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i
Les systémes différentiels extérieurs et leurs applications géométriques.
(Actualités Scientifiques et Industrielles, no. 994.) By Elie Cartan.
Paris, Hermann, 1945. Second ed, 1971.

The first part of this book contains the theory of integration of total differential
equations connected with a general system of exterior differential forms (covariant
alternating quantities). The symbolism used is the @-method introduced in Cartans
well-known publications [Ann. Sci. Ecole Norm. Sup. (3) 18, 24-311 (1901); 21,
153-206 (1904), in particular, chap. I] with some modifications due to E.Kahler
[Einfuhrung in die Theorie der Systeme von Differential-gleichungen, Hamburger
Math. Einzelschr., no. 16, Teubner, Leipzig-Berlin, 1934]. The first two chapters
contain an exposition of the method. In chapter III, after introducing the important
notions of closed systems and characteristic systems the theory of completely inte-
grable systems is presented and applied to the ordinary problem of Pfaff. Chapter
IV contains the definitions of the integral elements, the characters and the genus and
two fundamental existence theorems. Systems in involution are defined in chapter V
and this chapter contains several simple forms of the conditions for these systems.
The theory of prolongation is dealt with in chapter VI. For the chief theorem of pro-
longation, proved by Cartan in 1904, another proof is given for the case m = 2. In
No. 117 special attention is paid to the cases where the proof is not valid.

The second part of the book contains applications to several problems of dif-
ferential geometry. Chapter VII deals with old and new problems of the classical
theory of surfaces. In each case the degree of freedom of the solution is discussed.
The last chapter contains problems with more than two independent variables. A
new method is developed for orthogonal systems in n variables. The problem of the
realization of a V2 with a given ds® in an R® is discussed elaborately and special
attention is paid to the singular solutions of this problem.

Reviewed by J. A. Schouten
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Preface

This book is the reproduction, quite radically changed, a course taught during the
first semester 1936-1937 at the Faculty of Sciences of the University of Paris.

The first part of this work is devoted to discussion of the theory of systems of
differential equations in total, which was the subject of several memoirs, already
old, published mainly in the Annals of Ecole Normale Superieure' between years
1902 and 1908, this theory was the basis for my theory of the structure of infinite
transformation groups, in the sense of S. Lie?.

It has since been generalized by various authors, especially by E. Kihler?, who
has extended to any system of differential equations Exterior.

I adopt in this work the notation advocated by E. Kéihler of designating by dw,
and called exterior differential of an exterior differential form ® of any degree, what
I called earlier by @’ and what I called the exterior derivative of the form @.

After a first chapter, purely algebraic, the exterior forms and Exterior systems of
equations, Chapter II is devoted to exterior differential forms (symbolic forms of E.
Goursat*) and the operation of exterior differentiation.

Chapter III introduces the concept of closed exterior differential system and char-
acteristic system, outlines the theory of completely integrable systems with applica-
tions to the classical problem of Pfaff>.

Chapter IV introduces the concepts of integral element, character and gender,
devoted also to two fundamental theorems of existence.

' 1t was founded in 1864 by Louis Pasteur. For more informations, see:
http://www.math.ens.fr/edition/annales/

2 Marius Sophus Lie (1842-1899) was a Norwegian mathematician. For more informations, see:
http://www-history.mcs.st-andrews.ac.uk/Biographies/Lie.html

3 Erich Kihler (1906-2000) was a German mathematician. For more informations, see:
http://www-history.mcs.st-andrews.ac.uk/Biographies/Kahler.html

4 Edouard Jean-Baptiste Goursat (1858-1936) was a French mathematician. For more informa-
tions, see: http://www-history.mcs.st-andrews.ac.uk/Biographies/Goursat.html

5 Johann Friedrich Pfaff (1765-1825) was a German mathematician. For more informations, see:
http://www-history.mcs.st-andrews.ac.uk/Biographies/Pfaff.html
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6 Contents

Chapter V is devoted to differential systems with independent variables imposed,
especially for systems in involution with existence theorems relating to these sys-
tems and the latest indication of several simple criteria of involution, it is especially
this Chapter which writing was the most altered.

Finally, Chapter VI introduces the notion of prolongation of a differential sys-
tem, with applications that can make a search of solutions a system that is not in
involution.

Throughout this first part, from Chapter IV, equations of the systems considered
involve only the analytic functions, the Cauchy-Kowalewski theorem, on that un-
derlie the existence theorems that are proven, having no validity and even sene that
if the data is analytic.

The second Part of the book is devoted to applications to problems in differential
geometry. It consists of two chapters.

The problems addressed in Chapter VII are all related to the classical theory
of surfaces. Many are old, quite a few others are new. In each case the degree of
generality of the solution is given, and how we should pose the Cauchy problem,
comprehending where the data are characteristic.

Chapter VIII refers to problems with more than two independent variables, con-
taining the problem of orthogonal triple systems, the general problem of orthogonal
systems p-tuples of p-dimensional Euclidean space: in the latter case, the problem of
Cauchy is presented in a simple form which has not yet, I believe, been considered.

Finally the problem of realization of ds” has three variables in Euclidean space
has six dimensions is discussed in detail, with indications of singular solutions of
this problem.

Throughout this second Part, use is made almost exclusive method of moving
frame, which is particularly suitable ii using the theory of differential systems in
involution outside.

In writing this book, I used a first draft due to Luc Gauthier, responsible for re-
search, after the notes taken during. This first draft has made me the greatest service
and he is agrbable to express my gratitude Mr. Gauthier.

Elie Cartan
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Part I
Theory of exterior differential systems

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



Chapter 1
Exterior Forms

1.1 Symmetric and alternating bilinear forms, Exterior algebraic
quadratic forms

1. In classical algebra, a bilinear form of two sets of variables u',u?,--- ,u" and
vl , vz, .-+ V" of the same number 7, is an expression1
F(u,v) = ajju'v’, (1.1

with coefficients a;; belonging to a given field, we assume, for simplicity, be the
field of real numbers Rrelationship.

This form is called symmetric if it remains identical to itself when we replace
variables u' by variables v/ with the same index and vice versa, i.e. if one has

aij=aji,  (Lj=1,-,n). (1.2)
With any symmetric bilinear form we can associate a quadratic form
F(u) = ajju'v. (1.3)

has a single set of variables, the form (1.1) is the polar form of the quadratic form
(1.2), that is

;OF JOF
V—=U—=—".

dut avi
There is an intrinsic relation between the form (1.1) and the form (1.2), in the sense

that if we perform on the variables u’ and the variables v/ a single linear transforma-
tion

F(u,v)= (1.4)

I we adopt a convention once and for all, now classic, which is to remove the summation sign in
front of an expression that contains the same index repeated twice, in the formula (1.1), it is two
summation indices i and j, each repeated twice.
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10 1 Exterior Forms

u = AL UK, Vi =ALvE (1.5)

the bilinear form (1.1) is transformed into bilinear form a &(U,V) still symmetric
and the quadratic form (1.2) in the quadratic form & (U) associated, such that

O(U,V) = aALAJUVE, ®(U) = a;ALAJURU*. (1.6)

We check easily that the form & (U, V) is symmetric, since the coefficient of U*V"
which is the sum a; jAf(Ail where i and j are two indices of summation independent,
can be written a;;AJA} = a;;jA} A], which is the coefficient, precisely. But this ver-
ification can be avoided if we note as exchanging the two sets of variables U’ and
Vi exchange returns has two sets of variables u' and v, which does not change the
initial form F (u,v).

The form (1.1) is called alternating if it changes sign with exchange two sets
of variables u' and v':

F(v,u) = —F(u,v); (1.7)
this results in the anti-symmetry of the coefficients:
ajiz—a[j. (1.8)

If we put v = u' we get this time a form identical zero. Yet we can associate in
the alternating form F (u,v) a quadratic form, but non-commutative multiplication.

Note why if we shall meet the two terms of ajou'v> — ax1u®v!, we obtain
1,2
1.2 21 u u
ap(u v —uv)=ap o2 (1.9)

can we agree to write ajou' A u?, the notation u' A u? recalling the determinant
whose first row is formed of two variables u!, 42, the second of two variables v!, 2.
The expression ajou' A u? can be regarded as a monomial quadratic multiplication
non-commutative Grassmann, the product of two variables u', u? changing sign
with the order of factors. We can therefore, in this case has involved the alternating

bilinear form
F(u,v) = aijuivj, (aij = —aji), (1.10)

the quadratic form has exterior multiplication or, more briefly, the exterior quadratic
form

1.
F(u,v)ziaiju’/\u’7 (aij = —aji). (1.11)
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1.1 Symmetric and alternating bilinear forms 11

We put the numerical factor because the second order product u' A u? appeared
two times, in the form u! /\ u? and as u? Au! = —u' A u?, which gives the total
coefficient %alz — %a21 =ay.

There is a correspondence between the intrinsic bilinear form alternating and the
quadratic form associated exterior, this correspondence subsisting linear substitution
effected simultaneously on two sets of variables #' and v'. If we set

u = AL UK, Vvi=AlvE (1.12)
the form F (u,v) becomes
®(U,V) = ajjALATURV", (1.13)

with antisymmetric coefficients UV’ products, and the form F (1) becomes
1 o
P(U) = EaijA}CAZUk/\Uh; (1.14)

we see that we deduce the form of F(u) by replacing everywhere u' by A;'(U k and
performing the multiplication under the rules of algebraic multiplication, but taking
care not to invert the order of the variables U* in the partial products that arise.

3. There are certain similarities between the classical quadratic forms, which we
call algebraic, and exterior quadratic forms. Define the partial derivative of the
quadratic form exterior F(u) by the relation

oF
k
w = au . (115)
The derivative of each monomial is zero if u' is not among the factors of the
monomial; u' appears as if the first factor, as in the term a;; [u'u’], the derivative is
ajju’; appears as a second factor, we have the same rhgle, but taking care, first, to
pass ' in front, the derivative with respect to a u' of a;;[u’ uf} is that of - aji[u'u’],
that is to say - a J,uf = a;j /. The derivative with respect to u' of the derivative with
respect to a;; is after this and we write
J*F 9*F

dwad T duigu (110

’3 - =a; juiuk is zero, whereas if the quadratic form is alge-

after of Euler’s theorem, is equal to 2F.

Note that the sum u

idF
oul® ,
Now suppose that instead of multiplying the following traditional rules u' and

the exterior multiplication is performed, we will, as it is easy to see, following

braic sum u

JdF

Jul’
the form F is algebraic or exterior
. OF . JF
AN=— =0 u' N =— =2F. 1.17
u du' ’ du' (1.17)
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12 1 Exterior Forms

Theorem. Any algebraic quadratic form F satisfies the relations

OF . 9F
17:2F l/\ B
“ou KA

=0. (1.18)

Instead any exterior quadratic form F satisfies relations

a—F.:o, uiAa—F.:zF. (1.19)
ou!

4. The exterior multiplication of the two forms indices f(u), ¢ (u) same variables
gives the quadratic form external associated to the alternating bilinear form

)0 0) — o) f(v) = )§§§ e (1.20)

1% 1%

be denoted by the notation f(u) A ¢ (u) the quadratic form F and the multiplication
result of term end of the two forms f(u«) and ¢ (u), but taking care not to invert the
order of factors:

F:aiui/\bjuj:aibjui/\uj. (1.21)

Note that in the second member a;b; the coefficient is not antisymmetric, al-
though the form of the second member is exterior, but we can write, by exchanging
the two indices of summation,

F:aibju’/\u/:ajb,-u//\u’z —ajb,-u’/\u/7 then F = E(aibj—ajb,-)u’/\uﬂ

(1.22)
and now the coefficient of u’ Au/ is antisymmetric.
We still here two theorems that correspond.

Theorem. If ', f2,---, fP are p independent linear forms with n variables
ul u?, - u", the relation

f1¢1+f2¢2+"'+fp¢p:07 (1.23)
where @1, 0o, -, @, are p forms are the same variables, implies that the ¢; are
linear combinations of forms to f' coefficients antisymmetric

& = o [ gy = =gl (1.24)

on the contrary causes the relation
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1.1 Symmetric and alternating bilinear forms 13

NG+ PN+ 4 fP NG, =0, (1.25)

that are linear combinations ¢; forms f' to have coefficients o; j symmetric.

Proof. Suppose first p = n, in which case the forms are independent f’ any linear
form can be expressed as a linear combination of f’. By asking ¢; = ot f* was then
Fior = apfif*, and f1A ¢ = aujf' A fX. The sum f¢; is zero if o;; = —j; and the
sum [f'¢;] is zero if @;; = aj;, which proofs the theorem.

Now assume p < n, then, introduce new n — p forms fP*! ... f* mutually inde-
pendent and independent of the first p given forms. We can then apply the theorem
proved in the case p = n by taking the functions ¢, 1,---,¢, identically zero. We
will then, since the form ¢, is zero, &ty 14, =0(j=1,2,--- ,n—p; k=1,2,--- \n)
where, in both cases, o ;1 j = 0. The indices p+1,p+2,--- ,n are therefore not in-
cluded in the coefficients ¢;; which do fall under the terms of ¢; through f* and the
theorem is well proved in the general case. |

Note. The two equations f¢; = 0 and f' A ¢; = 0 assumed verified if and only if all
¢ =0.

5. Tt is known that any algebraic quadratic form can be put in a canonical form, in
which the all rectangular coefficients are zero. There are even a canonical form for
exterior quadratic forms.

Theorem. Any quadratic form can be reduced to exterior form
F=U'AU?>+UNU*+---+ U~ AU, (1.26)
where U' being the 2p independent linear forms.

Proof. The proof is very simple. Suppose the form F () not identically zero and, for
example ajp # 0. We can write

a
F— (M LBy ﬂu") Alapi® +apu’ - +ap )+ @, (1.27)
ap ap
the form @ containing only the variables u3,u*,--- ,u". Just then suppose
U'=u'+ 23u3+ —l—aﬁ t U? =apu® +api - +apu’, (1.28)
ap apn

for an exterior quadratic form F — U' A U? which depends only on variables of
u,---,u", since n forms U',U%,u3,--- ,u" being independent. If the form & is
identically zero the theorem is proved, the integer p is equal to 1. Otherwise we

will perform on & the same operation as that performed on F and so on. |
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14 1 Exterior Forms

One can find the integer p without needing to actually the previous reduction. In-
deed note that for any linear substitution of variables, the system of linear equations

oF oF oF
=0, 2 =0, —0, (1.29)

T oun
is retained. Because if we set ! = Af( U¥, the determinant of the coefficients A}'{ being
non-zero, we immediately see that we have

oF _ 9F
Ul i ouk’

(1.30)

and as the determinant of A;‘ is non-zero, the vanishing of partial derivatives %

implies vanishing the gg, and vice versa.

But if we put F' in the canonical form

F=U'AU?+U NU*+---+ U~ AU, (1.31)
the system (1.29) becomes, with the variables U i
Ul=v%=...=u¥»'=u¥=0o. (1.32)

The integer 2p is the rank of the table of coefficients forms. This table is symmetrical
left, and it is well known that the rank of such a table is always even.

The rank 2p states at the same time the minimum number of variables that can
be included in the form F, if it is transformed by a suitable linear substitution of
variables effected.

There are similar theorems for algebraic quadratic forms. The rank of the table of
coefficients forms g—uFl also indicates the minimum number of variables that can be
included in the form F'; the easiest way to recognize it is to use the decomposition

of the form of a sum of squares.

1.2 Exterior forms of arbitrary degree

6. We will assume in general exterior forms of any degree. A cubic exterior form,
for example, is written as

1 o

F:6aijku’/\uj/\u , (1.33)
where the coefficients a;j; are anti-symmetric: this means that if one performs a
permutation of three indices i, j, k, the coefficient is equal to itself, or it changes
sign depending on whether the permutation is even or odd. The symbol [#/u/u*] can
be regarded as a product but which changes sign if we interchange two factors, this

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



1.2 Exterior forms of arbitrary degree 15

product remains equal to itself by an even permutation of the three factors, becomes
equal to its objects by an odd permutation of these factors.
With to these conventions, we see that if one considers the different monomials

which appear in, the order was near, the three factors u', u?, u®, we get six different

terms, but whose sum is ajp3[u'u?u?]. It is hardly worth noting that the monomials
that have two identical factors must be regarded as zero.
One can consider a 3—linear alternating form F, as a form with three sets of
variables u', V', w'
1 W ow ok
gaijk v"' v/" Ve (1.34)
whwd wk

More generally we may consider exterior forms of degree 4, 5, etc., which could be
combined alternating forms with 4, 5, etc., sets of variables.

7. Addition and multiplication of exterior forms. The sum of two exterior forms of
the same degree is the form of same degree whose coefficients are the sums of the
coefficients of the two given types. For example, the sum of the form (1.33) and of
the form

1 ) )
b= gaijku’/\uf/\uk (1.35)
is the sum
1 S
F+<;D:g(aiijrbijk)u’/\u]/\uk. (136)

Called exterior product of two forms of exterior degrees equal or not, for example,
two forms

1 L 1 .
F=aju nu, cb:gbijku’/\u’/\uk. (1.37)

the form obtained by multiplying exterior of all possible ways each monomial of the
first form of each monomial of the second, taking care to respect the order of two
monomials and adding the resulting monomials?

1 S
F/\CD:Eaijbkhlu’/\uf/\uk/\uh/\ul. (1.38)
The second member of relation (1.38) does not have its coefficients antisymmetric
with respect to five indices i, j,k,h,[. But we can arrange to bring up the antisym-
metric coefficients by performing as we have done to the exterior product of two
linear forms.

2 The numerical coefficients of the forms can be placed at any position, being the law of commu-
tative property holds for these coefficients.
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16 1 Exterior Forms

The exterior product of forms F, @ may depend on the order in which one ar-
ranges the factors ' and . Indeed change the order of these factors is to replace
the monomial u’ A/ A u* Au" Au! the monomial u* A u” Au! Au' Aul to make this
change we can advance each of the three factors of two places to the left , resulting
in 2 X 3 successive changes of sign.

Generally, if F and @ are of respective degrees p and ¢, then the relation

FA®=(—1)"®A\F, (1.39)

holds, or

Theorem. The exterior product of two forms of exterior degrees p and q does
not change when one reverses the order of two factors, except if both factors
are of odd degree, in which case the product changes sign.

Another important theorem is on the distributivity of multiplication over addition.
This theorem leads to the general equality

(A+FA++F) AN P14+ P+ + ) =Y FAD;, (1.40)
iJ

where we assume the forms Fi,F,,--- ,F, are of the same degree p and forms
Dy, Dy, -+, Py are of the same degree p.

8. Exterior forms monomials. An exterior form of degree p will be called monomial
if it can be represented as the exterior product of p linear forms. We will look at what
conditions must meet the coefficients of the form so that it is monomial.

Consider why the system of linear equations (associated system) obtained by
vanishing all the partial derivatives of order p — 1 form. These derivatives are defined
in the case of a form of any degree as a quadratic form, which depend on the order
in which the derivations are performed, but in fact that order does not matter here
since the only change that can be subjected the derivative of the change of the order
of derivations is optionally a change of sign.

The associated system we consider has an intrinsic meaning in the sense that
if a substitution is made linear non-zero determinant variables on transforming the
form F(u',u?,--- ,uP) in the form ®(U',U?,--- ,UP), the same linear substitution
transforms the system associated to F in the associated system of &; this is that the
linear substitution

u =ALU* (1.41)
leads

0P . OF 02

i iAJ

_ 9*F

v ~Mau quiaut ~ Whguga (142
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1.2 Exterior forms of arbitrary degree 17

This posed assume a monomial exterior form, we can make a linear substitution
of variables such that this form contains only one term au' Au? Au? A--- AuP (Un-
less the form is identically zero, if we exclude). The system combines this form is
obviously

W' =0, w?=0, -, u’=0; (1.43)

it therefore reduces to p independent equations.

Conversely if the system associated to a form F of degree p reduces to p inde-
pendent equations, one can, for a linear substitution on variables, make the system
is associated

=0, =0, -, u=0; (1.44)

but then no non-zero coefficient of the form may not contain an index other than
1,2,---, p,as anon-zero coefficient Giyiyeiy 1 (p+1) as for example, would involve the
variable in the derivative d”~'F/du'1 du™> - -- duir-1, in contrast to the hypothesis.
The form is u! Au? A --- AuP, that is to say a monomial.?*

Theorem. For an exterior form of degree p is monomial if and only if its
associated system is of rank p.

9. Let us apply this criterion for necessary and sufficient conditions to be met by
an exterior form factors for it to be monomial. We start with the simple case of
quadratic forms. Is a quadratic form

1 o
F= ia,'ju’/\u], (1.45)

we do not assume identically zero. Suppose for definiteness aj, # 0. Among the
equations of system associated the two equations are

oF
oul apu’ +apw’ + - +au’ =0, (1.46)
oF
ol anu® + a3 + -+ + aguu” = 0. (1.47)

These two equations are independent and gives

3 The same argument shows that if the system is associated of rank r, it is possible, by a change
of variables, find an expression of the form which is made only r variables and it is obviously
impossible to involve less otherwise the number would be associated exterior system rank r.

4 The theorem has already been practically proves for p = 2 thanks to the introduction of the
canonical form.
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18 1 Exterior Forms

1
u = —(a23u3+-~~+a2nu”), (1.48)
ap
—1
i (a13u3 4o —l—al,,u"). (1.49)
a

Looking coefficient u* in F /du' taking into account the values of u', u? that we
just wrote. We have
oF ap apn 1
k k
- = (aik + —an — *lalk) u=— (alzaik —ayiax +alk02i>u . (1.50)
du' a a2 a
The second member must be zero if one requires that the system associated is of
rank 2, or the necessary and sufficient conditions, in case aj; # 0,

anai —aiag + airaz = 0. (1.51)

This relation was demonstrated assuming a1y # 0, but it is true even if ajp =
0; indeed the indices 1,2,i,k, all play the same role as any permutation of these
four indices leaves unaltered the relation . It is still true if any of the coefficients
arn,ari,ax,ai,dx,dix 1S nonzero, it is a fortiori if they are all zero. One can thus
replace the indices 1, 2 by any other evidence without the relation (1.51) ceases to
take place.

Theorem. If a quadratic exterior form be monomial, there are relations be-
tween its coeficients

a;jag, — aiajp + apajx =0, (i,j,kyh=1,2,--- ,n). (1.52)

Conversely, if these relations are verified, the form is monomial, because if we
assume a1y # 0, the relations (1.51), which are taken from the relations (1.52), are
checked and we have seen that in these conditions form is monomial.

10. The same method applies a form of any degree. Suppose to fix our ideas p =35,
and the coefficient nonzero aj,345. The associated system of the form contains five
independent equations
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1.2 Exterior forms of arbitrary degree 19

I*F
u2duddu*oud
J*F -
Qulduddutdu’
0*F
dul du?du*dud
I*F
Juldu?duloud
I*F
Jdul du?dulddu*

= arpaasu’ + apasiu’ =0,

—aiaasu® + aasiu’ =0,

= ajoaast® +apaseu’ =0, (1.53)
= —apasu’ +arsut =0,

= ayp345U° + arpgut = 0.

For the form be monomial, it is necessary and sufficient that all equations of the
associated system are of the consequences of the five previous ones, that is to say,
that there replacing u',u?,u®,u* u> by their values from of these five equations,

other equations are identically verified. For example, consider the equation

0*F

R EIr T TR (1.54)

the coefficient of ¥ in the first member, once replaced u',u?,u?, u*, 1’ by their val-

ues, will, when multiplied by aj2345, equal to

123450, iyizigk — Qijiniziy1 02345k + iy iniziy 201345k

= Qi iyiziy301245k T+ Qi) inizigdQ1235k — iy inizig5A1234k - (1.55)

We see that in this expression are 10 indexes, which are divided into two groups:
the indices iy, i,i3,i4 Will form the first group and indices 1,2,3,4,5,k the second
group within each group all the cues are the same role. The term is antisymmetric
with respect to the indices i1, 2, 3,4 the first group and antisymmetric with respect
to the indices of the second group. The resulting expression is invalid if the form
is given monomial, supposing a1»3450, but it is even though aj3345 = 0, unless the
coefficients aj234x, @1235k, A1234k, A1345k, 42345k, are all zero at the same time, because
if one of them is not zero, the first example, since the indices 1,2,3,4,5,k play the
same will be found rble the same expression starting from the hypothhse a;34; # 0,
if we write the conditions for the form is monomial. It is obvious, moreover, that if
the 5 coefficients ajz34x, @1235k, A1234k, A1345k, A2345k are zero, the expression is zero
itself. This brings us to the following theorem:

Theorem. For a form of degree 5 is monomial, it is necessary and sufficient
as the () (%) equations
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20 1 Exterior Forms

Hi1i2i3i4,11]zj3j41516 = Qiyipizig j1 Ao j3jajsie — Hiriziziajo A1 j3jaisie

+ Gisigizia j3%)1 jajsjsie — Yiriniziajalii jojsjsic  (1-56)

are all zero.

The condition is necessary: show this fact. It is sufficient, because if it is done,
and if the coefficient qp, is not no one among the equations (1.56) are the relations,

Hi isiig 123456 = 0 (1.57)

which we have seen, are necessary and sufficient, in hypothesis aj3345 7 O to the
form is monomial.

We see that these conditions all result in quadratic relations between coefficients
of the form given.

If the shape was cubic, one would consider a "("; 1) "("7”(52)(”73) relations

H;j ihim = Qi jkQpim — Qi jn@iim + Qi j1Qkhm — Qi jm@ii = 0 (1.58)

but there are discounts for if k =i, j = h, the expression H;; iy, itself is zero. If
k = i, the expression has only three terms instead of four:

Hij inim = — @i jn@iim ~+ Qi ji Qi — Qi jmQip - (1.59)

1.3 Exterior differential systems

11. Consider a system of equations obtained by canceling one or more external
forms built with n variables u',u?,---,u". Each of these equations is to some de-
gree, but they are not all necessarily the same degree. Let us look u!,u?,--- ,u"
such as the cartesian coordinates of a point in n dimensional space. We say that
a variety plane through the origin of coordinates (we do not consider other) satis-
fies the given system, or is a solution of this system, if the equations of the system
are all verified taking into account the equations of the flat variety, equations that
are linear and homogeneous with respect to variables. For example, if the variete is
flat p—dimensions (we say it is a p—plane), it is defined by n — p linear indepen-
dent relations between the coordinates, if one takes n — p of coordinates, such as
n — p last, according to other u',u?,--- ,u”, will be replaced in the first members of
the given system of equations, u?*!,--- " by values based on u',u?,--- P, and
forms will be obtained in exterior forms u',u?,--- ,u” which should be identically
zero. More generally we can express u!,u?, --- ,u”, be a p—linear forms as variables
t',£2,--- tP and the result will be in exterior forms ¢!,¢2,---,¢” to be identically

zero. A first remark is to be done, and leads to
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1.3 Exterior differential systems 21

Theorem. Any exterior equation of degree p is automatically verified by any
variety of flat less than p dimensions.

This results from an exterior form of degree g < p variables is automatically void.
To express a p—plane solution is a system of equations exterior, it is therefore
unnecessary to consider the system of equations which are of degree greater than p.

12. To investigate whether a p—plane is a solution of given system of exterior
equations, one can start from the consideration of what is called the Pliickerian®
coordinates or better Grassmannian® coordinates of a p—plane (through the origin).
Such a p—plane is defined completely if one takes p independent vectors from the
origin are respectively &f, &5 -+ ,él’, components of these p vectors. Let us form
table with p rows and n columns

glg g
52 éz éz ’ (1.60)

ELE. g

and denote by #/12"» the determinant formed by the p rows of the table and the
columns of order i,ia,- - ,i,. These quantities u/12 are antisymmetric with re-
spect to their p indices. If we replace these p given vectors by other p independent
vectors taken in the same p—plane, with components &{,&},- -, &}, the components
will be deducted &/, &} - ,E,’, descomposantes &,&],--- &L (given i) by a linear
substitution, the same regardless of i. We then see that new determinants i'1'2""'» by
multiplying the former with the same indexes determinants «/12""» by the same fac-
tor, namely the determinant of the substitution which increased from &/, &i, -+ vé;;
to &f,&l,--- &l The coordinates of the p—plane are well defined within a factor
near zero: it is the Pliickerian coordinates of p—plan and are still overdetermined
and homogeneous if p > 1.

Conversely coordinates Pluckerian knowledge - of a p—plane completely deter-
mines the p-plane, since its equations are obtained by expressing the vector from
the origin, components «', is a linear combination of vectors &/, &1, - ,5,‘;, the de-
terminants of degree p + 1 of tableau

3 Julius Pliicker (1801-1868) was a German mathematician and physicist.

6 Hermann Giinther Grassmann (1809-1877) was a German polymath, renowned in his day as a
linguist and now also admired as a mathematician.
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ul u2 e un
51} 512 e &
&6 (1.61)

1 £2 n
gp gp gp
are all nule, yet each of these determinants is a linear combination of u!,u?,--- ,u"
one whose coefficients are all determinants z'1'2"'»,

13. That said we propose first to recognize if a Pluckerian coordinates u/12" of
p—plane nulls a given exterior form of degree p

1 . ‘ ‘
F=—ajy.iju'" Nu> A--- Au'P. (1.62)
p! !
To introduce this in the p-plane coordinates of v!,v?,--- V7, obtained by putting
u = V&L (i=1,2,---,n), (1.63)
the summation index k taking the values 1,2,---, p. We will
. ) ) o Dok & .
W'AUT N NUP = 5,25,2&,{2\/ PAVZ A AV (1.64)
in the second part there is to consider only non-zero monomial terms, that is to say
where the indices k1, k3, , kj, are separate: the monomial VKU AV AL AV is not
other than v! Av? A --- AP precedes the + or — sign according as the permutation
of p indices ki, ka,- -, kp, is even or odd, the coefficient of vEAVEA - AVP will be,
as is easily seen, the determinant
il gis i
ER 51‘P
ip gip o glp
R L e (1.65)

iy gi ip
p & &
The result is

1 L
F = —aj i)y 27yt AVEA AV (1.66)
p! :

The required condition for the p—plane is given exterior solution of the equation

F =0 is that F is zero when we replace the exterior product u*1 A u*2 A --- Au'r by

the coordinate Pliickerian u/1"2/» of p—plane.’

7 We see that it suffices to replace the monomial u/! Au'2 A --- Au'» the p—linear alternating form
associated or p sets of variables {, &3, ..., and £}
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1.3 Exterior differential systems 23

Theorem. For a p—plane with Pluckerian coordinates u'\'>"'» be a solution
of the equation

1 .
F = —aiipipy W AU A Au? = 0. (1.67)
p

it is necessary and sufficient that

iy W12 =0, (1.68)

14. Now looking the conditions for a p—plane given by its Pliickerian coordinates
annuls an exterior form @ of degree g < p.

Start with some geometric remarks. If a p—plane annuls the form @, all g—plans
contained in the p—plane (¢ < p) the form has also cannulsed because the form
& is zero when one takes into account the equations of p—plan will be no more
so when you take into account also the additional equations, with the first, define
the g—plane. Conversely, assume that the form & is zero for all g—plans con-
tained in the p—given plan. Taking into account the equations of p—plane, for ex-
ample resolved over a u?T!,-.. u" the form @ becomes a form ¥ with variables
u',u?,--- ,uP. Say that it vanishes for all g—plans contained in the p—plane given,
that is to say that it vanishes when p binds variables u',u?,--- ,u” by any p —gq
independent linear relations. But if we take the linear relations

will remain a single term in ¥, that in u' Au? A--- Auf; the coefficient of the mono-
mial ul Au? A-+- Au in ¥ is zero, it will be the same for all other coefficients.

Theorem. The necessary and sufficient condition for a p—plan vanish an ex-
terior form @ of degree q < p is any plan contained in the given p—plane
vanish this form.

Analytically we can proceed in the following manner. If the form @ vanishes for
p—plan gives all forms of degree p
DAUN AU N - AuPr-a (a1,00, -, 0 q=1,2,---,n) (1.70)

annuls a fortiori for p—plane. These conditions are nessesary and sufficient; Indeed,
suppose that, taking into account, for example, the p—plane equations solved with
respect to uP*1, ... " | the form & becomes to a form . If each form ¥ A u® A
u® A--- Au%-1 of degree p obtained by taking for u® ,u® .- u%-4¢ any p — q of

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



24 1 Exterior Forms

the variables u',u?,--- ,u? is zero, is that each of the coefficients of the form p is
zero and hence the p—form ¢ annuls plan.

Theorem. For a given p—plane annuls an exterior form of degree g < p

1
b=—b

T iliz...iquil/\Ltiz/\-“/\uiq, (1.71)
it is necessary and sufficient that the Pliickerian coordinates of p—plan satis-
fies the (pfq) linear equations

b it igu e tp—g () (0,00, ,0p_g=1,2,---,n). (1.72)

i1ipig

For example, if a tri-plane be a solution of equations

au' = 0, a WAW = 0, ajji u Al Nk = 0, (1.73)
then, its Pliickerian coordinates satisfy the "HT”“ equations
aiu'P =0, (a,B=1,2,---,n), (1.74)
a;ju’® =0, (¢ =1,2,--,n), (1.75)
aipu’* = 0. (1.76)

15. Conditions for the antisymmetric quantity /12 are the Pliickerian coordi-
nates of p—plan. - If we give a priori a system of numbers ?? antisymmetric with
respect to the p iodises i1,i3,- - - , i, taken from the integers 1,2, - - - , n, these numbers
will usually contact Pliickerian coordinates of a p—plane.

Theorem. For a system of numbers u'\'2""» antisymmetric with respect to p
indices are the Pliickerian coordinates of a p—plane it is necessary and suffi-
cient that the exterior form of degree p

1 .. .
F= Eulllz-nlp o /\Ziz Nooo /\Zip (1,77)

with n variables 71,22, - - ,Z, IS a monomial form.

Proof. Indeed if u1?2"/» are the homogeneous coordinates of a p—plane determined
by p independent vectors &{,&;,- -+, &), was

F=fNfN-Nfp, (1.78)
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1.4 Algebraically equivalence of exterior systems of equations 25

by asking

h=&u hH=8&u . f=%Eu (1.79)
Conversely if F' can be written in the previous form, fi, f2,---, f, being arbitrarily
given p linear forms, the Pliickerian coordinates u/12"» of a p—plane determined
by the vectors &{,&},---,&). 8 O

We can now apply the conditions found at Paragraph No. 10. Especially for a
system of quantities #//* antisymmetric with respect to the three indices i, j, k, are
the coordinates of a 3—plane, it is necessary and sufficient that we have relations

ik — kg hlmigh ki khm ) jm kb
(i,j,khlm=1,2,-- n). (1.80)

We obtained in previous issues the linear equations to be satisfied by Pliickerian
coordinates of a p—plane for this p—plane is a solution of a given exterior system
of equations, must, to be complete, add to these linear relations quadratic relations
which express that these coordinates are those of a p—plane.

1.4 Algebraically equivalence of exterior systems of equations

16. Ring of exterior forms. We call ring determined by a number of 4 homogeneous
exterior forms in n variables Fi, F», - - - , F;, all the exterior forms

P=F NG +PBAQ*+-- +F A", (1.81)

where ¢’s are homogeneous exterior forms subject has the sole condition that the
terms [F;¢'] of the second member the sum of the degrees, positive or zero, the two
factors is the same for all terms.

It is obvious that any form @, the ring determined by given A forms Fy,F>, -, Fj
vanishes for any solution of system

F=0, /=0, -, F,=0. (1.82)

But the converse is not always true. We will give a rather general case in which
the converse is true, and then we will indicate an example that uses the default
reciprocal.

Theorem. For an external form @ vanishes for any solution of system of linear
equations

8 The linear relations u'12"»—kz; give the necessary and sufficient conditions to be satisfied by so
that the quantities z; hyperplane zju! +zou? + - - - 4 z;u* = 0 contains considered p—plane.
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Fi=0, Fb=0, ---, F,=0, (1.83)

must be independent and sufficient that @ belongs to the ring determined by
the F; forms. In addition the necessary and sufficient condition for that ®
belong to this ring is that the form Fy NFy \--- N\ F, A\ D is zero.

Proof. We have already seen that if @ belongs to the ring in question, the form
@ vanishes for any solution of linear equatione (1.83). The condition is necessary;
indeed reduce by a change of variables forms F; with variables u',u?,--- ul's to say
that the form &, vanishes when one annuls the variables u!,u?,--- ,u" is to say that
every monomial of & contains at least one factor variables u',u?,-- ,u". Denote by
¢! then the coefficient of u! in the set of terms of the variable containing u!, once
we have passed u! first in each of these terms; denote by ¢ the form obtained in a
similar manner compared to the variable u? starting from the form @ —u' A ¢! and
so on, we will obviously

D=u'NQ' P ANPP+ -+ A" (1.84)

The first part of the theorem is thus proved.
Clearly then the form

FANBRN---NFpAND (1.85)

is identically zero, since by substituting expression (1.85), each term of the product
will contain two identical factors of the first degree and as a result will be zero.
Conversely if the form Fi AF> A--- F, A @ is zero and that we make it again, by a

suitable change of variables in order to have F; = u’ (i = 1,2,--- k) , any monomial
which enters into the expression can be all of different factors of u',u?,--- ,u", and
consequently will vanish with u',u?,--- u". O

18. Now consider the following example. Consider non-linear forms
F1:141/\u37 Fzzul/\u4, F3:u1/\u2—u3/\u4. (1.86)

All 2—plane coordinates u”/ annulling these three forms, taking into account the
quadratic relations

EN L N ) (1.87)
will have its coordinated u'? zero, meaning that it will satisfy the equation
o=u' Nt =0. (1.88)

It will be the same for all p—plane which cancels the same forms Fy, F;, F3, because
all biplanes contained in this p-plane to cancel the form @ is the form @ to annihilate
the p—plane.
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1.5 Associated system with an exterior system of equations 27

The form &, which vanishes for any solution of equations F; = F>, = F3 =0, not,
however, of the ring determined by the forms Fi, F>, F3.

Definition. We say that exterior system of equations is complete if every form which
vanishes for any solution of this system belongs to the ring determined by the first
members of system of equations.

19. Definition. Two systems of equations are called exterior algebraically equiv-
alent if the first members of equations of any of these systems belong to the ring
determined by the first members of equations of the other system.

It is clear that two algebraically equivalent systems admit the same solutions. If
a system is complete, any other system admitting the same solutions will be alge-
braically equivalent, the converse may not be true.

It is easy to form the most general system algebraically equivalent to a given
system. Consider for example the system of degree three

F = Al,-u’: =0,
F,=Au' =0,
b= %B,-j W Aul =0, (1.89)
Y= %CijkuiAujAuk =0.
Suffice it to form the equations
Fi =aF, +bF =0,
F:zza’F1+b'F2:O, (1.90)

c?zccb—i—a)'/\Fl—i—a)z/\Fz:O,
=W+’ NP+y' ANF+y>ANF =0,

where a,b,d’, b, c,h are constants (ab’ —ba' # 0, c # 0, h #0) and ®', 0%, ®> are
of arbitrary linear forms, y!, w2, exterior arbitrary quadratic forms.

1.5 Associated system with an exterior system of equations

20. We have already considered (Paragraph No. 8) that have so called the associated
system with an exterior form. We now define the associated system associated to an
exterior system of equations.

Definition We say that a straight line A from the origin is a characteristic for a
exterior system of equations X if be a solution of this system and moreover, given a
flat variety V, solution of the system X, the smallest flat variety containing V and A
is also a solution of X.

We will seek the necessary and sufficient conditions for a line of parameters is
characteristic for a given exterior system of equations.
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Given an system X, we assume, for simplicity, of degree three

FaEAaiMi:O, (a:172,"'ar1)7
@aE%Baijui/\uj:O, (x=1,2,---,1r), (1.91)
qlazécaijkui/\uj/\uk:o' (a:1727"'7r3)'

For a line (&') is characteristic, it must satisfy three types of conditions (Paragraphs
No. 13 and 14):

1) It must be itself a solution of X, that is to say, it annuls the forms Fy:
Agil'=0  (a=1,2,---,r); (1.92)
2) It should be that given any straight line (uh) which is a solution of X, the 2—plane
determined by this line (') and the line (§') annuls forms P, that is to say that
we have
Agij'§’ =0 (a=1.2,,n); (1.93)
whenever components u' satisfy in r; relations

Agt =0 (B=1,2,-,r); (1.94)

3) For any 2—plane with coordinates z;ij which is a solution of X, the 3—plane deter-
mined by this 2—plane and line (£') must annuls the forms ¥ ; thus, coordinates

of u'/* of this 3—plane must be
uh =yl ER — R ET IR ET, (1.95)
So we must have
A& =0 (a=1,2,---,r3); (1.96)

whenever the coordinates given u”/ 2—plane satisfy the nr| + r, relations

{Aﬁf"’.l._ABi"’z = =AU =0 (B=12,-,11); (1.97)
Ayiju! =0 (y=1,2,---,n).

These necessary conditions are sufficient. V is indeed a p—plane solution of the
system X and W be the (p + 1)—plane determined by V and the line &'. For this
(p+ 1)—plane satisfies the system X if and only if every triplane contained in W is
a solution of X. But it is indeed the case if it belongs to the triplane V, otherwise it
is determine the line (£7) and V contained in a biplane, biplane this is therefore a
solution of X, and the conditions for the triplane is a solution of X are specifically
provided by the equations (1.92), (1.93) and (1.96) from which we take into account
(1.94) and (1.97).

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah
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Conclusion. For a the line (') is characteristic for system X, it is necessary
and sufficient to satisfy the equations (1.92), (1.93) and (1.96), the coefficients
u' which are in equations (20) being subject to the sole condition to annul the
forms Fy, and u'/ coefficients which are in equations (1.96) being subject to
the condition to satisfy

1) quadratic equations that express that these coefficients are the coordinates
of a 2—plane ,
2) to equations (1.97) that express this 2—plane is a solution of X.

They would see how easy search of characteristic lines would if the system was
to give any degree.

21. Associated system to an exterior system of equations. Suppose to the conditions
(1.97) to be satisfied by quantities «”/ which are in equations (1.96) not adding the
quadratic equations that express the u are the coordinates of a biplane. We will &/
for a system of conditions (1.92), (1.93) and (1.96), which may be less restrictive
than those in extracts, which give the lines characteristic. We can demonstrate that

the conditions obtained new exterior forms that express u',u?,-- -, u",
- Fy, 0Dy, ek 2
é aul ) é aul ) é aul ) ( )

which belong to the ring of forms Fy, Py, ¥y, that is to say, the ring system X.

Definition. We call associated system to an exterior system of equations X, the
set ofall linear equations E',E?,--- | E™, which any exterior form expression
f’ ui» where H is an arbitrary first member of X, belongs to the ring of given
system.

The system associated to an exterior form F, introduced in No. 8, can also be

defined as the set of linear equations in E1,E2,... ", that express the considered
form é’ - in exterior form u',u?,--- | u", is identically zero, that is to say up to the
ring F .9

22. We easily see that both systems have the same system algebraically equivalent
associates and also associates the system is intrinsically linked to X. We will prove
the following theorem:

9 Examples of cases where the system is less restrictive than associated system that provides the
characteristic lines, let us consider the equations of system X (cf. No. 18) u! Au® = u! Au* =
' Au? —u® Aut = u! Au? A —ud Aut Aud = 0. Tts associated system is £ = 2—53—54—
&= 56 0, while the its characteristic lines are provided by the equations £ = E2 = E3 = E4 =
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Theorem. If the system associates has rank p and, by a suitable change of

variables, reduces to the equations E' = E2 = ... = EP = 0, there is a sys-
tem algebraically equivalent to X in the equations which only includes the
variables u',u?,- - ,uP.

Proof. Let us consider the the line of which all parameters &' are zero except P =
1. Forms % which are constants, can not belong to the ring of X, if they are null:
the F,, does not contain the variable x”*!. Forms

0P, Pl
@ = Py —uPTIA aupfl , =, — Pt A aupzl , (1.99)
0Dy

obviously does not contain the variable «”*!. Now the form belonging to the

Juptl
ring of the form Fy and the form % to the ring of Fy, and @y, the system

FOCa ¢067 ':POH (1100)

is algebraically equivalent to X: or equations of this system does not contain u?*!.
One could also get step by step system algebraically equivalent to X and containing
only the variables u!,u?,--- ,uP. O

Remark. The integer p is obviously the minimum number of variables with which
the equations can be written as a system algebraically equivalent to X, because if
such a system not involving that g < p variables, its associated system that is the
same as that of X is at most rank g. We see more tan the minimum number p vari-
ables involved in a system algebraically equivalent to X are determined as a whole.

Particular case. If the system X is only of order two, we easily see that the asso-
ciated system is obtained by adding to first-degree equations of X, the associated
system of equations r, forms

FIABA-AF APy (0=1,2,--- 1)), (1.101)

equations which are obtained by setting the derivatives of order r| + 1 of the first
members.
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Chapter 2
Exterior Differential Systems

2.1 Definition. Exterior Differential

23. Consider an n—dimensional space, or at least a certain area & of this space. We
assume that this is the Euclidean space, although this is by no means necessary, but
this hypothesis will at least simplify the language. We denote by x',x%,--- ,x" the
current coordinates. We will call exterior differential form of degree p an exterior
form in which the variables will be the differential of dx',dx?,-- -, dx", the coeffi-
cients being functions of the coordinates x',x%,--- ,x" defined in the domain 2. A
differential form of the first degree, or linear, will thus be written as

a;(x)dx’, 2.1

a quadratic differential form is written as

1 , .
Eaij (x) dx' Ndx/, (Ll,'j = —aj,'), 2.2)
and so on.
By abuse of language that will be convenient, we will consider a function of
x!,x2,--- x", as a differential form of degree zero.

By a change of coordinates, which translates aur variables dx' by linear substitu-
tion of determinant not zero, any form of external differential degrh p changes into
another form of differential same degree. It must be assumed that the new coordi-
nates naturally admit partial derivatives with respect to the former.

24. Exterior differential of a differential form. If the form is of degree zero, that is
to say a function f(x), its exterior differential is by definition its ordinary differential
df.

The exterior differential of linear differential form

o = a;dx' (2.3)
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32 2 Exterior Differential Systems
is by convention, the second degree form
do = da; Ndx'; 24)
same for exterior differential form of degree two
0 = a;j dx' Ndx’ (2.5)
we have
do = da;; Ndx' Ndx!, (2.6)

and so on.

This definition assumes that the coefficients of the forms considered admit partial
derivatives of first order, but we shall see that there are cases where we can define
the exterior differential of a form, even if the coefficients are not derivable.

General Definition. [f @ is an exterior differential form of order p

w = Eailiz...ip dxll /\dx’z /\"'/\d-xlpa (27)

its exterior differential d® is

1 4 ) .
0 = —dajiy...i) Ndx" Ndx? A\ --- Ndx'P. (2.8)
p! !

25. The previous definition needs to be legitimized and we will prove the following
theorem.

Theorem. If a differential form (x,dx) is transformed by a change of co-
ordinates to the form ®(y,dy), the exterior differential d® of the form ® is
transformed by the same change of coordinates, the exterior differential dm of
the form .

Prior to the demonstration, we will demonstrate some lemmas, however impor-
tant by themselves.

Lemma L. The exterior differential of the differential of a function f(x) is zero.

Proof. Indeed, let the exterior differential form @0 = % dx'; Tts exterior differential
is by definition has the form
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2.1 Definition. Exterior Differential 33

of i 0f
do=d(55) i = 555

dx/ Ndx'; (2.9)

the second member is zero because of the symmetry of coefficients of dx’ A dx/
relative to their indices. U

Lemma II. The exterior differential of the exterior product of two forms ,
o respectively of degrees p and q is

d(OAND) =doANB+(—1)’ o ANdG. (2.10)

Proof. ! Indeed, let

1 . . . 1 . ) )
O = —djyiy.i, dx'" Ndx? N Ndx', o= *bjljzqu dx!" Ndx N+ Ndxe.

@2.11)

then, we have

1 ‘ . . .
OND = W“i}iz"-ipbhjz‘"jqull Ao ANdx'? Ndx!V N+ ANdxle, (2.12)

and, then
d(OAD) = ——d(aiiyi,bj, jpj,) NAXT N+ Ndx'? Adx! A+ Ndxa, (2.13)

plq!

Now we have d(ab) = bda + adb, from which

d(OAB) =——bj jy...j, daiiyiy NdX A+ AdX'? NdX!V A+ Ndx's

plq!

1 4 . . .
ity iy by jy NAXY N NP NAXT N N (2.14)
plq!

The first sum of the second member is none other than the exterior product dw A @;
as to the second sum, it is multiplied by (—1)” if one puts the factor db, j,...;, after
the pth factor dx'», and it becomes equal to w A @; and, we deduce the formula
(2.10). O

This lemma generalizes to the product of any number of factors. It has for exam-
ple

dABAY)=doANBAx+ (-1’ ordDAx+ (-1 M or@dAdY, (2.15)

! In the particular case where one of the forms is of degree 0, that is to say a function @, we have
d(aw) =daAo+ado,and d(aw) =dwAa+(—1)’ ® Ada.
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34 2 Exterior Differential Systems

assuming @ of degree p and @ of degree q.

26. Come now to the proof of the theorem. Consider a differential form of the
second degree, and

o = a;jdx’ Ndx’! (2.16)

be one of the terms of this form. Express the variables x’ by new variables y'. The
term in question is an exterior product of three factors, the first a;;, is a form of
degree zero, the second and third are linear forms. We will therefore, passing to new
variables y' and calling the resulting form as @, we have

dOA =da;j Ndx' Ndx! +ai; A\ (ddx') Ndx! —a;j Adx' A (ddx)); (2.17)

but by Lemma I, the exterior differential of dx’ and dx/ are zero and consequently
the form d® is obtained by substituting in the expression da;; A dx' A dx’, whose
coordinates x' are functions of y'. (]

27. One could, in regard to linear differential forms @ = a;dx' attach the exte-
rior differentiation to the notion of covariant bilinear. Introduce a second symbol
of differentiation 8, we consider the symbols dox’, as preveusly we can look, and
consider the symbols 8dx', to constitute two new sets of variables; but we can agree
that the variables §dx' identical to variables d8x': this convention is legitimate in
that it is respected by a change in any variable, as expressing the new variables y’
based on the old ones x', was

i ayi i i 2° y o
dy' = 7 dx’, Sdy' = o — 5 Ox d)/‘+ 5dx (2.18)
and
) 4 2%y
8y = 3yk 8, ddy = 5E ! 5d}¥‘+—d5x 2.19)

comparison of 8dy’ and d8y' shows immediately their equality, taking into account

2
the properties of symmetry of second derivatives with respect to 5~ k a =57 two indices
derivation.
Given this, denote by @(d) and ®(9) the differential form given, depending on
whether one uses the symbol of differentiation d or 8, and take the expression

d(0(8)) — o(d(8)) = d(a;6x") — 8(a;dx")
= da; 5x' — Sa;dx' + a;(dSx" — Sdx"). (2.20)

We obtain an alternating bilinear form with two sets of variables dx’ and §x'. In this
alternating bilinear form, which can be written

gy
’da, dx ’ 2.21)

Sa; 8x'
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2.1 Definition. Exterior Differential 35

is associated with the exterior form da; A dx, which is nothing other than what we
called the exterior differential of the form a;dx’. The intrinsic character (covariant)
clear expression dw(8) — §w(d) implies immediately the intrinsic character of the
form da; A dx'.

One could also associate with the quadratic exterior differential form @, exterior
alternating 3—linear form

d10(dy,d3) —dro(dy,d3) + d30(d,,d>), (2.22)

where three symbols of differentiation changed between them.

28, Theorem of Poincare. The exterior differential of the exterior differential
of a differential form is zero.

Proof. The proof is simple. Just check the theorem on monomial form ® = adx' A
dx* A --- AdxP; In this case, we have do = da Adx! Adx* \--- AdxP since each
factor as the second member is an exact differential, the formula for the exterior
differential of a product makes the theorem obvious. (|

Take, for example, as verification, the form

o =Pdx+Qdy+Rdz; (2.23)
then, we have
do=dPANdx+dQANdy+dRNdz (2.24)
JR J0 JP OR J0 OJP
(Ty az)d Nz +<8Z 8x)d Ndx +(8x dy )d Ady.

With exterior differentiating second times, we obtain the cubic form d(do)

d(glj—%Q)/\d /\dz—l—d(g——g—R)/\dz/\d +d(‘?§—3‘:)mx Ady
d (OR 9 oP 9 20 9

:{(9)6<8§_£>+8y(3§_8§)+(91(3§ alyo)}d“d“‘lz

_o. (2.25)

The Theorem of Poincare admits an inverse which we do not have the rest to serve
us, and reads the statement.

Theorem. Given a differential form of degree p whose exterior differential is
zero, defined within a domain 9 homeomorphic to the interior of a hyper-
sphere, there is a differential form of degree p — 1 defined in this field, and is
given the shape of which the exterior differential.
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36 2 Exterior Differential Systems

Suffice it to verify the theorem for p = 1. The form (2.23) for example has its
exterior differential zero if we have, from (2.24),

JdR 0 dP OR d dP

———Q:O, ——-—=0, 90 _9F _y, (2.26)

dy 9dz dz dx dx dy
or are the necessary and sufficient conditions for the form Pdx+ Qdy+ Rdz is an
exact differential, that is to say the exterior differential of a form of degree zero or a
function f(x,y,z).

2.2 The exterior differentiation and generalized Stokes formula

29. The classical formulas of Cauchy-Green, Stokes and Ostrogradsky show a re-
markable link between the operation of exterior differentiation and integral calculus
operation which consists in passing an integral calculated on boundary of one do-
main of (p+ 1)-dimensional space equal to an integral calculated on this domain.
For example, consider the formula Cauchy-Green

f Pdx+Qdy = // ?;f 81; dxdy, 2.27)

in which the first member is a line integral calculated on a closed contour C of the
plan and the second member is an integral double-calculated on the area A bounded
by the contour. As the differential of exterior form w = Pdx+ Qdy is seen that the
Cauchy formula can be written as

20 JP

dw = dP Ndx+dQ Ndy = (a 5
X

)dx/\ dy, (2.28)

we see then, that the Cauchy formula can be written as

]iP“’ = /Ad(o. (2.29)

Note however that for this formula has a sense, we must orient line C and the
area A in a consistent manner, the sign of each the integrals being defined only by
specifying the direct on line and on the area which are applied. In fact here the
rule is as follows: It first directs the area A willingness to agreeing that the area of
the parallelogram constructed on two vectors ej,e,, arranged in the order e;,e; is
positive; the direction for the line C is as follows: there is a vector e; at each point
of C leads outside the area and it then leads the vector e,, tangential to the contour
C so that the (e;,e;) is positively oriented system.

The Stokes formula starts also in the form (2.29) for taking the form @ (2.23)
and dw for the form (2.24), the first integral is extended to a contour C bounding
a surface portion A, the second integral is extended to the surface portion; there
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2.2 The exterior differentiation and generalized Stokes formula 37

also to the choice of consistent guidelines for the contour and the area, which is,
by changing those things which need to be changed, one that was suitable for the
Cauchy formula.

Finally Ostrogradsky formula has the same form (2.29) by setting

® =PdyNdz+ QdzNdx+RdxNdy,
do=dPNdyNdz+dQNdzNdx+dRNdxN\dy, (2.30)

= (% + aag + %f)dx/\dyAdz;

the integral [ o is extended to a closed surface S limiting volume V and the integral
Jdw is calculated on this volume. The guiding question is resolved as follows: It
directs the volume by building a trihedron ey, e>,e3 we should call the right handed
trihedral, and the volume of the parallelepiped oriented built on the three vectors
e}, ey, e3 will be measured positively. To orient the surface S, will be conducted by
a point M on this surface ej,e,, e3 have three vectors form a right handed trihedral,
the first being outside the volume V, the two other tangent to the surface S, then it
must be admitted that the area of a parallelogram oriented constructed on e, and e3,
is as positive, which orients the surface.

It shows that, with similar orientation conventions, we have a most general form

of Stokes formula
/w:/dw; (2.31)

the first integral is calculated on the boundary dQ of a (p+ 1)—dimensional domain
Q, and second integral calculated on that domain £, in other words, this domain
covers the domain of the second integral.

30. If the exterior of a differential form @ of degree p is zero (we will say with
de Rham that this form is closed), the integral [ @ calculated on the boundary of
any (p + 1)—dimensional domain is zero. When the conditions that we have im-
plicitly allowed to form the exterior differential are not realized (differentiable co-
efficients), it may happen as the integral [ @ calculated on the boundary of any
(p+ 1)—dimensional domain is zero. More generally, given a form @ of degree p,
if there is a form dw of degree p+ 1, such that the generalized Stokes formula (2.29)
is valid for any (p + 1)—dimensional domain A, we can say that do is the exterior
differential of the given form @, even if the coefficients of w are simply continuous
functions.

31. One can easily demonstrate the Poincare theorem in a case where the coef-
ficients of the exterior differential dw of a form are not differentiable: it suffices
to assume the existence of this differential. Indeed suppose a form @ of degree
p; the generalized Stokes formula tells us that the integral [ @ calculated on any
(p+ 1)—dimensional domain is equal to the integral [ d® calculated on the bound-
ary of this area. Thus, let X be a closed (p + 1)—dimensions variety; divide it in two
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38 2 Exterior Differential Systems

parts Z; and X, by a closed p—dimensional variety boundary C; the integral [d®
calculated on the X,

and the integral [do calculated on the X, are equals, and equal to the integral
J dw calculated on C, but the first one with a certain orientation of C, and the second
one with the opposite orientation. The total integral [ @ calculated on X is zero: the
form dw is closed, which expresses the same theorem of Poincare.

32. It can be shown as the converse of the Theorem of Poincare stated in No. 22.
We will limit ourselves to the case p = 2, which will be enough to understand how
the demonstration can be done in the general case.”
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Chapter 3

Exterior differential systems, Characteristic
system

3.1 General facts. Completely integrable systems

35. Differential systems we propose to study are obtained by annulling a number
of functions of n variables x!,x2,-- - x", which we always consider the coordinates
of a point in n—dimensional space or an domain & of this space, and a number of
exterior differential forms defined in this area and may have any degrees. We will be
forced, in the general case, to assume that essentially functions that are introduced
are analytic, and we also assume in the real domain (See for details in relation the
analytical functions of real variables, G. Valiron [26]). The problems which we will
ask knots and theorems which we will always have to demonstrate to local character.
Clearly tied will reserve the right to make changes of coordinates, but in problems
where analytical data is assumed, the new variables will necessarily be analytic
functions of the former.

36. The differential systems of linear equations have been studied extensively. Let
Oy = Agidx' =0, (@=1,2,---,r) 3.1

are the equations of such a system, we assume that the linear forms 6, are linearly
independent, whenever the variables x' in the coefficients Ay, has generic values.
We say in general that the point (x') of space is generic if the rank of the tableau of
coefficients Ay; at this point is equal to .

We call integral manifold of system (3.1) a variety defined by a number of re-
lationships between variables and such that the relations between the variables and
relations that deduced by differentiation forms 6, vanish identically. This naturally
assumes that the first members of equations of the manifold are differentiable.

In particular, consider the integral manifolds with dimension n — r. If there seek
an integral manifold of this species passing through a point M, given generic coor-
dinate (x'). Suppose that at this point the determinant of degree r built with r rows
and r last columns of tableau Ay; is different from zero. Near this point the equa-
tions (3.1) can be solved with respect to differential coordinates », which we call,
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40 3 Exterior differential systems, Characteristic system

for convenience, z',z2,- -+ ,z". We see that the integral manifold, if it exists, may be

defined by giving the functions z!,z%,--- ,z" of x!,x?,--- | X", in a suitable manner.

37. Theorem 1. [f there is an integral manifold passing through a given
generic point , it can be obtained by integrating a system of ordinary differen-
tial equations and integral this variety is unique.

Proof. Letx',---  x" (h = n—r) be the coordinates of a point of a 1—dimensional
Euclidean space and denote by O, a point of this space with coordinate x},x3, -+ - , xl.

We put inside of the hypersphere X with center O and radius R of this space and con-
struct some different rays of the hypersphere from point O, each being determined
by the parameters a',a”,--- ,a" the unit vector carries with him. Integral required
for any variety, the z* (o = 1,2, - - - , r) are functions of the coordinates of the stream

interior of X, these coordinates can be written as
=d'r, P=dk, - =d4, (0<r<R). 3.2)

By moving along a radius, the unknown functions satisfy the equations z*/pha ob-
tained by replacing, in the forms 8y, x’ by @'t and dx’ by a;dt. This will provide a
system of ordinary differential equations

dz® a1 2 h
7:‘]5 (a Y, ,a 7t)v (azlvzv"'vr)v (33)

that will integrate with the initial conditions

="y for X = (x)o. (3.4)
For each ray we are sure that the integration can be done for a certain interval
(0,19), to is a continuous function of a', a*,--- ,a"; ty admit therefore a lower bound
will be reached: this is the lower bound that we take the value of R.
Thus we see that if there is an integral manifold for (n — r)—dimensional passing
through the My, it is given, within the hypersphere X, by integrating a system of
differential equations ordinary and it is unique. (]

36. Definition. Completely integrable differential systems. - The system (3.1)
is called completely integrable if it goes an (n — r)dimensional integral man-
ifold, through each generic point of space and a sufficiently small neighbour-
hood of this point.

We, in the preceding number, saw how one could find this integral manifold in
case it exists. To find the conditions for complete integrability of system (3.1) make
the following remark, which will play a fundamental role in the general theory of
differential systems, which could not be easily shown that any variety that annuals
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3.1 General facts. Completely integrable systems 41

a differential form exterior, at the same time annuls the resulting form by exterior
differentiation. Any integral manifold of system (3.1) must annihilate the r forms
6,. But if we calculate these forms we can, instead of expressing them as quadratic
forms of dx',dx?,--- ,dx" dz' ,dz?,--- ,dz", be expressed as quadratic forms of the
following r independent forms on a neighbourhood of M,

dx',dx?,--- dx",0,,6,,--- .6, (3.5)

Therefore, we have formula
1 . . . 1
@00 = 5 Caijdd N/ + Diydx' N6y + 3G 0, 16y, (3.6)

where in summation indices i and j vary from 1 to % and the indices of summation
A and u of 1 to r. Any integral manifold through M, which annihilate the forms 6y,
must annihilate the forms %Cai dx' \dx/ and hence, for any point of the manifold
in the neighbourhood of My, the coefficients Cy;; will be zero. As will be void
as whatever the initial values of the functions z% of x' = xf), we can conclude the
functions Cg;; must be zero in a sufficiently small neighbourhood of Mp; hence, we
have

Theorem. For the system (3.1) is completely integrable, it is necessary that
near any generic point of space, forms d0y, exterior differential forms 6y,
belong to the ideal forms of 0y. We can express this condition by writing the
congruency

dby =0 mod (61,6, ,6,). (3.7)

This can also be expressed in a more accurate, as we have already seen, by the
existence of linear forms @, regular near the point considered generic space and
such that we have

dOy = O NBL+ O NBE+---+ 6, NT,. (3.8)

39. Now prove the converse. Returning to the (n — r)—dimensional manifold de-
fined by the differential system (3.3) and passing through the point My, of coor-
dinates x! — 0,z§. If we replace the functions z%Ipha by their values based on the
arguments al ,t, we shall have, after the way in which it was obtained

Oy = Pyia,t)dd  (a=1,2,---,r); (3.9)
and also

@, = Q! (a,1)dt + Q' (a,1) dd* (@=1,2,---,r). (3.10)
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42 3 Exterior differential systems, Characteristic system

Relations (4) give us, in leaving to the two members that the terms containing dt,

0Py
ot

dt Ndd* = Py QX dd* A dt, (3.11)

or

P,
a?k + 08Py =0. (3.12)

For each value of index i, the r functions Py;(a,t), considered as functions of t,
satisfy a system of linear and homogeneous equations (which is the system remains
the same for all values of i); for t = O functions P,; are all zero since, for t = 0,
the functions x’ and z% are fixed and independent of aF, their differentials do not
contain, when we make ¢ = 0 in the coefficients, the term in da' , daz, e ,dah.

The initial values of unknown functions Py; system (3.6) being zero, these func-
tions are identically zero and therefore the variety determined by integrating the
equations (3.3) vanishes identically forms 8, so it is an integral manifold.

We will express this result as follows:

Theorem. For the system (3.1) is completely integrable, it is necessary and
sufficient that near any generic point of space, forms d 0y, exterior differential
forms B, belong to the ideal generated by these forms 0y,

41 Note L. The condition of complete integrability only requires the existence of
an integral manifold for (n — r)—dimensions through a generic point of any space,
and it was only in the neighbourhood of a generic point that the forms d6,, must
belong to the ring of forms 6. It may be not the same in the neighbourhood of a
point non-generic. Thus equation 0 = xdy — ydx = 0 is completely integrable, as
any ordinary differential equation. But we can not confirm the existence of a form
linear @ = Adx+ Bdy, regular and continuous in the vicinity of any point gives the
plan and such that d60 = 6 A @, or

2dxNdy = —(Ax+ By)dx Ady; (3.13)

in effect for x = y = 0, we can not have 2 = —(Ax+ By).

Note II. You can put the completely integrability condition in a general form which
does not require specially consider the case of each generic point. Indeed equations
(3.8) result relations

O AN ABAdO,=0  (a=12,-,r); (3.14)

vice versa, from these relations it follows that, on a generic neighbourhood of each
point, for which the linear forms 6;,6,,---, 60, are independent, the exist forms
@ eta satisfying the relationships (3.8). As any point. non-generic can be regarded

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah
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as the limit of a sequence of generic points, the relations (3.14), being true for any
generic point, by continuity will be true also for any point other than generic.

Relations (3.14) therefore give the necessary and sufficient conditions of com-
plete integrability of system (3.1), and in a form generally more convenient than
those initially indicated.

Note III. If the system is completely integrable, there are r independent functions
¢;(x',x%,--- ,x") defined on a neighbourhood of a generic point of space and which
remain constant on any integral manifold (first integrals of the system), so that the
given system is equivalent to the system d¢; == d¢ = --- = d¢@, = 0. The converse
is obvious.

Note IV. Everything that has been said does not imply the analyticity of the coeffi-
cients Ay; given equations, but only the existence of these coefficients for continuous
partial derivatives of first order;! the reason is that the search of integral manifolds
is reduced to the integration of ordinary differential equations.

3.2 Closed differential systems. Characteristic system

42. Let us take a differential system obtained by annulling a number of exterior
differential forms, some of which may be of degree zero, i.e. some functions of the
variables. A solution of such a system may be regarded as representing analytically
a variety of n—dimensional space, which we call integral manifold; it will be defined
by a number of relationships between variables so that these relations, together with
the linear relationships between the differential dx',dx?,--- ,dx” we deduce by dif-
ferentiation, vanish identically differential forms which are the first members of the
given system of equations. It is clear that any solution of the integral manifold is
given system, which would be added all of the equations obtained by differentiating
of the equations exterior system, because if a differential form is zero, its exterior
differential is zero by itself. The new differential system obtained can obviously be
extended by the same process, after the theorem of Poincaré.

42. Definition. A differential system is said to be closed with respect to
the operation of the exterior differentiation, or, more simply, closed, if the
exterior differential equations of the first members of system belong to the
ideal determined by these first members.

Clearly, if we extend a system by adding the equations obtained by exterior dif-
ferentiation, we obtain a closed system, since the exterior differential of the first
member of an equation of the new system is zero or is a first member of the system.
This derived system from the given system is called closure of that system.

! The existence of these partial derivatives is necessary to ensure the existence of forms 6.
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We see easily that if two differential systems are algebraically equivalent systems
that come from their closure are algebraically equivalent. Based on considerations
of No. 41, we see that the system derived from the closure of a given system ad-
mits the same solutions that this system, whatever the size of the integral manifolds
considered . As a result:

Principle. The search for solutions of a differential system can always be
reduced to finding solutions of a closed differential system.

43. Characteristic system of a differential system. We saw in Chapter 1 that a
system of equations can always be expressed outside, making necessary a change of
variables and replacing as necessary the system given by an algebraically equivalent
system, using a minimum number of variables; this number is well defined and is
given by the rank of the associated system; on the variables, are linear combinations
of original variables, which equalled to zero, provided the associated system.

When there is an exterior system of differential equations, one can equally won-
der if we can not make a change of variables and replace the system by an alge-
braically equivalent system so that the new system does involved in both its coeffi-
cients in the differential therein, a minimum number of variables. We will see that
this is possible and the solution of the problem is provided by the consideration of
the system characteristic.

42. Definition. Characteristic system of a given differential system is the
differential system associated with the closure of system.

We will demonstrate the following theorem:

44. Theorem. The characteristic system of a system X is completely inte-
grable differential. If in addition y',y?,--- ,y’ be a system of independent first
integrals, then there is a system algebraically equivalent to X, constructed
by the differentials dy"',dy*,--- ,dyP, where the coefficients being functions

ylvyza"' 7yp'

Proof. We assume for simplicity, which essentially does not restrict the generality,
that the system X contains no ordinary function of x' x%,--- ,x". It is enough to
demonstrate the theorem in case the system X is closed. System is therefore defined
by the following equations, we assume the degree < 3, such as
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G(X EAmdleO, (a:1127.“7r1)7
1 . ;
Ou = EAaijdx’ ANdx! =0, (0=1,2,---,m), (3.15)

1 , ,
Vo = gAaijkdx’/\dx’ ANdX* =0, (a=1,2,---,r3).

If the rank of the system characteristic is equal to 7, the theorem becomes trivial.
If this rank is an integer p < n, add to the system characteristic equation, if p <n—1,
other linear equations number n — 1 — p are mutually independent and independent
of the first. We obtain a system of ordinary differential equations which we can
assume, with a change of coordinates, if necessary, the variables dx! , dx2, e ,a’x"—1
can be integrated first.

First we know that we can find a algebraically equivalent system to X and do not
include the differential dx" (No. 22).

Suppose this result already reached, the first members of equations (3.15) not
involving dx". We notice then that the derivative with respect to x” any of these
early members, @, for example, is simply the derivative of the form d¢”, compared
to dx", and hence belongs to the ring system. We thus have the congruencies

d

WB(ZEO; mOd(GlaGZa"'aerl)v

d

WQ)QEO, mod (@1, ,Pr,, 01, ,6,,), (3.16)
d

ww& EO7 mOd(ll/h“' 7Wr33¢17"' 7¢I’27617”' 76r1)~

The first congruency (3.16) can be written as

0
ox"

6o = He 6. (3.17)

Consider then the system of ordinary differential equations

27%

o = bz, (3.18)
the coefficients Hg are functions dx',dx?,--- ,dx". Let ZEXI),ZEXZ), ‘e ,zE{l) be 71 in-
dependent solutions of this system. There are independent linear forms of x", for
example 6;,0,,---, 6, , such that we have

O = 012y + 6225 + -+ .6, 200); (3.19)

but the system of equations 8 = 0 is equivalent to the system of equations § = 0

whose first members do not involved x” or dx". As a result, we can assume, replacing

a system by X algebraically equivalent, that forms 6. do not contain x" nor dx".
Pass to the form ¢,. We have
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a ¢a
ox"

— Khgp + @Y N6, (3.20)

where @, is the linear forms not containing dx” and 0y, not dependent to x" or dx".
Consider this time the system of differential equations

d

u
anf:Kgu,;, (@=1,2,-,r) (3.21)
and a system of 7, independent solutions af,ﬁ’ (i=1,2,---,m). Let

Pa = Pp al), (3.22)

where ¢ﬁ* is new exterior quadratic forms. The system (3.20) take the form

d
W(l)a = (Gfﬁ)*/\eﬁ. (3.23)

If we denote by xg a primitive function of (wﬁ)*, considered as a function of x",
see that the form knotted

0% — x5 A 6y (3.24)

not depend on x" or dx". But the system 6y = ¢,/pha* is algebraically equivalent
to the system 0y = @,/ pha = 0. We can therefore suppose, substituting X with an
algebraically equivalent system, that the first members of equations of the first and
second degree system (3.15) does not depend on x" or dx”.

We will continue in the same manner for the first members of equations of the
third degree and step by step we will thus show the existence of a system alge-
braically equivalent to the given system and whose equations do not involve x" or
dx".

If p < n—1, should be repeated on this system on the same reasoning as X has
wide algebraically equivalent system in which only appear as n — 2 variables and so
on, until we come to a system in which p variables and their differentials does not
appear.

The theorem is then shown. For if the p variables are y',y?,---,yP, then the
characteristic system is

y'=0,2=0,,)y=0; (3.25)

it is completely integrable and its most general integral manifold is obtained by
matching y',y?, - -,y to arbitrary constants.
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3.2 Closed differential systems. Characteristic system 47

It is also obvious that you can not find system algebraically equivalent to the
given system and involving less than p variables and their differentials.? |

We will call class of a given exterior system of differential, the rank of the char-
acteristic system.

45. Definition. Characteristic variety is called any (n — p)—dimensional so-
lution manifold of the characteristic system.

The following property is obvious.

Theorem. Given an integral manifold V of any X system, the manifold ob-
tained by drawing through each point of the characteristic variety V which
passes through this point is also an integral manifold.

It follows in particular’

Theorem. If the integral manifold V system X is contained in any integral
manifold to a larger number of dimensions, it is generated by the characteris-
tic varieties.

Indeed if it were not so, the characteristic manifolds conducted by the different
points of an integral manifold V would generate a larger number of dimensions as
V.

46. If system X is not complete (No. 18) and we can complete it, it will feature the
system to a new characteristic system of X whose rank can only be reduced; if the
rank remains the same, the system characteristic is not changed.

Take as an example the system
dx' Ndx = dx' Adx* = diP Adxt — P dx' AdxP =0, (3.26)
which is closed by the new equation
dx' Ndx* NdxX® = 0; (3.27)

Its characteristic system is

2 Applying the theorem of No. 38 to show that the system is completely integrable characteristic
is an exercise in calculation is quite simple if the given system is linear. We leave this calculation
aside.

3 There would be exceptions to this theorem if, at all points of the integral manifold V, the rank
was characteristic of the system decreases. We would be dealing with a singular integral manifold.
An example is the singular solutions of partial differential equation of first order.
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dx' =dx* = dx’ = dx* = dx’ = 0. (3.28)

The system (3.26) is not complete, a complete system assuming the same solutions
as the system (3.26) was provided by the equations

dx' Adx® = dx! Ndx* = dd Adx* = dx! A dX* =0, (3.29)
Its characteristic system is

dx' = dx* =dx’ =dx* =0. (3.30)

3.3 Applications of Pfaff’s problem

47. Letus apply the above considerations to the case of a linear differential equation
(a Pfaff’s equation)

0=A;dx. (3.31)

The system consists of the characteristic equation (3.31) can be reached at which
the associated system of exterior differential dx', where we have replaced one of
its differentials have value of (3.31). This system is associated with even rank, it
follows the (3.31).

Theorem. The class of any linear differential equation is an odd number.

If this class is equal to 1, that is characteristic that the system reduces to equa-
tion (3.31), which is completely integrable. If Z is a first integral, the equation is
equivalent to dZ = 0.

Assume the general case, the class being 2p + 1. Let X, a special first integral
feature of the system. If we binding the variable n by the relation X! = C!, which
C! is an arbitrary constant: it reduces at least one unit of the characteristic equations
of the system and as the class is always odd is that this class is reduced to less two
units. Next, let X2 be a first integral of the new characteristic system, X 2 is a function
of x' and C! is a function of x’ also (if we replace C' by X!).

By linking the two variables by the relations

x'=c', x*=c? (3.32)
that is to say, the differential dx’ by both the class of relations

dx'=0, dx*=0, (3.33)

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



3.3 Applications of Pfaff’s problem 49

system will be further reduced by at least two new units. We will continue step
by step, there will exist p independent first integrals X', X2, --- X7 as if it binding
variables by the relations

x'=c', x*=c* ..., XP=cP, (3.34)

the equation 8 = 0 becomes completely integrable reducible due to the form dZ = 0.
This reduction is valid only because we assumed constant functions X*. If we do
suppose most consistent is that the equation 8 = 0 is reducible to form

dZ Y dX' —Y,dX*—---—Y,dX" =0, (3.35)

the coefficients ¥; being conveniently chosen functions of p given variables.
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Chapter 4

Integral elements, Character, Type, and
Existence theorems

4.1 Integral elements of a differential system

51. We propose in this chapter to indicate some existence theorems for integral
manifolds of a closed exterior differential system (we base that could always be
reduced to this case). These existence theorems solve in some cases what is called
the Cauchy problems, which we will clarify the statement. From this chapter we
will be forced to assume, as we have already noted, that the functions entering the
equations of the given system are analytic, while in the preceding chapter, it was
enough to admit the existence continuous partial derivatives up to a low order (1 or
2).

The theory we will develop was first created by E. Cartan for linear differential
equations, corresponding to closed systems containing differential equations of the
at most second degree. It has been extended, especially by E. Kaehler, to systems of
any degree.

52. The exterior differential systems that we have to consider are of the form!

fa(xlvxza"'7xn):0 (azlvza"'7r0)?

G(X EAaid)Cl:() (Oc:l,2,---,r1),
1 . .

9o = SAqijdx' Ndx) =0 (@=1,2,---,r), 4.1
1 , .

Yo = gAa,-jkdx’/\dx//\dxk =0 (a=1,2,---,r3),

The system being closed, linear equations d f,, = 0 must be among the equations
(4.1), or better the form d f, must belong to the ring of forms 0; as the same, the
exterior differentials d 8, must belong to the ring of forms 6, and ¢, and so on.

1 As in the preceding chapters, the coefficients Ag;j,Agijk, -, are assumed antisymmetric with
respect to their Latin indices i, j,k, - - -
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52 4 Integral elements, Character, Type, and Existence theorems

53. A key observation to make is about the equations f, = 0 contained in the
system (4.1). They define an analytical manifold ¥ whit a certain dimension p of
the n—dimensional space . We suppose, in a simple point of ¥, the rank of the matrix
of partial derivatives fy is equal to p (notice in passing that p can be less than the
number ry of equations fy, = 0, certain algebraic manifolds with n — p dimensions
front, for example, be defined by algebraic equations over p entries, if we do not
want to miss any of their points). The condition we have to impose the equations
fo = 0 would not be achieved if for example we had the single equation

F= (6 + )4+ ()2 = 1) =0. “2)

In this case the reasoning we have to fall into default later.

If the above condition is realized and if we place ourselves in a simple point x;)
of manifold 7, each equation d f; = 0 must appears among the equations 6y = 0,
which are p linearly independent equations, for example those corresponding to
rows of the matrix d f,/dx' = 0 of that enter the main determinant for x' = xi. Any
manifold satisfying these p equations d fo, = 0 and containing the point x, of ¥/, is
completely contained in ¥, at least in the neighbourhood of this point.

54. Integral plane elements.
We will call p—dimensional plane element the set of a point (xl,xz, --,x") and
a p—plane passing through that point. This point is called the origin point of the
element. A p—dimensional plane element with a given origin, can be set through
a system of n — p independent linear relations between x!,x?,--- ,x", regarded as
coordinates in a common Cartesian frame of reference that would have the point
(x') as origin can also define by p linearly independent vectors from the point (x')
or by its Pliickerian coordinates «/12""/» (No. 12).

A p—dimensional plane element is said integral if it satisfies the following two
conditions:

1) Its origin point belongs to the manifold ¥ (we can say that this is an integral
point);

2) The exterior forms which are in the first members of equations of the system are
annihilated by the considered plane element.

It is clear that, if a manifold is integral, each points of that is also integral and,
furthermore all its tangent planes elements are integrals. The converse is obvious.
It is natural to say that:

instead of study integrals manifolds, we can study integral plane elements.

55. When a p—dimensional plane element is integral?
This is a problem that we solved in Chapter 1 (No. 12-14). Let us briefly recall the
results therein.

An linear element with origin (x') and parameters u' is integral if the origin point
is integral and if the linear element () annihilates forms 6y, the first degree of
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4.1 Integral elements of a differential system 53
system (4.1):
Agit = 0. (4.3)

A two-dimensional plane element is integral if its origin is an integral if its Pliickerian
coordinates '/ annihilate quadratic exterior forms 8y Adx',---, 64 Adx" and that is
if the Pliickerian coordinates #'/ annihilate all exterior quadratic forms that belong
the ring of the system (4.1).> More generally:

A p—dimensional plane element is integral if its origin is an integral point,
and its Pliickerian coordinates u'\'2""'v annihilate all forms of degree p be-
longing to the ring of the given system.

56. Regular integral point, ordinary linear integral element.

Let (x') be a simple generic point of . The linear integral elements having this
point as origin are defined by the condition that their parameters u' satisfy the equa-
tions

Agid =0,  (a=1,2,---r). (4.4)

Let 59 be the number of those of these equations are linearly independent or the rank
of the matrix Ay;, when simple point (x) is generic. Point (x') will be called regular
if for this point the number of equations (4.4) independent does not less than of s.
An integral linear element called ordinary, if its point of origin is a regular point of
V.

The integer s is called the zero-order character of the system.’

Any regular point is necessarily a simple point of the variety 7, but the converse
may not be true. As the condition for a point of not being regular results in additional
equations for the coordinates of this point, any sufficiently small neighbourhood of
a regular point within the manifold ¥ contains only regular points. One can also
say that if a point of ¥ is not regular, every neighbourhood of this point inside of ¥’
contains an infinite number of points regular, since every point non-regular is limit
of an infinite sequence of regular points.

Note again that the number of equations that define a linear integral with a given
origin can never exceed s¢. Finally, for any point in space, integral or not sufficiently
close to a regular point, the rank of equations (4.4) is at least equal to sg and may be
higher.

2 Recall that the coordinates u/ annihilate a quadratic exterior form H;; dx' Adx/ if one has H;ju"/ =
0. The ring of the system (4.1) is determined by the ring forms 0y, @o, Wy, - - - Which appear as the
first members of equations (4.1).

3 If we solve the equations f,, = 0 over a number of variables x' manner as to leave in equations
(4.1) as n— p variables and their differentials, sy character would naturally be decreased accord-
ingly.
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54 4 Integral elements, Character, Type, and Existence theorems

57 Regular integral linear element, two-dimensional ordinary integral element.
Let (E1) be an ordinary integral part with parameters u'. To get some information
on two-dimensional integral elements containing (E;), we will form what is called
the polar element of (E): this is the place of linear elements (dx’) such that the
element plane determined by () and (dx) is integral. The conditions with which
the parameters dx’ are

Aaidxi:() (a:1727“'7r1)7 (45)
Agijdx’ =0 (a=1,2,---,r); (4.6)

these equations are what we call the polar system of (E}).

Let so + 51 the rank of the polar system of a generic ordinary integral element
(E1). This means that r; and r, equations (4.5) and (4.6) reduce to so + s indepen-
dent if one takes into account that the u’ satisfy the equations

Awui =0. (47)

The ordinary integral element (Ey) will be called regular if the rank of the
polar system does not drop below its normal value sy + s1. A two-dimensional
integral element will be called ordinary if it contains at least one regular lin-
ear integral.

The integer s is said first order character of a the given differential system.

Note that if so + 51 is greater than or equal to n — 1, the pole element of the
regular linear integral element (E;) reduces to that element itself. There is therefore
no evidence in this case two-dimensional ordinary integral.

It can be observed as in the preceding number that any sufficiently small neigh-
bourhood of a regular linear integral element within the range of linear integral
contains only regular elements.

58 Generalization.

Suppose so+s1 < n— 1. Let (E>) be an ordinary two-dimensional integral element,
defined for example by two linear integral elements () and (v/). The polar system
of (E) is formed of equations that express that the linear integral element (dx')
determines (E) a three-dimensional integral element. The polar equations of the
system are

Aaidxi:() (a:1727"'7r1)7
Agijuldx) =0, Agijvidx/ =0 (a=1,2,--+,1r), (4.8)
Aaijkuivjdxkzo (a=1,2,---,r3)

Let so + 51 + 52 be the rank of this system for an generic ordinary integral element
(E2). The ordinary integral element (E;) will be called regular if the rank of the
polar system does not drop dessourr of 5o + 51 4 57, and all three dimensiona integral
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element will be called ordinary if it contains at least one element integral regular
two-dimensional.

The integer s, is the character of order 2 for the given differential system.

If 5o + 51 + s2 is superior or equal to n — 2, the polar element (E;) is two dimen-
sional and there is no integral three-dimensional element which is ordinary.

Final element in a integral p—dimensional (E,) is ordinary if it contains at least
one regular integral element (E,_1), it at least one regular integral element (E,_»)
and so on, until to a linear regular (E}) to be regular for a point origin.

There is element of ordinary p-dimensional integral if one has

so+s1+-+sp<n—p+1 4.9)

59 Genus of a differential system closed.

There will come a when will exist no ordinary integral element of a certain dimen-
sion, 1+ 1. The integer % is called the genus of differential system and is the first
integer for which

So+Si+--+s,=n—h. (4.10)

There are regular integral elements in /2 dimensions, but there is no element at
integral ordinary /2 + 1 dimensions.

Integers so, 51,52, - -, are the characters of the differential system.

As mentioned, liver than in the manifold of integral elements p < h dimensions,
any sufficiently small neighborhood of a regular integral element contains only reg-
ular integral elements. An integral element (E,) can be analytically defined by the
coordinates of its point of origin x!,x?,--- ,x" and coordinates Pliickerian /11"
subject the rest to satisfy a system of quadratic relations we have formed in Chap-
ter 1; every neighborhood of an element (E,) can be defined by the condition that
the coordinates x',u1"1""» of an element (E,) in the neighborhood do not deviate a
certain value of the coordinates of the same name of the element (E,) gives.

4.2 Two existence theorems

60. We intend to demonstrate, given a system of differential X genus 4, the ex-
istence of integral manifolds for any number p < i dimensions. It does not mean
that there is no integral manifold more than 4 dimensions; it does not mean that
the p—dimensional integral manifolds which we will demonstrate use of all avail-
able varieties p—dimensional integrals. This is an application of Cauchy-Kowalmski
theorem, which we state earlier, the existence theorems in question will be demon-
strated.

Consider then a closed differential system X with genus A, and let p < h, we have

so+si+--+sp_1 <n—p. 4.11)
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Consider a p—dimensional integral element (E,)o which is ordinary. We can

assume that his equations implies no linear relationship dx!,dx?,---,dxP. Then
change the notations and denote by & (A=1,23,---,n— p=v) the variables
xP L. X the element (E, ) is defined by equations of the form

d7* =al, (A=1,2,3,---,V), (4.12)

the summation index i varying from 1 to p.

There is a chain of elements regular integrals (E,_1)o, (Ep—2)o,- -, (E1)o each
of which is contained in the prhcdent and (E,)o and whose origin is a regular point
of ¥/, and we can assume, for simplicity of exposition, that the first p coordinates X
of this point are zero, the others being A =d. Finally we can assume, if necessary
by a linear transformation with constant coefficients effected on p coordinates x/,
the equations of linear (E,_1)o,(E,—2)o,- -, are obtained by adding the equations
(4.12) successively the equations

dx? =0, dx*"'=0, -, dx’=0; (4.13)
paramhtres of the (E| )o are then
1,0,---,0, al,a, -, al. (4.14)

These conventions are made, any p—dimensional integral manifold ¥ tangent
to the element (E,)o will elements tangent planes near the origin point (=0,
a* =7*)of (Ep)o, ordinary integral elements. The integral manifold can be defined
by v equations

A=t 2 xP), (A=1,2,3,---,V), (4.15)

where ¢* are holomorphic fonotions in the neiboorhood of the x* values x' = 0, and
taking the values at =7t

Theorem. There are at least one analytic integral manifold tangent to any
given p—dimensional ordinary integral element (E),)o and containing an (p —
1)— dimensionl integral manifold ¥, tangent to any given regular (p —
1)—dimensional integral element (E,_ )o.

62. The Cauchy-Kowalewski theorem.
‘We will build, to demonstrate, on a classical theorem, which we state as follows,
which will suffice (See, for the general statement, E. Goursat [15]).

Theorem. Given a system of q partial differential equations of first order be-
tween g unknown functions 7* of p independent variables x', solved with re-
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spect to derivatives dz* /0xP, the second members are functions of the argu-
ments x",z’l,az’l/axl R /0xP~' holomorphic near values x' = 0,7* =
a*,d7* jaxi = a{l, this system admits an analytical solution and one for which
the unknown functions are holomorphic fontions x',x*,--- ,.xP near x' = 0,
reducing themselves to 7* = x’l (x',x%,-- . x*~1Y to holomorphic functions
x!' =22 = ... = xP~! =0 data, taking the values for a*, drivdcs 0z /0x' tak-

ing their values a{l.

63. We start with donations prove the following theorem, which is a special case
of the theorem stated in No. 61.

First Existance Theorem. Let gives a closed differential system X for which
) SR A 090 SE S—il S = ik (4.16)

Let (E,)o an element intdgral ordinary p — 1 dimensin V,, and an integral
manifold for a p—dimensional plane tangent to an integral regular (E,_1)o
contained in (E,)o. There are a variety p—dimensional integral and one con-
taining V,—1 and this variety is tangent to the element (E))o.

Let us point out immediately that the latter part of the statement is obvious, since
the regular integral element (E,)o it does not pass, because the value of n— p of
sum s + 1 + - - +5,_1, one p—dimensional integral element, which is (E 5)0-

We will demonstrate for p = 3, enough to give an idea of the proof in the general
case.

64. Opening remarks at the demonstration. We suppose, as has been said in No.
61, that the element (E3)o has its origin in the coordinates x' = 0, A=d A=
1,2,--- ,n—3) and defined by the equations

d =drdx' +dk d® +dbdx®, (A=12,---.v), (4.17)

The regular integral element (E; ) is obtained by adding the equations (4.17) the
equation dx® = 0, and regular element (E})o by adding the equation dx*> = 0 to it.
Let

¥ =0, zlzd)’l(xl,xz), (A=1,2,---,v), (4.18)

are equations of the two-dimensional integral manifold #5; for x' = x> = 0 functions
@* and their partial derivatives d®* /dx!, 0 d* /9x? take the values a}”,a{L , a%, re-
spectively.

Let now z* = F* (x!',x%,x%) the equations of the unknown three-dimensional
manifold ¥4, for x> = 0, the functions F A are reduced to functions ®* data; more
for x! = x> = x> = 0 we must have value dF* /9x> = a}.
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The equations to be fulfilled are the functions F A from equations (4.1) of system
z,

fO!(-x,Z):O (a:1a27"'ar0>7
B a7t (i=1,2,3,
Hai:Aai—’—AalWiO azlaza"'arl)7
a7t 9z Izt i=1,2,3,
Huy = Ay HAan G Ao 5.5 =0 g3y 419
_ ozt o7 ozt
H(XIZ3 :A(X123 +Aa”kﬁ “FAalkuijﬁ
o7* 9z* 97 B
Aoy 5,7 52 58 =

In the expression of Hy123, the indices i, j,k appearing in the second and third
terms are in turn the three permutations of indices 1,2, 3, that is 123, 231, and 312.

In the neighbourhood of of point My origin of (E3)o we can keep only p equations
Fy(x,z) = 0, subject to the sole condition that the coefficient matrix of dz* in p
differential d fy, has rank p; we will assume that it is the first p.

Equations (4.19) can be split into three groups

fa(x’Z)ZO (a:17277p)7 (A)
Hy =0, Hgr =0, Hgip = 0; (B)
Hg3 =0, Hg13 =0, Hypz =0, Hy123 =0. ©

The variety %5 satisfies the equations (A) and (B). The variety ¥3 must also satisfy
the equations (C).

65. If the coefficients in equations (C) are given respectively to the arguments
x!',74, 974 /9x!,d7* 9x* values 0,a*,al,ab one obtains a system of linear equa-
tions with respect to dz* /x>, and is well easy to see that this syetem (C) is deduced
from the polar system of (E;)o by replacing dx' and dx* by 0 and dx> by 1 and dz*
by dz* /93,

The polar equations of this system are by hypothesis the number of so + 51 + 52
independent with respect to dx’ and dz*, but these equations do not involve any
linear relation between dx!,dx?,dx>, otherwise this relation would be one of those
that define the element (E3)y which is not. The equations (C), considered as lin-
ear equations in o7 / dx3, are the number of 5o+ s1 + s> independent when, in the
coefficients of these equations is replaced respectively x',z*, dz* /dx', 9z} /9x* by
O,al,a%,a%. We will make a choice among these equations, sg + 51 + 52 indepen-
dent, which we call principal.

If these in principal equations, arguments x', 24, dz* /dx', dz* /9x? are given val-
ues sufficiently close to 0, a*, a% , a%, they will not cease to be linearly independent.
Three cases are possibles:
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1) The given values of arguments define a two-dimensional integral element; this
element is necessarily regular if the argument values of arguments differ suffi-
ciently near the values of 0,a*, a% , a%. In this case the non-principal equations of
(C) are consequences of principal equations of (C).

2) The values given only to the arguments x',z*, define an integral point, without
the values given to the other arguments define a 2—dimensinal integral element.
The non-principal equations of (C) are not consequences of principal equations
of (C) and equations (B). In a more accurate non-principal equations of Hy3 =0,
attached not to dz*/dx! or dz* /x> are consequences of principal equations
of Hy3 = 0. The non-principal equations of equations Hy 3 = 0, not depending
on the z* /x' nor I /x? are consequences of the principal equations Hy 3 = 0
and Hy3 = 0, and also equations Hy; = 0, expressing that the P /x1 define an
linear integral element. Finally the non-principal equations of equations Hyo3 =
0, Hy123 = 0 are consequences of non-principal of equations (C) and the set of
equations (B). These results can be expressed in the following formulas, where
o is the index of non-principal equations of the equations (C), and o is the index
of principal equation of equation (C) or one of the equations (B):

Hys = {Ha3}

Hyyz = {Ha3, Ha13, Hot }

Hyns = {Has,Ho13,Hoo3, Hu123, Hot , Hoo, Hono }
Hyo3 = {Haz, Ho13,Hoo3, Hu123, Ho 1, Hoo , Hon2 }

(4.20)

the braces are linear combinations of expressions therein, the coefficients are ho-
momorphic functions x',z*,dz* /dx',dz* /0x* in the neighbourhood of values
0,a7°,(7t%,a§l of these arguments.

3) The given values of arguments x',z* do not define a integral point. The non-
principal equations of the equations (C) are consequences of principal equations
of the equations (C), equations (B) and equations (A).

We should add two remarks. The first one is that we can assume that the equations
dfs = 0 are some of the equations 6, = 0, that equations d6y = 0 are some of the
@q = 0 and d¢, = 0 equations are some of the equations Yy = 0. The second is that
we can assume that among the equations (C) of the principal form Hyz = 0 are the
first p equations from d fy = 0, that is to say

Ifa | Ofa 0"
Ti(; ngﬁ:’ (@=1,2,---,p). (4.21)

66. Demonstration of the first existence theorem. Consider the sy + 51 + 52 principal
equations (C) . As so + 51 + 52 = n — 3, number of unknown functions zl, they give
them two other derivatives dz* /dx> based on dz* /dx' and 9z} /dx?. They form a
system of Cauchy-Kowalewski. So they admit a homomorphic solution

A =Fr! 20, (4.22)
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and one for which F* is reduced when there is x> = 0, for given functions ®* (x',%%).
WE will show that the manifold #3 defined by equations (it) is integral.

Firstly, among the equations of the system of Cauchy-Kowalewski include p
equations (4.21), which express that the manifold ¥; functions fy(x,z) are indepen-
dent of x* or, for x> = 0, they are null because the manifold 7, is integral, so they
are identically zero. The manifold 73 therefore satisfies the equations (A).

Secondly, the manifold 73 satisfying equations (A), all its points are integral
points and consequently, after the part 2 of No. 65, all expressions Hy3, even non-
principal ones, are identically zero on the manifold #3; respect to expressions Hy 3,
Hgos, Hy123, those are principal void in the same conditions, those that do non-
principal satisfy according to (4.23) to equations of the form

Hys = {Hal}
Hys = {Ha1,Ho2,Ho2 } (4.23)
Hyo3 = {Ha1,Hoz, Ho12} -

A sufficient condition for the manifold V3 be integral, is that it satisfies the equa-
tions (B).

Third, the quantities Hyy, Hy2, Hy12 are zero for x> = 0. Consider a form 6; on
the manifold C3 were

8o = He dx' + Hep dx?, (4.24)
from which
_ dHy 3 dHu 0Hyy  JHg 2
dBo =55 dx' N — 552 a2 N +(8x = )d Adx
(4.25)

As the equation d@y = 0 is one of the equations ¢, = 0, the coefficient is a
JdHy/ dx3 combination linear with coefficients homomorphic expressions Hy 13 and
result of after (4.22) expressions Hy;. The r| quantities Hy; thus satisfy a system
of linear differential equations with homomorphic coefficients, variable being in-
dependent of x*; like functions Hg are zero for x> = 0, they are identically zero.
The variety 73 therefore satisfies Hal equations Hy; = 0 and hence the equations
Hy13 =0.

Fourthly the expression dHyy/dx? is from (4.25), a linear combination of coef-
ficients homomorphic Hyp»3, that is to say, according to (4.22) of Hyp and Hy.

On the other hand as we have d¢y = Hy 12 dx' Adx* + Hgypz dx* Adx3, we will

_ (9Hq12 | OHaos
dgo = (S552 + TS 22 ) dx' A nd, (4.26)

and as d¢@g is a linear combination of Yy, the expression % + % will be a
linear combination of Hyj23, that is to say, according to (4.22), of Hy, ,and Hyo.
As finally dHgp3/dx', according to (4.22) is a linear combination of Hyo, He12,
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OHyo/9x', OHy12/dx"', we see that dHg o / dx3 are linear combinations of coeffi-
cients homomorphic function Hyy and Hy 2 and their partial derivatives with respect
to x!. They therefore satisfy a system of Cauchy-Kowalewski and, as had vanish for
*=0, they are identically zero, and, from (4.22) that the Hyo3 and Hy123.

The variety #3 therefore satisfies all the equations (A), (B) and (C). O

Second Existance Theorem. Let given a closed differential system X for
which

So+s1+--+Sp—1 <n—p. 4.27)

Let (E,)o be an n—dimensional linear integral element and ¥,_; be an
(p—1)—dimensions integral manifold tangent to an element (E,_1) contained
in integral regular (E,)o. There are an infinite number of p—dimensional in-
tegral manifolds containing ¥,_1, and tangent to the element (E,)o. Each
is uniquely determined if we choose an arbitrary so + sy +---+S,_1 un-
known functions on the sole condition of being reduced corresponding func-
tions ®* (x",x2), for x> = 0.

Proof. The proof is easy and reduces to that of the first theorem. Indeed resume the
hypothesis p = 3 and consider the system of equations (C) principal, and they are
solvable with respect to sg + s1 + so derivatives o7t /9x3. It remains in the second
members n — 3 — (so + 51 + s2) derived 811/8)(3; impute to n—3 — (5o + 51 + 52)
functions z* values corresponding functions x', x>, x> homomorphic in a neighbour-
hood of x' = 0 and subject to the sole condition that they reduce to x> = 0 func-
tions P* (x',x?) of the same index. We obtain a Cauchy-Kowalewski system with a
unique solution corresponding to given initial conditions =t (x',x%). |

68. We say that the integral manifolds whose existence is demonstrated by the
two theorems of existence are ordinary integral manifolds. All the ordinary integral
manifolds is what we call the general solution of the given differential system. The
integral manifolds which are not normal at any point have a common tangent integral
element. regular integral manifold are those that admit of elements integral regular
tangent.

We can evaluate the degree of generality of ordinary integral manifold ¥}, admit-
ting an given p—dimensional ordinary tangent integral element.

Indeed, maintaining the previous notations, section #] of ¥, by the planar man-
ifold x” = xP~! = ... = x> = 0 depends on n — p — so arbitrary functions of x!
subject to the sole condition that for x' = 0 values of their derivatives are given
a{l. The integral manifold being chosen 77, section 7, by the planar manifold

xP =xP~1 = ... = x> = 0 depends on n — p — sy — 51 arbitrary functions of x!, x?,
subject to the unique condition of being reduced to x> = 0 to known functions of x'.
And so on. The variety V itself depends onn— p —sg —s1 — - - - — s, arbitrary func-

tions of x', x%,--- ,x” the single subject requirement be reduced to x” = 0 functions

to data of x!, x2, -+ ,xP~ L.
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Introduce, for reasons of symmetry, has an integer, (which is not a character) by
the relation

SO+Sl+"'+Sp—1+Sp+Gp:”l_P- (428)

We can then say, roughly, that the p—dimensional ordinary integral manifold
tangent to (E),)o depends

s1+s2+---+Sp_1 +0), arbitrary functions of xl,

s2+---+$p_1+0), arbitrary functions of x! ,x2 ,

Sp—1+ 0, arbitrary functions of xl 2 xP

2 -1

o, arbitrary functions of xl 2 P P

69. Remark.

It is inappropriate to make sense of the preceding statement too absolute, which
simply restates numerically all arbitrary functions that can be given to get the most
p—dimensional general integral manifold of by successive applications of Cauchy-
Kowalewski Theorem.

In reality, the only one of these, whole that makes sense is the absolute number
of arbitrary functions at maximum number of variables (o, if 6, #0, 5,1 =0,
6, =0, s,—1 # 0 etc.). Without wanting to justify this assertion, which makes sense
for the rest for the differential system for analytical integrals analytic manifolds be
content-tied systems to report on a simple example, how cautiously it should come
forward in matters of this kind.

Let the equation

%z dz
" o (4.29)
from our point of view, the general solution of this equation depends on two arbi-
trary functions of one variable, for example, homomorphic functions of x, such that
z and dz/dy are reduced for x = 0. But it could also be tempted to say that this
general solution depends on a sense arbitrary function, namely the function ®(y)
which reduces to z for x = 0. Unfortunately if we are given for &(y) a homomor-
phic function of y in the vicinity of y = 0 for example, the equation can not admit
any homomorphic solution around the point x = 0, y = 0: it suffices to take that
@(y) = 1/(1 —y), which leads for z to the series

R S S S .0 LI
-y 1(1-y)? 20(1-y)p n! (1—y)n+!
But this series in x is convergent for x = 0. We show that this negative result is found
as the function @ (y) is not entire, and the same for some entire functions ®(y).

z el (430)
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70. Degree of generality of E,, ordinary integral elements have origin in a given
regular integral point.

If we make the same assumption as above with respect to integral elements (E,—1)o,
-+, (E1)o contained in the ordinary regular element (E,)o, ordinary element (E))
near the (E,)o and with the same origin as (E,)o will be obtained in a way and

using a single p linear integral elements whose it it p components dx* will all zero

except for dx’ = 1, the other v components being dz* = th. But the components tf
of the first linear element (E| ) are subject to satisfy equations sg, components t% of
the second, forming with the first integral one element (E>) are subject to satisfy the
so -+ s1 equations of polar system (E); components t3’l forming with the third (E3)
an linear integral element (E3) are subject to satisfy the so + 51 + 52 equations of
polar system (E>) and so on. All these equations are independent and are among

so+ (so+s1)+(so+si+s2)+--+(so+s1+-+5p-1) = (4.31)
=pso+(p—1)si+--+sp_1.

By introducing the number o), we see that the number of arbitrary parameters
sought is equal to

p(n—p) = [pso+(p—Dsi+-+2sp 2 +s5p_1] =
=p(so+si+-+sp-1+0,) = [pso+(p—D)si+-+sp1]  (4.32)
=s51+250+3s3+---+(p—1)sp—1 + pOp.

Theorem. In a closed system of genus greater than or equal to p, any the
p—dimensional ordinary integral element originating in a given regular inte-
gral point depends to s\ +2sy+-- -+ (p—1)s,—1 + po,, arbitrary parameters.

71. Particular case.
If all integers s based on a certain rank g < p are zero, we have the following im-
portant theorem:

Theorem. If s, = 5411 = --- = 5,1 = 0, = 0, it passes an integral manifold
¥, ordinary only one by any regular integral manifold with p - I dimensions.

This theorem is applicable for example to a completely integrable system of n— p
total differential equations in n variables. For then the closed system includes only
equations 6, = 0 and we have

so=n—p, S =s=--=5,=0; (4.33)

it effectively passes an integral manifold #,, and only one by any regular point of
space.
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In the general case, the method indicated above would result, the integral mani-
fold V,,_1 being given, to include successive Cauchy-Kowalewski system with p —g.
But we can limit ourselves with only one integer: simply assuming that V,,_ is lo-
cated in the manifold

X =xITl=...=x =0, (4.34)

to ask
X =alt, x3' =gt ... xP=aPs, (4.35)
looking a?,a?*!,--- ,aP as arbitrary parameters and then to integrate the system,

where z” are regarded as unknown functions of q independent variables x!, x,---,
x971 ¢, Tt shall be reduced to a single system of Cauchy-Kowalewski with n — p
unknown functions of g independent variables. This integrated system will replace
in the resulting expression of unknown function, ¢ by 1, and a4,a9*!,---  aP, by
x4, x4t xP

The preceding process is basically the same as that indicated for the integration
of a completely integrable system.

Remark.If the system (4.1) contains no exterior differential equation of degree
greater than 2, the number series so, 1,52, - - - is increasing, and if a s, be zero, then
all next s,s are zero. About the whole 6, which is not a character, it must assume
that we have

so+si+-+s4-1 =n—p. (4.36)

4.3 General solution and singular solutions, Characteristic

72. We say that a p—dimensional integral manifold is part of the general solu-
tion of a differential system, considered as p independent variables, if its generic
p—dimensional tangent element is an ordinary integral element; it is an integral
manifold which the fundamental theorem of existence (No. 67) proves its existence,
at least locally, as a consequence of Cauchy-Kowalewski theorem.

An integral manifold which is not part of the general solution is called singular. A
solution may be singular or general, because none of the points of the integral mani-
fold is regular or integral elements because no one-dimensional or two-dimensional,
or ets, or (p — 1)—dimensional, is a regular integral element. So there can be dif-
ferent classes of singular integral varieties, decreasing the degree of singularity in
some way when moving from one class to the next.

73. We have already introduced the concept of characteristic of a differential system
, these characteristics entering into the generating of integral manifolds which are
not contained in any integral manifold to a larger number of dimensions. These
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features do exist, moreover, that for some differential systems. We will refer to as
the Cauchy characteristic.

There are other types of characteristics, usually in any given p—dimensional in-
tegral manifold there are some p—dimensional characteristics which are part of the
general solution of the system. These are the manifolds with ¢ < p dimensions con-
tained in the integral manifold #), considered, and possessing the property that their
elements tangent to q dimensions are not regular. Their importance stems from the
remark that the Cauchy-Kowalewski theorem falls into default if one seeks to deter-
mine the integral manifolds of q + 1 dimensions that contain them. Their research
is linked to the problem of preliminary research integral elements ¥}, of dimensions
g, which are not regular. The existence of such elements does not ipso facto (by
the fact itself) remains of the existence of characteristic manifolds with dimensions
g, except if ¢ = 1, and this because of compatibility conditions which necessarily
introduce for g > 1.

We will clarify these concepts by some examples from classical problems.

74. Example 1. Partial differential equations of first order.
Let with the classical notations, the equation first order partial derivative

F(x,y,p,q) =0 (4.37)

for an unknown function two independent variables. Following the design of S. Lie,
extend this problem to find solutions for two-dimensional closed differential system

F(x,y.p.q) =0,

Fodx+ Fydy+F,dz+ F,dp+ F,dq =0,
dz—pdx—qdy =0,
dxNdp+dyNdg=0.

(4.38)

The character s is equal to the rank of the system

{Ecdx+17ydy+dez+deP+quqO’ (4.39)

dz—pdx—qdy=0.

This rank is equal to 2; a point of an integral manifold is singular (that is to say
non-regular) if the rank of the system (4.39) is less than 2, this is the case if one has

F+pF.=0, F,+qF.=0, F,=0, F,=0. (4.40)

The singular solutions are those that satisfy the equations (4.40).

There is none else. Indeed suppose the regular generic point of the integral man-
ifold. The pole piece of an integral linear components dx, 8y, 8z, p, 8¢ is given by
equations (4.39) which must be added the equation

Opdx+ dqdy— dxdp — dydq = 0. (4.41)
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Thus, the character s is 1. A singular integral manifold in principle could arise
if all elements linear tangent, the rank of systems (4.39) and (4.41) was reduces by
one; it happens if one has

éx Oy —0p —0q 0z

F, F, F+pF.  F+qF. pF,+qF,

(4.42)

but the relations (4.42) show that a given point on the integral manifold there is only
one singular linear element tangent. There is therefore singular solutions other than
those, if any, that satisfy the equations (4.40).

The characteristics of an integral manifold ¥ are, according to the definition
given in No. 73, lines whose elements satisfy equations (4.42): what are the charac-
teristics already encountered (No. 59). They depend in general arbitrary constants.

75. Example II. Partial differential equations of second order:

Any partial differential equation of second order F(x,y,p,q,r,s,t) = 0 for an un-
known function z of two independent variables x, y, can be represented by the closed
differential system

F(x7y7p>Qarasat) = Ov
(Fx + pF. +rF, + sF;)dx+ (F, + qF. + sF, +tF;) dy
+F,.dr+ Fyds+ F, dt =0,

dz—pdx—qdy =0,

dp—rdx—sdy =0,

dg—sdx—tdy =0,

dxNdr+dyNds =0,

dxNds+dyNdt =0.

(4.43)

The character s is 4, in place of the linear system dx,dy,,--- ,dt shaped by the
four equations (4.43) after the first. This rank is reduced by one at the points where
one has

Fi+pF, +1F,+sF; =0, F+qF,+sF,+tF,=0, F,=F=F=0. (4.44)

Were a first class of singular solutions, those that satisfy equations (4.44).

Let now characteristic of a regular point. The polar system of an integral linear
ordinary components (dx,dy,0z,0p,8q,dr,0s,0t) is given by the four equations
(4.43) that follow the first one, which we add the two equations

{5xdr+3yds—5rdx—6sdy=0, (4.45)

Oxds+ 8ydt — dsdx— dtdy = 0.

We have so + 51 = 6, hence s; = 2, and rank 6 of polar system reduces by one if
the rank of the matrix
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Fx+pE,+rFy+sFy Fy+qF,+sk,+tF; F Fs K
—or —08s ox 6y O (4.46)
—0ds — ot 0 6x Oy

is equal to 2. This can not occur for all two-dimensional tangent linear integral
manifold, at least if there is such manifold no relation between x and y.* Indeed
from the hypothesis result in particular the relation

F; 8x> — F; 6x8y+ F, 8y* =0, (4.47)
where the consequence of
F=F=F=0 (4.48)
and, according to the first equation (4.43), the relation
Fy+ pF,+rF,+5sF; =0, F,+qF,+sF,+tF;=0; (4.49)

no point of the integral manifold would be regular. It is therefore no other singular
integral manifold as those that satisfy the equations (4.44).

On an integral manifold part of the solution, the characteristics are the one-
dimensional manifolds for which the rank of the matrix (4.46) is equal to 2; it was
particularly while moving along such a characteristic, the relation

F, 8x> — F; 6x8y+F, 8y* = 0. (4.50)

For every point of the variety he spends two, if F.F; > 0 satisfied. The rest is
verified that if one moves over the integral manifold in order to satisfy the relation
(??), the rank of the matrix (4.46) automatically becomes equal to 2.

Unlike what happens for partial differential equations of first order, the charac-
teristics of a partial differential equation of second order in general dependent on an
infinite number of arbitrary parameters (in fact, arbitrary function), it characteristics
are not Cauchy.

75. Example II1. System of two partial differential equations of first order with
two unknown functions 7', z%, of two independent variables x, y.
This system can be represented by the closed differential system

4 Cases where such a relation would exist are without interest: either there have a relation between
x and y, for example y be a function of x, so, according to the three equations (4.43) that follow the
second, z, p, ¢ are also functions of x and we have the equations the variety in the form

r2sy +0y =7"—qy",  F(x,,2,p,4,55,1) =0;
either x and y are constants and consequently also z, p,g; the equation the variety is F(x,y,z,p,

q7r7s7t) = O'
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F(x,y,2",22,p1,q1,p2.92) =0,
®(x,y,2',22,p1,q1,p2,42) =0,
(Fc+p1Fy+paFp)dx+ (Fy+qiF +qaFp) dy
+F,, dp1 +Fy, dq\ + Fp,dp> + F, dg> =0,

(D4 p1P1 +prPp)dx+ (Py+q1 D1 +q2P2)dy
+d)p1 dpl + ¢q1 déh + ¢P2 de + ¢qZ dq2 - O,

dz' — prdx—q1dy =0,

4.51)

dz? — prdx —qady =0,
dxNdp+dyNdq; =0,
dxNdpr+dyNdg, =0.

The character sq is equal to 4; is the rank of the linear system of four equations
formed (4.51) following the second. This rank can not be reduced if whether one
has

Ee+ piF 4+ paF =0, D+ p1 P+ prda =0,
E+aqiF+qF2 =0, D +q1 P, +qrPp =0, (4.52)
Fpl :th :sz :qu :07 (D]’I :(I)ql :(pp2:¢)i12 :07
or whether

Fe+piFa+pFy FBE+qFi+qF
Do +p1 P+ 2P Pt 1Py + P2

:i:i:i:@ (4.53)
Dy, Dy, Dy, Dy,

So there is possibility of two kinds of singular integral varieties, the according to
equations (4.52) or equations (4.53) are verified.

Now calculate the character s;. For the equations of the polar component of the
full linear element components 8x, 8y, 8z', 822, 8p1,8q1,8p2, 8¢2, must be added
to the four linear equations that appear in the system (4.51), equations

Oxdpy+ 8ydq) —Op1dx—6q1dy =0, (4.54)
Oxdps+ 8ydgy — Oprdx— 6qady =0,

We deduce s; = 2. The integral linear element is considered singular if the six
equations that define the polar element of this linear integral element are reduced
to five. But on a two-dimensional integral manifold not involving any relations be-
tween x and y, these equations not involve any linear relation between dx and dy
as the polar element contains all the elements considered linear tangent to the man-
ifold. It is therefore necessary and sufficient for the linear element is considered
singular, the equations
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Fp,dpy +Fy dqi+ Fp,)dp2+ Fy, dgr =0,
Dy, dp1+ Py, dg1 + Pp, ) dp2 + Py, dg2 = 0,
dxdpi + 8ydq: =0,

Sxdps+ 6ydgr =0,

(4.55)

are reduced to three, which gives immediately

8§y =0. (4.56)

D(F,®) . , D(F, D) D(F, D) D(F,®)
D(q1,q¢2) <D(p17CI2) - D(Pz,m)) D(p1,p2)
We deduce from this result two conclusions:
1) One can have a second class of singular integral varieties, those that satisfy the
three equations
D(F,®) D(F,®) D(F, D) D(F, D)

_ _ — —0. 4.57
D(q1,92) D(p1,92) D(p2,q1) D(p1,p2) 7

2) On aregular integral manifold, that is to say part of the general solution, there are
generally two families of characteristic lines defined by the differential equation
(4.56).

Theorem. Given a system of two partial differential equations of first order
with two unknown functions z', 22 of two independent variables x, y, there
can be three classes of singular solutions, they satisfy the following equations
(4.52), with equations (4.53) or to equations (4.57). In addition, each inte-
gral manifold admits two general families of characteristic lines of the finite
differential equation (4.56).

77. Fartial differential equations of second order in an unknown function z of three
independent variables xL a2 1.

We denote by pi and pi;; = Pj; the partial derivatives of first and second order of z,
indicating the indices by reference to which the variables take place derivations. If

F(xi,z,p;, pij) = 0 is the given equation, we will put

oF oF oF

Al‘ === +pi= +tPik=—),
Al =mZ (m=1ifi=j, m==ifi#j).
Ipij ( ! 2 117

The given equation is represented by the closed differential system of 9 equations
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F=0,
A;dx' +AVdp;; =0,
dz— pidx' =0, (4.59)
dpi— pijdx* =0, (i=1,2,3),
dx* Ndpy =0, (i=1,2,3).

The character s is equal to 5, rank of the system formed by the linear equations
(4.59) which follow the equation F' = 0. Non-regular integral point is characterized
by the relations

A; =0, AV =0, (4.60)

It was a first class possible to singular integrals, i.e. integrals which satisfy equations
(4.61).

The polar system of a regular linear integral element contains sy +s; = 8 equa-
tions, namely the five equations that define the linear integral and in addition the
three equations

Sxkdpy — Spydxk =0, (i=1,2,3). (4.61)
The integral element (Sx*, 8z, ---) will be singular if the four equations
Aidx' +AY dp;; =0, xkdpy — Spidxk =0, (4.62)

are reduced to three. As a three-dimensional integral manifold for which the in-
dependent variables are x',x?,x3, equations (4.62) not involve any linear relation
between dx', a linear singular integral element will be characterized by the property

that the four equations
Aldp;; =0, SxFdpy =0, (4.63)

reduced to three. If 5x = &' be such a singular integral element, assuming it exists.
If, in equations (4.63), dp;; is replaced by the product &;&; two new variables § we
see that the equation a’&; = 0 will resultin AV&;&; = 0. As a result the quadratic form
AUE;E; must be decomposed into a product of two linear factors: AY&:E; = akb" &),
hence

1.
AT = 2 (db —bd). (4.64)

Conversely if the quantities A"/ are of the form (4.63), we easily verify that there
are two elements at each point linear singular integral, of respective components and
have 8x' = a' and 8x' = b'.

We see that if an integral manifold does not annihilate all AV, it is impossible that
all its linear tangent elements are singular.
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We see further that if the discriminant of the quadratic form AV &:&; is zero, any
non-singular integral manifold admits two families of characteristic lines separate
or combined, formed one of the trajectories of the vector field d' have the other in-
volving trajectories of the vector field »'. If instead the discriminant of the quadratic
form AVE;&; is not zero, there is no characteristic lines.

Turning finally to the character s;. The polar element of a two-dimensional in-
tegral element is given by the regular five equations that define the linear integral,
which must be added six more equations that are written, omitting the terms in
dx',dx*,dx3,

8155 dpy = 0,8x" dpy =0, (4.65)

81xF and &x* denoting by the two components of linear integral demented that
determine the considered two-dimensional integral element. These equations can be
written as

dpn  dps

d .
apn _ apb2 . (i=1,2,3), (4.66)
C1 Cc2 Cc3

denoting by c¢;dx’ = 0 the equation of the considered planar integral element. It
follows that the dp;; are proportional to the product c;c;. The integral element in
two dimensions will be singular if one has

Alcic;=0. (4.67)

This equation expresses that the three-dimensional space formed by the integral
manifold considered, the elements derived from singular tangent planes of a point
are tangent to a cone having second class for this vertex.

There are therefore two-dimensional characteristics manifold: what are the solu-
tions in the range reported to the coordinates x',x*,x3, a partial differential equa-
tion of first order ordinary. The bi-characteristics of J. Hadamard are the characteris-
tics of this equation, it is not properly speaking the characteristics of the differential
system (4.59), unless the equation (4.67) consists of two linear equations, in which
case the partial differential equation of the characteristics consists of two linear
equations whose surfaces are the integrals of surfaces generated by characteristic
lines of the first family or of the characteristic lines of the second family.

Theorem. A partial differential equation of second order has an unknown
function z of three independent variables can not admit singular solutions than
those, if any, that annihilate the partial derivatives of the first member relative
to the second order partial derivatives of z. The solutions always admit non-
singular two-dimensional characteristics manifolds given by the integration
of a partial differential equation of first order, the cone envelope of tangent
planes at a given point with characteristic manifolds passing through that
point are the second class. If the cone is divided into two straight lines Ay, A,
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there are two families of two-dimensional characteristic manifolds: one con-
stituted by the surfaces of the trajectories of locations lines Ay, and the other
by the surfaces of the trajectories of locations A, lines, and these trajectories
are the characteristic lines of general integral manifolds of the given equation.
Conversely, if the cone is not degenerate, there are no characteristic lines, that
is to say, lines in which all elements are singular tangent; bi-characteristics
of the J. Hadamard, that is to say the characteristics the partial differential
equation of first order which gives the characteristic surfaces, are not strictly
characteristic lines, in the sense that the varieties of two-dimensional inte-
grals of the system (30) passing through a bi-characteristic are provided by
the theorem of Cauchy-Kowdewski.
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Chapter 5
Differential system in involution

5.1 General facts. Systems in involution

78. In many applications the differential systems we have to regard of the indepen-
dent variables given x!,x?, - -, x”. The differential system being set in the form (4.1)
of No. 52, it is only interested in p—dimensional integral manifolds and, among

these, those which not introduce any relation between the variables x',x?, -+, x”.

Definition. A differential system X with n — p unknown functions z* of p
independent variables x' is said it is in involution if its genus is greater
than or equal to p and if the equations defining the generic p—dimensional
ordinary integral element do not introduce no any linear relation between
dx' dx?,---  dxP.

It is clear that the ordinary p—dimensional integral manifolds, with independent
variables x!,x?,--- ,x”, can be obtained by applying the existence theorems stated
and proved in the preceding chapter.

79. Systems of partial differential equations

Any system of differential equations with external independent variables imposed
can obviously be written as a system of partial differential equations with n — p
unknown functions of p independent variables. The converse is true. Let us suppose,

to fix our ideas, a system consisting of a number of relations between the partial
derivatives of the three first orders of ¢ unknown functions z*. Denoting by ti’l , tl-’lj , ti),L'k

this partial derivative, the system will consist of data relationships between variables

xi7 ZA7 ti;La ti}Lja t;%’]m (l?.]akzlazaap’ )LZI,Z,"',q), (51)
which we shall associate the Pfaffian equations.

dZ* —tldx =0, di} —tldx) =0, dt}; —t} dx. (5.2)
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74 5 Differential system in involution

We then add the equations which are deduced from the previous by exterior
differentiation. The X system thus obtained will not contain differential equa-
tion actually exterior of degree greater than 2. We will have that to look for the
p—dimensional integral manifolds of this system, and among them, those with no
relationship between x' x2,---  x”.

We know, moreover, that in the theory of partial differential equations of first

order, S. Lie showed that there was interest to remove such latter restriction.

80. We will immediately indicate the condition for a differential system X is in
involution.

Theorem. For a closed differential system with n — p unknown functions z*

of p independent variables x',x*,--- xP, is in involution, it is necessary and
sufficient for polar systems of a generic integral point, of a generic inte-
gral element with dimension q < p — 1, involve no linear relation between
dx' . dx?,- - dxP.

Proof. The condition is clearly necessary. It is sufficient because if satisfied, the
equations of ordinary integral element generic p—dimensional result in no relation-
ship between dx',dx?,---  dxP. The regular integral elements of ¢ < p dimensions
contained in an ordinary p—dimensional integral can then lead to more than p —g
independent relations between dx',dx?,--- ,dxP. (|

5.2 Reduced characters

81. We will indicate test for involution based on the consideration of what we call
reduced characters.

First determine the p—dimensional integral elements (no linear relation between
dx', we always assume in the sequel) starting from a generic integral point. If we
exclude the existence of such an integral element would require new relations be-
tween the dependent and independent variables, in which case the rest of the system
would not be in involution. We will assume then the family .% integral elements
of dimensions 1,2,---,p — 1 that may be contained in an p—dimensional integral
element.

Definition. We will call polar system reduced by one point integral, or an
integral element, the polar system of this or that element, in the equations
which we suppress the terms in dx',dx?,--- ,dxP, keeping only the terms
dz',dz?,--- ,dzi.

‘We shall call
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5.3 Necessary and sufficient test of involution 75
/ / / / / / / / / /
50, S0+, Sotsi+sy, o, Sptsits++s, g, (5.3)

the rank of the reduced polar system of a generic integral point, of an 1 —dimensional
integral element of the family .7, of a 2—dimensional integral element of family .7
and so on, respectively.

The non-negative integers sy,sy,5y, - 8, 1, will be called the reduced char-
acters of order 0,1,--- ,p— 1. It is clear that the equations are different systems
reduced with only polar variables dz*, we have

s6+s’1+s'2+~~+s;,71§nfp. 5.4)
Finally, we introduce the reduced character s;, by the relation

s6—|—s’1+s’2+~~~+s;,1—|—s;,=n—p. (5.5)

82. Remark. It may happen that the p—dimensional integral elements of a point
from integral generic form several distinct continuous families. At each of these
families is a reduced set of characters. The problem of whether the differential sys-
tem is given in involution arises differently for these different families, because the
p—dimensional integral manifolds sought are not the same in different cases, since
their p—dimensional tangent elements vary from one family to another. It is there-
fore possible that the given system is in involution for a family of p—dimensional
integral manifolds and is not in involution for another.

5.3 Necessary and sufficient test of involution

83. We will now give a test of involution.

Necessary and sufficient test of involution. Lez X be a closed differential sys-
tem of n— p unknown functions of p independent variables; Let 5,5y, -+ ,s),_;
are reduced characters of the system corresponding to the family [or one of
the families] of p—dimensional integral elements of the system X. For this
system to be in involution it is necessary and sufficient that the number of
independent equations linking the parameters tiA of a p-dimensional generic
integral family is equal to

spo+(p—1)s) +--- 45,1 (5.6)
If the system is not in involution, the number of these equations is higher.
84. Let’s start with a remark, however important. We can assume, if necessary by

a linear transformation with constant coefficients performed on x!,x?,--- x”, the
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76 5 Differential system in involution

reduced rank of the polar system of generic linear integral element of the family .#

for which dx! = dxd--- = dx” = 0 is equal to the number normal s{, + s, that the
rank of the system polar reduced the integral element and two dimensions of the
generic family .7 for which dx!' = dx?d--- = dxP = 0 is equal to s, + 5} + s}, and
SO on.

If we denote then by
At =1l do' + i} AP+ 1) dx?, (5.7)

the equations of the generic element of p dimensions of the given family, we see
that tfl are subject to satisfy in so linear independent equations, namely so reduced
polar equations of generic integral point where dz” is replaced by th therein. The tf
satisfy these equations, t% is subject to satisfy s, + s} independent linear equations,
namely the s+ s/ polar equations reduced to linear integral element (Sx!' =1,86x* =
-- = 8xP = 0,87* =1}) where dz* is replaced by t2.

And so on. This shows that there are at least

pso+(p—1)si+--+s, 4, (5.8)

independent equations to be satisfied by the parameters ti}“. This justifies the last part
of the statement of the test. We say that these equations, which are well defined, the
system is in involution or not, are the equations to the parameters tl.’l usually satisfied.

85. Proof of the test.

Come now to the proof of the main part of the test. Suppose first system in involu-
tion. Then all the elements for which the linear integral dx' are not all zero belong to
the family .7 and they are subject only to satisfy s, equations involving the remains
of any relation between the two; consequently so = s6.1 The polar system of reg-
ular linear integral element generic is then defined by s(, + s linearly independent
equations is causing no relation between dx’; consequently so+ ) = so+s1, where
s} = s1, and all 2—dimensional ordinary integral elements which exist only p —2
relations between dx’ belong to the family .%. We can continue the argument to the
extreme and show that s;l =s, forh=0,1,2,.---,p— 1. But then we know (No.
70) that the number of independent equations which satisfied the parameters tl-’1 an
ordinary p—dimensional integral element is equal to

pso+(p—1)si+--+sp1=pso+(p—1)s) +---+5, (5.9

The condition of involution set is required.

Conversely, suppose the system not in involution. The parameters s/ satisfy in
pso+ (p—1)sy + - +s5,_; normal equations. But these are not the only ones. In-
deed, if all linear integral for which there are only p — 1 relations between dx’ belong
to the family % is s6 = 50, and if all integral elements in two dimensions for which
exists p — 2 relations between dx’ belong to the family .7, we have ] = s1, but we

I Remember that if s; are the characters defined in No. 56 and 57, the s§ are reduced characters.
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can not continue this hypotheses to the end, otherwise the system would be in invo-
lution. Therefore assume for example that the three-dimensional integrals elements
for which there are only p — 3 relations between dx' are not all the family {, this
means that 11, £} and # satisfy with other equations that 3sf, + 25} + s5, the normal
equations that connect them. As a result the number of independent equations which
satisfied the parameters r* is greater than ps)+ (p — 1)s) +--- + Sy 1- O

Remark. Introducing the highest character as s;, we can say that the necessary and
sufficient condition of involution is the p—dimensional integral element in the most
general family considered depends on

S +251+ -4 (p—1)s,_| + ps), (5.10)

independent parameters.

86. Example I. Consider the system with two independent variables and three
unknown functions, defined by the four equations

dx' NdZ' =0, dx*AdZ' =0, dx'Ad? =0, dx'Ad?=0. (5.11)

The two-dimensional integral elements form a single irreducible family defined
by equations

dz' =0, d? =adx'+bdx*, d? =d dx'+b dx’. (5.12)

with four arbitrary parameters: there are two relations between the six quantities 77,
t%. Here we have 5o = 0, and secondly we can take for generic linear element family
Z member

Sx'=a, 6x*=p, 8z =aa+bB, 87 =doa+bpB; (5.13)
its polar system is reduced
adz' =0, Bdz'=0, (aa+bB)dz' =0, (da+b'B)dz'=0; (5.14)

we therefore s = 1, where 55 = 2 (for s} + 5 is equal to 3, number unknown func-
tions). But the number of four independent parameters which depends the two di-
mensional generic integral element is less than of s} +2s, = 5. The system is not in
involution. one would arrive at the same conclusion if we removed the last equation
of the system, would contain more then two unknown functions.

87. Example IL. Let the following system, with four unknown functions z* of two

independent variables x!,x2,

dx' NdZ' +dxP AdZ2 =0, dXAdZ =0, dPAdZ =0, d AdZ*=0. (5.15)

The two-dimensional integral elements are given by

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



78 5 Differential system in involution
dz' =adx*, d? =adx'+bdx*, d?=cdx*, cd®ANd=0.  (5.16)

Two cases are distinguished:

1) ¢ # 0. We then have the family irreducible
d7' = adx®, dz? =adx'+bdx*, d? =cdx*, d7* =hdx*>, (5.17)

with four parameters a,b,c,h. The polar system reduces the linear element ele-
ment (8x' = &, 8x> = B,8z' =aPB, 8z =aa+bB,567° = cB,5z* = hP) is

adz' +Bd* =0, Bdz'=0, Bdz*=0, cBdz*—hBdz®=0; (5.18)

therefore we have s = 4, s, = 0. The 4 number of independent parameters of
the two-dimensional integral element is equal to s} +2s%, and the system is in
involution.

2) ¢ = 0. We then have the family irreducible

dz' =adx*, dZ? =adx'+bdx’, dz*=0, dz*=hdx'+kdx*, (5.19)

with 4 independent parameters a,b, h,k. The polar system reduces the linear el-
ement (8x' = o, 8x> = B,8z' = aB,8z% = ao +bP,8z° = 0,8z* = ha +kB)
is

adz' +Bd> =0, Bdz'=0, Bdz®*=0, (ha+kB)dz>=0; (5.20)

we have 5] =3, s = 1, as 4 < s} + 25}, = 5, the system is not year involution.

One can notice that if we did not impose the choice of independent variables,
we would have had a system in involution with one family of 2—dimensional
ordinary integral elements, namely the first family considered.

Remark. One might be tempted to extend the test if the s; would be defined by
means of polar systems reduced integral elements of generic successive dimensions
belonging or not belonging to the family .%. But the test could fall into default.

This can be seen by the example of No. 86. If we take into fact the system
dx' Ndz' =0, dx*NdZ' =0, di' Nd? =0, dZ' ndP =0, (5.21)

and they form the polar system reduces the linear integral element element (5x! =
a,8x* = B,8z' =11,622 = 12,82 = 13), we obtain

adz' =0, Bdz' =0, t'd?—1?dz' =0, 1'd?-rd'=0,  (5.22)

whose rank is s§ = 3. On the other hand the number of equations to be satisfied by

two-dimensional integral elements was seen equal to 2, yet this number is less than

with 2sq —|—s’1 = 3, one arrives at a result in contradiction with the last part of the test.
If we now take the system in involution
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dx' Ndz' =0, dx*Adz' =0, di' NdZF =0, (5.23)

the non-polar system reduces the linear integral (8x' = o, 8x> = B,8z' =1',87> =
2 .
t9)is

adz =0, ﬁdz] =0, tld?-1*d' =0, (5.24)

Its rank is 5} = 2. On the other hand the number of equations to be satisfied settings
for the integral two-dimensional is still equal to 2, this time in equal number 25} + s/,
nevertheless the system is not in involution.

5.4 A sufficient test of involution

89. We will now establish a second test just enough of involution, usually useful
for applications.

Let a differential system closes at n — p unknown functions of p independent vari-
ables. Let a family of irreducible p—dimensional integral elements and the family
elements of three integrals corresponding to g = 1,2,---, p — 1 dimensions.

Second sufficient test of involution. Denote by oy = s, the rank of the sys-
tem polar reduced by one point integral generic oy + 01, the rank of the po-
lar system of the linear element reduces generic family .F to which 8x* =

8x3 = .- = 8xP =0, by 0y + 01 + 0y, the rank of the polar system of the ele-
ment reduces with two dimensions the most general the family .7 of for which
x> = ... = 8xP =0, and so on. The system is in involution if the number of

independent equations that govern the parameters of the considered family of
p—dimensional integral elements is equal to pco+ (p—1)61 + -+ 0p_1.

Proof. We know by the first test that the total number of independent equations
which satisfied the parameters of the element integral generic p—dimensional family
is considered at least equal to psy + (p—1)sy + -+ +s5),_;. We therefore

poo+(p—1)01 440, 1 > pso+(p—1)s| +--- 45, ;. (5.25)

Now we have the obvious inequality (which is actually the first equality)

(o)) S s6a
oo+01 < 5o+,
op+0o1+0y < sy+s)+sh, (5.26)

IN

/ / !/ /!
C0+ 01+ 40y 2+0, 1 < so+s1++5, 245, 4,
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that result by the addition
poo+(p—1)01+--+0, 1 < psog+(p—1)si+--+s, 1. (527)

It follows that:

1) that the two members of the last inequality are equal and that consequently all
the above inequalities reduce to equalities (0; = s;»);
2) the system is in involution.

We may add that the elements integral to g dimensions of the family .%# for whom
x4t = §x972 = ... = §xP = 0 are regular. O

91. Additional remark.

The second test would continue to be valid if the whole were calculated SIGMAI
leaving aside one or more differential equations of the system gives, this could in
effect lower the numerical value of integers oy, oy + 01, Gy + 01 + 0> etc.., and
given the proof of the test would not cease to be valid. It goes without saying that
if we wish to take advantage of this remark, it is essential to take into account all;
system of equations to determine the p—dimensional integral elements.

A particularly interesting case, because it occurs quite usually in applications, or
dz* is not included in the first degree differential equations in the external tender-
ing system gives firm. Indeed in this case the reduced characters can be computed
without knowing previously the elements p—dimensional integrals. This is what the
systems can be reduced polar forms directly without this prior knowledge.

Let for example

foc(x,Z):O' (Oc:l,2,---,ro),
O = Agidx' +Ay dz* =0 (@=1,2,---,r1),

1 . ‘ .
Qo = 5 Aqijdx’ Ndx +Agip dxXndZF =0,  (a=1,2,---,r)

1 ; ‘ ' (5.28)
Yy = gAmjkdx Adx! Ndx )

1 . .
“r‘EAOlijldxl/\dxj/\de:Ov (a:l,2,---,r3)

the equations of the system. The reduced character s;, + s/, is the rank of the system
Agyd7* =0, (5.29)

if the sum s +, is the ranking system
Agpd?* =0, Ay 81xdz* =0, (5.30)

where 8;x' are arbitrary parameters. The reduced character so + 5} + 55, is the rank
of the system
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Agy d7* =0, Ay S1x'dz* =0,
Agip, &x'd7 =0, Agijp S1x'8xldz* =0, (5.31)
where §;x' and 8,x’are arbitrary parameters, and so on.

Note, moreover, that in this case there is one family of irreducible p—dimensional
integral elements, defined by relations

AgitAgr 1] =0,
(0521,2,"',7'1; i:1727"'7p)7
Agij+Agin tF —Agjntl =0, (5.32)

(a:1727"'7r2; iaj:1727"'7p)7
Agiik FAgiin th —Agir t* +Ag g tr =0
ocz/k+ aiji bk kA ]JF ojrti ’
(a:1727"'7r3; iajakzlazv"'vp)'

5.5 Case of two independent variables

93. If a closed differential system has only two independent variables, it will not
appear in this system no exterior differential equation of degree greater than 2. It
is therefore not necessary to deal with equations from the exterior differentiation of
quadratic equations that the system may contain, for they are always satisfied by any
two-dimensional plane element

We assume for simplicity, which essentially does not restrict the generality, the
system has no finite equation. We will write so independent linear equations as

0, =0, (a=1,2-,50). (5.33)

We then introduce with the differentials dx, dy independent variables, n — sg — 2
linear differential forms (A = 1,2,---,n — 5o — 2) are mutually independent and in-
dependent of sy + 2 forms, Oy, dx, dy. There. They thus form, with the 6y, n —2
independent forms over differential unknown functions. Finally we can take, in-
stead of dx, dy, two independent linear combinations of these a)l, w? differential,
which can be convenient in applications.

This granted the given system will be in the form

606:07 (azlazv”'vso)v
Vo =Cq ' N>+ Ay, 0 N&* (5.34)

i
4By, wz/\w’1+§Daww’l/\w”, (=12, 7).

We only concern ourselves with the case or there are integral elements in two
dimensions, which would, moreover, by replacing w* less by @* a linear combi-
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nation of ®!, w?, to assume the all coefficients Cy, are zero. We therefore exclude
systems that are not in involution.
If we know the general equations

0, =0, @ =1 o’+i} 0 (5.35)

integral components in two dimensions, we know the family of nine linear inte-
gral elements contained in an integral element in two dimensions. This granted, the
polar system reduces an integral linear ((J)é, (D(’s) of the family .# consists of eight
equations 6, = 0 and equations

(Aga @} + By 03)@* + Dy @E @ = 0. (5.36)

The coefficient matrix of the polar system, or polar matrix, is none other than
the matrix of partial derivatives d ¢/ 8&7(%, when we replace @y, @5 by @', @', the
matrix with  rows and v = n — s¢ columns

99a /9
o5

(5.37)

The reduced character s’l, we now write s1, so that there will be no confusion to
worry about, is the rank of the matrix polar linear elements not regular, or singular,
are those who annihilate all determinants with s; row and s — 1 columns of this
matrix.

94. Test of involution.

We obtain immediately a sufficient test of involution by noting that if the reduced s
character, is equal to the number r of linearly independent forms ¢, the conditions
with which the coefficients t{l, t% general equations (5.36) of the two-dimensional
elements integral are reduced to s; conditions

(Agath — Baat? +Daputtty =0,(a=1,2,--- s1). (5.38)

These conditions are necessarily independent, since the number of independent re-
lations between ¢ and 1} is at least equal to .

On the other hand it is a case where this sufficient test is also necessary is the
one where @* come linearly in the forms ¢. Indeed in this case the equations to be
satisfied by t{l and t% are

Co+Agpth — Byt =0, (5.39)

and it is clear that there are as many equations of this system there are linearly in-
dependent forms ¢, linearly independent (taking into account the assumption made
once and for all that these equations are compatible).

We thus arrive to the following theorem.
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Theorem. The sufficient condition for a differential system closed two inde-
pendent variables is in involution is reduced as the character s, equals the
number of quadratic forms p linearly independent. This condition is also nec-
essary if the forms ¢y contain the first level forms o’ (if Doy coefficients
are all zero).

The following example shows that the condition is not always necessary. Con-
sider the system of three exterior differential equations quadratic form

o> AND =0, o’ Aw! =0, o' Ao’ =0. (5.40)
The integral elements in two dimensions are given by the equations
o' =a, 0 +b 0%, 0> =a0'+b, 0%, 0’ =a30' +b3 0%, (5.41)
with
aybz —byaz; =0, azby —bza; =0, aiby —bia, =0; (5.42)

the number of independent parameters on which they depend is 4 (a;,a»,a3 are
arbitrary and by, by, b3 they are proportional). On the other hand the matrix is polar

0 o -
—®® 0 o' |: (5.43)
o —o' 0

its rank is equal to 2: s; = 2 and s, = 1. It has s; + 2sp = 242 = 4, number of
parameters independent of the integral element generic two-dimensional. However
the number of linearly independent forms ¢y, is 3 > s7.

Case s, = 0. Characteristics. - In the case s, = 0, that is, say so = n—s; — 2,
the number of forms @* is equal to s; if the system is in involution. For any one-
dimensional integral manifold uncharacteristic he spent a two-dimensional integral
manifold and a single. The characteristic lines of a variety ordinary integral cancel
all determinants s; row and s; columns of the matrix polar. In the case where s is
equal to the number of linearly independent ¢, forms, the polar matrix has exactly
s1 row and s; columns, so that the characteristic lines given of an integral manifold
is provided by an homogeneous equation of degree s; of @', ®?, that is to say, dx,
dy.

In particular, take a case where the coefficients Dy, equations (5.36) are zero,
that is to say, @* come linearly in the . In this case lea matrix elements are polar
Agi @' + By @%. You can put quadratic equations ¢y = 0 in a form highlighting the
remarkable 51 family of characteristics, at least when these families are distinct.

Let indeed = 0 equation of one of these families. The coefficient m is the root of
the equation
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|A(Xl +mBaw27mwl| :07 ((X,l = 1,2,"' 751)- (5.44)

Looking for a linear combination of equations ¢y = 0 which, the first member
contains factor @> —ma'. If k¢, = 0 is such a combination is that we will, what-
ever A =1,2,--- s,

k*(Aga +mB gy ot ) =0. (5.45)

It is possible to find values for k* not all zero satisfying in these s; homogeneous
equations as the determinant of the coefficients of the unknowns is zero. A quadratic
equations of the exterior differential system will be given in the form

(0* —ma") A (c; @) = 0. (5.46)
Result if s; families of characteristics are distinct and are given by equations
®*> —m;o' =0 (G =1,2,---,s1), quadratic equations of the system may be placed

under a form?
(0> —mo" YA(cp@*) =0,  (i=1,2,--,5). (5.47)

These equations show a very interesting fact. When one gives to determine an in-
tegral manifold ordinary solution a characteristic dimension, the problem is usually

impossible. This result is obvious from equations (5.47), because if one @* = m;®'
bones along the curve given, it is necessary that along this curve we have also
A _
cip@" =0, (5.48)

since the two-dimensional integral manifold of unknown form > —m®' must be
a multiple of > — m;®". The question of whether this necessary condition is also
sufficient remains outstanding; may the rest if it is sufficient, the problem has infinite
solutions. This is a point of the theory which has been little studied and on which
we know little.

5.6 Systems in involution whose general solution depends only on
an arbitrary function of one variable

We can assume, without loss of generality, that the system has no finite equations. If
itis p independent variables, we denote by ®!, ®?,- - -, ? a system of independent
linear combinations of p their differential. are respectively

2 We assumed the coefficients Cy, zero, which is always feasible to @* adding suitable linear
combinations of @', ®?.
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6 :07 a:1;27“'7s )
« o ( o) (5.49)
Og =Agin O ND" =0, (a=1,2,---,r).

those of the system of equations which are the first and second degree. We are doing
the hypothesis that in the forms ¢ the @* not included in the first degree. We
have not written in terms of @' A @’ because the system is in involution, admits
integral components of p dimensions, and that consequently, by adding them @*
linear combinations of @’ can arrange to cancel coefficients of the products ' A @/ .

The system may contain equations of degree greater than 2, but there is no need
to write them.

We intend to indicate a remarkable form of the equations ¢, = 0 and deduce
important consequences in relation to characteristics of given differential system.

Agin, @* =0, (5.50)

Let s is the character of the reduced first order and following characters are all zero
by hypothesis. The number of forms ot independent of each other and independent
of B, and @' is equal to s1. It may be presumed, if necessary by a suitable linear
transformation of the half, the rank of the system

is equal to s; and even, by a linear transformation on the forms ¢, that we have

AOC”L a)-l = a)-(17 (a = 1727"' 7S1)7

(5.51)
Aﬁmﬁflzo, (a=s1+1,---,7).

This granted, saying that the system is in involution with s3 = s, =--- =5, =
0, this means that there are exactly (p — 1)s; relations between the coefficients of
equations

0% =1t o', (5.52)

that give the p—dimensional generic integral element. These relations are necessar-
ily

1% =Agit®, (=12, 513i=2,3,-,p). (5.53)

This results in particular there’s no more than s; forms ¢ linearly indenpedent
(r = s1), because the consideration of the form ¢, 1, in which o' not listed, give

ASH»I,iJLtlA :Ou (12272a 7p)7 (554)

which would introduce relations between th that can not be deduced from (5.53).

Now form the determinant of the matrix polar linear element (@j), which is a
homogeneous form of degree s; of @', ®?,---, @P. Assume, to stay in the general
case, as for @3 = --- = ©” = 0, the determinant decomposes into a product of s;
distinct linear forms in @', @?. On the reasoning after the No. 96, we see that we
can, if necessary by a suitable linear substitution on the ¢ and @%, assuming
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0o = (0' —mg0®) A O+ Agigo’ AOP),
(=12, s13i=12,,p). (5.55)

Is deduced by expressing that the two forms @%* = r* @' annihilate the forms ¢
especially in the forms ¢, of coefficient the @ A @' is zero,

mat® = Agip s, (5.56)
whence, taking into account the values (5.53) of tf and t7,
MmaAgipth = Agipmptt (5.57)
and at last, we have
Agip=0 for a#p. (5.58)

By asking A yiq = miq, and, for reasons of symmetry, mqy = mo, we have finally
0o = (0" —mig@) N@* =0. (5.59)

This is the remarkable form which are capable of reaching the exterior quadratic
equations given differential system.

99. The characteristic lines of integral manifolds are those which in each of their
points are tangential to one of the s; (p — 1)—dimensional planar elements defined
by the equations

o' —migw' =0, (t=1,2,---,s1). (5.60)

These (p — 1)—dimensional elements to have a remarkable property, according the
following theorem:

Theorem. Considered a manifold on integral given, set of all equations
o' —migo' =0, (5.61)

is completely integrable.

Proof. Before to the proof, we will put for short writing,
o' —mig0' = @%, (@=1,2,---,s1); (5.62)
@®@% are s| the distinct forms of ®!,®?,---, @? that can naturally not be linearly

independent.
This note first that put on an integral manifold we have relations of the form
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o% = 1% @7, (5.63)

consequences of equations (5.59). On the other hand the equation d¢y =0 is a
consequence differential equations of the given system, which is closed, the exterior
differential d¢“Ipha is identically zero when accounting equations 6g = 0 and when
we replace @* by t* @ (the system of equations which are of degree greater than 2
are indeed identically verified under the above conditions).

Now fix the index a. We have, by ¢q = ®@* A @Y%,

dpy = dd* NO* — ®* Ndw®. (5.64)

Suppose we have, taking into account the equations 6 + = 0,3

dao* = 1a,-j o' Ao’ +a; o' A o*,
‘ A A 1 (5.65)
dw® = 50 Ao+ of ANo* + o ot AoH;
the exterior differential d@* does not contain the term in the equations a* A ot
because ®! = @?> = --- = @” = 0 form a completely integrable system.*
We have, according to (5.64) and (5.65),

do®* = 5a,-ja)’/\coJAw"‘Jra,-,l N AN 5c,»jw’/\mfA(D"‘
4 1
+cp 0 ANO* ANB — 5 X ND* NB*;  (5.66)

we must have, whatever arbitrary parameters *,

1 S o
~1%;; 0' N o) A @% + 1% ay o' A D A &%

2

1 S 1
— 3¢ o' Ao A D% — Etlt“c;w O NP A =0.  (5.67)

Equating to zero the coefficient of t* and also %%, where we assume 8 # o, we
obtain

a; @' ANOND* =0,  ape’ AP NO* =0, (5.68)

equations in the second of which should not summon from . These equations ex-
press that any integral manifold on the form vanishes d®* considering @* = 0. This
equation is completely integrable. ]

100. The previous theorem can be stated as follows:

3 Of course the coefficients ajj,a;y,,- -+, equations (5.65) vary with the fixed index o.
4 The forms @' are independent linear combinations of dx!,dx?,-- -, dx”

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



88 5 Differential system in involution

Theorem. Any differential system in involution with p independent variables
whose general solution depends only on s arbitrary functions of one variable
s1 is generally accepted families of characteristics varieties with p — 1 di-
mensions such that it passes one and only one variety of each family through
a point of an integral manifold, all the curves plotted on a variety of these
characteristics are themselves characteristics.

Remark. If 51 families of linear characteristics were not distinct, the reduced form
(5.59) quadratic equations, exterior differential of the system would be less easy.
One can show that the polar matrix with s; columns and s rows could be reduced so
that all elements above the main diagonal are zero, this means that the determinant
of the matrix is composed of a polar product of s; forms linear ®!, ®?,- - -, @?.

We will finish this chapter with an application of theory of systems in involution
in properties of Pfaffian systems.’

5.7 A theorem of J. A. Schouten and W. Van der Kulk

101. This theorem relates a generic system of linear equations to total differential
(Pfaffian system). Let

0, =0, (a=0,1,2,--,q) (5.69)

a system of ¢ + 1 linearly independent equations of n variables x',x?,--- ,x" as de-
pendent than independent. F. Engle has focused attention on a new invariant of a
digital Pfaffian system, namely, in the present case, the largest integer m such that
the exterior form

o ANOLNA---NO A (RO +A1 01+ +240y). (5.70)

of degree 2m + g+ 1, is not identically zero; where A, A1, - - - , A4, are arbitrary pa-
rameters.
The theorem in question is stated in the following manner:

5 Once we returned the forms A, @* to @%, we can look at the s% coefficients Ay, where i is
set greater than 1, as elements of a matrix S; The condition of involution of the system, which is

expressed by the fact that relations A ;) ti’1 =Aqgja ti'l, are consequences of equations (5.53), where

tf“, are bound by any relation, is simply equivalent to the property of p — 1 matrices Sz, ,S), to

be exchangeable between them. It follows from matrix theory Exchangeable that the charactenstlc
equatlon of matrix u'S; +uSy + -+ u’S p» Where u' are parameters, has all its roots linear in

u?,u3,--- uP. As the matrix S; is unit matrix, this means that the determinant of the matrix u2S, -+

WS+ + uP§), is the product of linear forms in u',u? - uP. By replacing the u' by @', we get

the result of the text.
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Theorem. If m is the invariant of the system of E. Engel (5.69), it is possible
to find an algebraically equivalent system whose members are all first class
2m+1.

It is clear that if 2m + ¢ is at least equal to n, the form (5.70) is identically zero,
we therefore surely 2m < n—gq.

102. To equations the problem of determining the system algebraically equivalent
to the given system possessing the property specified, assume it is always possible
that the form

B NOLA---NBy N (d6p)™, (5.71)
is not identically zero, and let
O=0)+u' 6 +u? O+ +ully, (5.72)

where u',u?,--- ,u? denote unknown functions of the variables x!,x?,---  x".
We will determine these unknown functions so that the form © of class or 2m+ 1.
This condition is expressed by the equation of degree 2m + 3

0 A (d6y)" ! =0, (5.73)
which should be added that thus obtained by exterior differentiation, i.e.
(d6p)™ 2 = 0. (5.74)

Hypothetically, if you look u!,u?,--- ,u” as constants, the exterior differential d®
is reducible ( mod 6y, 6;,---, 6,) to

o' No*+ PN+ + 0™ N, (5.75)

where @' are 2m linearly independent differential forms built with x variables and
their differential coefficients may depend naturally ul u?, -l
We consequently looking now u' as variables,

dO=0'N0*+ -+ 0™ "N+ D+ + 0, A®! mod®, (5.76)

where @' 4 du' is a linear form in dx',dx?,--- ,dx".

103. We will first look for the integral elements of the generic n-dimensional sys-
tem (5.73), (5.74). Equation (5.73) expresses that is due ( mod ®) reducible to a
quadratic form built with 2m independent linear exterior forms, i.e. that the second
member of the congruence (5.76) is, when we replace @' by their values , reducible
( mod ®) to
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o' "o+ Ao+ -+ 0P Ae?, (5.77)
where @' is the sum of and a linear combination of forms g, 6, - ,0; and
n—2m —q— 1 other independent forms @’ and 6, or ®*"*! ... @" 4! But we

immediately see that second member of (5.76) is incompatible with the presence of
these n — g — 1 recent forms. It was therefore finally congruence

dO = (0'+a'% 0,) N (0* +a** 0y) + - --
o (@M PG ) A (0P +aP™% 0y) mod O, (5.78)

The result, taking the coefficients of thetag, 0y, - -, 6,, developed in the second
member,

2 2m

CUoc:alozw _azawl_i_____i_amel,ocw

—d® " 4 p g, %O (a=1,2,---,q9).  (5.79)
Identification with (5.76) gives

poB _ pPe —glag?B _ g1B g2 .. (5.80)

+612m_1’a612m"ﬁ _a2m,(xa2m71,ﬁ (avﬁ — 1,2’ ~S,q).

The element of n dimensions defined by the equations (5.79) where the coeffi-
cients satisfy the relations (5.80), satisfies the equation (5.73). It is automatically
satisfied with the equation (5.74), because the shape d® being, according to (5.73),
the sum of m + 1 independent quadratic monomials at most power (m+ 2)th is iden-
tically zero.

The number of independent parameters on which the full element most general
n-dimensional system of the form (5.73), (5.74) is then equal to the number of pa-
rameters has 2mgq, increases the number ¢(g + 1)/2 of independent parameters boP
[¢* parameters with lids the g(¢11)/2 relations (5.80)] increased the number finally
g parameters ¢%, giving a total number of independent parameters equal to

2mq + @. (5.81)

104 Now come to the determination of the reduced system of differential char-
acters. Equation (5.73) is of degree 2m + 3, all elements to 2m + 1 dimensions are
integral. We therefore have

S0 =81 =82 =" = 82m+1 =0. (5.82)

We now consider the following string of elements integral Ey,,12,---,E,—1,
which introduce successively the following relations between the differentials of
n independent variables:
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Eynia D" = =" =0, B =6;=--=6,=0;

Exni3 DM = =0 =0, 3= =6,=0;

Eomiqg ) LU ol S | 6,=0; (5.83)
. 2 1 —q—1

E2m+q+1 . a)m+ :...:wnq :O7
. —q-1

E2m+q+1 . 0" =0,

To form the polar system reduces each of these integrals, we’ll use that from
equation (5.73), we then obtain the rank 67,42, G242 + O2mt3, - - - . Which will be at
most to the ranks 6,12, O2m+2 + G2 3, - - - . According to the sufficient test of No.
29, the differential system in involution will certainly be given if the number (5.80)
independent parameters of the generic integral element is equal to n dimensions

(2m+2)0omi2 + (2m+3)Gomi3 + - +n0y. (5.84)

105. To form the polar system of reduced Ey,;,, for which we

2m--1 _

o "= =" =0, G=6;=--=6,=0, (585

simply, in the calculation of (d®)™*! to take into account only in terms of ®!,

®?,---, ®*", 0, which reduces to (d@)"*! a numerical factor meadows @' A ®> A

- A@*A6; mod® and hence ®(d®)™ ! to @' Aw*A---A®*" AO mod O,
and we have 07,10 = 1.
The calculation of the polar system is reduced by reducing d® mod © to

O'N* 0 AN+ O AT+ 6, A D, (5.86)
from which equations
o' =0, ®>=0; (5.87)

was therefore 02,12 + G243 = 2, thus 02,43 = 1.
We will continue and step by step and you will find

O2m4+4 = " = O2mtq+1 = 1. (5.88)

As the sum of ¢ has already calculated is equal to g, the number of unknown func-
tions, all o are zero.
An immediate calculation gives now
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2m+2)oupi2+ - +n0, =2mg+2+3+---+q+1)

3
— 2mg+ %. (5.89)
This result shows that the system is in involution and its general solution depends
on an arbitrary function of 2m+ q+ 1 variables.

As there is always a solution (and even infinite) for which the unknown functions

u',u?,---  ud are, for numerical data (x')o of variables x' arbitrarily given numerical
values, we can find ¢+ 1 particular solutions such that for x= (xi)o, of g+ 1 the
corresponding theta forms are linearly independent dx',dx?,--- ,dx". The theorem
is proved. O
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Chapter 6
Prolongation of a differential system

6.1 A fundamental problem

106. We have shown in the preceding chapters the existence theorems for certain
differential systems imposed on independent variables, which we called systems in
involution. Solutions of these systems we demonstrated by applying the Cauchy-
Kowalewski theorem are those which constitute the general solution of the consid-
ered system. But we know it can exist in any other, it is the singular solutions, given
by new differential systems each of which is obtained by adding to the equations of
the given system of new relations between the dependent and independent variables,
and these new systems are not generally in involution. A fundamental problem is to
ascertain what information we have on the solutions of a system that is not in invo-
lution, especially given a particular solution of a differential system given, Can be
obtained as the solution non-singular involution of a system can be deduced from
the system given by a method regular?

This is the answer to that question what the focus of this Chapter. The regular
process which is alluded to based on the notion of prolongation of a differential
system, we introduce in the next section.

107. Reduction in the case of linear Pfaffian system. We can always, for the con-
venience of exposition, assume that the given system contains only finite equations
between the independent and dependent variables and equations linear in the differ-
ential variables, both dependent or independent. Indeed (No. 79) while differential
system can be regarded as a system of partial differential equations of first order
in n — p unknown functions z* of p independent variables x',x?, -+, x”. From this
point of view it can be written

Fa(xiazkﬂt[z’) :07 (l: lv , Ps A= 17 y,i—p; 0= l» ,}"0), (6 1)
d* —trdx' =0, (A=1,---,n—p); '

should be added those and these equations are deduced by exterior differentiation,
ie.
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&Fa : aFa A aFOC A
L+ 22 g T g 0 (=12, 1),
R P ( o) 62)

dx' Ndx) =0, (A=1,2,---.n—p);

Change of notations: denote by Vv the total number of dependent variables z*, tf
involved in equations (6.1) and (6.2), the closed system (6.1), (6.2) with v unknown
functions, we denote now all the general notation 2 (A =1,2,---,V) can describe
the form

Fo(x,2)=0, (¢=1,2,---,r9),
00 =0, (a=1,2,---,r1), (6.3)
0o = Coijdx! NdX +Agip dX NBF =0, (A =1,2,---,1).

The 6,lpha are linear forms in dx',dx?,--- ,dxP,dz',dz%,- - ,d7*, consisting of
the first members of the last equations (6.1) and first equations (6.2) or by indepen-
dent linear combinations of these first members. The @, are the first members of
last equations (6.2) or independent linear combinations of these first members. The
@ are linear differential forms with 6, constituting a system of Pfaffian forms v
independent from dz',dz?, - ,dz*. There may be remains of interest to replace the
differential dx',dx?,- - ,dx” a system of p independent linear combinations of these
differentials, then we denote by (x)l7 a)z, .-+, 0P, of the coefficients will depend of
both dependent variables as independent variables.

108. Remark.

We can assume the r; form 6, independent, that is to say that the rank of the linear
system 6y = 0 equal to r;. Of course this assumes that fits in a generic point (x,z),
the x’ and 7 satisfy the equations of the finite system (6.3); such a point is a regular
integral point. We will care as integral manifolds of system (6.3) whose generic
points are regular. Other solutions would be another system that they deduce the
system (6.3) adding the this finite relations that express the rank of the system 6, =0
has a given value less than r;.

6.2 Prolongation of a differential system

The operation of the extension of a differential system is basically identical to that
which is, given a system (the partial differential equations, in addition to those equa-
tions of this system we deduce by deriving all or in part, with respect to one or more
of independent variables. Consider the system (6.3) and form the general equations
which give the p—dimensional integral elements

o* =t dx', (A=1,2,---,v—ry); (6.4)

these equations are
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— A A .
Haij:Caij—i_AOCiltj _A(leti :O’ (azlaza"'arz; 17]:1a27"'7p)' (65)

We can look at tl.’l as new unknown functions subject to satisfy equations (6.5).
There will be a prolongation of the system (6.3) by adding the finite equations (6.5),
the linear equations (6.4) and the equations are deduced from (6.5) and (6.4) by
exterior differentiation. Note that in the new system thus obtained can be removed
outside quadratic equations ¢y, i.e. contained in the original system (6.3), since they
are algebraic consequences of equations (6.4).

We can also perform a partial extension without adding that some of the equa-
tions (6.4).

It can be shown that if the system (6.3) is in involution, it is (the same system
fully extended following the previous scheme (E. Cartan [4], Chapter I, pp. 154-175,
especially pp. 166-171, No. 7-9), but we will not need this theorem. It could be the
remains in default if it was only a partial extension.

110. Suppose that the given system (6.3) is not in involution. Several cases are
possible.

First case. The equations (6.5) that provide the p—dimensional integral elements of
a point from full credits are incompatible. In this case, the compatibility equations
(6.5) leads to relations between the coordinates x/, z* of the origin point of the
integral element.

If these equations lead to relations between the independent variables, or if they
entail the consequence that the ranking system 6,/pha = 0 is less than r, the prob-
lem proposed admits no solution.

If neither of these cases is impossible happens, it will add to the equations (6.3)
the finite relations between dependent and independent variables that express the
compatibility of equations (6.5), and the equations which are deduced by exterior
differentiation, the numbers ry and r; are thereby increased, quadratic equations
6,lpha = 0 does not change. This will provide a new system with the same depen-
dent and independent variables as the first, with increasing integers ry and ry: in
particular the integer v — r| decreased.

Second case. The equations (6.5) are compatible in all respects regular integral
of space, but the system is not in involution. In this case we extend the system as
explained in No. 109, we thus obtain a new system with new dependent variables.
Compared to the old system, there will be increased over ry because we will add
to the finite relations (6.5) between the independent and dependent variables, re-
lations that express the p—dimensional element (6.4) is integral, the entire r; will
also be increased by the addition of equations (6.4) and equations that result from
differentiation of equations (6.5). As for the quadratic equations of the new system,
they no longer contain the equations ¢,/ pha = 0 of the former, if we did a complete
extension of the system, but it will add equations resulting from the exterior differ-
entiation of equations (6.4). If the prolongation is only partial, some of the equations
¢4l pha = 0 should be maintained.

111. We see that after the above if the given system is not in involution, we have
a regular means to deduce a result of new systems admit the same solutions as the
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96 6 Prolongation of a differential system

given system. It can be shown, under certain conditions it is in any case not easy to
specify, they will eventually come to a system in involution.

We will not stop the general case and we are just going to show how one can
demonstrate in the simplest case, or that there are only two independent variables.
The proof we give will not extend to the rest of the case of any number of indepen-
dent variables.

6.3 Case of two independent variables

112. We denote by x and y the independent variables. We will retain the previ-
ous notations. We assume for simplicity that the presentation in quadratic equations
@yl pha = 0, which we write

0o = Codx Ndy+ Ay dx NB* + By, dy AN@* =0, (6.6)

we have got rid the forms 6y, if necessary by adding to 6,/pha, a quadratic form
congruent to zero mod (61,0, -- .0, ). We call p the difference v — ry, so that
the forms ¢, does appear that forms @', @, --- P independent of each other and
independent of 6.

We will state how we’ll do the extension of the system, when the equations (6.5)
will be compatible, the system is not in involution. As we indicated, we will only
the partial prolongations.

113. Recall the test of involution statement at number 94 in the event by a generic
point integral passes at least one two-dimensional integral element. The necessary
and sufficient condition of involution is the reduced s character, equals the number
of linearly independent quadratic forms ¢@q. If we put ourselves and we can assume
zero coefficients Cy, formulas (6.6). Substituting the differentials dx, dy two inde-
pendent linear combinations @', @? and then by writing

Oo = Agy ©' AN@ + By, 0 AT, 6.7)

we can assume that the linear integral @> = 0 is regular, so that s is the number the
forms A,y @* which are independent. One can, for a change of writing, we assume
Agy @ = @%, so we will have

0o = 0' NO*+Byy 0> AN@*, (=1,2,---,5)). (6.8)

If the system is not in involution, there exist forms independent of s previ-
ous forms ¢y, but there coefficients of these forms are linear combinations of

@' ®2,--- ,®*!. We can therefore assume that the form @5, +1 is devoid of such
term @!. We will show that the coefficient of bone is a linear combination the s;
forms . @', @, --- ,@*' Suppose that we have for example P41 = o’ AN@ it s

easy to see that then the first character would be reduced at higher s, because s1 + 1
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6.3 Case of two independent variables 97
first equations reduced to the pole piece of the linear integral (o' = 1, w* = m) are

@+ mBy, @ =0,  (a=1,2,---,s1),
mo* ! = 0; (6.9)
but if m is given a sufficiently small value the rank of this system is s; + 1, so that
character would be the first year less than s; + 1.

114. This being established we can assume, if necessary by performing a linear
substitution on sy forms ¢, @, -, ¢y, that is a non-zero multiple of ¢, so that
we can write

¢s, 11 = 0> AT (6.10)

We will show that the coefficient of @' in ¢; depends only on @', ®@?,--- ,@"!.
Indeed, the polar system reduces the integral linear element (0' = 1, ®?> = m) con-
tains the equations

o' +mB,, @ =0,
O%+mByy, @ =0, (a=2,---,51). 6.11)

this system, when m tends to zero, tends to the system
B 2, _ 2 _ A} 1 — -
nwot=0 o~=0, ---, @'=0 o =0; (6.12)

like its rank must be equal to s is that in form B, @* may appear only @', @2, --- ,@°!.
We can assume, if necessary by a linear transformation on my @% (a < s1) that
the coefficient of bone is equal to @':

0 =o' "o+ 0’ Ao (6.13)

We continue the reasoning. The coefficient of @? in there must be a linear com-
bination of s; forms @!,®?,--- ,@"!. If this combination is independent of @' and
®? we can assume that it is equal to @> and so on. There will come a time when the
coefficient of @? in the successive forms
phiy, ¢2,--- we have to consider not only depend on forms previously encountered:
for example we will

h =o' "0+’ ND?,
_ 1 2 2 A 3
h=0' "0+’ O,
............... (6.14)
_ 1 h—1 2 A h
o1 =o' N\o" '+ D",
=0 "NO"+B 0> B '+ B 0’ N®* + -+ B, 0> AND",
b1 =*ND".
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98 6 Prolongation of a differential system

This granted we deduce, for any two-dimensional integral element

ok =1 602,
o’ =t o' +6 02,
o =1 0*+1 0, (6.15)

o = th—1 o' +1t (1)27
with the relation

th=Bit1+Btr+---+Bpty. (6.16)

115. The first result obtained, perform a partial extension of the differential system
given extension that will introduce # — 1 new unknown functions t,fp,--- ;.
We will then add to linear differential equations 6y = 0 system given to the new
independent linear equations

o! -1 ? =0,
wz—tl o' — w? =0,
@t 0°—13 0* =0, (6.17)

o" —th_ o' — (Biti +Bata+---+Byty) w?=0.

Quadratic equations to former, whose number will be reduced from the rest of 4,
will be added & the quadratic equations resulting from the exterior differentiation
of equations (6.17). The fundamental result obtained by this extension is that the
whole pa decreased: indeed the entire r; was increased by % units, while the number
of dependent variable v was increased only 4 — 1 units, the integer p = v —ry has
actually decreased by one.

116. Analysis of past issues resulting in a regular method to obtain, starting from
a non-differential system in involution, a result of differential system admitting the
same solutions as the initial system. If at some point the resulting system is in-
consistent, it is the same initial system, if the resulting system does not allow two-
dimensional integral elements originating from a generic point of the space of de-
pendent and independent variables , we deduce a new system for which the integer
r decreased, obtained if the system admits of two-dimensional integral elements
originating from a generic point, but the system is in involution, we deduce a new
system for which the integer p declined further. As the integer p can not decrease
indefinitely, so we arrive at some point either to a system incompatible either with a
system in involution

Definition. Theorem. Any solution of a differential system closed two inde-
pendent variables can be regarded as part of the general solution of a system
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6.3 Case of two independent variables 99

in involution that can be formed on a regular basis after a finite number of
operations.

117. Remark. In reality we have limited ourselves to solutions of the initial sys-
tem (6.3) for which the rank of the system formed by the differential equations of
first degree has its maximum value, and the same restrictions were implicitly made
in respect of successive differential systems obtained. Especially if the original dif-
ferential system of singular solutions, these solutions were left to side. If we wanted
to give the theorem stated in the previous issue any validity, it should therefore fo-
cus attention on a particular solution of the initial system and for each successive
system, start by adding, where appropriate, the relations between the dependent and
independent variables that express the ring system of linear differential equations
has the value corresponding to the proposed solution. Unfortunately it is not clear
that the rank of the new system of linear differential equations has increased, that
is to say that the entire p has decreased, although the number of independent rela-
tions between dependent and independent variables has increased . Thus it can one,
strictly speaking, say that the theorem is demonstrated. Nevertheless, considerations
of this Section provide a convenient method to obtain all solutions of a given sys-
tem, so that each is part of the general solution of a system in involution formed
without prior integration.
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Part 11
Applications to differential geometry
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Chapter 7
Differential system, Theory of surfaces

7.1 Summary of the principles of the theory of moving trihedrals

1. Consider in ordinary space a family .%# of orthogonal trihedral depending on
any number of parameters. We denote by A the origin of one of those trihedrals and
by e, ey, es, the unit vectors inclined on the axes. The infinitesimal displacement
that brings the trihedral family .% in an infinitely near trihedral .%" is defined if we
know the infinitesimal vectors de;,de,,de;. The decomposition of these vectors by
projection on the axes of .% leads the relations

dA =o'e;,  dei= e, (7.1

where @' and @/ are linear differential forms with respect to differential parameters
of the family .%. These are the relative components of infinitesimal displacement of
the trihedral. They are, however, not independent, because the vectors e; are subject
to satisfy the relations

(61)2 = (62)2 = (63)2 = 1, € -e)=¢€er-€3=¢e€3-€; = 0. (7.2)
These relations gives the following differential relations
ol =0l=0}=0, O+o3=0+0j=0;+0f=0.  (7.3)

We write now either o: or @} or @;; outside the three forms @', 0*, @ that deter-
mine components the axes of the .# of the translation that brings into coincidence
A with A +dA, there are three other forms

W2 = —wyy, W3 = — W31, W3 = — W32, (74

that define the components of the rotation which brings the trihedral .# to be
equipollent to near infinitesimally trihedral.
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104 7 Differential system, Theory of surfaces

2. The six forms o', 0%, @3, 3, w31, 01> satisfy relations G. Darboux used sys-
tematically in the theories that involve movements of two parameters. These rela-
tions result from the exterior differentiation equations (7.1). It has in fact

do'e;— o' Ade; =0, or do' — 0" Noj =0,

do!e;— ! Ade; =0, or do! — of Nl =0, (1.5)

which leads the structure equations

do' = o* A ay; = o N oF,
‘ . . (7.6)
do! = of Ao
The last equations (7.6) can be rewritten as
dwj; = —of N wj. (7.7)
3. Conversely suppose we are given six differential forms @', o; j = —Oj; con-
structed with ¢ variables «* and their differentials and satisfying equations (7.6).
There is a family of orthogonal trihedral depending on ¢ parameters u',u?,--- ,uf ,

such that forms @', o; ; are related components of their infinitesimal displacement.
Indeed, consider the family the most general possible orthogonal trihedral, depend-
ing on six parameters v!,1?,--- V%, and also @ (v,dv), @;;(v,dv) components of

their corresponding relative infinitesimal displacement. The equations

@' (v,dv) = &' (u,du),
_ B (7.8)
a)ij(v,dv) = (D,'j(u,du),

where V' are regarded as unknown functions of the variables u', u?,-- - u4, is a com-

pletely integrable system, because the exterior differentiation applied to these equa-
tions gives, by virtue relations (7.6), verified by hypothesis by the forms @', @; j as
well as done by the forms, @', ;;, relations which are consequences of (7.8). So
we can match to each system of values u’ one and only one orthogonal trihedral
with parameters v/, if one imposes the condition that the given values (u')q corre-
sponds to a given trihedral of parameters (v')o. It is clear that all the families of
trihedrals searched are deducible from one of them by an arbitrary displacement,
with or without symmetry (a real displacement if we rely on the orientation of the
trihedrals searched).

7.2 The fundamental theorems of the theory of surfaces

4. To any given surface S can be attached a family of positively oriented orthogonal
trihedral which based on the surface and whose vector e; is normal to the surface.
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7.2 The fundamental theorems of the theory of surfaces 105

This family depends on two parameters, if one attaches to each point A of the
surface a trihedral .# as the following law, for example by taking e; and e; the unit
vectors carried by the principal tangents at A,! still we assume that A remains in a
region of the surface of privately umbilics. But the family may also depend on three
parameters, if one attaches to each point A all rectangular frames whose vector e3
is normal to the surface A.

In each case, the vector dA is tangent to the surface, thus, we have

® =0, (7.9)
where, by virtue of structure of equations (7.6) and the expression of d®>, we have
' Ao+ o? Ao =0. (7.10)

Conversely, whenever we have a family of rectangular trihedral such as the form
@ is identically zero, the origin of these trihedral A will describe a surface which
the vectors e3 will be normal to it. Indeed, the equations of e; = e; = 0 form a
completely integrable system, by virtue of structure equations

do' =0’ ANan;, ©*=o'Aop. (7.11)
Let u and v be two independent first integrals of this system, the equation
dA = 0'e; + 0’ey, (7.12)

then shows that the point A depends only on « and v. Therefore the point A describes
a surface with a tangent plane contains each of the vectors e; and e; and as a result
is normal to e3. We have implicitly assumed that @' and ®? forms are linearly
independent, otherwise the point A would describe a line and not a surface.

5. Consider a curve on the surface of this curve define a positive direction and
denote by T, N, B the unit vectors of the Frenet trihedral attached to a point A of
the curve. Let 0 be the angle (e;, T), the positive direction of rotation in the tangent
plane, which brings e to e, by a rotation of +m/2. Let € be the unit vector which
is derived from T by a rotation of +7/2 in the tangent plane. Finally, let @ be the
angle (N, e3), the positive direction of rotation in the plane perpendicular to T which
brings € to e3 by a rotation of +7/2. We have

T= cosOe; +sinOey,

€= —sinfe; +cosbey,

. (7.13)
N= cosBe; +sinbeg,
B= sinOe; —cosBe.

Finally recall the formulas of Frenet

I 'We refer to these trihedral under the name Darboux trihedral
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T &y,
d P d
e—_Yr +%p, (7.14)
p J T
N = ~ZN,
T

where the element of arclength denoted by ds, the curvature and torsion by 1/p and
1/t
Differentiating the first equation (7.13) leads

d
FSNZ(d9+(1)12)8+(601300894-0)1251119)63, (7.15)

the coefficient of € is the projection onto the tangent plane of the vector ds/p carried
by the principal normal; the coefficient e3 is its projection on the normal to the
surface. We can deduce

inwds d
d6+w12:5m S:i’
Rg
@ds d
©13 COS 0 + @3 sin@ — 2% _ 45 (7.16)
p R,

1/R, and 1/R, are the geodesic curvature and normal curvature, respectively. We
have
ds® .
R— = W13 cosOds+ an3 sinBds
n

=o'.03+ 0*.w3, (7.17)

the form @' ® w3 + ®> ® w3 is the second fundamental form ® of F. Gauss, it is
also equal to

—de;-dA = — (w31 + 03€y) - (0' e + 0% e))

= (wlgel+a)23e2)-(a)1e1+a)2e2). (7.18)
Thus, we have
d 2
& =0 .0;+ 003 = Ri. (7.19)
n

The first fundamental form F of the surface is ds?, because
F=(0")+(0?)?*=ds (7.20)

A third form also plays an important role. Differentiating the equation
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e3 =cos@WN+sin@® B, (7.21)

which is easily deduced from equations (7.13). It was, only taking into account
(7.13) and (7.14),

de; = (1)31 (] +a)3282
cos® ds

T-—¢ 7.22
p (7.22)

=—doe—ds

d
= ——ST+ (dw+é)s,
R, T

hence, by projecting on T and €&, we have

d
—T-de3:R—s = w13 cos 0 + wy3 sin 6,

n

d
—£~de3:dw+7s — 13 $in 0 + @3 cOs 6. (7.23)

We find the expression of ds/R, previously provided by the second formula
(7.16). Regarding the quantity d@ /ds + 1/7 is the geodesic torsion 1/7, and we
have, by replacing cos @ by @' /ds and sin @ by ®?/ds, the relation

ds? do 1
= (554 ) ds =005 - 0 0. (7.24)
T, ds T
Formula
¥ =0'0os— 0’6 s, (7.25)

is the third fundamental form of the surface.

Note that the second fundamental form depends on the chosen positive direction
normal to the surface, but not the orientation of trihedral. The third fundamental
form on the contrary changes sign with the orientation of the trihedral, but not de-
pendent on the chosen positive direction on normal.

6. The formulas of the preceding section are valid even if one attaches to each point
on the surface of an infinite rectangular trihedral, provided you have the same vector
e3 normal to the surface. Now suppose we attach to each point A of S a determined
trihedral. The relation (7.10) allows to write

_ 1 2
{6013—a60 +bw*, (7.26)

w3 =bo' +cw?.

The three fundamental forms can be written as
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F=(0")?+(0?)?
=a(0")?+2b0'0*+c(0?)?, (7.27)
=b(0")?+(c—a)0'0*> —b(0*)*.

Note that the form ¥ is the Jacobian forms F and @, that is to say the determinant
of the half-partial derivatives of these forms from ®' and @?.

The lines of curvature are given by the equation ¥ = 0, the asymptotic lines by
the equation @ = 0. As for the principal curvatures, they are given by the system of
equations

a)
()

aw'+bw’ bo'+cw® 1

= =— 7.28
py Py 7 (7.28)
where one draws the equation of the second degree in 1/R
1 2
(a—f) (c——) b2 =0, (7.29)
R R
then, we have
1 1 1
—+—= —— =ac— b’ 7.30
Ry + R 4 RiR; ““ (7:30)

In the case where the vectors e; and e, are carried by the tangents principal we
have 1/Ry =a, /Ry =c¢,b=0and

o= (0211 (02,
(7.31)

If 0 is the angle made with the first principal tangent to the positive tangent of an
oriented curve, then for this curve, we have

1 cos20 sin’0

R R R
1

1 1
7 (E_E) sin? B cos> 6, (7.32)
i _ do + w;
R, T ods

Finally, note that if we take vector e; the unit tangent vector to a given curve C
drawn on the surface. we have for each point in this curve

1 1 de
L, Lo, L_d0ton (7.33)
R, T, R, ds
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It follows in particular that if C is an asymptotic line of the surface, then at each
such point we have a = 0, whence, from equation (7.30),

—1
b=—, (7.34)
RIR;

it leads that the torsion of the curve is equal to ++/—1/R Ry (Theorem of Enneper).

7. We will now discuss various problems related to the classical theory of surfaces.
These problems have mainly focused on research areas of certain properties or en-
joying the search for pairs of surfaces admitting a point correspondence enjoying
the given properties. We will bring the problems of the first category in search of
a family of trihdrals rectangular attached to different points on the surface sought
and whose vector e3 is normal to the surface. In many cases it will be shown to
attach to each point of the triad Darboux whose vectors e, e, are carried by the
principal tangents, which, indeed, the drawback of being restricted to a region of
the surface where only is no umbilic, an umbilical since the Darboux trihedral is not
determined. But often it may be desirable to attach to each point on the surface any
rectangular trihedral whose vector e3 is normal to the surface, removing the restric-
tion in question just been. It is true that the latter way to proceed seems to introduce
unknown parasites, but, as we shall see, this is only an appearance. In the second
category of problems, we bring back from even looking for a family of rectangular
trihedral attached to both surfaces searched, each trihdral attaches to a point A of
the first surface corresponding to a specific attachment to the trihedral correspond-
ing point A’ of the second surface, the point correspondence between two surfaces
in fact establishes a correspondence determined between tangents AT and AT’ from
two corresponding points A and A’.

Problem 1. Surfaces which has all the points are umbilics

8. The second fundamental form being proportional to the first, thus, we have, in
equations (7.26) (No. 6),

a=c, b=0. (7.35)

The family of rectangular trihedral attached to different points on the surface can
therefore be regarded as constituting an integral manifold of the equations

»’ =0, 03 =a0", 03 = a0’ (7.36)
which, closed by exterior differentiation, provide the system
@ =0, o3=a0', on=aw’, ©0'Ada=0, ©*Ada=0. (7.37)

This system is not in involution, it leads da = 0, where the new system
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3 _ _ 1 _ 2 —
w’ =0, w3=a0", w3 =an’, da=0, (7.38)

one seen easily be completely integrable, the exterior differentiation involving no
new equation.

If the constant a is zero, we see that dez = 0, the surface normal is fixed direction:
the surface is a plane. If the constant a is not zero, the point P = A + (1/a)es, is
fixed as

1 1
dP = (a)1+5a)31)e1+ (w%awﬂ)ez —0. (7.39)

We have has a sphere of center P and radius 1/a. All surfaces are then searched and
obtained, which depend on four arbitrary constants.

But the family of trihedrals that we have taken as unknown auxiliary only not
only depend on arbitrary constants, because at each point of the spheres that con-
stitute the family of surfaces searched, one can arbitrarily choose the rectangular
trihedrals attached to it under the only on condition that its vector e3 is normal to
the surface, these trihedrals therefore depend on an arbitrary function of two vari-
ables. But this function is parasitic and does not involve the initial problem. It is
notified by the differential system itself (17.38) that states the conditions of the prob-
lem. Indeed this system does not involve the six forms @', 0%, >, @3, w31, Wy it
does intervene only five @', ®?, @*, y3, w31. Equating to zero we obtain the five
forms a completely integrable system [that is characteristic of the system (7.38)]
whose solution depends on five arbitrary constants uy,uy,--- ,us, each defining a
particular solution one parameter family of rectangular trihedral. The geometrical
meaning of such a family is easy to obtain, because if we stay within the family,
forms, ', ®*, ®>, an3, 31 remain at zero; originally of the trihedral remains fixed
(0! =0, * =0, ®® = 0) and the vector e3 also remains fixed (w3 = 0, w3, = 0).
The family is formed of a trihedrals with origin A and given a vector e3 given and is
geometrically equivalent to an element of contact Lie (point and plane through this
point). The differential system closes (17.38) which involves the independent and
dependent variables u,uy, - - - ,us,a, has simply expresses a property of elements of
contact with the surface sought, precisely that which characterizes the elements of
contact with a surface, every point are umbilics, and in the differential system to
which we got involved only the components @', o;; that play a role in the actual
problem proposed.

Problem 2. Establish between two given surfaces
conformally point correspondence

9. Let S and S are both given surfaces: it there between these two surfaces a point
correspondence such that a relation of the form

ds* = u?ds?, (7.40)
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is between their linear elements ds® and d5?

Attach to every point of each of the two surfaces the most general right-handed
rectangular trihedron having this point as origin, and which the vector e3 is normal
to the surface. We have the relation

(0" + (@) = (0 +(?)?), (7.41)
therefore
@' =u(w' cosd+w?sinh),
. u s ) (7.42)
®* =u(—'sind+ w?cosh),
or
@' =u(w'cosd+ w?sin0),
u( ) (7.43)

@* =u(w'sin6 — ®? cosh),

One can always reduce to the first case, because if one is in the second case, we
replace the vectors e; and e3 of the trihedral attached to the second surface by —e,
and —es3, which will give a new direct trihdral lead to the first formulas.

By then turn this trihedral angle 6 about its third axis, there will be finally maps
each trihedral attached to the first surface attached to a trihedral determined the
second surface so that one has the relation

o'=uo', @ =uw’. (7.44)

This system is closed by exterior differentiation and gives the new system

@' :ua)l,

2 — pua?,

0]
o' /\du—uwz/\(@u —w2) =0,
O’ Ndu+uo' N (@ — o) =0.

(7.45)

Forms @' and @? are linear combinations of the differentials of parameters
needed for the current position of a point of the surface S, the number of unknown
functions is equal to four, namely the two parameters needed for the position of the
point A of § which corresponds to point A to S, the ratio of local similarity of he
tangent plane at A to the tangent of S corresponding to a given tangent to S at point
A. In the system (7.45) are effectively four distinct forms of @', ®?, namely @',
@2, du, and @13 — @;>. One can notice than annihilate these four forms, is to let
the fixed point A and the function u, and also express the corresponding trihedral of
origin A and A turning by the same angle around the third axis, that is to say, the
vectors e; of the two trihedrals correspond consistently.

The polar matrix (No. 93) of the system (7.45) is, assuming that the columns
correspond to the forms du and @1, — Wy, is
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o' —uw?
2

] —u((@)+(@)?). (7.46)

o uo'

Its rank 51 = 2 is equal to the number of quadratic forms appearing in the equa-
tions (7.45). The system is in involution (No. 94) and its general solution depends
on two arbitrary functions of one argument. The function u is essentially zero, there
is no singular solution, there is also no real characteristics.

10. Cauchy problem.
Any solution is completely determined by a one-dimensional solution of the equa-
tions

o' =uo', @ =uo’. (7.47)

We will give this to an arbitrary curve C on the surface S and an arbitrary curve C
on the surface S. Given the arbitrary choice of the trihedral attached to each point of
S, we will take any point C of the vector e; tangent to C, in order to have 0? =; we
will therefore also the vector e; tangent at each point of C; but the vector e, can be
chosen in two ways different to each of which corresponds a definite choice of es.
This fact will establish a point correspondence (analytical) between arbitrary C and
C, which provide the function u = d5/ds. Each of these solutions one-dimensional
of the system (7.45) provide, therefore, according to the general theory, a Fixed-line
representation of S on S.

Analytically, the problem is easily solved. The two surfaces being supposed an-
alytic, can be found on each of them a system of curvilinear coordinates: x, y in S,
and %, 7 for S, so that we have

ds* = A% (dx® +dy?),  d§* = A% (d7* +d7°). (7.48)

Any conformal representation is obtained by taking for X+-iy an analytic function of
x+ iy, or an analytic function of x — iy. The analytical curve C is moreover defined
by taking x + iy is an analytic function f(¢) of a real parameter ¢. If we assign to
each point of C the same parameter at the point corresponding to ¢, we will have

+iv=ft), (7.49)

/() being a certain analytic function of 7. By eliminating r we will have an analytic
relationship between the two complex variables x + iy, X 4+ iy and this will define
the analytic relationship a consistent correspondence searched. The other will be
obtained by determination ¢ from the equation %+ iy = f(¢) and the equation which
expresses x — iy as a function of 7.

Problem 3. Weingarten surfaces
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11. A surface with a given relation between the its principal curvatures is called
Weingarten surfaces. More symmetrically they can define by a relation (analytical)
between the mean curvature 1/R; + 1/R;, and the total curvature 1/R\R;. If we
attach to each point on a surface S searched an arbitrary right-handed rectangular
trihedral subject to the sole condition that the vector e3 is normal to the surface,
the differential system that puts the problem into an equation is provided by the
relations

0> =0,
03=a0'+bw?
03 =bw'+cw?, (7.50)

F(a+c,ac—b*) =0,
F,da+ F,db+ F.dc = 0.

This system is then closed by adding the exterior quadratic equations

o' A (da—2bo)+ @0* A (db+(a—c) @) =0, asD
a)l/\(db+(a—c)w12)+w2A(dc+2bw12):0. .
One checks easily that the last equation of (7.50) can be written as
F,(da—2bw)+F,(db+ (a—c)w2) + F, (dc—2bw) = 0. (7.52)

The equations of the system thus are involved forms @', @?, independent linear
combinations of the differentials of curvilinear coordinates of a point on the surface
S, and six independent forms @, @3, @n3, da — 2b oy, db+ (a—c) wya, dc+
2b my;, between the last three of which are relation (7.52); there are indeed five
unknown functions to define the contact element of S corresponding to a system of
given values the curvilinear coordinates.

Here the polar matrix, whose columns correspond to the three forms da — 2b @5,
db+ (a — C) W12, dc+2b oy is

o' 0?0
0 o' w?|; (7.53)
F, F, F,

we have s; = 2, caracteriatiques being defined by the equation
F(0")? —Fo"0*+F.(0*)? =0, (7.54)

or again, by asking a + ¢ = u, and ac — b* = v, we have

F (0" +(0®)?) +F (a(0")? +2b0".0? +c(0?)?) =0. (7.55)

We see that the characteristics tangents on each integral surface belong to the
involution defined by the asymptotic tangents and minima tangents.
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The generic two-dimensional integral element is given by the relations

da—2boy; = aw' + B o?,
db+(a—c)opn = o' +yw?, (7.56)
de+2bwr = yo' + 8 w?,

with

aFa+BFh+7Fc:0a

7.57
BF,+YF,+8F. =0. (757

12. Cauchy problem.

Any one-dimensional solution, non-characteristic of equations (7.50) provides an
unambiguously Weingarten surface of a given class. Such a solution is defined by
a one-parameter family of rectangular trihedral to each of which are attached three
numbers a, b, c. We will get by taking a curve C at each point of which we seek an
analytical law following an arbitrary rectangular trihedral directly with the vector e;
is tangent to C (this is possible because of the indeterminacy the trihedrals fasteners
each point on the surface searched). We will have then, according to formulas (7.33)
of No. 6,

1 cos® 1 _do 1

= — = b=—=—+— 7.58
a R, o’ T, ds+‘L" (7.58)

O has the meaning given above, (No. 5). As for c, is given by the equation
F(a+c,ac—b*)=0; (7.59)

Each solution of this equation a solution correspond to a dimension of equations
(7.1) and consequently a Weingarten surface containing the curve C and normal
vector e3 attached to each point on this curve.

The Cauchy problem may be impossible or indeterminate if one starts with a
solution to a characteristic dimension, that is to say, from (7.55), if F,, +aF, = F. =0
or if the value chosen for ¢ at each point of C is a double root of equation F = 0
who gives it. It is easy to see that if the curve C is taken arbitrarily, the problem is
impossible. Indeed we have by (7.52) along C,

F,(da—2b o) +F, (db— (a—c) op2) =0, (7.60)
where, according to (7.56),
oF,+BF,=0, BF,+7vF,=0, (7.61)
and consequently, along C (since w* = 0), we have

Fy(db+(a=¢) o2) + F, (de+2b wp2) =0, (7.62)
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It is seen that a, b, ¢ are known according to the curvature 1/p, torsion 1/7 of
the curve and the angle @ fact that the normal to the principal normal with S, the
two equations F = 0, F, = 0 and equation (7.62) provide three relations between
1/p, 1/t and @, that their derivatives with respect to s. The elimination of ¢ and
@ will therefore provide a relation between the curvature 1/p, the torsion 1/7 and
their derivatives with respect to arc length, which restricts the possible choice of the
curve C.

We will study some special cases.

13. First particular case. Surface with a given constant value o for its principal
curvature. Here, by the formula (7.29), the relation F = 0 is

F=(a—a)(a—c)—b*=0. (7.63)
Characteristics are given by
a(0')? +2b0'.0* +c(0?)? =a((0")*+ (0?)?). (7.64)
The relations between the elements of a characteristic curve are
a=a, b=0, (c—a)?wp=0. (7.65)

Two cases are possible. If the value of ¢ along C is not constantly equal to o, we
must have wy, = 0; line C must be a geodesic of the surface, with @ = 0, where

a=—, —=0, (7.66)

the characteristic of C is a circle with radius 1/a, the clclic developable of the
surface along the C is a cylinder of revolution with the same radius.

If instead ¢ = « at all points of C, the line C is a line of umbilics; is a line traced
on a sphere of radius o, because the equations

cos® do 1
= —+-=0 7.67
% gt (7.67)
this leads
dp\?2 1
2,2
— ) =— 7.68
prtr (ds) o?’ (7.68)

this sphere is still a surface of answer to the question.

Weingarten surfaces of the relevant class are none other than the cylinderical-
surfaces, envelope of a family of spheres of radius 1/ depending on a parameter.
Now we see easily that if we are given a curve C drawn on a sphere X of radius
1 /o and that is not a large circle of this sphere, the only cylinderical-surfaces that
can contain C and is tangent to C along the sphere X is the sphere itself. the Cauchy
problem in this case contains one and only one solution. If we are given instead to
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a circle of radius C, there exists an infinity of cylinderical-surfaces containing the
same geodesic; So, the Cauchy problem is indeterminate.?

14. Second particular case. Surfaces whose difference of principal curvatures
has a given value 2a. The relationship between a, b, c is here

F=(a—c)*+4(b*—a?) =0. (7.69)
The characteristics are given by
(a—c) (0" +4bo'.0* — (a—c)(0*)* =0. (7.70)
Which satisfies the three relations is a characteristic.
a—c=0, b==a, dc+2bwp =0, (7.71)

where, assuming b = ¢, we have

cos® do 1
a=c= s 74»—:&’
P ds 7T
d(1 in@ /1
COSE.M-F&(*-FOC) —0. (1.72)
ds poA\p
1f 2U/2) — 0 with L # 0, we have either L = @, with @ =0, or L = —a, with
do

<e = 2a; in both cases the curve C is a circular helix. Otherwise the curve C is
subject to the relation

d(1/p)d(l/t) (1+a> d*(1/p)

ds ds T ds?
) (L -w) (a0 o

If, this relation is verified, then the angle @ is determined at each point to a multiple
near it.

The problem has no singular solution, because the equation of characteristics
can not be reduced to an identity that if a = ¢, b = 0, which contradicts the equation
F=0.

15. Third particular case. Surface with constant mean curvature.
The relationship between a, b, c is here

F=a+c—a=0; (7.74)

characteristics, imaginary, are minimal lines of the integral surface. The Cauchy
problem has a one and only one solution if one gives a curve C at each point and a

2 The problem here has singular solutions, the equation of characteristics becomes an identity if
a=c = a, b=0; these are the spheres of radius 1/a.
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trihedral whose vector e; is tangent to the curve: we have then along C,

0) [0) do ]
T g, +- (1.75)
p p ds

16. Fourth particular case. Surfaces with constant curvature K. In this case
F=ac—bh —-K=0. (7.76)
The characteristics are given by
a(@")?+2b0' .0 +c(0?)? =0. (7.77)

it is the asymptotic surface integrals, real if K < 0. The three relations to be satisfied
by a characteristic, assumed at each point tangent to the vector e, are

a=0, b =—-K, wpn+2b(dc+2bwy)=0; (7.78)
or
| —
cos(DZO7 dﬂ+,: X,
p ds 1

dc 2 —4K smw

T3k p

If C is not a straight line, it was cos®@ = 0, sin®@ = +1, 1/7 = /—K; torsion of
the curve is constant and equal to v/—K (Enneper’s theorem), and further,

(7.79)

c==3v —Ktan/%. (7.80)

If C is a right, the speed of rotation of the normal to the surface along this line is
equal to v/—K and ¢ must be taken to a constant value along the right.

As in the previous problems we leave aside the question of whether the data
satisfy the necessary conditions above, the Cauchy problem has a solution or in-
finitely many solutions. There are certainly cases where it has an infinite number of
solutions, otherwise the surfaces searched could depend on more than an arbitrary
function of one variable, such as torsion curves given constant.

Problem 4. Isothermal surfaces

17. Isothermal surface is defined by the property that its ds is reducible to the form
A(dE? +dn?), where & and 1 are the parameters of lines of curvature. Attach to
each point of such a surface a Darboux trihedral whose vectors e; and e, are carried
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by the principal tangents, which forces us to restrict ourselves to the consideration
of portions of the surface without umbilicus.
Denoting by a and ¢ principal curvatures, we first equations

® =0, o3 =aw', 3 = c 0. (7.81)

We must then express that there is a function u such that the two forms @' and
o are exact differentials, giving

du
a)'A—+a)2/\w12:O,
u

; (7.82)
N 0?2 Aoy =0.
u

Finally externally by differentiating equations (7.81) and taking into account the
structure equations, we obtain

7.83
®* Ndc—(a—c)®* ANwjp =0. (7.83)

{ o' Nde+(a—c)0* Awp =0,
The equations (7.81, 7.82, and 7.83) are closed differential system from of prob-
lem. The generic two-dimensional integral element is given by the equations

012 =ho! +k(1)2,

du 1 2

7——kw +how*, (7.84)
da=a 0"+ (a—c)ho?,

dc=(a—c)ko' 4 c; 02,

it depends on four arbitrary parameters h, k, aj, ¢z, as there are four linearly inde-
pendent quadratic equations (7.82) and (7.83), the system is in involution and its
general solution depends on four arbitrary functions of a variable. The determinant
of the polar system is ®'.@*.((@')* + (w?*)?), the real characteristics are lines of
curvature of the integral surfaces.

Any solution to a dimension of equations (7.81) can be obtained by a curve C at
each point of which was attached a rectangular trihedral whose vector e3 is normal
to C; by calling the angle through which must be rotated e; around in the forward
direction for the tangent to C positive, we will

(0]
acos’ 6 +csin’@ = €08 ,
do 1
(c—a)cosBOsinf = N + = (7.85)

where @ denotes the angle S with the normal to the principal normal C. It may be
arbitrarily according to the angle @ and the angle 8 and the two preceding equa-
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tions provide a and c, however, if sin @ and cos 0 is not zero. Finally the function u
will be chosen arbitrarily along C. A data correspond a surface isothermal and one
containing C and for admitting Darboux tribhedral at each point of the trihedral C
we attach to this point.

The data depend on five arbitrary functions of one variable, it agrees with what
we got, because you can determine the surface S by taking the C section of this
surface by a given plane, which reduces to four arbitrary functions the data corre-
sponding to the Cauchy problem.

Now suppose we take 0 = 0, the curve C becomes line of curvature of the surface
integral unknown. Equations (7.85) reduce to

cos® do 1
a =

but there is an additional condition relating to the equations (7.82) and 7.83) result

d
N R L (7.87)
u a—c
we should have along C
d
1.5 o (7.88)
u a—=c

It may give the curve C and the function c, the angle @ is given by a constant
expression (— [ds/7) then we will have a = cos@/p, and finally the function u
will be known up to a factor (which does not play any role in the rest the question).
This time the data involve only three arbitrary functions of one variable. We leave
aside the question of whether there are solutions compatible with these data and
with what degree of indeterminacy. There are certainly cases where it is an infinity
of integral surfaces.

Particular case. The minimal surfaces are particular isothermal surfaces, because
for such a surface (¢ = —a), equations (7.82) and (7.83) show that du/u = da/a,
which allows us to delete the equations (7.82). More generally, constant mean cur-
vature surfaces are isothermal du/u = da/(a — c) since that is an exact differential.

Problem 5. Pairs of surfaces isometric

19. Let S and S two isometric surfaces, that is to say, have a same ds?. Attach to each
point of S the right-handed rectangular trihedral the most general of which the vector
e3 is normal to S. By hypothesis there exists a point correspondence between S and
preserving the ds”. According to an argument made in the resolution of Problem 2,
we can associate each direct trihedral S attached to a direct trihedral attached to S
so that we have, by this correspondence, relations o' = 0!, @ = ©?. These two
relations give, by exterior differentiation,

o' A (@12 = w12) =0, @ A\ (@12 = 012) =0, (7.89)
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from which we deduce @, = . Finally the differential system on which the
solution is formed by the linear equations

® =0, ¥ o' =0,

@' = (Dl, @ = (1)2, @12 = 2. (7.90)

It is supplemented by exterior differentiation of the above equations, giving the
three quadratic exterior equations

o' A 03+ 0% A w3 =0,
o' A @3+ 0> A dy3 =0, (7.91)
@13 N\ @3 — 013 A\ 3 =0.

All these equations involve the eleven forms o', @2, ®°, @', @, ®°, w3, w3,
@13, @3, @12 — 12, there are indeed eleven variables as dependent than indepen-
dent: ten elements determine the contact of the two surfaces, its eleventh determines
the correspondence between the tangents to the two surfaces in two corresponding
points.

The integral element two-dimensional generic is given by the relations

(3 =an! +ba)2,
03 =bo' +cw?,

_ 7.92
0_)13=ﬁ(l)l+b6()2, ( )
03 = bo! -|-5(JO27

with
ac—b* = ac—b>. (7.93)

Note immediately that the relation (7.93) expresses the equality of total curvature
two corresponding points on both surfaces, and the equation @ = ®@;;, expresses
the equality of the geodesic curvatures of two corresponding curves (Gauss theo-
rem).

Polar matrix, whose columns correspond to the forms @13, @3, @3, @3 is

o' o> 0 0
0 0 o o*]|: (7.94)
W3 — W13 — @23 @13

its rank is equal to 3, number of quadratic equations (7.91), the system is in involu-
tion and its general solution depends on s, = 1 arbitrary function of two variables.

The one-dimensional solutions features, which reduce to two the rank of the die-
polar are given by equations

o'.053+0%.w03=0, o'.@;3+0*.d3=0; (7.95)
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Singular solutions of the system are those for which the two previous equations
are identities, and are formed by a pair of planes whatsoever; they are trivial. they
exist only when the two surfaces S and S admit two asymptotic lines that match.

20. Search surfaces S isometric to a given surface. The surface S being given,
the closed differential system which gives S is reduced to the equations

o' =o', @ =

— 3 —
®’ =0, D12 = 02,
L e (7.96)
o' AN®;3 +0°N\dy; =0,
@13 N\ 3 —Ko'A (1)2,
K denotes the total curvature ac — b? of S.
The integral element two-dimensional generic is given by
= =l 1B m2
O3 =an' +bw*,
o (7.97)
3 =bw +Ccw”,
with
ac—b* =K. (7.98)
The matrix for determining polar
1 2
(0] (0] ~ _
— — | = 0'®;3 + 0.3 (7.99)
—3 W13

rank 2 equals the number of quadratic equations (7.10), the system is in involution
and its general solution depends on two arbitrary functions of one variable.

21. Cauchy problem.
Give us a curve C on the surface S, one can enjoy the indeterminacy of trihedral
attached to different points of S and just keep at each point of a C trihedral whose
vector e is tangent to C in one direction chosen as positive on this curve. Let us
now a curve C and trying to attach to each point of C a rectangular trihedral to
obtain a solution of one-dimensional equations (7.96), there will be between C and
C correspond with conservation of arcs elements d§ = ds; the vector e; the trihedral
will be tangent to C in the positive direction, the vector ez is normal to C and finally
condition ®1> = W, gives

sniw: smw; (7.100)
p p

the curve C being given, this relations gives @ = sin®.(p/p); and it must, for the
problem is possible that the curvature 1/p of C is less than the geodesic curvature
of C on the surface S. If this condition is satisfied, there are two values for @ ad-
ditional one another, which gives for the vector ez of the trihedral attaches to Cin
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two possible positions. One of these positions being chosen, there will be a surface
S and one containing the curve C, which carries the normal vector e3 and which is
isometric to S.

The exception is if @ = 0, that is to say, if cos @ = 0, the curve C would be, if the
problem is possible, asymptotic line of .%. This case would occur have at each point
of the curve C was equal in absolute value than the geodesic curvature of C at the
corresponding point. In this case, there would generally not possible. The relation
(V7.98) indeed gives b> = —K, or b is the geodesic torsion, that is to say by twisting
ordinary, C, so it is necessary that the torsion of C is equal to absolute value to the
square root of the total curvature change of sign of the surface S at the corresponding
point of C (Enneper theorem). The characteristics of the surface integral S are not
arbitrary curves.

One can observe that the remaining quadratic equations (7.96) can be written

@13 +vV—Ko*) A (@3 —vV—-Kw?) =0,
( 1 2) ( o 2) (7.101)
(@13 — V=K 0*) A (@13 + VK 0*) =0;
they show the two families of characteristics
dz+vV—-Ko*=0, o;3—V—Kao?*=0,
13 13—v—-K (7.102)

013 — —K(DZZO, 13+ —Kw?*=0;

curves of each family satisfy the equation asymptotic on the other hand we have for
the first family

1
o' — 0203 =V-K ((0')+(0?)?), or = =V-K, (7.103)
and for the second
1
w3 — 02013 = —V—K (0")*+(0?)?), or = =—V-K. (7.104)

Problem 6. Pairs of surfaces isometric with
conservation of a family of asymptotic lines

22. Will focus on a point of each of the two surfaces a rectangular trihedral whose
directly vector e; will be tangent to the asymptotic family correspondence stored by
the vector e and which will be normal to the surface so that one has @' = ' s ®% =
®? (the trihedral is chosen on S, one attached to S is determined). The consideration
of the relations (7.92) and (7.93) the previous number, where a = @ = 0, leads to
equations
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o =o' @ = 02,
w3 =0, @ =0,

@2 = 02, @13 = £O3, (e ==+1), (7.105)
a)l/\a)13+a)2/\w23:0, a)l/\d)13+a)2/\(b23:O,

0> Awjz =0, 02 A (@23 —€m3) =0;

the last equation arises from the exterior differentiation of the equation @3 = € 3.
The generic two-dimensional integral element is given by the relations

03 =bos, w3 =bo' +cw?,
@13 = ebwys, @3 =bo' +cw?, (7.106)
(¢—ec)wp ANw* =0.

Two cases are distinguished

1) ¢ = &c. In this case @3 = €W;3, @3 = €3, @2 = W7, and if € = +1 families
of the two triples are equal, it is the same on both surfaces S and S, if € = +1
these two surfaces are symmetrical. This solution is trivial.

2) ¢ — &c # 0. In this case we have w, = h®?; the full two-dimensional element
depends on four arbitrary parameters b, c,c, h.

The determinant of the matrix polar, whose columns correspond to the forms
3, 03, 3, W12, S

o' w 0 0
ew! 0 o? 0
o 0 o 0 = (ec—¢)(w?)*. (7.107)

0 —&emp W —0n3+EMn3

Its rank 4 is equals to the number of quadratic equations (7.106), the system is in in-
volution and its general solution depends on four arbitrary functions of one variable.
The characteristics are the asymptotic lines which correspond to both surfaces.

The surfaces S and S have a simple geometric property, one to be resolved; indeed
when one moves along the asymptotic line ®? = 0, we have

dA =ds.eq, de| = 0.€x + 3.3 =0. (7.108)

The point A describes a straight line, the vector e; is constant.

23. Cauchy problem.

There will be a one-dimensional solution of linear equations (7.106) by giving two
oriented curves C, C is corresponding with conservation of curvilinear abscissa. We
focus on each point of a C right-handed trihedral rectangular directly, whose vector
e3 is normal to C, or O the angle between the vector e; with the tangent positive C.
The corresponding point of C must be attaching a directly trihedral whose vector e3
is normal to C and the vector e; makes the same angle  with the tangent positive
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C. To satisfy the last two linear equations (7.106) will require that we have’

sin®@ sin@
- )

) p p
do 1) scoseﬂfsine(
P

i@ 1 (7.109)

ds+r

coséﬂfsine( — + =
p s 1

The two curves oriented C, C being given, and the angle 0, the two preceding
equations determine @ and @. If chooses for example 6 = /2, then

do—-ew) ¢ 1

ds T _ (7.110)
D+e® O+eEp O+ew@
tan = —= .tan ,
2 O—ep 2

which gives @ + £® to an additive constant, then where tan((@ + @) /2) to a mul-
tiple of 27t around. The angles @ and @ given fixed, the two surfaces S and S are
well defined, each point of C by the plane tangent to S the right carrying the vector
ey, the right caused the surface S, the surface Sis engendered a similar manner.

Otherwise we could have proceeded by giving arbitrary curves C and C and at
each point of each curve the vector e3 the normal curve, under the only condition
that we has sin®@/p = sin@/p; the angle O is then determined, after the equations
of (7.109), for its tangent, provided that this angle is not zero is expressed by the
inequality

cos@ cos®@
— € . (7.111)
p a P

Cauchy-Kowdewski’s theorem fall in default if the normal curvature of C and
C are zero. In this case we know that these two lines should be straight lines such
that the angle which rotates the vector e3 when moving on a certain segment of C
is equal to the angle C multiplied by similar relative € (b = €b). It is clear that then
the problem has infinitely many solutions.

Remark I. If the surface S is given and the curve C, the corresponding curve C, and
the angle @, Are given by two equations 1/p, 1/7, @, d®/ds; we see that the curve
C must satisfy a certain relation between its curvature, its twist and their derivatives
with respect to the arc.

Remark II. Two surfaces can be adjusted without their isometric generation cor-
respond.

3 In after equations (7.27) number 6, was the identity, @ @ — @,V = @3 F, where F, @, ¥ denote
the three basic forms, we deduce @ = (1/R,) @1 — (1/T;) ,, the result is the second equation
(7.109).
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Problem 7. Two isometric surfaces with conservation of line of curvature

24. The equations

O =0, o =",
»® =0, @ =0, (7.112)
@13 = W13,

between any two isometric surfaces, add a new equation of the form
1~ 2 - 1 2
o'y — 003 =u(0".03—0".03), (7.113)

u being an unknown function essentially different from zero. This equation allows
to write

O3 =u® —i—va)],
{ 1 B (7.114)

@3 = utv >,
The equations (7.112, 7.114, and 7.112) are the closed differential system to
solve. The integral element two-dimensional generic is given by

Finally the exterior differentiation of equation (7.112) and (7.114) provides the
quadratic equations

o' Aoz +0* A w3 =0,
@13 A @r3+w13 A 3= 0,
o3 Adu +0' Ndv =0,
3 ANdu +o* Ndv = 0.

(7.115)

The equations (7.112, 7.114, and 7.115) are the closed differential system to
solve.
The integral element two-dimensional generic is given by

w3 = aw! +b(1)2,
03 =bo' +cw?,

7.116
du = uj w1+u2w2, ( )
dv = (buy —cup) ®' + (buj — aup) ®°,
with
(au+v)(cu+v) —b*a®> = ac — b*; (7.117)

it depends on four arbitrary parameters.
The determinant of the matrix polar, whose columns correspond to the forms
13, 23, du, dv, is
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! w? 0 0
—u; —w;3+umdsz 0 0
3 3 13 13 = (7.118)
—du 0 w13 O
0 —du w3 ©*
_ 1 2 1~ 2 - 1 2
=—(0'.o3—w .a)13).(u.(a) B3 — 0°.03) — (0 .o+ o @3))

Its rank is equal to 4, number of quadratic equations (7.115), the system is in in-
volution and its general solution depends on four arbitrary functions of one variable.

25. The singular solutions are those for which the determinant of the polar array
is identically zero, which gives u = £1, v = 0, then the two surfaces are equal to or
symmetrical: trivial solutions. Must be added the singular solutions from the inde-
terminacy of lines of curvature pair of planes or spheres, are also trivial solutions.

It follows from what precedes that the surfaces S who has the property that there
exists an isometric surface S of § with preservation of lines of curvature without
being equal to S or symmetric with S, are extraordinary.

The characteristics are:

1) The two families of lines of curvature which correspond to both surfaces;
2) Defined by the two families

u.(0'.@3 — 0*.@3) = 0" .03 + 0 .03; (7.119)

these two families are not in general true. In fact the discriminant of the quadratic
form
u.(0".@3 - 0*.@3) — 003+ 0% .w; = (7.120)
=@ —1).(a(@")?+2p0" 0" +c(0®)?) +uv ((0')* + (0*)?),

(u* = 1)20* — ((* = Da+w)((u* —1)c+uv) = (7.121)

= (u? —1)?(b* —ac) — (® — Duv(a+c) — u>v*;
taking into account the relation (7.117), is discriminant reduced to —v> < 0.

26. Cauchy problem.

Look for a solution to one dimension of system of equations (7.112) and (7.114).
It can be assumed, because of the uncertainty attached to surfaces of the trihedral S
and S, which was @, = 0 to this solution. So we will take two oriented curves C and
C preserving correspondence with the arcs (d§ = ds). At each point of each curve
we attach a trihedral whose vector e is tangent to the curve in the positive direction.
We will then

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



7.2 The fundamental theorems of the theory of surfaces 127

siri(ﬁ _ sin057 cofﬁ'j 0, (7.122)
p p p p
Ao 1 (da5+ 1)
—=ul — - .
ds 7T ds 7

We see that the choice of vectors ej3 is subject to one condition

Sll’iw _ Sll’la)'; (7123)
p p

functions u and o are then determined along C and C by the other two equations
which exclude essentially the lines of curvature. These data clearly determine the
surfaces S and §. We see that they involve five arbitrary functions of one variable
(two arbitrary functions for each curve and an arbitrary function of the angle @),
but if you do restricted by take the curve C in a given plane, it only four arbitrary
functions, according to the result obtained above.

Now consider the case where the Cauchy-Kowalewski theorem fall in default. In
this case it was necessary conditions

sin@ _ sin@ do 1 _o
b P s 1 (7.124)
cos® cos® do 1
— =u +v, —+-=0.
p P ds 7T

Equations (7.116) also show that in our case (@, = 0, b = 0) we must have cdu +
dv = 0 along the lines C and C. Now we

@ &
a=0 P2 i (7.125)
p p

then, according to (7.117), a(cu+v) = ac; we deduce easily that

oo Aa—au), (7.126)
a—au

by replacing v and c by their values in the equation dv + cdu = 0, we obtain, to

determine the function u, the Riccati equation
du da da da da

2 2 = 2 -
—a’)— —u —la—+a— — =0. 7.127
@) gy raggw—(ag rags)urags (7.127)
Note that the two curves C and C can not be chosen arbitrarily, they depend in
general only three arbitrary functions of one variable can be given arbitrarily de-
pending on the angles @ and @ and the geodesic curvature common 1/R,; curva-
tures and torsions are then determined according to s.

27. Another method
The calculations become easier if we attach to each point of S the Darboux trihedral
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whose vectors e; and e, are carried by the principle tangents, in limiting ourselves
to naturally stay in areas without umbilicus. We may from equations

o' =o', &= > =0,

@ =0, B2 = 2, o3 =a0', (7.128)
- 2 = 1 a _C 2

3 = c O, Oi3=taw’, 0023—;0),

whose last two express equal total curvature two corresponding points on both sur-
faces.
The system was closed by exterior differentiation, hence the new equations are

o' Nda+(a—c)o* Nay =0,
w* ANde+(a—c)o' Nwp =0,
o' Ad(ta) + (ta— ®> A =0, (7.129)

a)z/\d(;> + (ta—;) o' Ao, = 0.

May be modified last two equations taking into account the first two, which gives
the equivalent equations

o' Nda+(a—c)0* Aoy =0,
0> Nda+(a—c)o' Nap =0,
a)l/\( tdr | ¢ _da ):07 (7.130)
1-2 aa-—c
tdt a dc
(0] /\( - = )zO.
t(1—-12) ca—c

The characteristics are as shown in an easy calculation, data by the equation
o' Ao A ((0')+ (0?)?) =0. (7.131)
there are two families of lines of curvature and two imaginary families.

28. This method has the advantage of leading quickly to the system which gives
differential S isometric surfaces of a given surface S, with matching lines of curva-
ture, without that S is equal or symmetrical to S. The surface S is given, we have in
fact simply to ascertain the unknown with the condition 7> # 1. The last two equa-
tions (7.130) represent the differential sought system in which a and c are given. If
we assume, for the surface S,

on=ho'+ko?, (7.132)

the first two equations (7.129) give us
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ar = (a—c)h, c1=(a—c)k, (7.133)

by appointing a the second covariant derivative of a (da = a;®' + a,®?*) and ¢;
the first covariant derivative c. The last two equations (7.130) we then give

tdt t
m:t?akwl_ngztzwl—wz, (7134)
asking to shorten
t
Yo' =w', She?=oa (7.135)
c a

The exterior differentiation of (7.134) gives
tz{dwl—zwlmﬁ} —do’ - 20' A&, (7.136)

The coefficient of 2 in the first member is known, represent it as A o' A ®?, the
second member is also known, is B®! A w?. That said, if A and B are zero or one
nor the other, the differential system can not admit that the solution 2= B/A. In
general it will not be a solution, because we know that the problem is possible only
for a restricted class of surfaces S. It may happen that t> = B/A is actually a solution
and then it will be the unique solution of the problem, however if B # A% If A =
B =0, equation (7.134) is completely integrable, in which case there is an infinity
of surfaces S essentially dependent on an arbitrary constant (essentially means a
displacement close).

The surfaces S for which this feature is present are characterized by the property
that the two forms

o' =%k,  @=She? (7.137)
C a
satisfy the two relations
do' = do’ =20' No>. (7.138)

especially the form @' — @7 is an exact differential.
These surfaces can be determined. Using relations

do' =ho' No*, do’*=ko'Ao? (7.139)
we find that
h hk k hk
-) == -) == 7.140
G- Q.= .140)

4 In reality there will be two solutions corresponding to two symmetric surfaces S from each other.
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Continuing the calculations®, we find ik = 0.

For example, let k = 0. We have d(h/a) = A &°.

However, the exterior differentiation of the equation @y, = h w? gives hy = ac+
h?, and as ay = (a — c)h, it follows

Azc(1+z—§). (7.141)

The closed differential system which defines the class of surfaces S is regarded
then

w3:0, w13:aw17

3 = @7, 02 =ho',
h h?

d (7) te (1+ 7) 02 =0, (7.142)
a a

o' Nda—h(a—c)o' Nw? =0,

®> Ade =0.

It is in involution and its general solution depends on two arbitrary functions of one
variable, and characteristics are the two families of lines of curvature.

29. We can geometrically characterize these surfaces. Note first that the lines of
curvature of the second family (@' = 0) are geodesics (w2 = 0) and are plane
because by moving along one of them was

%262, %2603, %:—Cez. (7.143)
c is its curvature; dc is a multiple of @?, all these planar geodesic are equal. The
plans of these various lines of curvature envelop a developable surface, the surface
is generated by a flat line I" whose plane rolls without slipping on a developable sets
(each point I" moves normal to the plane of the valley). Since the vector normal to
the plane e; of the curve for differential (he, +aey)®', it follows that the charac-
teristic plane I" is in the plane Aejes, the vector perpendicular to the he; + aes;
the generatrix of the envelope developable surface of the plane of Gamma is a
straight line parallel to the vector e; — (h/a)e3. As the differential of this vector is
c(h/a)(e; — (h/a)es)®?, it follows that the generator of the developable has a fixed
direction. The plane I" of a cylinder envelope so, so that the surfaces are sought-
molding surfaces, which do depend on two arbitrary functions of a variable.

We therefore arrive at the following conclusion. The surfaces S such that there
exists a surface S with conservation of isometric lines without curvature § is equal
to S or are symmetric to S exceptional, forming a dependent class of four arbitrary
functions of one variable. The corresponding surface S is generally unique to a dis-

5 The differential system which gives the sought surfaces by simply using the results we just
obtained is not in involution, that is, applying the method of extension specified in Chapter 6 we
find the relation hk = 0.
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placement or near symmetry, and there-except for molding-surfaces, for which the
surfaces depends, has a displacement and a near symmetry, an arbitrary constant.

Problem 8. Two isometric surfaces with preservation of principal curvatures

30. It is sufficient that the mean curvature is preserved. If we use the same rectan-
gular trihedral than in the previous problems, we have the equations

o'=0', =0’ 0'=0, @=0, @n=o0pn. (7.144)
As on the other hand
o' A3 — 0* Ao = (a+c) o' N o?
1 1 1 2
=|l—+=— )0 No 7.145
(R1+R1) ’ ( )

the differential system which expresses the closed conditions of the problem is ob-
tained by adding to equations (7.144) quadratic equations

o' Ao+ o Aoz =0,
O' A @3+ 0% A3 =0,
@13 A\ 3 — @13 A\ @3 =0,
O' A (@3 —ew3) — 0 A (@3—ew3) =0,  (e==1).

(7.146)

The double sign is that the principal radii of curvature of both surfaces can be
worn in different directions on the vectors ez attached to the surfaces S and S. Can
be reduced to the remainder € = 1 case, the solutions of case € = —1 being deduced
if the solutions € = +1 by symmetry of the surface S with respect to a plane.

The integral element two-dimensional generic is given by

1 2 1 2
O3=a0 +bw~, =bw +cw-,
e @23 =0 L (7.147)
O3=aw +bw, 3 =bw +cw",
with
ac—b* =ac—b, ad+c=a+c; (7.148)

it depends on four arbitrary parameters.
The determinant of the matrix polar, whose columns correspond to the forms,
13, W3, D13, M3 is
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o' 0w 0 0

0 0 o o?

= (7.149)
W3 — 013 —Wn3 W13
0 -0 —0? o!

= (@2 + @) (@' (@13~ @13) + 0. (@23~ @) ).

The rank of the matrix being equal to 4, number of quadratic equations (7.6), the
system is in involution and its general solution depends on four arbitrary functions
of one variable.

Singular solutions. They correspondtoa =a, b = b: ¢ = ¢, that is to say @13 = @13,
@3 = (3. They are supplied by two equal or symmetrical surfaces (¢ = —1). These
are trivial solutions.

The real characteristics are provided by the pairs of corresponding curves have
the same normal curvature.

31. Cauchy problem. Any solution of a dimension system (7.50) is obtained by
taking two curves C and C oriented with conservation corresponding to arcs and by
attaching to these curves of rectangular trihedral whose vector e; is raised by the
tangent b-positive the curve, the vectors e3 being chosen so as to satisfy the relation

s1ria7: s1n(D; (7.150)
p p

such a solution depends on five arbitrary functions of one variable. It is characteristic
if it has at the same time

cosa_i:cosw; (7.151)

p P

that is to say if the curvature is the same function of the curvilinear abscissa for both
curves. We will then take @ = @. Moreover, the equalities

a=ad, a—-c=a+c, ac—b*>=ac—"b>, (7.152)
leads

c=d, b==+b. (7.153)

the two curves have therefore the torsions geodesic equal to or opposed. This is a
new condition which must be satisfied that the two curves for the Cauchy problem
is possible (See the problem VIII, who was asked by O. Bonnet, an article by E.
Cartan [8]).

Problem 9. Pairs of surfaces point correspondence
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to the lines of curvature and the principal curvatures

32. We will explain the problem by requesting that the correspondence between
the two surfaces preserves the mean curvature and total curvature.

We will attach to each point on the surface S a directly Darboux trihedral®, we
can then attach in a one way and only one at the corresponding point of the surface
S a Darboux trihedral as it has

—uw', @*=va?, (>0, v>0). (7.154)

That being so, two essentially distinct cases are considered according to the prin-
cipal curvatures are the same for lines of curvature which correspond to both sur-
faces, or after these principal curvatures are exchanged between the two families of
lines of curvature when passing from one surface to another.

33. First problem. It will add to the equations (7.154) the equations
O3 =a0', opn=cw?, O3=ead, @Oz=ecd, (e==1), (7.155)

then the equations are derived from (7.154) and (7.154) by exterior differentiation.
These new equations are

o' Adu+ o A\ (uwin—vdn) =0,
X Adv+ ! /\(ua)lz—vwlz):()
o' Nda+(a—c)@* Nwp =0,
o’ ANdc+(a—c)o' Nop =0,
®' ANda+(a—c)@* Ndp =0,
®@*Ndc+(a—c)®' N =0.

(7.156)

Subtracting the fifth equation multiplied by u the third and sixth equation of the
fourth multiplied by v, we obtain relations

o’ A (M(Dlzfv(z)lg) =0, o' (ua_)lzfv(l)lz) =0. (7.157)
This allows to write the six quadratic equations in the form

(1)2/\(14(1)12—1/(1_)12):0, (1)1/\dl/t=07
a)l/\(ud)lz—va)lz):o, w*Adv=0
o' Nda+(a—c)@> Nwp =0,
o’ ANdc+ (a—c) o' Nop =0.

(7.158)

Equations (7.154, 7.155, and 7.159) are the differential system closed the first
problem.

6 This implies that we only consider portions of the surface no umbilicus.

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



134 7 Differential system, Theory of surfaces

The determinant of a matrix whose columns are polar forms of du, dv, @2, @2
da, dc is, all calculations, given by

A=(a—c) W —?) (0" (0. (7.159)

Its rank is equal to 6, number of quadratic equations (7.159), the system is in
involution and its general solution depends on six arbitrary functions of one variable.

Singular solutions. As a — ¢ is assumed to be essentially different from zero, the
singular solutions are those for which u?* =v? or u—v, since u and v are two func-
tions essentially positive. The first two equations (7.159) then give the du = 0 and
the next two give @1» = @2, hence, by exterior differentiation,

D13 N\ @3 = 013 N\ 023, (7.160)
or
(u*> = 1)ac=0. (7.161)
If we leave the cete developable surfaces, we find u = 1, the equalities
o'=0', @*=0’ Op=0pn O3=°to3, O3=0n3 (7.162)

then show that the two surfaces are equal or symmetrical: trivial solution.

Thus we see that the surfaces S such that there exists a surface § may, without
being either symmetrical to S, or equal to S, to be matched with point § with preser-
vation lines of curvature, mean curvature and the total curvature are exceptional:
they are a class of six arbitrary functions depending on a variable.

Characteristics, according to (7.162), are lines of curvature.

34. Cauchy problem. Any solution to one dimension of equations (7.154) and
(7.155) consists of two families of rectangular trihedral attached to two curves C and
oriented C and four functions u,v,a, c, each trihedral is determined by the vector e3
normal to the corresponding curve and the angle 6 is that the positive tangent to the
curve with the vector e;. We then. from (7.27) and (7.31) of No. 6, relations

cos0ds=ucosBds, sin@ds = vsin 0 ds,
o do 1
g:acosZG—i-csinze, 7+;:(c—a) sinfcos@,  (7.163)
s
o = - do 1 -
cos zs(acos29+csin26), — 4+ -=¢(c—a)sinBcosh.
p ds 7T

We arbitrarily give the law of point correspondence between C and C, that is to
say ds/ds = w. We will then
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wcos 0 wsin 8

~ cosf ’ Y7 sing (7.164)
functions a, ¢, 8, 6 will be determined by the last four relations, where the angles @
and @ are known by the position vectors ez attached to the trihedral of two curves.
We see that the data depend on seven arbitrary functions of one variable (the two
curves, the angles @ and @ and the function w). This agrees with the degree of
arbitrariness of the general solution of the problem as a solution to the problem
being given, we can take to curve section C of S given by a fixed plane.

The Cauchy-Kowalewski theorem falls into default if the curve C is line of cur-
vature of S, that is to say, if 6 = 0 or /2 (0 then has the same value). For example,
assume 6 =0, 0? = @> = 0. Equations (7.156) then show that one must have, for
the possibility of the problem,

dv=0, ,@n—vdn=0. (7.165)

The data in this case are as follows. We must have

ds cos @ cosO do 1
u=—, a= =£—, —+ - =0,
ds p p ds 7T
in®@ in6 do 1
dv=0, sme v oo, (7.166)
P p ds 7

Let-denote, for example, @ and 1/p depending on s, the torsion 1/7 of C is given
by 1/t = —d@/ds. Let us then u as a function of s and the constant value m of v.
we will have

1 cos® 1 1 —-1do

= €
tan® = — tan @, —=&—— —, -—= (7.167)
m p sin@ p T u ds

which gives @, 1/p and 1/7 as a function of §. Finally we give an arbitrary c as
a function of s. The characteristic solution thus obtained depends on four arbitrary
functions of s, namely @, 1/p, u and c. It is clear that there will be solutions to
a characteristic dimension which correspond infinitely many solutions of the given
problem.

35. Particular case: Surfaces admitting a family of lines of curvature of geodesic
forms.

If the second family of lines of curvature of a surface S is formed of geodetic there
will be a relation of the form

wp=ho'. (7.168)

as dw? = o' A w2 =0, the form w? is an exact differential dB. As we saw earlier
(No. 29), the lines of curvature of this family are all flat and equally between them;
the surface S is generated by a flat plane I" whose plane rolls without sliding on a
fixed developable.
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If such a surface belongs to the class that we consider, the surface S will be given
by the system

o'=uon', @3 =€ad", @ =0,

(1_)2:\1(1)27 6)23:8C0_)2,
o' ANdu=0, o'A(ud,—vop) =0,

0*Ndv=0, @*A(uop—vdp)=0.

(7.169)

In the second last of these equations and equation (7.168) it follows that @, is
proportional to @' and the last equation (7.169) results

h
(Dlzzza)u:*a)l. (7.170)
v \%

The surface S, if it exists, has also his second family of lines of curvature of
geodesics formed. The functions # and v are given by the system

O ' ANdu=0,  @*Adv=0, @122%0)12 (7.171)
hence, by exterior differentiation
ho' Adv+acv(? — 1) o' Aw* =0. (7.172)
We deduce from these equations

v(1—1?) 2

A (7.173)

dv =ac

As 0% Adc = 0, we see that two cases are possible:

1) @* Ad(a/h)=0.In this case equation (7.173) is completely integrable for v gives
a function that depends on an arbitrary constant, the equation @' A du = 0 then
gives u for an arbitrary function of the parameter lines of curvature of the first
family of the surface S. There is then an infinity of surfaces S with forming S a
pair of surfaces satisfying the conditions of the problem.

2) ®> Ad(a/h) # 0. In this case the equation (7.173) has the unique solution v = 1,
and can still take for u an arbitrary function of the parameter lines of curvature
of the first family of S, of the existence of yet oh an infinity of surfaces S.

The first case is that of surface-molding.

36. Second problem. We start from equations (7.154) which one must add the
equations

A3 =a0', Ox=co’, @z=¢tco', @n==can’, (e==£1) (7.174)

and quadratic equations
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o' ANdu+ o* A (u(i)lz—v(i_)lz) =0,
0> ANdv+ o' A (udp —vop) =0,
o' Nda+(a—c) 0> Nwp =0,
o’ ANdc+ (a—c) o' Nop =0,
®' Nda+ (a—c)@* N@yp =0,
®@* Ndc+(a—c)®' AN =0.

(7.175)

The determinant of the polar array whose columns correspond to the forms du,
dv, W12, @12, da, dc, is

o' 0 uw? —veo?* 0 0
0 0 —vo! uw'70 0
0 0 (a—c)w? 0 o' 0
00 (a—c)o' 0 0 |
0 0 0 —(a—c)®* 0 @'
00 0 —(a—c)@' @* 0
= (a—c) 0" .0 ((w1)2.(@1)2 - (w2)2.(@2)2). (7.176)

The rank of the matrix being equal to 6, number of quadratic equations (7.175),
the system is in involution and its general solution depends on six arbitrary functions
of one variable. As a — c is essentially zero, and lee functions u and v, there is no
singular solution. The characteristics are lines of curvature and the two families give
lineage by

0@ —-0®.@*=0 o u(e')’-v(®*)?=0, (7.177)

there are two other characteristics of families, but they are imaginary.

37. Cauchy problem. The formulas in the first problem for the formulation of the
Cauchy problem is here replaced with the following

d§cos O = uds cos 6, d§sin@ = vdssin,

do 1 o

7+;=(c—a) sinf@ cos 0, cos =acos’@+csin’ 6, (7.178)
S

do 1 ~ ~ D ~ ~

d—a_j %:&‘(c—a)sinecose7 Coswzs(ccos20+asin26),
5

We will arbitrarily two curves C and C, and the angles @ and @ the law of point
correspondence between them, that is to say the function ds/ds = w. We will then

cos O sin 6

(7.179)

cos@’ sin@’
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138 7 Differential system, Theory of surfaces

functions a, ¢, 0, 6 will be determined by the last 4 relations.

The Cauchy-Kowalewski theorem falls in default or if the curve C is line of
curvature of S, or if one has such v/u cos 8 = /v sin6.

Let us look first the former case and assume, to fix the ideas, 6 = 0, where 6 = 0.
the equations

@ & do | A6 1
ds=uds, a=% 4—¢%8% B 1 _, ez =0, (1.180)

P p ds 7T ds

we should add new relations to ensure that the problem is possible. Relations (7.175)
is deduced in effect

d
sz(da+dc+(a—c)7V) —0, (7.181)
we should have along C
d da+d
dv datde (7.182)
v a—c¢

Let us, for example u, @ and 1/p as a function of s, the curve C will be deter-
mined by its curvature and torsion equal to —d@ /ds. The function § is known, let us
@ and 1/p as a function of §; torsion 1/7 is determined. When the function u will
be determined at a constant factor; the data dependent and five arbitrary functions
of one variable.

Now consider the second case, or assumed /ucos@ = /vsin@, or \/uw' =
\/v®*. Equations (7.175) is drawn equation

(Vuw' —vo?) A (vda+ude + (a—c)y/uv(@2 — @r2)) = 0. (7.183)
To equations (7.178) should therefore be added to equation

vda+udc+ (a—c)\/uv(®z — @12)) = 0. (7.184)

Then we can give the curve C and the functions @, u, v as a function of S. we will

have
u ~ %
tan@ = \/:, tan @ = \/;, ds = +/uvds, (7.185)

where 6, 0, §; as to the functions a and c, they will be given by the equations

o do 1
av+cu _ cos , (c—a) Vi =—+-, (7.186)
Ut ) u+v ds 7T

Finally, the curve C and the angle @ will be given by the equations

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



7.2 The fundamental theorems of the theory of surfaces 139

[0} do 1 v/
Cosw _avtan 40 1 VW (7.187)
p u+v ds 7T u+v

and the value of sin@/p will be derived from equation (7.184). The data dependent
thus five arbitrary functions of one variable.
We leave aside the determination of the surface § when we know the surface S.

Problem 10. Couples of surfaces in point correspondence
with preservation of geodesic torsion curves

38. We have excluded the trivial case of planes and spheres. The geodesic torsion
being the ratio

ol .0 — 0?03

@) T

each form of the numerator and denominator must, from the first surface S to the sec-
ond surface S to reproduce, even multiplied by a factor (the sign). the two surfaces
are in line representation. Attach to different S pointed to the rectangular trihedral
directly subject to the sole condition that the vector es is the surface normal; will
strive to corresponding points of S, without ambiguity, the corresponding trihedral
so as to have

o'=uo', @ =uw?, (u>0); (7.189)
we must then have
o'.@y— 003 = cu (0" .0y — 0.013), (e==1); (7.190)
from which
O =cu(03+ve'), @ =eu(ms+vo?). (7.191)

Finally the problem of closed differential system proposed will consist of the

equations
® =0, o' =uo', @3 = eu (o3 +vo'),

@ =0, @ = uw?, @3 = eu (w3 +vo?), (7.192)

and exterior quadratic equations
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140 7 Differential system, Theory of surfaces

o' Ao+ 0’ Ao =0,

@’ N — — o' A (0 — @) =0, (7.193)

du _
o' Ndv+ a)13/\7+w23/\ (6012—(012) =0,
d
(1)2/\dv+(023/\l—6013/\( )
u
The generic two dimensional integral element is given by the equations
03 =a0' +bw?,
03 =bo' +cw?,
du _ an' + B w? (7.194)
u
o — @ = o' —ae?
dv = ((a—c)a+2bB) o'+ (2bat+ (c —a)B) @?,

it depends on five arbitrary parameters a, b, ¢, &, 3. The system is in involution
and its general solution depends on five arbitrary functions of one variable if the
determinant of the polar array is not identically zero. But this determinant, whose
columns correspond to the forms @;3, @y3, du/u, @1 — @12, dv, is

® ? 0 0 0
0 0 o' o 0

0 0 o0 —o' 0 d

=2 ((0")2+(0»?), (7.195)

du _ I u
T W) — Wy 013 W3 O
_ du )
012 — 012 T W3 —W13 O

it is not identically zero. The actual characteristics of general solutions are one fam-
ily characterized by the constancy of the function u.

39. Cauchy problem. Leaving aside for now the singular solutions of the problem
proposed, let’s get to the Cauchy problem on general solutions. Presumably for a
one-dimensional solution (Cauchy data) system (7.192), was ®> = 0. We then have
for the couple of curves corresponding C, C and the couple of developable circles
X, Sigma,

ds = uds, =€

p

o o do do 1

cos (COS +v), e(— n 7)_ (7.196)
ds 7T

More simply we will arbitrarily two curves and two developable; the point cor-

respondence between the two curves will be that which achieves equality, around

with the sign s, the geodesic torsion; we will thus have the function u = d§/ds along
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curves, and the function v is the difference (¢ = 1) or sum (¢ = —1) of the normal
curvatures in two corresponding points of two curves. The data depend on six arbi-
trary functions, which are reduced to five if we take the C section of the surface S
by a given plane.

The Cauchy-Kowalewski Theorem falls in default if the data are characteristic,
that is to say, if the function u is constant, equal to m for example. In this case
we have an additional condition for the data. The coefficient alpha of the formulas
(7.194) being zero, we must have along the curve C

dVZZb(a)]z—(Dlz), (7.197)
or
dv do 1 sin @ sin®@
%ZZ(E+E)'( S ) (7.198)

The data are no longer dependent while four arbitrary functions of one variable,
the curve C and being developable X data (three arbitrary functions), functions 1/p,
1/7, @ of § are linked by a finite relation and a differential equation.

If the surface S is given, the surface is determined by the S system formed the
last five equations (7.192) and the last four equations (7.193). This system is not
in involution, in the most favourable case the surface S depends, to a displacement
around, five arbitrary constants; would still have to ensure that this case can actually
occur.

39. Singular solution. Singular solutions of the system (7.192 and 7.193) are those
for which the function u is a constant m. Equations (7.193

O — w2 =0, dv=0, (v=n), (7.199)
and, by exterior differentiation,
®13 N\ W3 — @13\ @z = 0. (7.200)

The closed differential system which gives singular solutions is then

a)3:0, @' :mwl, D1 = 012,

@ =0, @ =mo?, (7.201)
@3 =em (o3 +no'), @3 = em (03 +nw?),

o' Ao+ o? Ao =0, @13 N O3 — 013N\ 3 =0,

This system is in involution and its general solution depends on two arbitrary
functions of one argument. Characteristics are given by the equation

@' N@i3+ O AD3 =0 Ao+ ©F Ao, (7.202)
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or further
(m* —1) (o' A@13 + 0 Awz) +m*n ((0')* + (0?)?). (7.203)

The last equation (X, 4) shows that the surfaces S are Weingarten surfaces satis-
fying the relation

m*—1

RiR»

11
+m’n (R—l + R—z) +m?n* =0. (7.204)

the corresponding surfaces S satisfy a relation similar where m is replaced 1/m, and
n by —en. If the surface S is given, the constants m and n are given, the correspond-
ing surfaces S are given by the completely integrable system

0, o' =mo', @3 = em (w3 +no?),

2 ma)z, O =moyy, 013 =Em (6013 +nw'), (7.205)

0}

these surfaces S are completely determined has a displacement or around a symme-
try.

A singular solution of the system (7.192 7.193, and 7.194) is completely deter-
mined by the data of two curves C and C and two developable circles X, X, satisfying
the conditions

do 1 d 1
ds_:mds, — +i:8(7m+7)7
S ds 7
sin® sin® cos® cos®
= — :8( +n>.
p P p

These data are characteristic if one has

cos®@ m2n cos @ n

T T 5 — (7.206)

Problem 11. Surfaces with the same third fundamental form as a given surface

41. Lines of curvature corresponding to both surfaces, will focus on each point of
a given surface S right-handed Darboux trihedral: it will correspond to the corre-
sponding point of the researched surface S of a Darboux trihedral as it has

@ =0, o'=uo', @ =vw?, (u>0, v>0), (7.207)

the relation
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(Dl/\(bz3—(f)2/\(b13Z(L)I/\(Oz3—(1)2/\(l)13, (7.208)

leads us to asking, by calling a and c principal curvatures of S,

_ 1 n_atw 4
o3 =-(o3+we') = !,
‘1/ v (7.209)
_ c+w
3 ;(0)23+W60 ) = w’.

Exterior differentiation (7.207) and (7.209) gives the exterior quadratic equations

o' /\dqu(O /\(u(x)13fv(1)12) 0,
»? Adv+ o' /\(M(D13—V(1)12) 0,

o /\(dw—c+w “+de 0,
u

) =
c—|—w a—|—wdv)

(7.210)

o> A (dw—
u

It follows the relation

dw =" au (7.211)
u %

which, exterior differentiated, gives

d d du d
dc/\gu—i—da/\?v—(a—c)—u/\—v:& (7.212)

u 1%

Finally, the closed differential system of problem is

@ =0, @'

_ at+w _ ct+w
W13 = . -, W3 = o

:ua)l, (Dz:va)z,

c+wd +a+w

dw = dv,

o' /\du+a) A(uw13—v@12):0, (7.213)

0’ Adv+ o' A (udiz —vop) =0,

d d d d
dc/\—u—i—da/\—v—(a—c)—u/\l =0.
u \%

u 1%

The generic element integral in two dimensions, by putting

da=ay 0" +h(a—c)o?,

dc k(a C)(Dl +c (1)2 wlZ:hwl+kw2’ (7.214)
= - 2 ’

is given by
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144 7 Differential system, Theory of surfaces

dv=y0'+8 0 h— k
PETO TOE gy, Bt KT 2 (7.215)
du=aow +f o, v u
where the coefficients «, 3, 7, 6 are related by the relations
—(a—c)(ad —By)+ (a—c)(vkd — uhy) +ua; 8 —veao = 0. (7.216)

The two-dimensional integral element depends on three arbitrary parameters.
As the quadratic equations (7.225) are three in number, the system is in involution
and its general solution depends on three arbitrary functions of an variable.
Characteristics annihilate the determinant of the polar matrix

u' 0 —v?

2 2

0 0] uw

d d
dc—|—(a—c)7v da—(a—c);u 0

— (da _azc du) (0?)! 12 (dc+ a=c dv) (0?2 (1217)
u
42. Singular solutions.
They are given by the two additional equations
d d d d
aw_ g 4 e (7.218)
u a-—c v c—a

which, by exterior differentiation, leads to the condition da A dc = 0 to be satisfied
by the given surface S. It expresses that S is a Weingarten surface. If so, we find,
according to (7.214) and (7.215),

Q:E_ a2 =h, where uh =B,

u u a—c

_Y_ a9 _ where vk+7=0. (7.219)
v 1% c—a

It was as a result @, = 0, where @3 A @wr3 = 0. This relation expresses that the
surface is developable S; expressions of @3 and @3 given by equations (7.225)
then show that (w+a)(w+c¢) = 0, for example

w=-a,  ®3=0. (7.220)

Was to determine the surface S, the system

@_ da @_ dc

u a—c’ v  c—a’

- _ c—a , _

w3 = O, W3 = W Wi = 0. (7.221)
u
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system is completely integrable. So if S is a Weingarten surface of the system (7.225)
admits singular solutions, consisting of a family of developable surfaces (cylinders
of revolution) depending on arbitrary constants.

43. Generar solution; Cauchy problem.

Give us on the surface S and a curve C trihedral attached thereto. We have a solution
of one-dimensional. system (7.225) giving us a curve C must correspond to C, and
the developable circumscribed X of S along to C. We have, denoting by 6 angle with
the first main tangent S and 6 the angle relative to similar C

cos 0 ds = ucos 0 ds, sin O ds = vsin 0 ds,
1
_—:a+ 08 6 + +Wsm6
R, uv
ds* ru .
=73 ( (a+w)cos® 6 + — (c+w)sm26>, (7.222)

- - d21
¢ sinOcosezﬁE,

1
Tg
dw c+wdu+a+wdv
ds u ds v ods

In these equations 1/R, 1/T,, 0, a, ¢, are known functions of an s. Moreover we
know in terms of § the curvature 1/p, torsion 1/7, and the angle @. It remains to
determine the functions u,v,w at different points of C. We first establish the point
correspondence between C and C by the equation

TS': _ d]f:_ (7.223)
We then have
u® cos? @ +17 sin? @ = di_z?
vas 2 (7.224)
u(a+w) cos® 0 +v(c+w)sin? = R ds

Finally we have the differential equation given by the last equation (7.222) to deter-
mine who will complete u,v,w to an arbitrary constant. The data therefore involve
three arbitrary functions, which is consistent with the result obtained above.

We leave aside the determination of characteristic data.

Problem 12. Pairs of surfaces with conservation
of conformal representation asymptotic lines

44. Tt is evident that the correspondence line, keeping the asymptotic lines, also
keeps the lines of curvature. By attaching to each point of the first surface S the
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cube corner live the most general of which the vector e3 is normal to S, it will match
unambiguously trihedral those attached to S and we shall relations

® =0, @ =0, o' =uo', @ = uw?, (u>0). (7.225)
thus, we have
@' N@y3+ @A @Dz = uw (0" Ao+ 0F Awns), (7.226)
where
@13 = VO3 +wo, Dy =vos—wo', (7.227)

but the relation @' A @3 + @ A @3 requires w = 0.
The closed system of differential problem is

® =0, @ = uw?, @13 = v a3,
@ =0, o'=uo', 3 = vans,
1, du 2
0] /\74-0) /\((1)12—(1)12) =0,
d
0N oA (012 — @p2) =0, (7.228)
dv _
03N —+ o3 A (02— @12) =0,
v _
W3 A —=— @13 A (012 — @12) =0.
The most general two-dimensional integral element is given by
03 =a0' +bw?,
w3 =bo' +cw?
= 1 2
Dp— 0 =p0 —ow,
d & (7.229)
u 1 2
— =a0'+p o,
u
d
Y do' e
v
with the relations
(7.230)

ao+bf —cA+bu =0,
bo+cB+bA—au =0,

it depends on five arbitrary parameters, as 5 is the number of independent quadratic
equations system (7.244), the system is in involution and its general solution de-
pends on five arbitrary functions of one variable.

The characteristics are obtained by annihilating the determinant of the polar ma-
trix. This, by matching the shapes ml columns ®;3, @23, ®12 — @2, du/u, dv/v, can
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be written
o' w? 0 0 0
0 0 o> o' 0
0 0 —0' w* 0
— ((w2)1+(w2)2)x

dv _
- On—op O3 0 o3

_ dv

012 — M2 7 -3 0 w3

d
X (7\) ((1)1.(013 +(x)2.(1)23) ((1)12 — @12).(wl.w13 — (1)2.())23)). (7.231)

Taking into account equations (7.229), the determinant of the polar matrix is
equal to

(@) +(@)?).((ak ~ bB) (@)} + (2bA +ap +ba +a—c).(0')*.0?
(24 +2bp +c—aa+bB).0".(0°)? + (ci — ba) (w2)3). (7.232)

These are obtained by adding four linear equations in &, 3, A, U to the system
of equations

al —bB =0,
2bA +ap+ba+(a—c)B =0

7.233
cA+2bu+(c—a)a+bB =0 ( )
cu—bo =0,
the determinant of the coefficients of these equations is
(b* — ac)(4b* + (a—c)?). (7.234)

Several cases may be distinguished.

1) The determinant is not zero. - We then have a = § = A = u = 0, it follows from
(7.229),

— =0, =0, 02 = @2, (7.235)
where, by exterior differentiation,
O3 A @3, —0i3 A =0, (v — 1wz Aans =0. (7.236)
As b* — ac was assumed zero, we see that v2 = 1; because the two surfaces are
directly or inversely similar: it is a trivial solution.

2) The determinant is zero and b —ac # 0. - Then we have a = ¢, b = 0, the two
surfaces are planes (a = 0) or spheres. In the first case the solution is trivial in
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the second case (a # 0) is also, according to (7.233), A = y = 0, where dv = 0.
These surfaces are any two spheres is one obvious solution of the problem.

3) The determinant is zero and b*> — ac = 0. - Both surfaces are developable. The
surface S is given, we can assume the trihedral chosen to be b = ¢ =0, a # 0,
then we have from (7.230) and (7.233),

a=B=A=p=0, (7.237)

functions u, v are constants and ®;» = ®@;3. The surface is then given by the
completely integrable system

@ =0, d'=mo', @* =mw?,
- _ i (7.238)
@3 =0, D1 = W12, 013 = n w3,

where m and n are constants. There exists among the curvilinear abscissa cusp
edges of I', =I" of the two surfaces S, S, the relationship § = ms. If the curvature
1/p of I" is equal to @(s), the curvature 1/p of I the corresponding point is equal
to (1/m)@(5/m); torsion of ¥ results from torsion of I" at the corresponding point
in the multiplied by #.

46. Singular solution; Cauchy problem.

It can be assumed for any solution to one dimension of system (7.244) which has
been w? = 0. Keeping the notations, we will arbitrarily corresponding to two given
curves C and C and the two circumscribed developable X and X,

@ @ e 1 o 1
di=uds, =22 _, 2% ( 2 +i>d§:v<—+—)ds. (7.239)
p p s 1 ds 7

We know 1/p, 1/t and @ in terms of s; 1/p, 1/7 and @ according to 5. We will
then have the relation between § and s by the equation

11 11
-—==——, (7.240)
R, T, R,T,

§ being known as a function of s, we have u = d§/ds and function in v, deduce

immediately. The solution will be considered one-dimensional characteristic if one
has ad — b =0, that is to say

1 dnv 1 /1 1

Ldy T/ 1y_ 7.241
R, ds Tg(Rg Rg) ’ ( )

the other hand by eliminating p between the two relations (7.230) we find A = —¢,

and hence we have the additional condition

dln(uv)
ds

=0. (7.242)
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It may give 1/p, 1/7 and @ and u as a function of s; v will be determined at a nearly
constant factor, we will then 1/p, 1/7 and @ and then we going to experience 1/R,,,
1/R, and 1/7,; that is to say cos@/p, sin®@/p, and d@ /d5+ 1/7. The data in this
case will involve not only four arbitrary functions of one variable.

47. Special case. Minimal surface. .
If the surface S is minimal, it will be the same for S. Relations (7.230) reduce to
A+ o =0, u+ .= 0, which results in the equation

du dv
4 — =
u v

0. (7.243)

We then see that the last two quadratic equations (7.244) are consequences of the
previous two. The minimum surface S is given, the surface must satisfy the three
system

_ m 3
, 3 = — W3, @ =0,
; D3 = — W3,
u

d (7.244)
[0 /\7"4—&)2/\((0]2—@]2) =0,

(1.)2/\%—(1)1/\((1)12—6)12):0.

this system that is in involution and its solution is provided by an arbitrary mini-
mum surface. Two arbitrary minimal surfaces can be mapped in accordance with
correspondence of asymptotic lines and lines of curvature: it is a classical result.

If the surface S is not minimal, the surface S, when it exists, depends on more
arbitrary constants.

Problem 13. Pairs of surfaces in point correspondence to the
lines of curvature and the second fundamental form

48. By relating the two surfaces to their trihedral of Darboux, one is led to the
closes following differential system:
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_ _ a
=0, @'=uo', op=ao', o3=-0', (u,yv>0),
u
_ _ _ C
@ =0, &*=ve’, opn=co’, @O3=-0°
%

o' Nda+(a—c)@* ANwp=0
0> ANdc+(a—c)o' Aoy =0,

o' Adu+ o A (uorp —vd)lz) —0, (7.245)

o> Ndv+ o' A (Lt(f)n—VCOu) =0,

d d

! (*a**u) +w2/\ ((Dlzfcfu(b]z) =0,
a ay

2 dc dV
@' (% -

Cc v

ay _
) o' A (0)]2 — —a)lg) =0.
cu

This system is not in involution, two simple linear combinations lead to quadratic
equations

{ o' A (uv(a+c) o2 — (av? + cu?) @r2), (7.246)

@* A (uv(a+c) o — (av? + cu?) @),
where the new equation
(av? + ci®) @y = uv(a+c) wia, (7.247)

that removes the last two example equations (7.244).
The new system obtained is provided by the equations

® =0, @

1 1 - a |
uw', Wz=aw, w13:;a), (u,v >0),

@ =0, @ =ve’, on=co’, @p=-0
)4
2) 12—uv(a+c)a)127
a)l/\da+(a )(u ANwp =0,
(

0> Nde+(a—c) o' Awpy =0,

(av? +cu

, (7.248)

—v
o' Adu+cu (1)2/\(012:07
cu?

u
®> Adv+av a)l/\a)12:0

2
2
2
av? + cu?
[uv(uz—v )( dc—cda)+ (a+c)(@® —cu )(udv—va’u)]/\a)2
+c(av? + cu?) (uv(a +c)—

av? —|—cu

) o' N =0.
uy

The generic integral element in two dimensions depends on five arbitrary param-
eters. The system is in involution and its general solution depends on five arbitrary
functions of one variable.

The characteristics are given by the equation
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av2 — CM2

2uv(u? — V) —————
( ) av? + cu?

o (a(0')? —c(@?)?).0" .0 + [uv(u2 —v?)x

x (adc —cda) + (a+c)(av* — cu®) (udv — vdu)} (0" (0*)?=0. (7.249)

Some possibilities have been left coast. We will discard first the case of de-
velopable surfaces. The last linear equation (7.229) could be the identity ei had
a+c =0, av?+cu? =0, the two surfaces would be minimal, with u = v; they would
be consistent with conservation of matching lines asymptotic case studied in the
previous problem.

If we had, av? + cu? = 0 without a + ¢ = 0, then the form o) is zero, and ac = 0,
the case excluded.

46. Singular solution.
Equation (7.230) may be an identity, the form w,, is not identically zero, if one has

(? —v?)(av* — cu?) = 0, 7950
w(u? —v?)(adc — cda) + (a+c)(av? — cu?) (udv —vdu) = 0. (7.250)

If v = u, falls on the previous problem, but with an additional condition, how-
ever narrowly, the two surfaces to be exactly the same second fundamental form. If
the surfaces are not minimal, the last linear equation (7.229) shows that®@, = w2,
where uv(1 —uv) = 0 and hence u = 1. Both are equal surfaces, trivial case.

If a®v? = c2u?, av = ecu and if the surfaces are not minimum, we have @3 = @2,
where u = M, v =gy/c/a. Then, The quadratic equations (7.229) show that the
product has a constant value ac. Both are surfaces constant positive curvature, the
same for both surfaces; the principal curvatures are the same in two corresponding
points, but to the tangent of curvature principal principal has in the surface S is the
tangent of principal principal curvature c in S . The surface S being given, the surface
is determined by a displacement.

We leave aside consideration of the Cauchy problem.’

Problem 14. Surfaces S in point correspondence with a given surface S
of way that the lines of curvature of each surface correspond
to the asymptotics of the other.

50. We naturally assume that the surfaces S and § with opposite curvatures and we
shall relate to their Darboux trihedral. On both surfaces correspond to the tangents
harmonics conjugate both with respect to the tangents to the tangents and main
asymptotic tangents represented by the equations

1 )2

a(@)? —c(w?)?=0, a(@")?—-é@*)?=0o. (7.251)

7 On the determination of surfaces admitting a given second fundamental form, see an article by
E. Cartan [9].

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



152 7 Differential system, Theory of surfaces

We get a relation of the form
a(@)? — (@) =p (a(w')2 —c(w2)2)7 (7.252)

On the other hand, the equation @' = 0 that is one of the asymptotic tangents of
S. The result for example, taking into account the above relation,

Vad' = A (vao' - v —cw?), 253)
V=Ed? = A (yao' +/—ca?), '
assuming a > 0, ¢ <0,a >0, ¢ <0.Is deduced p = 212, Asa checking, we have

®' Nda+(a—¢) @* Nayy =0,
@>Nde+(a—¢)@' AN = 0,

dA a+e¢da
\/é(bl/\<i+€l+c_ ?)_Ha-)l/\a—)zzo’ (7.254)
Aoa-c2a
\/—5(1)2/\(%—?4—?%)—1{@1/\@2:O.
a—=c Zc

formulas agree with the statement of the problem.
By adding to the equations (7.256) linear equations

@ =0, dpr=ad’, 3 =@, (7.255)

and quadratic equations resulting from the outer exterior differentiation of (7.256)
and (7.255), we obtain

Vao' = A (Vao' —/=co?),
V=t@® = A (yaw'+/=cw?),

The closed system of differential problem is constituted by the equations (7.256,
7.255, and 7.254). We find that

Ho'A®* = Ad (Vaw' —v=co?),

(7.256)

:}Lazc(%—k\/%)w%wz,

:%(\/h&+ \/’ifc)@‘mﬁ, (7.257)
Ko'A®* = Ad (Vao' +v—=co?),

:Aazc(%—\/k_fﬁa)%wz,
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where h and k denote the coefficients that enter into the form w;;:

0pn=ho' +ko’.

(7.258)

The elements integral to both dimensions of four dependent parameters and the
number of quadratic equations (7.254) being equal to four, the system is in involu-
tion and its general solution depends on four arbitrary functions of one variable.

The characteristics are given by the following equation, obtained by annihilating
the determinant of the polar matrix whose columns correspond to the forms da, dc,

@12, dA A
o' 0 @ 0
0 ®? o' 0
2\1/5 gi—g 0 0 Vaw' |=0 (7.259)
0 2\/1_70_ ZJ—FE 0> 0 vV—Ccw?
A one factor that is neither zero nor infinite, this equation is
(@+¢)@".@* (a(0')? — c(0?)?) =0. (7.260)

The characteristics of this complete differential system are lines of curvature and
asymptotic lines of integral surfaces.

51. Singular solution.
These are the integral surfaces minimal (@ + ¢ = 0). The last two equations (7.254)
results, by an easy calculation,

2dA  a+c

A Vac
The function A exists only if the second member is an exact differential, if so A is
defined in an almost arbitrary constant factor. The surface is then S an arbitrary min-
imum area, and the point correspondence between S and S depends on the arbitrary
constant that enters the A expression. If the minimum surface is S, A is an arbitrary
constant non-zero.

We will not address the problem of determining the surfaces S for which the
equation (7.261) is completely integrable, that is to say that satisfy the equation

wU\d(k%) +a)2/\d(h\a/;acc) —0.

(ho' +ko?). (7.261)

(7.262)

51. General solution. Cauchy problem. Let correspond to a given line C of S which
is neither a line nor a curve asymptotic line given a line and a barC oriented devel-
opable circumscribed, so that 1/p, 1/7 and angle @ are functions of data §, and also
give us the point correspondence between two curves. Linear equations (7.256) and
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(7.255) provide, by appointing the angles 6 and 6 which the tangents to the positive
curves C and C with the vectors e; corresponding
Viacos0ds = A(y/acosd —+/—csin) ds,
V/—=CsinBds = A(y/acosB ++/—csin6) ds,

o _ _
CO; = dcos? 0 +¢sinb, (7.263)
do 1 _ _
%4—% = (¢—a)sinBcosH.
The report d5/ds being known as 6, we have
Vacos0 =mA, V—¢sinf = nl, (7.264)
where m and n have well known by the curve C; We then
o
(m? —n?)2? = 25 (7.265)
p
equation which gives A; we finally
_ _ do 1
m? A2 tan @ + n*A’ cot @ = - (7.266)

where 0 is drawn; finally we deduce a and ¢. The one dimensional solution of the
system is thus completely determined. As verification, the data depend effectively
four arbitrary functions of one variable.

Suppose now that the line C is an asymptotic line of S, for example

Vacos8 ++/—csin@ = 0. (7.267)
Equations (7.263) then give 6 = 0 and

Vads = 2A/acos0ds,

oo _, 7.268
— =a, .
0" o

- =0.
ds‘+1':

There is an additional condition, the last equation (7.254) shows that we must have
along C
i a+e (a—|—c)\/a:<i k
A a—c¢  4iy/—ac \Va /—c
Give us the line C, the third at equation (7.268) gives @ a constant, the second
gives a. If we now give the point transformation between C and C, the first equation

) ds=0. (7.269)
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(7.268) is A, and equation (7.269) gives a differential equation in ¢, allowing the
function to have an arbitrary constant pressure. This time dependent data of three
arbitrary functions of one variable. Assume that the line C is a line of curvature.

Assume that the line C is a line of curvature of S, for example 8 = 0. Equations
(7.263) then becomes

& _ _
cosW _ acos? 0 +csin® 0 = 0, (7.270)

r +% = (¢—a)sinBcosh.

We must add an additional condition. A linear combination of the quadratic equa-
tions (7.254) leads to the equation

(DIZ) =(H-K)®'A@*,  (7.271)

hence the required condition
dA n a+c
A 2y/—lac
where 7 is a known function.

Let us then the curve C, with @ = 7/2 and the point transformation between C
and C. This we will have

ds = (7.272)

Vacos0 = +/—¢sinh = mA, (7.273)

m is known, then
1 _ _
m A = —%sinecos 6. (7.274)

By bringing the value of A2 in (XIV, 9), where @;; is replaced by its value
—d +sin@ d5/p, we obtain a differential equation in 8, which determines 6 up
to constant, hence the values of A, @ and ¢. The data are still dependent on three
arbitrary functions of one variable.

Remark. The famous transformation of S. Lie changing the lines into spheres and
vice versa passes a surface S to a surface § whose asymptotic lines correspond to
lines of curvature of S and vice versa. But this transformation does not exist in the
real domain; remains of the surfaces S that correspond to a surface S are independent
as of arbitrary constants.

Problem 15. Pairs of convex surfaces such that the point transformation
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of one asymptotic lines correspond to lines of the other minimum.

53. We say that a surface is convex if its total curvature is everywhere positive.
Clearly we can restrict ourselves to surface portions that have this property.

The lines of curvature are on both surfaces, since the principal tangents are both
harmonics conjugate with respect to the asymptotic tangents and the minimum tan-
gents.

We will attach to different points of the two surfaces of the trihedral correspond-
ing right-handed Darboux trihedral. The closed system attached to the differential
problem is formed of linear equations

_ _ 1%
0’=0, @ =u/ao', on=a0', O3=—o',

Ja

db —sz
3_\/5 )

it was assumed the Darboux trihedral of the first area selected so that the principal
curvatures are positive, we can also assume u > 0.
The differential system is completed by the quadratic equations

(7.275)
@ =0, @ =u/cw?, on=co’

®* A 1/\(%(012— (012) =0,
¢ (7.276)
L dv 5  (3a
@ /\T—Fw /\(Twlz_ wlZ) :()7

a

a

c

a

¢

5 dv . (3a—c \/? -

O°N——0 /\( 012 — 7(1)12)20.

v 2c a
The generic integral element in two dimensions depends on six arbitrary parame-
ters, the system is in involution as independent quadratic equations (7.276) are six in
number, and the general solution depends on six arbitrary functions of one variable.
The determinant of the matrix polar, whose columns correspond to the forms
da/(a—c),dc/(a—c), du/u, dv/v, @2, @13 is, after division by a — ¢ of the first

two lines,

0000 o \/ga)l (1277
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its value is

a—c)?
gacx/%wl 0% ((0") + (0?)?).(a(@")? +c(w?)?). (7.278)
The only actual characteristics correspond to the lines of curvature of the two sur-
faces.
There is no singular solution; of the manner in same after we posed the prob-
lem analytically, we exclude surface portions containing umbilici points. But it is
obvious that any pair of spheres is a solution of the problem.

54. Cauchy problem. Do we give two curves C and C, and the law of correspon-
dence between these two curves, we finally give the angles @ and @ that is to say,
the developable circumscribed X and . Equations (7.275) containing four unknown
functions a, c, u, v, and the angles 6 and 0 that are the tangents to the curves C and
C with the vectors e; corresponding to write as

cos 0 ds = ur/acos 0 ds, sin @ ds = uy/csin O ds,
o ~ do 1
CO; — acos? 0 + csin? 9, I + = = (c—a)sinBcosH, (7.279)
fo] _ _ do 1 - =~ =
8 Y o2+ Lsin?d, L0 = YT Gnhcosh.
p uc uc ds T u ac

It was therefore finished six equations with six unknowns 8, 0, a, c, u, v.
If the angle 6 is zero (C be the line of curvature of S), the angle 6 will also be
zero, and equations will be reduced to

do 1 o
ds_zu\/ads, —4+—-=0, a:COS ,
_ ds 1 P (7.280)
v cos® do 1 :
— =, —+-=0.
au p ds 7

But we must add an additional condition which is obtained by searching a linear
combination of equations (7.276) not containing. Thus we find the new condition

dv du c—a
_|_
% u 2c

dc=0. (7.281)

Give us the two curves C, C smells and the point transformation between them. The
third and fifth equations (7.280) give @ and @, gives the second was the first to
give u, and the fourth gives the equation (7.281) gives c using a differential equa-
tion. The data depend on five arbitrary functions of one variable. We shall use the
corresponding portions of the curves C and C for which the functions a and c are
positive.

55. Note. The problem that has been treated and the previous one have a close
analogy, but there is however an essential difference between them. Given a sur-
face S has opposite curvatures, there is always an infinity of surfaces S that can be
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matched with point S so as to match the asymptotic surfaces of any of the lines of
curvature of the other. Instead, given a convex surface S, it is usually impossible to
find a surface S can be mapped point with S so has to match the asymptotic lines of
surfaces of any of the lines minima of the other surface.

General note. The problems we have reviewed have been treated in Euclidean
geometry, but they can arise in non-Euclidean geometry without the analytical ap-
paratus and put essentially different results without undergoing significant change.
The only difference comes from the structure equations. Instead of the equations

dwn; = w12 A w3y, dws; = w3 A\ 02, dwp = w31 A\ @3, (7.282)

we have

dans = o A w3 — Co* Ao,
dws; = o3 Ao —Co’ Ao, (7.283)
dop = 03 Ao — Co' Ao?,
In these formulas C denotes the constant curvature of space.
In applications we have made of structural formulas, the form ®® was always

zero, the only change is in the expression of dw;;.
The notions of fundamental forms of a surface remains unaltered; the formulas

[0)
W13¢08 60 + wr3sin = cos ds,
[0)
®3¢080 — w3sin 6 = CO; ds, (7.284)
in®
do+ w;; = St ds,

remain unchanged.

Part of the problems treated also keeps a sense of Riemannian geometry in three
dimensions. It could also deal with problems of affine differential geometry, projec-
tive line, etc., using in each case the structure equations of the group of the corre-
sponding geometry (See E. Cartan [7]).
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Chapter 8

Geometric problems with more than two
independent variables

8.1 Orthogonal triple systems

57. The search for orthogonal triple systems in ordinary space of three dimensions
is reduced to a very simple closed differential system where we take the rectangular
trihedral unknowns attached to different points A of space whose unit vectors base
e|, ey, e3 are respectively normal to the three surfaces of the system which pass
through A.

First recall the Darboux equations (structure equations) of Chapter 7:

do' = —0* Ao+ 03 A s,
dw* = -0 Ao+ o' Ao, 8.1)
dw® = —o' A 031 + 0% A w3,

where ®!, ®?, @ are the projections on the axes of the trihedral with origin A of
a vector AA’ joining A to the point infinitely close A’, and @p3, 31, @12, are the
components of the vector which infinitesimal represents the rotation which brings
the trihedral attached to point A to be equipollent to the trihedral attached to point
A/

It was to express each of the equations that ! = 0, ®*> = 0, @* = 0 is completely
integrable, which gives

o' Ndo' =0, o’ Ndo® =0, o’ Ndo® =0. (8.2)
It follows immediately, taking account of (8.1), the three equations
2 3 _ 3 1 _ 1 2 _
O°NO° Ny =0, O’ N0 ANwy =0, o N Aw;p =0. (8.3)

There is no need to exterior differentiate these equations since this would lead
to equations of the fourth degree, identically satisfied for any three-dimensional
element.
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It is clear that the system (8.3) imposes no condition on a linear element has
a dimension or two dimensions to, be complete, we therefore have, for reduced
characters sy and s,

so=0, s =0. (8.4)

Is now a two-dimensional element, which, among o', ©?, ®° a linear relation-
ship!

u 0" +uy 0* +uz 0® =0, (8.5)
the polar system reduces this integral element is reduced obviously
Uy 3 +up W31+ uz @12 = 0. (8.6)

As its rank is 3, we have s, = 3, and hence s3 = 0.
On the other hand, the integral three-dimensional elements of six parameters
depend arbitrary, since the equations (8.3) give

w3 = oy Aw* — B Aw?,
1= A0 — Aol (8.7
D = 063/\0)1—133/\0)2.

Since the sum s1 + 257 + 353 = 257, is equal to 6, it follows that the system (8.3) is
in involution and its general solution depends on three arbitrary functions of two
variables.

58. Cauchy problem. Solutions that do not two-dimensional characteristic of the
system (8.3) uniquely determines an orthogonal triple system. Such a solution will
be obtained by giving an arbitrary analytic surface X, and attaching to each point a
arbitrary rectangular trihedral, c is to say by giving each point A in three rectangular
unit vectors ej, e, e3. There will, in a sufficiently small neighbourhood of X, an
orthogonal triple system such that at point A of X the surfaces of the three families
that go through A are respectively normal to e, e;, e3. If we take in. In particular
a specific plan, we thus obtain the orthogonal triple systems the most general, each
once and only once, and the data depend effectively of three arbitrary functions of
points of X.

Case where the data are characteristics. The data are characteristic of the equa-
tions (8.6), if one of the coefficients uy, u, u3, the equation u o' +uy 0>+ us3 =
0 the tangent plane at a generic point of X is zero, or if at any point A of the tri-
hedral X attached at this point has one of its axes, the first example, tangent to X.
In this case it is easy to see that the problem is usually impossible. This follows
from equations (8.7), if one moves on X in the direction e; was > = ®* = 0, and

I The coefficients uj, ua, u3 are none other than the Pliickerian coordinates u?, 3!, u!3 with
respect to the trihedral with origin A and bi-vector formed by the two-dimensional integral element
considered.
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consequently the form @,3 must be zero. Therefore, for the problem is possible that
moving on Sigma along a trajectory of the vector e, we have the relation

€2 -de3 =0. (8~8)

This relation expresses that moving along a path e; (that is to say along the intersec-
tion of the surfaces of the last two families of triple system unknown) vector e3 leads
me developable surface: it the same is true for the vector e;: this is a consequence
of the classical theorem of Dupin.

If two of coefficients of the equation of the tangent plane at a generic point in
X were zero, is that one of the axes of the attached to that point, the third example,
would be normal to X. It is then necessary for the possibility of the problem that
moving on X in the direction e; form »3 is zero and that moving in the direction
e, form @3y, is zero. A necessary condition of possibility is that two axes of the X
are attached to the main tangents at this point of the surface X. This condition is of
sufficient rest, as the family of surfaces parallel to X and the two families of normal
developable of X is an orthogonal triple system corresponding to the data. This does
not mean they are the only solution of the problem.

Finally, note that given a triple orthogonal surfaces characteristics of this sys-
tem are formed by the surface areas of intersection curves of two families of triple
system.

Remark. We used only the structure equations (8.1) space. As a result, all results are
valid in a space of constant curvature, and even in any Riemannian space.

8.2 Triple systems with constant angles

59. We can generalize the problem of orthogonal triple systems in three families
searching one-parameter surfaces intersecting two to two angles given constant. If
we attach to each point A of space with an orthogonal unit vectors are tangent to the
three basic curves of intersection of pairs of three surfaces of the system which pass
through this point, the faces of the trihedral angles are constant which we denote its
cosines by a, f3, 7.
We then relations
dA = @' €,
. (8.9)

— m/
de; = w; e,

with 9 coefficients a)l.j that satisfy 6 linear relations with constant coefficients. They
are obtained by differentiating the relations

=1, e-e=a e-e=0F  e-e=Y, (8.10)

which gives
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ol +yo} +Bof =0,
07 +aw;+yol =0,
0} +B o} +aw =0,
03+ o3+ o (05 +03)+B o +yol =0,
ol + o) + (0] + o)+ 70+ awf =0,
ol + 0l +a(o] +03)+awd+pw =0.

(8.11)

Forms a)f are three in number independent, which agrees with the fact that the
orientation of a mobile trihedral remains equal to itself depends on three parameters.

The structure equations that result from the exterior differentiation of the first
equation (8.9) (we will not need the other) are

do' =o' ol +0* N0l + 0’ Aol = o' Ao},
do® = o' Aol + 0* AN o3 + 0’ Aoy = o' Ao}, (8.12)
do’ =o' No}+ 0’ N3+ @’ N = o' Ao}

Setting equations of the problem. Is expressed, as in the case of orthogonal triple
systems, each of the equations that ' = 0, ®* = 0, ®> = 0 is completely integrable,
which gives, according to (8.12),

o' N’ No) — P Ao Aol =0,
O’ NP Ao — o' ANo? Ao} =0, (8.13)
P NO'ANO} - 0’ NP A0 =0,
A new exterior differentiation is unnecessary, the equations (8.13) form the
closed system of differential problem.

All the elements in one dimension or two dimensions are integral; the polar sys-
tem of the integral two-dimensional element u o'+ 0*+u3 03 =0is

u3(1)21 —u2w31 =0,
uy 03 —u3 0 =0, (8.14)
uzwf—ulwg =0.

Its rank s, is equal to 3; result, we

s1 =0, sy =13, s3=0. (8.15)

The generic integral element in three dimensions depends on the other hand s; +
255 4 353 = 6 arbitrary parameters”, the system is in involution and its general solu-
tion depends on three functions of two arbitrary variables.

2 There is indeed omega 9 forms, and their expression in terms of 27 coefficients o', 02, 0}
introduced; equations (8.11) each provide three relations between these coefficients, making 18 in
all; each equation (8.14) provides a new relation, making a total of 18 +3 = 21 relations more. It
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60. Cauchy problem. Any two-dimensional solution uncharacteristic of the system
(8.13) uniquely determines a solution of the problem. We have such a solution by
giving us an arbitrary surface X and at each point of this surface equal to a trihedral
trihedral considered. If we take a fixed plane of X, the data depend effectively of
three arbitrary functions of two variables.

The data will be characteristic if the equations (8.14), where u, up, u3 are the
parameters of the tangent plane to the reported trihedral attempts to this point, are
among this least three independent, or if the rank of the system formed by the nine
equations (8.11) and (8.14) is less than to 9, or finally if the determinant of the
coefficients of four in the nine equations is zero.

To form the equation which expresses that this determinant is zero, we can solve
first the equations (8.14) by putting

6021 :lluz, 0)31 :llu3,
0 = A% u3, o} = A%uy, (8.16)
C()i5 =l3u1, (Dg 21’3”2’

where A!, A2, A3 designate three auxiliary unknowns. The first three equations
(8.11) then give

of =—(BA’+7A%)u,
0 = —(YA' + oA, (8.17)

@3 = —(aA? 4 BAY) us,

by bringing in the last three equations (8.11), we obtain three equations in A', A2,

A3
(B—ayur+(y—aB)uz) A'+(1—a®)uz A* + (1 - a®)up A =0,
(1= BHus A + ((y—aP)us + (@ — By)ur) A+ (1 - BHJus 2> =0,  (8.18)
(1= A"+ (1 =) A* + ((a = By)ur + (B — yo) ur) A* = 0.

The elimination of A1, A2, A3 leads to the required equation

B-—oyur+(y—aP)us (1—a)us (1—a?)uy
(1=BHuz  (y—aP)uz+(a—Byu  (1—-B*u =0. (8.19)
(1=7)u (1=Y)ur (a—By)ur+(B—yo)u

This is the equation of a cone of the third class (characteristic cone). The plan
elements are singular integrals at each point A the tangent planes at characteristic

therefore remains at least 27 — 21 = 6 arbitrary parameters. But on the other hand we know that
the number s1 + 252 + 35, can not be exceeded

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



164 8 Geometric problems with more than two independent variables

cone attached to that point. Being given a triple systems considered, the surfaces
corresponding characteristics are those whose tangent plane at any point is tangent
to the cone (characteristic) attached to that point.

The characteristic cone is divided into three axes of the in the case of orthogonal
triple systems. It decomposes when two faces of the trihedral are right angles; have
such e3 is the vector that is perpendicular to both vectors ey, e;, the cone is divided
into right and bringing e3 in two straight plan Ae; A e, which form an angle /4
with the bisector of the angle formed by the two vectors e, e;. There is no other
case of decomposition characteristic of the cone.

8.3 p-tuples systems orthogonal to the p—dimensional space

61. It is found in the p-dimensional Euclidean space, p families of hypersurfaces
to p — l-dimensional intersecting orthogonally. We will use the same method as
in space has three dimensions by attaching to each point A of space a rectangular
p—hedral formed by p unit vectors ey, e, - - - ,€,, and each rectangular each of which
is orthogonal to a of the system of p hypersurfaces passing through A.

By moving from point A to point infinitely close, there will be formulas

dA = a)ie,-,
, _ (8.20)
dei:wijej7 (121727"'717)7

with forms @;; = —wj;, the last relations that just expressing vectors e; are of con-
stant length and intersect orthogonally.

The structure equations of the space are obtained by differentiation of exterior
(8.20) and give

(8.21)
d(i),'j = Wik N\ W;-

{ do' = o* A oy,
62. This granted, the problem of differential equations simply express that each of

the equations @’ = 0 is completely integrable. Now the equation ®' A @' = 0, for
example, describes, taking account of (8.21),

o' Ao Awy =0. (8.22)

The system of equations analogous p is not in involution. But the calculations
for p = 3, it follows that if we ®* = ®> = --- = ®” = 0, has the form ®;, does not
depend on ®?, so it does not depend of @*,---, ®”. As a result, any solution of the

problem considered, we must have

o' AN/ N =0, (i,j=1,2,---,p) (not add up). (8.23)
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Reciprocally, the equations (8.23) result in the complete integrability of all equa-
tions @' = 0.

Complete The equation of the problem demands the addition to equations (8.23)
those which are deduced by exterior differentiation, i.e.

@/ A OF A g A 0;j—0' A o~ N O j N\

+0' A O Aoy Aoy =0, (i,j=1,2,---,p), (8.24)

equations in which we must sum only over the index k.

We will show that the system (8.24) is in involution.

First of all p—dimensional integral element is defined by (8.23), by relations of
the form

o =00 — e,  (i,j=12,,p), (8.25)

and it is easy to see that, whatever the numerical values given to p(p — 1) coefficients
o;; (i # J), equations (8.24) are consequences of equations (8.25). Indeed, each term
of the first member of one of equations (8.24), is of the form @’ A @/ A @y A @y,
i, j,k denote three indices still taken in the sequence 1,2,---,p, from (8.25), the
monomial ® A @/ A oy is a multiple of @ A @/ A 0y and @' A @7 A @ its exterior
product by @jy is zero, since @jy is linear in o’ and .

The p—dimensional integral elements therefore depend on p(p — 1) arbitrary
parameters.

Now looking characters reduced of the system (8.23 and 8.24). All two-dimensional
element is integral. The polar element of an integral two-dimensional Pliickerian
components u'/ is defined by the equations reduced

uija)ij:O7 (iaj:1527"'ap)a (826)
the rank of this system is

plp—1)

5 (8.27)

§2 =
Since p(p —1)/2 is the number of forms @;; distinct forms of @', we have

—1
51 =o, SQ=¥, S—3 = =s5,=0, (8.28)

and hence
si+s2+3s3+-+ps, =p(p—1), (8.29)

number of arbitrary parameters upon which the generic p—dimensional integral el-
ement.

The system (8.23 and 8.24) is in involution and its general solution depends on
p(p—1)/2 arbitrary functions of two variables.
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63. Cauchy problem. Any two-dimensional non-characteristic solution of the sys-
tem (8.23 and 8.24) provides one and only one solution of the problem. Now any
element integral to both dimensions, we have the most general solution to two di-
mensions by giving a surface (analytical) X arbitrary two-dimensional, and, at each
point A of this surface, a p—hedral in a rectangular analytical law arbitrary. If data
are not typical, there will be close to X a p—tuple orthogonal and one such that at
each point A of X the p hypersurfaces of this system are respectively the normal
basis vectors of the corresponding p—hedral. Surface X is fixed, the data involve
p(p—1)/2 functions of the two curvilinear coordinates of the surface X.

The data will be characteristic if the rank of the polar system of the integral
element (u'/) tangent to X is less than p(p — 1)/2 that is to say, if at least one
component is zero #'/. It is then necessary additional conditions to the problem is
possible.

For example, suppose there is only one component zero or u'2, which means
that each point A of X, one of the tangents to the X is perpendicular to the plane
determined by A and two vectors e, e, and can not the rest will be more than one,
because then all the components and u'" and u* would be zero, what we exclude.
This put it on Sigma exist a family of curves possessing the property that each of
their points the tangent is perpendicular to the plane determined by the point A and
the vectors e;, e;. By moving along one of these curves, it would ' = ®> =0
and consequently, by (8.25) it would @, = 0, that is to say e; - e, = 0. This is a
necessary condition of possibility of the problem. It can be expressed by saying that
when moving along any one of two curves orthogonal plans Ae; A e, the trace of
any point M = A + x'e; + x?e, coordinate x', x* fixed is orthogonal to the plane
Aej| A\ ey that contains: we in fact

eldM =o'+ =0, edM=w’+x'w,=0. (8.30)

64. There may be more complicated cases. Let us just consider what happens for
p = 4. We easily see that toue possible cases are reduced to the following six cases:

1° a component u"/ zero, since we can assume w2

2° two components are zero, we can assume u'2, u3*;
3112 14

3° and 4° three components u"/ are zero we may assume either uB w3 w2 or ul4,
24 34,
U=, u,
5° four components u" are zero, we can assume B, 3 ul2 54

6° five components are zero, we can assume w2, 13 4 23, 2,

We will see that in each case, there are as many additional conditions of possi-
bility that there components u"/ are zero, except for the case (6), which includes six
conditions.

The first two cases have already been considered potentially.
3° Suppose u*> = u?! = u'> = 0. — The equations of the planar tangent to a point X

are
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4°

3

as a result there is at each point A of a tangent determined undermined X along
which we have ©! = ®? = ©> bone, the three forms wy3, @31, ©;2, becoming
zero. There is thus a one parameter family of lines (C) of X along which the
quantities eydes, eszde|, ejde, must be zero for the problem is possible. This
means that even if the three-dimensional space Ae; N ey Aes attach each point A
to X we consider a point M of coordinates x', x*,x3 fixed, the location of the point
M, when A point describes a curve (C), is an orthogonal trajectory corresponding
spaces Ae; Aey A\ es.

Now suppose u'* = u?* = u3* = 0. — The equations of the element tangent plane
at a point of X are

uPo' + 1t 0® +u0? =0, o*=0. (8.32)

there in the surface X has three families of curves one parameter: the first consists
of lines (C;) which was the along @' = 0, the second lines (C,) along which was
®* = 0, the third lines (C3) along which is a @* = 0. The form @y is zero if one
moves on the line (C;) (i = 1,2,3). It thus gives three conditions of possibility,
each with a geometric interpretation similar to that which was given in case one
of the components u'/ is zero. It came out of the conditions necessary for it to
pass through the surface X hypersurface belonging orthogonal to a quadruple
system.

Suppose u?* = u?! = u'? = 4** = 0. — The equations of the planar member X are
tangent to

uo? —u*o' =0, ® =0. (8.33)

In X there a family of curves (C;) along which it @' = @? = 0 and a family of
curves (C,) along which was ®* = 0. Along the curves (C;) forms @2, @13, W23,
are zero along curves (Cy) the form @34 is zero. The consideration of lines (C;)
provides three conditions of possibility, that of curves (C;) a fourth condition.
Suppose finally u'? = u'3 = 4?3 = u'* = 4** = 0. — The equations of the element
tangent plane to X are

o'=w’>=0. (8.34)

There are in X a family of curves (C;) along which we have @* = 0, and a
family of curves (C,) along which we have @* = 0. Along curves (C;) forms
@12, 013, (3 are zero along the curves (C;) formswyy, W14, W4 are zero. This
gives six conditions of possibility. These are six conditions for the surface X
can be regarded as the intersection of two hypersurfuces a quadruple orthogonal
system (Here a hypersurface of the first family and a hypersurface of the second
family of the system).
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65. Varieties characteristics. Given a p—tuple orthogonal system, variety charac-
teristics of this system are those whose all two-dimensional elements are tangent to
singular, that is to say that at least one components '/ are zero. Assume for sim-
plicity p = 4, and denote by &', £2, 3, £4 parameters of hypersurfaces of each of
the four families of the system. The six cases considered in the previous issue are
six classes of characteristic varieties.

1° u'? = 0. — We have varieties satisfying an equation f(&!,xi?) = 0;
2° u'? = 4** = 0. — We have varieties satisfying an equation

fEL X)) =0, @& xi*)=0. (8.35)

3° 4 =31 = u'? = 0. - We have varieties satisfying an independent equation
f(ENx?8%) =0, (&' 8% =0. (8.36)
4° u'* = u* = u?* = 0. — We have the varieties £ = cte., that is to say, hyper-

surfaces of one of four families of the given system and all the varieties in two
dimensions in such a hypersurface.
5° u® = 13! = u'? = 43* = 0. — We have varieties satisfying an independent equation

E3 =cte., (&' xi?)=0. (8.37)
6° u'? = u'3 = u? = u'* = > = 0. — We have the intersections of two hypersurfaces
given orthogonal quadruple system.

66. Remark. There is nothing to change in the solution of systems of p-tuples or-
thogonal if p—dimensional space has constant curvature. But it is more even if one
is in an arbitrary Riemannian space?, the reason is that equations (8.24) involve the
exterior differential forms ®;;, and in general, every element that satisfies the three-
dimensional equations (8.23) does not satisfy equations (8.24). This drawback does
not present itself in the problem of orthogonal triple systems. Besides the existence
of a p—tuple orthogonal in a p-dimensional Riemannian space leads to the possibil-
ity of representing the ds? of this space as a quadratic form

81(dE' ) +g1 (dE7)* + -+ g1 (dEP)?, (8.38)

or ds’ the most general p—dimensions contains p(p — 1)/2 arbitrary functions of p
variables, it is true that one can always make a change of variables to reduce the p
coefficients to have fixed numerical values, but will not generally cancel p(p—1)/2
of these coefficients, since p(p — 1) /2 is greater than that of p, and p is greater than
3.

3 below the note No. 67
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8.4 Realization of a three-dimensional Riemannian space with a
manifold of Euclidean space

67. We have already seen (No. 20 and 21) the problem of application of surfaces,
which can be seen as the problem of finding a surface having a given ds”. A similar
problem arises if we are given a quadratic differential form defined three variables
can be found in one. Euclidean space a three-dimensional variety whose ds” is pre-
cisely this particular form? We will show that the problem is always possible in a
six-dimensional Euclidean space, but it is generally impossible in Euclidean space
of five or four dimensions.

In Riemannian geometry (See E. Cartan [10]), can be attached to each point A
of a three-dimensional space as a rectangular trihedral in Euclidean geometry, the
infinitesimal displacement of the trihedral may, by a suitable convention, also be
defined by six forms 07], G)'z, 053, W3 = —W3, W31 = —013, W01, = —0y;. ds?
the space is equal to the sum of squares (@')% + (@%)> + (@3)2. It was further the
formulas

dA = o! e +(!§262 +o’ es,
De; = Oppe; —31€3
’ (8.39)
De; = —@2 e +23 €3,
De; = @31e; —3 ey,

Symbol De; is a symbol of covariant differentiation. The equations of structure is
also generalized, but in part; they are written

do! :702/\@'124‘@'2/\&731,
do? = ®'ANG),— 03 A0,
Ao’ = o' \@3 + B N\ @,

8.40
Aoy =0 A031 — K1 0> AND° —Kp @3 N0 — K30 A @2, (8.40)

dms; = W3 AW — Ky 672/\(773—1(22@'3/\&71 —K23('D'1 /\wz7
d®yy = W3 AND»3 — K3 B> AT — K3 @ A®' — K33 @ A 02

The coefficients define the K;; = Kj; Riemannian curvature of space.

If one attaches to each point in space a fixed rectangular trihedral, or forms, @,
@;; are linear combinations of differentials of the coordinates ul, u?, w3 of a point
in space, coordinates defined following by any act. If one attaches to each point in
the opposite rectangular trihedral as general as possible with this point as origin,
®@;; forms depend linearly on the differential parameters of three new, distinct from
the original point coordinates, and used to set the direction of the trihedral. The
formulas (8.39) and (8.40) is valid in both cases.

68. Before addressing the problem of realizing a given Riemannian space with
a variety of three-dimensional Euclidean space of six dimensions, recall the basic
formulas of the method of rectangular hexahedron mobile formulas that are a special
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case of formulas (8.39) and (8.40) No. 61. By attaching to each point A of the space
defined by a rectangular hexahedron six rectangular unit vectors e. , We have the
relations

dA = (i)l‘e,'7 8.41)
dei: (Dijej7 (wij:_wji)7 (izlaza“'a6)a '

with the structure equations

(8.42)

do' = o Nay, (i=1,2,---,6),
dcoij:a)ikAa)kj, (i,j:l,2,~-~,6).

69. This being established, let us given a Riemannian space & and its three-
dimensional equations of structure (8.40) for a choice of rectangular trihedral at-
tached to its different points. The problem that we will ask involves matching each
of these trihedral a rectangular hexahedron in Euclidean space six-dimensional Ej,
whose origin point will describe a three-dimensional variety V such that the three
vectors eq, e, ez of the hexahedron are tangential to V, the other three ey, es, eg
it being normal, so that finally, in the infinitesimal displacement of the hexahedron
which corresponds to an infinitesimal displacement of the trihedral of the Rieman-
nian space, we have

() +(0°)? +(0*) = (@)’ +(@°)* + (@)% (8.43)

This relation shows that we can pass to @' to @' by orthogonal substitution,
which means we can say, in the three-dimensional space tangent to V at any point
M of V, to subject the vectors ey, e;, e3 from this point of rotation M together around
$0 as to obtain @' = '.

Denote by Latin letters i, j,--- the indices 1,2,3 and by Greek letters o, 3,7
indices 4,5,6. The problem will come back to integrate the system.

o' =o', (i=1,2,3), 0%=0, (a=4,5,6), (8.44)
The exterior differentiation of the first three equations gives, from (8.40) and (8.42),
@ A (w1 —@12) — @A (w31 —@31) =0,
@* A (03 — @o3) — @' A (012 — B12) =0, (8.45)
o' A (031 — @31) — B A (@3 — B23) =0,
Equations from which we deduce
3 = W3, 31 = O3y, w12 = Oi2. (8.46)

As for the last three equations (IV, 5), they shall, by exterior differentiation,
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@" A oy =0, (a=1,2,3), (8.47)

where the summation index k takes the values 1,2, 3.
Finally equations (8.46) gives differentiated
Qi N\ Oj + W3 N\ 0y, = WOy A Wi + Kpy RN OR
+Kpn@ A®' +Kn o' A2, (8.48)
denoting by ¢ the Latin index, with both indices i, j, determines a permutation

(i,,2) of the three indices 1,2,3.
Finally we obtain the closed differential system

o =@,

0% =0,

w;j = @, (8.49)
DAy =0,

wy A0y =Ky 0 A0 +Kp @ A®' + K @' Ao

Number of these equations is 15, 9 of which are linear and 6 quadratic, in three inde-
pendent variables of the coordinates of a point in given Riemannian space; forms @’
and ®;; are known linear combinations of differentials of these coordinates, which
the first three are independent. There are 21 unknown functions, namely the param-
eters needed for the more general rectangular hexahedron in 6—dimensional Eu-
clidean space; forms o', 0%, o, j» Wjq are 18 independent linear forms constructed
with these 21 parameters and their differentials. But in reality, the number of un-
known functions is not equal to 18 parasites, because the equations expressed as the
origin point of the hexahedron moving remains fixed and the vectors ej, e, e3, and
these equations are completely integrable system whose general solution is formed
by all the figures made a point and three rectangular unit vectors from this point,
figures which in fact depend of 18 parameters (6 for the coordinates of point 5 for
the components of ey, 4 for those e, and 3 for those e3).

The system (8.49) does so in fact involves only the points of V, the three-
dimensional space tangent at each point in this space and the tangent rectangular
trihedral defined by the vectors ej, e, e3. The positions of the vectors e, e, €3
provide unknown parasites. There is in reality only 18 unknown functions, whose
differential included in the 18 linear forms of independent, o', 0%, w; i» Wjg.-

70. Integral three-dimensional elements. They are obtained by solving 6 quadratic
equations (8.49) from 9 forms w;y. The first three quadratic equations gives
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O =an @' +ap®*+a;30°,
g = ay @' +axn B> +axy @7,
W34 = a3 O +a3®° +a30°,
o5 = b @' + b1 B* + b3 @,
s = by @' + by &> + by B, (8.50)
W35 = b3 @' + b3 B° + b33 0°,
W16 = 11 B + 1@+ 1307,
g = 21 B + 0@+ c3 @,
W36 = 31 @' + 3@ +c330°,

where a;; = aj;, bjj = bj;, ¢;j = cji. The w4 are the semi-partial derivatives with
respect to @' of the quadratic form

Dy =a; @ .0, (8.51)
the @;; and @;q produced therefore and also two other quadratic forms
b5 = b,’j wi.a)'j, &g = Cij ool (8.52)

The geometrical meaning of these forms is as follows. If we consider a curve in

—
the manifold V and if we denote by 1/R,, the projection of the vector curvature of
the normal three-dimensional space, we have

—
1

Rdﬂ:@m+@%+%%. (8.53)
n

Other quadratic equations (8.49) lay between the coefficients of @4, P5, P re-
lations

Aij+Bij+Cij = Kij, (8.54)

where A;;, B;j, C;; designate minors relating to elements a;;, b;;, ¢;; in the determi-
nants formed with the coefficients of the forms @, @5, .

Hence it follows that the integral element generic three-dimensional depends
6 x 3 = 18 parameters related by 6 relations (independent), making 12 independent
parameters.

71. Calculation of reduced characters. Consider a linear integral element that we
can always assume satisfy the relations ®* = ®> = 0, because of the arbitrariness
of trihedral that we can attach to the Riemannian space. The polar system reduces
of this integral element is
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W14 = 015 = W16 = 0,
a W4 + b1y s +cp1 s = 0,
ap) W34+ b1y W35 +c11 W36 = 0,
a13 W34+ b1a W35+ 12 W36 — (@13 W24+ b13 5 + 13 W) = 0.

(8.55)

The rank of this system is s; = 6.
If now we take a two-dimensional integral element satisfies 3 = 0, the reduced
equations are of the polar element

014 = B15 = 016 = 0,
4 = s = e = 0,
ayy W3g+byy 35 +c11 W36 = 0, (8.56)

a2 W34 +b1p 35 +cip g = 0,
ax 34+ by 35+ ¢ 36 = 0.

We have, 51 + 52 =9, where s, = 3, and consequently s3 = 0.

As the sum s + 252 4+ 3s3 = 12 is equal to the number of arbitrary parameters
upon which the generic integral element in three dimensions, the system is inuolu-
tion and its general solution depends on three arbitrary functions of two variables.

72. Cauchy problem. It arises when one gives in Euclidean space has six dimensions
X realize a surface given a variety of two-dimensional Riemannian space S. We may
assume that at any point of S we have attached a rectangular trihedral with a third
vector is normal to S. There will therefore @* = 0 for the two-dimensional solution
of the differential system considered (8.49). At each point of Sigma will be attached
a rectangular hexahedral whose vectors e and e, are determined and are tangent to
X in order to satisfy equations

o' =o', o’ = o’ (8.57)

However one chooses the other unit vectors of the hexahedral, we will @3 =
0* = ® = ©® = 0. The two equations (8.57) lead to

@' A (@0 —@12) =0, @* A (01— @12) =0, (8.58)
thus
) = 0. (8.59)
For the linear equations (8.49) are all verified, also demands that we have
w13 = 013, 3 = W23. (8.60)
Now the equation @3 = 0 resulting according to the third equation (8.40) that

T ANB;3+ 0> N\By =0, (8.61)
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therefore
m13=awl+bﬁ72, G)'23=bwl+ca)'2. (8.62)

To determine the complete two-dimensional solution, we must choose the vector
e3 normal to X in order to have

03 =a®' +bo>, w3 =bo' +co>. (8.63)

To make this election, suppose first that we have taken, following some law, the
vectors es, €4, es, € normal to X; denote them by &3, €4, €5, €4, and asking

de| = 013 €3+ 014 €4 + Oy5 €5 + Dy €6,
dey = @3 €3+ W4 €4 + (a5 €5 + W6 €6, (8.64)
with
Oro = ho @' + ko @, Doy = ko @' + 0y @2, (0 =3,4,5,6). (8.65)
The desired vector e3 will be of the form
e3=x e3+xtes+x€s +x686, (8.66)

with

(x3)2+ <x4)2+(x5>2+ (x6)2
h3x3 +h4x4—|—h5x5 +h6x6
k3xd +kax* +ksxO +kegx® = b,

B3+ lx* 41530 +1gx0 = c.

1

a,

)

(8.67)

These four equations with four unknowns can be reduced to linear equations by
calculating the first determinant

X at Kb

Iy ha hs he
ks ka ks ke |’
Lol s I

5= (8.68)

whose square is equal to

1 a b c
a h? h-kh-1
bh-k kZ k-1|”
cl-h 1.k PP

A= (8.69)

where h, k, 1 designate in the normal four-dimensional space to Sigma, three
vectors having components respectively for the quantities h;, k;, [;; (i = 3,4,5,6).
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Several cases are possible.

First assume the vectors h, Kk, 1 linearly independent. If A is negative, it is clear
that equations (8.67) do not admit any real solution. If A is positive, they admit
two distinct real solutions and we will see the next number that the data are not
characteristic and that consequently it passes through the surface X two varieties
producing three-dimensional in the neighbourhood X Riemannian space given &.
Finally if A is zero, equations (8.67) admit a unique solution which corresponds to
the differential system (8.49) a two-dimensional solution, but that, as we will see
the following number is characteristic.

If the vectors h, k, 1 are linearly dependent, and if the system (8.67) is compatible,
at each of its solutions corresponds a two-dimensional solution of system (8.49), but,
as we shall see, it is characteristic.

73. Solutions two-dimensional characteristics of the system (8.49).
The integral element in two dimensions @? = 0 is singular if the rank of the system
(8.56) is less than nine, in other words if the determinant

ail an ai
8" =|b12 b1z b12 |, (8.70)
€22 0 €2

is zero. Start from a solution of the system in two dimensions (8.49) determined as it
was exposed to the previous issue. If we take for vectors €3, €4, €5, €6, the vectors e3,
€4, es, €g, its the unknown x>, x*, x°, x® of equations (8.67) have the values 1,0,0,0,
the vectors h, k, 1 will for components

adaipl ail ai
b b1y bip b12 (8.71)
ccncn ey

That said, the determinant 6’ is equal to the determinant & (8.69), whose square is
A. For the two-dimensional variety is considered characteristic, it is necessary and
sufficient that A is zero, it can happen in two ways, either that the vectors h, k, 1
are linearly independent (the first case discussed in No. 72) either they are linearly
dependent (second case discussed in No. 72).

If the two-dimensional solution obtained for the system (8.49) is characteristic,
we will show that this solution must satisfy a (additional conditions to the problem
is possible. These conditions we will be provided by the consideration of equations
(8.72) of No. 70. We can assume that, for @3 =0, the quadratic form &y is identi-
cally zero, that is to say that coefficients c11, c12, ¢22 are zero. the three equations

A +Bin+Ci =K,
A2+ B2 +Ci2 = K2, (8.72)
A2+ By +Cy = Ky,

are linear in a33 and b33, and they are written in effect
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arass +biibsz = al;+ b3+l +Kii,
a12a33 + b12b3zz = ayzasz + b1zbaz + c13¢23 — K12, (8.73)
anass +bibyy = aj; +bi;+ iz + K.

However, the manifold being given two-dimensional, in each point is known all
the coefficients of linear forms @4, @5, Pg, with the exception of assz, b33, c33 (the
coefficient a3 example is known because of the relation de3 = a3;e;| + azre; which
takes place on two-dimensional manifold). By eliminating a33 and b33 between the
three equations (8.73), we obtain the necessary condition to be met by any solu-
tion for two-dimensional characteristic that passes through this variety has a variety
realizing the three-dimensional space &, this requirement results in the equation

axy by a%3 + b%3 + 0%3 + K11
azz by ajzaz; +b13byz +ci13¢3 — Kpp | = 0. (8.74)
ay; by a% +b%3+c%3 + K

74. The variety of characteristics a variety of three-dimensional realizing a given
ds®. If the variety V three-dimensional Euclidean space to 6 dimensions real-
izes a given ds” (& given a Riemannian space), we obtain the two-dimensional
characteristics varieties expressing the element tangent plane in three dimensions
uy ®' + u,0* + u3®> = 0 has the property that moving along this plane element,
forms @4, P5, Pg, are linearly dependent, in other words that there are three coef-
ficients 14, 13, A° not all zero such that the quadratic form A*®; + 15 s + A0y
divisible by u; @ lywo?+ us3 @3, This results in relation

ui 0 O 0 us u
0 ui 0 us 0 ui
0 0 us up ui 0
ax ay a3 2a3 2a13 2ay
b2y by baz 2ba3 2b13 2byy
€22 €22 €23 2023 2¢13 2c11

=0. (8.75)

If this relation is not identically satisfied, that is to say if the manifold V is not
a singular solution of system (8.49) we obtain a cubic equation in u;, u, u3 which
defines V at each point of a cone with third class. The characteristic varieties are
searched solutions of partial differential equation of first order defined by equation
(8.75), the tangent plane in each point to be tangent to the cone of the third class
defined by this equation.

75. Singular solutions. These are those for which the equation (8.75) in uy, up, u3
is an identity. This condition allows the characterization of singular solutions by a
purely projective property.

4 This condition generalizes the well-known condition which has to satisfy a curve (C) of ordinary
space so that it passes through (C) a surface which gave ds? is an asymptotic line (C): the square
of its torsion must equal to the Riemannian curvature changed sign of ds? given.
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8.4 Realization of a three-dimensional Riemannian space with a manifold of Euclidean space 177

Consider the integral manifold V a curve (C) whose tangent in each point A has
the director parameters @', @2, ®>. The flat variety containing both the triplane
(three dimensional flat variety) tangent to V in A and the biplane osculating at A of
(C) contains the vector

Dyeq+ Dses + Dgeg, (8.76)

as shown immediately the calculation of dA and d?A. This raises, if the biplane
IT tangent to V' at point A is a singular integral element, this means that instead
of osculating planes to a tangent curves at point A is located in a five-dimensional
hyperplane. The variety V is a singular solution if this takes place regardless of the
plane element IT tangent to V. This is the projective property of singular solutions
sought.

Two cases are possible, depending on whether the five-dimensional hyperplane
corresponding to the biplane is independent of the biplane or not; in the first case
this hyperplane is called the osculating hyperplane to the variety V at point A.

First case. — First case. - In this case can assume that the osculating hyperplane’s
normal vector at each point in eg, i.e. the form @y is identically zero. The equations

016 =0, 6 =0, w36 =0, (8.77)
to cause a by exterior differentiation,

O14 N\ g6 + 015 A\ Ws6 = 0,
W4 N\ Wy + W5 N\ W56 = 0, (8.78)
W34 N\ W46+ @35 N\ W56 = 0.

The result, in general, wss = W56 = 0, unless the two conical @4 =0, 5 = 0 are
bi-tangents or have them contact of the second order. If we allow these two cases
side, we see that deg and hence that the osculating hyperplane is fixed. The corre-
sponding Riemannian spaces are those that are likely to be achieved by a variety
of three-dimensional Euclidean space with five dimensions. It can be shown that in
general their realization in the five-dimensional space is only possible in one way,
has a displacement or up to a symmetry.

It could happen that two forms &5 and &g, are zero: then the Riemannian space
would be likely to realization in a four-dimensional space. If all three forms P4, Ps,
&g were zero, the Riemannian space &’; Riemannian curvature would be zero and it
would, at least locally, realizable by the three-dimensional Euclidean space.

Second case. — We will say little about the singular solutions of the second case.
We prove easily that forms @4, D5, D¢ all decompose into two factors of the first
degree, one of these factors being the same for all three forms, the other variable
with the three forms. These singular solutions exist only for six spaces which the
quadratic form of the Riemann coefficients K;; has its discriminant zero. The in-
tegral manifolds are a very simple geometrical definition: each is generated by an
arbitrary one-parameter family of planar two-dimensional varieties. They therefore
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178 8 Geometric problems with more than two independent variables

depend on 11 arbitrary functions of one variable, which emphasizes the very ex-
ceptional character of Riemannian spaces for which the differential system (8.49)
admits singular solutions falling in the second case.

As seen, there are still a number of points to clarify in the theory of singular solu-
tions of differential system that gives three-dimensional varieties of six-dimensional
Euclidean space capable of realizing a three-dimensional Riemannian space given.

As for the n—dimensional Riemannian spaces, known to be realizable by Vari-
etal immersed in Euclidean space n(n+ 1)/2 dimensions of a given solution n — 1
uncharacteristic dimensions of the problem determines differential system, as for
n = 3, a finite number of n—dimensional solutions (See on this general problem, M.
Janet [18], and E. Cartan [6].)
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