

v = ξi(x, u)
∂

∂xi
+ φα(x, u)

∂

∂ϕα
,

xRE��>* (�k� Y-�/ C��* i� �� ) �� �#+�� �)�?>* ��c? ig* i$� �� �

���EQ� �j&- ) ��( >S�$%* \E9&)�@�- �8 S-�%* 2(�G# �2�2�

uxx = �. F��K H

#/) R� �� ��( >I� [�+ �� 0)-�� >&)�E* F��K H �8 S-�%* () i��� #����E� 0)�Mc& ��c? i�

v = ξ(x, u)
∂

∂x
+ φ(x, u)

∂

∂u
.

ig*H �E1) �8 EJZ () Y-�@2/) �� ��&-�� ^E%* φ � ξ e�)�f ���� i��� #����E� 0)�Mc& ��c? ^�) ���~.7* 0)��
�� �RE��E� ) v [�- �8 B?�* -)�2*) ���� 5#/) Y�� ��E� [�- �8 B?�* # 0�J+ - �S-�%* ^�) ��� Fi��� #����E� ��c?

#/) ��( \3� �� J� �� -)�2*) ^�) 5\BZ ".� - Y�� ��� eS�M* d�/)

v(�) = ξ(x, u)
∂

∂x
+ φ(x, u)

∂

∂u
+ φx(x, u(�))

∂

∂ux
+ φxx(x, u(�))

∂

∂uxx
.

��29� ��( \3� �� φxx � φx e�)�f ��

φx = Dx(Q) + ξ uxx = φx + [φu − ξx]ux − ξu u
�
x,

φxx = D�
x(Q) + ξ uxxx = φxx + [�φxu − ξxx]ux + [φuu − � ξxu]u�x Fs�K H

−ξuu u
�
x + [φu − � ξx]uxx − � ξu ux uxx,

�� F��K H �8 S-�%* () i��� #����E� ��c? ig* �#/) Q = φ− ξ ux A�= �� v 0)-�� �)�E* �8V.7* >�%� Q �
#/) ��( \3�

φxx = �, uxx = � �� >2Z� Fu�K H

xRE/>* ��c? >�$f �8M�) �� uxx �-)- )�Z �@= �� ��)�� � Fu�K H - Fs�K H () φxx �-)-)�Z ��

φxx + [�φxu − ξxx]ux + [φuu − � ξxu]u�x − ξuu u
�
x = �.
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���"� �f ��� K�

�� #B9& �� 0��:27* � ux ^�)����� � �&)�29�)� x, u �� ���? φ � ξ �� >S�; - x, u, ux () ��?�B! ���E}2* �E1) �8 S-�%* -
�@= ��)�� >Q$� �� 0���)�? � ux e�)�f ��) ���? � ��) #/) )�Z�� �E1) �8 S-�%* ^�)����� ��&��>* ��9g* \c29* 5x
5-��>* Y�E*�& 	���� $��%� �&#�%' 	� !"# �� >�� \E9&)�@�- Ab-�%* () ��( ^E%* n�+ Y�Q2/- \$! ^�) �� �����

���>* #/��

φxx = �, �φxu = ξxx, φuu = � ξxu, ξuu = �.

#/) ��( A�= �� Y���� ^EE%? Ab-�%* >*�$! �)� 

ξ = c� x
� + c� xu+ c� x+ c� u+ c�,

φ = c� xu+ c� u
� + c� x+ c� u+ c	,

�ES�? 5i��� #����E� 0����c? () 0�%�m� >S �B 0))- F��K H �8 S-�%* ^�)����� ���29� #��, ci e�)�f �� - ��
F�&��>* \=�; ��#��, �8 Ec� ^2+�� �@= � #��, i� �-)- )�Z i� �� ��H #/) ��( 0)-�� 0���)�E* h/�? Y��

X� =
∂

∂x
, X� =

∂

∂u
, X� = x

∂

∂x
, X� = x

∂

∂u
, X� = u

∂

∂x
,

X� = u
∂

∂u
, X� = x�

∂

∂x
+ xu

∂

∂u
, X	 = xu

∂

∂x
+ u�

∂

∂u
.

>M1 eE��? e9;�� ��&� () �? �- �� >S �8���� ���� 5���->* >S �B i� \E37? n�+ i��� #����E� 0���S�* ���
x#/) Y�� �=D1 ��( C�� - ��&� F>S �8����H ���P�� ����� ��E� \��Z n�+ 0)-�� 0���)�E* () #��, e�)�f ��

X� X� X� X� X� X� X� X	

X� � � X� X� � � �X� +X� X�

X� � � � � X� X� X� X� + �X�

X� −X� � � X� −X� � X� �

X� −X� � −X� � X� −X� X� � X�

X� � −X� X� X� −X� � −X� X	 �

X� � −X� � −X� X� � � X	

X� −�X� −X� −X� −X� � −X	 � � �

X	 −X� −X� − �X� � −X� � −X	 � �

--��>* >+�%* >M1m0�9� AD��B? h/�? �� #/) SL(�,R) 0���V? Y��� >S �B ^�) �� ����2* >S Y���

(x, u) 
→
(
ax+ bu+ c

hx+ ju+ k
,
dx+ eu+ f

hx+ ju+ k

)
, det

⎛
⎜⎝ a b c

d e f

h j k

⎞
⎟⎠ �= �,

� �-(�/>* ~.7* ) F��K H �8 S-�%* 0)�Mc& 0����c? >I� #S�; ��
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KL �$+J"� �:��;� �>�f

xRE��>* �P29 ) �72&) >M1 �Ek �8 S-�%* >&�c? Y��� 2(�G# �2�2�

ut = uxx + ux�

) �� i��� #����E� 0����c? �#/) ��7* ���� �8 S-�%* \E9&�26 [�+ �)��! �� ��

v = ξ�(t, x, u)
∂

∂t
+ ξ�(t, x, u)

∂

∂x
+ ϕ(x, u)

∂

∂u
.

#/) ��( A�= �� J� # 0�J+ �� �� [�- �8 B?�* -)�2*) 0)�� ��c? ig* �R��E�>*

ϕt = φxx + �ux ϕ
x, ut = uxx + ux� �� >2Z�

0���)� �� Y���� ^EE%? Ab-�%* ^2+�� �O/ � �E1) �8 S-�%* - ut 0� �� uxx+ux�� ϕt, ϕx, ϕxx e�)�f 0)NQ�� ��
RE/>* Ab-�%* ^�) () ��( >I�

ξ� = c� + c� x+ � c� t+ � c� xt, ξ� = c� + � c� t+ � c� t
�,

ϕ = c� − c� x− � c� t− c� x
� + α(t, x) e−u,

���� �8 S-�%* >&�c? �B ^�)����� �����>* �*�� �8 S-�%* () Y)�.S- >�)� αt = αxx � ��29� #��, � Y)�.S- �� ci �� - ��
--��>* �ES�? ��( 0)-�� 0���)�E* h/�?

v� =
∂

∂x
, v� =

∂

∂t
, v� =

∂

∂u
, v� = x

∂

∂x
+ � t

∂

∂t
,

v� = � t
∂

∂x
− x

∂

∂u
, v� = �xt

∂

∂x
+ � t�

∂

∂t
− (x� + � t)

∂

∂u
,

vα = α(t, x) e−u ∂

∂u
, αt = αxx + ux� �� >2Z�

0���S�* u 
→ eu \��B? ^�)����� �{�L| #/) o�*���) ���>* #/�� �*�� �8 S-�%* () �� 0)>&�c? �B �� b�� >&�c? �B 
0(�/>M1 �*�� �8 S-�%* �� ���� \E9&�26 �8 S-�%* eE?�? ^�) �� � ��->* C�c2&) �*�� �8 S-�%* () ������j& �� ) ���� >&�c?
� �-��>*

����$ 9�(��T�$ ����"� ���A�
1 0) �$4� ��*�$
<� +R�8� � 2���A, �2�2�

� ��E��$& Y���7* ) {�L| p �* Y)�� ^�) A�B,) 0)�� 2>�@B�

ḡ = Φ ◦ Y�Q&� 5���� >S�) () >&�c? g � ���� 0�Q�- �� \E9&)�@�- �S-�%* i� Y8���- C�c2&) #��Q& φ ��) ^�)�����
�#/) >*�- () >&�c? g ◦ Φ−�
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���"� �f ��� �v

��(M +% G =$−n +, ;�
� $�?�$ 2��3�� ���6�� ��- E 
% +6 �/�% �R A�
1 !� G 4��6 N
� 2 �DF $2�2�
+, ;�
� �8%�� �"?*� �D�*�$
<� ���$���� )$ �D��6 +,-(�.� �$�$ V n ⊂ Jn )�% �H��*�� !� � � ��6�� ��- 4K��
^*# 
% V n 
% 
1$ ���� � 
1$ 0�	$ =$−n +, ;�
� ��*�$
<� �U�8� )$ ���H?	 ����"� A�
1 G ��/�% I�, · · · , Ik =$−n

`�/�% ���% �%�O �D�*�$
<� ���$����

Δν(x, u(n)) = Fν

(
I�(x, u

(n)), · · · , Ik(x, u(n))
)
, ν = �, · · · , l.

� �#/) {�L| p �* () ���K �8 EJZ REc29* �8PE2& �8 EJZ ^�) T>�@B�

i� �-�� )�E6 �E& � >IE9&)�@�- 0��)-��& () >I*�� �8!�$P* ^2+�� - 0)�Mc& 0����c? R�* 0��-���� () >3�
� {sK| <3E&��(�) 0���� �� A�!�f�* ^�) >I=) Y8��) �#/) >IE9&)�@�- Ab-�%* Y�Q2/- 0���)� 0)�� >*�$! [�+
�]�1 �� F��B$�H >S 0��Y��� >/�/) � >I$! 0��-���� �--��>* �� {�L5 
r| - �2+�� A�= 0���� �� �) () �%�
>cEc; p��? i� >�)-��& 0)�� >B/��* )��) ��i��� #����E� ig* #cEc; - �#/��i��� #����E� �� �� >��&)�?

�#/) )�c*

�P� I : M −→ R L%�� ���6�� ��- M �D<��� 
% +6 �/�% �:��;� )$ ���;�� A�
1 G 4��6 N
� 2 �DF +2�2�
4�/�% +?/$ G � v ∈ g !Q(6 ������% �R(� 
� � x ∈M 
� �$
% 
1$ ���� � 
1$ �	$���� G

v[I] = �.

� ��E��$& G�  {�L| () tK �8g@= �� ����� ���- 0)�� 2>�@B�

v =
∑

i ξ
i(x, u)∂xi + i��� #����E� �S�* 0	 �2*)�6m
 Y��� () >�)-��& u = I(x, u) ��) �EJZ ^�) �� � �? ��

>M1 5^Q$� >�� \E9&)�@�- �S-�%* - Y�Q&� 5���� u � xeE?�? �� �8 29�)� � \c29* 0���E}2* 0)��∑α ηα(x, u)∂uα

F�E��$& �%S�M* ) {
r| [��� \V+ eS�M* A�E�� Y8���7* #� H -�� ��)�1 n-�= ��( C�) �8 B?�* �
m∑

i=�

ξi(x)
∂u

∂xi
+

n∑
α=�

ηα(x, u)
∂u

∂uα
= �.

Ab-�%* () ��( �V.7* Y�Q2/- �� ) n�+ �8 S-�%* >�%� �-�� )�E6 �� HIJ# ^�� �� �)�?>* ) �E1) �8 S-�%* �)� 
RE��>* ^��Q�� >S�$%* \E9&)�@�-

dx�

ξ�(x)
= · · · =

dxm

ξm(x)
=

du�

η�(x)
= · · · =

dun

ηn(x)
.

A�= �� �)�?>* F>%f�* \3� ��H ) �S-�%* ^�) >*�$! �)� 

I�(x) = c�, I�(x) = c�, · · · , Im−�(x) = cm−�
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�
 �R ���
;�
�) � ��A�
1
�) ���%+?	 �G�f

>I*�� �8!�$P* I�, I�, · · · , Im−� Y8�� T2�* p�)�? A�= ^�) - ���29� 0�E�C)�Q2&) 0��#��, �� ci �� - �� #��&
�����>* >+�%* v 0�2*)�6m
 Y��� () ) >%��? \c29* 0��)-��& ()

() \c29* C�) 0��C)�Q2&) ��$� pZ)� - �� Y�*� #/�� 0��)-��& 5{
r| () ����s ".� �8 EJZ d�/) �� ^E�_$�
>&�c? Y��� �� q���* Ab-�%* Y�Q2/- () ��( >*�$! �)� 5��29� v i��� #����E� �S�* �� q���* �8V.7* Y�Q2/-

���$&>* R�)�+ )

S(x, u) = μ(I�(x, u), I�(x, u), · · · , In(x, u)),

���72* �)� �)�?>* >I=) �8 S-�%* - S �-)- )�Z �� �#/) v[μ] = � �8 S-�%* - n-�= � Y)�.S- >%��? μ �� - ��
��E�� �% )�* {�L| �� � {�t| 5{�K| 5{
r| �� lg� ^�) () >S��* ���- 0)�� �-�� )�E6 ) >I=) �8 S-�%*

Y���� �RE��>* Y��) Y�Q2/- i� >&�c? 0��Y��� () 0�Q�- R�* -���� �� ".� ^�) () eIM* ^��1� �)��! ��
i� D �� - � #/) Y�� <��%? D[u] = � A�= �� �� RE��� �2�)- ) >�� \E9&)�@�- Ab-�%* () >M1 >��Q2/-
() "E� Ab-�%* -)�%? >�%�H ���B& ^E%* n�+ Y�Q2/- �3&� ��+ �� Y�Q&�5#/) [)−n �8 B?�* >M1 >IE9&)�@�- �QI$!
-)- #B9& ) 0�Q�- �)� �)�?>* �� () >�)� �� �� )��( `#/) �%� >���2*�& Y�Q2/- >&�c? Y��� 5F���B& ���E}2* -)�%?

�F#/) Y���7* \��Z {�L| R7� \V+ - �EJZ ^�) () >?�B,)H -�� ��E� ) ��( R�* �8 EJZ �)�?>* \� - �{�L|


�g?� p ≥ � )$ �"?*� ��T� ��*�$
<� +, R�8� q )$ =$−n +, ;�
� A�H?	 Δ(x, u(n)) = � 4��6 N
� 2 �DF 02�2�
��/�% ��8%−q �� ����$�� 0�/�% �8% ����?��� �D%� �R A�
1 !� �$�$ A�H?	 
1$ ��/�% +?*%$� 
�g?� q � �"?*�
+R�8� q )$ D[u] = � =$−n +, ;�
� �U�8� A�H?	 ��(�- B$(� +% �JV ��(M +% �� !Q(6 ������% ����R(� �
D[u] = 2H���� �JV A�H?	 =
� +% $� �DM$ A�H?	 0���?F� 
��g� �P� A�H�� 0�/�% +?*%$� �JV ��T� ��*�$
<�

�(�� ���;� �$(��� f

�7 
(��'3��C � (����8��C 
��,�+D� 1 &

- 0�2*)�6−s 0��Y��� ��( ()  &�W' ������ i� ����� g >S �B �� >S Y��� i� G RE�� ��+ 25��6� �2$2�
#/- ^�) () Y�����( �� �� #E=�1 ^�) �� #/) T���? �8M�) #g? ()R� �Ek 0�2*)�6−s 0��Y�����( () >29ES pZ)�
#/- �)�?>* ��E*( ^�) - >$�* �8PE2& �� ��( Y8)�� () Y-�@2/) �� ����� ��N* #9ES 0��Y�����( () >3� y�-�* ��cEZ-

xF-�� G�  �)�?>* {��| �� �S�89* A�E�� � A�B,) ���- 0)��H #+��

h̃ � h ^��
� +% �R ���
;� �% � G �R A�
1 )$ ��;�� ��8%−s �R ���A�
1
�) H̃ � H 4��6 N
� 2���A, �2$2�

1$ ���� � 
1$ ��?*� h�T� ���A�
1
�) H̃ = gHg−� ��(M 2�$ � �4�
�1�� 
K�� g T�� $� G �R 
;� ���/�%

���/�% h�T� ���
;�
�) h̃ = Ad g(h)
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���"� �f ��� �K

0�2*)�6−s �B ��( �� Y���� ���->* ��E�� Y�Q2/-i� \E37? 0�2*)�6−s0���B ��( () >29ES 5���7* ��E� �� ^�)�����
�h̃ = Ad g(h); (g ∈ G) x���� ( )R� >Z�gS) "��$& () 0)�c* h/�? � #9ES ^�) () -�@��Vg�* �J! i� �� g ()
#����E� '� �j�* ^�) 0)�� �#/���B ��( 0)�� �� ^2+�� C-�%* ��Y�����( () ��E�� Y�Q2/- ^2+�� �8 S�89* �PE2& -
��*��S 0����cB] ^�) 5RE��$& )� ) 0�%�m
 0���B ��( 0)�� ) 0����cB] �� >2S�; - ��/>$& �j& �� �,�8* ��i���
g () �@= �Ek )-�� i� ^EE%? �� 0�%�m
 �B ��( �� �� )�� `-�� ��)�1 >3� >Z�gS) "��$& 0��)�* 0����cB] ��

�--��>* ~.7*

--��>* <��%? ��( " ��� A�= �� >Z�gS) \$!

Ad(exp(γ Yi))Yj = Yj − γ [Yi, Yj ] +
γ�

�
[Yi, [Yi, Yj ]] − · · · ,

0����2/- �� '� �g = 〈Yi : i = �, · · · , s 〉 �� R�)Y-�� ��+ � i, j = �, · · · , s 5#/) Y)�.S- 0�2*)�6 γ �� - ��
0)�� >I� [�+ i� �� #/) A�= ^�) �� -��>* [�P&) ���B ��( 0����2/- d�/)�� pZ)� - �� 0�%�m
 0��Y�����(
) )-�� ^�) () {Yi} �8 ��6 e�)�f ��3*) �; �? >Z�gS) \$! () Y-�@2/) �� �� �� � R��E�>* �j&- g () Y)�.S- 0)-��
#/) ^3$* >���& 0��)-�� <I2.* >Z�gS) 0��\$! ��.2&) �� �RE/�� ^3$* [�+ ^��?Y-�/ �� �3��) �? RE��$&>* �@=

����->* \E37? ) ��E�� Y�Q2/- i� 5>���& 0��)-�� ^E�� �8$� �8!�$P* ������ �2�)- >?��@2* 0��[�+

- ) A D� �* 5s − � �%� �� �8 �E�� Y�Q2/- 0��)-�� �� �� s ≥ � �%� �� 0���B ��( () ��E�� Y�Q2/- ^2+�� 0)��
e9; �� g () Y)�.S- Y )-�� i� �E& � X ∈ A ��&�* 0�J! ��.2&) �� 5s = � #S�; 0)�� D� �* �R��E�>* �j&
RE��� �2�)- ���� Y � X () 0�%�mK �B ��( -�P�) 0)�� �� RE��>* Y-�@2/) �23& ^�) () 5���6 �=��! () >M1 >BE��?
�-�$& Y-�/ ��3*) �; �? ) Y [�+ �)�?>* e/��* >S 0������� ^2+�� �� ^�)����� �α, β ∈ R �� [X,Y ] = αX + β Y

0)�� ��� ��)�1 \=�; 0�%�mK 0���B ��( () ��E�� Y�Q2/- i� Y [�+ ^��?Y-�/ � A () A��@2* 0�� X ��.2&) ��
�RE��>* )�3? ) n�+ '� � �2+�� �j&- Y ∈ g Y)�.S- )-�� Y)�$� �� ) A �=��! () �? s−� -)�%? �� �E& s > �#S�;

��E��$& Y���7* ) {sK5 ��5 
�| p )�* A�E�� Y8���7* 0)��

>�%� ^E+ >M1 �Ek �8 S-�%* () FR�()-�6>* �� �� t�K ".� - ��H ()R� AD��B? >S �B 2(�G# �2$2�

ut = [E(u)ux]x + h(x)u,

#/) ��( A�= �� h � E Y)�.S- p�)�? 0)��

g = 〈 Y� = ∂t, Y� = ∂x, Y�� = u ∂u, Y� = x∂x + �E ∂E , Y� = ∂u − h

u
∂h 〉.

x�����>* ��( A�= �� g >Z�gS) � >S �8���� 0��C�� 
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�� �R ���
;�
�) � ��A�
1
�) ���%+?	 �G�f

g �S-�%* >S �B 0)�� >S ����� �K C�� 

[ , ] Y� Y� Y� Y� Y��

Y� � � � � �

Y� � � � Y� �

Y� � � � � −Y�
Y� � −Y� � � �

Y� � � Y� � �

g >S �B 0)�� >Z�gS) \$! �� C�� 

Ad Y� Y� Y� Y� Y�
Y� Y� Y� Y� Y� − s Y� Y�
Y� Y� Y� Y� Y� Y�
Y� Y� Y� Y� Y� es Y�
Y� Y� es Y� Y� Y� Y�
Y� Y� Y� Y� − s Y� Y� Y�

�RE��>* Y-�@2/) g >S Y��� 0)�� � � K 0��C�� () Y-�@2/) �� 0�%�m
 0���B ��( () ��E�� Y�Q2/- i� ^2+�� 0)��
R��E�>* �j&- ��( A�= �� ) Y �@= �Ek � Y)�.S- )-��

Y = a� Y� + a� Y� + a� Y� + a� Y� + a� Y�.

�RE��>* �@= Y 0)�� [�+ ^��?Y-�/ �� ��E/ �? ��3*) �; �? ) ai e�)�f
) ��� )-�� � Y-�� \��B? i� �� Y - e/��* �S�3/) i� ��f �� ) a� RE&)�?>* �a� �= � RE�� ��+ 2(�� L"�R

�� Y � ���>* �@= ) Y� e��f Y �� Ad(exp(a�
a�
Y�)) \$! 5� C�� () Y-�@2/) �� �RE*��� Y �E&

Y ′ = Y� + a� Y� + a� Y� + a� Y�.

[�+ �� )�&� � Y�� Y ′ - Y� e��f ��� �@= l!�� a� �= � >2Z� Y ′ �� �E& Ad(exp(a�
a�
Y�)) \$! �--��>* \��B?

���>* \��B? ��(

Y ′′ = Y� + a� b� + a� Y�.

�R��E�>* �j& - ����� �@=<S�.* �� �@= �� >2Z� ) a�, a� <I2.*#S�; 5#9E& �9E* 0�27E� 0(�/ Y-�/ ��� C�;
0)�� Y� + αY� [�+ �� 5a� �= �, a� = � 0)�� Y� + αY� [�+ �� 5a� = a� = � 0)�� Y� [�+ �� Y A�= ^�) -

�-�� ��)�1 a� = a� = � 0)�� Y� + β Y� + γ Y� [�+ �� 5a� = �, a� �= �

RE�� ��+ RE&)�?>* Y�Q&� a� �= � � a� = � ��) 28�� L"�R

Y = a� Y� + Y� + a� Y� + a� Y�.
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���"� �f ��� �s

��( [�+ � oN; Y� e��f 5a� = ���+ �� �� � a� �= � 0)�� Ad(exp(a�
a�
, Y�)) �-)- �,) �� � a� �= ���+ �� C�;

-��>* \=�;

Ỹ = Y� + a� Y� + a� Y�,

0(�/ Y-�/ �-��>* oN; Y� e��f � a� = � �� >2Z� �� � a� �= � 0)�� Ad(exp(a�
a�
Y�)) �-)- �,) �� �E& �� ��

�RE/>* Y� + δ Y� � Y� Y8-�/ 0��[�+ �� a� <I2.* 0��#S�; 0)�� � #9E& ^3$* 0�27E�
R��EQ� �j&- ��( A�= �� a� �= � 0)�� ) Y [�+ RE&)�?>* Y�Q&� a� = � ��) 28)� L"�R

Ŷ = Y� + a� Y� + a� Y�,

Ad(exp( �

a�
Y�)) �E,�8? �� a� �= � ��) � --��>* �Ej& a� Y� + a� Y� �� �� [�+ Ad(exp( �

a�
Y�)) �E,�8? �� a� �= � ��)

��E/ RE�)�1 Y� �� a� = � ��) � ��E/ RE�)�1 μY� + Y� Y8-�/ [�+ ��
�� eE?�? �� a� = � � a� �= � 0)�� Ad(exp( �

a�
Y�)) �,) �� Y� + a� Y� [�+ 5a� �= � 5a� �= � � a� = � 0)�� ��)

�RE/>* Y� � Y� + Y� Y8�� Y-�/ 0��[�+
Y� �� a� = � 0)�� � Y� + Y� �� a� �= � >2Z� Ad(exp( �

a�
Y�)) �E,�8? �� a� �= � 0)�� a�, a� = � �� �E& >M�)�� -

�RE/>*
0���B ��( () ��E�� Y�Q2/- i� ^�)����� �-��>* \=�; Y� #S�; ���? a� = � � a� �= � 5a� = � �� �E& >2E%f� -

��29� Y)�.S- 0���S�3/) λ � μ 5δ 5γ 5β 5α �� - �� -��>* \E37? ��( 0��)-�� () 0�%�m

�) Y�, �) Y� + Y�,

�) Y�, �) Y� + αY�,

�) Y�, �) Y� + β Y�,

�) Y�, ��) Y� + γ Y�
	) Y�, ��) δ Y� + Y�,


) Y� + Y�, ��) Y� + μY� + λY�.

�


���5�, ;B��'� 4 &

�� Flg� -�* Y�Q2/- �� ����2* # 0�J+ >�%�H ^3$* 0�J+ ���)�; �� 0)�Mc& AD��B? >�--)�2*) >%EB] RE$%?
#/) #E=�1 ^�) 0))- g 0)�Mc& \��B? () g(n) : Jn −→ Jn [)−n �8 B?�* -)�2*) �--��>* �P�* 0-�1�� AD��B?

�-�Q&>* >I��B? p��? �8 2+�� -)�2*) )-�$& �� ) >%��? �� �8 2+�� -)�2*) )-�$& ��

0�J+ Y���� ��*�&>* n �8 B?�* () ���)��' ��%@� i� Ψ : Jn −→ Jn >%f�* R9E+�*�E@�- 25��6� �2+2�
����� 0-�1�� [�+ �E& Ψ∗θ Y�Q&� ���� 0-�1�� [�+ θ ��) �� [��@* ^�) �� ���$& �@; ) 0-�1�� 0��[�+
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�u ��(V
% �:��;� �Z�f

U�V.� �{K�5 KK5 
L| ��29� �/��� � >IEIg?iE&�3* 5iE26)� - >&)�)�+ 0��-���� 0))- 0-�1�� AD��B?
#g? 5>S 0���2+�� d�/) �� ���29� >$�* 0��-���� 0))- 0-�1�� AD��B? C�) �8 B?�* >�� \E9&)�@�- Ab-�%* -
\c2�* C�) �8 B?�* \E9&)�@�- �8 S-�%* i� �� C�) �8 B?�* \E9&)�@�- �8 S-�%* �� Fd�$* �� C�) �8 B?�*H 0-�1�� AD��B? �,)
) >?b-�%* ^E�� () �? �- �� Y�D%� ��&��>* Y-�� [�- Ab-�%* 0���)� �� �E& �ES�) Ab-�%* 0���)� � --��>*
�8 B?�*H 0-�1�� AD��B? Y��� �-�$& \��B? Ab-�%* ^�) () �Q�- �S-�%* i� �� �)�?>* e/��* 0-�1�� \��B? i� ��
�� ��� "E6 ^�� - >%EB] C)�8/ ^�) #/) ^3$* ����>* \$! C�) �8 B?�* Ab-�%* �8!�$P* �� 0�%2* A�= �� FC�)
���� \$! ���7* :��] �� �?b�� e?)�* \E9&)�@�- Ab-�%* �� �� -�� -� �� �)�?>* ) AD��B? () >���7* �8 ��j& ���

�� � #+�� '�29� 0-�1�� AD��B? 0��)-��& �8 ��j& �� C)�8/ ^�) 5>S h/�? �2+�� A�= >/�/) 0���� ��
x-�� )�E6 -�$& ��( Ab)�8/ A�=

>Z�� )-��& AD��B? ^�) #g? �?b�� e?)�* >/�$* #E=�1 �� �&)- -� � 0-�1�� AD��B? () �Ek >?D��B? ��� m

��&�$�

��&��N6>* 0-�1�� AD��B? () �Ek >?D��B? 5i� () �27E� �8 B?�* �� >�� \E9&)�@�- Ab-�%* ��� mK

C�) C)�8/ �/�6 �� -( d�; >S �-�$& >+�%* ) ����2* AD��B? � \; \*�� �] �� ) �� � -)- �/�6 [�- C)�8/ �� >S
i?H \��B? �� �� -)- ��7& �) pZ)� - �-�$& #��, ) �?b�� e?)�* >c27* AD��B? -� � [�! d�; ��I3� � #/) >@�*
��E� �EJZ ^�) \=) �*)-) - �#/) 0-�1�� >I��B? 5���$& �@; ) �?b�� e?)�* 0)�� �-�� d�$* q�� �� F0)�c*

��� ��)�1
0)�� �E& ) Jn 0� 0-�1�� AD��B? 5-)- -)�2*) �)�?>* 0-�1�� AD��B? �� ) 0)�Mc& AD��B? �� �&����$�

�-)- -)�2*) �)�?>* Jn+k �� k > �

=$−(n + k) +, ;�
� $�?�$ ��/�% =$−n +, ;�
� ��(V
% ���;� !� Ψ(n) : Jn −→ Jn 4��6 N
� 2���A, �2+2�
πn+k

n ◦Ψ(n+k) = Ψ(n) ◦πn+k
n i
/ � +6 �	$ Jn+k 
% �
<%
�P�� ��(V
% ���;� 0Ψ(n+k) : Jn+k −→ Jn+k

��	$ 
�(�� �/�H� πn+k
n : Jn+k −→ Jn �.��$ � ��	$ j�M

� ��E�� G�  {��| �� A�B,) ���- 0)�� T>�@B�

Y-�@2/) ��c? ig* () R� (�� 5RE�� ��E� 0-�1�� AD��B? 0)�� �� ^�) ) i��� #����E� 0���S�* RE�)�.� ��)
5n �8 B?�* Y�Q2/- i� 0)�� lg� -�* >I=) �I@E�* ��� pZ)� - �RE��>*

Δν = �, ν = �, · · ·m

#/) ��( >I� [�+ 0))- i��� #����E� 0-�1�� �S�* i� 5#/) Jn # 0�J+ 5\E9&)�@�- Ab-�%* ()

w =
p∑

i=�

ξi(x, u(n))
∂

∂xi
+

q∑
α=�

n∑
#J=j=�

ϕα
J (x, u(n))

∂

∂uα
J

,
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���"� �f ��� �t

�#/) #J = k C�] �� �&����� ���&) i� J = (j�, · · · , jk) � ��29� Y)�.S- D� *�� ϕα
J � ξi e�)�f �� >2Z�

�RE�->* �,) Y�Q2/- �� ) w ��$Ec29* ��c? ^2+��ig* - � #9E& >�--)�2*) �� 0(�E& 50-�1�� ��c? �8 B/�g* 0)��
�� >2Z� hc+ � >2Z� #/) ��N* Y�Q2/- ��c? i� w pZ)� -

w[Δν ] = �, ν = �, · · · ,m, Δν = � �� >2Z�

�-)�& -� � e�)�f ^�) �� #B9& 0-)(� �E}2* � #/) �9E* \BZ ".� - Y�� ��� '� ��$� �� e�)�f ^2+��
Ab-�%* �8 %S�M* 0)�� �� () � #/) >&�c? AD��B? G)�&) () >� �? eS� pE/�? ".� ���& 0-�1�� \��B? <��%?
�&�� ^�) �� �&)- -� � 0-�1�� AD��B? () 0-)�* 0)�Mc& AD��B? o�] �� >S� 5-�$& Y-�@2/) �)�?>* \E9&)�@�-

x#/) [�/�* ��I3� �� R�* �8PE2& ^�) ��&��>* �21�/

!� )$ �$�?�$ ��(V
% ���;� 
� A�H�� 0q > � `�/�% ��� )$ 
?��% +?*%$� ���
�g?� $�8� 
1$ 2 �DF �2+2�
�M�# �$+J"� �:��;� )$ +6 ���$ (��  �$ +, ;�
� ��(V
% �:��;� ��(M 2�$ � q = � 
1$ ��	$ �$+J"� ���;�

��	$  �$ +, ;�
� ��(V
% ���;� !� $�?�$ n +, ;�
� ��(V
% ���;� 
� ��$ 0��(/���

� �#/) Y�� Y-�� {�L5 
L| p )�* - \EV@? �� �EJZ ^�) A�B,) T>�@B�

xR��E�>* �j&- 5F#/) Y�� Y-�� #/�E6 - �H #/) {�t| p �* () �2+���� �� ) ��( C��* �&�$& �)��! ��

#/) Y�� \=�; >�)-�� �* �8 S-�%* () �2*)�6 �EE}? �� �� R��E�>* �j&- ) ��( 0-�! \E9&)�@�- �S-�%* 2(�G# $2+2�
-)- Ab�E/ i��E+ - 0-��( -���� �

n ·
(
dk
dt

− k
)

= �,

-�* - �� �_&� ����� �����>* �E21) R� () ) �����-�c* � �&)- >Q29� t y�* (�+ �� n �= � � k p�)�? �� - ��
0-�1�� \��B? i� >I� [�+ RE&)�?>* 5#/) J�(R,R�) # 0�J+ lg� -�* 0�J+ ��� 5RE2@� 0-�1�� AD��B?

RE�� ��+ ��( A�= �� )

t̄ = φ(t, ki, nj , qr, ps), k̄l = χl(t, ki, nj , qr, ps), n̄m = ψm(t, ki, nj , qr, ps),

q̄n = ηn(t, ki, nj , qr, ps), p̄u = ζu(t, ki, nj , qr, ps),

() i��� #����E� �S�* i� ���29� >�)�.S- )�$� p�)�? φ, χl, ψm, ηn, ζu � � ≤ i, j, l,m, n, u ≤ 
 �� >2Z�
#/) ��( >I� \3� 0))- 0-�1�� 0����c?

v = T
∂

∂t
+

�∑
i=�

[
Ki

∂

∂ki
+Ni

∂

∂ni
+Qi

∂

∂qi
+ Pi

∂

∂pi

]
,
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�r ��(V
% �:��;� �Z�f

>�--)�2*) �� 0(�E& 5�� Y-)- z�� D� BZ �� �&�� ��$� ���29� Y)�.S- � )�$� T,Ki, Ni,Mi, Qi, Pi p�)�? �� >2Z�
�� RE���>* - 5�S-�%* �� v �-)- �,) �� �#9E&

∑
i

[ni (Qi −Ki) +Ni (qi − ki)] = �.

R��� #/�� �1� �8 S-�%* () � n� �= � �� RE�� ��+ RE&)�?>* n �= � ���

K� = Q� +
�

n�

[ ∑
i=�,�

ni (Qi −Ki) +
∑

j

Nj (qj − kj)
]
.

�@= ) >c��* � �@= �Ek ) p�)�? () >3� �� ��H () ��?�B! �S-�%* ^�) 0)�� 0-�1�� i��� #����E� 0���S�* ^�)�����
FRE��>* ��+

v� = T
∂

∂t
, v� = K�

( ∂

∂k�
− n�
n�

∂

∂k�

)
,

v� = K�

( ∂

∂k�
− n�
n�

∂

∂k�

)
, v� = Q�

( ∂

∂q�
+

∂

∂k�

)
,

v� = Q�

( ∂

∂q�
+
n�
n�

∂

∂k�

)
, v� = Q�

( ∂

∂q�
+
n�
n�

∂

∂k�

)
,

v� = N�

( ∂

∂n�
+
�

n�
(q� − k�)

∂

∂k�

)
, v	 = N�

( ∂

∂n�
+
�

n�
(q� − k�)

∂

∂k�

)
,

v
 = N�

( ∂

∂n�
+
�

n�
(q� − k�)

∂

∂k�

)
, v�� = P�

∂

∂p�
,

v�� = P�
∂

∂p�
, v�� = P�

∂

∂p�
.

g = 〈 vi : i = �, · · · ,��〉 � #/) ��E� \��Z 0)-�� 0���)�E* ^�) >M1 eE��? e9; �� �� vi () �? �- �� >S �8����
C�� - �����P�� �8$� \*�� #9ES � #/) �j& -�* �8 S-�%* 0����c? >S Y��� () i��� #����E� 0���QI$! >S �B 

�#/) Y�� �=D1 ��(

g 0-�1�� i��� #����E� 0���S�* >S ����� �s C�� 
[ , ] vi vj

vi � vi + vj

vj −vi − vj �

0���)�E* >I� [�+ ��$� () �� - 5#/) b�� 0)-�� 0���)�E* [�+ �� >?�B! 0))- ����� \=�; �� >2Z� C�� ^�) -
� �#/) Y�� Y-�@2/) n�+ 0)-��

0��'�� �� �� ��29� >���R9E+�*�E@�- AD��B? () G�& ^�) ���29�" >?�%@� 50-�1�� AD��B? () �?>I� #S�;
>��� jkS : M −→ Jkπ � π : E −→ M oD� () >��� S RE�� ��+ ��&��>* <��%? [)−k �8 B?�* # 0�J+
) �&N�>* θk () �� Lk

S 0��o)�� 5θk ∈ Jk ��) �R��E�>* �j&- jkS '�� o)�� ) Lk
S ����� Jk = Jkπ ()
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���"� �f ��� ��

��7& Cθk
�� 5-��>* \=�; ��o)�� ^�) () Tθk

Lk
S 0���J+��( �8$� h/�? �� ) Tθk

Jk () >��J+ ��( �R��E�>* �j&-
�&��>* �ES�? ��( 0)-�� 0���)�E* h/�? Cθk

���*�&>* 	����� .��)� � ���->*

Xj =
∂

∂xj
+ ui

j

∂

∂ui
+ · · · + ui

j�···jk−�j

∂

∂ui
j�···jk−�

(j = �, · · · ,m), Y =
∂

∂ui
j�···jk

.

��( [�+ �� {
r| ��I3�m>S �� >S AD��B? () i��� #����E� �QI$! �{sr| ����>* �@; ) ��?�� p�(�? >S AD��B?
#/)

ξj ∂

∂xj
+ ηi ∂

∂ui
+ ηi

j

∂

∂ui
j

+ · · · + ηi
j�···jk

∂

∂ui
j�···jk

+ · · · ,

0��oD� - Y)�.S- )�$� p�)�? ηi
j , · · · , ηi

j�···jk
, · · · � �&)�29�)� � \c29* 0���E}2* () Y)�.S- )�$� p�)�? ξj , ηi e�)�f ��

xR�)- >S AD��B? 0)�� ) ��( >I� �8 EJZ ���29� �� Jkπ # 

m > � 
1$ ��	$ ��(V
% ���;� !� $�?�$ �R ���;� 
� 0�/�% m = � 
%$
% �DM$ �D<��� �8% 
1$ 2 �DF +2+2�
��	$ �$+J"� ���;� !� $�?�$ �R ���;� 
� A�H��

� ��E�� Y���7* ) {sr| p �* �EJZ ^�) A�B,) 0)�� 2>�@B�

�� i��� #����E� �S�* >*�$! [�+ ��- �� #/) C�) �8 B?�* 0-�1�� AD��B? 50-�1�� AD��B? () >=�1 #S�;
--��>* ��E� C�) �8 B?�* # 0�J+ 0���E}2* e9;

v = ξi(x, u)
∂

∂xi
+ ϕα(x, u)

∂

∂uα
+ χα

i (x, u(�))
∂

∂uα
i

,

�E& � >�*��m^*�I� 0(�/>M1 �EJZ - >$�* "c& ����c? () G�& ^�) �#/) xi �� #B9& uα :27* �� uα
i ��

�F�E�EB� ) {�L| R7� \V+ C��* 0)��H ���>* 0(�� 0�S�SN� >�� A�c27* �� Ab-�%* 0��N6C)�Q2&)

C���� ;B��'� 6 &

- <3E&��(�) h/�? � #/) ��c? �8 ��j& ��� 0��-��2/- () �� RE��>* Y��) R�* AD��B? () >3� �� ".� ^�) -
Y�� 0)N����6 ( )R� Y��� [��@* d�/) �� �) -��2/- �#/) Y�� >+�%* >�� \E9&)�@�- Ab-�%* 0)�� {sK| p �*
Y�Q2/- � ��&� 0��:27* 5p�)�? 5\c29* 0���E}2* () �2+��'�29� 0�J+ �� �� #/) >S AD��B? () >���� �� #/)
�j&- ) ��( Ab-�%* Y�Q2/- �RE��>* Y-�@2/) >S R2��QS) () Y��� ^�) �8 B/�g* 0)�� �--��>* <��%? lg� -�* >I=)

R��E�>*

Δν(x, u(n), f(z)) = �, ν = �, · · · ,m, Ft�K H
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�L ) �$4� �:��;� �]�f

u(n) � ��29� �29�)� � \c29* eE?�? �� 0���E}2* Y8���- ��7& u = u(�) = (u�, · · · , un) � x = (x�, · · · , xn) �� - ��
f(z) = (f�(z), · · · , fn(z)) Y�D%� �#/) n �8 B?�* �? ���)�; \c29* 0���E}2* �� #B9& �29�)� p�)�? 0��:27* �Q7��$&
�_�&M ) f i(z) p�)�? �#/) x, u, u(�), · · · , u(n) 0���E}2* () >V.7* �8!�$P* z = (z�, · · · , zs) () ^E%*�& >%�)�?

���*�&>* ��)I"�

x̄ = [�+ �� F��N6d�3%*H Y�E��B?�& 0�E}2* �EE}? Ft�K H Ab-�%* 0)�� � ���� ��%@� () �j�* 25��6� �202�
x���$& \��B? �� �� ��93� >��Q2/- �� ) Ft�K H Y�Q2/- �� #/) x̄(x, u), ū = ū(x, u)

Δν(x̄, ū(n), f̄(z̄)) = �, ν = �, · · · ,m,

������ z = (z�, · · · , zs) () f p�)�? () A��@2* z̄ = (z̄�, · · · , z̄s) () f̄ p�)�? #/) ^3$* �� - ��

�� � ���� ���%")# �� ( )R� AD��B? () �2/�E6 Y��� ����->* \E37? Y��� i� ()R� AD��B? �8$� �8!�$P*
�&��>* >+�%* ��( A�=

Y = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
+ · · · + μk(x, u(n), f)

∂

∂fk
. Fr�K H

�QI$! �,) Y�Q&� ���� u(�), · · · , u(n) 0��:27* () >1�� \*�� z ��) �� #/) �� �Q&�7& A�B! ^�) - ^E��Mc& AD$ 
�����>* '�29� ��:27* ^�) �� F>�-)�2*) 0��C�*�+ �� � �? ��H Y >IE9&)�@�-

xRE�->* ��7& Z � X �� eE?�? �� ) �g@=−(z, f) � �g@=−(x, u) �� Fr�K H �QI$! ���V?

X = pr(x,u)(Y ) = ξi ∂

∂xi
+ ηα ∂

∂uα
,

F��K H
Z = pr(z,f)(Y ) = λσ ∂

∂zσ
+ μk ∂

∂fk
.

#/) 0�%� #����E� ��N* Y��� �� R���>* � �2* Ft�K H Ab-�%* Y�Q2/- 0)�Mc& ��c? Y��� �8 B/�g* �� A�Z�) >���
- �--��>* ���� i��� #����E� 0���S�* e�)�f - ��c? ig* () Y-�@2/) ���� #/) >�)�.S- p�)�? �]�1 �� ^�) �
~.7* 0)�Mc& ��c? >S �B �=��! () >1�� �&-�� ^E%* Y)�.S- p�)�? �� >=�1 0��#S�; - ���? -)�* �&�� ^�)
#+�� >&�c? >S �B () �%� >���2* 0�B ��( pZ)� - `��&�*>* >Z�� [���) () 0)�S�� - ����c? () 0�E9� � �&��>*

�RE��>* >/�� ) Y��
>3� ���- �PE2& ) >$� 0����c? � ���� �2�)- 0)Y-�/ \3� 0)�Mc& ��c? >S �B #/) ^3$* 5�Q�- o�] ()
�,�8* �E9� Ft�K H Ab-�%* 0��Y�Q2/- 0����2/- �E& � �27E� 0)�Mc& 0����c? ^EE%? 0)�� �� 0��� 0��'� ()
�2�)- f p�)�? 0)�� >=�1 h�)�� ��) #9.& '� ^�) () Y-�@2/) 0)�� �����>* ()R� AD��B? () Y-�@2/) 5���>* \$!
5-)- >Q29� f p�)�? <��%? \3� �� U�1 h�)�� ^�) `RE/�� 0��� Y�Q2/- �� �? RE�)�+)>* Y�Q2/- �� R� )�&� RE���
>=�V.� �8 B?�* �?H ) �� -)�2*) � �2+�� �j& - ) Fr�K H >I� [�+ �O/ �#/)-��& 0�E}2* �� #B9& �� ^�) D� �*
50-�1�� �� 0)�Mc& 0����c? '� ���7* � RE�->* �,) ��� Y�Q2/- �� F#/) Y�� <��%? �� - >I=) Y�Q2/- ��
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���"� �f ��� sv

0����2/- '� () �� () �6 �RE�->* �*)-) ( )R� 0����c? �8$� ^2+�� �? ) �S�89* F>S R2��QS) () Y-�@2/) �� >�%�H
�RE��$&>* Y-�@2/) �j& -�* Y�Q2/- Ab-�%* 0����2/- �PE2& - � >S 0��Y�����( 0����cB] 0)�� >S 0��Y���

( )R� �B () >M�)�  h/�? g >I=) >S �B 0��'�29� () 0�E9� 5AD��B? Y��� �ES�&� 0��-���� () 0�E9� -
Y��� �� #B9& ( )R� �Ek Ab-�%* 0����2/- ��&��7* >I=) >S �B ^���,−E �� ��'�29� ^�) ��&��>* #+�� gE
( )R� Y��� ��) �#/) o��%* ���, ��#%
# �%&' ��� �� >I=) >S �B '�29�−E () Y-�@2/) �� GE ( )R� AD��B?
F���� ��� ��3*) �; �? ��H ) 0�%� >���2* >S �B ��( A�= ^�) �Ek - �RE�->* �*)-) �� �� ) �� ���� �%� >���2*
0����2/- () �6 �RE�->* [�P&) ) Y��� >?�*�c* 0��� �2/- �� d�/) �� � R��E�>* �j&- �%� >���2*�& >S �B ()
xR��E�>* �j&- {
�| R2@� ".� () ) ��( 0��Y)�� �RE�->* \E37? 0����2/- �=��! () ) Z � X 0�����V? ��N*

i = �, · · · , s, � < �$
% Ai 
1$ ��/�% ��8%−m �R
;� !� gm = 〈Yi : i = �, · · · ,m 〉 4��6 N
� 2���A, �202�
i = �, · · · , t, � < t ≤ s, t ∈ N �$
% Zi � �/�% gm )$ ��8%c� �R ���
;�
�) )$ �$+���% A�H?	 s ≤ m, s ∈ N

A�H�� 0�/�% $���� Zi +, ���% A�H?	 +% �;*� f = f(z) �U�8� 
1$ ��(M 2�$ � 0Zi = pr(Ai) ��8� �/�% Ai 
�(��
�U�8�

Δν(x, u(n), f(z)) = �, ν = �, · · · ,m,

�(% ���$(V (x, u) 
% Ai 
�(�� ��8� X i ����"� A�
1 �$�$

�U�8� A�H?	 4��6 N
� 2���A, �202�

Δν(x, u(n), f(z)) = �, ν = �, · · · ,m,

�

Δν(x, u(n), f̄(z)) = �, ν = �, · · · ,m,

��R(� �R ���
;�
�) 
1$ ���/�% A�/ 7�
8� Z̄i � Zi ^��
� +% +, ���% ���A�H?	 +% �;*� � �;O A�$T1 ��-:X$ k�	$ 
%
���R�8� Gm ) �$4� �:��;� A�
1 +% �;*� j(� A�H?	 � A�H�� 0��/�% ��*�� gm +% �;*� Z̄i � Zi [	(� A�/

>S �B �� #+�� �)�?>* Zi ��E�� Y�Q2/- 0)�� ) Ft�K H Y�Q2/- ()R� �Ek Ab-�%* �8$� 5Y)�� �- ^�) () Y-�@2/) ��
�-��+) � gn 0)�Mc& 0����c? >S �B ^2+�� �j& - �� �g >I=) >S �B () gE '�29�−E () #/) A�B! �� >&�c?
() 0�27E� 0����c? ���>* #/�� �g@=−(x, u) �� �� Zi () >3� ���V? �� �� �� 0���S�* �� X(n+�) �QI$! i�

�--��>* �P�* p�)�? ^�) d�/) �� 0����cB] � f p�)�? [�+ �� �� ���>* #/�� Ft�K H Y�Q2/-

^E+ >M1 �Ek �8 S-�%* �8 %S�M* �� 2(�G# $202�

ut = [E(u)ux]x + h(x)u
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s
 ) �$4� �:��;� �]�f

#/) ��( [�+ �� �� i��� #����E� �QI$!

Y = ξ�(t, x)
∂

∂t
+ ξ�(t, x)

∂

∂x
+ η(t, x, u, E, h)

∂

∂u
+ ϕ(t, x, u, E, h)

∂

∂E
+ χ(t, x, u, E, h)

∂

∂h

() #/) A�B! ��� Y�Q2/- �� >S�; -

ut = [E(u)ux]x + h(x)u, Et = Ex = �, ht = hu = �.

-�� ��)�1 ��( \3� �� �E& Y -)�2*)

Ỹ = Y + ηt ∂

∂ut
+ ηx ∂

∂ux
+ ηtt ∂

∂utt
+ ηtx ∂

∂utx
+ ηxx ∂

∂uxx

+ϕt ∂

∂Et
+ ϕx ∂

∂Ex
+ ϕu ∂

∂Eu
+ χt ∂

∂ht
+ χu ∂

∂hu
,

�� - ��

ϕj = D̃j(ϕ) − Et D̃j(ξ�) − Ex D̃j(ξ�) − Eu D̃j(η),

χk = D̃k(χ) − ht D̃k(ξ�) − hx D̃k(ξ�) − hu D̃k(η),

R�)- l = t, x, u 0)�� ^E�_$� � k = t, u � j = t, x �� >2Z�

D̃l =
∂

∂l
+ El

∂

∂E
+ hl

∂

∂h
.

RE/>* F�299� AD��B? �� Y)�$�H ��( 0���S�* �� g >���2*�& 0()R� AD��B? Y��� �� >S R2��QS) 0)� ) () �6

Y� =
∂

∂t
, Y� =

∂

∂x
, Y� = u

∂

∂u
, Y� = x

∂

∂x
+ �E

∂

∂E
, Y� =

∂

∂u
+
h

u

∂

∂h

0���S�* �� ) g� >S�B ��( 5n�+ - Y�� Y-)- z�� '� :��M* � #/) �%� >���2*�& g 5Y)�.S- F = F (E) 0)�� ��
R��E�>* �j&- ��(

Y� =
∂

∂t
, Y� =

∂

∂x
, Y� = �t

∂

∂t
+ x

∂

∂x
− �h

∂

∂h
, Y� = euE

∂

∂E
.

#/) ��( A�= �� ^E+ �S-�%* 0�%�m
 0���B ��( () ��E�� Y�Q2/- i�

Y�, Y�, Y�, Y�, Y�, Y� + Y�, Y� + Y�,

Y� + αY�, Y� + βY�, Y� + γY�, δ Y� + Y�, Y� + μY� + λY�,

() ��?�B! �g*−u � �g*−x �� #B9& ��&� �@= �Ek ����V? �

Z� =
∂

∂x
, Z� = u

∂

∂u
, Z� = x

∂

∂x
+ �E

∂

∂E
,

Z� =
∂

∂u
− h

u

∂

∂h
, Z� =

∂

∂x
+

∂

∂u
− h

u

∂

∂h
,

Z� = x
∂

∂x
+

∂

∂u
+ �E

∂

∂E
− h

u

∂

∂h
, Z� = γ x

∂

∂x
+ u

∂

∂u
+ � γ E

∂

∂E
,

Z	 = δ x
∂

∂x
+ u

∂

∂u
+ � δ E

∂

∂E
− h

u

∂

∂h
.
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'� :��M* �� X(�) () i� �� �-��+) �� 5#/) g� = 〈 ∂
∂t 〉 ��)�� ^E+ �S-�%* 0)�Mc& ��c? Y��� �� eIM* ^�) �� RI! ��

D� �* ����>* #/�� ^E+ �8 S-�%* () 0)0����cB] �E& � ( )R� 0����c? �E1) 0��Y)�� d�/) �� � g� �� n�+ - Y�� �2@�
� �X(�) = ∂

∂t + αu ∂
∂u R�)- Z� 0)��
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� ���

����� ����
���� ������

�)��! #g? {
v| �8 S�c* - �� >9� 5�� ��E� ��?�� >S) h/�? > �1 >IE9&)�@�- Y�Q2/- ��� �8 ��j&

�"��� ���#����� �(� �� �)��* +�,���-�# ���	� !"#

[�& �� {K
|�S�/ - �I�� ^E�_$� �#/) �21)-�6 R�* ^�) �� #/) Y�� ��� 
Lsu C�/ - ��

��./+�,���-�# ���	� !"# �0 ��(� �# ���"

Y���- 0)�29 �� �,� �� G�f�* ^�) �E& )��E1) �#/) �2�)- G�f�* -�B7E6 - >�)�9� "c& #1�/ �7�* 
L�r C�/ - ��
�)��! #g? {r|�E@��� � #E$��I� 5�&-�� 5��� 5#&��)�� 4�27* ��2� �,� ^�) ^��2$�* () >3� �#/) Y��-�� �E;)
#/) A�V2.* () �� � >/��� 0-��2/- > �1 \E9&)�@�- 0��Y�Q2/- �8 ��j& �#/) > �1 \E9&)�@�- 0��Y�Q2/-
#S�; > �1 \E9&)�@�- 0��Y�Q2/- �8 ��j& #cEc; - �-��>* Y-�@2/) \E9&)�@�- Ab-�%* \; � 0���C�*�+ 0)�� ��
0��Y�Q2/- �j�* () �-�E�>* )�Z Y-�@2/) -�* \E9&)�@�- Ab-�%* >/�� 0)�� �� #/) ��?�� 0()R� �8 S�89* () >=�1
0� >IE9&)�@�- 0��[�+ () \372* > �1 0���B >IE9&)�@�- 0��C�Y��) �� \E9&)�@�- Ab-�%* 5> �1 \E9&)�@�-
^�)����� ��&����? - ��C�Y��) ^�) C)�Q2&) 0���I@E�* �� \E9&)�@�- Ab-�%* 0���)� � �&��>* ^��Q�� �I@E�* i�
U�V.� � iE&�3* � \E9&)�@�- �/��� - �� >IE9&)�@�- 0��Y�Q2/- �8%S�M* #� > �1 \E9&)�@�- 0��Y�Q2/-
\E9&)�@�- 0��Y�Q2/- i$� �� �� >?�!�f�* ^��?R�* () �#/) e/��* �E9� ����>* -� �� >/��� C�2�� �8 ��j& -
5���I@E�*��( 0����2/- �iE/D� \3� �EE}? 5>&�$� �8/��� - >%f�*i��2*���) ��&�7& \a�9* 5#/) Y�� �%S�M* > �1
0)>�k 0�B 0)�2g* ���j& ^�) �#/��&� 0��)-��& � >&�$� ��( 0���21�/ �8%S�M* � ���21�/−G 0()R� �8 S�89*
\E9&)�@�- Ab-�%* 0��Y�Q2/- >/��� 0���C�*�+ -"��$& ���j& � > �1 �B () �� #/) 0)�1�� #cEc; - �� -)-
�� #/) �I��m��?�� �8 EJZ � d�E����+ �8 EJZ - G�f�* d�/) ����>* 0)-��Y��� >IE9&)�@�- 0��C�Y��) �)��! ��
m��?�� �8 EJZ �#/) >39S)��m>��� �EJZ � >S�$%* \E9&)�@�- Ab-�%* Y�Q2/- >��23� � -� � �8 EJZ T��2& () -�1
5i��2*���) ��&�7& �8 S�89* ��&�* 5)�$� 0�Q?�� - >=�V.� >Ia�9* � Cω dD� () 0��Y�Q2/- 0)�� ���? �I��
dD� () 0��Y�Q2/- 0)�� > �1 \E9&)�@�- 0��Y�Q2/- ���j& >IEIg? �8 B� �#/) )�Z�� 0�S�SN� G�& () >���Y�Q2/-

s�
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����V ��*�$
<� A�H?	 �> ��� ss

m>��� �8 EJZ �� #/) Y-)- ��7& 5{Kt| -�1 �8 S�c* - 0�S �&�� �2BS) ��&)Y�&�* >Z�� (�� \a�9* �)��! �� ���_$� C∞

Y��-�Q& A�B,) (��� �I�3���?�� �8 EJZ 0)�� R3; ^�) �� >S�; - 5���B& )�Z�� )�$� R29E/ 0)�� #/) ^3$* >39S)��
�#/)

��7�� ���(# � )

� )�$� 0�I@E�* M �� - �� #/) (M, I) ��&�* >B?�* #@ ���� ��������� ������ i� 25��6� �2�2�
> �1 \E9&)�@�- �� #B9& �� #/) M 0� >IE9&)�@�- 0��[�+ () Ω∗(M) �8cI; () y�* C�Y��) i� I ⊂ Ω∗(M)

�dφ ∈ I Y�Q&� φ ∈ I ��) >�%� 5���� �29�

0���I@E�*��( W��7? �8 S�89* �� -)- -� � (M, I) [�+ �� > �1 \E9&)�@�- Y�Q2/- i� - �� >2E�)N ^��?R�*
�2�)- φ ∈ I �� 0)�� �� [��@* ^�) �� 5���� �@= N �� I �=��! >*�$? i�mC�6 �� >&�*( `--��>*�� f : N −→M

�RE*�&>* I (������ ���%C��&# ) ���I@E�*��( �&�� ^�) �f∗φ = � RE���
0)>/��� �8 S�89* �)� ��&� C)�Q2&) �I@E�* �� �&��>* �21�/ 0�] > �1 \E9&)�@�- 0��Y�Q2/- �27E� \$! -
��) �#/) I 0���S�* ��E� (M, I) > �1 \E9&)�@�- Y�Q2/- ^EE%? - C�$%* '� �RE�� �%S�M* RE�)�1>* �� ����

#/) ��( [�+ �� �=��! () \372* 0)�!�$P* ��@� (��%�� () �j�* 5φ�, · · · , φs ∈ I

φ = α� ∧ φ� + · · · + αs ∧ φs

--��>* <��%? ��( \3� �� �E& C�������� (��%�� �-��>* Y-)- ��7& 〈φ�, · · · , φs〉alg �� ��

〈φ�, · · · , φs〉 = {α� ∧ φ� + · · · + αs ∧ φs + β� ∧ dφ� + · · · + βs ∧ dφs}.

φx �� ) x - φ ∈ Ωp(M) )�c* x ∈ M �� 0)�� �-��>* Y-)- ��7& Ip �� I ∩ Ωp(M) >�%� 5I y�* ".� ^E*) p
��&��>* Y-�@2/) ����2* RE��@* 0)�� Ip

x � Ix 0��-�$& �#/) Ωp
x(M) = Λp(T ∗

xM) () 0�J! �� RE�->* ��7&

R��E�>* �j&- ) >S�$%* \E9&)�@�- Ab-�%* () ��( Y�Q2/- 2(�G# �2�2�⎧⎨
⎩ y′ = F (x, y, z)

z′ = G(x, y, z)

��E� (M, I) > �1 \E9&)�@�- Y�Q2/- [�+ �� RE&)�?>* ) Y�Q2/- ^�) ���29�M ⊂ R
� �8 �*)- �� )�$� >%�)�? F,G ��

�� RE��

I = 〈dy − F (x, y, z) dx , dz −G(x, y, z) dx〉.

��29� ��( 0)-�� �)�E* C)�Q2&) 0��R1 pZ)� - I 0�%�m
 C)�Q2&) 0���I@E�* z�f� ��

X =
∂

∂x
+ F (x, y, z)

∂

∂y
+G(x, y, z)

∂

∂z
.
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�

M ⊂ R� �8 �*)- �� 0)�$� p�)�? 0)�� ��( G � F �� >�� \E9&)�@�- Ab-�%* Y�Q2/- ^2+�� �j&- �� 2(�G# �2�2�
��29�⎧⎨

⎩ zx = F (x, y, z)

zy = G(x, y, z)

RE��$& C�* ��( (M, I) > �1 \E9&)�@�- Y�Q2/- �� ) �� RE&)�?>*

I = 〈dz − F (x, y, z) dx−G(x, y, z) dy〉.

^�) �Ek - )��(H ����� >M1 \c29* ���� dy � dx 0��\E9&)�@�- 5I () N ⊂ M 0�%�mK C)�Q2&) �I@E�* �� ��
)-�$& �)��! �� >%f�* A�= �� �&)�?>* N ^�)����� �F�� ��)�1 \E37? �S-�%* i� ���? () n�+ Y�Q2/- A�=
� ��) #/) �@= �E& 0)-�$& ^E�� �� dz − F (x, y, z) dx−G(x, y, z) dy i�mC�6 �-�� Y-)- "��$& (x, y, u(x, y))

���� n-�= ��( Ab-�%* - u p��? ��) ���?

ux(x, y) = F (x, y, u(x, y)), uy(x, y) = G(x, y, u(x, y)), ∀ (x, y).

����� d�$* �� �� N () �Mc& �� - ��( 0)-�� 0���)�E* ��) ���? � ��) #/) I () >S)�Q2&) �I@E�* N �8 ��  ^$f -

X =
∂

∂x
+ F (x, y, z)

∂

∂y
, Y =

∂

∂y
+G(x, y, z)

∂

∂z
.

� �#/) Y C)�Q2&) 0��R1 � X C)�Q2&) 0��R1 () >!�$2 ) N ^�)����� �

u : M −→ S� ⊂ R� � x : M −→ R� � M = R� × S� RE�� ��+ 23[� Y����&�� ��� �� �4 (�G# $2�2�
`���>* \$! M �� >%EB] �] �� 0�%�m� >/�EIZ) 0�J+ 0��0�2*���) () G Y��� ������ M 0��\*�! �� ���V?
\*�! �- �� �� 0�MZ A�= �� �� >����)�- � ����>* �,) C�) \*�! �� ���? �� >���C�c2&) \3� �� �� A�= ^�) ��

�����>* �,)
A�= ^�) - 5���� )-#� 0)���  ι : N ↪→ R� ��) �R��E�>* �j&- ) θ = u · dx 0)-��&−G >*�+m

�� #B9& p �8Mc& - )-#� �;)� C�*�& ν(p) ∈ S� �� >2Z� f(p) = (ι(p), ν(p)) �8M��f �� f : N −→ M pE+�?
���V? �� θ () f : N −→ M 0�%�mK C)�Q2&) �I@E�* �� �3!�� �����>* θ () >S)�Q2&) �I@E�* 5#/) ι ^��$�)
� �#/) ι : N ↪→ R� >&�&�� )-#� �8 ��  () >%E+�? 5���� ^��$�) i� x ◦ f : N −→ R�

E8��� � F(% GH���,��% 
(�(I� & )

��*��S > �1 \E9&)�@�- Y�Q2/- i� �)��! �� >�� A�c27* �� Ab-�%* () Y�Q2/- i� ��� 0���C�*�+ �8 a)) �7E$�
> �1 \E9&)�@�- Y�Q2/- �� C)�Q2&) 0���I@�* �8 %S�M* 0)�� >3E�3? �� -�� ��)�1 �E@* \$! ^�) >&�*( �#9E& �E@*
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>�� Ab�%* Y�Q2/- () >2;) �� � ��� (�� C)�Q2&) 0���I@E�* �8!�$P* - ) 0�E9* �&)�2� �� ^�) � ���� d�2/- -
>2Z� iE�3? ^E29.& �RE��>* >/�� �*)-) - ) FG�& ^�) ()H >I=) 0��iE�3? () >1�� ����B& Y-�@2/) \��Z >I=)

����� ^3$* \3� ^��?Y-�/ - 0�B �j& () I C�Y��) �� #/) Y-�@2/) -�*

�� �$
% � I = 〈I�〉alg +6 �/�% ����V ��*�$
<� A�H?	 !� (M, I) +6 4��6 N
� 23`)�&'��*4  ! �DF �2�2�
x = (x�, · · · , xn+r) ���?F� A�H?	 p ∈M 
� �$
% A�H�� ��	$ p ∈M +,J"� )$ �"?*� r �%�l �- 
%$
% dim I�p

4�/�% +?/$ +6 �$ (�� U ⊂M �H��*��−p!� 
%

IU = 〈dxn+�, · · · , dxn+r〉.

������ �� ��%f�* I Y�Q&� 5���� #��, �� �8 B? � ���� Y�� �ES�? ��>*�+m
 h/�? 0�B A�= �� I ��) 5^./ �Q�- ��
�)��! �� x A�V2.* Y�Q2/- - >%f�* A�= �� I 0�%�−n C)�Q2&) 0���I@E�* >2S�; ^E�� - �#/) ( )R� LI�

�&)"��$& \��Z ��( [�+ �� 0��'��

xn+� = c�, xn+� = c�, · · · , xn+r = cr.

^�) Y�D%� �#/) n �%� () �� -)- )�Z C�$E9��* C)�Q2&) �I@E�*i� ��- I () ��B$� C)�Q2&) �I@E�* �� 5U�1 #S�; -
A�V2.* ^2+�� ��%Z)� #/) ^3$* �� R�)- � �? �����>* 0������ ) M �E�)�+ �I@E�* 5C�$E9��* C)�Q2&) 0���I@E�*

����B& ��/� 5���� n-�= d�E����+ �8 EJZ q�� - �� Y�� Y-)- I 0)�� x #.?
�{t| ���� -� �* Y-�/ >%f�* C�*�& [�+ �� -��>* q���* >2S�; �� �Q�- iE�3?

m�� ��
�c� ω � I = 〈ω〉 +6 �/�% ����V ��*�$
<� A�H?	 !� (M, I) +6 4��6 N
� 23]�*4  ! �DF �2�2�
2�$ � �ω ∧ (dω)r+� ≡ � �� �$
% +6 �/�% �P�PM �- 2�
�!Q(6 r ≥ � ���6 N
� 2��3�� ��/�% 
<M �.6
�H��*��−p!� 
% x = (x�, · · · , xn+�r+�) ���?F� 0�/�% 
<M 
�n ω ∧ (dω)r �� � +6 p ∈ M 
� �$
% ��(M

A�H�� r > � 
1$ � IU = 〈dxn+�〉 4�/�% +?/$ r = � 
1$ +6 �$ (�� U ⊂M

IU = 〈dxn+� − xn+� dxn+� − xn+� dxn+� − · · ·xn+�r dxn+�r+�〉.

��&� - �� p ∈ M q�c& �#�)- RE�)�1 ) d�E����+ �8 EJZ () >=�1 #S�; r = � �� >2S�; - �� R�)- � �?
��->* \E37?M - (�� 0)�!�$P* Rj�* q�c& �8!�$P* �RE�&>* [�& I C�Y��) �E&# q�c& ) #/) �@= �Ek ω∧(dω)r

�{t|
�8!�$P* - �� I () >S)�Q2&) �I@E�* R$����* �%� �� #/) �]�1 �)�� ^�) �#/) �?0�Z >��&) o�+ �8 EJZ #cEc; -
M - N � ���� C�$E9��* �%� �� C)�Q2&) �I@E�* ^E�� i� Nn+r ⊂M ��) ^�) �� Y�D! �#/) n+ r -�EQ� )�Z Rj�*

-�� W��7? ��( Ab-�%* h/�? N ∩ U �� -)- -� � x A�V2.* 5p ∈ N �� 0)�� Y�Q&� 5���� Y�� Y�&�7&

xn+� = xn+� = xn+� = · · · = xn+�r = �.
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Y�Q2/- x�, · · · , xn, xn+�, xn+�, · · · , xn+�r+� p��? n + r �� �Mc& �� >3�-�& - � U - C)�Q2&) �I@E�* �� pZ)� -
��( h�)�  h/�? 5����>* Y�2*)�6 ) >?�V2.*

xn+� = f(xn+�, , xn+�, · · · , xn+�r+�),

xn+�k =
∂f

∂yk
(xn+�, , xn+�, · · · , xn+�r+�), � ≤ k ≤ r

Y)�.S- p��? i� �� C�$E9��* �%� �� C)�Q2&) 0���I@E�* ^�)����� �-��>* \=�; f(y�, · · · , yr) e/��* p��? >1�� 0)��
�#/) �29�)� �E}2* r ()

>3E�3? 0��; �� R�()-�6>* iE/D� 0)�S�89* �� > �1 \E9&)�@�- Y�Q2/- �j�* () � C��* i� i$� �� �*)-) -
xR��E�>* �j&- ) �O*�m�&�* �8 S-�%* �#/) �E@*

zxx zyy − z�xy = �.

#/) ��( [�+ �� >����)� 0))- �� -�� >/�� >&�/� �� �)�?>*

z = u(x, y) = a x� + �b xy + c y� + d x+ e y + f

���? ����) Y,�)� () 0)�EJZ d�/) �� ���Z-�= �(ac − b�) = � q�� - �� ��29� >���#��, a, · · · , f �� - ��
�RE��>* �a)) �� () ) >?�B,) C�; ���29� xy �8g@= �8 �*)- �� 0���)� 

xyupq �8g@= �� I ��� >S�Y��) () C)�Q2&) �I@E�* i� �� �)�?>* ) �S-�%* ^�) () z = u(x, y) F>%f�*H �)� ��
�� - �� -)- '�29�

I = 〈du− p dx− q dy, dp ∧ dq − dx ∧ dy〉

= 〈du− p dx− q dy, dp ∧ dq − dx ∧ dy, dp ∧ dx+ dq ∧ dy〉alg.

>$9E+�*�E@�- Φ �6 �R��E�>* �j&- Φ(x, y, u, p, q) = (x, q, u−q y, p,−y) �8M��f �� ) Φ : R� −→ R� #��Q& C�;
R�)- � #/) R� �� )�$�

Φ∗(I) = 〈du− p dx− q dy, dp ∧ dy + dx ∧ dq〉.

h/�? �O*�m�&�* �8 S-�%* 0���)� �Q�- A�B! �� �#/) uxx + uyy = � �8 S-�%* �� hB?�* �E1) C�Y��) C�; ^E! -
0) Φ #g? ����2* C)�Q2&) 0�����  5�)� () �j�* �P�) - �-��>* \��B? dD6b �8 S-�%* 0���)� �� #��Q& ^�)

��2+)>$& 0)���  �� 0)�� ��*��S n�@?) ^�) ���29� >M1 \c29* dy � dx ��&� - �� ��29�
���>* n�= ��( �8M�) - �O*�m�&�* �8 S-�%* () >�)� �� ����2* N ⊂ R� C)�Q2&) �8 �� 

� = dp ∧ dx+ dq ∧ dy + i(dp ∧ dq − dx ∧ dy) = (dp+ i dy) ∧ (dx + i dq).

hI2.* >$1 �J+−xypq 0�2� N ���V? 5����� R� 0� hI2.* A�V2.* x + i q � p+ i y �� ^�) ��+ �� ^�)�����
���+�*�S�� >%�)�? x+ i q � p+ i y �� #+�� �j&- �)�?>* >MI2.* R1 �)��! �� ) N U�1 #S�; - �#/)
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�PE2& - � ��29E& �@= N �� dq−i dx � dp+i dy 0��[�+ () i� �E��6 ��29� >M1 \c29* N �� dy � dx ���
>cEc;".� 5#/) �@= �Ek N �� dx∧dy �� �P&� () �dp+i dy = λ (dq−i dx) �� -)- -� � N �� λo�*�S�� p��?
�6 5F#/) )�3? \��Z >@�* #S�; 0)�� >���7* '�H ���� #B�* λ >cEc; ".� RE�� ��+ ����� �@= �&)�?>$& λ

R�)- � |λ+ �|� > |λ− �|�

|λ+ �|�(dx� + dq�) > |λ− �|�(dx� + dq�) > �

��

|(dp+ i dy) + (dx + i dq)|� > |(dp+ i dy) − (dx+ i dq)|�

�PE2& - �

d(p+ x)� + d(q + y)� > d(p− x)� + d(q − y)�.

>�%� 5#/) o�] �- >%��* 0��[�+ ^EQ&�E* () �?��� �� o�] >%��* [�+ U�1 #S�; -

d(p+ x)� + d(q + y)� > dp� + dx� + dq� + dy� > dx� + dy�.

>%��* [�+ ^�)����� � #/) \*�� N 0� #/) o�] >%��* [�+ Y�Q&� 5���� Y�� <��%? �g@= >*�$? �� �)� ��)
#��Q& i� (p + x) + i (y + q) : N −→ C o�*�S�� #��Q& �� ^�) () C�; ����� \*�� N �� ���� �E& �� o�]
λ \���ES �8 EJZ i$� �� �#/) ( )R� >&�$� �8 ��  �)��! �� C �� N � Y-�� >��/�- o�*�S�� i� �6 #/) >7��6
� ��29� dy � dx () #��, e�)�f �� >M1 A�BE��? dq � dp �PE2& - ����� #��, ���� F#/) �8g@=RE& - ��-�c* ��H
� �#/) y � x () >%��* >%��? u ^�)�����

(��/0� @�� ) )

R��E�>* �j&- ) ��( �S�3/) � C�) �8 B?�* >�� \E9&)�@�- �S-�%*

F (x�, · · · , xn, u,
∂u

∂x�
, · · · , ∂u

∂xn
) = �. F
�� H

u = � Rn �� x = (x�, · · · , xn) -)�&�2/) �8 ��6 () Y-�@2/) �� xR���>* - > �1 \E9&)�@�- Y�Q2/- i� [�+ �� ) ��
^�) - �p = (p�, · · · , pn) �� -�� ��)�1 (x,u,p) A�= �� J�(Rn,R) �� >&�&�� �8 2+�� '�29� A�V2.* R �� (u)

�8 S-�%* A�=

F (x�, · · · , xn, u, p�, · · · , pn) = �

�8Mc& i� - ∂F

∂pi
0��:27* �8$� � ���� )�$� F RE�� ��+ ����$&>* <��%? ) M ⊂ J�(Rn,R) �8!�$P*��(

(x,u) : ���V? � #/) 0�%�−�n � )�$� 0�I@E�* M >�$f p��? �8 EJZ () Y-�@2/) �� �����B& �@= R� �� U�V.�
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sL ��+�F�� _�� �>�>

>*�+m
 h/�? Y�� �ES�? �M 0� > �1 \E9&)�@�- Y�Q2/- I RE�� ��+ �#/) )�$� >���$��/M −→ Rn × R

���� ��( 0-�1��

θ = du − pi dx
i.

�8M�) - �*) 5F�&)>M1 \c29* ��&� () �? �- ���?H ��29E& >M1 \c29* dxi, du, dpi 0��[�+m
 M �� �� R�)- � �?
����>* n�= ��( >M1

� = dF =
∂F

∂xi
dxi +

∂F

∂u
du+

∂F

∂pi
dpi.

M () 0)�Mc& �� o�+ �8 EJZ i$� �� �#9E& �@= Y�Q_E� θ ∧ (dθ)n−� �� >S�; - θ ∧ (dθ)n = � ^E�_$�
0�] �� ���� -� �* (z, y�, · · · , yn−�, v, q�, · · · , qn−�) ��&�* >?�V2.* �� �� �� -)- M - U ��� 0)>Q��9$�

��

〈θ〉 = 〈dv − q� dy
� − · · · − qn−� dy

n−�〉,

�8M�) - � θ(Z) = � Y�Q&� Z =
∂

∂z
��) �θ = μ(dv− q� dy�−· · ·− qn−� dyn−�) �� #9� U �� μ �@=�& p��? >�%�

�� #/) 0)-�� �)�E* ���? Z 5�S�3/) i� ��f #g? �iZ(dθ) = μ−� dμ(Z) θ x���>* n�= \��c* >&�- ��f
R��E�>* �j&- ) ��( 0)-�� �)�E* C�; ����>* n�= iZ(dθ) = �, mod θ � θ(Z) = � h�)�� -

Z =
∂F

∂pi

∂

∂xi
+ pi

∂F

∂pi

∂

∂u
−
(
∂F

∂xi
+ pi

∂F

∂u

)
∂

∂pi

^$f - �����>* d�$* FM = F−�(�) U�V.� �H F ()�? 0���!�$P* �� � #/) Y�� <��%? J�(Rn,R) �� ��
Z �#/) ��)�� >IBZ Z �� �S�3/) ��f #g? Z 5M �� o�+ A�V2.* - �iZ(dθ) = � mod {θ, dF} � θ(Z) = �

"��$& \��Z f : R
n −→ R p��? �� F
�� H �8 S-�%* () �)� i� ���*�&>* F p��? O)�  !HIJ# �����' 	�%�# ) �E1)

C�; ����� I C)�Q2&) �I@E�*i� j�f : Rn −→ M 5�Q�- A�B! �� ��2@E�M \1)- N = j�f(Rn) �� 0)�&�� �� #/)
"��$& \��Z ��( [�+ �� �� Y��) ��&� �� b�� - �� o�+ C�*�& 0��Y�Q2/- - ��%f�* I () 0�%�−n C)�Q2&) �I@E�* i�

#/)

v = g(y�, · · · , yn−�), qi =
∂g

∂yi
(y�, · · · , yn−�)

0)-�� �)�E* �� Y)�$� >S)�Q2&) �I@E�* ^E��U�1 #S�; - �#/) Rn−� () 0)��*)- �� Y�� <��%? e/��* >%��? g ��
�I@E�* i� ^2+�� 0)�� �RE��>* \; ) F
�� H �8 S-�%* 0(�k� h�)�� () Y-�@2/) �� C�; �#/) d�$* >��� �8V.7*
�O/ �RE��>* Y-�@2/) ���� N�)�? Z >��� �8V.7* 0)-�� �)�E* �� #B9& �� I () P ⊂M 0�%�−(n−�) C)�Q2&)
\; '� �RE�->* \E37? 5�&N�>* P () �� Z C)�Q2&) 0��R1 G�$2 ) A�= �� ) I () 0�%�−n C)�Q2&) �I@E�*
F0)-�� 0���)�E* �� () 0�E� C)�Q2&) >�%�H >S�$%* \E9&)�@�- Ab-�%* :��] () �S�3/) >�� \E9&)�@�- �S-�%* i�

���*�&>*  HIJ# ^�� )
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C���� � H�(8 G-(��(�9��� ;<�(= 1 )

-)- ��- ) �S�89* ^�) �� >I=) �8PE2& ������>* \EIc? ��( �8 S�89* �� �� �&)- -� � \E9&)�@�- �/��� - 0�$7E� -)�*
x#/) 4�g2* T�� '� >/�/) RE��@* () � #/) ��9�* ��?�� ��

i
/ � +6 �/�% N 
% γ ��$�"�−g =
�c� γ � A�	 ��;�� � ��;�� ��D<��� N 
1$ 23	�����9��)#4  �DF �2$2�
η = dg g−� +6 �?O�b γ = s∗(η) +6 �$ (�� s : N −→ G �$(�� �/�H� A�H�� 0�	$ j�M dγ = −�

�
[γ, γ]

�d�	$  (�/ �/�H� g : G −→ Mat(n,R) � �	$ dη = −�

�
[η, η] i
/ � j�M

�RE��>* ��E� RP�6 \V+ - ) �EJZ ^�) () >?�B,)
�--��>* �P�* >/�EIZ) �8/��� - �����  ���j& >/�/) 0���JZ �� d�E����+ �8 EJZ 5R�* 0��-���� () �Q�- >3�
�u · dx = � R�)- ����� d��� #��Q& u : Σ −→ S� � Σ )-#� �8 ��  () >���$�) x : Σ −→ R� RE�� ��+

>%��* 0��[�+

I = dx · dx, II = −du · dx

A ∈ �� y = Ax + b ��) ��&��>* Y�E*�& x )-#� ^��$�) () ���� ���8�* Y�#�� � Y�"�� �)��! �� eE?�? ��
�� y d��� #��Q& )��( #/) x �� ��)�� [	�- � C�) >/�/) 0��[�+ �� >���$�) y A�= ^�) - 5b ∈ R�� O(�,R)

^�) >�%� 5#/) eIM* ^�) �3! ��E� �����  �8 ��j& - >/�/) T��2& () >3� �#/) v = (detA)Au = ±Au A�=
���)�1 A��@2* �E�)�+ 0�2*���) i� #g? Y�Q&� 5����� �2�)- ��)�� >/�/) [�+ ^E*�- � ^ES�) x, y : Σ −→ R� ��) ��
 �)'  ! �DF �� ^�) �F��29E& >+�� eI= #��; �� #B9& ^��$�) ^EE%? 0)�� >����? �� >/�/) [�+ ^E*�- � ^ES�)H -��

x#/) ��( A�= �� �&�� �8 EJZ -)�&�2/) ��E� �#/) �2+�� A���
(p, v�, v�) 0��>��?�/ () F �=��! ����� I i��2* �� Σ () )-#� �*�%2* >P�� oD� π : F −→ Σ RE�� ��+
-�@��Vg�* 0��>*�+m
 �π(p, v�, v�) = p � #/) TpΣ () )-#� � �*�%2*−I �8 ��6 (v�, v�) �� #/) Y�� \E37?

�� �&)- -� � F �� ω�, ω�, ω��

dπ(w) = v� ω�(w) + v� ω�(w)

�E& � w ∈ T(p,v�,v�)F �� 0)��

dω� = −ω�� ∧ ω�, dω� = ω�� ∧ ω�.

R�)- A�= ^�) -

π∗I = ω�
� + ω�

�, π∗II = h�� ω�
� + �h�� ω

�ω� + h�� ω�
�,

��- �)�?>* >&�/� �� ω�� = h�� ω� + h��ω� � ω�� = h�� ω� + h��ω� <��%? �� �h��, h��, h�� p��? >1�� 0)��
�&)n-�= ��( >9��?�* �8 S-�%* - e� = e� × e� � x, e� = dx(v�), e� = dx(v�) 0)�c*−R� p�)�? ��
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u
 �)$(6 � k��1 0�����6c��(� �U�8� �G�>

d

⎛
⎜⎜⎜⎝

� x

� e�
� e�
� e�

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

� ω� ω� �

� � −ω�� ω��
� ω�� � ω��
� −ω�� −ω�� �

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝

� x

� e�
� e�
� e�

⎞
⎟⎟⎟⎠ .

���?�* C�;

γ =

⎛
⎜⎜⎜⎝

� ω� ω� �

� � −ω�� ω��
� ω�� � ω��
� −ω�� −ω�� �

⎞
⎟⎟⎟⎠ .

�E& � A ∈ SO(�,R) � b ∈ R� �� #/)
(
� �

b A

)
[�+ �� 0�����?�* () G ⊂ SL(�,R) Y��� >S �B - '��-�c*

A�= �� g : F −→ G#��Q&

g =

⎛
⎜⎜⎜⎝

� x

� e�
� e�
� e�

⎞
⎟⎟⎟⎠

�� g #��Q& 5��?�� �8 EJZ �� � �? �� ^�)����� ����>* n�= dg g−� = γ �8M�) - z�f� �� g �#/) Y�� <��%?
�--��>* ~.7* G () #��, �J! i� h/�? #/) () ��f #g? -�@��Vg�* A�=

#B�* I � Σ �8 ��  �� (I, II) >%��* 0��[�+ () y�( i� 0)�� ����� �?�)N ��?�� �8 EJZ 0-� � ".� -���� ����
q�� ��*��S C�; ^�) �� ��� ���)�1 )�E6 γ �PE2& - � ω�, ω�, ω��, ω��, ω�� 0��[�+ � F �21�/ 5Y�� Y-)- ^E%*

R�)- 5#cEc; - �#9E& )�Z�� dγ = −γ ∧ γ

dγ + γ ∧ γ =

⎛
⎜⎜⎜⎝

� � � �

ω� � ω�� −ω��
ω� −ω�� � −ω��
� ω�� ω�� �

⎞
⎟⎟⎟⎠ .

^�)����� �#/) I �2* () \=�; >/��� 0��g&) K �� >2Z� Ω�� = (K − h�� h�� + h�
��

)ω� ∧ ω� 0)�� C��* �)��! ��
�2�)- >�%� ���� )�Z�� `��,  ! "��6# �� #/) �� ���� Y�� \=�; ^��$�) i� () (I, II) y�( �3��) 0)�� [(b q��

RE���

detI II = K.

<��%? '�1 Σ �� η [�+m
 �� ��29� 0)�&�� �� Ω�� = h� ω� ∧ ω� � Ω�� = h� ω� ∧ ω� >�%� ��A�B! �8 Ec�
�QI$! i� I 
→ η �8M��f �� ��[�+m
 �� >%��* 0��[�+ () δI #��Q& �π∗η = h� ω� + h� ω� �� [��@* ^�) �� 5����
Y�*� -� �� ^��$�) i� () (I, II) y�( �3��) 0)�� �Q�- [(b q�� ^�)����� ����>* <��%? C�) �8 B?�* >M1 \E9&)�@�-

x#/) ����)�  ! "��6# ����

δI(II) = �.
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�� \Z)�; Y�Q&� 5���� n-�= 0()-�� � d��� Ab-�%* - Σ ��� 0)���  �� (I, II) y�( ��) ��?�� �8 EJZ i$� ��
�#�)- ��)�1 -� � (I, II) >/�/) 0��[�+ ^E*�-� ^ES�) �� x : Σ −→ R� ^��$�) 5>%f�* A�=

J��K+�� -(L7� 4 )

I (������ 	�/"� ) E ⊂ TxM 0�%�−n 0�J+ ��( i� ����� > �1 \E9&)�@�- Y�Q2/- i� (M, I) RE�� ��+
RE��� �2�)- v�, · · · , vn ∈ E �� � φ ∈ In �� 0)�� ��) ��*�&>*

φ(v�, · · · , vn) = �.

[) n �8 B?�* ��$/)�� Gn(TM) �� - �� RE�->* ��7& Vn(I) ⊂ Gn(TM) �� ) I C)�Q2&) 0����$S) �8$� �8!�$P*
0���J+ �� #/) ^�) C)�Q2&) 0����$S) lgB* - �)N �E9� �8 S�89* �#/) TM [) n �8 B?�* 0���J+ ��( �8!�$P* >�%�
x#/) ��( C)�8/ �� �-)- �/�6 lg� ^�) () o�� ���29� C)�Q2&) ��$S) 5N ⊂M 0�%�−n C)�Q2&) �I@E�* �� �� d�$*
�(K�� 2�$ �$
% ����A$� +Q 0�?<�% j�<�$ 2�$ 
1$ o�	$ k���  $
H?�$ �D<��� !� +% �?R�# +Q �  $
H?�$ ���R$

o�$ (��
x#9E& WEg= Y)�$� 5#/) d�$* C)�Q2&) �I@E�* i� �� >S)�Q2&) ��$S) �� �� eIM* ^�) �2BS)

- 5#/) I () 0�%�m
 C)�Q2&) ��$S) i� T�R >I� 0�J+ �(M, I) = (R, 〈xdx 〉) RE�� ��+ 2(�G# �2+2�
� ����� �2�)- -� � �&)�?>$& I () 0�%�m
 C)�Q2&) �I@E�* �E� �� >S�;

�#/) \BZ >���� C��* () �?>I� >$� ��( ��( C��*

>S� 5-)- 0�%�mK C)�Q2&) ��$S) i� ��cEZ- �Mc& �� - I� = 〈 dx ∧ dz, dy ∧ (dz − y dx) 〉 C�Y��) 2(�G# �2+2�
� �-)�& 0�%�mK C)�Q2&) �I@E�* �E�

C)�Q2&) 0����$S) �� RE��>* � �? �23& ^�) �� #I! ��E$�+ 0)�� �#/) Gn(TM) () 0)�29� �8!�$P* ��( Vn(I)

(x,u) : U −→ R
n+s �E�� ��+ �#+�� �j&- �)�?>* >%f�* A�V2.* - Vn(I) �8V.7* Ab-�%* �)��! �� ) I

E ∈ Gn(TM, x) �� ����� �� >&�&�� pE/�? (x,u,p) : Gn(TX, x) −→ Rn+s+ns � >%f�* A�V2.* A�� i�
�� - �� #/) (X�(E), · · · , Xn(E)) <��%? '�1 �8 ��6 0))-

Xi(E) =
∂

∂xi
+ pα

i (E)
∂

∂uα
,

>*�+−n �� ����2*Gn(TX, x) �� φx p��? 5���6 ^�) () Y-�@2/) �� �#/) E∗ () (dx�, · · · , dxn) ����- � E �8 ��6 pZ)� - ��
RE��$& <��%? ��( A�= �� RE&)�?>* ) φ

φx(E) = φ(X�(E), · · · , Xn(E)).
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u�  $
H?�$ ���R$ �Z�>

0���@= >/��� ��3* �)��! �� �)�?>* ) Vn(I) ∩ Gn(TX,x) ^$f - �-�� ��)�1 )�$� �E& φx ���� )�$� φ ��)
�8!�$P*��( VnI �PE2& - �#/) �29� Vn(I)∩Gn(TX,x) ^�)����� �#+�� �j&- {φx | φ ∈ I} p�)�? �8!�$P* 4�27*

�-�� ��)�1 Gn(TX) () 0)�29�

0�� Vk(I) e9; �� 5(M, I) = (R, 〈dx� ∧ dx�, dx� ∧ dx�〉 0)�� V�(I) � V�(I) ^2+�� �j&- �� 2(�G# �2+2�
0�%�−p0�J+ ��( �� Y�Q&� 5���� �2�)- :I%? Vn(I) �� E ��) �3��) ��&� ^��?Y-�/ �-�� ��E� �)�?>* ) >M�)�  <I2.*
#/) ^�) - �23& �#/) C�Y��) i� I �� #/) ^�) #I! �Gp(E) ⊂ Vp(I) R�)- >�%� #/) C)�Q2&) ��$S) i� �E& E ()
A�= ^�) - `���B& �@= 5-��>* i�mC�6 E′ �� �� >2Z� φ ∈ Ip � ���� 0�%�−p 0�J+��( i� E′ ⊂ E ��) ��
� ����B& �@= 5-��>* i�mC�6 E �� >2Z� � F#/) :I%2* I �� ��H β ∧ φ �� #9� β >*�+−(n− p)

0�J+ 0��S�6�? \BZ C��* �� � �? �� )��( 5#9E& C)�Q2&) ��$S) ��*��S C)�Q2&) ��$S) () >%E/�? �� 5�Q�- o�] ()
i� �%� �� C)�Q2&) 0��pE/�? ^�) -� � �� ����� Y�E_E6 �E9� #/) ^3$* U�V.� �8 - i� () C)�Q2&) 0����$S)

���29� Y-�/ ��2B9&
�)-�/��� i� �j& - �29� 0���!�$P*��( � #/) Gn(TX) () 0)�29� �8!�$P*��( Vk(I) �� RE&)->* �P��) �� �?
� C)�Q2&) ��$S) i� E ∈ Vk(I) ��) �RE�- )�Z Vk(I) �� �?�B�( 0�21�/ RE�)�1>* C�; ���29� G�BM*�& ��2B9& >a�E�)

RE��>* <��%? 5���� E ⊂ TxM () 0)���6 (e�, · · · , ek)

H(E) = {v ∈ TxM | κ(v, e�, · · · , ek) = �, ∀κ ∈ Ik+�} ⊆ TxM.

v ∈ TxM )��( -��>* �21��� E  ! �*�� .��)� ��D* �)��! �� eIk) �� >S�; - RE*�&>* E @[F ��D* ) H(E)

����� Vk+�(I) () 0�J! E+ = E+R v �3��) �� F>���� #S�;H ���� E () 0�J! �� ��) ���? � ��) #/) H(E) �J!
����� H(E) () 0�J! ��) ���? � ��) #/) I () >S)�Q2&) ��$S) 5E \*�� E+ �8g@=−(k + �) i� ^./ �Q�- ��

�� ) r : Vk(I) −→ {−�,�,�,�, · · ·} p��? �#/) E \*�� 0)-�� 0�J+ H(E) �� #@� �)�?>* #cEc; -
RE��>* <��%? ��( �8M��f

r(E) = dimH(E) − k − �.

0�%�−(k+�) C)�Q2&) 0����$S) �8!�$P* �%� r(E) A�= ^�) - �� #/) �� RE��>* R� �� () ) 
 -�! �3��) #I!
r(E) ≥ � �� >2Z� �-)�& -� � >%E/�? ^E�� �� #/) >�%* ^�) �� r(E) = −� � -�� ��)�1 5��29� E \*�� �� I ()

R�)-

{E+ ∈ Vk+�(I) | E ⊂ E+} 	 P(H(E)/E) 	 HP
r(E).
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����V ��*�$
<� A�H?	 �> ��� us

<��%? ��( \3� �� ) S 4�27* 0���@= �8!�$P* �)�?>* 5����M �� )�$� p�)�? () 0)�!�$P* S ⊂ C∞(M) ��)
x-��

ZS = {x ∈M | f(x) = �, ∀f ∈ S}.

p��? �8 EJZ h/�? R�* ^�) � RE�� \��B? )�$� �I@E�* i� �� )�&� �� RE29� >M�)�� C�B&- �� >S� #/) �29� �!�$P* ^�)
() 0)�!�$P* �E& �M - z () U (�� >Q��9$� ��) -��>* Y�E*�& S () ���M ��_ i� z ∈ ZS ����>* #/�� >�$f

�� ����� �2�)- -� � f�, · · · , fc ∈ S p�)�?

5df� ∧ df� ∧ · · · ∧ dfc �= � 5U �� F
H

�ZS ∩ U = {y ∈ U | f�(y) = · · · = fc(y) = �} FKH

�8!�$P* Z�
S ⊂ ZS ��) �#/) c �%� ��Vc& � U () Y�� Y�&�7& �I@E�*��( i� ZS ∩ U 5>�$f p��? �8 EJZ i$� ��

�� 0)�� ^E�_$� ��&)- >Q29� C∞(M) - S h/�? Y�� �ES�? C�Y��) �� ���? Z�
S � ZS 5���� S 0-�! 0���@=

-�* - �)�?>* [���) ���� �� 0)�&�� �� #/) <��%? '�1 FR�-�$& >+�%* b�� - )�&� ��H c WEg= -�! 5z ∈ Z�
S

�-�� #Bg= z �8Mc& - Z�
S �%� ��Vc&

A�V2.* - Sx = {φx | φ ∈ In} �8!�$P* 0-�! �@= Y���� RE*�&>* ���M C)�Q2&) ��$S) ) E ∈ Vn(I)

Sx �8!�$P* �- Gn(TM,x) ∩ Gn(TM,y) 4)�2�) 0� �E ∈ Gn(TX,x) � ���� (x,u) : U −→ Rn+s >%f�*
��.2&) () \c29* 0-�! C)�Q2&) ��$S) 0)�� Y�� >+�%* -�$& �PE2& - � ����>* �ES�? ) >&�93� C�Y��) 5p�)�? () Sy �

�#/) A��
����� #��, ��%f�* r p��? V �

n (I) - E () >Q��9$� i� - ��) RE��� �E&# ) E ∈ V �
n (I) 0-�! C)�Q2&) ��$S)

�RE�->* ��7& V r
n (I) ⊂ V �

n (I) �� ) Rj�* C)�Q2&) 0����$S) �8!�$P*
0-�! C)�Q2&) ��$S) �� d�$* A�g@= �8$� Y���� RE*�&>* ���M ) I () N ⊂ M 0�%�−k C)�Q2&) �I@E�* i�

������ Rj�* C)�Q2&) ��$S) �� d�$* A�g@= >*�$? Y���� �&��>* Y�E*�& �E&# ^E�_$� ������

����9-(��(� ��I� 6 )

� �EJZ A�= �P��) - �RE��$&>* z�M* ) > �1 \E9&)�@�- Y�Q2/- �8 ��j& >I=) 0���EJZ () >3� #$9Z ^�) -
�{t| RE��>* �)��! )�&� A�f��@* -� � [��S

4�/�% +?/$ � �/�% �"�"# �D�DP� ����V ��*�$
<� A�H?	 !� (M, I) 4��6 N
� 23�CW�9	�����4  �DF �202�

0�/�% r(P ) ≥ � i
/ �% I )$ ��;�� � ��8%−k �"�"# �D�DP� 04K��  $
H?�$ �D<��� P ⊂M (i)

+6 �/�% +?/$ $� ��M�V 2�$ � �	$ P ���/ +6 �/�% r(P ) �8% ���"� �% �"�"# �D�DP� �D<���
�) R ⊂ M (ii)

0�	$ k + � �8% �$�$ p ∈ P +,J"� 
� � TpR ∩ H(TpP )
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D�6c�����6 +�&O �]�>

�P ⊂ X ⊂ R +6 (/�� ���� X 
<%
�P�� � ��;�� ��8%−(k + �) 0�"�"# �D�DP�  $
H?�$ �D<��� ��(M 2�$ �

T��2& #/) ^3$* >I� #S�; - >S� �&(�E& -�* �EJZ A�B,) 0)�� � ��29� \Z)�; �EJZ A�= - Y�� �EZ h�)��
���29E& WEg= �� A�f��@* �� >S�; - ����� )�Z�� �EJZ

0��C�Y��) () i� �� 0)�� 23X �)�� ���' 	�)' �E&# L�/��4 (�G# �202�

I� = 〈 dx ∧ dz, dy ∧ (dz − y dx) 〉

I� = 〈 dx ∧ dz, dy ∧ dz 〉

5p ∈ L �� 0)�� �� #/) #E=�1 ^�) 0��; � ��C�Y��) ^�) C)�Q2&) R1 x = z = � h�)�� �� Y�� <��%? L h1
�#/) L \*�� �� #/) z = � WM/ C)�Q2&) 0))- I� >S� #9E& >gM/ C)�Q2&) �E� I� C�; ^�) �� �r(TpL) = �

� ����>$& �� �� �I��m��?�� �8 EJZ ^�)����� � #9E& Rj�* �*) #/) 0-�! C)�Q2&) �I@E�* L ��#S�; ^�) 0�- �� -

L h1 (M, I) = (R�, 〈dx� ∧ dx�, dx� ∧ dx�〉) ^2+�� �j&- �� 23X �)�� ���' 	�)' �E&# L�/��4 (�G# �202�
R�)- p ∈ L �� 0)�� � #/) C�Y��) ^�) () >$j�*�& C)�Q2&) R1 L �RE��>* <��%? x� = x� = x� = � A�= �� )

--��>* �ES�? ��( 0��)-�� h/�? p ∈ L �� 0)�� H(TpL) >BMZ 0�J+ � r(TpL) = �

∂

∂x�
,
∂

∂x�
,
∂

∂x�
.

K �%� () 0) p ∈ L �� 0)�� TpR ∩ H(TpL) Y�Q&� 5R��EQ� �j&- x� = � h/�? Y�� <��%? �8g@=m� ) R ��) C�;
� ����� L \*�� �� #9� I () >S)�Q2&) �8 ��  ���� `-)�& -� � L ⊂ X ⊂ R - n-�= X C)�Q2&) �8 ��  �E� �*) 5#/)

�21��� .��# %C��&# �)��! �� eIk) -��>* ���� �I��m��?�� �8 EJZ - �� R �I@E�* 23R 8)W�#4 (�G# $202�
(M, I) = ^2+�� �j&- �� �-�� ��)�1 ^E%* ^E��6 ��cEZ- pE/�? �8 S�89* )��( r(P ) > � �� R�)- (�E& �� �� >2Z� �-��>*
^�) �r(E) = � � ��29� Rj�* E = V�(I) = G�(TR�) C)�Q2&) 0����$S) >*�$? (R�, 〈dx� ∧ dx� + dx� ∧ dx�〉)
:I%2* 0�%�mK C)�Q2&) ��$S) i� �� ^3$* 0��pE/�? () 0�%�m
 0)Y-)�&�1 C)�Q2&) ��$S) �� �� #/) >�%* �)��
A�= ^�) - ����� Y�� <��%? x� = x� = x� = � Ab-�%* �� P ⊂ R� R1 �� RE�� ��+ C��* 0)�� �#/)

-��>* �ES�? ��( 0��)-�� h/�? p ∈ P 0)�� H(TpP )

∂

∂x�
,
∂

∂x�
,
∂

∂x�
.

F (x�,�,�) = � �� x� = F (x�, x�, x�) �8M�) h/�? Y�� �a)) R F>cEc; >IEIg?H 0�J+ ��) �� 5U�1 #S�; -
Y-�@2/) R �� x�, x�, x� A�V2.* () � RE��E� ) �J+��) ^�) �� I C�Y��) i�mC�6 ��) �#/) n-�= �EJZ h�)�� -
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<� A�H?	 �> ��� ut

-��>* �ES�? ��( >*�+mK h/�? R 0� C�Y��) Y�Q&� 5RE��$&

dx� ∧ dx� + dx� ∧ (F� dx
� + F� dx

�) = (dx� + F� dx
�) ∧ (dx� − F� dx

�).

--��>* ��� ��( 0)-�� 0���)�E* C)�Q2&) 0��R1 �� �� C)�Q2&) 0�����  � #/) �29� R �� >*�+mK ^�) �2BS)

X = −F�
∂

∂x�
+ F�

∂

∂x�
+

∂

∂x�
.

z�f� �� �R��E�>* �j&- 5�&N�>* P 0(�k� R1 () �� ) C)�Q2&) 0��R1 ^�) G�$2 ) 5X �-�� #/�� 0)�� ^�)�����
)-�$& A�= �� >%f�* \3� �� �)�?>* ) X ^�)����� � ��29� X - P () 0)>Q��9$� - \c29* A�V2.* x� � x�

x� = f(x�x�), x� = g(x�x�),

C)�Q2&) �8 ��  i� �M�) �- ^�) ��) ���Z-�= f(x�,�) = g(x�,�) = � h�)�� - f, g p�)�? �� >2Z� 5#1�/ ~.7*
�� ���� h ��&�* 0�Q�- p��? ���� Y�Q&� ���� <��%? )

x� =
∂h

∂x�
(x�x�), x� =

∂h

∂x�
(x�x�).

�� ��->* ��7& ^�) ����� �@= x� = � h1 C�] - ���� >%��? ^E�� �� C�) �8 B?�* >�� A�V2.* �Q�- A�B! ��
� �#+�� �j&- p&�* �I@E�* i� ���� ) 0-�@��Vg�* q�� �)�?>$& )��

(M, I) = (R�, 〈dx� ∧ dx� + dx� ∧ dx�, dx� ∧ dx� − RE�� ��+ 23	�)' 
�
R C�CX� L�/��4 (�G# +202�
-��>* �ES�? ��( hI2.* [�+mK >*���* � >cEc; 0��".� h/�? I C�Y��) �dx� ∧ dx�〉)

(dx� − i dx�) ∧ (dx� + i dx�).

0�%�m
 0����$S) ^E�_$� ��&�E�>* )�Z R� 	 C� - hI2.* 0��R1 0�%�mK C)�Q2&) 0���I@E�* �PE2& -
�� >��23� pE/�? ��&)�?>* i� �� �6 5#/) )�Z�� ��&� 0)�� r(E) = � q�� � ��29� Rj�* E ∈ V�(I) = G�(TM)

>IEIg? C)�Q2&) �8 ��  i� - >cEc; >IEIg? R1 �� �I��m��?�� �8 EJZ �� ��� ������ �2�)- 0�%�mK C)�Q2&) ��$S) i�
���  i� �)��! �� �� >&�*( hI2.* R1 i� �� RE&)->* �-)- )�Z I () FhI2.* R1 i�H -�@��Vg�* � ��B$� >cEc;

��( [�+ �� R1 ��+ �� C�; �#/) >cEc; >IEIg? ��*��S 5-�� �2+�� �j&- R� -

x� = f(x�), x� = �, x� = g(x�),

�Ek - )��( 5-�EQ� ��- ) R1 ^�) �� -)�& -� � >MI2.* R1 �E� 5��29E& >cEc; >IEIg? >S� ��29� )�$� f, g ��
() iE+�*�S�� >%��? F �� -�� ��E� dx� + i dx� = F (x� − i x�) [�+ �� >%f�* A�= �� )�&� �)�?>* A�= ^�)
-��>*~.7* dx� + i dx� = F (x�) �� >I=) R1 5�E1) �8 S-�%* - x� = � �-)- )�Z �� C�; ^�) �� �#/) �E}2* i�
� �-�� ��)�1 >�%*>� 5��29� >cEc; >IEIg? iE+�*�S�� p��? >*���* � >cEc; 0��".� ��� ��
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ur ��*R$(6c�/(6 +, �&O �e�>

��"7���9���� �. �I� : )

- R� �� 0(�k� )�c* �� \a�9* 0)�� >��23� � -� � �8 EJZ 5>�� \E9&)�@�- Ab-�%* 0)�� (�E& -�* �8PE2& ^ES�)
x#/) Y�� �21��� D� *�� >S�$%* \E9&)�@�- Ab-�%* 0)�� �� �?Y-�/ #S�; �2BS) �#/) U�1 h�)��

)�c* �� �8 S�89* (t�,u�) ∈ D �� 0)�� Y�Q&� 5���� )�$� >2��Q& F : D −→ Rn � (�� 0)�!�$P* D ⊂ R × Rn ��)
0(�k�

u′(t) = F (t, u(t)), u(t�) = u�,

-�@��Vg�* � )�$� �)� ^�) � #/) t� ∈ I ⊂ R ��&�* 0(�� >Q��9$� �� u : I −→ Rn -�@��Vg�* �)� 0))-
Ī ∩ I 4)�2�) 0� Y�Q&� 5���� t� ∈ Ī ⊂ R (�� >Q��9$� �� 0�Q�- �)� ū : Ī −→ Rn ��) �� >�%* ^�) �� #/)
Y8��) >S� -�� ��! �2E��ES ��%f�* q�� �� )�&� �)�?>* �#/) >��� q�� F �-�� )�$� q�� �2BS) �ū = u R�)-
\E9&)�@�- �S-�%* i� 0)�� ) �EJZ RE�)�.� ��) �#/) Wf)� �� �)�)�+ -���� �]�1 �� �EJZ ^�) - �-�� )�$� q��

x{t| R�)- (�E& ��( >$��Z �8PE2& �� RE�� )�3? 0(�k� )�c* �� >�� 

�D�DP� F : D −→ Rs � )�% �$+-(�.� D ⊂ R×Rn×Rs×Rns +6 4��6N
� 23a�"�)�9O)�4  �DF �2N2�
��M�V 2�$ �% �"�"# �D�DP� �?/�H� φ : U −→ Rs � )�% �$+-(�.� U ⊂ Rn 4��6 N
� 2��3�� ��/�% �"�"#

 �$ +, ;�
� �$(�� +6 �/�%
{(

t�,x, φ(x),
∂φ

∂x
(x)
)
| x ∈ U

}

u : V −→ �"�"# �D�DP� �/�H� � {t�}×U ⊂ V +6 V ⊂ R×Rn +, ��$ ��(M 2�$ � ��/�% D (&- �$ t� �$
%
�/$ ���$(V 
�) [�$
/ � j�M Rs

∂u
∂t

(t,x) = F (t�,x, φ(x),
∂φ

∂x
(x)), ∀ (t,x) ∈ V

u(t�,x) = φ(x), ∀x ∈ U.

0�	$ �"�"# �D�DP� ũ +6 (Ṽ , ũ) 
H� B$(� 
� �$
% ��8� �	$ 
<%
�P�� �"�"# �D�DP� �%$(� �$(�- +% u A�:8%
��	$ j�M �I1�� {t�} × U )$ +6 Ṽ ∩ V )$ �$+<R(� 
� 
% ũ = u i
/ �

�� ��7@��%? 0����*)- � ����� >cEc; >IEIg? 0(�k� h�)�� � Ab-�%* ��) �� #/) ^�) �EJZ ^�) [��@* pZ)� -
-�� )�E6 >&)�? 0��0�/ () ��( h9� h/�? ) u �)� �)�?>* Y�Q&� 5����� )�Z�� 0(�k� h�)�� �� ����� 0)�&��

u(t,x) = φ(x) + φ�(x)(t − t�) +
�

�
φ�(x)(t− t�)

� + · · · .

���? � RE��$& \; )�&� φk >IEIg? p�)�? �8 S�B&- �� #B9& >27�(�� A�= �� RE&)�2� �� ���>* i$� >/�� -�* �8 S-�%*
#/) ^3$* pZ)� - �#9E& #/- �EJZ ^�) 5>cEc; >IEIg? ��+ ^2�)- ���� �#/) 0�/ >�)�Q$� 5-� �* \37*
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<� A�H?	 �> ��� u�

h�)�� 5#9� R� )�$� F >2Z� >2; �� �&)- -� � >���C��* ����� �)� ^���� 0))- �� � ���� �2�)�& >�)� �S�89*
�� - �F�E�� G�  {t| �� A�E�� ���- 0)��H ���� �2�)�& -� � �S-�%* 0)�� >�)� �E� 5����� �� ���� 0(�k�

RE9���� ��( A�= �� ) >�� \E9&)�@�- Ab-�%* () >��Q2/- �� #/) [�/�* #S�;
∂u
∂t

= F (t,x,u,v,
∂u
∂x

,
∂v
∂x

)

Y)�$� #S�; ^�) - ������ �EZ ���� �� - v p�)�? Y���� #/) ^E%* ^E��6 �� ��*�&>* O)� 8�* �� >��Q2/- )�&� ��
�RE�- "��� ^E%* #S�; �� ) �S�89* Y)�.S- A�= �� v p�)�? ^EE%? �� RE&)�?>*

�� A�B,) ^�) {t| p �* - �-��>* Y-�@2/) >I=) 0)��) �)��! �� �I��m��?�� �EJZ A�B,) 0)�� �E1) �8 EJZ ()
�#/) Y��-�� ��E� \EV@?

-(��(� -�CM � J��K+�� ���	 N )

x#/) E ∈ Vn(I) �� d�$* C)�Q2&) �I@E�* -� � 0)�� Y8-�/ >+�� q�� i� �I��m��?�� �8 EJZ

)$ /V�Q E ∈ Vn(I) 
1$ ��/�% �"�"# �D�DP� ����V ��*�$
<� A�H?	 !� (M, I) 4��6 N
� 2 �DF �2b2�
����&�
�)

(�) = E� ⊂ E� ⊂ · · · ⊂ En−� ⊂ En = E ⊂ TpM

+6 �$ (�� p )$ $�I1 � P ⊂ M �"�"# �D�DP� ��8%−n  $
H?�$ �D<��� A�H�� 0Ei ∈ V r
n (I) (� ≤ i < n) +6 �/�%

��	$ j�M TpP = E i
/ �

�� ^�)����� #/) Vn(I) (�� �8!�$P*��( V r
n (I) ��� �� �23& ^�) �� � �? � �I��m��?�� �8 EJZ () Y-�@2/) �� ���? T>�@B�

C)�Q2&) �I@E�* ^�) p () >Q��9$� i� - �� -��>* �PE2& 5#/) d�$* Ek ∈ V r
k (I) �� I () 0�%�−k C)�Q2&) �I@E�*

� �-�� ��)�1 �E& Rj�*

0��#S�; -)�%? �#9E& [(b � #/) >+�� >]�� ���? q�� ^�) b� �) >S� #/) eS� �E9� -�1 G�& - �PE2& ^�)
���� �� >S)�Q2&) 0����$S) )��( 5�&��>$& �21�/ n�+ -�3I$! �� �� �&)- -� � �* �8 ZD! -�* 0���I@E�* () >$� �E9�
i� 0��2&) >S)�Q2&) ��$S) �� ^�) >/�� ��E&�, ���29E& Rj�* C)�Q2&) 0����$S) () >$��6 0��2&) 5����� d�$* ��&� ��

�#/) 0�E9� A�B/�g* ��*(�E& 5#/) Rj�* C)�Q2&) 0����$S) () R��6
�)��! 0�?Y-�/ \3� �� )�&� -��>* >%/ �*)-) - �-��>* �� >$� ���J+��( () >$��6 �8 B/�g* �� R�)- � �?

xRE��
C)�Q2&) 0����$S) () >$��6

(�) = E� ⊂ E� ⊂ · · · ⊂ En−� ⊂ En = E ⊂ TpM
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Rj�* E� = �p ⊂ TpM �� RE�� ��+ ��) �� RE*�&>* �E&# �V�Q En ∈ Vn(I) � Ei ∈ V r
i (I) (� ≤ i < n) 0)�� )

�F-�� ��)�1 I� ⊂ Ω�(M) p�)�? �8!�$P* 0-�! �@= E� �� >�%* ^�) ��H -�� ��)�1 �E& 0-�! A�= ^�) - 5����
�#/) G�(TM) = M )�$� �I@E�*��( V �

�
(I) �8!�$P* C�;

^�)����� �#/) V �

�
(I) () 0�J! C�; �� �� -��>* �21�/ Rj�* R��6 �����+ h/�? �� I C)�Q2&) �I@E�* �� z�f� ��

>�%� I� = (�) ��+ �� �#1�/ ^��Q�� V �

�
(I) �� )M lg� #EI� �-)- #/- () ���� �)�?>* 0��? �j& () \Z)�;

FRj�* �Ek �� Rj�*H C)�Q2&) R��6 �� �� ����2* C�; ����� Y�� �ES�? #B�* �8 - �� I �3��)

(�) = E� ⊂ E� ⊂ · · · ⊂ En−� ⊂ En = E ⊂ TpM

x#/) -� �* 5>BMZ 0���J+ () "�A� R��6

TpM ⊇ H(E�) ⊇ H(E�) ⊇ · · · ⊇ H(En−�) ⊇ H(En).

RE�->* )�Z k < n 0)�� �R��EQ� �j&- TpM - ����%� ��Vc& e9;�� ) ���J+ ^�) �%� �� #/) e/��* C�;

c(Ek) = dimTpM − dimH(Ek) = n+ s− k − �− r(Ek)

A�= ^�) - �� #/) )�Z�� H(En) = En #S�; b� �$%*H c(En) = s �� RE��>* -)-)�Z �dimM = n+ s �� >2Z�
#I! �� �c(Ek) ≤ s R�)- 5dimH(Ek) ≥ dimEn = n ��� �F-�� ��)�1 )�Z�� �E& k = n 0)�� c(Ek) () n�+ C�*�+

R�)- ���J+ ^�) #1�/ Y8�g&

� ≤ c(E�) ≤ c(E�) ≤ · · · ≤ c(En) ≤ s,

-)�!) A�= �� ) F = (E�, E�, · · · , En) R��6 () 	����� ��� HIJ# �c(E−�) = � �� #/) ^�) �� �* ��+ ��
RE��>* <��%? ��(

sk(F ) = c(Ek) − c(Ek−�) ≥ �.

����>* �@�) ��( eS�M* - >$�* "c& -)�!) ^�)
X ⊂M �8!�$P*��( �#/) Y�� Y-)- R��6 �-�� Rj�* 0)�� >+�� � [(b q�� �� RE��>* z�M* ) ��?�� ��*(� C�;
q �%� ��Vc& �� Q ⊂ U �I@E�*��( i� � U ⊂ M (�� >Q��9$�−xi� ��) -��>* Y�E*�& x - q �%� ��Vc& \Z)�; ()
(�� >Q��9$�−x ��) -)- q �%� ��Vc& ���)�; x - X RE��� 5�Q�- o�] () ������ �2�)- -� � X ∩ U ⊂ Q q�� ��

������ �2�)- -� � Q ⊂ X ∩ U q�� �� q �%� ��Vc& �� x \*�� Q ⊂ U �I@E�*��( i� � U ⊂M

F = (E�, E�, · · · , En) � �/�% ����V ��*�$
<� A�H?	!� (M, I) 4��6N
� F{t|H 23	����� 	)#��4  �DF �2b2�
�8% ���"� �O$�# �$�$ Vn(I) ��(M 2�$ � ��/�% I )$  $
H?�$ 4Q
� !�

c(F ) = c(E�) + c(E�) + · · · + c(En−�)

���� ���� �># �,�- .D�� �*�*E �� F$�� .D�� (.D�� .B�+ G% �� En ��:% .B�+ ��6�-� �� ���$- ��#H>�
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����V ��*�$
<� A�H?	 �> ��� tv

0�	$ En )$ �$�H��*�� � c(F ) �8% ���"� �% Gn(TM) �$(�� �D<���
�) Vn(I) 0A�:8% ��	$ En )$ Gn(TM) �
��/�% 4K�� F 4Q
� 
1$ ���� � 
1$

H(Ek) >BMZ 0���J+ ^2+�� >�%� Y-�/ >M1�B h/�? �� ��->* Y(� ) �* �� )��( #/) ��$?�Z �E9� �PE2& ^�)
>/�� ) R��6 �-�� Rj�* 5c(F ) >�%� ^3$* �%� ��Vc& ^��23��� � En >Q��9$� - Vn(I) �-�� )�$� C�2�� �%� �

���29� [�P&) \��Z Y�Q& i� �� ���? �I;�* �- ^�) Ab�; () 0�E9� - �RE��
0()R� �8 S�89* - ��?�� ��*(� ���7* #S�; �RE�->* G� ) {Kv| p �* �� ) Y��&)�1 �EJZ ^�) A�B,) Y8���7* 0)��
0)�� C��* �- �*)-) - �-�� RE�)�1 ��(�� �%� 0��\V+ - ) F>I� #S�; -H > �1 \E9&)�@�- Y�Q2/- lg� () y�1 �

�#/) Y�� Y-�� ��*(� ^�) () Y-�@2/)

A�V2.* 0))-M = R� × R� � -)(� >?�V2.* ui RE�� ��+ 3	�,��9�)� ���8�*9�4 (�G# �2b2�

(x�, x�, x�, x�, u�, u�, u�)

RE��>* <��%? ) ��( >*�+m� �����

Φ = du� ∧ [dx� ∧ dx� + dx� ∧ dx�] + du� ∧ [dx� ∧ dx� + dx� ∧ dx�]

+du� ∧ [dx� ∧ dx� + dx� ∧ dx�].

A�= ��H dx� ∧ dx� ∧ dx� ∧ dx� �= � q�� 0)�Z�� ��M - I () 0�%�ms C)�Q2&) 0���I@E�* 5I = 〈Φ〉 ��+ ��
h/�? E ∈ V�(I) ∩ G�(TR

�, dx) C)�Q2&) ��$S) �� ��&)�a)) \��Z �29� ����-m-�1 0��>*�+mK h/�? F>%f�*
-��>* <��%? ��( [�+ �� >M1 Ab-�%*

πa = dua − pa
i (E) dxi = �.

���� n�= ��( �8 S-�%* ��� - �� pa
i (E) �� #/) >+�� 5-�� �@= 0)�g@=ms ^E�� �� Φ �3��) 0)��

p�
�

+ p�
�

+ p�
�

= p�
�
− p�

�
+ p�

�
= p�

�
− p�

�
+ p�

�
= p�

�
− p�

�
+ p�

�
= �.

�Q�- o�] () �#/) G�(TR�) - s �%� ��Vc& �� )�$� �I@E�* i� V�(I) ∩ G�(TR�, dx) �� -��>* [�I%* �P��) ()
R�)- 5���� Y�� <��%? dxk+� = dxk+� = · · · = dx� = �, (� ≤ k < �) Ab-�%* �� Ek ⊂ E RE�� ��+ ��)

H(E�) = H(E�) = TpM,

H(E�) = {v ∈ TpM | π�(v) = �},

H(E�) = {v ∈ TpM | π�(v) = π�(v) = π�(v) = �},

H(E�) = {v ∈ TpM | π�(v) = π�(v) = π�(v) = �},
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>�%� c(F ) = �+ �+ �+ � = � �� �P&� () �c(E�) = c(E�) = � � c(E�) = � 5c(E�) = c(E�) = � ^�)����� �
� �#/) Rj�* R��6 � #/) )�Z�� ��?�� ��*(� 5#/) G�(TR�) - V�(I) �%� ��Vc& ��$�

) z�, · · · , zn -)�&�2/) hI2.* A�V2.* ��M = Cn RE�� ��+ 3Cn �� c�� �d���,Z ���%C��&#4 (�G# $2b2�
���� ��( �I�� [�+mK h/�? Y�� �ES�? C�Y��) I �� RE�� ��+ zk = xk + i yk ^2��& �� �RE��� �2�)-

ω = dx� ∧ dy� + · · · + dxn ∧ dyn

RE��� �2�)- ) ��( [�+−n �

Φ = Im(dz� ∧ · · · ∧ dzn)

= dy� ∧ dx� · · · ∧ dxn + dx� ∧ dy� · · · ∧ dxn + · · · + dx� ∧ dx� · · · ∧ dyn

+ ({dyk} () �?b�� e?)�* AD$ ).

() Y(��*) ��&� U�1 0��pE/�? >1�� � ���I@E�* ^�) �-��>* Y�E*�&c�� �d���,Z I () 0�%�−n C)�Q2&) �I@E�* ��
i$� �� ) � ∈ C

n �8 ��6 �8Mc& - E ∈ Vn(I) C)�Q2&) ��$S) ���29� i��E+m>f�� l;�B* - �)N �E9� A�!�f�*
RE��>* <��%? ��( h�)� 

dy� = dy� = · · · = dyn = �.

k < n−�0)�� A�= ^�) - ����� Y�� <��%? j > k 0)�� dxj = � >+�f) h�)�  �� Ek ⊂ E RE�� ��+ ^E�_$�
R�)- k < n − � 0)�� U�1 #S�; - ��� ��)�1 <��%? j ≤ k 0)�� dyj = � h�)� h/�? Ek >BMZ 0�J+
�H(En−�) = En 5>BMZ Ab-�%* �� q���* A�B/�g* - Φ [�+ ��� -)� �� 5k = n−�0)�� �� >S�; - �c(Ek) = k

() #9?�B! Vn(I) �%� ��Vc& \Z)�; ^�)����� �c(En−�) = n �PE2& -

�+ �+ · · · + (n− �) + n =
�

�
(n� − n+ �).

) �� �)�?>* �6 5��29� >M1 \c29* dxi 0��>*�+m
 5E∗ ��&�* E �� i�-�& C)�Q2&) ��$S) �� �� �Q�- o�] ()
-)- z�� ��( \3� �� h�)�  h/�?

dya − pa
i dx

i = �.

��( 0)�I$ ��� �8 S-�%* E∗ �� Φ ��� �@= �� >S�; - 5pa
i = pi

a �� #/) >�%* ^�) �� -�� �@= E∗ �� ω �� q�� ^�)
��->* �PE2& ) �� pa

i e9;��

� = p�
�

+ p�
�

+ · · · + pn
n + ({pa

i } () �?b�� e?)�* AD$ ).

- Vn(I) �PE2& - �#/) Fpa
i = �<��%? ��H E C)�Q2&) ��$S) - pa

i = pi
a Ab-�%* () \c29* :27* 0))- �S-�%* ^�)

Rj�* R��6 5��?�� ��*(� :B] ^�)����� �#/) Gn(TCn) - �

�
(n� − n+ �) �%� ��Vc& () � #/) )�$� E >Q��9$�
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� �#/)

������+� O )

>2S�; D� �* ��&��>$& #+�� C)�Q2&) 0���I@E�* >2E%f� ^E�� - 5#9E& )�Z�� �I��m��?�� �8 EJZ Ab�; () >1�� -
D� �*H �&)- -� � 0�%�mK C)�Q2&) 0���I@E�* ����) �I = 〈dx ∧ dz, dy ∧ dz〉 � M = R� �� R��E�>* �j&- )

�-)�& -� � ���� >$j�* R��6 0��2&) �� 0�%�mK C)�Q2&) ��$S) �E� 5F#��, z �� Y�� <��%? A�g@=

)-#� �8 ��  i� () >���$�) x : N −→ R� RE�� ��+ 23L'�B C_� ����&X�� � R� �� �� �� �4 (�G# �2e2�
) II = −du · dx � I = dx · du >/�/) 0��[�+ ����� Fd��� #��Q&H ����2* )-#� C�*�& u : N −→ S� � ����
N∗ ⊂ N (�� �8!�$P* 0� ���*�&>* ^��$�) ^�) () C_� ����&X�� ) I �� #B9& II Y8��� ��-�c* �R�)Y-�$& >+�%* D� BZ
q�c& >/��� ��3* A�= ^�) - N \N∗ R$2* �-�� ���)�1 )�$� >%�)�? N �� 5��29� ���$2* Y��� )�c* �- �� >2Z�
<��%? �� ����� >+�& q�c& �Z�+ >/�� -�* �21�/ )NS � N∗ = N �� RE��>* ��+ >�-�/ 0)�� �-�� ��)�1 *��

#�)- RE�)�1 ηi = ei · dx �-)- )�Z �� �E& � e� × e� = u �� e�, e� : N −→ S� 0)-�� ��-�c* �� 0��#��Q&

dx = e� η� + e� η�,

−du = e� κ� η� + e� κ� η�,

>I=) 0����g&) Y���� ���>* <��%? Y����&��  ! �� � i� �E& x ^��$�) ���29� >I=) 0����g&) κ� > κ� �� - ��
i� - \Z)�; κi p�)�? 50-�! #S�; - ^��$�) �� 0)��H ���� n�= F (κ�, κ�) = � [�+ �� F>�����&H �8M�) i� -
h�)�  κ�κ� = � � κ� + κ� = � Ab-�%* 5C��* 0)�� �F����>* n�= κ� ∧ κ� �= � �8M�) - C�Q� (�� �8!�$P*

��&-��>* ��E� �E& K = � � FC�$E�E* 0����� H H = � Ab-�%* �� eE?�? �� �� ��29� ^?�Q���
0���I@E�* ���� 5��29� κ�, κ� F���$2*H #��, >I=) 0����g&) 0))- �� RE��E� ) R� - >������  RE�)�.� ��)

�� RE��E� ) G �� I C�Y��) C)�Q2&)

I = 〈 θ� = ω�, θ� = ω�� − κ� ω�, θ� = ω�� − κ� ω� 〉.

R�)- RE��E� ) ��[�+ ^�) > �1 \E9&)�@�- ��) C�;

dθ� ≡ �

dθ� ≡ −(κ� − κ�)ω�� ∧ ω�
dθ� ≡ −(κ� − κ�)ω�� ∧ ω�

⎫⎪⎬
⎪⎭ mod {θ�, θ�, θ�}.

^�)�����

I = 〈 θ�, θ�, θ�, −(κ� − κ�)ω�� ∧ ω�, −(κ� − κ�)ω�� ∧ ω� 〉alg.
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κ� = κ� = � ��) � #/) d�E����+ I #S�; ^�) - �� κ� = κ� �3��) #9.& x��� "E6 #/) ^3$* #S�; �-
�� [�- #S�; �κ� = κ� �= � Y���� �&����2* R� ��- 0��Y�� �� � �&����2* R� 0���g@= �� C)�Q2&) 0���I@E�*
F�&)- -� � ��H #/) �@=�& ω� ∧ ω� ��&� 0)�� �� 0�%�mK C)�Q2&) 0����$S) A�= ^�) - 5κ� �= κ� �� #/)
� ���29E& Rj�* 0�%�m
 C)�Q2&) 0����$S) \*�� Y�Q_E�
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�� �� �{�L| ��29� 0�/�?�/ ��)-��& 5# 0�J+ () C�Q� � (�� �8!�$P*��( i� - \Z)�; 5-)�&�2/) 0��C��*
0��'� � ��0������ 0�Q?�� i$� �� >S� ���>* ^E$J? ) >%f�* 0��)-��& ^2+�� ���? 0()R� '� C�;

�#+�� #/- R�* ^�) �� �)�?>* U�1 0��#S�; >1�� - 0�B m>/���

�� \$! �8%S�M* 5���>* \$! M 0�%�−m �I@E�* �� �� G Y8�� Y-)- 0�%�−r >S Y��� i� 0)�� 5>I� #S�; -
# oD� �� ) Y��� \$! ���� 5o�� ^�) �� \E& 0)�� �#/) �)N �E9� p < m �%� �� S ⊂ M 0���I@E�*��( ��
>cEc; >%��? F>%f�* \3� �� b� �$2;)H C�������� ������� i� �RE�- -)�2*) 5n ≥ � 0)�� Jn(M,p) 5���I@E�*��(
�%� >���2* >S Y��� \$! �� ��&�$� >Z�� )-��& �2+�� -)�2*) Y��� \$! #g? �� #/) I : Jn −→ R [�+ �� � )�c*
Y)�$� Y�D%� �#/) '�29� \��Z �E& �?b�� e?)�* �� �� -��N6>* >%��? \c29* >IE9&)�@�- 0)-��& >���2*�& -)�%? ��
z�] >S h/�? �� >/�/) 0)�EJZ ����� �-)- -� � D�, · · · ,Dp >M1 \c29* >IE9&)�@�- �QI$! p = dimS -)�%? ��
0�E�:27* \$! )�3? �� � �?^E��6 e?)�* () )-��& >���2* -)�%? h/�? >IE9&)�@�- 0��)-��& >*�$? 5#/) Y�� 0��

�#/) Y���7* \��Z {�L| - �EJZ ^�) () 0��� A�B,) �{�r| �&-��>* �ES�? )-��&

�#/)-��& Y��� \$! �� #B9& �� -�E�>* A�= >/�Z C�] �2*)�6 �� #B9& )-��& 0�E�:27* 5��R1 -�* -
^2+�� 5R�* l;�B* () i� ^�)����� �-��N6>* A�= �&�+ T�� �� #B9& 0�E�:27* ^�) �E& >/�EIZ) 0�����  0)��
�#/) ~.7* �S�89* ^�) �)� 5p = � �� >&�*( ��R1 -�* - �#/) �S�* >IE9&)�@�- 0��)-��& () >IZ)�; �8!�$P*
5F{�r| #9E& )���6m�B� -)�2*) #g? � #/) 0�%2* �� >2Z�U�1 �] ��H Y��� \$! 0� >=�V.� h�)�� #g?
#B9& ��7���:27* � ��&� () >%��? 0�Q�- >IE9&)�@�- 0)-��& �� � -)- -� � �S�* >IE9&)�@�- 0)-��& m− � ��cEZ-

�����>* d�Z C�] ��

`#9E& >�E�"E6 \��Z C�) Y�Q& - >IE9&)�@�- 0��)-��& 0)�� -)�%? ^��2$� 5�27E� -�%�) �� 0���I@E�*��( -�* -
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m� 0�J+ 0�����  �� >2Z� >2; 5-)- >Q29� F���� ��� >+�� Y()�&) �� �3��) D� �*H Y��� \$! U)�1 �� >S�
��&�* 0)���  >/�EIZ) >IE9&)�@�- 0��)-��& #/) Y�� �21��� D� *�� �_&��� 5U�1 A�; - �RE��>* �%S�M* ) 0�%�
^E! - >S� ��&-��>* \=�; �&�+ T�� �� #B9& ^EQ&�E* 0��g&) � d��� 0��g&) () 0�E�:27* �� >Q$� S ⊂ R�

Y-)- ��7& �S) {�r| - ����->$& \E37? ) >IE9&)�@�- 0��)-��& () >IZ)�; �!�$P* >IE9&)�@�- 0)-��& �- ^�) 5C�;
�#/) ��E� \��Z ^EQ&�E* 0��g&) 0)-��& 0��:27* () ���� >%��? e9; �� >�$f \3� �� >/��� 0��g&) �� #/)

θ = {θ�, θ�, · · · , θm}0��>*�+m
 () e?�* 0)�!�$P*M 0�%�−m �I@E�*i� �� T��R�i� 5�� Y��) �E& D� BZ �_&���
m
 () θ = {θ�, θ�, · · · , θm} �8!�$P* ����->* \E37? #&)�&�2� oD� 0)�� 0)���6 5�I@E�* () �Mc& �� - �� #/)
�θ� ∧ θ� ∧ · · · ∧ θm = � x���� �@= ��&� 0)Y�� ��f ��) ���? � ��) ���->* \E37? M �� T��R� i� ��>*�+
x#/) >���� #&)�&�2� oD� >�%� 5���>* <��%? M �I@E�* �� #� i� F-� � A�= -H T��R� i� ^�)�����
A�B/�g* �� >��P&� () >S� 5���B& Y-�/ #/) ^3$* �I@E�* i� 0� F��T�� �H ��T��R� ^2+�� �T ∗M 	 M × Rm

�RE29E& �S�89* ^�) �)�Q& #/) >%f�* ��*�$! �*
A�= �� >7��$& 0))- θi >*�+m
 �� 5���� M �I@E�* >%f�* A�V2.* x = (x�, · · · , xm) RE�� ��+ ��)
�)�E* 5[�+ ^�) ����- �#/) p�)�? () \372* -�@�*�& � m ×m >9��?�* A(x) = (aij(x)) �� #/) θi =

∑
j aij dxj

x--��>* <��%? ��( A�= �� �� #/) 0)-��
∂

∂θi
:=
∑

j

bij
∂

∂xj

<��%? - ) >$�* "c& Y�� <��%? >P�� 0)-�� 0���)�E* �B(x) = (bij(x)) = (A(x)−�)t = A �� - ��
�� >P��R� e9; �� p��? i� :27* ^�)����� �����>* 0(�� 5-(�/>* ^E%* T��R� �� >���#� - >2� 0��:27*

x#/) >9��&(�� \��Z ��( A�= �� 5#/) Y�� n�gS) �� ��

dF =
m∑

j=�

∂F

∂θj
θj ,

>P��R� 0��:27* �� #/) #E$�) �a�; �23& ^�) �� � �? �#/) F p��? >P��R� :27* ∂F

∂θh
=
∑

j

bij
∂F

∂xj
��

Ω >IE9&)�@�- [�+−k �� θ = {θ�, θ�, · · · , θm} T��R� 0)�� ��&��>$& �P�� R� �� ��*��S � Y-�� [�! D� *�� ∂

∂θj

�8 &��������&) �� )�$� >%�)�? �� hI(x) �� #/) hI(x) e�)�f �� >��?−k > �1 0����JI=�; () ��( >M1 eE��?
x��29� -�@��Vg�* ��( "��$& - �� �����>* � ≤ i� ≤ · · · ≤ ik ≤ m 0)�� I = (i�, i�, · · · , ik) 0-�%=

Ω =
∑

I

hI(x) θi� ∧ · · · ∧ θik .

�#1)-�6 RE�)�1 �� >+�%* �� s�u ".� - �� #/) G >S Y��� �� ��?��m�* T��R� 5��T��R� () >$�* C��*


C���� @�� & 1

x--��>* �� ��( �8 S�89* �� ��?�� 0()R� '�
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 �)�$4� _�� �f�G

V ��� ����5�4=' �� 	�6 >��%� ω = {ωi} 
 Ω = {Ωi} �%?�' ���@���� ���� 7�8 2������  ! "�!�# �2�2$
�8�� 
 <�& A�6 9�6�� 	�6 $��%� B�/ �� ��
����� G ⊂ GL(n,R) 
 ��!,� N 
M CD���� ��E ����2-��' �� U 


��6�� �!6�# u ∈ U �� ���� �� φ : U → V �%?�' �,�8��'��-�# #�)
 ����

φ∗ΩV |φ(u) = γV U (u) ωU |u, γV U (u) ∈ G F
�s H

F�,��

#/) �� #I! �-�E� >* )�Z >/�� -�* �S�/ ^�) - �� #/) >�gB* ^��?R�* F��T��R� 0)��H 0()R� �8 S�89*
����>* U�1 0)Y()�&) �? ) �S�89* ^�) �� �&)- -� � G�f�* �- �-�E�>* ��- ) 0()R� �8 S�89* 0��A�= ���/ ��

x���� �)N Y()�&)>� �%S�M* 0)�� �S�89* ^�) �� �&��>* l!�� �

U�1 0)�!�$P* \*�� >?)�B! A�= �� ) ��N6\E9&)�@�- � >/��� 0���21�/ () 0-��( -)�%? <E=�? ��3*) 2�
�-��>* ���6 5��29� #��, >�E%* A	 D��B? Y��� #g? �� ��>*�+m
 ()

0��dD� �� F
�s H 0()R� �8M�) h/�? ) ��T��R� �8$� Y8-)�&�1 �� ��->* ) Y(� ) ^�) 0()R� �8 S�89* 2�
\=�; A�%S�M* WM/ �-�� b�� () �� >�)-��& p�)�? () 0)�!�$P* h/�? dD� �� �RE��$& ()�+) [ω] 0()R�
A�B/�g* 5T��R� 0)-��& ^�) () Y-�@2/) �-��>* ^E%* 5RE*�&>* u�64� �$���� )�&� �� 0�E� � 5�&)Y��

����$&>* Y-�/ 0-��( �; �? ) ��c2* �ES�&� ��&�* 0�Q�-

0)�� �� �?>*�$! 0�P29 �� >S�; - 5-��>* Y�E*�& 	��� �� ����� 5Y�� Y-)- 0��P��R� #@ 0)�� 0()R� �8 S�89*
0()R� �8 S�89* �-��>* Y�E*�& �� �	�� �� ����� 5-��N6>* A�= ��T��R� �8$� Y8-)�&�1 - 0()R� 0��/D� ^2+��
�8V.7* 5 �2+�2$� � >&�$� 0���21�/ ��&�* ��&� () >J%� ��� )���6 �ES�&� � �/��� \a�9* () 0�E9� \; 0)��
0�2$� >/��� -��� 5�E}2* �EE}? #g? 5\E9&)�@�- 0���QI$! 0()R� ��&�* �Q�- >1�� >S� ��&)- 0�3�� >/���
��2B9& >I$! ^�) � #/) (�E& -�* [�+ �� Y�� Y-)- �8 S�89* \��B? 5��?�� 0()R� '� () Y-�@2/) 0)�� [�Z ^ES�) ��&)-
>] �I;�* ^�) �� >&�*( �? ��?�� '� �#/) �%S�M* -�* 0���21�/ - >/��� >+�� ��- ��*(�E& �� #/) Y�E_E6
>S� �&��)� >�� 0))- -�1 �� ���� �%� >���2*�& >&�c? Y��� 0))- �S�89* �� >2S�; - �P� �--��>$& (�k� 5-�7&
�&)- -� � 0���C�*�+ ^�) () �B� �- �#/��T��R� 0()R� �8 S�89* �� "��� \��Z >I� 0()R� �8 S�89* 5#/) ���7*

x�&�EQ� )�Z � �? -�* ���� ��

��IM* >/��� 0�E�) h/�? �� ��>*�+m
 () 0)�!�$P* �� Y)�$� ) e/��* ��N6\E9&)�@�- �I@E�* i� ���� 2�
Y�6# 50()R� �8 S�89* 5���- M �� T��R� i� \E37? ��N* 0��>*�+m
 ��) �-�� #+�� 5�&��>* \=�;
5��>*�+m
 -)�%? �3��) �� #B9& 5�����>*Y�6#99h)* �� �Y�6#9Y���Q �� A�= ^�) �Ek - �-��>* Y�E*�&
>%f�* T��R� \E$3? �? �&)-)(� ��&)�?>* Y��Y-��+) 0��>*�+m
 5C�) #S�; 0)�� ������ -��( �� R� eE?�? ��

�-)- -� � ~.7* �8 S�89* i� �� �S�89* "��� 0)�� >S�=) '� i� 5[�- #S�; - ������ �EE}?

0()R� �8 S�89* >I=) z�� - "��Q2/�1 #/) ^3$* ��.2&) ^�) �#/) G 0()R� Y��� ��.2&) �Q�- �8 B� 2�
�{
v| ����$&>* >+�%* )�&� �� #/) >���>*�+m
"��$& G�& �E,�8? #g? ��!�& >S� 5����
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xR�(�/>* z�M* ) ��( �8 S�89* 0���C�*�+ '� () >S��* �)��! ��

R9E+�*�E@�- Y���� 5��29� �2*���) (M̄, ds̄�) � (M,ds�) >&�$� 0�%�mn �I@E�* �- 3��/��  !�%&�42(�G# �2�2$
#/) [(b 5R���- ��?�� ������ \3� �� ) 0�2*���) �3��) 0)�� �φ∗ds̄� = ds� �� ���� -� �* φ : M → M̄

i� ^2�)- Y�Q& #��, �� >%EB] �] �� �� ^�) �RE�- "��$& ��>*�+m
 () �!�$P* i� h/�? 5) ds� �2* �9&�?
R�)- U �� �� 0)�&�� �� ����>* #/�� U ⊂M (�� �8!�$P* �� ω �83� �*�%2* T��R�

ds� =
n∑

i=�

ωi ⊗ ωi

��$� 0)�� ) 0��� T��R� U () �Mc& �� - \c29* �] �� 5T��R� �)�- )��( 5#9E& -�@��Vg�* "��$& ^�) 5�2BS)
q�� �-�����g? �� �-��>$& ���� >I=) 0�2*���) �8 S�89* - 50()R� �8 S�89* - 0-)(� �8 - ^�) ����>* -�P�) 5�2*

#/) ��( \3� �� F
�s H0()R� �8 S�89* 5>%f�* 0���!�$P*��( �� 0�2*���)

φ∗ω̄′ = γ ω′

γ � #/) Ū ⊂ M̄ �� ds̄� 0)�� �3� �*�%2* T��R� ω̄′ � 5#/) U ⊂ M �� ds� 0)�� �3� �*�%2* T��R� i� ω′ ��
M �� ^E%* 0()R� �8 S�89* i� '� ^�) ����>* �E21) SO(n,R) ⊂ GL(n,R) - F>%f�* A�= ��H ) '��-�c*
�P�* >&�$� 0���2* 0����cB] �� ��?�� '� () Y-�@2/) �#/) G = SO(n,R) �� 0()R� Y��� �� ���>* \=�; )
� �--��>*

ω ���
� ���, �#/) Y�� <��%? M �I@E�* �� �� ���� >P�� ω = {ω�, · · · , ωm} RE�� ��+ 25��6� �2�2$
φ∗ωi = ωi, i = �8M�) - n-�= φ : M −→ M >%f�* R9E+�*�E@�- �� [��@* ^�) �� 5#/) ( )R� -�1 >����

����� -� �* �, · · · ,m

��( �8 EJZ ��E� �� ) lg� ^�) �8 *)-) � R�-�$& #Bg= 0()R� �8 S�89* () G�& ^�) -�* - >+�� Y8()�&) �� [�- \V+ -
xRE�->* �$?�1

m − r �R A�
1 !� �� ����"� A�
1 A�H�� 0�/�% M ��8%−m �D<��� 
% r +, ;�
� )$ �.�64� ω 
1$ 2 �DF $2�2$
��	$ ��8%

� ��E�� Y���7* ) {�L| p �* A�B,) 0)�� 2>�@B�
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(������ 
C���� ) 1

\E9&)�@�- �QI$! i� 0)-��& �� -�� -� �� ) >I=) -��� ^�) ��?�� 5FK�u H >%f�* 0()R� �8 S�89* >/�� 0)��
�EI� �� �&��>* �P�� d � i�mC�6 �� �23& ^�) �� � �? �� >�%� `RE��$& �B/�g* )�$� 0��#��Q& #g? ) d > �1
Y��� �� -)- Y��) 0()R� �8 S�89* () 0)Y-�/ Ab-�%* �� ��T��R� 0()R� �8 S�89* �#/��T��R� 0()R� �8 S�89* \;

R�)- #S�; ^�) - �G = {e} x#/) >&�$� >/�� -�* 0�21�/

φ∗Ωi = ωi, i = �,�, · · · ,m. FK�s H

R�)- FK�s H �8M�) 0)�Z�� ()

φ∗dΩi = dωi, i = �,�, · · · ,m. F��s H

C�; ����>* #/�� F��s H h�)�� 0�ES�&� A�E�� [�P&) � A�B/�g* :��] () ��T��R� 0)�� 0()R� �8 S�89* �)� 
�� ^�) �� �-�$& ��E� �� θj 0)Y�� 0����f e9; �� ) dθi >*�+ mK �� �)�?>* 5�&(�/>* T��R� i� �� θj ���

x�&-��>* �ES�? FY�� Y-)- T��R� �� ����2*H >/�/) ������� >Z��6#

dωi =
∑

�≤j<k≤m

T i
jk ω

j ∧ ωk, i = �,�, · · · ,m, Fs�s H

b� �$2;) � �&-��>* <��%? -�@��Vg�* A�= �� �� ��29� 0)�$� p�)�? 5T i
jk = T i

jk(x) ������� .'�� �

�
m�(m−�)

- �����>* 0�E� Y()�&) ) ����2* >P��R� :27* >��P�� �)�E* 0�21�/ p�)�? ���29� �@= �� � #��, ��&� () 0�E9�
R�)- ����- >S #�)�� C�*�+ () Y-�@2/) �� pZ)�

[
∂

∂ωj
,
∂

∂ωk

]
= −

m∑
i=�

T i
jk

∂

∂ωi
.

x���>* #/�� ��( �8 S-�%* - > �1 \E9&)�@�- � >S #�)�� �8M�) () ^�) � #/) C-�%* Fs�s H �� �E1) C�*�+

〈dω;u, v〉 = u 〈ω; v〉 − v 〈ω;u〉 − 〈ω; [u, v]〉

���29� 0)-�� �)�E* �- v � u � >*�+m
 ω >2Z�
<��%? M̄ �I@E�* �� �� ) ��( 0�21�/ Ab-�%* �� 0)�� 5���� ω �� ( )R� T��R� i� Ω RE�� ��+ ��) C�;

#�)- RE�)�1 --��>*

dΩi =
∑

�≤j<k≤m

T̄ i
jk Ωj ∧ Ωk, i = �,�, · · · ,m.

R�)- A�= ^�) -
∑

�≤j<k≤m

T i
jk ω

j ∧ ωk = dωi = φ∗dΩi =
∑

�≤j<k≤m

T̄ i
jk(φ(x))ωj ∧ ωk.
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���� >�%� ����� ��)�� ωj ∧ ωk e�)�f ���� �6 5��29� >M1 \c29* 0��>*�+ m
 �� ωi ��� n�+ �8M�) -

T̄ i
jk(x̄) = T i

jk(x), x̄ = φ(x), j < k, � ≤ i, j, k ≤ m.

T i
jk 0�21�/ p��? ��) �RE/>* 0�21�/ p�)�? () Y�� -�P�) �S�3/) 0��)-��& �� 5Y�� Y-)- T��R� i� 0)�� ^�)�����
����� #��, )�c* ��$� ��)�� ��*��S �E& T̄ i
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0))- S = {x̄ = x} ����2* �8 2�)� �� ��&� ^E���)� ���?�* )��( ���->$& \E37? Rj�* R29E/ i� 5x̄, x̄� � x, x� >%��?
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RE��>* <��%? σ = σk �� 0)�� �-�� ���)�1 �@= ��)�� S �� >%f�* >?�V2.* p�)�? () dFσk

dFσk
= dTσ − dTσ =

m∑
j=�

[{∂Tσ

∂θ̄j
θ̄j
}
− ∂Tσ

∂θj
θj
]
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rL ���%+?	 ����D<��� � L%$(� 0A�/ E?�� ���$���� �G�G

=
m∑

j=�

[{Tσ,j − Tσ,j} θ̄j + Tσ,j {θ̄j − θj}].

0��\E9&)�@�- () i� �� ^�)����� �#/) �@= ��)�� Ft�s H �� � �? �� Tσ,j − Tσ,j = Fσ,j \f�@? 5orderσ ≤ s ���
�� dFσk

>M1 CDc2/) �����>* I >IE9&)�@�- Y�Q2/- - Y�� <��%? 0��>*�+m
 >M1 eE��? dFσ =
∑

j Tσ,j Θj

- I|S �8 B? )NS � �&�$� >Z�� >M1 \c29* Θj |S Y8�� ���g? [�+m
 5m− r ��cEZ- 5S () �Mc& �� - �� -��>* e �*
�#/) m− r ��)�� S () �Mc& ��

x#/) �S�* 0��>*�+m
 0��\E9&)�@�- �8 B/�g* ��*(�E& ^�) � #/) >7_E6 I|S �� RE�->* ��7& <
#

dΘi = dθ
i − dθi =

∑
j<k

[T
i

jk θ̄
j ∧ θ̄k − T i

jk θ
j ∧ θk]

=
∑
j<k

[{T i

jk − T i
jk} θ̄j ∧ θ̄k + T i

jk {Θj ∧ θ̄k + θj ∧ Θk}].

)�Z Tσ 0�21�/ 0��)-��& () \*�� �8!�$P* ^E� - �� T i
j,k )��( #/) �@= ���&�%$ () C�) �8!�$P* 5S �I@E�*��( ��

0�%�−m C)�Q2&) �I@E�*��( -� � d�E����+ �8 EJZ C�; ����$&>* #��, ) �-�� >7_E6 �� dΘi|S ∈ I|S �6 ��&)-
�8 EJZ A�B,) () Y-�@2/) �� �E& N �-�� N�)�? ����>* ^E$J? ) (x, x̄) ∈ S () )N� N ⊂ S ⊂ M ×M -�@��Vg�*
� ����>* #/�� {�L| () 
��
s

)$ � 
�� A,�<?	$ 0�	$ M �8% )$ 
?�6 ��6$ ��(M +% u�64� +, ;�
� 04K�� �R�# � +6 ���.�� )$ 2 -��� ��2$2$
=$ m +, ;�
� ���%+?	 ����D<��� 
1$ ���� � 
1$ ��?*� )�$4� Ω � ω 4K�� :W ��6 ���u�64� +6 ���� ���� j(� +, �&O

���/�% ��/(v�� C(m)(Ω) � C(m)(ω)
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��,J��% � 4

5��0)�I$ ��� 5\E9&)�@�- Ab-�%* () D� �*H >8 � �- ���� 0()R� h�)�� >/�� 0)�� 5��?�� 0��-��2/- d�/) ��
��>*�+ m
 e9;�� �?>I� #S�; - �� � >IE9&)�@�- 0��[�+ e9; �� FY�Ek � >IE9&)�@�- 0���QI$! 5>?)�EE}? \a�9*
M̄ � M eE?�? �� 0�%�−m 0���I@E�* �� Y�� <��%? Ω � ω >*�+m
 �- F>%f�*H 0()R� RE&)->* ��&-�� ��E�
���7* :��] �� ( )R� 0��>*�+mK 0)�� <��%? �φ∗Ω = ω �� ���� φ : M −→ M̄ R9E+�*�E@�- �� #/) >�%* ^���
�RE�� ��E� ��>*�+m
 e9; �� ) �� ���� ��?�� 0()R� �8 S�89* �� >*�+mK #S�; ��&)-���� 0)�� �-��N6>* A�=
�� RE�� ��+ ���29� ��93� �8 B? 0))- ( )R� 0��>*�+mK ^�)����� 5�&�*>* #��, R9E+�*�E@�- #g? [�+ �8 B? ���
��)- �8 EJZ �����H #/) ��( A�= �� F�Mc& �� -H >*�+mK �� �6 5���� r #��, �8 B? 0))- F�Mc& �� -H >*�+mK

F{Kv|

ω =
r∑

j=�

θj ∧ θj+r , Ω =
r∑

j=�

Θj ∧ Θj+r,

i� ���29� M̄ �� �Ej& 0��>*�+m
 {Θ� · · · ,Θ�r} � M �� >%f�* \c29* 0��>*�+m
 {θ� · · · , θ�r} �� >2Z�
����� :I%2* Sp(�r,R) �2+�2$� Y��� �� �� >2Z� hc+ � >2Z� ���>* �@; ) n�+ >&�&�� 0��A�= >M1 \��B?
��>*�+m
 () ����2* 0���!�$P* �� >2Z� hc+ � >2Z� ��29� ()R� Fφ#��Q& #g?H �j&-�* 0��>*�+mK ^�)�����

����� n-�= ��( >I��B? �8M�) -

φ∗Θi =
�r∑

j=�

gi
j(x) θ

j , i = �, · · · ,�r,

0���2* 0()R� -�* - D� �* �#/) Sp(�r,R) - '��-�c* �� #/)M �� p�)�? () >9��?�* g(x) = (gi
j(x)) �� - ��

�-�� O(m,R) �*�%2* Y��� () 0�J! '��-�c* ��N* ���?�* �� R���- >&�$�
^�) �RE��� �2�)- M̄ � M 0���I@E�* �� eE?�? �� ) {ω̄�, · · · , ω̄m} � {ω�, · · · , ωm} 0��T��R� RE�� ��+

�
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� �Z ��� �K

��)�� ��*��S φ∗ω̄i �R��E�>* �j&- ω̄ = (ω̄�, · · · , ω̄m)t � ω = (ω�, · · · , ωm)t >&�2/ 0��)-�� A�= �� ) ��T��R�
��&-��>* G ⊂ GL(m,R) [�+ �� >9��?�* -�P�) e �* ��N* e�)�f 5#/) >M1 φ∗ ��� pZ)� - �#9E& ωi

0���I@E�* �� eE?�? �� Y�� <��%? 0��T��R� ω̄ � ω � ���� >S Y��� G ⊂ GL(m,R) RE�� ��+ 25��6� �2�2+
F>%f�*H R9E+�*�E@�- -� � [�! �� -� � �� ��T��R� ^�) 0)�� 0)�c*−G0()R� �8 S�89* ������ M̄ �M 0�%�−m

x-()-�6>* ��( #E=�1 �� g : M −→ G 0)�c*−G p��? � φ : M −→ M̄

φ∗ω̄ = g(x)ω.

�RE21)-�6 �� �� \BZ \V+- �� --��>*�� φ∗ω̄i = ωi #S�; �� �S�89* G = {e} �� U�1 #S�; -


C(DJ(�� & 4

��?�� 0()R� R2��QS) () �)�?>* 5��-�� 0���C�*�+ G 0�21�/ Y��� � ω T��R� e9; �� 0	 ()R� �8 S�89* �� >&�*(
�� ���E}2* () �!�$P* �- �� RE��$& zD=) 0)�&�� �� ) >I=) 0()R� h�)�� �� #/) ^�) [�� ^E29.& �-�� Y-�@2/)
0)�c*−G p�)�? �)�2� ��) ���? � ��) #/) )�Z�� φ∗ω̄ = g(x)ω 5Y��� U)�1 Y����- () ��&-�� ��E� ��c2* >?�=
�� C�) �8M�) - g(x) pZ)� - �ḡ(x̄) ω̄ = g(x)ω RE��� �2�)- Fi�mC�6 -�$& oN; ��H �� #+�� ���� ) ḡ(x) � g(x)
e9; �� -)�&�2/) 0()R� �8 S�89* i� �� 0()R�−G �8 S�89* "��� �P��) - o�� �#/) Y�� ^��Q�� ḡ(x̄)−� g(x)
A�V2.* () >%��? �)��! �� ) ḡ = ḡ(x̄) � g = g(x) ���?�* �=��! �� #/) A�= ^�) �� \; '� � #/��T��R�
0()R� q�� �� �� ���� 0)�&�� �� � -��N6 A�= )-��& >I$! #g? >29��� �� ^�) �2BS) �RE�� ��E� ��&� �� �Ej&

xRE��>* <��%? ) ��( 0��T��R� ^�)����� ����� ��(�/ ḡ(x̄) = g(x)

θ̄ = ḡ(x̄) ω̄, θ = g(x)ω.

�����>* \EIc? ��T��R� 0()R� �� 0()R� �8 S�89* ^�)����� �φ∗θ̄ = θ x��29� )-��& z�f� �� ��T��R� ^�)
� 5�� gi

j 5Y��� 0���2*)�6 () >���eE��? ^2+�� \37* ^�) \; �EI� �#/) ḡ(x̄) � g(x) ^2+�� >I=) \37* C�;
�8 2+�� \��B? A�V2.* �� #B9& �� [��@* ^�) �� `��&�*>* >Z�� �EE}? ���� A�V2.* \��B? #g? �� #/) ��xk b� �$2;)
�� � Y-�$& C�*�& ) ���2*)�6 () >3� �� �&(�/>* -�Z ) �* ��eE��? ^�) () i� �� ������ n-�= �M�) i� - x̄k � ḡi

j

�8$� RE&)�?>* 5RE�� )�E6 )-��& A�BE��? >+�� -)�%? �� RE&)�2� ��) ����� "��� �;)� i� 0�21�/ Y��� �%� eE?�? ^�)
�RE�- "��� ��T��R� �8 S�89* �� ) 0()R� �8 S�89* � Y-)- "��� G̃ = {e} �� ) G � Y-�$& oN1 ) Y��� 0���2*�6

RE�� ��+ ^E�_$� �R��EQ� �j&- M̄ �� ω̄ � M �� ω 0��T��R� 0)�� ) 0)�c*−G 0()R� �8 S�89* RE�� ��+
5���� H -�� N ��) ����$& n�= x̄ = φ(x) �� H(ḡ(x̄), ω̄|x̄) = H(g(x), ω|x) q�� - �� ���� )-��& >BE��? H(g, ω)

��) �Q�- A�B! �� ���29� -�@��Vg�* Y��� \$! #g? ḡ(x̄) ω̄ = g(x)ω 0()R� h�)�� 5φ#��, ( )R� #��Q& 0)��
R�)- Y�Q&� 5#/) 0)�c*−G >%��? �� g�(x) = ḡ�(φ(x)) = ḡ�(x̄) RE��� �2�)-

ḡ�(x̄) ḡ(x̄) ω̄ = g�(x) g(x) ω̄. F
�u H

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah
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� �>�Z

ḡ�(x̄) = g�(x) p��? �� 0)�� �E1) �8M�) �� >��P&� () �H(ḡ�, ḡ, ω̄) = H(g�, g, ω) �� ���>* ��P�) H 0)-��&
R�)- g� ∈ G �� 0)�� >�%� 5���>* �@; ) H ()�? z�M/ '-�1 �� G #/) \$! R��E�>* �PE2& 5#/) )�Z��
#/�� Fh ∈ G � z ∈ N �� 0)��H z 
→ zḣ �8M��f �� H -��� �� G () >I� >I$! ^�)����� �H(ḡ g�, ω̄) = H(g g�, ω)

-��>* <��%? ��( \3� �� �� ���>*

H(g, ω) · g� = H(g g�, ω), g� ∈ G,

x̄ = φ(x) #g? ω̄ � ω ��) �� ���>* ��P�) F
t�u H �8M�) ^�)����� �H(g, ω) = H(e, ω) · g U�1 #S�; - �
��&�EQ� )�Z N () G )�* i� - H(e, ω̄|x̄) � H(e, ω|x) q�c& Y�Q&� 5����� ( )R� >���T��R�

x ∈M �� 0)�� Y���� -��>* Y�E*�& ω T��R� ()L'�B ;)� �� ����(�#�� i� H(g, ω)0)-��& p��? 25��6� �2�2+
�#/) H -��� �� G \$! h/�? Y�� -�P�) )�* Oω �� �&�E� )�Z Oω ⊂ N )�* i� - H(e, ω|x) ��-�c*

) �$4� ω̄ � ω 
1$ ���/�% H(g, ω) �$���� L%�� �$
% �%�l '(� )$ u�64� � ω̄ � ω 4��6 N
� F{�L|H 2���A, �2�2+
N
� 0��*�� �$�� 2�$ � z 2?/$ A�H� �%�l �% A�:8% �Oω̄ = Oω `��
%$
% �W��TR N � ���� 
S��?� ����$�� A�H�� ��/�%
4�)�	�� �$+�(1 +% $� ḡ�(x̄) � g�(x) �$(�� ��$�"�−G L%$(� ��/�% 
S��?� ���
��T�$ A�
1
�) G̃ = Gz ⊂ G +6 4��6
A�<?	$ �̄ = ḡ�ω̄ � � = g�ω �#:M$ u�64� 7�
8� �$
% �� )$ � H(ḡ�, ω̄) = z = H(g�, ω) 4�/�% +?/$ +6
+6 h̄(x̄) �̄ = h(x)� `��/�% ) �$4� �#:M$ ���u�64� 
1$ ���� � 
1$ ��?*� 2�8� ḡ � g A�
1 ���
?�$��� �4��6��

���$A�/ 2�8� h, h̄ ∈ G̃ �$
% G̃ +, ?��� 5��6 A�
1 ���
?�$��� � x̄ = φ(x)

�� e/��* (�] �� �� 0)�&�� �� -�� RE�)�1 Y-�@2/) 0�21�/ Y��� "��� � �N �����+ - ".� ^�) RE��@* ()
50(�/C�*�& R�* o)��) () >3� ^$f - ��&-�� Y��� \$! 0��)-��& >*�$? ^2+�� �� T2�* � �&��N6 A�= �S�89* h�)��

������ ^E%* n�+ �� #/) >Ia�9* - )-��& T��R� ^2+��

(�(I%−G �, 
C���� �. 7(." Q�%�� ) 4

�2�)- V � U (�� 0���!�$P* 0� eE?�? �� ) ΩV = {Ω�
V , · · · ,Ωn

V } � ωU = {ω�U , · · · , ωn
U} 0��T��R� �E����+

q�� - �� ) Φ : U −→ V 0��R9E+�*�E@�- -� � RE�)�1>* ����� ��B$� >M1 Y��� i� G ⊂ GL(n,R) � RE���
^21�/ () #/) A�B! #9.& Y8��) ��-�� ��� D� BZ �� �&�� ��$� �RE�� >/�� ) ����>* n�= Φ∗ ΩV = γV U ωU

>�%� �� �� hB?�* 0���J+ �� �S�89* .�*�� �� ^�) �� F��R9E+�*�E@�- ^2+�� >�%�H C)�8/ ^�) 0)�� e/��* Y��� \$!
x--��>* )�Z�� q�B?) ^�) ��( A�= �� >%EB] �� \$! �� �� -�E�>* A�= V ×G � U ×G

C · (ρ, S) = (ρ, C · S),
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�RE*�&>* �D*−G ) ���>* \$! �� () �� �� G �� �J+ i� 5>I� #S�; - �ρ ∈ V �� ρ ∈ U � C, S ∈ G �� - ��
RE��� �2�)- ) ��( ���V? >%EB] 0��#��Q& RE�� ��+

πU : U ×G −→ U, ΠV : V ×G −→ V,

����� Y�� <��%? ��( A�= �� �� R��EQ� �j&- ) U ×G � V ×G 0� 0��>*�+m
 () 0��� >&�2/ 0��)-�� �

ω|(U,S) = S(π∗
U ωU ), Ω|(V,T ) = T (Π∗

V ΩV ).

x-(�/>* ����$& ) pE+�? #E$�) ��( Y8)��


1$ �$ (�� γUV : U −→ G �$
% Φ∗ ΩV = γV U ωU +,J%$� � j�M φ : U −→ V 4*���(�(�<� 2���A, �2�2+
+6 �/�% (�(� Φ� : U ×G −→ V ×G 4*���(�(�<� 
1$ ���� �

Φ�
∗
Ω = ω. FK�u H

���� Y�� <��%? ��( A�= �� Φ� : U ×G −→ V ×G RE�� ��+ 2>�@B�

Φ�(u, S) = (φ(u, S), T (u, S))

�� #/) >�%* ^�) �� Φ�
∗
Ω = ω q�� �T (u, S) ∈ G � Φ(u, S) ∈ V �� - ��

Φ�
∗
T φ∗V ΩV = S π∗

U ωU

�3��) �� �

(πV ◦ Φ�)∗ ΩV = (T ◦ Φ�)−� S π∗
U ωU

��

Φ∗ ΩV = T (u, S)−� S π∗
U ωU .

0��:27* ^�)����� 5���->* \E37? U 0� 0��[�+ 0)�� 0)���6 ωU � V 0� 0��[�+ 0)�� 0)���6 ΩV ��� C�;
U�1 #S�; - �Φ(u, S) = Φ(u) R�)- ���� Y��� �-�� ��B$���+ �� � #/) �@= Y��� 0���E}2* �� #B9& Φ >�� 

-��>* �PE2& �� ()

T (u, S)−� S = γV U (u),

R�)- �E1) �8M�) () ����>* \*�� ) 0()R� ��

T (u, S) = S γ−�V U (u),
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-�� ��)�1 ��( A�= �� Φ� #��Q& )NS �

Φ�(u, S) = (Φ(u), S γ−�V U (u)).

#�)- RE�)�1 5Y�*� #/�� \3� �� Φ� <��%? �� 5Φ : U −→ V Y8�� Y-)- 0()R� �8M�) 0)�� �PE2& -

Φ�
∗
Ω|

(Φ(u),S γ−�

V U
)

= S γ−�V U Φ∗ ΩV

= S γ−�V UγV U ωU = S ωU = ω.

R�)- Φ� R9E+�*�E@�- >�$f "��$& �� � �? �� C�;

πV ◦ Φ� = Φ ◦ πU , Φ�(u,C S) = C Φ�(u, S),

� �--��>* \=�; ��IM* �8PE2& )NS �

����>* -���7E6 ) U × O(n,R) 0�J+ �� pE+�? 5'� ^�) 5n�+ - Y�� ��� >&�$� �8/��� C��* - 2(�G# �2�2+
�/��� () G�& ^�) �2+ >%EB] hEg* ��H ��29� �*�%2* 0��T�� oD� Y8���- \E37? 0)� ) �� γUV � ��pE+�? �21�/
0� �S�89* h�)�� 5�� \��c* �8Mc& - -)�* >1�� - >S� ��29� ^E%* n�+ A�= �� \a�9* eIk) \$! - �F#/)
#S�; �� ) \a�9* �&�� ^�) �)�?>* �2BS) �#/) ^E%* ^E��6 �S�89* � -��>$& \*�� ) ��T��R� �8$� 5��R9E+�*�E@�-

�-�$& \��B? ^E%*
�

>&�- 0����c? \*�� �8!�$P* ��R9E+�*�E@�- �8$� dD� #S�; ^�) - 3]�* >Z��6# ���������4 2(�G# �2�2+
A�= �� Y�� Y-)- o�+ �8 S-�%* �- 0)�� ^�)����� �#/)

Ω�
V = � V ������� �� 	
�

ω�U = � U ������� �� 	
�

� {Ωi
V } A�= �� ��N* 0��T��R� RE�� ��+ �RE�->* '�29� T��R� �- �� ) ω� � Ω� Y)�.S- �� �RE��>* ��

��( q�� �� F#��, w 0)��H ) φ∗Ω�
V = wω�U pZ)� - ����� n�+ Ab-�%* �+�; R9E+�*�E@�- φ �E& � ����� {ωi

U}
xRE�->* '�29�

φ∗

⎛
⎜⎜⎜⎜⎝

Ω�
V

Ω�
V���

Ωn
V

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

w � · · · �

a�� a�� · · · a�n

��� ��� � � � ���
an� an� · · · ann

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

ω�U
ω�U���
ωn

U

⎞
⎟⎟⎟⎟⎠ .

� �����>* G =

(
w �

∗ ∗∗

)
A�= �� Y��� #S�; ^�) - ^�)�����
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-(��(�9��� ;<�(= � $�% 1 4

�� REa�� #/) 0)-��& ��?�� m�* [�+ >?�= - ) G �� μ [�+m
 25��6� �2$2+

(Rg)∗μ = μ 0) g ∈ G�� 0)() �� F��u H

�#/) g Y8()�&) �� #/) C�c2&) Rg �� - ��

�)�E* i� vi �� A�= ^�) - ����� G () g >S �B 0)�� 0)���6 {v�, v�, · · · , vr} RE�� ��+ 5�Q�- o�] ()
<��%? g · x #/) \$! �� x, g ∈ G �� 0)�� dg(vi|x) = vi|g.x >�%� 5����>* G >S Y��� �� #/) 0)-��& 0)-��
g ∈ G �8Mc& �� - �{�L| F#/) <��%? \��Z Y��� �� \$! e9; �� #/) �� 0)-��& ���7* :��] ��H ���� Y��
G �� #/) 0)-��& T�� i� {v�, v�, · · · , vr} ^�)����� � ��29� >M1 \c29* v�|g, v�|g, · · · , vr|g d�$* 0��)-��
0)���6 �� �=��! ^�) �� #/) g∗ 0�J+ �=��! () {α�, α�, · · · , αr}A�= �� 0)���6 5���6 ^�) ����- ����->* \E37?
1&��� �E& ) {α�, α�, · · · , αr} ���29� G �� #/) 0)-��& ��?��m�* 0��[�+ ��$� 5���->* \E37? ) g∗ ()
0)�� >P�� -� � �#/) �29�)� g 0)�� vi =

∂

∂αi
�8 ��6 ��.2&) �� ��?��m�* T��R� ���*�&>* G �� 	�����9��)#

>���� i���S�6�? A�= �� >S Y��� i� #&)�&�2� � d�$* oD� �� �&��>* e �* ��?��m�* T��R� � >S �B 
��)-��& �8 B/�g* - >/�/) "c& ��?��m�* T��R� �� >�� �� () �T ∗G 	 G × g∗ � TG 	 G × g >�%� 5�����

�#/) >=�1 #E$�) �a�; ��T��R� ^�) ^21��� 5�&)-
>9��?�* >S Y��� i� A�= �� G ��E� 5���@* >S Y��� i� �� ��?��m�* 0��[�+ ^EE%? - [�/�* '�

n× n���?�* \c29* 0����)- A�= ^�) - �G ⊆ GL(n) \3� �� >�%� 5#/)

μ = dA · A−� Fs�u H

����->* \E37? G �� #/) 0)-��& ��?��m�* 0��[�+ 0�J+ 0)�� 0)���6 �� 5F����� >* [�+m
 �� 0����)- ��H
>%f�* A�V2.* i$� �� �� 5Y-�� G - Y)�.S- >9��?�* �V�! i� �Q&�E� A = A(g�, · · · , gr) ∈ G �P��) -
5#/��[�+m
 () >9��?�* �� dA =

∑
(∂A/∂gi) dgi � #/) Y�� Y�2*)�6 5Y��� >&�$� �V�! >Q��9$� - (g�, · · · , gr)

�����>* �� \E9&)�@�-

Y)�.S- �J! �� �_&��� Y�Q&� 5���� �g@= - >/�EIZ) Y��� G = E(�,R) = O(�,R) � R� ��) 2(�G# �2$2+
�× ����?�* �� ) (R,a) ∈ E(�,R) ��&�*

(
R a

0 �

)
=

⎛
⎜⎝ cosϕ − sinϕ a

sinϕ cosϕ b

� � �

⎞
⎟⎠

R��E�>* �PE2& Fs�u H - �-)- )�Z �� �-�$& �V? �)�?>* GL(�,R) () >���� ��( A�= �� ) E(�,R) 5R��EQ� >3�

μ =

(
dR da

0 �

)(
R−� −R−�a

0 �

)
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=

⎛
⎜⎝ � −dϕ cosϕda+ sinϕdb

dϕ � − sinϕda+ cosϕdb
� � �

⎞
⎟⎠

() ��?�B! \c29* >/�EIZ) ��?��m�* [�+ �/ 5^�)�����

μ� = dϕ

μ� = cosϕda+ sinϕdb Fu�u H

μ� = − sinϕda+ cosϕdb

�
i� \3� �� ��*��S � 5--��>* ��E� M ���@* �I@E�* �� AD��B? () >%f�* Y��� i� A�= �� Y��� �� >2S�; -
� g ∈ G ��) ����� �E@* �&)�? >* ��?��m�* 0��*�+ ^EE%? 0)�� REc29* >�� ^2�)- 5���B& >9��?�* >S Y���

x#��& �)�?>* ��( A�= �� A�V2.* e9; �� W��= \3� �� ) z̄ = g · z >���� \��B? 5z ∈M

z̄i = Hi(z, g) i = �, · · · ,m

x#�)- RE�)�1 0�E�\E9&)�@�- �� �O/

dz̄ =
m∑

k=�

∂Hi

∂zk
dzk +

r∑
j=�

∂Hi

∂gj
dgj i = �, · · · ,m

R�)- 5�� Y8�� �=D1 \3� �� ��

dz̄ = dz Hz + dg Hg Ft�u H

^�) �RE��$&>* \; dzk 0��\E9&)�@�- e9; �� ) \=�; >M1 Ab-�%* Y�Q2/- 5Ft�u H - dz̄ = ���+ �� 5�O/
C�*�+ ��

−dz = F dg = dg (Hg ·H−�
z )

R�)- �� � ��->* �PE2& )

−dzk =
r∑

j=�

F k
j (z, g) dgj k = �, · · · ,m. Fr�u H

[�+m
 50) k = �, · · · ,m �� � #��, z� ∈M �� 0)() �� 5A�= ^�) -

μ� =
r∑

j=�

F k
j (z�, g) dg

j F��u H

() >&)�? 0�/ \3� �� ) Fr�u H #/) #$/ �_&��� 5�PE2& - �-�� ��)�1 G �� #/) 0)-��& ��?��m�* [�+ i�
5RE�- h9� ��( ��&�* F ��� �� � �� () �8 ��+ 0�/ �� �H z

r∑
j=�

F k
j (z, g) dgj =

∞∑
i=�

ziμi FL�u H
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�)�$4� +R�,*� ���% (�
� �Z ��� ��

�] �� G >2Z� 5Y��� �� ����� >* G �� #/) 0)-��& ��?��m�* [�+m
 i� h9� ^�) μi e�)�f () i� �� Y�Q&�
�{s
5 sv| ����>* �ES�? ) ��?��m�* 0��[�+m
 �8 �)-�� 5��� \$! �,�8* ��%f�*

A�= �� R� �� GL(�,R) \$! 2(�G# �2$2+

x̄ =
αx+ β

γx+ δ
, ū =

u

γx+ δ
F
v�u H

A�B! F
v�u H () 0�E�\E9&)�@�- �� ����EQ� �j& - )

dx̄ =
(γx+ δ)(αdx + xdα+ dβ) − (αx + β)(γ dx+ xdγ + dδ)

(γx+ δ)�

=
(γδ − βγ) dx+ (γx+ δ)(xdα + dβ) − (αx + β)(xdγ + dδ)

(γx+ δ)�

dū =
(γx+ δ) du− u(γ dx+ xdγ + dδ)

(γx+ δ)�

R�)- 5du � dxe9; �� Ab-�%* ^�) \; � dx̄ = � = dū��+ �� �R���>* #/�� Ft�u H �Ej& )

−dx =
γ dβ − β dδ

αδ − βγ
+
(
δ dα+ γ dβ − α dδ − β dγ

αδ − βγ

)
x

+
(
γ dα− αdγ

αδ − β γ

)
x� F

�u H

−du =
(
αdδ − γ dβ

αδ − βγ

)
u+

(
αdγ − γ dα

αδ − βγ

)
xu

() ��?�B! �� C�) �8 S-�%* - x� � x 5
 e��f �� -�� � �?

μ̃� =
γ dβ − β dδ

αδ − βγ

μ̃� =
δ dα+ γ dβ − αdδ − β dγ

αδ − βγ
F
K�u H

μ̃� =
γ dα− αdδ

αδ − βγ

5-(�/>* R�)�+ ) 0�Q�- [�+ 5[�- �8 S-�%* - xu �� u e��f � 5�&��>* �21�/ F
��u H - ��?��m�* [�+ �/
� �μ̃� =

αdγ − γ dα

αδ − βγ

���$&>* <��%? ��( Ab-�%* :��] () ) T i
jk p�)�? 5{ωi} #/) 0)-��& ��?��m�* 0��[�+ () �!�$P* i�

FT i
jk = −T i

kjH

dωi =
�

�

∑
T i

jk ω
j ∧ ωk. F
��u H

g = x−� ��.2&) �� ^�)����� � T i
jk(g ·x) = T i

jk(x) 5g, x ∈ G �� 0)�� �� ��->* ��7& #/) C�c2&) �� #B9& >�)-��&
���29� #��, T i

jk p�)�? �� R��E�>* �PE2&
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��-�c* ^�) � -)- A��� " ����  ! �DF Y�"�� �� �� T i
jk �-�� #��, q�� �� F
��u H Ab-�%* 25��6� $2$2+

��&��>* Y�E*�& ��?��m�* 0��[�+ ��.2&) �� #B9& G ������� ���L'�B �E& #��,

m�* 0��[�+ )�� �� �� #I! �� - �� #+�� #/- �E& ����� ���6 ��.2&) () \c29* �� >?�!D]) �� �)�?>*
[�+ <��%? 0��B* ^�) � --��>* ~.7* 5�&�E�>* 0� >M1 0��Y��� () ���?�* i� - >%EB] A�= �� ��?��
�V�! - d�$* 0�J+ >&�$� R9E+�*�$� ���V? I RE�� ��+ �#/) 0)�c* −Te >2��Q& �)��! �� ��?��m�*
ω̄(S) = � ⊗ R∗

S−�(I) ∈ Te ⊗ T ∗
S(G) <��%? �� ����� Hom(Te, Te) 	 Te ⊗ T ∗

e R9E+�*���) #g? e ∈ G >&�$�
^�) - �ω̄(S) = (dS)S−� R�)- �� 0)�� �{
K| ���>* #/�� #/) 0)-��& 0)�c* −Te ��?��m�* [�+ i�
^2+�� �� ) ��?��m�* 0��[�+ () 0)�!�$P* 5RE��� �2�)- ) j : G −→ GL(n,R) >S Y�����( Y���� 5<��%? () Y�E�

�RE��>* )�E6 �⊗ j∗ω̄(S) �=��! () C�$����* >M1 \c29* �8!�$P*
xR�)- ω̄(S) () ^2+�� > �1 :27* ��

dω̄(S) = d(dS S−�) = −dS ∧ dS−� = dS S−� ∧ dS S−� = ω̄(S) ∧ ω̄(S).

���29� ��?��m�* Ab-�%* ��$� dω̄(S) = ω̄(S) ∧ ω̄(S) Ab-�%* 2 �)� +2$2+

^�) �� ^�)����� � -(�/>* C�B* ��� A�!D]) �� ) ^E%* Y��� i� >S �B A�!D]) ��?��m�* 0��[�+ pZ)� -
-�* 0�EI� 0��)��) ��[�+ ^�) ^E�_$� ����>* \��B? 5RE/���>* �� >?�!D]) �� ) Y��� >%f�* �21�/ pZ)� - ��

���29� Y��� >I� U)�1 <E=�? 0)�� (�E&
^3$* ^�)����� 5dimG = r � dimH = m � ���� G ��B$� >S Y�����( j : H → G RE�� ��+ 5C��* �)��! ��
�Span{ωm+�, · · · , ωr} ⊂ ker j∗ �� q�� ^�) �� �RE�� ��.2&) T ∗

eG 0)�� ) {ω�, · · · , ωm, ωm+�, · · · , ωr} �8 ��6 #/)
R�)- �� �P&� () >S� �RE��$& n�gS) H Y�����( �� ) ��?��m�* 0��[�+ () 0)�!�$P* RE&)�?>* ���6 ^�) () Y-�@2/) ��

� = j∗ dωa|e =
∑

Ca
αβ (j∗ωα|e) ∧

(
j∗ωβ |e

)
; � ≤ α, β ≤ m, m+ � ≤ a ≤ r,

A ∈ H ��) �����>* ��N6C)�Q2&) D� *�� Y�Q2/- i� {ωm+�, · · · , ωr} ^�)����� � ��29� �@= �� Ca
αβ �� -��>* Y���7*

{ωm+�, · · · , ωr}h/�? Y�� �ES�? 5���)�; �%� �� C)�Q2&) �I@E�*i� H �PE2& - � j◦RA−� = RA−� ◦j A�= ^�) -
�#/) e () )N� �

- �����>* C)�Q2&) �I@E�* �E& H #/) �8!�$P*R� �� 5#/) #/) 0)-��& \E9&)�@�- Y�Q2/- ^�) �� �P&� ()
C)�Q2&) �I@E�* #cEc; - �� 5-NQ� >�)�.S- g ∈ G () �� #9� #/) �8!�$P*R� i� 0��B$� �8@S�8* ��� #���&
0���I@E�* ^�) 5d�E����+ �8 EJZ () \=�; �I@E�* �-�� -�@��Vg�* () `����>* �E& #/) 0)-��& �� #/) C�$����*

���29� C�$����* ��B$� C)�Q2&)

�RE��>* #��, #/) �2�N� \V+ () ��s�s �8 EJZ ���7* �� ) ��( �8 EJZ C�;
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N
� 2��3�� ��/�% ω �����6c��(� =
� � g �R 
;� �% �*�
��� �R A�
1 G 4��6 N
� 23	�����4  �DF 02$2+

� �$)$ +% ��(M 2�$ � ��	$ A�/ T�.� dφ = φ ∧ φ � j�M φ ��$�"�−g =
�c� +% +6 �/�% ��D<���M 4��6
�/�H� � 
� �$
% A�:8% �f∗ω = φ +6 ��(/�� ���� ���Q f : U → G�/�H� � x ���# U �H��*�� x ∈M +,J"�

�S ∈ G�%�l +% 
S��?� �	$� ��- �$
% f� = RS ◦ f� 4��$ 0A��� �	�% f� � f�

�2�)- � ����� [�- � C�) �8 @S�8* �� #B9& 0�����V? eE?�? �� ρ � π �� RE��>* ��+ Σ = M × G �I@E�* �� 2>�@B�
θi

j 0��[�+ h/�? Y�� �ES�? oD���( I ⊂ T ∗Σ RE�� ��+ �θ = (θi
j) #��& �)�?>* pZ)� - �θ = π∗ φ− ρ∗ ω RE���

f : M −→ G 0��#��Q& () >���)-�$& 5���� �@= ��&� �� >���[�+ ^E��i�mC�6 �� 0�%�−n0���I@E�*��( �����
mC�6 �-�$& oN; �E& � ��:227* �8 B/�g* �� �RE��$& Y-�@2/) d�E����+ �8 EJZ () �? R�)Y-�*� C�; �φ = f∗ω �� ��29�

R�)- ��A�B! ��E� - i�

dθ = −φ ∧ φ+ ω ∧ ω

= −φ ∧ φ+ (θ − φ) ∧ (θ − φ)

≡ � mod I.

-�@��Vg�* �I@E�*i� � F���>* n�= 
�K�� �8 EJZ >�%� d�E����+ �EJZ h�)�� -H #/) d�E����+ Y�Q2/- ^�)�����
����$& �B! (x, g) ∈ Σ �� () �� #9� 0�%�−n

- �S = f�(x)−� g � f�(x) = g R��E�>* �j&- ^E�_$� ������ ���$2* �)� �- f� � f� RE�� ��+ C�;
���� 5n�+ - Y�� �EZ 0-�@��Vg�* �� � �? �� �f∗ ω = φ � -N�>* (x, g) () f = RS ◦ f� )-�$& A�= ^�)
� �f� = RS ◦ f�

x {
K| R��E�>* �j&- ��?�� �8 EJZ 0)�� ) ��( T��2&

i
/ 0��/�% G �R A�
1 �(?%M ��;�� �D<��� )$ 2/
��$ � i = �,� �$
% fi : M → G 4��6 N
� 2 -��� N2$2+
{ωi} �����6c��(� ���=
� )$+-(�.� +6 �	$ 2�$ f� = RS ◦ f� +6 �/�% S ∈ G 
��- +62�$ �$
% ���6 � =)U

�f∗
�

= f∗
�
+6 �/�% (�(�


1$ �	$ S ∈ G [	(� �	$�  �"?�$ !� f : G → G 4*���(�(�<� 0�/�% ��;�� �R A�
1 !� G 
1$ 2 -��� b2$2+
��/�% (�(� f∗ωi = ωi � j�M �����6c��(� ���=
� )$ �$+-(�.� 
1$ ["� �

�� �2'�� �0 !"# $!8�� ���� {�s5 ��| �&��' �# ��:; $�� �� 	���� � 3��' �0 �:; $�� ����8 �� �����4� H���5 ��
�8�� ����#�
�� I�"� �� 3	��J# 
 ����!' n ���� ��%�−n 
 K ����:8 �# ���* �������L 
 �2�,���-�# ����#�
��
	��#�� �4�4? 	�����* �0%�M' ���� N�� �"��/ +O8 �# �&��' $�� 9�"� 	#�� 	��� $�8P ������ 	
�� +45 �Q� 	�6
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 �����6 ���?V�	 �U�8� �Z�Z

9�"�

�{
K| ���>* ��9; �� >S �8 ��j& R�* T��2& ()>3� 5#/) " 8)�  ! �DF >%f�* d�3%* �� ��( �8 EJZ

`��/�% 
�) [%$� � � j�M ����%�l Ci
jk (� ≤ i, j, k ≤ n) 4��6 N
� 2 �DF e2$2+

Ci
jk = −Ci

kj∑
[Ci

jr C
j
sk + Ci

js C
j
kr − Ci

jk C
j
rs] = �.

j�M 
�) +,J%$� � +6 ���$ (�� Rn $,�;� �H��*�� !� � ω�, · · · , ωn �JV �"?*� ���=
�c� ��(M 2�$ �
`��/�%

dωi =
�

�

∑
Ci

jk ω
j ∧ ωk.

-(��(� 
�(+5(D ;<�(= 4 4

�� ω = S ωU �8 2+�� pE+�? \E9&)�@�- 0��[�+ �� #/) ^�) ".� ^�) - o�� 5�2+�� pE+�? 0()R� �8 S�89* �� G�  ��
�* �8 2/)�1 b� �$%* pZ)� - �#/) )�3? \��Z V ×G0� 0��[�+ 0)�� ���7* 0�21�/ �RE��$& \EIg? � ���P? ) U ×G
>+�%* ���� ��&)�?>* >Q$� ����) � RE��E� Y�� Y-)- 0��0()R� #g? ) >/��� 0���21�/ 0��)-��& �� #/) ^�)
��Y��) �� #/) �� RE��>* ��E� A�= ^�) �� ) 0()R� �S�89* �� ^�) #I! ��&-�� ^E%* V × G �� ���7* 0��[�+

��&-�� ����$& �?��/�
xR��EQ� > �1 \E9&)�@�- �2+�� pE+�? 0��[�+ () RE&)�?>* U ×G ��

dω = dS ∧ ωU + S dωU

= dS S−� ∧ S ωU + S dωU

#��& �)�?>* ^�)����� �#/) G �� #/) 0)-��& 0��[�+ ��?��m�* ���?�* dS S−� �� - ��

(dS S−�)i
j =

∑
ai

j ρ π
ρ,

^�) �� ��29� >I=) ωU 0��[�+ ^E�_$� ���29� #��, �� ai
j ρ � #/) ��?��m�* 0��[�+ 0)�� 0)���6 πρ �� >2Z�

) > �1 \E9&)�@�- RE&)�?>* ^�)����� �-�$& ��E� U 0� A�V2.* e9; �� ���? ) ��&� \E9&)�@�- �)�?>* �� [��@*
RE9���� ��( Y���m�? "��$& A�= ��

dωi =
∑

ai
j ρ π

ρ ∧ ωj +
�

�

∑
γi

j k(u, S)ωj ∧ ωk. F
s�u H
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�&)�29�)� G �� 5��29� F>%��*H K �B?�* () {ωi} �� #B9& �� >���A�B! e�)�f �� #/) 0��f �23& ^�) �� � �?
A�= �� > �1 \E9&)�@�- ^2��& �� �#/) Y�� Y-�@2/) S ∈ G �J! \$! () �� �/ ��&� - )��(

dωi =
∑

Δi
j ∧ ωj, F
u�u H

R�)- 5RE�� eE��? n�+ �8M�) �� ) F
s�u H Y���m�? "��$& ��) 5Δi
j Y)�.S- e�)�f 0)��

∑ [
Δi

k − ai
k ρ π

ρ
]
∧ ωk − �

�

∑
γi

j k(u, S)ωj ∧ ωk = �.

�% ����
�c� )$ A$(FR �$+-(�.� {πi} � ����
�c� )$ �"?*� �$+-(�.� {ωi} 4��6 N
� 23	�����4 �" �2+2+

1$ ���� � 
1$∑ πi ∧ ωi = � 4��$ ��(M 2�$ � ��/�% {ωi} 
M��- $�8� �% 
%$
% � ����?� ��&-$ $�8�

πi =
∑

Cij ω
j ,

��	$ ���"?� �*�
��� (Cij) +6

^�) () >M1 eE��? A�= �� ��[�+ ^�) 0�J+ - >M1 [�+ �� �PE2& - � ��29� \c29* �� ωi 0��[�+ ��� 2>�@B�
"��$& πi =

∑
Cij ω

j \3� �� -�@��Vg�* A�= �� ) �� πi () i� �� RE&)�2� RE�� ��+ �#/) "��$& \��Z ��[�+
A�= ^�) - �RE�-

∑
ωi ∧ πi =

∑
i

∑
j

Cij ω
i ∧ ωj,

� �∑ πi ∧ ωi = � ��) ���? � ��) Cij = Cji )NS �

x#/) 0�E��PE2& \��Z ��( A�= �� F
u�u H �8 S-�%* 5��?�� RS () Y-�@2/) ��

Δi
k − ai

k ρ π
ρ ≡ � mod(ω�, · · · , ωn).

() #��, e�)�f �� 0)�M�) ��) C�; �-��>* Y-�@2/) mod base () mod (ω�, · · · , ωn) 0� �� >9��& Y-�/ 0)�� eIk)
���� )�Z�� ��( A�= �� D� �* ��?��m�* 0��[�+

∑
bji a

i
jρ π

ρ = �,

�� -��>* Y���7*
∑

bji Δi
j ≡ � mod base.

Y�E*�& (��  ! @��# ���� <���7 5���>* �EE}? Y�� <��%? h�)�  () 0)�!�$P* 0� bji ��
∑

bji Δi
j 0��>*�+m


��&��>*
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Δi
j ���?�* zD=) 0)�� Y���7* ^�) () Y-�@2/) ��3*) A�= - � >/�/) e�)�f �-�$& ~.7* �* o�� ����)

���?�* �� Y�� <��%? h�)�  ��� ����� n-�= ��?��m�* 0��[�+ ���?�* �� R��; h�)�  - �� #/) 0)�&�� ��
ω >	  �1 \E9&)�@�- "��$& () >$2��QS) �21�/ i� 5#/) G >S �B �� Y�� <��%? h�)�  #cEc; - ��?��m�*

--��>* \=�; ��( \3� ��

dωi =
∑

πi
k ∧ ωk +

�

�

∑
γi

jk ω
j ∧ ωk,

>?/� γi
jk e�)�f \*�� AD$ �#/) >S �B () Y�� �B/�g* >IE9&)�@�-[�+ πi

j ≡∑ ai
jρ π

ρ mod base �� - ��
A�= �� ) πρ 0��>*�+m
 � ��? e�)�f Ab-�%* ^�) ��&��>* Y�E*�& :�� <���7 �E& ��&� e�)�f � :��
�-�$& oN; ��3*) A�= - � �-�� Y-�/ 0)�� [���) ^�) () Y-�@2/) 0�%� Y8��) ^�)����� �����>$& <��%? -�@��Vg�*
>Z�� >S �B �J! R� (�� �� 0)�&�� �� ωk () >B�)�f �-��+) �� �� πρ �-�� zD=) �� \$! ^�) �#/) ��? e�)�f

�-��>* �2@� Y�� �B/�g* >S �B ��,��� :P� \$! ^�) �� �--��>* \=�; �&�$�
m�? "��$& ��$� �� >I=) "��$& �R��E�>* �j&- > �1 0��\E9&)�@�- 0)�� "��$& �- [���) ^�) ��E$�+ 0)��

x#/) Y���

dωi =
∑

ai
kρ π

ρ ∧ ωk +
�

�

∑
γi

jk ω
j ∧ ωk,

R��E�>* �j&- ��( A�= �� ) [�- "��$& �

dωi =
∑

ai
kρ ω̄

ρ ∧ ωk +
�

�

∑
Γi

jk ω
j ∧ ωk,

R�)- R� () �M�) �- ^�) �-�� R� �� �RE29E& �V2* Γi
jk � ω̄ρ 0)�� 0)�ES�) ��+ �E� ��

∑
ai

kρ

[
πρ − ω̄ρ

]
∧ ωk +

�

�

∑ [
γi

jk − Γi
jk

]
ωj ∧ ωk = �. F
t�u H

�� R��E�>* �PE2& ��?�� RS i$� �� R� (��
∑

ai
kρ

[
πρ − ω̄ρ

]
+
�

�

∑ [
γi

jk − Γi
jk

]
ωj =

∑
bikj ω

j (bikj = bijk).

0��[�+m
 ^�)����� � #/) r �� ��)�� {∑ ai
jρ π

ρ} >M1 \c29* �=��! -)�%? 5dimG = r ��) C�;
∑

a
i�
j�ρ π

ρ, · · · ,
∑

air

jrρ π
ρ

�8 S-�%* o�] �- - �&)�?>* �� ��)� � #/) ��N6��)�
(
aiσ

jσρ

)
���?�* ^�)����� ������ >M1 \c29* �� �&)- -� �

--�� ��f ��(
∑

aiσ

jσρ

[
πρ − ω̄ρ

]
=
∑ [

Γiσ

jσk − γiσ

jσk + biσ

jσk

]
∧ ωk.

�� πρ ≡ ω̄ρ mod base R�)- A�= ^�) -

πρ − ω̄ρ =
∑

νρ
k ω

k, F
r�u H
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>S �B �� 0�EE}? ^E�� �� -)- "��$& �)�?>*
(
ω̄

ω

)
=

(
Id ν

� Id

)(
π

ω

)
A�= �� )�&� �=D1 A�= �� ��

R�)- F
t�u H - F
r�u H () Y-�@2/) �� �#/) ��(�/

∑
ai

jρ ν
ρ
k ω

j ∧ ωk +
�

�

∑ [
γi

jk − Γi
jk

]
ωj ∧ ωk = �,

0���E}2* ���V? A�= �� ) −∑ [
ai

jρ ν
ρ
k − ai

kρ ν
ρ
j

]
AD$ �)�?>* �Γi

jk = γi
jk +

∑ [
ai

jρ ν
ρ
k − ai

kρ ν
ρ
j

]
^�)�����

���V? �8 &�$E6 �� 0�9&�? 0�J+ i� - ��? ^�)����� �#+�� �j&- ai
jρ #��, 0���@S�8* �� L >M1 �QI$! #g? νρ

k

�#/) <��%? '�1 L �QI$!

R��E�>* �j&- ) ��( Y8�� C�* 0()R� �8 S�89* 2(�G# �2+2+

Φ∗
(

Ω�
V

Ω�
V

)
=

(
u �

� u

)(
ω�U
ω�U

)

�--��>* ��E� Φ∗
(

Ω�

Ω�

)
=

(
ω�

ω�

)
A�= �� F#/) � × � �S�3/) 0�����?�* Y��� GH ���J+−G �EB%? �� ��

\E9&)�@�- () >�)�.S- "��$& �� ) �� � RE�->* [�P&) U ×G �� ���? ) A�B/�g* 5n�+ - Y�� �2@� eS�M* �� � �? ��
xRE��>* (�k� > �1

d

(
ω�

ω�

)
=

(
α β

γ δ

)
∧
(
ω�

ω�

)
. F
��u H

0�%�mK �S�3/) Y��� ��?��m�* ���?�* ��� �R�)Y-�$& ��E� α, β, γ, δ 0��>*�+m
 e9; �� ) (Δi
j) ���?�* ��

- α − δ, β, γ ���� F
��u H �8M�) - � --��>* ^E%* >S �B "��$& �6 5#/) dS S−� =

(
ω̄ �

� ω̄

)
[�+ ��

���� �&�� �21�/ >/�/) e�)�f h/�? �� ��? AD$ ���29� >/�/) e�)�f ��$� ����) )NS � ����� �@= mod base

RE��� �2�)- �� ��29� U ×G �� b � a p�)�? pZ)� - ������ ω� ∧ ω� e�)�f � Y-�� � - ^��?b�� �� >I=) RE& 0��[�+

d

(
ω�

ω�

)
=

(
α �

� α

)
∧
(
ω�

ω�

)
+

(
a

b

)
ω� ∧ ω�.

"��� ) ��? e�)�f ��3*) �; �? �� RE�- �EE}? 0)�&�� �� ω� � ω� e�)�f �� �� �-�� p$ h/�? ) α ���� C�;
R�)- ��� >S� �RE�-

d

(
ω�

ω�

)
=

(
α− aω� + b ω� �

� α− aω� + b ω�

)
∧
(
ω�

ω�

)
,

��) ��&�� ��E� >IBZ "��$& ��$� �� Y�� zD=) 0��[�+ �� #/) [�/�* `#/) �N \��Z ��? e�)�f >*�$? )NS �
���>* - ��( A�= �� > �1 \E9&)�@�- Ab-�%* 5ϕ = α− aω� + b ω� RE�� ��+

d

(
ω�

ω�

)
=

(
ϕ �

� ϕ

)
∧
(
ω�

ω�

)
,
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�� )-��& T��R� i� ϕ � ω� 5ω� 0��>*�+m
 ��&(�/>* ^E%* ) ϕ >*�+m
 -�@��Vg�* A�= �� Ab-�%* ^�) �
R�)- R��� #/�� ) ϕ \E9&)�@�- �� ^�) �? R��EQ� > �1 \E9&)�@�- �E1) �8M�) () ��) ����->* \E37? U ×G

� = d�

(
ω�

ω�

)
=

(
dϕ �

� dϕ

)
∧
(
ω�

ω�

)
−
(
ϕ �

� ϕ

)
∧
(
dω�

dω�

)

=

(
dϕ �

� dϕ

)
∧
(
ω�

ω�

)
−
(
ϕ �

� ϕ

)
∧
(
ϕ �

� ϕ

)
∧
(
ω�

ω�

)

=

(
dϕ ∧ ω�
dϕ ∧ ω�

)
.

:��] �� ���� n�= dϕ = c ω�∧ω� �8M�) - �� -)- -� � U ×G �� c p��? n�+ �8M�) ����� � #/) >*�+mKi� dϕ
0()R� () Φ� pE+�? h/�? �� ��29� #E=�1 ^�) 0))- p�)�? ^�) �-)- -� � �E& V ×G �� Y�� <��%? C p��? ���7*
� �RE*�&>* ������ ) p�)�? ^�) �C ◦ Φ� = c R�)-

�EE}? ���� 5Y��� \$! �� #g? �� #/) �S�3/) >2E$� 5Y��� \$! i� ������� () �j�* 23������4 5��6� �2+2+
��&�*>* >Z��

�-�$& \$! �)�?>* A�= �- �� �*)-) - �#+��N6 [�P&) ��[�+ 0)�� >�$f C�*�+ �E� ���� n�+ A�B/�g*
RE�� A�B,) ) ��( 0�21�/ Ab-�%* �� )�2/) 0���EJZ �� ^�) #9.&

0�21�/ Ab-�%*

⎧⎪⎨
⎪⎩

dω� = ϕ ∧ ω�
dω� = ϕ ∧ ω�
dϕ = c ω� ∧ ω�

)��- �E9� ��) ^�)����� � #/) ��IM* �S�89* A�!D]) d�/) �� ��)-��& 0)�� >�$f C�*�+ ^2�)- b� �$%* �� ^�) [�-
�RE��>* �P29 ) ��&� ���B&

[�+ �� Ab-�%* F() ��3*) �; �?H \*�� �-�� \; o�� 5>S �B �� ��(�/ �N �8 I;�* -
∑

πi
j ∧ ωj =

�

�

∑
γi

jk ω
j ∧ ωk,

x#/) >S �B () ��( Y8�� <��%? Ab-�%* i$� ��
∑

bijμ π
j
i = �, r + � ≤ μ ≤ n�.

SO(p, q) �� ��&-��>* ���� SO(p, q) �2+�� RE$%? �*�%2* 0��Y��� () >3� 0()R� \a�9* () 0�E9� - 2(�G# $2+2+
x#/) Y�� \E37? S 0�%�−(p+ q) 0�����?�* �8$� ()

SO(p, q) =
{
S
∣∣∣ detS = �, StQS = Q, Q =

(
Idp �

� −Idq

)}
.
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\E9&)�@�- � G Y��� () Y�� <��%? h�)�  �� � �? �� �� RE��>* )�E6 ) ��?��m�* 0��[�+ �� Y�� <��%? h�)�  )�2�) -
R�)- >�%� 5�&��>* ��E� ��&�

� = dQ = d(St QS) = (dS)tQS + StQdS,

=⇒ (St)−�(dS)tQ+Q (dS)S−� = �

=⇒ (dS S−�)tQ+Q (dS S−�) = �.

�8PE2& �#/) ΠtQ + QΠ = � A�= �� SO(p, q) >S �B 0)�� Y�� <��%? h�)�  A�= ^�) - Π = (πk
j ) ��)

�N �� � ����>* SO(p, q) �N �8 EJZ ��$� �P��) - �� -)- -� � >&�$� �B� �8/��� >/�/) �8 EJZ [�& �� 0)0�B 
� x-��>* �P�* Y��� ^�) 0)�� >S �B ��(�/

����V A�H?	 A�H�� 0�/�% �JV �"?*� ���=
�c� )$ �$
%−n!� ω 4��6 N
� 23	����� S� �"4  �DF +2+2+

ξ ∧ ω = �, ξt + ξ = �,

��/�%�� ξ = � ��?�� B$(� �$�$ 0�	����
�c� )$ n× n �*�
��� +6 ξ �$
%

� ��E�� G�  {
K| p �* �� A�B,) 0)�� 2>�@B�

� �/�% A�/ ����� �JV �"?*� �����
�c� )$ ω = (ω�, · · · , ωn)t 4��6 N
� 23SO(p, q) :P�4  �DF 02+2+
��/ +% A�/ A$ Ψ �$
% A�H�� 0�/�% 
<���� � ���"?� �*�
��� Q

Ψ =
�

�

∑
γi

jk ω
k, (γi

jk = −γi
kj).

�$ (�� 
�) ����V ��*�$
<� A�H?	 �$
% Π 
<%
�P�� B$(�

Π ∧ ω = Ψ ∧ ω, ΠtQ+QΠ = �.

� ��E�� Y���7* ) {
K| p �* �EJZ A�B,) 0)�� 2>�@B�

��� �dω = Δ ∧ ω RE9��&>* 5#/) Y�� <��%? G = O(n,R) �� U ×G �� 23��/��  !�%&�  #���4 (�G# N2+2+
#/) (dS S−�)t + (dS S−�) = � A�= �� ��?��m�* [�+ ^E� h�)�  � Q = Id ^�)����� SO(n,�) = SO(n,R)

Δ = δ+ Ψ R�)- Ψ = �

�
(Δ + Δt) � δ = �

�
(Δ−Δt) <��%? �� �Δ + Δt = � R�)- >/�/) e�)�f 0)�� ^E�_$� �

�PE2& - �

dω = δ ∧ ω + Ψ ∧ ω.
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�)�� ^�) �--�� �@; δ >S �B �21�/ �� q�� ^�) �� 5RE�� �N δ ∧ ω ��- ) Ψ ∧ ω ��? AD$ RE�)�1>* C�;
\; FΠt + Π = � >S �B h�)�� �� #B9&H ��3*) �; �? ) Π∧ω = Ψ∧ω > �1 Ab-�%* RE�)�1>* �� #/) >�%*
RE&)�?>* ϕ = δ + Π <��%? �� �-)- -� � ��N* > �1 Ab-�%* 0)�� Π -�@��Vg�* �)� n�+ �8 EJZ :B] �RE��
0��>*�+m
 5#/) -�@��Vg�* ϕ �21�/ ��� �dω = ϕ ∧ ω, ϕt = −ϕ xR��� #/�� ) \��c* 0�21�/ Ab-�%*
0��[�+ 5U×G �� ϕ0��>*�+m
 () >S �B Y8�� �B/�g*���?�* ����->* \E37? U×G �� )-��& T��R�i� ϕ � ω
����>* \=�; ) ��(?*�
6c����� ���P�$ ���?�* dω = ϕ∧ω (ϕt = −ϕ) \E9&)�@�- � ��29� �?�(�Qc�(R n�VS)

�


�(+5(D ���8 R�(� 6 4

0�����?�* �� eiH ���� {f j} �8 ��6 0))- V ∗ �� ����- 0�J+ � ���� {ei} �8 ��6 �� 0�%�−n0)-�� 0�J+ V RE����+
�� ��� �����>* T ∗

eG () {πρ} �8 ��6 ����- �� R��E�>* �j&- �E& ) TeG () {εα} �8 ��6 �F��29� 0�M/ �� f j � >&�2/
50�E�>3� ^�) #g? �TeG 	 g ⊂ Hom(V, V ) xR��E�>* �j&- G >S �B ) TeG R�)- (�E& ���J+ ^�) �� G \$!
g ⊗ V ∗ −→L V ⊗ Λ�V ∗ RE��>* <��%? �R�-�$& #Bg= L �QI$! -�* - �2�N� ".� - �ερ =

∑
aj

iρ ej ⊗ f i

--��>* ��E� ��( A�= �� ��

L(
∑

νρ
k ερ ⊗ fk) = −�

�

∑
(ai

jρ ν
ρ
k − ai

kρ ν
ρ
j ) ei ⊗ f j ∧ fk.

x#/) ����2* �29�R� � �29� () >cEZ- �8 S�B&- >M1 #��Q& �� ��

� −→ g(�) −→ g ⊗ V ∗ −→L V ⊗ Λ�V ∗ −→ Πg −→ �,

g ���&) 0))- Πg = V ⊗ Λ�V ∗/ Image(L) � -��>* Y�E*�& >S �B C�) ��%�#� g(�) = ker(L) 0�J+ �� - ��
�� h�(g) A�= �� eIk) Πg 0�J+ �-)- >Q29� G −→ Aut(V ) "��$& ^E�_$� � G >S �B �21�/ �� )��( #/)
g : U×G −→#��Q& ��) C�; �--�� Y���7* 
*�v	$ �x(R(��(6 �21�/ �)��! �� �&)�?>* )��( -��>* �2��& h�,�(g)

RE�� <��%? ��( �8M�) i$� �� ) V ⊗ Λ�V ∗

g(u, S) =
∑

γi
jk(u, S) ei ⊗ fk ∧ fk,

���>* #/�� ��( #��Q& 5V ⊗ Λ�V ∗ −→ Πg −→ � >%EB] ���V? �� #��Q& ^�) eE��? ��

τU : U ×G −→ Πg,

��+ �� �-��>* Y�E*�& ��i :�� #��Q& ^�) ��

dΩi =
∑

ai
jρ Πρ ∧ Ωj + �

�

∑
Γi

jk Ωj ∧ Ωk : V ×G ��
dωi =

∑
ai

jρ πρ ∧ ωj + �

�

∑
γi

jk ω
j ∧ ωk : U ×G ��
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#�)- RE�)�1 Φ� �� #B9& C�) �8 S-�%* () ^2+�� i�mC�6 �� �E& � Φ� : U ×G −→ V ×G 0()R� �

dωi = (Φ�)∗(dΩi) =
∑

ai
jρ (Φ�)∗Πρ ∧ (Φ�)∗Ωj +

�

�

∑
Γi

jk ◦ Φ� (Φ�)∗Ωj ∧ Ωk

R�)- ^�)����� �

(Φ�)∗Πρ = πρ +
∑

νρ ωk

�

�

∑
Γi

jk ◦ Φ� ωj ∧ ωk = �

�

∑
γi

jk ω
j ∧ ωk mod Image(L)

#/) >��P�� ��( )-�$& �PE2& -

U ×G
Φ�

−−−−−−→ V ×G

τU

⏐⏐⏐⏐-
⏐⏐⏐⏐- τV

Πg

Id−−−−−−→ Πg

)�c* �� 0��[�+ <��%? �8 IE/�� ) e�)�f 5lg� �-�� �?Y-�/ 0)�� ��&�*>* #��, 0()R� #g? 0�21�/ #��Q& �
�N 0)N� -�$& ^�) �� ^�)����� �RE�->* �*)-) Γ = {Γi

jk} � γ = {γi
jk} 5ν = {νρ

k} 5π = {πρ} 5ω̄ = {ω̄ρ} 0)-��
^�) �� >%/ C�; �Γ = γ − L(ν) R�)- ^�)����� � --��>* <��%? ω̄ = π + ν ω h/�? >*�$! #S�; - >S �B ��(�/
�8 B? ��) �#+�� >3� �� ���?�* �� ) L >M1 #��Q& �)�?>* �RE��$& \; ��3*) �; �? ) L(ν) = γ Ab-�%* �� #/)
Y�Q2/- ^�) � #�)- RE�)�1 ����2* >M1 Ab-�%* () >M1 \c29* �M/ s A�= ^�) - 5���� s ��)�� L >M1 #��Q&

xRE��>* \; ���� Y�� ^EE%? Y)�.S- �� �� [�- o�] �� ^�) ��+ �� )⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑
[ai�

j�ρ ν
ρ
k�

− a
i�
k�ρ ν

ρ
j�

] = γ
i�
j�k�∑

[ai�
j�ρ ν

ρ
k�

− ai�
k�ρ ν

ρ
j�

] = γi�
j�k����∑

[ais�

jsρ ν
ρ
ks

− ais

ksρ ν
ρ
js

] = γis

jsks

.

() Y-�@2/) �� �RE�->* )�Z �%S�M* -�* ) T��R� () Y�&�$EZ�� 0���E}2* �8 Ec� 5R��EQ� �j&- #��, ) e�)�f �8!�$P* ��)
xRE��>* <��%? ��( A�= �� ) 0)-�� 0�J+ ���V? #��Q& 5�2+�� A�= 0����.2&)

P : V ⊗ Λ�V ∗ −→ Image(L)

P
(∑

hi
jk ei ⊗ f j ∧ fk

)
=
∑

hiσ

jσkσ
eiσ ⊗ f jσ ∧ fkσ

�8 ��P? 0)�� ���V? ^�) () � RE�- ��7& P (H) = H� �� ) �j& -�* #��Q& 5Y�� Y-)- H ∈ V ⊗ Λ�V ∗ 0)�� ��)
�N �� ) �S�89* Y���� �L(ν′) = γ� �� #9� 0) ν′ `RE��$& Y-�@2/) γ = γ� + γ� ����2* �8 ��P? � H = H� + H�

R�)- Y�Q&� 5L(κ) = γ� q�� >�%� 5RE�� ��gS ) �-�� -�$! q�� � ω̄ = π + κω xRE��$& -��g* >S �B ��(�/
R�)- ^E�_$� �Fν ∈ kerL ��H κ = ν′ + ν �� κ ∈ ν′ + kerL

ω̄ = π + (ν′ + ν)ω = (π + ν′ ω) + ν ω

Fν ∈ kerL0)��H ω̄ = π′+ν ω Y8�� C�*�& >S �B ��(�/ �N A�B!5π′ = π+ν′ ω A�= �� >S �B ��(�/ �N ��
#/) >�%* �)�� ^�) �-��N6>* A�= ��? e�)�f 0� Γ = γ − L(ν) = γ \3� �� �EE}? �PE2& - �--��>* \=�;
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Ab-�%* - s \; 0)�� 0-�%2* 0��'� � #9E& -�@��Vg�* '� ^�) ^$f - �#/) <��%? '�1 ��? e�)�f ��
��.2&) �&)-)(� ���)� >���)−G >2��Q& �; �? ) P RE&)�?>* pZ)� - �-)- -� � P ���V? <��%? �PE2& - � L(ν) = γ

�RE��$&
() ��?�B! 0�21�/ Ab-�%* ^E29.&

dωi =
∑

ai
jρ π

ρ ∧ ωj +
�

�

∑
γi

jk ω
j ∧ ωk,

[���) 5�Q�- 0)�PE2& �)��! �� ��&-��>* -�P�) >S ��(�/ �N h/�? -�@��Vg�* A�= �� γi
jk e�)�f �� - ��

--��>* o�]�� ��( �8M�) h/�? π - -� �*(
ω̄

ω

)
=

(
Id ν

� Id

)(
π

ω

)
, ν ∈ kerL.

��&)- >Q29� P ���V? #��Q& ��.2&) �� 0�21�/ Ab-�%* ^E29.& �� #/) 0��f �23& ^�) �� � �?

Ǳ��>+D� �. �T� : 4

x-�� �=D1 F#/) Y�7& \*�� (��� ��H ��( R2��QS) - �)�?>* ) R�-�� �)��! ^E7E6 0��".� - �� ) >$E��@*

5M �I@E�* () U �8!�$P* �� ωU T��R� � G Y��� ��.2&) �


5Y�� <��%? h�)�  � dS S−� T��R� ^2+�� �K

5>/�/) e�)�f ���P? ��

5>S �B ��(�/ �N �s

50�21�/ �9&�? �� i��� #����E� \$! �8 B/�g* �u

�%� �8 I;�* �� �� �-�� >@�* A�= - � 
v �8 I;�* �� �)� �-�� #B�* A�= - �#/) >���� \$! ^�) ��� �t
5R�� >*

0�21�/ Y��� "��� � 0(�/C�*�& �r

5R�� >* �%� �8 I;�* �� #/) #B�* �)� ��) �#/) #��, G�& () ��� ��

5R�-��>*�� #9.& �8 I;�* �� 0�21�/ Y��� � T��R� e/��* �EE}? �� �L

�RE��>* C���* \V+ ^�) 0�%� ".� eS�M* �� ) lg� ���� #B�* �)� ��) �#/) >���� �21�/ ��� �
v

)� ) ��( C��* - ) R2��QS) �#/) �29�)� ��� T��R� � Y��� ��.2&) � n�+ R2��QS) �8 cI; �-�� >] �� Ǳ)�c2/) �8 I;�*
xRE��>*
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��R9E+�*�E@�- () >/D� #g? ) ^��&)��b 0��)-��& RE�)�1>* C��* ^�) - 23Y�d���,Z ���' (������  !�%&�4 (�G# �2N2+
�� ��?�� h/�? {L| p �* - �� ��*�&>* (������  !�%&� ) �����+ ^�) �RE��E� �&��>* Y�E*�& 6�@j ���	��
� ��

�#/) Y�� >+�%* δ ∫ LdA �8/��� �)��!
#/) ��( [�+ �� C�) �8 B?�* # 0�J+ �� >%��? C�) �8 B?�* ^��&)��b

L : J�(Rm,Rn) −→ R.

A�= �� # 0�J+ -)�&�2/) 0��A�V2.*� (�� 0���!�$P* ^2+�� �j&- ��

(U, x, z, p) = (U, x�, · · · , xm, z�, · · · , zn, p�
�
, · · · , pn

m),

(V,X,Z, P ) = (V,X�, · · · , Xm, Z�, · · · , Zn, P�

�
, · · · , Pn

m),

0��^��&)��b ^2+�� �j&- ^E�_$� � `0�%�−n0���J+ �� 0�%�−m0���J+ () 0��#��Q& () C�) �8 B?�* # 0�J+ ��
)-�$& 0)�� ��( �8M�) - �� RE��E� ) φ : U −→ V 0��R9E+�*�E@�- RE�)�1>* #9.& L(X,Z, P ) � l(x, z, p)

����� n-�= α : Rm −→ Rn Y)�.S- #��Q& �� Fo)��H∫
ji(α)

φ∗(L dX� ∧ · · · ∧ dXm) =
∫

ji(α)

l dx� ∧ · · · ∧ dxm, ∀α.

�� -��>* �PE2& ��29� Y)�.S- α 0��#��Q& ��� �*)

j�(α)∗[φ∗Ψ − ψ] = �, ∀α,

R�)Y-�� ��+ �� - ��

Ψ = L dX� ∧ · · · ∧ dXm, ψ = l dx� ∧ · · · ∧ dxm.

xU 0� 0-�1�� 0��[�+ () I 0-�1�� C�Y��) ^2+�� �j&- �� C�;

I = {θr
U := dzr −

∑
s

pr
s dx

s : � ≤ s ≤ m,� ≤ r ≤ n},

�� R��E�>* �PE2&

φ∗ Ψ ≡ ψ mod I.

�� ) ��)-�$& ��*��S �M�) ^�) �� :��M* φ 0��R9E+�*�E@�- )��( ���>$& <��%? 0()R� �8M�) i� q�� ^�) >S�
I C�Y��) ^2+�� �j&- �� �� #/) 0-�1�� AD��B? #g? 0()R� �� C�c2&) \��Z �� >S�; - `����>$& \c2�* ��)-�$&

xV �� I C�Y��) ^E�_$� �

I = {Θr
V := dZr −

∑
s

P r
s dX

s : � ≤ s ≤ m,� ≤ r ≤ n},
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�#1)-�6 RE�)�1 AD��B? �&�� ^�) �27E� >/�� �� �%� \V+ - �����>* n�= φ∗Θr
V ∈ I �8M�) -

ψ ^��&)��b 0��[�+−m 5--�� ��E� ��T��R� �� ^E���)� \$! A�= �� �� ��^��&)��b 0()R� h�)�� ��E� 0)��
xR��E�>* �j&- ��( A�= �� ��&� () >�)�.S- 0�E��2��+ �� ) Ψ �

ψ = ω�U ∧ · · · ∧ ωm
U , Ψ = Ω�

V ∧ · · · ∧ Ωm
V ,

#/�* �j& �* R� q�� ^�) �2BS) � �&)Y�� <��%? SL(m,R) U�1 >M1 Y��� \$! #g? {Ωi
V } � {ωi

U} �� >S�; -
���29E& �@= � �E� ��^��&)��b ��

0��T��R� \*�� ���? ��^��&)��b 0()R��S�89* C�;

ΩV = (Ω�
V , · · · ,Ωm

V )T , ΘV = (Θ�
V , · · · ,Θm

V )T ,

�� ) ��[�+ ^�) ���� � #/) ^E%* ^E��6 0()R� �8 S�89* ^�)����� �����>* θU � ωU 0)�� ��&� ���7* 0��T��R� �
R��EQ� �j&- ) ��( 0��[�+ RE&)�?>* ^�)����� �RE�- '�29� >�)�.S- T��R�

HV = (dP �

�
, · · · , dPm

n )T , ηU = (dp�
�
, · · · , dpm

n )T ,

R��EQ� �PE2& 5#/) n-�= ��( h�)�  - �� ) 6�@j ������ �

φ∗

⎛
⎜⎝ ΘV

ΩV

HV

⎞
⎟⎠ =

⎛
⎜⎝ A� � �

b� D �

B b� A�

⎞
⎟⎠
⎛
⎜⎝ θU

ωU

ηU

⎞
⎟⎠

e/��2* 0��Y()�&) () Y)�.S- 0�����?�* b�, b�, B � D ∈ SL(n,R), A� ∈ GL(n,R), A� ∈ GL(mn,R) �� - ��

�

⎛
⎜⎝ A� � �

b� D �

B b� A�

⎞
⎟⎠ [�+ �� 0�����?�* �8$� Y��� () #/) A�B! G 0�21�/ Y��� ^�)����� ���29�

#/) ��( \3� �� S ∈ G 0)�� ��?��m�* ���?�*

dS S−� =

⎛
⎜⎝ ∗ � �

∗ λ �

∗ ∗ ∗

⎞
⎟⎠ ,

�-)- )�Z �� F�2+�� pE+�? #S�; -H C�; �trλ = � �� >2Z�

d

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ =

⎛
⎜⎝ π� α� α�

β� δ α�
β β� π�

⎞
⎟⎠ ∧

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ ,

� -H >%��* �8 I$ �E� dω � dθ 0��[�+ �α�, α�, α�, tr δ () ��?�B! C�) �8 B?�* >/�/) e�)�f �� --��>* Y���7*
#��& �)�?>* ^�)����� �α�, α� ≡ � mod (θ, ω) �6 5�&)�& η e9; �� F[�-

d

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ =

⎛
⎜⎝ π� � �

β� δ̄ �

β β� π�

⎞
⎟⎠ ∧

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠+

⎛
⎜⎝ α� ∧ ω + α� ∧ η

�

m (tr δ) Id ∧ ω + α� ∧ η
�

⎞
⎟⎠
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RE9���� ��) �N �����+ [�P&) 0)�� �tr δ̄ = � ^�)����� � δ̄ = δ − �

m (tr δ) Id �� - ��

α� = r θ + ωT J + l n, α� = n θ + ωT N,

α� = ρ θ + ωT L, �

m (tr δ) = q θ + ωT P + ηT V

�P&� () ���29� �N \��Z p, q, n, r e9; �� AD$ �� RE�E�>* β̄ − q ω − ρ η � π̄� = π� − r ω − n η �] ^E$� �
�-)-)�Z �� ^�)����� �trP = � ^�)����� � PT = −P �� -�� ��+ �)�?>* 5-��>* ���� ωT Pω \3� �� ���? P ��

δ = δ̄ + ωT P, ηT W ω = ηT V ω + ωT Lη, ωT M η = l η ∧ ω + ωT N η,

-�� ��)�1 ��( A�= �� �j& -�* �N 

d

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ =

⎛
⎜⎝ π� � �

β� Δ �

β β� π�

⎞
⎟⎠ ∧

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠+

⎛
⎜⎝ ωT J ω + ωT M η

ηT W ω

�

⎞
⎟⎠ . F
L�u H

R�)- d� �8 B/�g* ��

dJ − ΔT J − J Δ + π� J − �

�
(M β� − βT

�
MT ) ≡ �

dM − π�M − ΔT M ≡ �

dW + β� + πT
�
W ≡ �

⎫⎪⎬
⎪⎭ mod base.

�� 0(�/ C�*�& RE&)�?>* ^�)����� �M = − �

L�/m A�(D−�)T A−�
�

�= � �� ��->* ��7& 0�2*)�6 #/)�/ �8 B/�g*
�J = W = �,M = Id RE�- [�P&) ) \��c* \3�

�� eIM* ^�) \�� - ��H m = � �� >2S�; 0)�� ���? � #/) Y�E_E6 D� *�� ��NS)n�+ R2��QS) �8 cI; - 0�%� �-
�8 S�89* A�= �� n � m () Y)�.S- #S�; 0)�� �S�89* �#/) Y�� \*�� n = � � m = � �� >2S�; �E& � FR�()-�6>* ��

�#/) Y�&�* >Z�� (��
#/) ��( A�= �� FKv�u H �8M�) m = � �� >2S�; -

d

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ =

⎛
⎜⎝ π� � �

β� � �

β β� π�

⎞
⎟⎠ ∧

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠+

⎛
⎜⎝ A

b

�

⎞
⎟⎠ η ∧ ω.

#�)- RE�)�1 d� �B/�g* ��

dA ≡ π� A−Aπ�
db ≡ β� − b π�

}
mod base,

#E%f� ��) �detA �= � )NS � #/) (∂� l /∂ Pr ∂ Ps) () 0-�@�*�& ��J* A �� ��->* ��7& 0�2*)�6 A�B/�g*
RE��� �2�)- �PE2& - � RE�� ��.2&) ) b = �, A = Id 0(�/C�*�& RE&)�?>* 5R��EQ� �j&- ) ���8* #B�*

d

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠ =

⎛
⎜⎝ π� � �

β� � �

β β� π�

⎞
⎟⎠ ∧

⎛
⎜⎝ θ

ω

η

⎞
⎟⎠+

⎛
⎜⎝ η ∧ ω

�

�

⎞
⎟⎠ ,
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� -)�& -� � ω �� >O� Y��� \$! �E� �� #/) >�%* �)�� ^�) �π� − π� � β� () ��?�B! >/�/) e�)�f �� - ��
�� ��->* ��7& A�B/�g* �#/)-��& ω ^�)�����

ω = Ldx+
∑ ∂ L

∂Pr
[dzr − Pr dx].

A)�EE}? ��9; - ^2IE$� \=) 0)�� 0�EI� 0)��) �)��! �� �� #/) >�@C�� ������� (������ �� ��?�� [�+ �E1) A�B!
���� ���>*~.7* ) Ǳ�c� ^E&)�Z � :EZ- 0)-��& 0��[�+ 0()R� '� �� #/) 0-�! D� *�� ^�) ����>* ��9; ��
� ����� �21)-�6 �S�89* �� ��cE$! �� ��

E�= U�% 
C���� �. 7(." N 4

V � U FeE?�? ��H 0� 0��T��R� () y�( �- ΩV ,ΘV �E& � ωU , θU � GL(m,R) () Y�����( �- G′ � G RE�� ��+
h�)�� �� 0)�&�� �� 5RE��E� ) ���� -� �* φ : U −→ V R9E+�*�E@�- �3��) 0)�� >+�� � [(b h�)�� RE�)�1>* ������

����� )�Z�� ��(

φ∗ ΩV = γV U ωU , φ∗ ΘV = αV U θU , γV U ∈ G, αV U ∈ G′.

0()R� RE�)�1>* �� >2Z� ���>* -� �� ^�� - >%EB] �] �� �S�89* ^�) 5{

| #/) Y-�$& Y��) ��?�� �� �&�� ��$�
θU ��&�* >P�� - >IE9&)�@�- Y�Q2/- #S�; ^�) - �RE�� >/�� >S Y���m�B� i� #g? ) >IE9&)�@�- Y�Q2/-

�--��>* ^E%* ωU T��R� �� #B9& 0��^E���)� �� >S Y���m�B� � -��>* Y�&�P��

Y���m�B� �,) #g? R� - ∂y/∂x = f(x, y) �8 S-�%* 0()R� 2(�G# �2b2+

X ◦ φ = x, Y ◦ φ = ϕ(x) y + ψ(x),

��+ �R���� ��R9E+�*�E@�- Y��� () C�) �8 B?�* # 0�J+ �)�/ �� �� R�)- (�E& #E%f� ^�) - �R��E�>* �j&- )
RE��>*

ωU =

⎛
⎜⎝ ω�U

ω�U
ω�U

⎞
⎟⎠ =

⎛
⎜⎝ dx

p dy

dp/p

⎞
⎟⎠ , ΩV =

⎛
⎜⎝ Ω�

V

Ω�
V

Ω�
V

⎞
⎟⎠ =

⎛
⎜⎝ dX

P dY

dP/P

⎞
⎟⎠ .

--��>* >+�%* ��( A�= �� G Y��� A�= ^�) -

G =

⎧⎪⎨
⎪⎩
⎛
⎜⎝ � � �

a � �

b � �

⎞
⎟⎠ ∈ GL(�,R)

⎫⎪⎬
⎪⎭ .

�2�)- -� � ψ � ϕ p�)�? �� >2Z� hc+ � hc+ ���>* n�= g ∈ G 0)�� φ∗ΩV = g ωU q�� - φ R9E+�*�E@�- �
Θ�

V = dY − F dX � θ�U = dy − f dx 0��>*�+m
 �E& \E9&)�@�- �S-�%* () �Y ◦ φ = ϕ(x) y + ψ(x) �� �����
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�)�$4� +R�,*� ���% (�
� �Z ��� 
vs

0���)� φ �� q�� ^�) ΘV = (Ω�
V ,Ω

�
V ,Ω

�
V )T � θU = (ω�U , ω

�
U , ω

�
U )T 0��T��R� e9; �� ��&��>* \=�;

-��>* �a)) ��( \3� �� ���$& \c2�* ∂Y/∂X = F 0���)� �� ) ∂y/∂x = f

φ∗ ΘV =

⎛
⎜⎝ α β �

a γ �

δ ε ρ

⎞
⎟⎠ θU .

() #/) A�B! G′ Y��� ^�)�����

G′ =

⎧⎪⎨
⎪⎩
⎛
⎜⎝ α β �

a γ �

δ ε ρ

⎞
⎟⎠ ∈ GL(�,R)

⎫⎪⎬
⎪⎭ .

�8 S�89* pE+�? �� �RE��>* �)��! {
s5 

| p )�* d�/) �� -��>* ��E� �*)-) - �� ) ^E%* n�+ 0()R� �8 S�89* �)� 
RE��>* <��%? ��( A�= �� FeE?�? ��H ) Θ,Ω � θ, ω 5V ×G×G′ � U ×G×G′ �� 0()R�

ω(u, g, g′) = g ωU (u), θ(u, g, g′) = g′ θU (u),
Ω(v, g, g′) = gΩV (v), Θ(v, g, g′) = g′ ΘV (v).

�8 S�89* RE&)�?>* � ���>* \$! >%EB] A�= �� V ×G×G′ � U ×G×G′ �� G×G′ �� #/) Y-�/ �23& ^�) >/��
�P�� ��N* \$! �� #B9& �� φ̃ : U ×G×G′ −→ V ×G×G′ 0��R9E+�*�E@�- ^2+�� �8 S�89* �� ) >I=) 0()R�
� �-�$& ^��Q�� 5��29� n-�= �E& φ̃∗Θ = θ � φ̃∗Ω = ω h�)�� - � -��>*

A�= - �? #/) Θ � Ω � 5θ � ω Y8���- q�B?) 0�����?�* �� G × G′ >%EB] \$! () Y-�@2/) �P��) - �* Y8��)
Y-)- "��� G × G′ () >������( �� 0(�/C�*�& i$� �� h�)�  ^�) �R��� #/�� )-��& e�)�f �� >M�)�  ��3*)

�#/) o�*���) G′
�
⊂ G′ � G� ⊂ G 0��Y�����( �� FeE?�? ��H �� �&��>*

�� #9� U �� a(u) -�@�*�& � �$� ���?�* 5��29� U 0� 0��T��R� θU � ωU �� >��P&� ()

θU = a(u)ωU .

�--��>* <��%? θ = mω q�� �� U ×G×G′ �� �� RE��� �2�)- ) m -�@�*�& � �$� ���?�* �� -��>* e �* ^�)
m(u, g, g′) = g′m(u, eG, eG′) g−� �8M�) h/�? {u}×G×G′ �? - m ^�)����� � m(u, g, g′) = g′ a(u) g−� R�)-
Θ = M Ω � ΘV = A(u)ΩV ���7* :��] �� �R�)- m ���?�* �� ) G × G′ >%EB] \$! Y�D%� � --��>* >+�%*
0)�� G × G′ \$! () �#�)- RE�)�1 �@= �8 B?�* 0)-��& i� �6 φ̃∗M = m ���� 0()R� () z�f� �� �R�)- )
�%� �F-��>* [�P&) Y�7& �N 0����? 0(�/C�*�& 0)�� �� 0�� ��$� ���7*H RE��>* Y-�@2/) ��)-��& 0(�/C�*�&
0()R� q�� () C�; �R���>* #/�� ) τV 0�21�/ p��? C)��* ^E$� �� � τU 0�21�/ p��? �����+ ^�) [�P&) ()
)�* ��$� τU #g? {u} × G × G′ \3� �� 0�? i� ���V? �� #/) 0)�&�� �� G × G′ \$! � φ̃∗ τV = τU ����
��+H RE��>* ��.2&) τU ���V? () 0)-�� ) ω �#/) �? �� () >�)�.S- �8Mc& 0)�� τU #g? ���V? () G×G′ #g?
�� ) G × G′ \$! �� #B9& ω (�/)���6 Y��� ��) �F��29� )�P* ��)�* >�%� #/) #��, G�& () �S�89* �� #/) ^�) ��
^�) ���� φ̃∗ ^�)����� ���29� V � U �� FeE?�? ��H >I=) 0��oD�−Gω �- �� τ−�V (ω) � τ−�U (ω) 5RE�- ��7& Gω

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah




vu 2�8� j(� �)�$4� +, R�,*� �p�Z

5R��EQ� �j&- G′ � G FeE?�? ��H 0��� G × G′ () ) π� � π� ���V? 0��#��Q& ��) Y�D%� ����$& �@; ) ��oD�
'���V? 0��� >$9E+�*�$� π� �� ��->* ��7& ^�) ���29� G′ � G () o�*���) 0��Y�����( π�(Gω) = G′

�
Y�Q&�

��P�) g′m� g
−� = g′m� g̃

−� Y�Q&� (g, g′), (g̃, g′) ∈ Gω ��) ^E�_$� �#/) -�@�*�& m� = m|
τ−�

U
(ω)

� ����>*
���29� R9E+�*���) �� πi ^�)����� �g = g̃ �� ���>*

πU (h′m(u, g, g′)h−�) = RE��� �2�)- (g, g′) ∈ Gω �� 0)�� �� ���� 0)�&�� �� (h, h′) : U −→ G×G′ RE����+ ��) C�;
Y�Q&� 5RE��$& ^��Q�� ω̂ = g h θU �� ) ω � θ̂ = g′ h′ θU �� ) θ (g, g′) ∈ Gω 0)�� Y���� �h′mh−� pZ)� - �� ω

�θ̂ = m� ω̂ R�)-
�P�� G′

�
\$! �� φ̂ : U × G′

�
−→ V × G′ #��Q& �� RE�E�>* 5RE�� �a)) Θ̂ � ω̂ 0)�� ��93� >@��%? ��)

Y�����( �� >I=) 0()R� �8 S�89* () >�)� φ̂� φ̂∗ Ω̂ ^�)����� ���� n�= φ̂∗M� = m� � φ̂∗ Θ̂ = θ̂ h�)�� - � --��>*
�#/) G′

�
(≈ G�)

0(�/C�*�& 0)�� ) m 0����)- () >S�$E9��* �8!�$P* �-�� �B/�g* ��( \3� �� ) G� Y�����( �)�?>* \$! -
�� ���� U �� >P��R� ω� RE�� ��+ �RE�->* )�Z g′

�
mg−�

�
= m� >*�$! �)� ) (g�, g′�) � RE��>* ��.2&)

�8$� �8!�$P* G� (�/)���6 Y�����( �#/) Y�*� #/�� g� ωU 0��T��R� Y8-)�&�1 - Y��� 0���2*)�6 >1�� ��.2&) ��
�g ω� = g� ωU �� #/) >��� g ∈ G

x-�� �=D1 ��( Y8)�� - �)�?>* ) n�+ eS�M*

A�
1 ^��
� +% ���� �$
% +6 4�
�1�� 
K�� � � ω ���u�64� �$
% $� 2�8� j(� �)�$4� +, R�,*� 2���A, �2b2+
� 4��6 N
� ���$A��
1 ���% h̄ �̄ = h� � ḡ ω̄ = g ω [%$�� ��(M +% +6 4�$A(�� 7�
8� $� H � G ���?V�	
�P� h ∈ H � g ∈ G �$
% g A(x)h−� Y�
��� ���+�$� ��(M 2�$ � ���/�% [;�
� ω = A(x)� +,J%$� �% u�64�

���?*� $���� x̄ = φ(x) ���?F� 
��g�

R�)- \BZ C��* eS�M* �� � �? �� 23�@F (�G#  #���4 (�G# �2b2+

θ =

⎛
⎜⎝ α β �

� γ �

δ ε ρ

⎞
⎟⎠
⎛
⎜⎝ � � �

−F �

p �

� � �

⎞
⎟⎠
⎛
⎜⎝ � � �

−a
p

�

p �

−b � �

⎞
⎟⎠ ω

#/) ��( [�+ �� m���?�* ^�)�����

θ =

⎛
⎜⎝ α− β(F + a

p ) β
p �

−γ(F + a
p ) γ

p �

δ − ε(F + a
p ) − ρ b ε

p ρ

⎞
⎟⎠

^�) �RE�- [�P&) a = −pF � α = b 5γ = β = p 5ε = γ = � ��.2&) �� ) m 0����)- 0(�/ C�*�& #/) ^3$*
RE��E� ) ��( 0��T��R� Y8-)�&�1 �� -��>* e �*

g� ωU =

⎛
⎜⎝ dx

p (dy − F dx)
dp/p+ b dx

⎞
⎟⎠ =

⎛
⎜⎝ � � �

� � �

b � �

⎞
⎟⎠
⎛
⎜⎝ dx

p (dy − F dx)
dp/p

⎞
⎟⎠
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�)�$4� +R�,*� ���% (�
� �Z ��� 
vt

#/) ��( Y��� G� �

G� =

⎧⎪⎨
⎪⎩
⎛
⎜⎝ � � �

� � �

b � �

⎞
⎟⎠ ∈ GL(�,R)

⎫⎪⎬
⎪⎭ .

R��E�>* �j&- ) ��( 0�21�/ Ab-�%* 0()R� �8 S�89* �)� �-�$& \*�� 0)��

dω� = �, dω� = ω� ∧ ω� + (Fy + b)ω� ∧ ω�, dω� = β ω�.

Ab-�%* ��� A�= ^�)����� �b = Fy RE����+ � Y-�� 0(�/C�*�& �@= �� RE&)�?>* ) Fy+b Y8�7& �N ��? �8 I$ 
#/) ��( [�+ �� 0�21�/

dω� = �, dω� = ω� ∧ ω�, dω� = d [dp/p+ Fy dx] = (Fyy/p) ω� ∧ ω�.

-)�& -� � >2��, �Ek 0)-��& �E� Y�Q&� Fyy = � ��) �R��EQ� �j&- RE&)�?>* ) Fyy �= � � Fyy = � #S�; �- C�;
() ��?�B! 0�21�/ Ab-�%* #S�; ^�) - �#/) dy/dx = � C�*�& [�+ �� #S�; ^�) - ^�)����� �

dω� = �,

dω� = ω� ∧ ω�,

dω� = �,

Y���m�B� - C�$7* dy/dx = � �8 S-�%* 0����c? >S Y��� �� #/) h1 �� ^E+� Y��� 0�21�/ Ab-�%* pZ)� - ��
R�)- p = Fyy �-)- )�Z �� 5Fyy �= � ��) �����>* X̄ = x, Ȳ = ϕ(x) y + ψ(x) AD��B? () \=�;

dω� = �,

dω� = ω� ∧ ω�,

dω� = I ω� ∧ ω�,

� �I = �

Fyy
(F Fyyy + Fyyx + Fy Fyy) �� >2Z�

0���C�*�+ #� e/��* T��R� -�P�) ^E%* n�+ \a�9* () Y-�@2/) - n�+ '� () Y-�@2/) >I=) #I! 2 �)� $2b2+
^3$* �� ) 0��f �Ek A�B/�g* () 0�E9� �� RE��>* ��.2&) ) >P��R� n�+ '�i$� �� �#/) 0()R� �8 S�89*
�E& 0�21�/ Y��� 0(�/Y-�/ �� \$! ^�) �� R���- Y�D%� ����$&>* p+ ��- � T��R� () �Q�- 0����.2&) - #/)

�-��>* �2@� ������ 1&��� ^E%* n�+ 0()R� �8 S�89* () Y�*� -� �� T��R� �� ��*�P&)>*

�(+5(D−e O 4

>���� ��? 0� Y��� "��� \$! �� RE/>* >2E%Z�* �� 5\BZ ".� �- - Y�� ��� R2��QS) >+�� )�3? () �6
0�27E� Y��� 0���2*)�6 {ω�, · · · , ωm} 5���� �2+�� "��� >&�$� Y��� �� G ��) �#9E& �9E* 0�27E� "��� � --��>*
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vr ��?V�	−E �q�Z

A�= ^�) - ���� �2+�� "��� g(�) = � �� Y��� �� G ��) C�; ����>* <��%? U �� >�)-��& T��R� � -)�&
<��%? U × G 0)�� )-��& T��R� i� 5#/) ��?��m�* 0��[�+ () 0)���6 πi >2Z� {ω�, · · · , ωm, π�, · · · , πr}
��$� ^�) 5R�)- �� � �/ G = {e} Y��� �� D� $! FU ×G �� � U �� 0()R� �8 S�89*H ��#S�; ^�) () i� �� - ����>*

�#/) ^E%* T��R� �� >��J+ 5�21�/−e Y-�/ ��E� �� �� ����>* ���21�/−e0��)-��& ^2+�� �8 S�89*
� (U, ω) T��R� �- RE�� ��+ �{

| �E*�& �%O %�%X� ������  ! "�!�# ) >���� Y��� �� 0()R� �8 S�89* ��?��
Ab-�%* ��) �� R���- ���-�� ��E� φ∗Ω = ω �� ^�) 0)�� >+�� � [(b h�)�� ��K ".� - 5RE��� �2�)- ) (V,Ω)

R��EQ� �j&- ���� 0)�� ) ��( 0�21�/

dωi =
∑

T i
jk ω

j ∧ ωk, dΩi =
∑

T̄ i
jk Ωj ∧ Ωk,

�� �� Tσ >I� #S�; - � T i
jk 0�21�/ 0��)-��& �T i

jk = T̄ i
jk ◦φ �� ��->* �PE2& g(�) = � 5���� )�Z�� 0()R� ��)

� [(b q�� �� ���21�/−e0()R� �8 EJZ �� #���& - � ��-�� �P�* 0����2/- 0���I@E�* � ���!�$P* 5���J+ -�P�)
��93� �8 B?�* () �27E� �;)� i� 0����2/- 0���I@E�* >&���O$� d�/) �� �� R��E/ -�� φ∗Ω = ω 0()R� �8 S�89* >+��
��?�� �RE�� )�E6 ) Ω � ω 0���21�/−e () φ#��Q& ���� �� #/) ^�) - �� \37* ���-�� ��E� T��R� �- �� �� �Ej&
)-�$& \; Y8��) �{s�| �*�&>* ���)/� U�&a� ) �� �&)� �� #/) Y-�$& >+�%* ��#��Q& �&�� ^�) �ES�? 0)�� ) >��

xRE��>* <��%? ��( A�= �� ) �� �� #/) φ

Γφ : U −→ U × V : Γφ(u) = (u, φ(u)).

U 
% U×V 
�(�� ����/�H� πV � πU � ��;�� U � ��/�% ��?V�	−e � (V,Ω) � (U, ω) 4��6N
� 2 �DF �2e2+
φ : U −→ V �/�H� ��(M 2�$ � 0�/�% 
�I� $
H?�$ :W ��6 ΔU×V = π∗

U ω−π∗
V Ω ��*�$
<� A�H?	 
1$ ���/�% V �

��	$ 
<%
�P�� �/�H� 2�$ 0
1 +��C$ φ(p) = q i
/ 
1$ A�:8% ��/�% j�M φ∗ Ω = ω i
/ � +6 �*�

� ��E�� Y���7* ) {
K| A�B,) 0)�� 2>�@B�

�RE*�&>* �21�/−e R9E+�*�?) ) φ∗ ω = ω q�� - n-�= φ R9E+�*�E@�-


� ��(M 2�$ � �4�/�% +?/$ �� 
% $� ω ��?V�	−e � �/�% ��;�� � )�% �$+-(�.� U 4��6 N
� 2 -��� �2e2+
��	$ ����� 0�%�l +,J"� !� �% 4*���(�(�$

x{
K| #/) ��( T��2& ���21�/−e0()R� �8 EJZ R�* T��2& ()

���4*���(�(�$ ����$�� ��(M 2�$ � 0�/�% ρ +, ;�� )$ � p +,J"� � 4K�� ��?V�	−e!� ω 4��6N
� 2 -��� �2e2+
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8� p )$ �$�H��*�� � ��8%−(n− p) ���%z
% !� �W8C(� ω

xR�)- U�1 #S�; - �

��4*���(�(�$ ��(M 2�$ � 0�	$ �%�l B�� ��8� ρ = � +6 �/�% 4K�� ��?V�	−e!� ω 4��6 N
� 2 -��� $2e2+
���?*� ��8?� �W8C(�

��( 0�21�/ Ab-�%* >+�%* �� ����� ω �21�/−e �� �I@E�* i� M �� RE�� ��+

dωi =
�

�

∑
T i

jk(x)ωj ∧ ωk, T i
jk = −T i

jk,

5i, j, k �� 0)�� Y���� RE*�&>* ��PQ(������ ) �21�/−e

dT i
jk = �,

�� �E& eIM* ^�) �3! �� ��&��N6C)�Q2&) 0���21�/−e 5>S 0��Y��� ^�)����� ������ #��, >Q$� 0�21�/ p�)�? >�%�
-)- -� � >%EB] �] �� >&�$� �2* ω �21�/−e0)�� �#/) #/- >?�j;D* ^2+�� �j&-

ds� =
∑

(ωi)�,

xR�)- ) ��( �8 EJZ C�; ����� \*�� 0�2* �j& () M �I@E�* Y���� -��>* Y�E*�& ��PQ(������ ?S #�� �21�/−ei�

� ��	$ T�.� 
�I� $
H?�$ :W ��6 ���?V�	−e +% +6 �/�% A�	 ��;�� � ��;�� ��D<���M 4��6N
� 2 �DF +2e2+
��	$ �R A�
1 !� M ��(M 2�$

� ��E�� Y���7* �E&)�?>* {
K| () R2@� ".� - ) �EJZ ^�) A�B,) 2>�@B�

�� Φ >*�+m
 �E& � ω -�@��Vg�* >*�+m
 �� R���- L�K ".� 0��2&) - 23��/��  �%&�  ! #���4 (�G# 02e2+
�� R�)- (�E& ���21�/−e 0()R� #� n�+ �8 EJZ () Y-�@2/) 0)�� ���2�)- -� � U ×G �� )-��& 0��T��R� �)��!
��� �#/) >I=) RE& >*�+ θU (u, S) �� Φ = dS S−� + θU (u, S) �� RE&)->* �RE��$& \EIg? � ���P? ) dΦ � Φ

5Fdω = Φ ∧ Φ 0�21�/ �8 S-�%* �� � �? ��H ���>* n�= L∗
C Φ = C ΦC−� �8M�) - G �� LC �� C�c2&) #g? Φ

R�)- ^�)�����

L∗
C θU (u,CS) = C θU (u, S)C−�.

�� RE���>* - C = S−� �� ^�) ��+ ��

L∗
S−� θU (u, e) = S−� θU (u, S)S = θU (u, e) =⇒ θU (u, S) = S θU (u)S−�.
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Y�E*�& �2��E�m0�S n�VS) \+�29��� 0��-�$& 5�&��>* <��%? (θU )i
j =

∑
Γi

jk ω
k �8M�) h/�? �� Γi

jk e�)�f
�� -��>* �P2& n�+ 0�21�/ �8 S-�%* �� d �QI$! �E,�8? �� ��&��>*

� = d(dω) = dΦ ∧ ω − Φ ∧ dω = (dΦ − Φ ∧ Φ) ∧ ω.

R�)- �����&) () Y-�@2/) �� 5Θ = dΦ − Φ ∧ Φ RE�->* )�Z
∑

Θi
j ∧ ωj = �, Θi

j = −Θj
i

Y-�@2/) �� �-��>* \=�;∑ ωj ∧ψi
jk ∧ ωk = � �8M�) �1� �8 S-�%* - 0)NQ�� �� �� Θi

j =
∑

ψi
jk ∧ ωk ^�)����� �

R�)- �� ωk >�%� >*�+m
 �? (n− �) �� �� 0)Y�� ��f ()

ω� ∧ ω� ∧ · · · ∧ ωn ∧ (ψi
jk − ψj

ik) = �.

�� � �2+�� �j&- ) �� ωk () \372* 0��>*�+ (n − �) � ψi
jk () \=�; �8 S-�%* 0)Y�� ��f RE&)�?>* ���7* :��] ��
R��EQ� �PE2& ) ��( �8M�) Θi

j ��c2* T� ���?�* i$�

ω� ∧ · · · ∧ ωn ∧ ψj
ik = −ω� ∧ · · · ∧ ωn ∧ ψi

jk.

�� #/) >�%* �)�� �E1) �8 S-�%*

ψi
jk = −ψj

ik mod(ω�, · · · , ωn),
ψi

jk = ψi
kj

FKv�u H

���"?� u6 
H� Y���$ � +% �;*� � ���"?� Y���$ � +% �;*� +6 Ci
jk �*���$ +	 �(*��� !� 2S� �" N2e2+

��	$ 
<M )�$4� 0�	$

� ��E�EB� ) {
K| A�B,) 0)�� 2>�@B�

�� ψi
jk �� RE�E�>* A�= ^�) - �ψi

jk ≡ � mod(ω�, · · · , ωn) �� -��>* �PE2& FKv�u H () RS ^�) i$� ��
RE�� <��%? ) ��( e�)�f RE&)�?>* � ��29� >I=) RE&

ψi
jk =

�

�

∑
Si

jklω
l, Si

jkl = −Si
jlk.

-�$& <��%? ) ��( e�)�f �)�?>* ^�)����� �ΘU (u, S) = SΘU (u, e)S−� R�)- L∗
C () Y-�@2/) �� C�;

ΘU (u, e) =
�

�

∑
Ri

jklω
l, Ri

jkl = −Ri
jlk,

� ��&��>* Y�E*�& �*)�����9	�/�� ��&X�� �)���� 0���@S�8* ��
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�� �� ���E?�� � ����� ���P�$ �(*��� 0��(?*�
6 ������ [	(� ���
?��T�$ �P� ������ 
?� 
� 2 �DF b2e2+
�
1�� \F�� n+ � +, ;�
�

�{
K| --��>* A�B,) >&�$� �8/���U�1 h�)�� - ���21�/−e �8 EJZ )�3? �� �EJZ ^�)

-��, ��V�	 W�� X-(��(� -�CM �P 4

i� �� >�%� �--�Q& �P�* 0�21�/ Y��� \*�� "��� �� �� RE�� -�1�� 0-�* �� 0()R� \a�9* >/�� - ^3$*
>Z�� �� - Y��� �2*)�6 ��� �� i� #���& - �� RE/�� >P��R� �� "��� � �N R2��QS) �8 cI; () Y-�@2/) �� ��� ��
A�= ^�) - ����B& �29�)� Y��� 0���2*)�6 �� W��= \3� �� Y�&�* >Z�� >/�/) ��? e�)�f () i� �E� � ���� Y�&�*
���� R�)�+ ) Y��� 0���2*)�6 0(�/C�*�& ��3*) �� Y��� 0���2*)�6 � ���E}2* () ) 0�27E� 0)-��& eE��? ��N* '�
m ��)�� FT��R� �=��! -)�%? �PE2& - �H ��E*( �I@E�* �%� ��) �� -��>* >��& �P&� () \37* ^�) �-�� ��)�.& �ES�?
0�%�−(m − r) >S Y��� i� >&�c? Y��� Y�Q&� 5���� r ��)�� >%��? \c29* 0�21�/ p�)�? -)�%? >�%� T��R� �8 B? �
>��J+ �%� () �27E� �%� ^�) \a�9* >1�� - �� >S�; - 5���� �27E� �I@E�* �%� () ���B& >&�c? Y��� �%� ^�)����� � #/)
�S�3/) [�- �8 B?�* >S�$%* \E9&)�@�- �S-�%* 0)�Mc& ��c? Y��� �%� D� �* �#/) Y�� 0���C�*�+ �� - �S�89* �� #/)
� #/) FJ�H 0�%� � # 0�J+ ��?�� [�+ �� 0()R� �8 S�89* 0���C�*�+ 0�J+ �� >S�; - #/) � ��)�� uxx = �

�{�L| #/) >���2*�& 0-�1�� >&�c? Y��� �%� 5R��EQ� �j&- 0-�1�� AD��B? #g? ) �S-�%* ^E$� ��)

A��@2* '� �- \a�9* �&�� ^�) - 0()R� �8 S�89* \E$3? 0)�� �#/) Y-�� �E�- -)�* ^�) �� >��1 �� -�1 ��?��
�� Y8�� 5#/) ��E*( 0�J+ �%� () �27E� �� �%� >S� #/) >���2* >&�c? Y��� �%� �� C�) -�* - �#/) (�E& -�*
0))- >&�c? Y��� �� #/) >2S�; �� q���* [�- �8 S�89* �F#/) �%� ".� lg� G�f�* ��H #/) ����%�#� () Y-�@2/)
m��?�� 0-� � �8 EJZ () >S� �-�� Y-�@2/) �)�?>$& �� �� q���* d�E����+ �8 EJZ () �� - �� 5#/) >���2*�& �%�
() >IEIg? 0��Y�Q2/- () >39S)��m>��� 0-� � �8 EJZ �8PE2& ��$?�Z �8 EJZ ^�) �-�� Y��� �)�?>* �� \; 0)�� �I��
>���2*�& >&�c? Y��� -� � �#/) Y-�@2/) \��Z >IEIg? 0()R� \a�9* 0)�� ���? � #/) >�� 0��:27* �� Ab-�%*
\=�; �2+�� pE+�? T��R� 0�21�/ Ab-�%* h/�? �� #/) ^E%* >IE9&)�@�- Y�Q2/- 	�)' Jf�Q () 0)�PE2& �%�

�-��>*

F�%� >���2*�& >&�c? Y��� 0)��H �� ^�) �� � F�%� >���2* >&�c? Y��� 0)��H RE�- -)�2*) ) 0()R� �8 S�89* �� ^�)
�R�()-�6>* ��*(� ^�) ��E� �� ".� ^�) - �--��>* ~.7* ��?�� "_E6 ��*(� d�/) �� 5RE��& -)�2*) ) �S�89*

0��>*�+m
 �� �=��! �� ���� Y�� Y-)- θ = {θ� · · · , θm} �8 2+�� pE+�? T��R� i� �� 0()R� �8 S�89* RE�� ��+
�P��) - �#/) �29�)� �E& Y��� �2*)�6 �� ��&� e�)�f >�%� 5��29�M ×G 0�%�−(m + r) >��JI=�; 0�J+ 0�
0�21�/ Ab-�%* �RE�->* ��7& G �� �E& ) �� >�-�/ 0)�� �� #/) F�2+�� "���H 0�21�/ Y��� �%� �Q7��$& r
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R��E�>* �j& - ��( [�+ �� ) T��R�

dθi =
m∑

j=�

r∑
k=�

Ai
jk α

k ∧ θj +
m∑

j,k=�

T i
jk θ

j ∧ θk, i = �, · · · ,m,

0)�� 0)���6 �� αk �� >2Z� �#/) Y�� >+�%* [�9 @O ���� ��������� ������ �)��! �� {
K| - Ab-�%* ^�)
#S�; ^�) - ���? � ��29� #��, �� Ai

jk 0�21�/ e�)�f � ���->* \E37? G �� #/) 0)-��& ��?��m�* 0��[�+
�� W��= �] �� FY�7& �N H >/�/) ��? e�)�f () i� �E� �� RE��>* ��+ pZ)� - `RE�->* �*)-) ) lg�
��?��m�* [�+ >���Q�� �� ��&�*>$& >Z�� 0(�/C�*�& 0)�� 0�Q�- ��? ^�)����� � ���B& �29�)� Y��� 0���2*)�6

R�)- F��29� �� zk
j ^E%*�& e�)�f ��H∑ zk

j θ
j A�= �� T��R� �=��! () Y)�.S- >M1 eE��? i� �� αk

∑
[Ai

jk z
k
k −Ai

kk z
k
j ] = T i

jk, i, j, k = �, · · · ,m.

��&�� �2+�� �j&- Y)�.S- ��-�c* �)��! �� >c��* � �&�� ^EE%? ���� zk
j 0���E}2* () >1�� n�+ >M1 Y�Q2/- \; 0)��

v = RE�� ��+ ��&-��>* �Ej& 0�21�/ Ab-�%* �� �� RE��$&>* >+�%* ) �2+�� "��� ��?�� 0���V.7* �O/
��29� ��( A�= �� �� 0����)- �� R��E�>* m× r >9��?�* ) L[v] ����� Rm - 0)-�� (v� · · · , vm)

Li
k[v] =

m∑
j=�

Ai
jk v

j , i = �, · · · ,m, k = �, · · · , r.

T��R� �=��! 0)NQ�� �� �� #/) 0�21�/ Ab-�%* - αk ��?��m�* 0��[�+ e�)�f���?�* ��$� L[v] ^�)�����
0-�! R�* #E$� i� �-)- >Q29� v U�V.� )-�� �� L[v] �8 B? �#/) Y�� \=�; v () vi ����2* �=��! �� θi

 !HIJ# ^ES�) ) �� ����>* �EE}? v ∈ Rm ^3$* 0��)-�� �8$� 0� �� >2Z� #/) L[v] ���?�* �8 B? R$E9��*
--��>* >+�%* ��( -�$& �� �� ��*�&>* �2+�� pE+�? T��R� J���

s′
�

= max{rankL[v] : v ∈ R
m}.

R� �� \BZ ���?�* () �.9& �- ��&�B9� () \=�; �m × r ���?�* �8 B? R$E9��* �8 B/�g* �� s′� >7��� �8@S�8* ^E*�-
���>* #/�� ��( �8 S-�%* () s′� pZ)� - �-��>* �Ej& �.9& �- ^�) () 5A��@2* )-�� #@ i� �� � ���>* #/��

s′
�

+ s′
�

= max

{
rank

(
L[v�]
L[v�]

)
: v�, v� ∈ R

m

}
.

�-�$& ��E� Ǳ)�c2/) i$� �� �E& ) Fs′m �P�H �?b�� e?)�* >7��� 0���V.7* ���7* '� �� �)�?>*

����� �� 0�%�−r 0�21�/ Y��� G �M 0�%�−m �I@E�* �� 0)�2+�� pE+�? T��R� θ RE�� ��+ 25��6� �2�g2+
�&��>* <��%? ��( �8M�) h/�? T��R� () s′�, · · · , s′m−� >7��� �8V.7* m− � ^ES�)

s′
�

+ · · · + s′k = max

⎧⎪⎪⎨
⎪⎪⎩rank

⎛
⎜⎜⎝

L[v�]
���

L[vk]

⎞
⎟⎟⎠ : v�, · · · , vk ∈ R

m

⎫⎪⎪⎬
⎪⎪⎭ .
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�8M�) h/�? �E& >7��� �8V.7* ^��1� �s′i ≥ � � ��29� m × r 0�����?�* �� L(vi) 5� ≤ k ≤ m − � �� >2Z�
�-��>* <��%? s′

�
+ · · · + s′m−� + s′m = r

\E9&)�@�- 0��Y�Q2/- 0)�� ��?�� �8 ��j& () >=�1 #S�; - >7��� 0���V.7* () <��%? ^�) >I=) Y8�EQ&)
�����>* > �1

-)(� 0���E}2* -)�%? � ���� s′
�
, · · · , s′m >7��� 0���V.7* �� �2+�� pE+�? T��R� θ RE�� ��+ 25��6� �2�g2+

� ��) #/) Jf�Q θ A�= ^�) - �RE�- ��7& r(�) �� ) [���) �8 - >�%� �� �� ����2* >M1 >�N Y�Q2/- \; -
x��� n�= 	����� 	)#�� - ��) ���?

s′
�

+ � s′
�

+ · · · +ms′m = r(�).

5�&��)�� 0�21�/ Ab-�%* 0))- �� >7_E6 0��T��R� �8$� �� #/) �� lg� () �PE2& 5-�� RE�)�1 ��E� �� �&�� ��$�
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���*�&>* 0�%2*�& ) ��#S�;
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1 � M̄ � M d^��
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C ����� � d���6 j�M �����6 �(�)� �b ��/�% ��3�� � 
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1$ ���/�% G ��*�� ���?V�	
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1$ ���� � 
1$ �	$ ) �$4� θ̄ �% θ A�H�� 0��/�% ��*�� ���?V�	 �U�8� +,-(�.� � �
+,-(�.� ��(M 2�$ � 0s′l = � 4�/�% +?/$ l > k �$
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V� s′k > � 
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� +6 �$ �H?*% A$(FR �D�DP� L%�� s′k +% ���)�$4� d�D�DP�b

� ��E�� Y���7* �E&)�?>* {�L| - ) �EJZ ^�) A�B,) 2>�@B�

k )$ A$(FR �D�DP� L%�� s′k +% +?*%$� � �8% ����?��� ����"� A�
1 �$�$ ��3�� �D�DP� u�64� 
� 2 -��� $2�g2+
��	$ 
�g?�
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� A�:8% ���?*� )�$4�
���;� �$(��� �
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- Y�7& 0(�/C�*�& Y��� 0���2*)�6 (��� ��� �RE�� )�E6 5-�� ���)�1 )-��& R� (�� �� �2+�� pE+�? T��R� �� #B9&
�2�)- >Q29� Y��� 0���2*)�6 ^�) �� >c27* 0��)-��& ^�) () >1�� #/) ^3$* 5�&)- -� � �2+�� pE+�? T��R� �=��!
)-��& eE��? i� >c27* 0��)-��& () i� �� A�= ^�) - 5��- � >c27* 0)-��& i� 0)�� n�@?) ^�) ��) ������
C�*�& e/��* #��, )�c* i� �� Y�&�* >Z�� Y��� �2*)�6 ��� �� i� ^EE%? h/�? �� -��>* -� �� ) Y��� �� �29�)�
[�+ �� ��E/ �? ) \$! ^�) � #�)- RE�)�1 0�27E� Y��� "��� ��0(�/C�*�& ^�) i$� �� ^�)����� �--��>* 0(�/
>/�/) ��? e�)�f ���? �& �� RE����+ R�)- (�E& 0�%2*�& #S�; - �PE2& - �-)- �*)-) �)�?>* 0()R� \a�9* 0-�!
�8!�$P* �� R�)Y��- ".� - D� BZ ���29� Y�&�$EZ�� Y��� 0���2*)�6 () \c29* �E& ��&� >P��R� 0��:27* >*�$? �3I�
#S�; - �� �&�� >* -� �� ) T (s) 0�21�/ #��Q& 0���@S�8* s ��&�* 0)�B?�* �? ���)�; >c27* 0��)-��& ^E��

x#/) ^E�� >���& �8PE2& �����>* 0�2*)�6 ) C(s)(θ) 0����2/- 0���I@E�* Rj�*

���?V�	 A�
1 �% M ��8%−m �D<��� 
% 4K�� � �D�DP� +?��� L��
� u�64� � θ̄ � θ 4��6 N
� 2 �DF 02�g2+
u�64� ���E?�� � �	�	$ B�� ^�$
C +,�� 4��6 N
� A�:8% �s′

�
+ � s′

�
+ · · · +ms′m = r(�) +6 ��/�% G ��*��

u�64� 
� �$
% $� ���%+?	 �D<��� 2�$
%��% � ��� ����� 4K�� �$A$(��V � ��/�% A�
1 ���
?�$��� )$ �"?*� ����
����D<��� � s̄ = s `��/�% ���*�� +, ;�
� �$�$ 
1$ ���� � 
1$ ��?*� )�$4� �W8C(� θ̄ � θ��8C� 2�$ � ����6 �
?�$���
+.�?� � �b ��u�64� 2�$ ����"� A�
1 A�:8% ���/�% ��/(v�� C(s̄)(θ̄) � C(s)(θ) ��8� ���� =$ (s+ �) +, ;�
� ���%+?	
����6 +,�F�� 
{6$�# s′k +6 �$ �H?*% 
�g?� k )$ A$(FR L%�� s′k +% � �	$ �8% ����?��� d���� ����)�$4� +,-(�.�

��	$ ���?V�	 �U�8� )$ 
<M 
�n

� ��E��$& G�  {�L| p �* �� A�B,) ���- 0)�� 2>�@B�

- ���29� ()R� ��%f�* 0�%�m� �I@E�* i� 0� -�@�*�& � >IEIg? 5�29� �Ek 0��>*�+mK �8$� 2(�G# N2�g2+
K () Y)�.S- p��? K �� �E& >&�c? Y��� �#/��>*�+mK ^E�� 0)�� >&�&�� \3� i� Ω = ez dx ∧ dy U�1 #S�;

x)��( �#/) �29�)� �E}2*
�8 B? M () �8Mc& �� - Y�Q&� 5#/) Y�� <��%? M ⊂ R� (�� �8!�$P* ��( �� �� ���� 0�@= �Ek >*�+mK Ω �= � ��)
�Ω = ω� ∧ ω� F>%f�* A�= ��H �� �&)- -� � ω� � ω� >M1 \c29* 0��>*�+m
 ^�)����� �#/) 
 �� ��)�� ��
0)��H #�)- ��)�1 Ω = dx ∧ dy 
 �8 B?�* ��)- >&�&�� [�+ i� ���? A�= ^�) - 5dΩ = � >�%� 5���� �29� Ω ��)
RE&)�?>* #S�; ^�) - ����B& �29� Ω RE�� ��+ C�; �F�E�� G�  {�L| () �v�
 ".� �� eIM* A�E�� ���-

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



�)�$4� +R�,*� ���% (�
� �Z ��� 

s

� ���>* \*�� ) T��R� �� #9� ω� ��&�* >*�/ \c29* >*�+m


dΩ = ω� ∧ ω� ∧ ω� �= �.

����� n-�= ��( �8M�) - ��&� �� �Ej& 0��T��R� ��) ���? � ��) ��29� ()R� >���>*�+mK ^E�� () #@ ��
⎛
⎜⎝ ω̄�

ω̄�

ω̄�

⎞
⎟⎠ =

⎛
⎜⎝ a� a� �

a� a� �

b� b� �

⎞
⎟⎠
⎛
⎜⎝ ω�

ω�

ω�

⎞
⎟⎠ , a� a� − a� a� = � �� >2Z�

#/) ��( A�= �� �2+�� pE+�? T��R� �-��>* �P�* 0�2*)�6 T�6 0�21�/ Y��� i� �� ��

θ� = a� ω
� + a� ω

�, θ� = a� ω
� + a� ω

�, θ� = b� ω
� + b� ω

� + ω�.

-�� ���)�1 ��( \3� �� 0�21�/ Ab-�%* 5�N �����+ () �%�

dθ� = α� ∧ ω� + α� ∧ ω�,

dθ� = α� ∧ ω� − α� ∧ ω� − T θ� ∧ θ�,

dθ� = β� ∧ ω� + β� ∧ ω�,

� #/) dθ� - θ� ∧ θ� � dθ� - θ� ∧ θ� e�)�f G�$P* >@�* �� ��)�� T = −T �
��

− T �
��

>/�/) ��? e��f �� >2Z�
R�)- �Ω = θ� ∧ θ� = ω� ∧ ω� �� #/) ^�) �]�1 �� >@�*

dΩ = dθ� ∧ ω� − θ� ∧ dω� = T θ� ∧ ω� ∧ ω� = T ω� ∧ ω� ∧ ω� = T Ω.

- 0�21�/ Ab-�%* �-)�& -� � 0(�/C�*�& ��3*) � #/) #��, T = ��6 5dΩ = ω� ∧ ω� ∧ ω� �= � ��� C�;
s′
�

= �, s′
�

= () ��?�B! �E& "��� 0���V.7* � r(�) = � �� #/) ��)�� [���) �8 - )��( ��29� >7_E6 #S�; ^�)
� �--��>* \=�; �j& -�* �PE2& � R�)- 0�%2* >7_E6 �21�/ i� ^�)����� ��, s′

�
= �

- �#/) Y�� Y-)- RE$%? 5R� () 0)-�� Y)�$� �� [�+mK i� 0()R� �� {
�| - i��-�� � �&-�� h/�? �E1) �8 EJZ
Y��-�� ��E� {�L| p �* () 

 \V+ 0��2&) - �� 0()R� �8 S�89* >/�� A�E�� �#/) 0�%2*�& �S�89* #E%f� ^�)

�#/)


C���� !Y(" ������+� �� 4

0�21�/ Ab-�%* � -��>$& �P�* 0�21�/ Y��� \*�� "��� �� 0()R� �8 S�89* �� >M�)�� - �� RE2@� ".� -
Y��� >�-�/ 0)�� �#�)- RE�)�1�� � �/ ����%�#� �����+ �� 5#/) �%� >���2* >&�c? Y��� � ��29E& >7_E6 �E&
>7_E6 ��*(� �� RE��>* ��+ Y�D%� ����� r > � �� �%� RE��>* ��+ � RE�->* ��7& G �� �E& ) �2+�� "���
>=�1 �PE2& �I��m��?�� �8 EJZ �r(�) < s′

�
+ � s′

�
+ · · · + ms′m ^�)����� � #9E& )�Z�� �� 0)�� ��?�� �-��

�BP* ^�)����� ����� n-�= ��&� - ��IM* 0()R� #��Q& ���� �� �&)- -� � 0)>+�f) h�)�� )��( ���>$& \=�;
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0���E}2* ^�) () >%EB] ��.2&) i� �� -�� � �? ��?�� �RE�� >�--)�2*) >+�f) 0���E}2* h/�? ) Y�Q2/- �� RE29�
�I@E�* 0� T��R� e9;�� �2+�� -)�2*) 0()R� �8 S�89* �Q�- A�B! �� �#/) Y�&�$EZ�� Y��� 0���2*)�6 ������� >+�f)
0��[�+ Y�D%� � �� θi >I=) T��R� \*�� (�E& -�* T��R� �--��>* 0���C�*�+ M (�) = M × G 0�%�−(m + r)

�RE��>* RE9c? ��( #S�; �- �� ) �S�89* �#/) Y�� �+�f) e/��* ��?��m�*

��� ����� �	
� ����

Ab-�%* () >��Q2/- 5(�E& -�* 0��"��� � 0(�/ C�*�& () �%� �� RE�� ��+ �#/) lg� \3� ^��?Y-�/ #S�; ^�)
�?>I� #S�; () ) �� �? RE*�&>* �%O Y��6� ) Y�Q2/- #S�; ^�) - �R��� #/�� r(�) = � [���) �8 - �� 0�21�/
>7��� 0���V.7* )��( #9E& >7_E6 0�21�/ Ab-�%* 5Y�� ^EE%? #S�; - �� R�)- � �? �RE�- �EE$? r(�) > �

�8$� �-�$& �N �� ) �N �����+ 5�I;�* ^�) - �#9E& )�Z�� ��?�� ��*(� ^�)����� � ��29E& �@= R� �� >Q$�
#�)- RE�)�1 ��( [�+ �� >��Q2/- �PE2& - � RE��$&>* \E$3? F^3$*H >/�/) ��? e�)�f

dθi =
m∑

j=�

r∑
k=�

Ai
jk π

k ∧ θj +
m∑

j,k=�

U i
jk θ

j ∧ θk, i = �, · · · ,m,

e�)�f ��&)�& >Q29� Y�&�$EZ�� Y��� 0���2*)�6 �� �� �&)Y�7& �N >/�/) ��? e�)�f �Q&���$& �� U i
kj �� - ��

�Ū i
jk = U i

jk R�)- θ̄ � θ ( )R� T��R� �- 0)�� >�%� ��29� )-��& >/�/) ��?
x��29� >3� {α�, · · · , αr} ��?��m�* 0��[�+ �� θ �8 &�$E6 �� {π�, · · · , πr} 0��>*�+m


πk = αk −
m∑

j=�

zk
j θ

j , k = �, · · · , r,

^��Q�� � ≤ i, (j < k) ≤ m 0)��∑ [Ai
jk z

k
k −Ai

kk z
k
j ] = T i

jk >�N �8 S-�%* () >�)� �� zk
j >�N e�)�f �� >2Z�

^Q$� >M1 Y�Q2/- () >�)� �� RE&)�?>* )��( -)- -� � [���) zk
j �N e�)�f ^EE%? - >I� #S�; - �#/) Y��

^EE%? #S�; - -� � ^�) �� ����� �2�)- �)� - 0�,) �� ^�) ���� RE��$& �+�f) )∑ [Ai
jk z

k
k −Ai

kk z
k
j ] = � ����2*

zk
j = Sk

j (x, g) e�)�f ^�)����� ����� �@= ��)�� 5#/) ^Q$� Y�Q2/- �)� 0�J+ �%� ��)�� �� r(�) RE��>*��+ 5Y��
>*�+mK Ab-�%* () ^Q$� Y�Q2/- �)� ���? � �&-��>* ^E%* -�@��Vg�* A�= ��
m∑

j=�

r∑
k=�

Ai
jk π

k ∧ θj = �, i = �, · · · ,m. FK
�u H

�� ���� 0()R� i� φ : M −→ M̄ RE�� ��+ C�; �πk = � R�)- k = �, · · · , r �� 0)�� >�%� #/) >����
R�)- ^�)����� ����>* �@; ḡ = ḡ(x̄) � g = g(x) Y��� 0���2*)�6 >1�� 0)�� ) �2+�� pE+�? 0��T��R� � φ∗ θ̄i = θi

() �6H n�+ Ab-�%* - [�- T��R� () ��&� �� �Ej& h�)�  � FK
�u H 0�21�/ Ab-�%* 0)NQ�� �� �φ∗ dθ̄i = dθi

R�)- Fi�mC�6 oN;
m∑

j=�

r∑
k=�

Ai
jk π̄

k ∧ θ̄j +
m∑

j,k=�

Ū i
jk θ̄

j ∧ θ̄k =
m∑

j=�

r∑
k=�

Ai
jk π

k ∧ θj +
m∑

j,k=�

U i
jk θ

j ∧ θk.
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t

oN; \��Z o�] �- 0��p$ () A�B! ^E*�- 5��29� )-��& >/�/) ��? e�)�f � �2+�� pE+�? T��R� 0�J!) �� �P&� ()
R�)- ) ��( >�)-��& q�� �PE2& - � ��29�

m∑
j=�

r∑
k=�

Ai
jk [π̄k − πk] ∧ θ̄j = �, i = �, · · · ,m.

) �S�89* �φ̄k = φk x����� )-��& �E& φk ��?��m�* 0��[�+ �� ���>* ��P�) �S�89* �-�� ^E%* �� >�B* �* ��+
�6 �RE��>* �+�f) ) Y��� 0���2*)�6 �j�* ^�) 0)�� �� ��� �� �&�� ��$� �RE�->* -)�2*) ���E}2* -)�%? "�)�+) ��
0��T��R� �� RE&)->* ^$f - �RE��$& >9��&C�*�+ �& () M (�) = M ×G 0-)�2*) 0�J+ �� ) 0()R� �8 S�89* ����
�)��! �� Y��� 0���2*)�6 �� - �� ��29� θ = g · ω >�%� >I=) �8 2+�� pE+�? 0��T��R� A�= �� M (�) �� )-��&

��&��>*��+ ��� \c29* 0���E}2*

��/�% G ��*�� ���?V�	 A�
1 �% +?��� L��
� ���u�64� θ̄ = ḡ · ω̄ � θ = g ·ω 4��6N
� F{�L|H 2���A, �2�2��2+
�#:M$ �����6c��(� ���=
� π̄ � π 4��6 N
� 2��3�� �r(�) = � � �*�� +?*%$� A�
1 +% �	�	$ B�� ^�$
C +6
���
?�$��� �V
% B�F?�$ �% +6 �$ (�� φ : M −→ M̄ 4*���(�(�<� ��(M 2�$ � ���/�% BI� �U�8� )$ �M�#
+6 ψ : M ×G −→ M̄ × Ḡ +6 �/�% ψ 4*���(�(�<� 
1$ ���� � 
1$ 0��H��� θ +% $� θ̄ 0ḡ = ḡ(x̄) � g = g(x) A�
1

���H�% (θ, π) +% $� (θ̄, π̄)

G�  {�L| () 
K \V+ �� �E&)�?>* A�B,) Y8���7* #� �� #/) ��( 0���JZ � Y)�� #S�; ^�) R�* T��2& ()
x�E��$&

A�
1 ��(M 2�$ � ��/�% κ �	��1 ���P�$ � ds� �	�	$ =
� 2�R�$ �% �$+�� � S 4��6 N
� 2���A, �2�2��2+
���P�$ �% +�� � 
1$ ["� � 
1$ �	$ > ���
?��T�$ A�
1 �8% A�:8% ��	$ > �8% 
{6$�# �% �R A�
1 !� 0���
?��T�$

����"� A�
1 ���;�� +,<R(,� �R�# 2�$ � +6 �/�% �%�l �	��1

0d�(R(RI� +,	��� ��8�b κ < � A�1
� �	$�$ $� SL(�,R) ��?V�	 •

� d�	��DO$ +,	��� ��8�b κ = � A�1
� �	$�$ $� SE(�,R) ��?V�	 •

�d��
6 +,	��� ��8�b κ > � A�1
� �	$�$ $� SO(�,R) ��?V�	 •

�$���� ���+<R(,� [	(� ������ �D<��� !� �$
% ���?V�	 ���$���� )$ ���6 +,-(�.� !� 2 �DF �2�2��2+
�4���� ���� ∇k R d����$(6 E?��b �% $� ���� k = �,�, · · · �$
% +6 ��
1�� 4�$
� 
�U�% ^�$
� ���P�$ ����(*���
���%+?	 ����D<��� ���� ���P�$ ����(*��� +6 �?O� ["� � �?O� ��?*� 
?��T�$ �W8C(� ������ �D<��� �r�V�R�# �

����6 �
?�$��� $� ��/(v��
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A�
1 A�:8% ��	$ �
�
m(m + �) �8% )$ 
{6$�# ��8%−m ������ �D<��� ����
?��T�$ A�
1 2 �DF $2�2��2+
�W8C(� 2�$
%��% � �/�% �%�l 
R��	$ ���P�$ �$�$ 
1$ ���� � 
1$ �	$ �8% 
{6$�# �$�$ �
?��T�$

�� 0E(m) �
?��T�$ A�
1 �% A$
�� Rm �% •

�� � O(m+ �,R) �
?��T�$ A�
1 �% Sm A,
6 �% •

��/�%�� 
?��T�$ O(m,�) �
?��T�$ A�
1 �% A$
�� Hm �(R(RI� ��&� �% •

���� ����� �	
� ����

Y��� �2*)�6 �� >S� #/) \BZ ��&�* >�--)�2*) �����+ #S�; ^�) - ��2+)>* n�@?) ^E%*�& #S�; r(�) > � �� >&�*(
���� RE�� \; ) 0-)�2*) �8 S�89* RE�)�.� ��) �� -��>* R�)�+ ) ��� Y��� �2*)�6 i� >�N Ab-�%* �)� - -)(�
\*�� �] �� �� zk

j Y�� ^EE%? #S�; - ���29� \BZ #S�; ��&�* �E& >;D=) ��?��m�* 0��[�+ �-�� 0(�/C�*�&
0���E}2* F��&� () �? r(�) >�%�H �� zk

j () 0-)�%? FY�7& ^EE%?H #S�; ^�) - ��&��>* ��E� Y��� � ���6 0���E}2* h/�?
0)�&�� �� wμ, � ≤ μ ≤ r(�) -)(� 0���E}2* ��) ��&��>$& W��7? �N Ab-�%* h/�? )-��& A�= �� � ��29� -)(�

>M1 �N Y�Q2/- >*�$! 0���)� �� �&�� ��.2&)

dθi =
m∑

j=�

r∑
k=�

Ai
jk π

k ∧ θj +
m∑

j,k=�

T i
jk θ

j ∧ θk, i = �, · · · ,m,

�!�$P* ^��?>*�$! ^�)����� �#/) g � x �� �29�)� 0)-�� S � >M1 >2��Q&K �� >2Z� 5����� z = K[w]+S [�+ ��
-�� ��)�1 ��( \3� �� #/) �N Ab-�%* �)� �� ��>*�+m
 ()

π = α− (K[w] + S) θ. FKK�u H

0���E}2* � g = g(x) Y��� �2*)�6 >J%� 0)�� �� ����>* ��P�) ��7���\E9&)�@�- � �2+�� pE+�? 0��T��R� 0()R�
T��R� >+�%* �� >�--)�2*) �����+ �PE2& - ������ )-��& 50()R� #��Q& #g? �E& π ��� 0��[�+ 5w = w(x) -)(�
T��R� �R��E�>* �j&-M (�) = M ×G 5Y�� ^EE%? #S�; ��&�* ) �� �� --��>* �P�* 0-)�2*) 0�J+ �� �2+�� pE+�?
��( A�= �� >;D=) ��?��m�* [�+ �? r � θ = g · ω �8 2+�� pE+�? T��R� () >*�+m
 �? m \*�� �E& M (�) 0�

#/)

� = α+ S θ : �i = αi +
m∑

j=�

Si
j θ

j ,

�����>* #/�� Fw = �H -)(� 0���E}2* �-)- )�Z �@= 0��9* � �N Ab-�%* () FKK�u H >*�$! 0���)� () ��
x����>* 0�2*)�6 ) G(�) ��� 0�21�/ Y��� w -)(� 0���E}2* ������M (�) �� >���T��R� ���� � � θ

G(�) =

{(
Id �

K[w] Id

)
: w ∈ R

r(�)

}
,

T��R� ()M (�)×G(�) = M ×G×G(�) 0-)�2*) 0�J+ �� �2+�� pE+�? T��R� �#/) GL(m+r,R) >I�� Y�����( ��
�--��>* \E37? π = � +K[w] θ >;D=) ��?��m�* 0��[�+ ��� - θ >I=) �8 2+�� pE+�?
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4*���(�(�<� ��(M 2�$ � ���/�% +?��� L��
� �$�?�$ u�64� � (θ̄, π̄) � (θ, π) 4��6N
� F{�L|H 2���A, �2�2��2+

1$ ���� � 
1$ ��H��� ḡ = ḡ(x̄) � g = g(x) A�
1 
?�$��� �V
% B�F?�$ �% θ +% $� θ̄ +6 �	$ (�(� φ : M −→ M̄

(θ̄, π̄) +% $� (θ, π) 0w̄ = w̄(x̄) � w = w(x) �$�?�$ A�
1 
?�$��� �V
% �$
% φ : M ×G −→ M̄ × Ḡ 4*���(�(�<�
���H�%

x�E�� �j;D* �E&)�?>* {�L| () 
K \V+ - ) �� A�B,) �� R�)- ) ��( �8 EJZ lg� () 0-���� �)��! ��

4� �% 
�) i
/ +	 ��/�% =� +, ;�
� �R(�8� ��*�$
<� +R�8� !� uxx = Q(x, u, ux) 4��6 N
� 2 �DF �2�2��2+
`��R�8�

0��
�I��� ��8%c] ��� t��# ����"� A�
1 �U�8� •

0��(/�� +?/�H� uxx = � +, R�8� +% ��� t��# ���;� !� !�6 +% �U�8� •

`��/�%�� 
�) +,J%$� � j�M � u � x )$ �8%$(� N �M +6 Q(x, u, ux) = �

�
Mu u

�
x +Mx ux +N •

Mxxu + (N Mu)u −MxMxu − �Nuu = �.


C���� �. 7(." �+���K7� �& 4

>/��� 0�E�) :E$! >/�� � 0����2/- 0)�� ��$?�Z �E9� 0)��) 0()R� �8 S�89* 5��-�� Y���7* �����? �� �_&� �����
Y-�B& 0)Y-�/ �� m#/) �2�)- -� � 0����cB] ^�) 0)�� ��?�� ^�� - �� 0�E�m �� >I� z�] �-�� )�E6 �#/)

x#/) �2@� ��?�� () >��2� >�E�(�� - {st| \�)� ^*�� C��* �)��! �� �{�u| #/)

R�?�' $�� +�# ���� ��� 9����* H����' �!J" �� H����� �&��' �!S�� ����4� N�� �� T�!� $�� �� ��� ���;� ����
�U�P ����4� ��%� 3�"� ��5 V�M" �# D�M' H��� 3��,���8 �"��� H�!' $!6�� �# <�"�' 	0�Q� �� �6�� $��
H���#�"��� ���" �� W�!S' �����'� X-Y ���� H����� �� ����!Q' 
 +Z6 
 1�"� 	#�4� ��"�� �� HP H����� ��
$�� 3���	#�� +�OQ� 
 	�6 ��!' ����S� ���" �# �' �� $�� �L�* �� ��P G�Y $�� �� 1�"� 	#�� ��� �� B���4�

F#�6 �!6�.� W��!6� �� ����� ����-'

x�� �&)->* ��!�) 0)�S�c* - {su|��B�2�) � �Q�E/ ^E�_$� �

W��� �� [�� $�� �� ���	#�� �,������ ���O!J' B��4� �� 	#�-!"� �� �� �"�"� ���G�'�8 �� �#��%� H���� �'
���� 9���
P ����8 ������ �0 �0,' 
 ����!'�� ���	
�� #��' �# H����� �� ����!6�� ��8 ��" �� ���4���
�� \Y��' �04� H����4� 
 �"� �!J" ����� �# 3����-' H#�� G���# \�Y �� �
 �&��' �]�� �� ���� [��!5�

9#�� G���# ����N) �� H��"� ��
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Y�� )�E6 0()R� '� W��7? � G�f�* #E��* ��E� 0)�� >���R2��QS) ��E*( ^�) - 'D? ��S�/ () �%� 5C�; �� ��
#/) �&-�� 0���2+�� d�/) �� 5-��>* z�M* �*)-) - �� >$2��QS) ����>* i$� G�f�* ��E� �� 0-��; �? �� #/)
��E�� � \E$3? Y��9��& A�E��P? �E& � F{�L| �S) '� ��&�*H -� �* �Q�- 0��'� () Y-�@2/) �� Y�� >%/ �� {
K|

�--��
x-�� �=D1 ��( R2��QS) - �)�?>* ) \BZ 0��".� - Y�� Y-)- z�� 0()R� '�

5M �I@E�* () U (�� �8!�$P* �� ωU 0��>*�+m
 () 0)�!�$P* � G Y��� ��.2&) 2�

�%� �8 I;�* �- () >3� �� A�= ^�) �Ek - 5R�� >* RP�6 �8 I;�* �� #/) #B�* �)� ��) �#/) ^E%* �S�89* ��� 2�
5R�� >*

�8 I;�* �� e/��* T��R� �� e/��* Y��� ��.2&) � ��>*�+m
 �8!�$P* '�29� �� #/) ^E%* ^E��6 �S�89* ��) 2�
5R�� >* RP�6

�8 I;�* �� q���* Y��� � )-��& T��R� ��.2&) � ^E%* n�+ 0()R� '� () 0��E6 �� #/) ^E%* n�+ �S�89* ��) 2$
5R�� >* RP�6

5T��R� pE+�? 2+

50�21�/ Ab-�%* -�P�) #� 5T��R� \E9&)�@�- e9; �� Y�� <��%? h�)�  � dS S−� T��R� ^2+�� 20

5>/�/) e�)�f ���P? 2N

5>S �B �� ��(�/ �N 2b

50�21�/ �9&�? �� i��� #����E� \$! �8 B/�g* 2e

�� �-�� >@�* A�= - � R�� >* R�-��� �8 I;�* �� �)� �-�� #B�* A�= - �#/) >���� \$! ^�) ��� 2�g
5R�� >* �%� �8 I;�* ��

50�21�/ Y��� "��� � 0(�/C�*�& 2��

0()R� �8 S�89* #/) >@�* ��) � R�� >* �%� �8 I;�* �� #/) #B�* �)� ��) �#/) #��, G�& () �S�89* ��� 2��
5���>$& \=�; ) 0)�PE2&

5R�-��>*(�� #9.& �8 I;�* �� 0�21�/ Y��� � T��R� e/��* �EE}? �� 2��

R�-�&�� �8 I;�* �� �-�� >@�* A�= - � R�� >* �%� �8 I;�* �� ���� #B�* �)� ��) �#/) >���� �21�/ ��� 2�$
5R�� >*

- �? RE�->* �*)-) �� 0)�� \BZ \V+ - Y�� ��� eS�M* �� ) lg� � RE/>* ���21�/−e 0()R� �8 S�89* �� 2�+
5RE�� )�E6 ) >%��? \c29* 0��)-��& �I��m��?�� �8 EJZ i$� �� 0()R� 0)�Z�� A�=
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5R�� >* R�-(�& �8 I;�* �� >@�* ��) � R�� >* �%� �8 I;�* �� ���� #B�* �)� ��) �#/) >7_E6 Y�Q2/- ��� 2�0

0��)-��& () R!) H ����>* >+�%* ) ��)-��& e�)�f ^E$� 5���� #B�* �)� ��) ���29� #��, ��? e�)�f ��� 2�N
^�) �Ek - 5#/) \*�� 0()R� �8 S�89* � F^3$* 0��)-��& ���/ � �&��>* Y�E*�& 8)���* ��������� �� #��,

5R�� >* �%� �8 I;�* �� A�=

0����2/- 0���I@E�* ^21�/ i$� �� ��&� >P��R� 0��:27* �E& � )-��& e�)�f 0(�/C�*�& �� #S�; ^�) - 2�b
5RE/>* 0()R� �8 S�89* �8PE2& �� �I��m��?�� �8 EJZ h�)�� 0)�Z�� A�= -

#S�; -H )-��& ��?��m�* 0��[�+ () Y-�@2/) �� Y�7& ^EE%? � Y�� ^EE%? 0��#S�; 0)�� �S�89* >�--)�2*) �� 2�e
5R�� >* �%� �8 I;�* �� FY�7& ^EE%? #S�; -H >;D=) ��?��m�* 0��[�+ � FY�� ^EE%?

�R�-��>*�� #9.& �8 I;�* �� 5>I=) T��R� �� e/��* 0��[�+ �-��+) � 0�21�/ Y��� �EE}? �� 2�g

�8 B?�* >S�$%* \E9&)�@�- Ab-�%* 0()R� �8 S�89* >/�� �� � R��E�>* �j&- n�+ R2��QS) d�/) �� ) ��( C��* #���&-
�#/) {�K| �8 S�c* () �2+���� C��* ^�) �#/) �2+�� A�= #��,m��*( AD��B? #g? � #/) q���* [�-

J�(R,R) C�) �8 B?�* # A�V2.* Y)�$� �� (�� 0���!�$P* (V,X, Y, Y ′) � (U, x, y, y′) �E����+ 2(�G# �2��2+
�j& - ) Y ′′ = F (X,Y, Y ′) � y′′ = f(x, y, y′) 5>S�$%* [�- �8 B?�* \E9&)�@�- Ab-�%* 5���� R �� R () p�)�? () \372*
`-�Q&>* C)�Q2&) 0��>�g�* �� ) C)�Q2&) 0��>�g�* �� #/) >$9E+�*�E@�- 5�- ^�) ^E� ��c? () �j�* �R��E�>*

5>�%�

Φ∗
(
dY − Y ′ dX
dY ′ − F dX

)
=

(
v �

� w

)(
dy − y′ dx
dy′ − f dx

)

R�)- �6 5Y = ϕ(y) � X = x��+ �� ��� 5^E�_$� �vw �= � �� - ��

Φ∗
(
dX

dY

)
=

(
� �

� u

)(
dx

dy

)

�8 S�9* i� 5�%S�M* -�* �S�89* 5����>* s Y�� Y-)- h�)�  -)�%? � dimJ�(R,R) = � ��� �u = ϕ′(y) �� - ��
�&)�Z�� ��( [�+ ��� ^E� �j& -�* h�)�  �#/) ^E%*mn�+

dX , dY ; dY − Y ′ dX , dY ′ − F dX

) ��[�+ �)�?>* ^�)����� `-�$& Y-�@2/) �)�?>* ��[�+ -)�%? "��� 0)�� (dY − Y ′ dX) − dY + Y ′ dX = � �8M�) ()
x-�� ��.2&) ��( A�= ��

Ω�
V := dX Ω�

V :=
dY

Y ′ , Ω�
V := dY ′ − F dX , Ω�

V :=
dY − Y ′ dX

Y ′ .

x#�)- RE�)�1 ��[�+ ^�) ^E� 0)�M�) C�;

Ω�
V − Ω�

V + Ω�
V = �.
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X = ��+ �� ���� n�= �� h�)�� - �� #+�� ���� �)�?>* ) ��R9E+�*�E@�- �S�89* >���)� h�)�� �� � �? ��
� x, Y = ϕ(y)

Φ∗

⎛
⎜⎜⎝

Ω�
V

Ω�
V

Ω�
V

⎞
⎟⎟⎠ =

⎛
⎜⎝ a�� � �

a�� a�� �

a�� a�� a��

⎞
⎟⎠
⎛
⎜⎜⎝

ω�U

ω�U

ω�U

⎞
⎟⎟⎠

)��( 5a�� = �

Φ∗Ω�
V = Φ∗dX = dx = ω�U

)��( 5a�� = � � a�� = � 5^E�_$�

Φ∗Ω�
V = Ω∗

(
dY

Y ′

)
=
dϕ(y)
ϕ(y)x

=
ϕ′(y) dy
y′ ϕ′(y)

=
dy

y′
= ω�U .

5��� >* \��B? R� �� ) 0-�1�� 0��[�+ Φ∗ �3��) �� � �? �� �u = ϕ′(y) �� R��E�>* �PE2& Φ∗dY = u dy ���
R�)-

Ω∗(dY ′ − F dX) = � (dy − y′ dx) + w (dy′ − f dx)

= � y′
(
dy

y′
− dx

)
+ w (dy′ − f dx)

= −z ω�U + z ω�U + wω�U

�Q�- o�] () 5#/) Y�� ��+ z = � y′ �� - ��

Φ∗(dY ′ − FdX) = a�� ω
�
U + a�� ω

�
U + a�� ω

�
U

�E1) �8M�) �- �89��c* �� ��
a�� = −a�� = z ; a�� = w

x��( \3� �� 0�J!) �8$� �8!�$P* () #9?�B! G ⊂ GL(�,R) �� 0�21�/ Y��� ^�)�����

g :=

⎛
⎜⎝ � � �

� � �

−z z w

⎞
⎟⎠ (w, z ∈ R , w �= �)

��f \$! �� 0�%� �/ >S Y��� i� G
⎛
⎜⎝ � � �

� � �

−z z w

⎞
⎟⎠
⎛
⎜⎝ � � �

� � �

−z′ z′ w′

⎞
⎟⎠ =

⎛
⎜⎝ � � �

� � �

−z − wz′ z + wz′ ww′

⎞
⎟⎠
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5��)� \$! �
⎛
⎜⎝ � � �

� � �

−z z w

⎞
⎟⎠

−�

=

⎛
⎜⎝ � � �

� � �

−z/w z/w �/w

⎞
⎟⎠

[�+ �� #/) >������?�* () \372* �� >S �B 5^E�_$� �����>*⎛
⎜⎝ � � �

� � �

−v v b

⎞
⎟⎠ ∈ Mat( �; R)

>�%� 5RE�->* pE+�? #/) \$! i� �� Y)�$� V ×G � U ×G �8 29�)� 0���J+ �� ) �S�89* C�;

g · (p , h) = (p , h g) ; g, h ∈ G , p ∈ U �� p ∈ V

R9E+�*�E@�- � 5����� V, U ⊂ R
n 0��(�� �� eE?�? �� >���T��R� (� ≤ i ≤ n) �� ωU = (ωi

U ) � ΩV = (Ωi
V ) ��)

�8M�) - Φ : U → V

Φ∗ΩV = γV U . ωU

�-�� <��%? U ×G � V ×G 0� 0��>*�+m
 () ��� >&�2/ 0��)-�� �)�?>* Y�Q&� 5��� n�=
�8M�) - n-�= Φ : U → V ��&�* >$9E+�*�E@�- 5>S �B �� ��(�/ pE+�? �8 EJZ :B]

Φ∗ΩV = γV U . ωU ; γV U : U → G

�Φ�∗ Ω = ω �� ���� -� �* Φ� : U ×G→ V ×G ��&�* >$9E+�*�E@�- ��) ���? � ��) 5-)- -� �

5R�)- G���@* >S Y��� -�* -

g−� · dg =

⎛
⎜⎝ � � −dz − z dw

w

� � dz + z dw
w

� � dw
w

⎞
⎟⎠

��+ �� ��� ��� α� := dz − z dw
w , α� := dw

w x() ��?�B! �� >M1 \c29* 0���@S�8*

ω�U = dx

ω�U =
dy

y′

ω�U = −z dx+ z
dy

y′
+ w

(
dy′ − f(x, y, y′

)
dx

5R�)- R��EQ� \E9&)�@�- �� (ωi) () � RE�� �j�+�= U ���&) () ��)

dωi =
∑

Ai
jk Πk ∧ ωj +

∑
T i

jk(u, g) ωi ∧ ωk

���29� ��? e�)�f �� T i
jk � ��29� 0�21�/ Ab-�%* ��$� ��
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�? �� #/) [(b ^�)����� 5-(�/ ~.7* ) Πk >*�+−� e�)�f �� ��? e�)�f �&)�?>$& >����? �� �M�) ^�) ���
pZ)� - �#/) >S �B �� ��(�/ �N ��$� �����+ ^�) �RE��$& oN; >2; �� � Y-�$& Y-�/ ) e�)�f ^�) ��3*) �;
{e} >���� �21�/ �� �21�/ ^�) �? RE�- "��� ) 0�21�/ Y��� - 0���2*)�6 -)�%? ��3*) 0� �? �� #9&� o��
5^�)����� �-�� \��B? 5#/) \; \��Z 0)�S�89* �� ���21�/−{e}0()R� �8 S�89* �� �E& 0()R� �S�89* � `--�� C�B*

dω� = d (dx) = �

dω� = T �
��
ω� ∧ ω� + T �

��
ω� ∧ ω� + T �

��
ω� ∧ ω�

�� - ��

T �
��

= −z + w f

w y′
; T �

��
= � ; T �

��
=

�

w y′

��+ ��

T �
��

= −z + f

w y′
= � ; T �

��
=

�

w y′
= �

�� --��>* �PE2&

z = −w f ; w =
�

y′

�����+ '� ^E$� �� � Y-�� 0)NQ�� ) w � z >���� 0���2*)�6 0)�� >IBZ ".� - Y�*� #/�� ��-�c* 5�*)-) -
Y�D%� � Y�� �2$� �? �- ���2*)�6 -)�%? A�= ^�) - �RE��>* )�3? )

ω� = dx , ω� =
dy

y′
, ω� = −f dy

y′�
+
dy′

y′

�� - �� dω� = T �
��
ω� ∧ ω� + T �

��
ω� ∧ ω� R�)- eE?�? ^�) ��

T �
��

= −�
y′
.
∂f

∂x
; ;

T �
��
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Affine classification of n-curves

Mehdi Nadjafikhah and Ali Mahdipour Sh.

Abstract. The classification of curves up to affine transformations in a
finite dimensional space was studied by some different methods. In this
paper, we obtain the exact formulas of affine invariants via the equivalence
problem in view of Cartan’s theorem and then, we state a necessary and
sufficient condition for the classification of n–Curves.

M.S.C. 2000: 53A15, 53A04, 53A55.
Key words: affine differential geometry, curves in Euclidean space, differential
invariants.

1 Introduction

This paper devoted to the study of curve invariants in an arbitrary finite dimensional
space, under the action of special affine transformations. This work was done before in
some different methods. Furthermore, these invariants were just pointed out by Spivak
[6], in the method of Cartan’s theorem, but they were not explicitly determined. Now,
we will exactly determine these invariants in view of Cartan’s theorem and of the
equivalence problem.

An affine transformation in an n−dimensional space, is generated by the action of
the general linear group GL(n,R) and then, of the translation group Rn. If we restrict
GL(n,R) to the special linear group SL(n,R) of matrices with determinant equal to
1, we have a special affine transformation. The group of special affine transformations
has n2 + n − 1 parameters. This number coincides with the dimension of the Lie
algebra of the Lie group of special affine transformations. The natural condition of
differentiability is Cn+2.

In the next section, we state some preliminaries about the Maurer–Cartan forms,
Cartan’s theorem for the equivalence problem, and a theorem about the number of
invariants in a space. In section three, we obtain the invariants and then, by them,
we classify the n−curves of the space.

2 Preliminaries

Let G ⊂ GL(n,R) be a matrix Lie group with Lie algebra g and let P : G → Mat(n×
n) be a matrix-valued function which embeds G into Mat(n×n), the vector space of

∗Balkan Journal of Geometry and Its Applications, Vol.13, No.2, 2008, pp. 66-73.
c© Balkan Society of Geometers, Geometry Balkan Press 2008.
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n× n matrices with real entries. Its differential is dPB : TBG → TP (B)Mat(n× n) '
Mat(n× n).

Definition 2.1 The following form of G is called Maurer-Cartan form:

ωB = {P (B)}−1 . dPB

that it is often written ωB = P−1 . dP . The Maurer-Cartan form is the key to classi-
fying maps into homogeneous spaces of G, and this process needs the following result
(for the proof we refer to [2]):

Theorem 2.2 (Cartan) Let G be a matrix Lie group with Lie algebra g and
Maurer-Cartan form ω. Let M be a manifold on which there exists a g−valued 1-
form φ satisfying d φ = −φ∧φ. Then for any point x ∈ M there exists a neighborhood
U of x and a map f : U → G such that f∗ ω = φ. Moreover, any two such maps f1, f2

must satisfy f1 = LB ◦ f2 for some fixed B ∈ G (LB is the left action of B on G).

Corollary 2.3 Given the maps f1, f2 : M → G, then f∗1 ω = f∗2 ω, that is, this
pull-back is invariant, if and only if f1 = LB ◦ f2 for some fixed B ∈ G.

The next section is devoted to the study of some properties of n−curves invariants,
under the special affine transformations group. The number of essential parameters
(the dimension of the Lie algebra) is n2 + n− 1. The natural assumption of differen-
tiability is Cn+2.

We obtain all the invariants of an n−curve with respect to special affine transfor-
mations, and by theorem 2.2, two n−curves in Rn will be equivalent under special
affine transformations, if they differ by a left action introduced by an element of
SL(n,R) and then by a translation.

3 Classification of n−curves

Let C : [a, b] → Rn be a curve of class Cn+2 in the finite dimensional space Rn,
n−space, which satisfies the condition

det(C ′, C ′′, · · · , C(n)) 6= 0;(3.1)

we call this curve as n−curve. The condition (3.1) guarantees that C ′, C ′′, · · ·, and
C(n) are independent, and therefore, the curve does not turn into the lower dimen-
sional cases. Also, we may assume that

det(C ′, C ′′, · · · , C(n)) > 0,(3.2)

for avoiding the absolute value for its computation.
For the n−curve C, we define a new curve αC(t) : [a, b] → SL(n,R) of the following

form

αC(t) :=
(C ′, C ′′, · · · , C(n))

n
√

det(C ′, C ′′, · · · , C(n))
.(3.3)
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Obviously, this is well-defined on [a, b]. We can study this new curve with respect
to special affine transformations, that is the action of affine transformations on first,
second, ..., and nth differentiation of C. For A, the special affine transformation,
there is a unique representation A = τ ◦ B, where B is an element of SL(n,R) and
τ is a translation in Rn. If two n−curves C and C̄ coincide mod some special affine
transformation, that is, C̄ = A ◦ C, then from [4], we have

C̄ ′ = B ◦ C ′, C̄ ′′ = B ◦ C ′′, ... , C̄(n) = B ◦ C(n).(3.4)

We can relate the determinants of these curves as follows

det(C̄ ′, C̄ ′′, · · · , C̄(n)) = det(B ◦ C ′, B ◦ C ′′, · · · , B ◦ C̄(n))
= det(B ◦ (C ′, C ′′, · · · , C(n)))(3.5)
= det(C ′, C ′′, · · · , C(n)).

Hence we conclude that αC̄(t) = B ◦ αC(t) and thus αC̄ = LB ◦ αC that LB is a left
translation by B ∈ SL(n,R).

This condition is also necessary because when C and C̄ are two curves in Rn such
that for an element B ∈ SL(n,R), we have αC̄ = LB ◦ αC , thus we can write

αC̄(t) = det(C̄ ′, C̄ ′′, · · · , C̄(n))−1/n(C̄ ′, C̄ ′′, · · · , C̄(n))
= det(B ◦ (C ′, C ′′, · · · , C(n)))−1/nB ◦ (C ′, C ′′, · · · , C(n))(3.6)
= det(C ′, C ′′, · · · , C(n))−1/nB ◦ (C ′, C ′′, · · · , C(n)).

Therefore, we have C̄ ′ = B ◦C ′, and hence there exists a translation τ such that A =
τ ◦B, and so, we have C̄ = A◦C where A is an n−dimensional affine transformation.
Therefore, we have

Theorem 3.1 Two n−curves C and C̄ in Rn coincide mod some special affine
transformations that is, C̄ = A ◦ C, with A = τ ◦ B for a translation τ in Rn and
B ∈ SL(n,R), if and only if, αC̄ = LB ◦ αC , where LB is left translation by B.

From Cartan’s theorem, a necessary and sufficient condition for αC̄ = LB ◦αC by
B ∈ SL(n,R), is that for any left invariant 1-form ωi on SL(n,R) we have α∗̄

C
(ωi) =

α∗C(ωi), that is equivalent with α∗̄
C

(ω) = α∗C(ω), for natural sl(n,R)-valued 1-form
ω = P−1 . dP , where P is the Maurer–Cartan form.

Thereby, we must compute α∗C(P−1.dP ), which is invariant under special affine
transformations, that is, its entries are invariant functions of the n−curve. This n×
n matrix form consists of arrays that are coefficients of dt.Since α∗C(P−1 . dP ) =

α−1
C . dαC , for finding the invariants, it is sufficient to calculate the matrix αC(t)−1.

dαC(t). Thus, we compute α∗C(P−1 . dP ). We have

α−1
C = n

√
det(C ′, C ′′, · · · , C(n)) . (C ′, C ′′, · · · , C(n))−1.(3.7)

We assume that C is in the form (C1 C2 · · · Cn)T . By differentiating of determinant,
we have

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



Affine classification of n-curves 69

[det(C ′, C ′′, · · · , C(n))]′ = det(C ′′, C ′′, · · · , C(n))
+det(C ′, C ′′′, · · · , C(n))
...(3.8)
+det(C ′, C ′′, · · · , C(n−1), C(n+1))

= det(C ′, C ′′, · · · , C(n−1), C(n+1)) .

Thus, we conclude that

α′C = {det(C ′, C ′′, · · · , C(n))}−1/n ·




C ′′1 C ′′′1 · · · C
(n)
1

C ′′2 C ′′′2 · · · C
(n)
2

...
...

...
C ′′3 C ′′′3 · · · C

(n)
n )




(3.9)

− 1
n

det(C ′, C ′′, C ′′′)}−(n+1)/n ·




C ′1 C ′′1 · · · C
(n)
1

C ′2 C ′′2 · · · C
(n)
2

...
...

...
C ′3 C ′′3 · · · C

(n)
3




.

Therefore, we have α−1
C · dαC as the following matrix multiplied with dt:




a 0 · · · 0 0
1 a · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 a
0 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣

M . C(n+1) +




0
0
...
a







(3.10)

where the latest column, M . C(n+1) + (0, 0, · · · , a)T , is multiple of M by C(n+1)

added by the transpose of (0, 0, · · · , a), where M is the inverse of the matrix
(C ′, C ′′, · · · , C(n)) and also, we assumed that

a = −det(C ′, C ′′, · · · , C(n−1), C(n+1))
n det(C ′, C ′′, · · · , C(n))

.(3.11)

Using Crammer’s law, we compute M . C(n+1). If M . C(n+1) = X = (X1, X2, · · · , Xn)T ,
then M−1.X = C(n+1). Therefore, for each i = 1, 2, · · · , n we conclude that

Xi =
det(C ′, C ′′, · · · , C(i−1), C(n+1), C(i+1), · · · , C(n))

det(C ′, C ′′, · · · , C(n))
(3.12)

Finally, α−1
C · dαC is the following multiple of dt:
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a 0 · · · 0 0 (−1)n−1 det(C′′,···,C(n+1))
det(C′,C′′,···,C(n))

1 a · · · 0 0 (−1)n−2 det(C′,C′′′,···,C(n))
det(C′,C′′,···,C(n))

...
...

. . .
...

...
...

o 0 · · · 1 a −det(C′,···,C(n−2),C(n),C(n+1))
det(C′,C′′,···,C(n))

0 0 · · · 0 1 n−1
n

det(C′,···,C(n−1),C(n+1))
det(C′,C′′,···,C(n))




,(3.13)

where the coefficient (−1)i−1 for the ith entry of the last column is provided by the
translation of C(n+1) to the nth column of the matrix

(C ′, C ′′, · · · , C(i−1), C(n+1), C(i+1), · · · , C(n)).(3.14)

Clearly, the trace of the matrix (3.13) is zero. The entries of α∗C(P−1 . dP ), and hence
the arrays of the matrix (3.13) are invariants of the group action.

Two n−curves C, C̄ : [a, b] → Rn coincide mod a special affine transformations, if
we have

det(C ′′(t), · · · , C(n+1)(t))
det(C ′(t), C ′′(t), · · · , C(n)(t))

=
det(C̄ ′′(t), · · · , C̄(n+1)(t))

det(C̄ ′(t), C̄ ′′(t), · · · , C̄(n)(t))

det(C ′(t), C ′′′(t), · · · , C(n+1)(t))
det(C ′(t), C ′′(t), · · · , C(n)(t))

=
det(C̄ ′(t), C̄ ′′′(t), · · · , C̄(n+1)(t))
det(C̄ ′(t), C̄ ′′(t), · · · , C̄(n)(t))

...(3.15)

det(C ′(t), · · · , C(n−1)(t), C(n+1))
det(C ′(t), C ′′(t), · · · , C(n)(t))

=
det(C̄ ′(t), · · · , C̄(n−1)(t), C̄(n+1))

det(C̄ ′(t), C̄ ′′(t), · · · , C̄(n)(t))
.

We may use of a proper parametrization γ : [a, b] → [0, l], such that the parameterized
curve, γ = C ◦ σ−1, satisfies in condition

det(γ′(s), γ′′(s), · · · , γ(n−1)(s), γ(n+1)(s)) = 0,(3.16)

then, the arrays on the main diagonal of α∗γ(dP . P−1) will be zero. But the last
determinant is given by the differentiation of det(γ′(s), γ′′(s), · · · , γ(n)(s)), and thus
it is sufficient to assume that

det(γ′(s), γ′′(s), · · · , γ(n)(s)) = 1.(3.17)

On the other hand, we have

C ′ = (γ ◦ σ)′ = σ′.(γ′ ◦ σ)
C ′′ = (σ′)2.(γ′′ ◦ σ) + σ′′.(γ′ ◦ σ)

...(3.18)
C(n) = (σ′)(n).(γ(n) ◦ σ) + nσ(n−1)σ′.(γ(n−1) ◦ σ)

+
n(n− 1)

2
σ(n−2)σ′′.(γ(n−2) ◦ σ) + · · ·+ σ(n).(γ′ ◦ σ)
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Therefore, the C(i)s for 1 ≤ i ≤ n, are some expressions in terms of γ(j)◦σ, 1 ≤ j ≤ n.
We conclude that

det(C ′, C ′′, · · · , C(n)) = det(σ′.(γ′ ◦ σ) , (σ′)2.(γ′′ ◦ σ) + σ′′.(γ′ ◦ σ) ,

· · · , (σ′)(n).(γ(n) ◦ σ) + nσ(n−1)σ′.(γ(n−1) ◦ σ)

+
n(n− 1)

2
σ(n−2)σ′′.(γ(n−2) ◦ σ) + · · ·+ σ(n).(γ′ ◦ σ))(3.19)

= det(σ′.(γ′ ◦ σ) , (σ′)2.(γ′′ ◦ σ) , · · · , (σ′)n.(γ(n) ◦ σ))

= σ′
n(n−1)

2 .det(γ′ ◦ σ , γ′′ ◦ σ , · · · , γ(n) ◦ σ)

= σ′
n(n−1)

2 ,

The last expression signifies σ. Therefore, we define the special affine arc length as
follows

σ(t) :=
∫ t

a

{
det(C ′(u), C ′′(u), · · · , C(n)(u))

} 2
n(n−1)

du.(3.20)

So, σ is the natural parameter for n−curves under the action of special affine trans-
formations, that is, when C is parameterized with σ, then for each special affine
transformation A, A ◦ C will also be parameterized with the same σ. Furthermore,
every n−curve parameterized with σ with respect to special affine transformations,
will lead to the following invariants

χ1 = (−1)n−1 det(C ′′, · · · , C(n+1))
χ2 = (−1)n−2 det(C ′, C ′′′, · · · , C(n))

...(3.21)
χn−1 = det(C ′, · · · , C(n−2), C(n), C(n+1)).

We call χ1, χ2, · · · , and χn−1 as (respectively) the first, second, ..., and n − 1th

special affine curvatures. In fact, we proved the following

Theorem 3.2 A curve of class Cn+2 in Rn which satisfies the condition (3.1), up
to special affine transformations has n− 1 invariants χ1, χ2, ..., and χn−1, the first,
second, ..., and n− 1th affine curvatures that are defined in formulas (3.3).

Theorem 3.3 Two n−curves C, C̄ : [a, b] → Rn of class Cn+2, that satisfy in
the condition (3.1), are special affine equivalent, if and only if, χC

1 = χC̄
1 , · · ·, and

χC
n−1 = χC̄

n−1.

Proof: The proof is completely similar to the three dimensional case [5]. The first part
of the theorem was proved above. For the other part, we assume that C and C̄ are
n−curves of class Cn+2 satisfying the conditions (resp.):

det(C ′, C ′′, · · · , C(n)) > 0, det(C̄ ′, C̄ ′′, · · · , ¯C(n)) > 0,(3.22)

this meaning that they are not (n − 1)–curves. Also, we suppose that they have the
same same χ1, · · ·, and χn−1.
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By changing the parameter to the natural parameter (σ) discussed above, we
obtain two new curves γ and γ̄ resp. that the determinants (3.22) will be equal to 1.
We prove that γ and γ̄ are special affine equivalent, so there exists a special affine
transformation A, such that γ̄ = A ◦ γ, and then we have C̄ = A ◦ C, and the proof
will be complete.

First, we replace the curve γ with δ := τ(γ) properly, in which case δ intersects
γ̄, and τ is a translation defined by translating one point of γ to one point of γ̄. We
correspond t0 ∈ [a, b], to the intersection point of δ and γ̄; thus, δ(t0) = γ̄(t0). One
can find a unique element B of the general linear group GL(n,R), such that this
maps the basis {δ′(t0), δ′′(t0), · · · , δ(n)(t0)} of the tangent space Tδ(t0)R

3 to its basis
{γ̄′(t0), γ̄′′(t0), · · · , γ̄(n)(t0)}. So, we have B ◦ δ′(t0) = γ̄′(t0), B ◦ δ′′(t0) = γ̄′′(t0), · · ·,
and B ◦ δ(n)(t0) = γ̄(n)(t0). B also is an element of the special linear group, SL(n,R),
since we have

det(γ′(t0), γ′′(t0), · · · , γ(n)(t0)) =
= det(δ′(t0), δ′′(t0), · · · , δ(n)(t0)),(3.23)

and

det(δ′(t0), δ′′(t0), · · · , δ(n)(t0)) =

det
(
B ◦ (γ̄′(t0), γ̄′′(t0), · · · , γ̄(n)(t0))

)
,(3.24)

so, det(B) = 1. If we denote η := B ◦ δ as equal to γ̄ on [a, b], then by choosing
A = τ ◦B, the claim follows.

For the curves η and γ̄ we have (resp.)

(η′, η′′, · · · , η(n))′ =

= (η′, η′′, · · · , η(n)).




0 0 · · · 0 0 χη
1

1 0 · · · 0 0 −χη
2

0 1 · · · 0 0 χη
3

...
...

. . .
...

...
...

0 0 · · · 1 0 (−1)(n−2)χη
n−1

0 0 · · · 0 1 0




,(3.25)

and

(γ̄′, γ̄′′, · · · , γ̄(n))′ =

= (γ̄′, γ̄′′, · · · , γ̄(n)).




0 0 · · · 0 0 χγ̄
1

1 0 · · · 0 0 −χγ̄
2

0 1 · · · 0 0 χγ̄
3

...
...

. . .
...

...
...

0 0 · · · 1 0 (−1)(n−2)χγ̄
n−1

0 0 · · · 0 1 0




,(3.26)

Since, χ1, · · ·, and χn−1, are invariant under special affine transformations so, we have

χη
i = χγ

i = χγ̄
i , (i = 1, · · · , n− 1).(3.27)
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Therefore, we conclude that η and γ̄ are solutions of the ordinary differential equation
of degree n + 1:

Y n+1 + (−1)n−1χn−1Y
(n) + · · ·+ χ2 Y ′′ − χ1 Y ′ = 0,

where, Y depends on the parameter t. Due to having identical initial conditions

η(i)(t0) = B ◦ δ(t0) = γ̄(i)(t0),(3.28)

for i = 0, · · · , n, and to the generalization of the existence and uniqueness theorem of
solutions, we have η = γ̄ in a neighborhood of t0, that can be extended to all [a, b]. ut

Corollary 3.4 The number of invariants of the special affine transformations group
acting on Rn is n− 1.

This coincides with the results provided by other methods (e.g., see [1]).
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a b s t r a c t

In this paper, a symmetry classification of a (2+1)-nonlinearwave equation utt−f (u)(uxx+
uyy) = 0 where f (u) is a smooth function on u, using Lie group method, is given. The basic
infinitesimal method for calculating symmetry groups is presented, and used to determine
the general symmetry group of this (2+1)-nonlinear wave equation.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that the symmetry group method plays an important role in the analysis of differential equations. The
history of group classification methods goes back to Sophus Lie. The first paper on this subject is [1], where Lie proves that
a linear two-dimensional second-order PDE may admit at most a three-parameter invariance group (apart from the trivial
infinite parameter symmetry group, which is due to linearity). He computed the maximal invariance group of the one-
dimensional heat conductivity equation and utilized this symmetry to construct its explicit solutions. In modern terms, he
performed symmetry reduction of the heat equation. Nowadays symmetry reduction is one of the most powerful tools for
solving nonlinear partial differential equations (PDEs). Recently, there have been several generalizations of the classical
Lie group method for symmetry reductions. Ovsiannikov [2] developed the method of partially invariant solutions. His
approach is based on the concept of an equivalence group, which is a Lie transformation group acting in the extended space
of independent variables, functions and their derivatives, and preserving the class of partial differential equations under
study.
For many nonlinear systems, there are only explicit exact solutions available. These solutions play an important role in

bothmathematical analysis and physical applications of the systems. There are a number of papers to study (1+1)-nonlinear
wave equations from the point of view of Lie symmetriesmethod. First, for solving some of the physical problems, the quasi-
linear hyperbolic equation with the form

utt = [f (u)ux]x, (1)

in [3] and later its the generalized cases

utt = [f (x, u)ux]x, utt = [f (u)ux + g(x, u)]x, (2)
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in [4,5], respectively, are investigated. Also the most important classes of the (1+1)-nonlinear wave equations with
the forms

vtt = f (x, vx)vxx + g(x, vx), utt = f (x, u)uxx + g(x, u), (3)

can be found in two attempts [6,7] respectively. An alternative form of Eq. (1) was also investigated by Oron and Rosenau [8]
and Suhubi and Bakkaloglu [9]. The equations

utt = F(u)uxx, utt + K(u)ut = F(u)uxx, utt + K(u)ut = F(u)uxx + H(u)ux, (4)

are classified in [10–12], respectively. Lahno et al. [13] presented the most extensive list of symmetries of the equations

utt = uxx + F(t, x, u, ux), (5)

by using the infinitesimal Lie method, the technique of equivalence transformations, and the theory of classification of
abstract low-dimensional Lie algebras. There are also some papers [14–16] devoted to the group classification of the
equations of the following form:

utt = F(uxx), utt = F(ux)uxx + H(ux), utt + uxx = g(u, ux). (6)

Studies have also been made for (2+1)-nonlinear wave equation with constant coefficients [17–19]. In the special case the
(2+1)-dimensional nonlinear wave equation

utt = un(uxx + uyy), (7)

is investigated in [20]. The goal of this paper is to investigate the Lie symmetries for some class of (2+1)-nonlinear wave
equation

utt − f (u)(uxx + uyy) = 0, (8)

where f (u) is an arbitrary smooth function of the variable u. Clearly, in Eq. (8) case of fu = 0 namely f (u) = constant is
not of interest because this case reduces the wave equation to a linear one. Similarly techniques were applicable for some
classes of the nonlinear heat equations in [21,22].

2. Symmetry methods

Let a partial differential equation contain one dependent variable and p independent variables. The one-parameter Lie
group of transformations

xi = xi + εξi(x, u)+ O(ε2); u = u+ εϕ(x, u)+ O(ε2), (9)

where i = 1, . . . , p, and ξi =
∂xi
∂ε

∣∣∣
ε=0
, acting on (x, u)-space has as its infinitesimal generator

v = ξi
∂

∂xi
+ ϕ

∂

∂u
, i = 1, . . . , p. (10)

Therefore, the characteristic of the vector field v given by (10) is the function

Q (x, u(1)) = ϕ(x, u)−
p∑
i=1

ξi(x, u)
∂u
∂xi
. (11)

The symmetry generator associated with (10) is given by

v = ξ
∂

∂x
+ η

∂

∂y
+ τ

∂

∂t
+ ϕ

∂

∂u
. (12)

The second prolongation of v is the vector field

v(2) = v+ ϕx
∂

∂ux
+ ϕy

∂

∂uy
+ ϕt

∂

∂ut
+ ϕxx

∂

∂uxx
+ ϕxy

∂

∂uxy
+ ϕxt

∂

∂uxt
+ ϕyy

∂

∂uyy
+ ϕyt

∂

∂uyt
+ ϕtt

∂

∂utt
(13)

with coefficients

ϕι = DιQ + ξuxι + ηuyι + τutι, (14)

ϕιȷ = Dι(DȷQ )+ ξuxιȷ + ηuyιȷ + τutιȷ, (15)

where Q = ϕ− ξux−ηuy− τut is the characteristic of the vector field v given by (12) and Di represents total derivative and
subscripts of u are derivative with respect to the respective coordinates. ι and ȷ in the above could be x, y or t coordinates.
By the Theorem 6.5. in [23], v(2)[utt − f (u)(uxx + uyy)] = 0 whenever

utt − f (u)(uxx + uyy) = 0. (16)
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Since

v(2)[utt − f (u)(uxx + uyy)] = ϕtt − ϕfu(uxx + uyy)− f (u)(ϕxx + ϕyy),

therefore

ϕtt − ϕfu(uxx + uyy)− f (u)(ϕxx + ϕyy) = 0. (17)

Using the formula (15) we obtain coefficient functions ϕxx, ϕyy, ϕtt as

ϕxx = D2xQ + ξuxxx + ηuyxx + τutxx, (18)

ϕyy = D2yQ + ξuxyy + ηuyyy + τutyy, (19)

ϕtt = D2t Q + ξuxtt + ηuytt + τuttt , (20)

where the operators Dx, Dy and Dt denote the total derivatives with respect to x, y and t:

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxy

∂

∂uy
+ uxt

∂

∂ut
+ · · ·

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uyx

∂

∂ux
+ uyt

∂

∂ut
+ · · ·

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ uty

∂

∂uy
+ · · ·

(21)

and by substituting them into invariance condition (17), we are left with a polynomial equation involving the various
derivatives of u(x, y, t) whose coefficients are certain derivatives of ξ, η, τ and ϕ. Since ξ, η, τ , ϕ only depend on x, y, t, u
we can equate the individual coefficients to zero, leading to the complete set of determining equations:

ξ = ξ(x, t) (22)
η = η(y, t) (23)
τ = τ(x, y, t) (24)
ϕ = α(x, y, t)u+ β(x, y, t) (25)

τt = ϕu = α(x, y, t), (26)
ξtt = f (u)(ξxx − 2ϕxu) (27)
ηtt = f (u)(ηyy − 2ϕyu) (28)

τtt = f (u)(τxx + τyy)+ 2ϕtu (29)

fuϕ = 2f (u)(ξx − τt) (30)
fuϕ = 2f (u)(ηy − τt) (31)

f (u)τx = ξt (32)
f (u)τy = ηt (33)

ϕtt = f (u)(ϕxx + ϕyy). (34)

3. Classification of symmetries of the model

In this section we start to classify the symmetries of the nonlinear wave equation (8). To find a complete solution of the
above system we consider Eq. (30) and with assumption fu 6= 0 we rewrite:

ϕ = 2
f
fu
(ξx − τt). (35)

Note the case of f (u) = constant explained in introduction. Two general cases are possible:

(i)
f
fu
= c, (36)

(ii)
f
fu
= g(u), (37)

where c is a constant.
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Table 1
Commutation relations satisfied by infinitesimal generators in Cases (i) and (ii).

[ , ] v1 v2 v3 v4 v5

v1 0 −v2 −v3 0 0
v2 v2 0 0 0 0
v3 v3 0 0 0 0
v4 0 0 0 0 −v5
v5 0 0 0 v5 0

3.1. Case (i)

In this case with integrating from Eq. (36) with respect to u to obtain

f (u) = Ke
u
c , (38)

where K is an integration constant. Then the Eq. (35) reduce to
ϕ = 2c(ξx − τt). (39)

Substituting (39) into (26)–(33) we have

ξ(x) = c1x+ c2; η(y) = c1y+ c3;
τ(t) = c4t + c5; ϕ = 2c(c1 − c4)

(40)

where ci, i = 1, . . . , 5, are arbitrary constants. The Lie symmetry generator for Eq. (8) in this case (i) is

v = (c1x+ c2)
∂

∂x
+ (c1y+ c3)

∂

∂y
+ (c4t + c5)

∂

∂t
+ 2c(c1 − c4)

∂

∂u
. (41)

Therefore the symmetry algebra of the (2+1)-nonlinear wave equation (8) is spanned by the vector fields
v1 = x∂x + y∂y + 2c∂u; v2 = ∂x; v3 = ∂y; v4 = t∂t − 2c∂u; v5 = ∂t . (42)

The commutation relations satisfied by generators (42) in the case (i) are shown in Table 1. The invariants associated with
the infinitesimal generator v1 are obtained by integrating the characteristic equation:

dx
x
=
dy
y
=
dt
0
=
du
2c

(43)

and have the forms

r =
y
x
, s = t, and ω(r, s) = u(x, y, t)− 2c ln x. (44)

Substituting (44) into (16) to determine the form of the function ω to obtain

ωss = Ke
ω
c

(
(1+ r2)ωrr + 2rωr − 2c

)
. (45)

By solving this partial differential equation we obtain the reduced equation
ω(r, s) = ζ1(r)+ ζ2(s), (46)

where ζ1 and ζ2 satisfy in following second-order differential equations

ζ̈1(r2 + 1)+ c1e−
ζ1
c + 2(r ζ̇1 − c) = 0; ζ̈2 + Kc1e

ζ2
c = 0, (47)

with c1, c, K , arbitrary constants. The characteristic equation associated with v4 is
dx
0
=
dy
0
=
dt
t
=
du
−2c

, (48)

which generates the invariants x, y, t−2ce−u. Then the similarity solution is chosen to have the form

u(x, y, t) = 2c ln
h(x, y)
t

. (49)

By substituting (49) into (16) to determine the form of the function h to obtain

1
K
− h(x, y)(hxx + hyy)+ h2x + h

2
y = 0, (50)

which has the solution

h(x, y) = mx+ py+ q; m2 + p2 = K−1, (51)
wherem, p, q are arbitrary constants. For the remaining infinitesimal generators v2, v3, v5, the invariants associated are the
arbitrary functions λ(y, t, u), µ(x, t, u), and ν(x, y, u) respectively.
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3.2. Case (ii)

In this case we classify solution of the wave equation (8), with assumption gu 6= 0. With substituting (34) into (27)–(28),
since ξ , η and τ are not dependent to u, therefore from

u(x, y, t, u) = 2g(u)(ξx − τt), (52)

and also from (8) and (25), we conclude

g(u) = e1u+ e2, (53)

where e1 6= 0 and e2 are arbitrary constants. Now we substitute (53) into (37) and rewrite

fu
f
=

1
e1u+ e2

. (54)

Therefore by integrating from (54) with respect to uwe have

f (u) = L(e1u+ e2)
1
e1 , (55)

where L is an integration constant. Now by considering Eqs. (22)–(34), it is not hard to find that the components ξ , η, τ and
ϕ of infinitesimal generators become

ξ(x) = c1x+ c2; η(y) = c1y+ c3;
τ(t) = c4t + c5; ϕ = 2e1(c1 − c4)u+ 2e2(c1 − c4),

(56)

where ci, i = 1, . . . , 5, are arbitrary constants. From the above, the five infinitesimal generators can be constructed:

v1 = x∂x + y∂y + (2e1u+ 2e2)∂u; v2 = ∂x; v3 = ∂y;
v4 = t∂t − 2(e1u+ e2)∂u; v5 = ∂t .

(57)

It is easy to check that the infinitesimal generators (57) form a closed Lie algebra whose corresponding commutation
relations coincide with obtained results in Table 1. For generator v1, the associated equations are

dx
x
=
dy
y
=
dt
0
=

du
2(e1u+ e2)

, (58)

which generate the invariants p = y
x , q = t , and ϑ(p, q) = (u+

e2
e1
)x−2e1 . Consequently, the similarity solution is chosen to

have the form

u(x, y, t) = ϑ
(
t,
y
x

)
x2e1 +

e2
e1
. (59)

We substitute (59) into (16) to obtain following partial differential equation

ϑpp = Lϑ
1
e1 [(q2 + 1)ϑqq + 2qϑq(1− 2e1)+ 2e1(2e1 − 1)ϑ]. (60)

As an example, for particular case e1 = 1, the solution of (60) is

ϑ(p, q) = ς1(p) · ς2(q), (61)

where ς1(p) and ς2(q) satisfy in second order equations

ς̈1 − cς21 = 0; (q2 + 1)ς̈2 − 2qς̇2 + 2ς2 − cL−1 = 0, (62)

where c is an arbitrary constant. Also characteristic equation corresponding generator v4 is

dx
0
=
dy
0
=
dt
t
=

du
−2(e1u+ e2)

, (63)

and so

u(x, y, t) = l(x, y)t−2e1 −
e2
e1
. (64)

Substitute (64) into (16), l(x, y) satisfies in the following equation:

L(lxx + lyy)l(e
−1
1 −1) − 2e1(2e1 + 1) = 0. (65)

For the remaining infinitesimal generators v2, v3, v5, the invariants associated are the arbitrary functions r(y, t, u),m(x, t, u),
and n(x, y, u) respectively.
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4. Conclusion and new ideas

In this paper we have obtained some particular Lie point symmetries group of the (2+1)-nonlinear wave equation
utt−f (u)(uxx+uyy) = 0where f (u) is a smooth function on u, by using here the classical Lie symmetricmethod. In Section 2,
the complete set of determining equations was obtained by substituting the Eqs. (18)–(20) in invariance condition (17) and
then in Section 3, we classify the symmetries of this nonlinear wave equation by assumption of two cases in (36) and (37)
to consider ffu is a constant or is a smooth function with respect to u and fu 6= 0. The commutation relations satisfied by
infinitesimal generators in two cases are given in Table 1, and their invariants associated with the infinitesimal generators
are obtained. This method is suitable for preliminary group classification of some class of nonlinear wave equations [6,7].
There are some classes of (2+1)-nonlinear wave equations that will be investigated by both classical or nonclassical

symmetries method similarly to what we do for the classical case. For examples

utt − f (x, u)(uxx + uyy) = 0, (66)

utt − f (x, ux)(uxx + uyy) = 0, (67)

or the generalized case

utt − f (x, y, u, ux)(uxx + uyy) = 0, (68)

are of interest.
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Symmetry analysis for a new form

of the vortex mode equation

Mehdi Nadjafikhah and Ali Mahdipour–Shirayeh

Abstract. Giving a new form of the vortex mode equation by a proper
change of parameter, our aim is to analyze the point and contact symme-
tries of the new equation. Fundamental invariants and a form of general
solutions of point transformations along with some specific examples are
also derived.

M.S.C. 2000: 34C14, 58D19, 35L05.

Key words: symmetry analysis, fundamental invariants, multidimensional simple
waves.

1 Introduction

Investigation of nonlinear phenomena appearing in a very wide area of pure and
applied sciences has met extremely extensive progresses and developments. These
studies which split into numerical and analytical considerations are essentially and in
most cases related to some nonlinear differential equations. Among those nonlinear
systems, a few interesting open problems concern the hydrodynamic type of equations
governing fluid motions. Especially the Euler and Navier-Stokes equations which re-
veal a mysterious behavior are being intensively studied in two main considerations:
The incompressible motion mostly dealing with vortex dynamics and the compressible
flow concerning the appearance of discontinuities shocks (see [7] and related references
therein). In [7] after a brief derivation of relativistic ideal fluid equations, a multidi-
mensional simple wave ansatz is substituted into these equations and various modes
(for instance the vortex mode) and phase velocities relative to the laboratory (fixed)
frame are found.

The vortex mode equation [1, 7, 9] is defined as a first order ODE

dk

dϕ
·
(
n− k · n

k2 + w
k
)

= 0,(1.1)

where w is a constant, ϕ is still treated as the wave phase, and k = (k1, k2, k3) and
n = (n1, n2, n3) are some vectors in R3 with the physical meaning of κ in [7] and

Differential Geometry - Dynamical Systems, Vol.11, 2009, pp. 144-154.
c© Balkan Society of Geometers, Geometry Balkan Press 2009.
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unit normal vector to the wave front resp. A symmetry analysis of eq. (1.1) up to
both point and contact transformations has performed in [7]. But in this paper, we
investigate symmetry properties of a new form of eq. (1.1) as a simple form of the
vortex mode equation. As is well known, under change of coordinates the symmetry
group of a system of differential equations remains unchanged. But since the jacobian
of the following change of parameter is zero, so symmetry analysis of the vortex mode
equation and the new form are not necessarily the same. By applying the following
change of parameter

t :=
1
2

ln(k2 + w),

we find the new form as follows

n ·
(dk

dt
− k

)
= 0.(1.2)

Since eq. (1.1) is a homogeneous linear equation with respect to n, so we consider it
to be of arbitrary length and not necessarily unit.

Eq. (1.2) is in fact an expression of the vortex mode equation that provides an in
depth study of eq. (1.1). Roughly speaking, it leads to slightly simpler calculations for
finding exact solutions of the vortex mode equation. But for reaching to this goal, we
investigate symmetry properties of eq. (1.2) which plays a key role in finding general
solutions, fundamental invariants, invariant solutions and etc. Moreover, knowledge
of a symmetry group of eq. (1.2) allows us to construct new solutions from old ones
[2, 3, 5, 6, 4, 8]. Therefore in this study, we concern with the latter equation to find
its point and contact symmetry properties and also give its fundamental invariants
and a form of general solutions.

Throughout this paper we assume that indices i, j varies between 1 and 3 and each
index of a function implies the derivation of the function with respect to it, unless
specially stated otherwise.

2 The point symmetry of the equation

To find the symmetry group of eq. (1.2) by Lie infinitesimal method, we follow the
method presented in [5]. We find infinitesimal generators of the equation and also
the Lie algebra structure of the symmetry group of (1.2). In this section, we are
concerned with the action of the point transformation group.

The equation is a relation among with the variables of 1–jet space J1(R,R6) with
(local) coordinate (t, k, n, q, p) = (t, ki, nj , qr, ps) (for 1 ≤ i, j, r, s ≤ 3), where this
coordinate involving an independent variable t and 6 dependent variables ki, nj and
their derivatives qr, ps of first order with respect to t resp.

Let M be the total space of independent and dependent variables. The solution
space of eq. (1.2), (if it exists) is a subvariety S∆ ⊂ J1(R,R6) of the first order jet
bundle of one–dimensional submanifolds of M.

We define a point transformation on M with relations

t̃ = φ(t, ki, nj), k̃r = χr(t, ki, nj), ñs = ψs(t, ki, nj).
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where φ, χr and ψs are some smooth functions. Let

v := T
∂

∂t
+

3∑

i=1

(
Ki

∂

∂ki
+ Ni

∂

∂ni

)

be the general form of infinitesimal generators that signify the Lie algebra g of the
symmetry group G of eq. (1.2). In this relation, T,Ki and Nj are smooth functions
of variables t, ki and nj . The first order prolongation [5, 4, 8] of v is as follows

v(1) := v +
∑

i

Kt
i

∂

∂qi
+

∑

j

N t
j

∂

∂pj
,

where Kt
i = Dt Qi

1 + T qi,t and N t
j = Dt Qj

2 + T pj,t, in which Dt is total derivative
and Qi

1 = Ki − T qi and Qj
2 = Nj − T pj are characteristics of vector field v [5, 4, 8].

By effecting v(1) on (1.2), we obtain the following expression

∑

i

[
ni (Kit −Ki)−Ni ki + pi

∑

j

nj Kjni + qi

(
Ni − ni Tt +

∑

j

nj Kjki

)

(2.1)
−q2

i ni Tki

]
−

∑

i 6=j

qi qj(ni Tkj + nj Tki)− ni

∑

i,j

qi pj Tnj = 0,

in which, each index (exception for determined indices) signifies the derivation with
respect it.

We can prescribe t, ki, nj , qr, ps (1 ≤ i, j, r, s ≤ 3) arbitrarily, and functions Ki

and Nj only depend on t, ki, nj (i, j = 1, 2, 3). So, eq. (2.1) will be satisfied if and
only if we have the following equations

Ni − ni Tt + n1K1ki + n2K2ki + n3K3ki = 0,(2.2)
n1K1ni + n2K2ni + n3K3ni = 0,(2.3)
ni Tki = 0, ni Tnj = 0, ni Tkj + nj Tki = 0,(2.4)
3∑

i=1

(
ni(Ki t −Ki)−Ni ki

)
= 0,(2.5)

when 1 ≤ i, j ≤ 3 and (1.2) is satisfied. These equations are called the determining
equations. From (2.3), for each i, we have

Ni = ni Tt − (n1K1 + n2K2 + n3K3)ki
.(2.6)

Since n 6= 0, without less of generality, one may assume that n1 6= 0. Then by eqs.
(2.4) we conclude that T just depends on t:

T = T (t).

By solving eqs. (2.3) along with eq. (2.5) in respect to K1, K2 and K3, then we
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deduce the following relations (provided by Maple)

K1 = k1 T + et F 1(2.7)

K2t = K2 − k1 K2k1 − k2 K2k2 − k3 K2k3 + k2 Tt,(2.8)
n1 K2n1 = et F 1

4 , n2 K2n2 = −et F 1
4 − n3 K2n3 ,

K3t = K3 − k1 K3k1 − k2 K3k2 − k3 K3k3 + k3 Tt,(2.9)
n1 K3n1 = et F 1

5 , K3n2 = K2n3 n3 K3n3 = −et F 1
5 − n2 K2n3

for arbitrary function F 1 = F 1(k1e
−t, k2e

−t, k3e
−t, n2

n1
, n3

n1
). In these relations, F 1

i

implies the derivation of F 1 in respect to the ith coefficient.
Eqs. (2.8) lead to the following relations

K2t + k1 K2k1 + k2 K2k2 + k3 K2k3 −K2 − k2 Tt = 0,

n1 K2n1 + n2 K2n2 + n3 K2n3 = 0,

so that after solving determines the form of K2 as

K2 = k2 T + et F 2,(2.10)

when F 2 = F 2(k1e
−t, k2e

−t, k3e
−t, n2

n1
, n3

n1
) is an arbitrary smooth function. Also,

from eqs. (2.9), we find that

K3t + k1 K3k1 + k2 K3k2 + k3 K3k3 −K3 − k3 Tt = 0,

n1 K3n1 + n2 K3n2 + n3 K3n3 = 0,

which these expressions tend to the following solution of K3 with respect to arbitrary
smooth function F 3 = F 3(k1e

−t, k2e
−t, k3e

−t, n2
n1

, n3
n1

):

K3 = k3 T + et F 3.(2.11)

But by satisfying F 2 and F 3 resp. in the two last relations of (2.8) and three last
relations of (2.9), we find that

F 1 = − 1
n1

(n2 F 2 + n3 G)− n2

∫
1
n2

1

F 2 dn1 − n3

∫
1
n2

1

Gdn1 +
n2n3

n1

∫
1
n2

1

F 2
5 dn1

+
1
n1

∫ (
F 2 − n3

n1
F 2

5

)
dn2 +

1
n1

∫
Gdn3 + H,

F 3 =
1
n1

∫
F 2

5 dn2 − n2

∫
1
n2

1

F 2
5 dn1 + G,

when F 2, G = G(k1e
−t, k2e

−t, k3e
−t, n3

n1
) and H = H(k1e

−t, k2e
−t, k3e

−t) are arbi-
trary functions and F j

i denotes the derivation of F j with respect to its ith coefficient
(similar statement is valid for Gi and Hi in subsequent relations).
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Substituting the new forms of K1,K2 and K3 in eqs. (2.3), we obtain the following
relations

n2n3

n1

∫
1
n2

1

F 2
5 dn1 +

1
n1

(n2 F 2 + n3 G) = 0,(2.12)

F 2 + n1n3

∫
1
n3

1

F 2
5 dn1 = 0,(2.13)

n2(n1 + n3)F 2
5 + n2

2 F 2
4 + n3

1n2

∫
1
n3

1

F 2
5 dn1 − n2

1 G = n2
1n2

∫
1
n2

1

F 2
5 dn1.(2.14)

By applying the last relations in F 1 and F 3, we attain the following relations (for
arbitrary F 2)

F 1 = − 2
n1

(n2 F 2 + n3 G)− n2

∫
1
n2

1

F 2 dn1 +
1
n1

∫ (
F 2 − n3

n1
F 2

5

)
dn2

−n3

∫
1
n2

1

Gdn1 +
1
n1

∫
Gdn3 + H,(2.15)

F 3 =
1
n1

∫
F 2

5 dn2 +
n2

n3
F 2 + 2 G,(2.16)

in which, we assumed that n3 6= 0. Otherwise, from eq. (2.13), F 2 = 0 and hence by
eq. (2.14), G = 0 and therefore we have F 1 = H and F 3 = 0.

We continue our investigation of symmetry group with the condition n3 6= 0. From
eqs. (2.12)–(2.14), we infer the following relation

n2(n1 + n3)F 2
5 + n2

2 F 2
4 = 0.(2.17)

On the other hand, by replacing F 2
5 = F 3

4 from relation K3n2 = K2n3 of (2.9), in
(2.17), we find that n2 F 2 = −2 n3 G. This relation along with relation (2.17) leads
to an equation that its solution determines the form of G as following

G =
1
n3

(n1 + n3) L,

where L = L(k1e
−t, k2e

−t, k3e
−t) is an arbitrary smooth function. Hence, F 2 =

− 2
n2

(n1 + n3)L and from eqs. (2.15) and (2.16), we have (we suppose that n2 6= 0,
otherwise from eq. (2.12), G = 0 and hence L = 0)

F 1 =
1
n1

(
2 (n1 + n2 + n3) + n1 ln(n1 n3)

)
L + H, F 3 = −2 ln(n2)L.

Applying the last forms of Ki s in (2.3) for i = 3, we find n1
n3

L = 0. We have assumed
that n1 6= 0, therefore L = 0 and the forms of Ki and Nj satisfy

K1 = k1 T + et H, K2 = k2 T,

K3 = k1 T, Nj = ni(Tt − T )− n1 Hi.

Finally, the general form of infinitesimal generators as elements of point symmetry
algebra of eq. (1.2), which we call point infinitesimal generators, is described by the
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[ , ] vT vH

vT 0 0
vH 0 0

Table 1: The commutators table of g for eq. (1.2)

following relation, which holds true for arbitrary functions T and H

v = T
( ∂

∂t
+ k2

∂

∂k2
+ k3

∂

∂k3

)
+ (k1 T + et H)

∂

∂k1

+
3∑

i=1

(
ni(Tt − T )− n1 Hi

) ∂

∂ni
.(2.18)

One may divide v into the following infinitesimal generators

vT = T
( ∂

∂t
+

3∑

i=1

ki
∂

∂ki

)
+ (Tt − T )

3∑

i=1

ni
∂

∂ni
,

(2.19)
vH = et H

∂

∂k1
− n1

3∑

i=1

Hi
∂

∂ni
.

The Lie bracket (commutator) of the vector fields (2.19) results as straightforward
linear combination of these fields. The table of commutators is given in Table 1.
Hence, the Lie algebra g = 〈vT , vH〉 of point symmetry group G is an abelian Lie
algebra.

Theorem 1. The set of all point infinitesimal generators in the forms of (2.19) is
the infinite dimensional abelian Lie algebra of the point symmetry group of equation
(1.2).

According to Theorem 2.74 of [5, 4, 8], the invariants u = I(t, k1, k2, k3, n1, n2, n3) of
one–parameter group with infinitesimal generators in the forms of (2.19) satisfy the
linear, homogeneous partial differential equations of first order:

v[I] = 0.

The solutions of the latter, are found by the method of characteristics (See [5] and
[2] for details). So we can replace the last equation by the following characteristic
system of ordinary differential equations (1 ≤ i, j ≤ 3)

dt

T
=

dki

Ki
=

dnj

Nj
.(2.20)

By solving eqs. (2.20) of the differential generator (2.19), we (locally) find the follow-
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ing general solutions

I1(t, k, n) = k−1
2 (k1 T + H) = d1,

Ii(t, k, n) = ln(ki)− t = di, (for i = 2, 3)
(2.21)

I4(t, k, n) = (Tt − T −H1) ln(k1)− T ln(n1) = d4,

Ij(t, k, n) = (Tt − T ) ln(kj)− T ln (nj(Tt − T )− n1 H) = dj , (for j = 5, 6).

when di s are some constants. The functions I1, I2, · · · , I6 form a complete set of
functionally independent invariants of one–parameter group generated by (2.19) (see
[5]).

Similar to the theorem of section 4.3.3 of [2], the derived invariants (2.16) as
independent first integrals of the characteristic system of the infinitesimal generator
(2.14), provide the general solution

S(t, k, n) := µ(I1(t, k, n), I2(t, k, n), · · · , I6(t, k, n)),

with an arbitrary function µ, which satisfies in the equation v[µ] = 0.
This theorem can be extended for each finite set of independent first integrals

(invariants) of characteristic system provided with an infinitesimal generator.
In the following, we give some examples provided with different selections of coeffi-

cients of eq. (2.18) for better studying, and we assume that each appeared coefficient
of vector fields be non-zero.

Example 1. If we assume that T = 1 and H = 0, then the infinitesimal operator
(2.13) reduces to the following vector field

v1 =
∂

∂t
+

3∑

i=1

ki
∂

∂ki
−

3∑

j=1

nj
∂

∂nj
.

and the group transformations (or flows) for the parameter s are expressible as
(t, ki, nj) → (t + s, ki es, nj e−s), that form the (local) symmetry group of v1.

The derived invariants in this case will be as follows

Ii = ln(ki)− t, Ij+3 = ln(nj) + t, i, j = 1, 2, 3.

Therefore, the general solution corresponding to v1, when µ is an arbitrary function,
will be S(t, k, n) = µ

(
ln(ki)− t, ln(nj) + t

)
.

Example 2. Let T = t and H = 0, then the infinitesimal generator is

v2 = t
∂

∂t
+

3∑

i=1

ki t
∂

∂ki
+

3∑

j=1

nj(1− t)
∂

∂nj
,

Then, the flows of v2 for various values of parameter s are

(t, ki, nj) →
(
t es, ki et(es−1), nj es−t(es−1)

)
.
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Also, we have the below invariants

Ii = ln(ki)− t, Ij+3 = ln
(nj

t

)
+ t, for i, j = 1, 2, 3,

and the general solution of eq. (1.2) as S(t, k, n) = µ
(

ln(ki)− t, ln
(nj

t

)
+ t

)
when µ

is an arbitrary function.

Example 3. For the case which T = 0 and H = k1 e−t, the infinitesimal generator
(2.18) changes to

v3 = k1
∂

∂k1
−

3∑

j=1

n1
∂

∂nj
.

The derived group transformations of v3 for parameter s are

(t, ki, nj) →
(
t, k1 es, k2, k3, n1 e−s, n2 e−s − n1 + n2, n3 e−s − n1 + n3

)
.

Thus, the (modified) invariants are (we suppose that k2, k3 6= 0, otherwise k2, k3 will
be two invariants)

I1 = t, I2 = k2, I3 = k3,

I4 =
k1

n1
, I5 = ln(k1)− n2

n1
, I6 = ln(k1)− n3

n1
,

and for arbitrary function µ, the general solution has the form

S(t, k, n) = µ
(
t, k2, k3,

k1

n1
, ln(k1)− n2

n1
, ln(k1)− n3

n1

)
.

Example 4. If we suppose T = t and H = (k1 + k2 + k3) e−t, then we have the
following vector field

v4 = t
∂

∂t
+ t (2 k1 + k2 + k3)

∂

∂k1
+ t

3∑

i=2

ki
∂

∂ki
+

3∑

j=1

(
nj(1− t)− n1 t

) ∂

∂nj
,

with group transformations of different parameters s, that transform (t, ki, nj) to

P (s) =
(
t es,−(k2 + k3) et (es−1) + (k1 + k2 + k3) e2 t (es−1), kp et (es−1),

n1 es−2 t(es−1), n1 es−2 t(es−1) + (nq − n1) es−t(es−1)
)

,

where p, q = 2, 3. Its independent invariants are

I1 = (1− 2 t) ln(k3)− t ln (n1(1− 2 t)) , I2 = 2 t− ln(2 k1 + k2 + k3),
I3 = (1− t) ln(k2)− t ln (n2(1− t)− n1 t) , I4 = t− ln(k2)
I5 = (1− t) ln(k3)− t ln (n3(1− t)− n1 t) , I6 = k2 k−1

3 ,

and hence the general solution of (1.2) in respect to infinitesimal operator v4 is an
arbitrary function of these invariants. Indeed, if u = f(t, ki, nj) be a solution of eq.
(1.2) then also is u = f(P (s)) for each s.
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3 The contact symmetry of the equation

In continuation, we change the group action and find symmetry group and invariants
of eq. (1.2) up to the contact transformation groups. According to Bäcklünd theorem
[5], if the number of dependent variables be greater than one (like our problem),
then each contact transformation is the prolongation of a point transformation. But
in this section, we directly earn the structure of infinitesimal generators of contact
transformations

We suppose that the general form of a contact transformation be as following

t̃ = φ(t, ki, nj , qr, ps), k̃l = χl(t, ki, nj , qr, ps), ñm = ψm(t, ki, nj , qr, ps),
q̃n = ηn(t, ki, nj , qr, ps), p̃u = ζu(t, ki, nj , qr, ps),

where i, j, l,m, n and u varies between 1 and 6; and φ, χl, ψm, ηn and ζu are arbitrary
smooth functions. In this case of group action, an infinitesimal generator which is a
vector field in J1(R,R6), has the following general form

v := T
∂

∂t
+

3∑

i=1

[
Ki

∂

∂ki
+ Ni

∂

∂ni
+ Qi

∂

∂qi
+ Pi

∂

∂pi

]
,

for arbitrary smooth functions T, Kl, Nm, Qm, Pu (l = 1, 2 and 1 ≤ m,n, u ≤ 3).
Since our computations are done in 1–jet space, so we do not need to lift v to

higher jet spaces and hence we act v (itself) on the eq. (1.2), then we find the
following relation

∑

i

[ni(Qi −Ki) + Ni(qi − ki)] = 0.

Since n 6= 0, so without less of generality, we can suppose that n1 6= 0, then the
solution to this equation for would be

K1 =Q1 +
1
n1

[ ∑

i=2,3

ni(Qi −Ki) +
∑

j

Nj(qj − kj)
]
.

Therefore, the infinitesimal generator which we call it as contact infinitesimal gener-
ator is in the following form

v = T
∂

∂t
+

3∑

i=2

Ki

( ∂

∂ki
− ni

n1

∂

∂k1

)
+

3∑

j=1

[
Qj

( ∂

∂qi
+

nj

n1

∂

∂k1

)

+Nj

( ∂

∂nj
+

1
n1

(qj − kj)
∂

∂k1

)
+ Pj

∂

∂pj

]
.(3.1)

One may divide the latter form to following vector fields, to consist a basis for Lie
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[ , ] vi vj

vi 0 vi + vj

vj −vi − vj 0

Table 2: The commutators table provided by contact symmetry.

algebra g = 〈v〉 of contact symmetry group G

v1 = T
∂

∂t
, v2 = K2

( ∂

∂k2
− n2

n1

∂

∂k1

)
,

v3 = K3

( ∂

∂k3
− n3

n1

∂

∂k1

)
, v4 = Q1

( ∂

∂q1
+

∂

∂k1

)
,

v5 = Q2

( ∂

∂q2
+

n2

n1

∂

∂k1

)
, v6 = Q3

( ∂

∂q3
+

n3

n1

∂

∂k1

)
,

v7 = N1

( ∂

∂n1
+

1
n1

(q1 − k1)
∂

∂k1

)
, v8 = N2

( ∂

∂n2
+

1
n1

(q2 − k2)
∂

∂k1

)
,

v9 = N3

( ∂

∂n3
+

1
n1

(q3 − k3)
∂

∂k1

)
, v10 = P1

∂

∂p1
,

v11 = P2
∂

∂p2
, v12 = P3

∂

∂p3
.

(3.2)

The commutators [vi, vj ] for 1 ≤ i, j ≤ 12 are linear combinations of vi themself,
and hence these vector fields construct a basis for Lie algebra g of contact symmetry
group G. The commutator table is given in Table 2. In this table, when commutator
of two vector fields has a part in the form of a vi, then we used vi instead of it. As
is indicated in this table, for each 1 ≤ i, j ≤ 12, the Lie bracket of vi and vj has two
parts, one part in the form of vi, and another part in the form of vj .

Theorem 2. The contact symmetry group of (1.2) is an infinite dimensional Lie
algebra and its Lie algebra is generated by contact infinitesimal operators (3.2) with
the commutators table 2.

4 Conclusions

A symmetry analysis for a new form of the vortex mode equation led to find the struc-
ture of point and contact infinitesimal generators as well as fundamental invariants of
the new equation. In addition a form of general solutions implied by these invariants
was obtained. Also we presented some examples for the point transformation case
which tend to a precise determination of related symmetry groups. In the special case
of our problem, the contact and point symmetry group of the vortex mode equation
were both found to be infinite dimensional Lie groups when the normal vector to wave
front is not necessarily unit.
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Abstract

This thesis is an attempt to introduce and state the last results and principal achieved subjects on

equivalence problem that naturally divides into five interconnected chapters.

Equivalence problem deals with finding differential invariants and classifying manifolds to stratify

geometric objects with respect to a special group action. As particular cases of the theory, basic and

important subjects of exterior differential systems and symmetry are illustrated, each having a wealth

of substantial applications in mathematics, specially in geometry, and also in other sciences like physics,

mechanics, control theory, computer vision and so on.

The first chapter, is a try to state required preliminary subjects for next chapters including a section

on Lie pseudo-groups. We start the equivalence problem by introducing symmetry groups of geometric

objects and its significant achievments for differential equations in recent years. The second chapter

comprise these statements. Chapter three is devoted to the study of equivalence problem for differential

systems, that is, exterior differential systems (EDS).

In chapter four, we concern with equivalence problem which is the main goal of the thesis and includs

the above theories. In this chapter, I tried to state the algorithm of equivalence problem in a completely

optimal form based on previously stated algorithms from significant references in this area to be compen-

dious and profitable for next studies. Finally, in the last chapter, the resume results of author’s research

on equivalence problem, symmetry and EDS are given.

Keywords: equivalence problem, exterior differential systems, symmetry, Lie pseudo-groups.
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