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c
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u(x�, y�) = u(x, y), v(x�, y�) = v(x, y) + ε, lc<n m
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���

[y + s(x)]
dy

dx
+ [p(x) + q(x)y + r(x)y�] = �, lpp<n m

+�,��x5� ���x� ��  � 0�)� +" < �� j
�&� ���5#, x �� ;
'&� �&��
� s(x) " r(x) �q(x) �p(x) ��

z = [y + s(x)]et(x), t(x) =
∫ x

r(τ)dτ,

��&
 <����� �
�9� lpn<n m ��
B �� +��4 �&� �� �� lpp<n m �4 �&�

z
dz

dx
+

{
(p− qs+ rs�)e�t +

(
q − �rs− ds

dx

)
zet

}
= �, lp^<n m

� ��  
!" 0� +��� �
>� ���O �Y (*� �4�� " {
C
� ��

�� �4
*&� ��#���$
 �4 �&� -
 �� lpp<n m �
������ <��� lpp<n m �� +�
5��3 (y+ s) �4�� �
� � �p− qs+ rs� = � =>��
ll^<^ m �4 �&� ���&
m < 
L�� 	 �� � �����5�� R"� �9���

 �����5�� R"� �9��� �UD ��#���$
 �4 �&� 0�
�&� (y+ s)� �I5#� ��x5� �� �I�I� � lpp<n m �4�� �
� � �q = �rs+ ds
dx =:

��&
 < 
L �5L
� ���
���
d

dx
(y + s)� + �r(y + s)� = �

{
s
( ds
dx

+ rs
)
− p

}
.

���� 	�L X"�&� R"� T
� �� ��� �4 �&� �� � 
L�� �L�� lpn<n m �4 �&� �� �� R"� �9��� ��#���$
 �4 �&�
dy

dx
= P (x) +Q(x)y +R(x)y� + S(x)y�, lp]<n m

���x5� ���x� 	�A�� ��L�� lp]<n m �4 �&� Z�D @�
! y�(x) �:� <��5#, x �� ;
'&� �&��
� �A*, S(x) " R(x) �Q(x) �P (x) ��

w(x) =
eT (x)

[y(x) − y�(x)]
, T (x) =

∫ x

[q(τ) + �R(τ)y�(τ) + �S(τ)y�(τ)�]dτ,

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



��&
 lpn<n m ;�3 �� ��#���$
 �4 �&� �� �� lp]<n m �4 �&�

w
dw

dx
+ S(x)e�T (x) + [�S(x)y�(x) +R(x)]weT (x) = �,

+��vA
�! �� .'U� �
� 	�,�)� ������ �
�9�

y(x) = y�(x) +
eT (x)

w(x)
,

< 
� �,�
D 0��� ���#� ���� ;
'&� Z�D @�
! y�(x) �� �I�I� �
� �� 	 �$5�� " lp]<n m � 

j
�&� �� ����� ��	��

A(x) =
∫ x

a(τ)dτ, B(x) =
∫ x

b(τ)dτ,

�()� lpn<n m �5L
� "

ydy + [a(x) + b(x)y]dx = �, lp\<n m

����� w�I�� �� �
� 	�L �#�4 �%�� +��� μ(x, y) +��:R��A5�� +�,�
5��3

(i)

μ(x, y) =
exp{[y +B(x)]�}

B(x)
, a(x) = − b(x)

�B(x)
,

(ii)

μ(x, y) =
[
y +

(α+ �)
α

B(x)
]α
, a(x) = − (α+ �)

α�
b(x)B(x),

(iii)

μ(x, y) = exp
{

�B(x)�

[B(x)� + �yB(x) + α]

}
, a(x) =

b(x)[B(x)� + α]�

�B(x)�
,

<�, �� `
�*� �� �,�
?4 ���� α ��
�U��� �#
���� ��L�� lp\<n m +��:R��A5�� �
5��3 μ(x, y) �(�
� +���

∂

∂x
(μy) =

∂

∂y
{μ[a(x) + b(x)y]},

��
������ ��L�� ���O��

y
∂μ

∂x
− [a(x) + b(x)y]

∂μ

∂y
= b(x)μ.

<��D �
 ����� t�B %�� �U��� � 	�L 	 � μ(x, y) �
� �� ���� ����� 	�L �#�4 �% �&� +��� �� ��� ;�% �J�5� � 

(i)

μ(x, y) =
exp

{
[y +B(x)]�

}

B(x)
, a(x) = − b(x)

�B(x)
,

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



��
�� �4�� �
� � 

y
∂μ

∂x
− [a(x) + b(x)y]

∂μ

∂y
− b(x)μ

= e(y+B)�
{
y
[
�(y +B)

b

B
− b

B�

]
− (a+ by)

�

B
(y +B) − b

B

}

= e(y+B)� (y +B)
B

{
�yb− �(a+ by) − b

B

}

= −e(y+B)� (y +B)
B�

(b+ �aB),

< 
L�� �$B ����� ��D� ���9G �(b+ �aB) = � ��
>� b(x) " a(x) @�?5�� ��
B � ��

(ii)

μ(x, y) =
[
y +

(α+ �)
α

B(x)
]α
, a(x) = − (α+ �)

α�
b(x)B(x).

��
�� �4�� �
� � 

y
∂μ

∂x
− [a(x) + b(x)y]

∂μ

∂y
− b(x)μ

=
[
y +

(α+ �)
α

B
]α−�{

(α+ �)by − (a+ by)α− b
[
y +

(α+ �)
α

B
]}

= −
[
y +

(α+ �)
α

B
]α−�{

αa+
(α+ �)

α
bB

}
,

< 
L�� �$B ����� ��4�s#� 	s�L 	 � H
��L +���O�� �� 1�� 0� ��

(iii)

μ(x, y) = exp
{

�B(x)�

[B(x)� + �yB(x) + α]

}
, a(x) =

b(x)[B(x)� + α]�

�B(x)�
,

��
�� �4�� �
� � 

y
∂μ

∂x
− [a(x) + b(x)y]

∂μ

∂y
− b(x)μ = exp

{
�B�

(B� + �yB + α)

}

×
{

�bBy

(B� + �yB + α)
− �bB�(B + y)y

(B� + �yB + α)�
+

(a+ by)�B�

(B� + �yB + α)�
− b

}

= exp
{

�B�

(B� + �yB + α)

}
×

{
�B�a− b(B� + α)�

(B� + �yB + α)�

}
,

.#5�� ��� �� �A*, �� 0� +�&� M
�5� " +��A4��A5�� +�,�
5��3 �
� < 
L�� �$B .���� b(x) " a(x) @�?5�� �� 	���" 1�� 0� "
< � ��,�
D b�C
� +�5'��� �
U� n\ �'g#� � ��  
L��

[�L �� �� q(x) " p(x) =��
� �� �lpp<n m �4 �&� ��, 0�)� ����� ��	��

p(x) = α[s′(x) + r(x)s(x)]s(x), q(x) = βs′(x) + (β + �)r(x)s(x),

�
�9� �� ���� 	�L ��4
�

y = s(x)u,
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<�, �� 0�)� �� x �� �9#� w5)� �
�6 ��8G " 	 
� 	�
?4 +�25��� β " α 0� � ��  
L�� �
�9� �
v67-�($� �4 �&� -
 ��
��, 0�)� " �
��A� �J�5� �� llpn<n m ���&
 m ;" T
� �� ��� �s 4 �&� �� � ���, +��4 �&� q(x) " p(x) �� �N�&�

α(x) = − β − α

(β − �)�
b(x)B(x)

<��� ^<n R�W� �� ;" �4�� �N�"14
��
B �� lpp<n m �4 �&� �� ����� �� ���	�L j
�&� %�� � �� +� q(x) " p(x) �y = s(x)u �� 	 �$5�� ��

(�+ u)s
(
s
du

dx
+ s′u

)
+ α(s′ + rs)s+ [βs′ + (β + �)rs]su + rs�u� = �,

��	 �� ��
B �� ��

(�+ u)
du

dx
+

(
r +

s′

s

)
[u� + (β + �)u + α] = �,

��
�� lp^<n m �4 �&� �� ;" �*#O +��� <��� �
v67-�($� {
C
� ��D� �s 4 �&� ��  
L�� �
�9�

a(x) = (p− qs+ rs�)e�t, b(x) = (q − �rs− s′)et,

q(x) " p(x) +"� .���� +�,�
��� �� ��

a(x) = (α− β)[s′(x) + r(x)s(x)]s(x)e�t(x) ,

b(x) = (β − �)[s′(x) + r(x)s(x)]et(x) ,

�, �� �4 �&� " ��#I� �� fy�

a(x)
b(x)

= − (β − α)
(β − �)

s(x)et(x).

�b(x) +��� %�� ���9G �� 	 �$5�� �� "

B(x) =
∫ x

b(τ)dτ = (β − �)s(x)etx,

< 
L�� �J�5� �	�L 	 � ��5D�� 0� ~����� �� ��
�"��� ���� ��

� 4 �&� ��, 0�)� ����	�L j
�& � �'9 O R�W� � q(x) " p(x) 0� � �� �lpp<n m ��#���$ 
 � 4 �&� +�� � ��� �� ��	��

��()� �8
�9� 	"�: ��� lpp<n m ��#���$
 

x� = f(x), y� = g(x)y,

��B�D ~����� ��

s(x�)e
t(x�) = s(x)et(x)+ε,

y�
s(x�)

=
y

s(x)
, lpa<n m

<��� � �"�� ���� 	�L j
�&� �'9O R�W� � t(x) ��
�� �!
� �� �P�  �
� �
�9� ��� lpp<n m �4 �&� �
� �"�� ��B�D

u =
y

s(x)
=

y�
s(x�)

,

< �� ��	 �� 0�
��� �
� ��
>� �� lpp<n m �4 �&� ��  
L�� �J�5� �'9O R�W� ~����� " ��� 	�,�)� ���O

(�+ u)du
[u� + (β + �)u+ α]

= −
[
r(x) +

s′(x)
s(x)

]
dx, lpc<n m
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��&
 ���� � �"�� lpa<n m �8
�9� �� �9#� lpp<n m �4 �&� ��  
� �,�
D �
� 0� �J�5� "

[y� + s(x�)]
dy�
dx�

+ [p(x�) + q(x�)y� + r(x�)y�
�
] = �,

��&
 ���� � �"�� �8
�9� ��*, �� �9#� lpc<n m ���� X�K �� ��, 0�)� �#
���� 0� 0 �"� ���� +���
[
r(x) +

s′(x)
s(x)

]
dx =

[
r(x�) +

s′(x�)
s(x�)

]
dx�.

	 � �'9O R�W� � �� q(x) " p(x) +��� �
������ <�
��A� w5)� fy� " �53�: �5
��A4 lpa<n m7n �� ��� �3�� �
P�� �
� +��� ��
<������ �O�� � �"�� lpa<n m �
�9� ��� lpp<n m �� �
 �� ���� ���	�L

�'���

�8
�9� ��� �
� �% �&� �� ���� ���&� +���
A� �� β " α +�,���� F�

x� = eαεx, y� = eβεy,

����� �� �� �
� ��#���$
 �% �&� �+�5����67-
 +�2,"�: �
� +��� 	��� ���� +�,� �"�� �� 	 �$5�� �� " ���*� �O�� � �"��

<l������� B " Am dy
dx

=
A

x�/�
+By� (i)

<x(x� − �y�)
dy

dx
+ (�x� + y�)y = � (ii)

<l������� n " B " Am x(A + xyn)
dy

dx
+By = � (iii)

���� ���� F�

y� = e−�εy, x� = x+ ε,

��#���$
 �4 �&� 0� ~����� " ��� +�5����67-
 �8
�9� 	"�: -


(�− �x− log y)
dy

dx
+ �y = �.

<���� �� ��

��#���$
 �4 �&� F#

(x− y)�
dy

dx
= A�

�8
�9� 	"�: �� �9#� �4 �&� �(�
� ����� �� �� ���� ���� -
 A ��

y� = y + ε, x� = x+ ε,

<���� �� ���� � �"��

�� ��, 0�)� <��� 	�L 	 � lnq<n m �'C�$�7��#���$
 �4 �&� �� ���
! 0�
�G �� ρ(x) F'

y(x) =
ρ(x− x�)
ρ(x)

�UD��/ �'C�$�7��#���$
 �4 �&� @�
!
dy(x)
dx

= y(x)[y(x) − y(x− x�)]

<���
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�
�9� ���, 0�)� F*

y(x) =
ex

f(ex−x�)

�4 �&� �� �� lnn<n m �4 �&�
df(t)
dt

=
f(t)
f(λt)

<�, �� ��'I� ���L���� λ = e−x� " t = ex−x� 0� � ��

< 
L�� �
�9� �
� ��
>� ln^<n m �4 �&� �w = y/x ��x5� ���x� �� ��, 0�)� F0

xw
dw

dx
=
�(�− x)
(�+ x)

+ �w +
(�− x)
(�+ x)

w�

�
.

�4 �&� �� 0� �� �
��A� �J�5� s = (�− x)/(�+ x) ��x5� ���x� �� fy�

(s� − �)
�

w
dw

ds
= �s+ �w +

sw�

�
,

< �� 0��� s� = −s " w� = −w ��
>� 0�
��� �� ln]<n m �8
�9� �� �
��A� �J�5� �J�� �� "  
L�� �
�9�

��()� �8
�9� �� �9#� ln\<n m �
1! ��I)� �� ��#���$
 �4 �&� �� ��� 	�,�)� ���O F2

c� = c, t� = e�εt, x� = eεx,

0�)� �J�� �� " �
�"��� ���� �� φ +��� �4
*&� �4 �&� <��� c(x, t) = φ(xt−�/�) �()� ���
! +��� �4 �&� �
������ ���� � �"��
���, 

c(x, t) = A

∫ xt−�/�

�

e−y
�/�dy +B

<��5#, 	�
?4 +�25��� B " A ��

�UD7��/ ��)5�� �4 �&� +��� F8

∂c

∂t
=

∂

∂x

(
D(c)

∂c

∂x

)

��#���$
 �4 �&� ��9O �'g#� @�
! �&��� �(L " +�5����67-
 	"�: �� ���� c �� �&��� D ��)5�� 0� � ��

D(φ)φ′′(ξ) +
dD(φ)
dφ

φ′(ξ)� +
ξφ′(ξ)
�

= �

<�
��A� �J�5� ��

	"�: ��� �9O �'g#� �4
*&� ��#���$
 �4 �&� �� ��, 0�)� D(c) = c �4�� +��� FG

φ� = e�εφ, ξ� = eεξ,

�()� ;" T
� �� ��� �4 �&� �� 0� �ψ = φ/ξ� �(�
� �� �!
� �� " ������ �O�� � �"��

ψp
dp

dψ
+ p� +

(
�ψ +

�

�

)
p+ ψ(�ψ + �) = �

<��� �|��5� φ(ξ) @�
! �� p = −�ψ  �$�� @�
! �� ��, 0�)� "  
L�� �

�� ���� y = log ξ " p = dψ
dy 0� � ��
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�()� ;" T
� �� ��� �4 �&� �� �� �'9O �'g#� �4 �&� p = q/ψ �
�9� �� ��, 0�)� F�H

q
dq

dψ
+

(
�ψ +

�

�

)
q + ψ�(�ψ + �) = �

<��� ;" T
� ��  �����5�� ��� �4 �&� ��4 �&� �
� �� <����� �
�9�

�UD7��/ ��)5�� �4 �&� �� ��, 0�)� z = eBc ��x5� ���x� �� F��
∂c

∂t
=

∂

∂x

(
AeBc

∂c

∂x

)
,

�4 �&� �� ���, �� 0�)� �� �,�
?4 +�,���� B " A ��
∂z

∂t
= Az

∂�z

∂x�

	"�: ��� �4 �&� �
� �� ��, 0�)� < 
L�� �
�9�

t� = enεt, z� = emεz, x� = eεx

<������ �O�� � �"�� ����	�L @�?5�� �m+ n = � [�L �� m " n ��

�()� ���
! +��� �9O �'g#� �4 �&� ���, 0�)� F��

z(x, t) = tm/nφ(ξ)

�()� +��4 �&� � �� ��� �&��� φ(ξ) " 	 
� ξ = x/t�/n 0� � ��

nAφ(ξ)φ′′(ξ) + ξφ′(ξ) −mφ(ξ) = �.

0� " �
�
�*� ���x� � 	�L 	 � o �'g#� � �� +�5����67-
 	"�: �� �9#� �4 �&� �
� ��, 0�)� fy� ��L���� ������ t�B
��()� ;" T
� �� ��� �4 �&� �� �� �4 �&�

p
dp

dψ
+

(
�ψ +

�

A

)
+

(
�+

�

nAψ

)
p = �

<����� �
�9� ����	�L j
�&� o �'g#� � w�O �
U� ψ " p ��

�UD7��/ ��)5�� �4 �&� �� �
� �� �!
� �� F�#
∂c

∂t
=

∂

∂x

(
AeBc

∂c

∂x

)

��
>� 0� @�
! ��
��A� �J�5� � �� c(x, t) = f(x) + g(t) �()� ���
! ��, �� 0�)� �� �,�
?4 +�,���� B " A ��

c(x, t) =
�

B
log

{ (x− x�)� + C

�A(t� − t)

}
,

<�L���� ���5#, �,�
?4 +�,���� 	s��
�*� C " t� " x� ��

���*� �s 9���� �� F�'
∂c�
∂t�

− ∂�c�

∂x�
�

<��� � �"�� �
� �8
�9� �� �9#� ln\<n m -��8� ��)5�� �4 �&� �� ��, 0�)� �+�	��J�� 	�G�O �� 	 �$5�� �� �N*�I5#�

i) x� = x+ εt, t� = t, c� = c exp
(
− εx

�
− ε�t

�

)
,

ii) x� =
x

�− εt
, t� =

t

�− εt
, c� = c(�− εt)�/� exp

(
− εx�

�(�− εt)

)
,
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+�,�
5��3 �
� ����9G ���
L @�?5�� 	�L 	 � ��
>� b(x) " a(x) �:� �� ��, 0�)� l^<n m R�W� +�,+��v: �*� �� F�*
< 
� ��,�
D lp\<n m ;" T
� �� ��� �4 �&� +��� +��: R��A5��

i) μ(x, y) = exp
{

[y +B(x)]� + �A(x)[y +B(x)] +
∫ x

�a(τ)B(τ)dτ
}
,

a(x) = − b(x)
�[A(x) +B(x)�]

,

ii) μ(x, y) =
{
�y +B(x) + αB(x)−� + βB(x)
�y +B(x) + αB(x)−� − βB(x)

}�/β
,

a(x) =
b(x)
�B(x)

{[B(x) + αB(x)−�]� − β�B(x)�},

<��, �� 0�)� �� �,�
?4 +�25��� β " α ��
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� ���

�� ����
	 � �
��������� �����
�

���	� 
��

� ��  
!" �2� �J�5� " +�5����67-
 +�2,"�: +��� <�
�� �6�� �4 +�2
�� " +�5����67-
 +�2,"�: �3�&� �� �>3 �
� � 
<0� �53�
 +�2L"� " 	"�: +��� X��&5� ��>5?�  
!" �-�
� �
�2��� ;�3 +"� �� ��
*G ;�3 0 �"� ���� F"�

< �� ��,�
D �3�&� �>3 �
� � ��  
L�� 	����� �
�9� ��hO �� ��*L��� " �2� �J�5� -
 �4 +�2
�� +��� ����*,

(����)�*+,� �-���. /"�0 ���

�8
�9� (x, y) ��$B � 

x� = f(x, y, ε), y� = g(x, y, ε), ln<p m

���� t�B �
� +�25�B�D � 	�:�, ������� +�5����67-
 �8
�9� ��

<�, �� ���� �� ���*, �
�9� ε = � ���I� �l���*,m (i)

x = f(x, y,�), y = g(x, y,�),

<�, �� ���� �� 0"��" �
�9� −ε �5����6 �l0"��"m (ii)

x = f(x�, y�,−ε), y = g(x�, y�,−ε),

�J�5� 0�
5� 0� �� 	"8G " �L�� 	"�: �� +
hG 	���" 19� 0� 	�A�� �y� = g(x�, y�, δ) �x� = f(x�, y�, δ) �:� �l0 
� �5#�m (iii)

���&
 <�, �� ���� ���� ε+ δ �5����6 �� �3�:

x� = f(x, y, ε+ δ), y� = g(x, y, ε+ δ),

�� +� 	 �� +�24�W� <�3�: �J�5� 	"�: 0 
��5#� ��B�D �� 0�
��� �� �4
*&� +�
v6 ���L ��B�D �� �

L�� �"� �
 	���" 
������O �
�� +�5����67-
 +�2,"�:

pn
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�R�I5�� 	"�: 9>��

x� = x, y� = y + ε,

�+ ��5�� 	"�: 9:

x� = eεx, y� = eεy

�0��" 	"�: 9I

x� = x cos ε− y sin ε, y� = x sin ε+ y cos ε,

<��� +�5����67-
 	"�: -
 �N&O�" lVm �*#O � 	�L j
�&� ����" 	"�: �� ��, 0�)� ����� �����

�J�5� � � y� = y � x� = x 	�A�� ε = � �:� �
������ ��, �� ��()� +�5����67-
 	"�: -
 lVm �� ��, 0�)� ��,�
D ��
0� 0"��" +��� R�� <����� t�B R"� ��B�D � 0�

x = x� cos ε+ y� sin ε, y = −x� sin ε+ y� cos ε

<����� t�B 1�� ;" ��B�D � lVm ��  
L�� �J�5� �J�� �� " ����� _?)� �� 0� 0"��" −ε �
������ ��
�"��� ���� ��
��
�� 	�A�� y� = x� sin δ + y� cos δ " x� = x� cos δ − y� sin δ �:� �� ������� ;
� �*#O +���

x� = (x cos ε− y sin ε) cos δ − (x sin ε+ y cos ε) sin δ

= x cos(ε+ δ) − y sin(ε+ δ),

"

y� = (x cos ε− y sin ε) sin δ − (x sin ε+ y cos ε) cos δ

= x sin(ε+ δ) − y cos(ε+ δ),

<����� t�B 1�� ;
� ��B�D � 0� �
������ "
�� �J�� �� 	�A�� ��, H#� �� ln<p m �:� ε -�
� �
 �I� +��� <������� 	"�: ��
*G �(L �� g(x, y, ε) " f(x, y, ε) =��
�

��
�� ��, �� ���� �� ���*, ε = �

x� = x+ ε
(dx�
dε

)∣∣∣
ε=�

+O(ε�), y� = y + ε
(dy�
dε

)∣∣∣
ε=�

+O(ε�), lp<p m

��
>� �� θ(x, y) " ξ(x, y) =��
� �:� <�, �� 0�)� �� ��5#, 0� �� +��%�� .���� " ε� ���L HI3 �� �� ��8*! O(ε�) ��
(dx�
dε

)
ε=�

= ξ(x, y),
(dy�
dε

)
ε=�

= η(x, y), l^<p m

��
�"��� ���� 	�A�� ���� j
�&�

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�), l]<p m
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-�
� �
�2��� ;�3 �� �� ��� 0� +�5����67-
 �8
�9� 	"�: ����� ��hO <������� 	"�: -�
� �
�2��� ;�3 �� l]<p m ��
���#���$
 �% �&� �� �
� 0� �: 
D �4 �&� 	�A5� �� �� 0�
��� �	�L 	 � 

dx�
dε

= ξ(x�, y�),
dy�
dε

= η(x, y), l\<p m

���4"� H
��L ��

x� = x, y� = y la<p m

��95G� -�
� <�3�
 lpo^ ��$Bmlnop]m 0
#(
 � 0�
��� �� ��hO �
� ��9�� < �"� ���� �� 0� ��
*G ;�3 ε = � �� �5O"
<������ ��
�s� 	 �� R�W� -
 �� ����

�� 0� ��
*G ;�3 l\<p m �4 �&� 	�A5� �� �� " 	 �"� ���� �� lVm �*#O ����" 	"�: -�
� �
�2��� ;�3 ����� �����

<�
��A� �J�5�
��
�� lVm �*#O ����" 	"�: +���

dx�
dε

= −x sin ε− y cos ε,
dy�
dε

= x cos ε− y sin ε,

��
�� l^<p m �� ε = � 0 � ���O �� �
������ "

ξ(x, y) = −y, η(x, y) = x.

��4 �&� �� �
������� �4�� �
� � f6

dx�
dε

= −y�,
dy�
dε

= x�.

��
�"��� ���� " 	 �� j
�&� �� z� = x� + iy� " z = x+ iy H'5?� +�,��x5� �
P�� �
�� <���� �� la<p m ��4"� H
��L �� ��

dz�
dε

= iz�,

��
������ "

log z� = iε+ log z,

;�3 ����
��� z� = eiεz H'5?� �*#O " �I�I� �*#O �9���� �� <��� 	�L 	 �$5�� la<p m ��4"� H
��L �� 0� 0 �"� ���� � ��
���
>� �� (r, θ) �9UO ��>5?� �:� <�
�"� ���� �� lVm ����" 	"�: ��
*G

r = (x� + y�)�/�, θ = tan−�(y/x).

+�A
 ��
>� 0�
��� �� lVm ����" 	"�: +
**G ;�3 �� ��� 	�,�)� ���O �z� = eiεz �� " z = reiθ ��
�� 	�A�� ���� �3�&�
�,�| R�I5�� 	"�: ��
>� ����" 	"�: �9UO ��>5?� � (r, θ) .#� �� �8*! �� ���&
 <�L
� θ� = θ + ε " r� = r �()�

< 
L��
<��� +�5����67-
 �8
�9� 	"�: ��
*G ��B�D �
�

<��5#, �
� ��B�D +��� �,"�: ��
*G ;�3 �� �� ����  
!" v(x, y) " u(x, y) =��
� lp<p m +�5����67-
 	"�: �, +���

u(x�, y�) = u(x, y) v(x�, y�) = v(x, y) + ε, lc<p m

<������� 	"�: X��&5� ��>5?� �� (u, v) " � �"�� �� u(x, y) =���
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��
�"��� ���� l\<p m �� <u(x, y) �53�
 F"� (i)

dx�
dy�

=
ξ(x�, y�)
η(x�, y�)

, lr<p m

�� �� �
�"� �� ���� �� lc<p m R"� �4 �&� la<p m ��4"� H
��L �� " u(x�, y�)� constant ��3 �� " �4 �&� �� �� �&� ��
Xv� �� �N*�I5#� ln<p m �� 	 �$5�� �� 	 �� �
U� �� ��� �
� u(x, y) 0 �"� ���� +��� �A
 	�� <�
��� ���� u(x, y) �J��
-
 1�� 0� �� �&��� �, 	�A�� �L�� � �"�� -
 u(x, y) �:� �� ������ �O < �"� ���� ���� ln<p m7p " ln<p m7n �� ε

<φ(u) ���&
 < 
� �,�
D � �"��

b
�B �U��� � � ��
 ��� u(x�, y�) = α ��3 � � " 	 � ��� O �� α = u(x, y) l\<p m � 4 � &� @�
! � <v(x, y) �53� 
 F"� (ii)

��� ������ �P�8� l\<p m7n �� " ���� +α ��3 �� l\<p m �4 �&� � R�� <�
��A� �J�5� �� y� = φ(x�, α)

dx�
dε

= ξ[x�, φ(x�, α)]. lo<p m

���
>� x� +�,���� �� �D�� +��� �� ψ(x, α) �:� R��

ψ(x, α) =
∫ x

x�

dt

ξ[t, φ(t, α)]
. lnq<p m

�
�� �� � � " �
��A� �J�5 � v(x, y) = ψ[x, u(x, y)] ��
>� �� lc<p m7p ����
 ��� lo<p m " la<p m �� 	�A�� ���� j
�&�
< 
L�� _?)� 1�� v(x, y)

��
�9� �� ��, 0�)� ����� �����

x� =
x

(�+ εx)
, y� = (�+ εx)�y, lnn<p m

<�
�"� ���� 0� +��� �� (u, v) X��&5� ��>5?� " ��� +�5����67-
 	"�: -

���O�� 0� +��� +�5����67-
 	"�: j
�&� �� �!
� �� (iii) " (ii) " (i) ��B�D �� �� �, 0�)� ���
��� ����� �� 	����
D

��
�� ε -�
� �
 �I� +��� R�� <���

x� = x− εx� +O(ε�), y� = y�εxy +O(ε�),

�� �9#� lnn<p m �4 �&� +"� +��:��#���$
 �� �A
 w
�U� <�
�"��� ���� �� η(x, y) = �xy " ξ(x, y) = −x� �l]<p m �� f6
��
�� ε

dx�
dε

= − x�

(�+ εx)�
= −x�, dy�

dε
= �(�+ εx)xy = �x�y�, lnp<p m

�
�� lnp<p m �� <����� ��9W� η(x, y) " ξ(x, y) +��� �� �,���9G �
� l\<p m "

dx�
dy�

= − x�
�y�

,

lc<p m7p � v(x, y) = x−� ��  
L�� �P�8� �
K��*, " �
��� ���� 	"�: +� �"�� 0�
�&� u(x, y) = x�y 0� �� �� ��
<���� �9���� ��I5#� �
U� ��5#��
��� 1�� ε Xv� �� lnn<p m �� �� x�y +� �"�� �A
} w
�U� <����� t�B

H��" � �� η " ξ �� ��, 0�)� ����� 	����

ξ(x, y) = −∂u
∂y
/
∂(u, v)
∂(x, y)

, η(x, y) =
∂u

∂x
/
∂(u, v)
∂(x, y)

ln^<p m
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��
>� �
�9� ���
��� �� ���5#, H9��� (u, v) X��&5� ��>5?� ��
∂(u, v)
∂(x, y)

=
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x
,

<���	�L j
�&�
ε �� �9#� lc<p m �� +��:w5)� ��

∂u�
∂x�

dx�
dε

+
∂u�
∂y�

dy�
dε

,
∂v�
∂x�

dx�
dε

+
∂v�
∂y�

dy�
dε

. ln]<p m

��
�� (x�, y�) +�J� (x, y) +��vA
�! �� ln]<p m " l\<p m �� <��5#, v(x�, y�) " u(x�, y�) 	��
�*� .���5� v� " u� 0� � ��

∂u

∂x
ξ +

∂u

∂y
η = �,

∂v

∂x
ξ +

∂v

∂y
η = �,

< 
L �J�5� ���
��� �U��� ��*, �� �4
2#� ln^<p m ��

[�L � �:� ��� ���2A�7���#� (x, y) ��$B � �
�9� ����� 
����

∂(x�, y�)
∂(x, y)

= �. ln\<p m

�:� �2�� " �:� ��� ���2A�7���#�ln<p m �� ��, 0�)� <��� t�B
∂(u, v)
∂(x, y)

= φ(u)

<��� �5#��" u ��x5� �� �2�� �� ��� �&��� φ "
ε �9��� �� �8*! .#� �� ln\<p m " l]<p m ��

∂ξ

∂x
+
∂η

∂y
= �. lna<p m

�lna<p m " ln^<p m �� 0
��� <�
�"��� ���� ��

∂[∂(u, v)/∂(x, y), u]
∂(x, y)

= �

<�
��� ���� �'g#� 	�L �5��
D H
��L 0� ~����� �� �
�"��� ���� ��

�
�2��� H
��L �� �3�: �J�5� 0�
��� ���2A�7���#� �8
�9� 0 
� 	"�: �� �� ����� �P�� .4�! �5(� �
� �� �O ��J�
��
�� ε �� �9#� ln\<p m �� +��:w5)� �� �(�
� ��&
 ���� ��
*G H
��L 0�*, �NI�O lna<p m -Y �
�

∂(dx�/dε, y�)
∂(x, y)

+
∂(x�, dy�/dε)

∂(x, y)
= �,

��� �
�"��� ���� � ∂(x, y)
∂(x�, y�)

� +����� �
� @�C �� "

∂(dx�/dε, y�)
∂(x�, y�)

+
∂(x�, dy�/dε)
∂(x�, y�)

= �,

��
�� �
������

∂

∂x�

(dx�
dε

)
+

∂

∂y�

(dy�
dε

)
= �. lnc<p m

<�L���� lna<p m H
��L 0�*, �NI�O lnc<p m �� ������ 	�,�)� l\<p m �� 	 �$5�� �� "
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����. ��12 " �
 (�3��4  ��

���
>� �� L �A'*G <�
�� l]<p m -�
� �
�2��� �?#� �� �� ln<p m 	"�: �� ���� ��3

L = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
. lnr<p m

��
�� ��#�� �5#��" ε �� ��*C �
U� �� φ(x�, y�) =��� �, +��� �� R�� <������ j
�&�

dφ�
dε

=
∂φ�
∂x�

dx�
dε

+
∂φ�
∂y�

dy�
dε

, lno<p m

�lno<p m " l\<p m �� <�, �� 0�)� �� φ(x�, y�) �φ� 0� � ��

dφ�
dε

= L�(φ�), lpq<p m

��
�� ���)� �
U� <�
��� ���� ���� L � (x, y) +�! �� (x�, y�) +��vA
�! �� �'�#���$
 �A'*G �L� 0� � �� ��

d�φ�
dε�

= L�(L�(φ�)),
d�φ�
dε

= L�(L�(L�(φ�))). lpn<p m

��
�"��� ���� 0�
'��� H#� �� 	 �$5�� " φ(ε) = φ(x�, y�) 0 � ���O ��

φ(ε) = φ(�) + ε
(dφ
dε

)
ε=�

+
ε�

�!

(d�φ
dε�

)
ε=�

+
ε�

�!

(
φ
)

��� �
�"��� ���� ε = � �� lpn<p m " lpq<p m �� �
������ "

φ(x�, y�) = φ(x, y) + εL(φ) +
ε�

�!
L�(φ) +

ε�

�!
L�(φ) + ....

��
�� ���&


φ(x�, y�) =
∞∑
n=�

εn

n!
Ln(φ), lpp<p m

<������� �4 +�� ���� "

φ(x�, y�) = eεLφ(x, y), lp^<p m

+Y �� �A'*G eεL �'�#���$
 �A'*G ��
∞∑
n=�

εn

n!
Ln()

��� �
�"��� ���� lpp<p m �� 	�A�� ��L�� y " x �φ(x, y) �:� 	�

� ����

x� = eεLx, y� = eεLy. lp]<p m

��L� ��,�
D �
� ��
>� +��*L��� �J�5� lp]<p m " lp^<p m .���� ��

φ(eεLx, eεLy) = eεLφ(x, y), lp\<p m

<lnc ��$B lnoacm ��� " ���" �:m  
L�� 	����� �4 +�2
�� �
�9� ��hO ��
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<������ L .���� �'�#���$
 �A'*G " lp]<p m �'��
� �� 	"�: ��
*G ;�3 lVm 0��" 	"�: +��� ����� �����

��
>� L �'�#���$
 �A'*G �4�� �
� � 

L = −y ∂
∂x

+ x
∂

∂y
,

+�,H#� " lp]<p m �� ���
��� 	"�: ��
*G ;�3 <L(y) = x " L(x) = −y �
������ <���

cos ε =
∞∑
k=�

(−�)kε�k

(�k!)
sin ε =

∞∑
k=�

(−�)kε�k+�

(�k + �)!

< 
L �J�5�
�� ��4"� H
��L �� ��#���$
 �% �&� �� 0� �:��  
D 	�A5� �, ��
*G @�
! �4 +�2
�� �� 	 �$5�� �� �� �5(� �
� �� �!
�

	�A5� �� ��&� �
� �� < 
� �,�
D ��*L��� ��
�"� ���� ����
���

dX

dt
= F (X,Y ),

dY

dt
= G(X,Y ),

��
>� ��4"� ���I� �'g#� �
� ��
*G @�
! <�
��A� �P� � �t = � � Y = β " X = α ��4"� H
��L �� ��

X = etMα, Y = etMβ, lpa<p m

��
>� M �A'*G 0� � ��

M = F (α, β)
∂

∂α
+G(α, β)

∂

∂β
.

<�L���� ���� 	�L j
�&�
<�
��:�� �P� � �� 	 �� R�W� " ��&O
� �
� � 

��#���$
 �4 �&� @�
! ����� �����

dX

dt
= −X�,

<�
�"� ���� %�� �4 +�2
�� �� 	 �$5�� �� ��
��
�� �4�� �
� � 

M = −α� ∂

∂α

�'� �4�� � " M�(α) = �α� � M(α) = −α� "

Mn(α) = (−�)nn!αn+�.

�
������

X = etMα =
∞∑
n=�

tn

n!
M (n)(α) = α

∞∑
n=�

(−αt)n,

@�
! |αt| < � +��� �J�5� � 

X =
α

�+ αt

<�
�"��� ���� ��
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�4 �&� @�
! �4 +�2
�� �� 	 �$5�� �� ����� �����

dX

dt
= AX +BY,

dY

dt
= −AY +BX, lpc<p m

<�
�"� ���� �� ��5��� B " A 0� � ��
��
�� �4�� �
� � 

M = (Aα +Bβ)
∂

∂α
+ (Bα−Aβ)

∂

∂β
,

��
������

M(α) = (Aα+Bβ), M(β) = (Bα−Aβ),
M�(α) = K�α, M�(β) = K�β,

M�(α) = K�(Aα +Bβ), M�(β) = K�(Bα −Aβ),
M�(α) = K�α, M�(β) = K�β,

M�(α) = K�(Aα +Bβ), M�(β) = K�(Bα −Aβ),

<�
��A� �J�5� 0� +��� ����
��� �� �
� @�
! lpa<p m " M
�5� �
� �� <K = (A� +B�)�/� 0� � �� �<<< "

�KX = [Kα+ (Aα+Bβ)]eKt + [Kα− (Aα+Bβ)]e−Kt,

�KY = [Kβ + (Bα−Aβ)]eKt + [Kβ − (Bα−Aβ)]e−Kt,

1�� l<�
�9� ��(� �� lpc<p m7p " �
��A� w5)� t �� �9#� lpc<p m7n �� � R�W� 0�
�&� m +�A
 �����I� +�2L"� �'��
� �594� ��
< �� �y� @�
! �
� 0
��� �� ���
��� �2�� �� �(
 F"� �� �� �� 	����
D �� ���� �� �� 0� ��5#��
���

����
��� �4 +�2
�� @�C � ���2�  �J
� � l���	�L �E��� �, �*(� ��
>� �� �2�� ��&
m �>3 �
� +�25�� �� ��� � �E�#�m
<l��
L =O�" ��$�

�'���

	�:�, ��� ���2A�7���#� �
�9� (r, θ) +����
5�� ��>5?� � F�

∂(r�, θ�)
∂(r, θ)

=
r

r�
,

�� ��, 0�)� " �53�: w5)� ε �� �9#� �4 �&� �
� ��

∂

∂r�

(dr�
dε

)
+
�

r�

dr�
dε

+
∂

∂θ�

(dθ�
dε

)
= �.

��B�D �� φ(r�, θ�, ε) =��� �
��A� �J�5� fy� "

dr�
dε

= − �

r�

∂φ

∂θ�
,
dθ�
dε

=
�

r�

∂φ

∂r�
.

�� +�5����6 -
 	"�: -
 ε = � � θ� = θ " r� = r [�L �� 	�A5� @�
! 	�A�� ��L�9� �5#��" ε �� ��*C �
U� φ �:� ��  ��  
!"
���&
 ��� φ +� �"��

φ(r�, θ�) = φ(r, θ)
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�
� +�,� �"�� �� �|��5� +�5����67-
 +�2,"�: �� ��, 0�)� �'9O �'g#� � F�

(i) φ(r, θ) = Ar�θ +Bθ,

(ii) φ(r, θ) = Ar�θ +Br� log r,

(iii) φ(r, θ) =
A

�
(θ + sin θ cos θ),

��� �����9G .���5� ���5#, 	�
?4 +�25��� B " A ��

(i) r� = [e−�Aεr� +BA�(e−�Aε − �)]�/�, θ� = e�Aεθ,

(ii) r� = e−Aεr, θ� = e�aεθ +BA−�(e�Aε − �) log r +Bε,

(iii) r� = [r� −Aε cos� θ]�/�, θ� = θ,

F#

x� =
�

ε
log(�+ εx), y� = (�+ εx)y

�8
�9� 	"�: -
 0� �� �
��A� �J�5� " ���� 0��� (x�, y�) .#� �� ��8*! �� �� �2�� dx�
dε ,

dy�
dε �s 9���� �� " �53�: �P� � ��

<�#�� +�5����67-


+�5����6 -
 	"�: F'

x� = f(x, y, ε) = x+ εξ(x, y) +O(ε�)

y� = g(x, y, ε) = y + εη(x, y) +O(ε�).

+�,�A'*G "

L = ξ
∂

∂x
+ η

∂

∂y
, P = L+ w, Q = L− w,

� ��
>� w �2�� � �� ��

w =
∂ξ

∂x
+
∂η

∂y
,

���&
 ��L�� ���
��� 	��, 0�)� (φ, ψ)  �*� " 	�
?4 =��
� ψ(x, y) " φ(x, y) ���� ��3 <�
��A� �P� � �� ��� 	�L j
�&�

(φ, ψ) =
∂(φ, ψ)
∂(x, y)

.

��
� 	�L �53�: �P� � �4 +�2
�� +��� 	�A��

eεLφ(x, y) =
∞∑
n=�

εn

n!
Ln(φ) =

∞∑
n=�

εnφn(x, y).

eεLψ(x, y) =
∞∑
n=�

εn

n!
Ln(ψ) =

∞∑
n=�

εnψn(x, y).

��� ��, 0�)�

(i) φn =
�

n
L(φn−�), ψn =

�

n
L(ψn−�),

(ii)P (φ, ψ) = (L(φ), ψ) + (φ, L(ψ)).

<Q���� ��/� L(φ, ψ) ����� �� (ii) +��� ��
�*�,�� S
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��3 �� F*

(eεLφ, eεLψ) =
∞∑
n=�

εnχn(x, y)

�� ��, 0�)�

(i) χn =
n∑
k=�

(φk, ψn−k),

(ii) χn =
�

n
P (χn−�).

�� �
��A� �J�5� fy�

(eεLφ, eεLψ) =
∞∑
n=�

εn

n!
Pn(φ, ψ) = eεP (φ, ψ).

<Q���� 	 �$5�� �'9O �'g#� (ii) " (i) �� " 	 �� T"�L P (χn−�) ����� �� (ii) �*#O +��� ��
�*�,��S

�4�� �53�: �P� � �� F0

(x�, y�) = (eεLx, eεLy) = eεP�

���&


(x�, y�) = �+ εw +
ε�

�!
P (w) +

ε�

�!
P�(w) + ...

<���� ��9�� �� �
� +�2
�����

(i) log(x�, y�) = εw +
ε�

�!
L(w) +

ε�

�!
L�(w) + ...

(ii) (x�, y�)
� = �− εw − ε�

�!
Q(w) − ε�

�!
Q�(w) + ...

+�5����67-
 	"�: F2

r� = f(r, θ, ε) = r + εξ(r, θ) +O(ε�),

θ� = g(r, θ, ε) = θ + εη(r, theta) +O(ε�),

�UD +�,�A'*G "

L = ξ
∂

∂r
+ η

∂

∂θ
, P� = L+ w�, P� = L+ w�,

��� ���� ��3 <�
��A� �P� � (r, θ) �9UO ��>5?� � �� �w� = ∂ξ
∂r

∂η
∂θ , w� = ξ

r ��
>� w� " w� 0� � �� ��

r� = eεLr =
∞∑
n=�

εn

n!
Ln(r) =

∞∑
n=�

εnfn(r, θ),

λ =
r�
r

=
∞∑
n=�

εnλn(r, θ),

μ =
∂(r�, θ�)
∂(r, θ)

=
∞∑
n=�

εnμn(r, θ).

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



��, 0�)�

(i) fn =
�

n
L(fn−�),

(ii) λn =
�

n
P�(λn−�),

(iii) λ = eεP��.

a �'g#� �� F8

μ = eεP��

��3 �� <�3�: �J�5� 0�
��� ��

λμ =
r�
r

∂(r�, θ�)
∂(r, θ)

=
∞∑
n=�

εnσn(r, θ).

����� ����

(i) σn =
n∑

K=�

λkμn−k,

(ii) σn =
�

n
P�(σn−�),

��
>� P� 0� � ��

P� = L+ (w� + w�)

�
��A� �J�5� fy� <��� 	�L j
�&�

r�
r

∂(r�, θ�)
∂(r, θ)

= eεP��eεP�� = eεP��

<Q���� ��/� L(σn−�) ����� �� �� (ii) �*#O ��
�*�,��S
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� ���

�������	� ������  !"��
#�� �$���� ��������

���	� 
� 

��()� �UD �8
�9� ��� y(x) +��� �UD ��#���$
 �% �&� �� �
�

x� = f(x, ε), y� = g(x, ε)y, ln<^ m

<��� �L"� 8N ��� ������� �O�� �UD
��
>� -�
� �
�2��� ;�3 " 	 
� +�5����67-
 	"�: �� ln<^ m �()� �UD �8
�9� HI3 �>3 �
� ������ � 

x� = x+ εξ(x) +O(ε�), y� = y + εη(x)y +O(ε�). lp<^ m

�� �� ��#���$
 �% �&� �(L " ��� �� � �"�� ��  �����5�� �UD �4 �&� �� ��5#, �
�2,"�: R�9��� " �
��:�� �P� � �� ���� 
<Q����9� �� lpc<p mS �
�"� �� ���� (u, v) X��&5� ��>5?� .#� �� ��8*!

�4 �&� +��� �w�O +	����
D �594� " 	 �� ����� ��
D �� �"�$5� 8N ��� +��4 �&� +��� �� F�A� �
� �#
�� 	����
D ��5�� � 
0�
�y� ���� �#
�I� ���O ��4"� �4 �&� �� �5?� ���4 �� �� -��8� +�,F"� �'��" �� �� 0� �� �)�*, �� �
 �,�
D R"� �9���
�� ����� `�6 �
� �� ����)5� +�,��&O
� � �� �,"�: F�A� �� ��� 0� �>3 �
� ���
�*� X�, " �'B�� T
C
� <��������
+��� 	"8&� < �"� ���� ���� �� ����� � �"�� �� �4 �&� �� �
�2,"�: " �,@�
! ��� [�9��� 	���� �� �,`��� �
� �� �h&� 	����
D
�� �
�"��� ���� �,F"� �
� �'��
� l\<^m " l]<^m +�,`?� � �� �J
�5� �� 
9� �� ���O �� �UD ��#���$
 �% �&�

<���	����� ���� +�A
 +�! k�, � 8N 9O " 	 
� ��
*G

y′ + p(x)y + q(x) 5"� ��.�� ��������� ������ �� 

" ���� j
�&� ��4"� �4 �&� 0 �� �
v6-�($� [�L �� �� +�
�! +�,��x5� �� ��� �
� 0����4"� X�, R"� �9��� ��#���$
 �4 �&� +���
� < 
� �,�
D 	"�: (u, v) X��&5� ��>5?� ��,��x5� �
�59���� ���� �"�� +�5����6 -
 	"�: -
 ��� �� �'�#���$
 �4 �&� +���

R"� �9��� ��#���$
 �4 �&� +��� �� ��
*G ��"� �
� ��5��

dy

dx
+ p(x)y = q(x). l^<^ m

���
>� �� s(x) =��� �5��� +��� <��, �� {�L

s(x) = e

∫
x

x
�

p(t)dt
, l]<^ m

^^
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���
>� l^<^ m �4 �&� @�
! j
�&� �
� �� <������ j
�&� ���� ���� x� 0� � ��

s(x)y −
∫ x

x�

s(t)q(t)dt = C, l\<^ m

<�
��� ���� ���� ���� C 0� � ��
���&
 <�
��:�� �J�5� ���� � �"�� l^<^ m �� �9#� �� ln<^ m �()� �,"�: �53�
 �� �� l\<^ m @�
! -�
�

dy�
dx�

+ p(x�)y� = q(x�).

�ln<^ m �� " �4 �&� �
� �� ����
���

dy

dx
+

{g′(x)
g(x)

+ f ′(x)p(f)
}
y =

f ′(x)
g(x)

q(f),

���B�D �� l^<^ m �()� +��4 �&� 	���" �� �
��A� �J�5� ��

p(x) =
g′(x)
g(x)

+ f ′(x)p(f), q(x) =
f ′(x)
g(x)

q(f)

�� " �% �&� �
� �� <���

f(x) = x+ εξ(x) +O(ε�), g(x) = �+ εη(x) +O(ε�),

p(f) = p(x) + εξ(x)p′(x)O(ε�), q(f) = q(x) + εξ(x)q′(x) +O(ε�), la<^ m

��% �&� �ε .#� �� �8*! 0 � ���O ����� "

η′ + ξ′p+ ξp′ = �, ξ′q + ξq′ − ηq = �,

�
������ <�
�"��� ���� ��

η + ξp = C�, ξ′ + ξ
(
p+

q′

q

)
= C�, lc<^ m

�
������ <��� ���� C� 0� � ��

ξ(x) =
�

q(x)s(x)

{
C�

∫ x

x�

s(t)q(t)dt + C�

}
,

η(x) = C� − p(x)ξ(x), lr<^ m

<Q���� �� �� �lc<^ m<p ��&
 l^<^ m T
� �� +��4 �&� �#
���� �N�"14 M
�5� �
� 0 �"� ���� +��� �594�S ��� +�A
 ���� C� ��
�% �&� 	�A5� �� �� ln<^ m 	"�: ��
*G �(L 0
���

dx�
dε

= ξ(x�),
dy�
dε

= η(x�)y�, lo<^ m

<Q����9� �� la<p m " lp\<p mS �
��� ���� ���� 0� ��4"� H
��L ε = � � y� = y " x� = x ��
lo<^ m " lKK m7p ��

�

y�
.

dy�

dε = C� − p(x�)
dx�
dε

�4 �&� �
� �� �� �
������ " �
�� ��

y�s(x�) = eC�εys(x), lnq<^ m
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lo<^ m7n " lKK m7n �� <�
�"��� ���� �� ��� 	�L j
�&� l]<^ m � s(x) 0� � ��
q(x�)s(x�)dx�{

C�
∫ x
x�
s(t)q(t)dt + C�

} = dε, lnn<^ m

<��
L �53�: �P� � �#
���� ��  ��  
!" �4�� " �� ���� �O �
�� <�
�� ��
�s 4 �&� lnn<^ m 	�A�� C� �= � �:� %N "�

�

C�
log

{
C�

∫ x�

x�

s(t)q(t)dt+ C�

}
=

�

C�
logC�

∫ x

x�

s(t)q(t)dt + C�

}
+ ε,

���
>� �� (u, v) X��&5� ��>5?� lnq<^ m " �4 �&� �
� �� "  
L�� �J�5�

u(x, y) =
s(x)y{

C�
∫ x�
x�
s(t)q(t)dt + C�

} ,

v(x, y) =
�

C�
log

{
C�

∫ x

x�

s(t)q(t)dt + C�

}
.

<Q����9� �� lc<p mS �
�"��� ����
��
>� ��#���$
 �4 �&� ��>5?� �
� � 

du

dv
= �− C�u,

��
>� ���
! " 	 
� �
v6-�($� ��

− �

C�
log(�− C�u) = v − �

C�
logC�,

���&


(�− Cu)eC�v = C�,

0� �� l\<^ m �4 �&� � C = (C� − C�)/C� �53�: �P� � �� ���
��� �4 �&� �
� < 
L�� �
�9� � �� ��� ���� C� �2�� � ��
< 
L 	 � w9U�

�X��&5� ��>5?� lnn<^ m " lnq<^ m �� 	�A�� C� = � �:� �N����

u(x, y) = s(x)y, v(x, y) =
�

C�

∫ x

x�

s(t)q(t)dt,

�� l^<^ m ��>5?� �
� � " �
�� ��
du

dv
= C�.

���
>� ���
��� " ��� �
v6-�($� �
�! +�,��x5� �
� �� �4 �&� �
� 	���" ��  
L�� �
�9�

u− C�v = C,

+�2,"�: ��� l^<^ m �� ������ �O < 
L 	 � w�9U� ���
��� ��� �(
 " �, � C ���� �� l\<^ m �� 1�� 0� ��  
L ��
<��� � �"�� 1�� +�A
 

y′′ + p(x)y = � 67�8 !"� ��.�� ��������� �
����  � 

���&
 0� R���� �(L ����
��� ��,�� �� �� �� �'g#� ��'� �(�
� 0"�� ;" �9��� �� �A*, �UD �4 �&� +���

d�y

dx�
+ p(x)y = �, lnp<^ m
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<l����9� �� r �'g#�m �
��A� �P� � ��
���&
 <��� n ����� �2�� ��(#�"� ��� �5��� +��� " 	 
� lnp<^ m �UD �I5#� +�2��
! φ�(x) " φ�(x) �� ������ ��3

φ�φ
′
�
− φ�φ

′
�

= �. ln^<^ m

ln<^ m �8
�9� 	"�: ��� lnp<^ m �s 4 �&� �� +� ��
A� ������ φ� " φ� ��� +��U��� 0����� �� ��� �
� 0�*3�, ��&O
� �
� � 
�
�9� ���� .
��C �� ��#���$
 �4 �&� �� ���� (u, v) ��>5?� �� 	 �$5�� ��%�� �9��� ��#���$
 �% �&� +��� <���*� �O�� � �"��

��% �&� ln<^ m �� <�����

dy�
dx�

=
g

f ′
dy

dx
+
g′

f ′ y,

"

d�y�
dx��

=
g

f ′�
d�y

dx�
+

(
�g′

f ′� − gf ′′

f ′�

)
+

( g′′

f ′� − g′f ′′

f ′�

)
y, ln]<^ m

y′ ���L +��'*! +��� �53�
 �
�9� �4 �&� �#
���� �L�� � �"�� �'
�9� ��
:�, �� �9#� lnp<^ m �(�
� +��� {
C
� <�
�� ��
��  
L�� �J�5� ln]<^ m � y′ .
��C 0 � ���O �$B +"�#� �� <�L�9�

f ′(x)
g(x)�

��
�� �
������ " 	 
� n ����� ln<^ m 0 
� +�5����67-
 	"�: ��4�� �� ��� ����

f ′(x) = g(x)�. ln\<^ m

��#���$
 �4 �&� �� ln\<^ m " ln]<^ m��

d�y�

dx�
�

+ p(x�)y� = �,

��#���$
 �4 �&� �� �� ������

d�y

dx�
+

(g′′
g

− �
g′�

g�
+ p(f)g�

)
y = �,

�s 4 �&� lnp<^ m �
� �"�� �
������ "  
L�� �
�9�

g′′

g
− �

g′�

g�
+ p(f)g� = p(x) lna<^ m

lna<^ m " ln\<^ m � lKK m�� <����v:�� 0���� ln<^ m 	"�: ���&� +��� ��% �&� lna<^ m " ln\<^ m �% �&� " 	 � �J�5� ��
�% �&� �� ε .#� �� �8*! 0 � ���O +"�#� �� ����
���

ξ′ = �η,
ξ′′′

�
+ �pξ′ + p′ξ = �. lnc<^ m

	����� �O��4�  
D  �6 �4 �&� .'/�S ��� t��4�7 
D ;
� �9��� �� ��#���$
 �4 �&� ξ(x) +��� lnc<^ m7p �4 �&� <����
�� �� 
�� 0� �� +��:R��A5�� �� �N�5�� �� <Q���� T
!� noo ��$B lnoaqm �3�� �� � 
L��

�

�
(�ξξ′′ − ξ′�) + pξ� = constant, lnr<^ m

���
>� lnc<^ m7p �4 �&� ��
*G @�
! �(�
� <������

ξ = Aφ�
�

+ �Bφ�φ� + Cφ�
�
, lno<^ m
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�� pqq ��$B lnoaqm �3�� �
 �>3 ��*, �� �� pq �'g#�m ��� 	�L �5D��L 8N ��� �����,�
?4 +�25��� C " B � A 0� � ��
<l����9�

��
�� 	�A�� <�
��A� �P� � �� ξ̂ = φ�φ� 	 �� R�W� ���� �4 �&� +��� ��
*G @�
! -
 lno<^ m �(�
� 	�,�)� �
P�*�S

ξ̂′ = φ�φ
′
�

+ φ′
�
φ�, ξ̂′′ = φ�φ

′′
�

+ �φ′
�
φ′
�

+ φ�φ
′′
�
.

��
�� ��4"� �4 �&� �� �O ��

ξ̂′′ = �(φ′
�
φ′
�
− pφ�φ�),

����
��� lno<^ m " lnp<^ m �� 	"8&� <Q 
L�� �$B ����� 0� �� ������� lnc<^ m7p � ξ̂ " ξ̂′ +�J� ���9G �
� +��vA
�! �� "

ξ′ = �[Aφ�φ
′
�

+B(φ�φ
′
�

+ φ�φ
′
�
) + Cφ�φ

′
�
],

ξ′′ = �(Aφ′�
�

+ �Bφ′
�
φ′
�

+ Cφ′�
�

) − �pξ,

��
>� lnr<^ m�� ������� ln^<^ m 0 �� ��(� �� lnr<^ m � 0� +��vA
�! �� " <�
��A� �J�5� ��

�

�
(�ξξ′′ − ξ′�) + pξ� = (AC −B�). lpq<^ m

< 
L�� �
�9�
��#���$
 �% �&� �� �� �� ln<^ m +�5����67-
 	"�: ��
*G �(L 0
���

dx�
dε

= ξ(x�),
dy�
dε

=
ξ′(x�)
�

y�.

+��� .���� (u, v) X��&5� ��>5?� ��  
L�� �J�5� f6 < �"� ���� 0�
��� �ε = � [�L �� y� = y " x� = x ��4"� H
��L ��
���
>� 0�

u(x, y) =
y

ξ(x)�/�
, v(x, y) =

∫ x

x�

dt

ξ(t)
,

���
>� +��4 �&� �� lnp<^ m ��#���$
 �4 �&� �� ������� (u, v) .#� �� +8*! �� <�L���� ���� ���� x� 0� � ��

d�u

dv�
+

{
�

�
(�ξξ′′ − ξ′�) + pξ�

}
u = �.

���
>� �N5
�2� �P�  �
� ��#���$
 �4 �&� ��  
L�� 	�,�)� lpq<^ m �� ��� < 
L�� �
�9�

d�u

dv�
+ (AC −B�)u = �. lpn<^ m

<�
��� � 
��
>� lnp<^ m ��
*G @�
! 	�A�� �L�� �9W� (AC −B�) �:� R�W� 0�
�&� �
������

y(x) = ξ(x)�/�
{
C� cos

(
K

∫ x

x�

dt

ξ(t)

)
+ C� sin

(
K

∫ x

x�

dt

ξ(t)

)}
, lpp<^ m

�?#� " lnp<^ m �4 �&� ��
*G @�
! ��� +��U��� �
������ <��� K = (AC − B�)�/� " 	 
� 	�
?4 +�25��� C� �C� 0� � ��
pp<^m �� ��� ��&� �
� +��� �'*! �
� <�
�	 ��  �J
� ������ � �"�� �� lnp<^ m �4 �&� �� +�5����67-
 	"�: -�
� �
�2���
	�A�� �����)� ��, �*� ���x� �� lnp<^ m �4 �&� �� �,"�: �:� �� �

L�� �!
5� lno<^ m �� �!
� �� <��� lno<^ m ~
(&� l
lpp<^ m �()� lnp<^ m +�2��
! ��� �, ������ �O <�
�� �� lnp<^ m �UD �I5#� +�2��
! ��� ;" �!� �� +��U��� �N�"14
���� ������ � �"�� �� �4 �&� �� +�5����67-
 	"�: �� �� ��� 	�L �,�| lpp<^ m� �� +� ξ(x) =��� �4" ��5L�  
!" 8N 9O

<Q����9� �� no ��$B �lnocnm �6
� �� �
� �� �4�W� 0�
�&�S �
�	 �"���

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



	 �� �'
"� �4 �&� �� T
!� �� �� %�� +�
g� ����� �����

d�y

dx�
+

y

�x�
= �.

<��, {�L
" φ�(x) = x�/� 0
 � <ξ(x) = x � 
�� �� � � � �� � �"� � y� = y " x� = eεx 	"� : �� � {
 C
 � � 4 � & � � 4� � � 
� � 
�� �
������ " �B = C = � �A = � �� �

L�� �!
5� lno<^ m �� �!
� �� f6 ����4 �&� �UD �I5#� +�2��
! φ�(x) = x�/� log x

<v = log x " u = y/x�/� ��
� ����� ��
�� �� �� �UD �I5#� +�2��
! ���9G �
� <u = C�v + C� ��
�� lpn<^ m

y′′′ + p(x)y′ + q(x)y = � !�4 �9 �.�� 67�8 ��������� �
���� &� 

0� ����
��� ���,�� �� �� �� �'g#� ��'� �(�
� 0"�� �
 ��,�
D ;
� �9��� �� �A*, �UD ��#���$
 �% �&� +��� np �'g#� � 
�s 4 �&� ��
>� ��

d�y

dx�
+ p(x)

dy

dx
+ q(x)y = �. lp^<^ m

;" �9��� ��#���$
 �4 �&� �� �UD �I5#� +�2��
! φ�(x) " φ�(x) �� ������ ��3 `?� �
� � <�
��A� �P� � 

d�y

dx�
+
p(x)
�

y = �, lp]<^ m

�� lp^<^ m �4 �&� �� ln<^ m �()� +�5����67-
 	"�: �53�
 �� ��  
D �!
� -�
� <��� n ����� �2�� ��(#�"� �(
�
U� ��5#,
��
�"��� ���� ln]<^ m �4 �&� �� +��:w5)� �� <������ .'! ����� � �"��

d�y�

dx�
�

=
g

f ′�
d�y

dx�
+ �

( g′

f ′� − gf ′′

f ′′�

)d�y
dx�

+
(
�g′′

f ′� − �g′f ′′

f ′� +
�gf ′′�

f ′� − gf ′′′

f ′�

)dy
dx

+
( g′′′
f ′� +

�g′f ′′�

f ′� − �g′′f ′′

f ′� − g′f ′′′

f ′�

)
y. lp\<^ m

��� �
��:�� �J�5� H
�L �
� �� <�L�� �$B lKK m � y′′ .
��C �� ��� 0� �L�� � �"�� lp^<^ m �(�
� +��� ;�% [�L

f ′(x) = g(x), lpa<^ m

�� lKK m�J�� �� "

d�y�

dx�
�

=
�

g�
d�y

dx�
+

(
�g′′

g�
− �g′�

g�

)dy
dx

+
(g′′′
g�

+
�g′�

g�
− �g′g′′

g�
)y.

�4 �&� " �4 �&� �
� �� 	 �$5�� ��  
L�� �
�9�

d�y�

dx�
�

+ p(x�)
dy�
dx�

+ q(x�)y� = �,

�4 �&� �� g� � �4 �&� ��3�K @�C �� "

d�y

dx�
+

(
�g′′

g
− �g′�

g�
+ p(f)g�

)dy
dx

+
(g′′′
g

+
�g′�

g�
− �g′g′′

g�
+ p(f)gg′ + q(f)g�

)
y = �,
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t�B lpa<^ m � �� +� g(x) " f(x) �
������ " �L�� ����� lp^<^ m�� 0� �#
�� �L�� � �"�� �4 �&� �
� �(�
� +��� <����
�� �� 
<���� t�B 1�� �
� �% �&� � �#
�� ������

�g′′

g
− �g′�

g�
+ p(f)g� = p(x),

g′′′

g
+
�g′�

g�
− �g′g′′

g�
+ p(f)gg′ + q(f)g� = q(x). lpc<^ m

��
�� lKK m �% �&� �� " �
��� ���� �η = ξ′ lpa<^ m " lKK m �% �&� ��

�ξ′′′ + �pξ′ + p′ξ = �,

ξ′′′′ + pξ′′ + �qξ′ + q′ξ = �, lpr<^ m

��� ����:��� ���
B � �2�� �% �&� �
� "

ξ�
(
q − p′

�

)
= D, lpo<^ m

���� �� �2
�� �
U� lpo<^ m " p′ = �q 	�A�� l����9� �� n] �'g#� m�L�� t��4�7 
D lp^<^ m �:� {
C
� <��� ���� -
 D ��
t�B 1�� lpo<^ m � ��� lKK m7n @�
! �� ξ(x) 	�A�� �L�9� t��4�7 
D lp^<^ m �:� R�� �, �� <��� ���O�� ��$B +"�#� D

���
>� lKK m7n ��
*G @�
! lp]<^ m +�2��
! ~��� �� <�����

ξ = Aφ�
� + �Bφ�φ� + Cφ�

�, l^q<^ m

��
�� " ���

�ξξ′′ − ξ′� + pξ� = (AC −B�), l^n<^ m

φ� " φ� ��(#�"� 0 
� n �� ��D� �J�5� �� 0���� � �� ������ �O " ��, �� `
�*� �� �,�
?4 +�25��� C " B �A 0� � ��
���
>� q(x) ���� ��3 �
�
9J� p(x) �� 0���� +��� 	�A�� �L�9� t��4�7 
D lp^<^ m �:� <�
�	 �� 	 �$5��

q(x) =
�

�

dp

dx
+

D

ξ(x)�
, l^p<^ m

<�L���� ���� 	�L j
�&� l^q<^ m � ξ(x) 0� � ��
�% �&� ��

dx�
dε

= ξ(x�),
dy�
dε

= ξ′(x�)y�,

��
>� (u, v) .���� X��&5� ��>5?� ��

u(x, y) =
y

ξ(x)
, v(x, y) =

∫ x

x�

dt

ξ(t)
,

���
>� lp^<^ m ��  � 0�)� 0�
��� �
�! ��>5?� �
� � <��� ���� x� ��

d�u

dv�
+ (�ξξ′′ − ξ′� + pξ�)

du

dv
+ ξ�(ξ′′′ + pξ′ + qξ)u = �,

�� �� 0� �N5
�2� l^n<^ m " lpo<^ m �lKK m<n �� 	 �$5�� ��

d�u

dv�
+ �(AC − B�)

du

dv
+Du = �. l^^<^ m

<����� �
�9�
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n<^m �()� +�5����67-
 	"�: 	�L 	 � p(x) +��� ��#�� t��4�7 
D �� lp^<^ m ;
� �9��� ��#���$
 �4 �&� +��� �
������
�4�� �
� �:� <����� � �"�� �� �D �C �B �A .���� +�25��� �� l^p<^ m �()� q(x) =��� �� 	�L ��4
� �s 4 �&� �� �� �
�"� ���� l
.
��C �� l^^<^ m �s 4 �&� �� �L�� �� ���O �(�
� +��� �� ;
� �9��� �� �UD ��#���$
 �4 �&� �lp^<^ m @�
! 	�A�� �L�� ���O��
���
��� lp]<^ m +�2��
! �� ��% �&� ���� +��� %N 
*&� ��
*G @�
! 	�A�� �L�� t��4�7 
D lp^<^ m �:� <����� �

�� ����

<Qpqq ��$B �lnoaqm �3�� S�
� ����

�� ��� ^<n R�W� � 	�L 	 � �'
"� �4 �&� �UD �I5#� +�2��
! φ�(x) " φ�(x) �� �54�� +��� �� %�� +�
g� ����� ��	��

<���� b
�)�
��
>� �
�� q(x)  
L�� �J�5� l^p<^ m �� " 	 
� φ�(x) = x�/� log x �φ�(x) = x�/� �p(x) = x−� �4�� �
� � 

q(x) = x−�{[A+ �B log x+ C(log x)�]−�D − �}

��
>� ���
! l^^<^ m �4�� �
� � <��5#, �9���� +�25��� D " C�B �A ��

u = C�e
k�v + C�e

k�v + C�e
k�v,

;
� �!� �� �4 �&� +�,�)
� k� k� �k� " 	 
� 	�
?4 +�25��� C� " �C� �C� ��

k� + �(AC −B�)k +D = �.

;�3 �� ��4"� �4 �&� �� �UD �I5#� +�2��
! �53�
 �� �#
�� ���� �� �� ;
� �!� �4 �&� �
� +�,�)
� �(�
� ��3 �� < �� �� ���
<�
�� �y� lp^<^ m

y′′′′ + [p(x)y′]′ + q(x)y = � :�;
���< !)�3� ��.�� �
���� =� 

�(L +��� �'� �4�� � t��4�7 
D ;��2� �9��� �4 �&� �� �
��A� �J�5� ����
��� nc " na �E�#� ��

d�y

dx�
+

d

dx

(
p(x)

dy

dx

)
+ q(x)y = �. l^]<^ m

�s 4 �&� �UD �I#� +�2��
! φ�(x) " φ�(x) �� ������ ��3 `?� �
� � <�L����

d�y

dx�
+
p(x)
��

y = �, l^\<^ m

<��� n ����� �2�� ��(#�"� �(
�
U� ��5#,
�� y′′′ .
�C 0 � ���O �$B +"�#� " lKK m �� +��:w5)� ��

f ′(x) = g(x)�/�, l^a<^ m

�s 4 �&� �4�� �
� � �� ������

d�y�

dx�
�

=
�

g�/�

{d�y
dx�

+
��

�

(g′′
g

− �

�

g′�

g�

)d�y
dx�

+
��

�

(g′′′
g

− ��

�

g′g′′′′

g�
+
	

�

g′�

g�

)dy
dx

+
(
− 	

�

g′′�

g�
+
g′′′′

g
− ��

�

g′g′′′

g�
+
�	

�

g′�g′′

g�
− ��




g′�

g�

)
y
}
. l^c<^ m

�4 �&� �� <�
�"��� ���� ��

d�y�

dx�
�

+
d

dx�

(
p(x�)

dy�
dx�

)
+ q(x�)y� = �,

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



<���� t�B �
� H
��L � �
�� g(x) " f(x) =��
� 	�A�� �L�� +"�#� l^]<^ m �� ��D� �4 �&� �:� �� �
��A� �J�5� ����
��� lKK m "

p(x) = p(f)g�/� +
��

�

(g′′
g

− �

�

g′�

g�

)
,

q(x) = q(f)g�/� + p(f)
(
g�/�g′′ − �

�

g′�

�g�/�

)
+
dp

df
gg′

+
(g′′′′
g

− ��

�

g′g′′′

g�
− 	

�

g′′�

g�
+
�	

�

g′�g′′

g�
− ��




g′�

g�

)
. l^r<^ m

�
�� lKK m " l^a<^ m �lKK m ��

�ξ′′′ + �pξ′ + p′ξ = �,

�[ξ′′′′ + pξ′′]′ + 	qξ′ + �q′ξ = �, l^o<^ m

	�:�, <η = �ξ′/� "

ξ�
(
q −

(
�p

��

)�
− �p′′

��

)
= D, l]q<^ m

�� ���� ��3 �#
�� 	�L 	 � p(x) +��� �'� �4�� � �
������ <����:��� lKK m +�4 �&� " 	�A�� �L�� ���O�� ��� ���� D ��
��
>� q(x)

q(x) =

p(x)�

���
+

�

��

d�p

dx�
+

D

ξ(x)�
, l]n<^ m

�4 �&� �UD �I5#� +�2��
! φ�(x) " φ�(x) �� ��� l^q<^ m ��
*G �(L +��� " 	 
� lKK m7n @�
! ξ(x) 0� � �� ���
�
�� 	�A�� ��L�� l^q<^ m +�25��� 0�*, C " �B �A +�25��� �:� 	"8&� <��L���� l^\<^ m

�

�
(�ξξ′′ − ξ′�)

p

��
ξ� = (AC −B�). l]p<^ m

�� ln<^ m +�5����67-
 	"�: ��
*G �(L

dx�
dε

= ξ(x�),
dy�
dε

=
�

�
ξ′(x�)y�,

��
>� 0� +��� (u, v) .���� X��&5� ��>5?� < 
L �J�5� ���
��� ���� ε = � �� �5O" y� = y " x� = x ���4"� [�L +��� ��

u(x, y) =
y

ξ�/�
, v(x, y) =

∫ x

x�

dt

ξ(t)
,

" α(x) +�J� ξ(x)−� " lξ�/� +��vA
�! ��m �
�"��� ���� nr �'g#� �� �� +��J�5� 0 �� ��(� �� <�L���� ���� ���� x� ��
�� �N5
�2� l^]<^ m �4 �&� �� ��*23�� �lβ′(x)

d�u

dv�
+ ��(AC −B�)

d�u

dv�
+ [D + 
(AC −B�)�]u = �, l]^<^ m

]n<^m � �� +� q(x) 0 � ���O �� �
������ <�
�	 �� 	 �$5�� l]p<^ m " l]q<^ m �lKK m7n �� 0� �� 0���� +��� ��  
L�� �
�9�
φ�(x) " φ�(x) �� �� +������ `�6 F�A� �
� �N5
�2� < 
L �
�9� ���� .
��C �� +��4 �&� �� ���
��� l^]<^ m ���� 	�L j
�&� l

< �"� ���� 0�
��� �� ��5#, l^\<^ m �� �5#��" �UD �I#� +�2��
!

<��, {�L ���� �$B ����� p(x) �� �54�� +��� �� %�� ��" � ����� ��
��

��()� ξ(x) �
������ " ��L���� φ�(x) = x " φ�(x) = � �l^\<^ m �Y UD �I5#� +�2��
! �4�� �
� � 

ξ(x) = A+ �Bx + Cx�,
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���
>� q(x) �� �53�
 �� � �%�� F�A� " ���

q(x) =
D

(A+ �Bx + Cx�)�
,

��
�� �4�� �
� � <C = D = � " B = −�/� �A = � �� ���� ��3 �R�W� 0�
�&� <����9���� +�25��� D " C �B �A ��

ξ(x) = x(x− �), q(x) = [x(�− x)]�,

��()� ��
*G @�
! +��� l]^<^ m "

u = (C� + C�v)e
v
√
�/� + (C� + C�v)e

−v√�/�,

���
��� l^]<^ m ;�$� ��4"� �4 �&� ��
*G @�
! 0
��� <��� ���, �� 0�)� �� �,�
?4 +�25��� C� " C� �C� �C� 0� � ��
<�
� ����

����  �
� +�&� +�25��� c " a �\ �] �E�#� +��� ����*, <��� 	�L j
�&� l]<^ m � s(x) ��  
L�� ��3 ��
� �E�#� � S
j
�&� � �� �� l]<^ m x� ���� �25��� �� ������ ��3 �,�'g#� �
� � < 
L j
�&� ���
��� .
��C �
��� ��
B � �4�s#� ��

< ��:���� � �� �25��� �
� �A*, ��
 �� ��(� s(x)

�'���

��4
��� �4 �&� +��� F�

dy

dx
+ p(x)y = q(x)yn (n �= �),

��� ��, 0�)�

ξ(x) =
�

q(x)s(x)�−n

{
(�− n)C�

∫ x

x�

s(t)�−nq(t)dt+ C�

}
,

η(x) = C� − p(x)η(x).

���
>� �9O �'g#� �4 �&� +��� (u, v) .���� X��&5� ��>5?� �� ��, 0�)� ���� �$B�� �5��� C� �(�
� ��3 �� F�

u(x, y) =
s(x)y{(

�− n)C�
∫ x
x�
s(t)�−nq(t)dt+ C�

} �

(�−n)

,

v(x, y) =
�

(�− n)C�
log

{
(�− n)C�

∫ x

x�

s(t)�−nq(t)dt+ C�

}
,

���
>� �4 �&� ��>5?� ���x� �
� �� " ���

du

dv
= u(un−� − C�).

�@�
! �� �
v67-�($� �4 �&� �
� �� �� 0� �� 	"8G " ���
�� ���x�

(�− C�u
�−n)e(�−n)C�v = C�,

<�
��A� �J�5� �� ��4"� �s 4 �&� @�
! 0� 0 �� ��(� �� fy� " ����
�� �� 
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��x5� ���x� ��, 0�)� ��L�� �$B C� ���� �:� F#

u(x, y) = s(x)y, v(x, y) =
�

C�

∫ x

x�

s(t)�−nq(t)dt,

��
>� �� lnm �'g#� �4 �&�
du

dv
= C�u

n.

@�
! 0� �� �� " ����� �
�9�

u�−n − C�(�− n)v = C�,

<��� �9O �'g#� @�
! 0�*, �C� = (C� − C�)/C� ���� @�?5�� �� @�
! �
� �� ��, 0�)� fy� " �53�: �J�5� ��

����(
� �53�
 ��*&� �4 �&� �� ��, 0�)� F'

dy

dx
+ p(x)y = q(x) + r(x)y�,

�
�� �4�� �
� � �� ��, 0�)� " ��� � �"�� r(x) = q(x)s(x)� �� ln<^ m ���

ξ(x) =
�

q(x)s(x)
, η(x) =

−p(x)
q(x)s(x)

,

���
>� .���� X��&5� ��>5?� "

u(x, y) = s(x)y, v(x, y) =
∫ x

x�

s(t)q(t)dt.

�s 4 �&� �� ��#���$
 �4 �&� �
� �
������ " 	 
�

du

dv
= �+ u�,

�
��A� �J�5� 0� �� "  
L�� �
�9�

y(x) =
�

s(x)
tan

(∫ x

x�

s(t)q(t)dt + C
)
.

<��� ��4"� �4 �&� @�
!

R"� T
� �� ��� �4 �&� �� ��, 0�)� F*

dy

dx
+ p(x)y = q(x) + r(x)y�,

��x5� ���x� �
� �� ��#���$
 �4 �&� �� ��, 0�)� 0� ~�� � �� " ��� � �"�� r(x) = q(x)s(x)� �� �9O �'g#� � 	�L �E��� 	"�: ���
��

du

dv
= �+ u�.

< 
L�� �
�9�
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�� ��, 0�)� F0
dy

dx
+ p(x)y = q(x) + r(x) log y,

��
�� �4�� �
� � �� ��, 0�)� 0� ~����� " ��� � �"�� r(x) = q(x) log s(x) �� �9O �'g#� � 	�L �E��� 	"�: ���

ξ(x) =
�

r(x)s(x)
, η(x) =

−p(x)
r(x)s(x)

,

u(x, y) = s(x)y, v(x, y) =
∫ x

x�

s(t)r(t)dt,

�4 �&� �� ��#���$
 �4 �&� �
� "
du

dv
= log u.

< 
L�� �
�9�

�4 �&� �� ���� ���� F2
dy

dx
+ p(x)y = q(x)ym + r(x)yn,

��� �
��A� �J�5� �4�� �
� � " ����� t�B r(x) = q(x)s(x)n−m�� ln<^ m �8
�9� 	"�: � 

ξ(x) =
�

q(x)s(x)�−m
, η(x) =

−p(x)
q(x)s(x)�−m

u(x, y) = s(x)y, v(x, y) =
∫ x

x�

s(t)�−mq(t)dt,

�s 4 �&� �� %�� �4 �&� ��x5� ���x� �
� �� "
du

dv
= um + un.

< 
L�� �
�9�

;" �9��� �� �A*, �4 �&� ��, 0�)� F8

d�y

dx�
+ a(x)

dy

dx
+ b(x)y = �,

< �� �
�9� R���� �(L �� 0�
��� �
� +�2��
B �� ��
���
>� �� y∗ ��x5� �� y �s 5#��" ��x5� ����x� �� (i)

y = e
−�/�

∫ x

x
�

a(t)dt
y∗,

��
�� �4�� �
� � �� ��� 	�L j
�&�
d�y∗

dx�
+

{
b(x) − a(x)�

�
− �

�

da

dx

}
y∗ = �,

���
>� �� x∗ �
�! ��x5� �� x �Y I5#� ��x5� ���x� �� (ii)

x∗ =
∫ x

x�

e
−

∫ x

x
�

a(t)dt
ds,

��
�� �4�� �
� � " ��� 	�L j
�&�
d�y

dx∗�
+

b(x)
(dx∗
dx )�

y = �.
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���#���$
 �4 �&� +��� FG

d�y

dx�
− �x

(�− x�)
dy

dx
+
n(n+ �)
(� − x�)

y = �,

���
>� ��% �&� �� .���5� �9O �'g#� �  
!
� +�,��x5� ���x�

d�y∗

dx�
+

{n(n+ �)
(�− x�)

+
�

�

(�− x�)
(�− x�)�

}
y∗ = �,

d�y

dx∗�
+

n(n+ �)
(�+ x∗�)�

y = �.

< 
L�� �J��

��A*,��/ ��#���$
 �4 �&� l^<^m `?� � �53� ��(� +�, �*� �� F�H

d�y

dx�
+ p(x)y = q(x).

��
B �
� � �� ��, 0�)� ��L�� � �"�� ���
�*� ���x� 0� �� �9#� �A*, �4 �&� �� �,"�: 0�*, ��� �
� �:� <�
��A� �P� � ��
�()� q(x)

q(x) = q�ξ(x)
−�/�,

�s 4 �&� �� ��x5� ���x� �
� �� �4 �&� �
� �
��A� �J�5� 0� �� " �L���� ���� ���� q� 0� � ��

d�u

dv�
+ (AC −B�)u = q�.

< 
L�� �
�9�

�� ξ(x) �:� F��

�

�
(�ξξ′′ − ξ′�) + pξ� = K�,

��UD��/ ;" �9��� �4 �&� � w(x) = ξ(x)�/� �� ��, 0�)� 	�A�� ���� t�B ���� ���� K 0� � ��

d�w

dx�
+ p(x)w =

K�

w�
.

<����� t�B

<������� �O�� �UD �
� +�,�A'*G ��� ��UD ��#���$
 �% �&� �� ��, 0�)� F��

<��� 	�L j
�&� y = α(x)y∗, ��
>� �� y∗ ��x5� �� y �s 5#��" ��x5� ���x� �� (i)

<��� 	�L j
�&� x∗ = β(x), ��
>� �� x∗ ��x5� �� x �s 5#��" ��x5� ���x� �� (ii)

<γ(x) �$B7��/ =��� � �P�  �
� �4 �&� @�C �� (ii)

���
>� γ " β �α @�?5�� �� �� ��, 0�)�

α(x)β′(x) = e
−

∫
x

x
�

B(t)
�A(t) dt, γ(x) =

[
α(x)β′(x)�A(x)

]−�
,
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��
*G �UD ;
� �9��� ��#���$
 �4 �&�

A(x)
d�y

dx�
+B(x)

d�y

dx�
+ C(x)

dy

dx
+D(x)y = �, l]]<^ m

�4 �&� �� ���
���

d�y

dx�
+ a(x)

dy

dx
+ b(x)y = �.

< 
L �

��

�()� �:� ��� t��4�7 
D ;" �9��� �UD ��#���$
 �4 �&� F�#

d

dx

(
p(x)

dy

dx

)
+Q(x)y = �.

< 
L �
�9� t��4�7 
D +��4 �&� �� ���
��� �9O �'g#� +�,�A'*G �� -
 �, �� ;" �9��� �UD �4 �&� �, �� ��, 0�)� <�L��

�()� �:� ��� lt��4�7 
D  �6 �
m t��4�7 
D ;
� �9��� �� ��#���$
 �4 �&� + � ���O �
U� F�'

d�

dx�

(
p(x)

dy

dx

)
+

d

dx

(
p(x)

d�y

dx�

)
+

d

dx
(Q(x)y) +Q(x)

dy

dx
= �.

�:� �2�� " �:� ��� t��4�7 
D l]]<^ m �s 4 �&� �� ��, 0�)� <�L��

B(x) =
�

�

dA

dx
, D(x) =

d

dx

{
C(x) − �

�

dB

dx

}
.

�� (iii) " (ii) �(i) +�,�A'*G �� �9���� k�, �� ��, 0�)� " �
�9� ��(� l]\<^ m �4 �&� 0 �"� ���� +��� �� �J�5� �
� ��� � � 
<�L�� t��4�7 
D ��5�� �� 0� �(�� �A� ��� �
�9� t��4�7 
D +��4 �&� �� �� ;
� �9��� ��#���$
 �4 �&� �� ����
��*� np �E�#�

����� �� ����� α(x) �� ;
� �'g#� �� (iii) " (ii) �(i) ��� 0� 	�A�� �L�� t��4�7 
D ;
� �9��� �4 �&� �:� ��, 0�)� F�*
<������ �O�� � �"�� ���� γ(x)β′(x) @�h'B��

��
*G ;��2� �9��� ��#���$
 �4 �&� �np �'g#� +�,�A'*G �� ��, 0�)� F�0

A(x)
d�y

dx�
+B(x)

d�y

dx�
+ C(x)

d�

dx�
+D(x)

dy

dx
+ E(x)y = �,

���
>� γ " β �α @�?5�� ��

α(x)�β′(x)� = e
−

∫
x
�

x B(t)
�A(t) dt, γ(x) = [α(x)β′(x)�A(x)]−�.

��()� +��4 �&� �� ��

d�y

dx�
+ a(x)

d�y

dx�
+ b(x)

dy

dx
+ c(x)y = �,

<����� �

��
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��
>� �'(L +��� �:� �2�� " �:� ��� t��4�7 
D ;��2� �9��� �4 �&� F�2

d�

dx�

(
P (x)

d�y

dx�

)
+

d

dx

(
Q(x)

dy

dx

)
+R(x)y = �.

�:� �2�� " �:� ��� t��4�7 
D l]\<^ m �� ��, 0�)� <�L��

B(x) = �
dA

dx
, D(x) =

d

dx

{
C(x) − �

�

dB

dx

}
.

<�L�� ���O�� 0� +���

7 
D +��4 �&� �� �� l]\<^ m �4 �&� ���
��*� np �'g#� �� iii " ii �i +�,�A'*G �� �UD .���� k�, �� ��, 0�)� F�8
�� ���� α = γ(x)β′(x) �� �,��x5� ���x� �
� �L�� t��4�7 
D l]\<^ m �:� <�L�� t��4�7 
D ��5�� �� 0� �(�� �A� ��� �
�9� t��4�

<����� �
�9� ��� t��4�7 
D �2�� �� �A
 +��4 �&�
�� �4 �&� ��
B �
� � �� <b(x) = a′(x) 	�A�� �L�� t��4�7 
D l]\<^ m �:� �;" �*#O +��� ��
�*�,��S

d�

dx∗�

(
P ∗ d

�y∗

dx∗�

)
+

d

dx∗
(
Q∗ dy

∗

dx∗
)

+R∗y∗ = �,

��
�� 0� � ��  
L�� �
�9�

P ∗ = α�β′�

Q∗ = α�β′′′ + �αα′β′′ + (�αα′′ − �α′� + aα�)β′,

R∗ =
α

β′ (α
′′′′ + aα′′ + a′α′ + cα),

<Q��� ���O�� γ = α/β′ �sU��� 0� � " �, �� 0�)� �� x �� �9#� w5)� �
�6 " 	 
� x �� �&��
� �A*, c " a �β �α ��

�sU��� � b(x) " a(x) =��
� �9O �'g#� � �:� F�G

c =
a′′

�
+ (

a

�
)�,

+��:�
5��3 ���G +��� l]\<^ m �� ��, 0�)� 	�A�� ����� t�B

L�[λ�L
�y∗] = �,

��
>� �� ��� ;" �9��� �A'*G L� �� ���

l�y∗ =
d

dx∗

(
λ�
dy∗

dx∗

)
+ λ�y

∗,

���
>� λ� " λ� �λ� 0� � ��

λ� = α�β′, λ� =
α

β′ (α
′′ +

a

�
α), λ� =

β′

α�
,

<���	�L j
�&�
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���
>� ��4"� +��: R��A5�� �� n] �'g#� t��4� 7 
D ;
� �9��� ��#���$
 �4 �&� �� ��, 0�)� +��AI5)� �� F�H

P (�yy′′ − y′�) + P ′yy′ +Qy� = constant.

;" �9��� �4 �&� �I5#� +�2��
! φ�(x) " φ�(x) �:� < 
L�� �
�9�

�P
d�y

dx�
+ �P ′ dy

dx
+Qy = �,

��
>� y(x) �:� " ��L��

y = Aφ�
�

+ �Bφ�φ� + Cφ�
�
,

�� �
��A� �J�5� 	�A�� ��L�� 	�L j
�&� ���5#, �,�
?4 +�25��� C " B �A 0� � ��

P (�yy′′ − y′�) + P ′yy′ +Qy� = �(AC −B�)Pw�,

��&
 φ�(x) " φ�(x) =��
� ��(#�"� w(x) 0� � ��

w = φ�φ
′
�
− φ�φ

′
�
.

<��� n] �'g#� t��4� 7 
D �4 �&� ��
*G �� y +��� 	�L �E��� ���9G �
� �
��A� �J�5� fy� <���

�l^<]m `?� +�, �*� �� F��

��4 �&� lKK m " lpa<^ m �� (i)

(
q(f) − �

�

dp(f)
df

)
g(x)� =

(
q(x) − �

�

dp(x)
dx

)
,

<�
�"� ���� �� lKK m H
��L ��J�� �� " �53�: �J�5� ��

��A*,�� �4 �&� (ii)

d�y

dx�
+ p(x)

dy

dx
+ q(x)y = r(x),

��3 �� ����
�*� ���x� 0� �� �9#� �A*, �4 �&� �� �,"�: 0�*, ��� �4 �&� �
� �� ��, 0�)� " �
��A� �P� � ��

r(x) = r�(x)ξ(x)
−� ,

��()� +��4 �&� �� l^^<^ m ����� 0� �� ��, 0�)� <������ �O�� � �"�� ���� ���� r� 0� � ��

d�u

dv�
+ �(AC −B�)

du

dv
+Du = r�.

< 
L�� �
�9�

�l^<\m `?� +�, �*� �� F��

��4 �&� lKK m " l^a<^ m �� (i)

(
q(f) − 
p(f)�

���
− �

��

d�p(f)
df�

)
g(x)�/� =

(
q(x) − 
p(x)�

���
− �

��

d�p(x)
dx�

)
,

<�
��A� �J�5� �� l]q<^ m H
��L �J�� �� " �53�: �J�5� ��
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��A*,�� �4 �&� (ii)

d�y

dx�
+

d

dx

(
p(x)

dy

dx

)
+ q(x)y = r(x),

0�)� ��3 �� ����
�*� ���x� 0� �� �9#� �A*, �4 �&� �� �,"�: 0�*, ��� �4 �&� �
� �� ��, 0�)� " �
��A� �P� � ��
����� 0� �� ��, 

r(x) = r�ξ(x)
−�/�,

�� ��, 0�)� fy� <������ �O�� � �"�� ���� ���� r� 0� � ��
��()� +��4 �&� �� l]^<^ m

d�u

dv�
+ ��(AC −B�)

d�u

dv�
+ [D + 
(AC −B�)�]u = r�.

< 
L�� �
�9�
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� ���

%�� 
&'
� ������  !"��
#�� �$����

���	� 
�&

Q������ � �"�� �� R"� �9��� ��#���$
 �4 �&� �� +�5����67-
 �8
�9� 	"�: �53�
 +��� �4 ����� �E�#�S  �
� � �>3 �
� � 
��()� +�5����6 -
 �,"�: ���&� R�9��� 	�L 	 � F (x, y) =��� +��� ���&
 <������ ���

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�), ln<] m

���#���$
 �4 �&� �(
�
U� ��5#,

dy

dx
= F (x, y), lp<] m

��� �� ��% �&� �53�
  �
� � �2��5� �� +���#� < 
L�*� {�U� ��
B �
�� �'� �4�� � �'g#� �
� <���*� �O�� � �"�� 0� ���
�% �&� ��  �����5�� �4"��! �� ���
��� 	����
D �,����� �
� � <������ ��� �������� �O�� � �"�� 	�L 	 � +�5����67-
 	"�:
+�5����67-
 +�2,"�: +���  
D �
 	 
*� �&!��� ������� �#�4 �� ��5#, � �"�� �2�� �� �9#� �� ��8
�9� +�2,"�: " ��#���$
 
�� �594� <Q����9� �� oo ��$B lnoc]m R
� " ��
'� �
 ^p] ��$B lnop]m 0
#(
 R�W� 0�
�&�S ��� ��� �� �4"��! ����
lp<] m �4 �&�  �$�� " �B
>D +�2��
! `I� ����� �s 'g#� +��� <�D� �6 ��,�
D ��� �� 1�� R"��5� �'g#� �
�  �
� � + "��

<��� �&!��� Qnn^ ��$B lnrocm d�6S @�5� �� ���
��� 	����
D ��� 0�L �L"� +��� �� ������ �L"� ��
D �� ��
��
1! ��I5)� �� ��#���$
 �4 �&� � z(x, y) = constant ��&
 lp<] m �4 �&� �4��A5�� +�2*D �N����

∂z

∂x
+ F (x, y)

∂z

∂y
= �. l^<] m

+��: R��A5�� ���
G " ��� � �"�� 0� ��� l^<] m �4 �&� �� +�5����67-
 	"�: [�9���  �
� � a<] `?� � <������ t�B
S �, ��*&� �� �4 �&� +��: R��A5�� ���
G 	���� �4 X"�&� �J�5� ���
��� [�9��� ��*, ��
 ��,�
D " ������ ��� lp<] m �4 �&�
�4�� � � �� �B�D [�9��� �
1! ��I5)� �� ��#���$
 �% �&� 	���� �,"�: F�A� �� �� �>3 �
� ����*, <Q����9� �� n �'g#�
���6 +�>5?� �
��L� H9��� R
>3 � �
1! ��I5)� �� ��#���$
 �% �&� ��G
C
� 	���� �� ����� �� ��� �52� 	����
D +��� ��

<��� @��5!� 0� �� ��� 	 �(�
�'��
� ����
��*� ξ(x, y) " η(x, y) =��� " 0
� <�
�� �y� �4 ����� �'g#� �� �� ������ �&� �>3 �
� �� ���
�6 `?� � 
<���� j
�&� �����:��� �,��O 0� �� �� ln<] m 	"�: +"� +�A
 �I#� +�,��O �#
�� �
������ ���
L ���&� la<] m ���" +�,��O

<��� ���2A�7���#� ln<] m �8
�9� 	"�: �� ������ ��O �J�
� � 
+�2'(L �� [�9��� � Z�D �L�A� �� �2�� ��  ��5�� �� �4" ��5#�� �&UO ����
�� �� �2�� �� �J�
� � �� �J
�5� ��� �,

<�3�
 �� 0�
��� ��4 ����� �'g#� �� +�A
 

\n
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�4�4� �'��� " y′ = F (x, y) " y′ ,��> ?��3��� 5�� ��&

��
�� ln<] m �� <������ �9���� �
� ��
B �� �� y′ -�
� �
�2��� R��

dy�
dx�

=
dy + ε

(
∂η
∂xdx+ ∂η

∂ydy
)

dx+ ε
(
∂η
∂xdx+ ∂η

∂ydy
) +O(ε�)

��
�"��� ���� �x �� 0� ��#I� �� "

dy�
dx�

=
dy
dx + ε

(
∂η
∂x + ∂η

∂y
dy
dx

)

�+ ε
(
∂η
∂x + ∂η

∂y
dy
dx

) +O(ε�),

��
�� ��'G ;
#I� +Y ��'*!" ��hO �� 	 �$5�� �� �
������
dy�
dx�

=
dy

dx
+ επ(x, y, y′) +O(ε�), l]<] m

��
>� π(x, y, y′) ��

π =
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)dy
dx

− ∂ξ

∂y

(dy
dx

)�
, l\<] m

<��� y′ -�
� �
�2��� R�� �
� " ��� 	�L j
�&�
�l]<] m �� 	�A�� ��L�� � �"�� ln<] m �8
�9� 	"�: �� �9#� lp<] m �4 �&� �:�

dy�
dx�

= F (x�, y�)

"

F (x�, y�) = F (x, y) + ε
(
ξ
∂F

∂x
+ η

∂F

∂y

)
+O(ε�),

�s 4 �&�

dy

dx
+ επ(x, y, y′) = F (x, y) + ε

(
ξ
∂F

∂x
+ η

∂F

∂y

)
+O(ε�),

�
�� ���5#, ε �9��� �� �� ��8*! �53�: �P� � �� �
������ " <�
�"��� ���� ��

ξ
∂F

∂x
+ η

∂F

∂y
=
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)
F − ∂ξ

∂y
F�, la<] m

�
�� R"� �9��� �4
*&� ��#���$
 �4 �&� +��� �4 ����� �'g#� <�
�	 �� 	 �$5�� l\<] m " ln<] m �� 0� 0 �"� ���� +��� ��
�(
�
U�  �� ���&� �� ξ(x, y) " η(x, y) =��
� 0�
��� ���	�G�O �L"� �� ��
A� 	�L 	 � F (x, y) =��� +��� ��  
L�� {�U� ��
B
��
������ ������ t�B la<] m �4 �&� � 	��
*, η = Fξ �� ���� �O �#
�� <�L�� ���O�� η �= Fξ �U��� " ���� t�B la<] m � 
�� ��
*G �(L 0 �"� ���� +��� �4�� �
� � =O�" � <����*� 	�"��� ���� " 	 
9� .���� 0�*3��,� �� 0���� +��� @�
! �
�

�s 4 �&� �#
�� ln<] m �8
�9� 	"�:
dx�
dε

= ξ(x�, y�),
dy�
dε

= F (x�, y�)ξ(x�, y�),

η = Fξ �(�
� ��4 � 
L�� �3�&� ��� `?� � �� lr<] m �� ����*, <�
��55):�� ��4"� �4�s#� 0�*, �� �I�I� � �� ���� �� ��
<  �:�� �5�L"� ��L�� la<] m �� R
9O ���O ���
! ���
��*�

+��� +��A4��A5�� ���G  
!" �� la<] m [�L 	�A�� ���L�� ;
'&� �&��
� ξ(x, y) " η(x, y) �:� �� ��, �� 0�)� +�&� `?� � 
��I5)� �� ��#���$
 +��4 �&� la<] m �	�L 	 � ξ(x, y) " η(x, y) =��
� +��� �
��� 	"8G <���
�� ��'I� lp<] m ��#���$
 �4 �&�
� �"�� �_?)� +�5����67-
 	"�: ��� �� �� ��#���$
 �% �&� �� +�	 � ����
��� �
������ <��� F (x, y) =��� ���&� +��� �
1!

<�D� �6 ��,�
D ��� �� 1�� 0�  �
� � ��� +�,`?� � �� ��� R"��5� �4�s#� 0�*, �
� " ���� ���&� �� ��5#,
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y′ = F (x, y) @)���� ��A�B� " (��05��7��� (�8���C  �&

" 	�L ��	 �� la<] m 	�A��  
L j
�&� λ = η − Fξ ��
>� λ(x, y) �:�

∂λ

∂x
+ F� ∂

∂y

( λ
F

)
= �. lc<] m

la<] m ��I5#� 0 
� �5#��" ��&
 0� �� �2!
� ���O +�9�! ��� ��� ��	 �� la<] m �� �#
�I� � �4 �&� �
� ��� �, <�
��� ����
�
�� 	�A��  
L j
�&� μ = λ−� ��
>� μ(x, y) �:� <��� 	�L Xv� ξ(x, y) " η(x, y) =��
� ��

μ(x, y) =
�

η(x, y) − F (x, y)ξ(x, y)
, lr<] m

�4 �&� �� lc<] m ��  � 0�)� 0�
��� "
∂μ

∂x
=

∂

∂y
(Fμ) = �. lo<] m

���
>� �� lp<] m ��4"� �4 �&� �:� �
������ < 
L�� �
�9�

dy − F (x, y)dx = �. lnq<] m

�N�
*G " ��� .#5�� �4 �� �J�5� �
� <��� lnq<] m �4 �&� +��: R��A5�� ���G μ(x, y) �� ������� l]<] m ~����� 	�A�� ��#

��
�5)�� X��&5� ��>5?� �� 	 �$5�� 	�A�� ���� 	�A� �4�s#� �� �4 �&� �� �
 �� �:� R�� �, �� < 
L�� {�U� 1�� +�A
 +�,0��� ��
~��� �
��� " ��� 	 �$5�� ���O 1�� %�� �9��� �� �% �&� +��� X��&5� ��>5?� �
�
 �9O �>3 � �� �
U��*, 	"8&� <��� .����

<������ ����s� 0� �� �J�
� � 
��B�D �� z(x, y) ����� �&��� �� ������� lo<] m " lr<] m ��

∂z

∂x
=

−F
(η − Fξ)

,
∂z

∂y
=

�

(η − Fξ)
. lnn<] m

��
�� ��� < ��  
!"

dz =
∂z

∂x
dx+

∂z

∂y
dy =

dy − Fdx

(η − Fξ)
= �,

" ��� lp<] m �4 �&� @�
! ���� C �� z(x, y) = C �
������ <��� 	�L 	 �$5�� lnn<] m " lnq<] m �� 0� 0 �"� ���� +��� ��
��
�� lnn<] m �� 	 �$5�� ��

ξ
∂z

∂x
+ η

∂z

∂y
= �. lnp<] m

��
>� �� L �A'*G �:� �
������

L = ξ
∂

∂x
+ η

∂

∂y

�
�� l�����9� �� lp\<] m m �
�9� ��hO �� " L(z) = � ��  
L�� �J�5� lnp<] m �� 	�A�� ���� j
�&�

z(x�, y�) = eεLz(x, y) =
∞∑
n=�

εn

n!
Ln(z),

�
������ "

z(x�, y�) = z(x, y) + ε, ln^<] m
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�()� �4 �&� @�
! 	�A�� �L�� � �"�� +�5����67-
 	"�: ��� R"� �9��� ��#���$
 �4 �&� �:� � 
L�� �J�5� lc<] m " �4 �&� �
� ��

z(x, y) = v(x, y) + ψ[u(x, y)], ln]<] m

���� ��I#� �
U� �� ln]<] m ����
5� �(�
� +��� <��� u .#� �� �2�� �&��� ψ " 	"�: X��&5� ��>5?� (u, v) 0� � �� �L����
�� X��&5� ��>5?� � lp<] m �4 �&� �� ������ ��3 �
�"�

dv

du
= φ(u, v)

ln]<] m �J�5� � " 	 
� �I5#� v �� φ �#
�� 	�A�� �L�� � �"�� v� = v + ε " u� = u ��� �4 �&� �:� {
C
� ��� <��
L�� �
�9�
�4 �&� �� �N�
3

dv

du
= φ(u).

< 
L�� �J�5�

���#���$
 �4 �&� ����� ����	

dy

dx
=

y

(x+ x� + y�)
,

��
�� �4�� �
� � <���� �� ���� �"�� 0� �� �9#� �4 �&� �� +�5����67-
 	"�: 0 �� ���6 �� ��

∂F

∂x
=

−(�+ �x)y
(x+ x� + y�)�

,
∂F

∂y
=

(x+ x� − y�)
(x+ x� + y�)�

,

� �� �� ξ(x, y) " η(x, y) =��
� �#
�� la<] m �� 	 �$5�� �� "

(x+ x� − y�)η − (�+ �x)yξ = (x + x� + y�)�
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)
y(x+ x� + y�) − y�

∂ξ

∂y

� �#
�� ξ �η = � ��3 �� <��
L�� ���&� �UD " 0
��� �� =��
� �
� �J�
� � ���$��5� <������ �� ������ t�B

(x+ x� + y�)
∂ξ

∂x
+ y

∂ξ

∂y
= (�+ �x)ξ − (x+ x� − y�)

y

�� ������� ����:% F"� �� 0� �� ��
� ��
�"� ���� ����@
'�� �L"� �� �� @�
! ����
��*� ;�O �
� � ���$��5� <��� t�B
�(L �J�5� � <����
�� �� ξ = x/y @�
! �� �2
��)3�6 " �2���5�� �D�� �� �R�� �, �� <l����9� �� ^ �'g#�m ��� ��4"� �4 �&�

�4 �&� �� �� 	"�: ��
*G

dx�
dε

=
x�
y�
,

dy�
dε

= �,

�J�5� � <�
��� ���� �ε = � �� ���
B � y� = y " x� = x ��4"� [�L �� "

x� = x+ ε
x

y
, y� = y + ε,

��
>� X��&5� ��>5?� <��� � �"�� 	"�: �
� ��� �N5I�I� 	�L 	 � �s 4 �&� �� �, 0�)� ���
��� 	����
D " �
�"��� ���� ��

u =
y

x
, v = y,

�()� +��4 �&� �� �P�  �
� �4 �&� �4�� �
� � �� 	 
�
dv

du
=

�(
�

x − y
x�

dx
dy

) = − �

(�+ u�)
.
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��
>� ���
! +��� �
������ � 
L �� �
�9�

v + tan−� u = C

�


y + tan−� y
x

= C

���&
 lnq<] m ��
>� �� �4 �&� �:� ��A
 F"� -
 � <���

dy − ydx

(x+ x� + y�)
= �

�()� �μ(x, y) ��&
 �4 �&� �
� +��: �
5��3 ���G lr<] m �� 	�A�� ��#

��

μ(x, y) =
(x+ x� + y�)

(x� + y�)

�4 �&� �J�5� � ��  
� �,�
D

dy +
(xdy − ydx)
(x� + y�)

= �.

< 
L�� M5�� ���� 	��� ���� 8N 9O �� �
�2��
! �� 0� �� " �
��� ����
���#���$
 �4 �&� �(�
� [�L �� �� =��
� �� +�	 � �
 a(x) =��� ����� ����	

dy

dx
= a(x) + y�,

<�
�"� ���� �� ��L�� � �"�� +�5����67-
 �,"�: ���
��
�� la<] m ��

ξa′ + �yη =
(∂η
∂y

− ∂ξ

∂x

)
(a� + y�) − ∂ξ

∂y
(a� + �ay� + y�).

�s 4 �&� ��
B �
� � " 	�L ��	 �� η = η(x)y " ξ = ξ(x) ��3 �� H
��L �
�

ξ(x)a′(x) + �η(x)y� = η′(x)y + [η(x) − ξ′(x)][a(x) + y�]

�sJ�5� �y .
��C �53�: �P� � �� �4 �&� �
� �� �� �
��� ����

ξ(x) = Ax+B, η(x) = −A

���
>� a(x) �J�5� � " �
��� ����

a(x) =
C

(Ax+B)�

�% �&� �� < 
� �,�
D ���5��� �A*, C " B �A 0� � ��
dx�
dε

= (Ax� +B),
dy�
dε

= −Ay�,

��
>� �� .���� X��&5� ��>5?�

u = (Ax +B)y, v =
�

A
log(Ax +B),

�s 4 �&� ���4"� �4 �&� �� " �
�"��� ����
dv

du
=

�

(u� +Au+ C)
.

< 
L�� �� �5���� B " A 	�L 	 � �
 �I� +��� " 	 
� �
v67-�($� ��  
L�� �J�5�
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�"���� �DE�� &�&

+��4 �&� 0�
�&� �� la<] m <�L�� ���O�� la<] m �(
�
U�  �� ���6 �'� F (x, y) 0�
��� 	�L 	 � η(x, y) " ξ(x, y) =��
� +��� �
�
��
>� 0� �s>?)� �4 �&� <������ �� ���� " �53�: �P� � R"� �9��� �� �
1! ��I5)� �� ��#���$
 

dx

dτ
= ξ(x, y),

dy

dτ
= η(x, y), ln\<] m

��
�� " 	 
�

dF

dτ
=
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)
F − ∂ξ

∂y
F�, lna<] m

�4 �&� �'� �4�� � <�
�"� ���� �� lna<] m " ln\<] m �% �&� �UD �I#� @�
! " �#
�� ��
*G F (x, y) �
� �53�
 +���
��3 �� <��� �� ���O η = Fξ ���&
 la<] m �4 �&� �2
�� @�
! �� �� ��� ���(
� �4 �&� lna<] m

F =
η

ξ
+
�

w
, lnc<] m

R"� �9��� �4 �&�
dw

dτ
+

(∂η
∂y

− ∂ξ

∂x
− �

η

ξ

∂ξ

∂y

)
w =

∂ξ

∂y
lnr<] m

<��� �� ���O R
*&� F"� �� �� �
��� ����

�()� +�5����67-
 	"�: ��� �� �'�#���$
 �% �&� �'� �(L ����� ��	�	

x� = f(x), y� = g(x)y.

<�
�"� ���� �� ��� �"��
��
>� 	"�: -�
� �
�2� �� �(L

x� = x+ εξ(x) +O(ε�), y� = y + εη(x)y +O(ε�),

���
>� ��% �&� �� lna<] m " ln\<] m �>?)� �% �&� �J�5� � " 	 
�

dx

dτ
= ξ(x),

dy

dτ
= η(x)y, lno<] m

"
dF

dτ
= η′(x)y + (η(x) − ξ′(x))F. lpq<] m

��
�� lno<] m �� " ��
L�� �
�9�

dy

dx
=
η(x)
ξ(x)

y,

�
������ "

ys(x) = A, lpn<] m

���
>� s(x) " ��� ���� A �� �
��� ����

s(x) = e
−

∫
x

x
�

η(t)
ξ(t) dt

, lpp<] m
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�
�"��� ���� lKK m " lpq<] m �lno<] m7n �� < 
L�� j
�&� �.���� ���� x� +���

dF

dx
+

(ξ′(x)
ξ(x)

− η(x)
ξ(x)

F =
Aη′(x)
ξ(x)s(x)

)
,

@�
! �� 0� �� ��

ξ(x)s(x)F = Aη(x) +B, lp^<] m

��&
 ��
��� ���� B = Φ(A) �� R"� �9��� ��#���$
 �% �&� ��
: �
� ��
*G �(L �
������ < 
L�� M5�� ���� ���� B ��

dy

dx
− η(x)
ξ(x)

y =
Φ[s(x)y]
ξ(x)s(x)

��
B �� �(u, v) .���� X��&5� ��>5?� ��  � 0�)� 0�
��� �4�� �
� � ��

u(x, y) = s(x)y, v(x, y) =
∫ x

x�

dt

ξ(t)

�s 4 �&� �� �
�! ��>5?� �
� � %�� ��#���$
 �4 �&� " 	 
�
du

dv
= Φ(u),

<l 
� ^ �>3 �� c " a �\ �] �E�#� �� �*�*&� R�W� �
� �� ���� �!
�m  
L�� �
�9�

+�5����67-
 	"�: ��� �� �� R"� �9��� ��#���$
 �% �&� �'� �(L ����� ��	�	

ξ(x, y) = ξ(x)eky , η(x, y) = η(x)eky ,

<�
�"� ���� �� ������ �O�� � �"�� ���� ���� k ��
��
�� ln\<] m �� �4�� �
� � 

dy

dx
=
η(x)
ξ(x)

�
������ "

y −
∫ x

x�

η(t)
ξ(t)

dt = A, lp]<] m

��
>� +��:R��A5�� �� �
�
9J� ��� 	�L 	 � a �s 'g#� � �� +��J�5� �� 	 �$5�� �� <��� ���� A ��

W =
k

ekA

∫ x

x�

s(t)k

ξ(t)
dt+B, lp\<] m

�
�� lnc<] m ��� �, �� �J�5� �w = ξ(x, y)W =O�" � <��� 	�L j
�&� lpp<] m � s(x) " 	 
� ���� B 0� � �� ���� �� ��

W =
�

eky

(
ξ(x)

dy

dx
− η(x)

)−�
,

�s 4 �&� �
������
(
ξ(x)

dy

dx
− η(x)

)−�
=

k

s(x)k

∫ x

x�

s(t)k

ξ(t)
dt+ Φ

(
y −

∫ x

x�

η(t)
ξ(t)

dt
)
,

��()� .���� X��&5� ��>5?� <�L���� ����  �
� ��#���$
 �4 �&� 0�*, ���� �,�
?4 =��� 	��
�*� Φ ��

u(x, y) = y −
∫ x

x�

η(t)
ξ(t)

dt, v(x, y) =
�

s(x)keky

∫ x

x�

s(t)k

ξ(t)
dt,
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�� 	 �$5�� �� " 	 
�
du

dv
=
du/dx

dv/dx
=

�(
− kv + �

ekvξ(x)
dx/du

) ,

�4 �&� �� �P�  �
� ��#���$
 �4 �&� �� �������
du

dv
=

eku

Φ(u)
.

Z�>5D� ��� H9��� 0� la<] m H
��L " ����� �'g#� �� �� ��
:��
: +�,�9�! �� �� �>3 �
� �
�2� `?� < 
L�� �
�9�
<��, ��

y′ = F (x, y) �
���� ���F� (�3���� " �4�4� �DE�� =�&

��B�D +��� �� lp<] m +��� z(x, y) = C @�
! �� ������ ��3

y = S(x,C). lpa<] m

� 
L�� �J�5� 	�A�� ��L�� � �"�� ln<] m 	"�: ��� lp<] m �:� �� ������ 	�,�)� ln^<] m ~����� ��� ��
�� ��

y� = S(x�, C + ε)

�
�� ���5#, ε .#� �� �2�� �� ��8*! �3�: �P� � �� �
������ "

η = ξ
(∂S
∂x

)
+

( ∂S
∂C

)
,

�J�5� lp<] m �� " �4 �&� �
� �� <��L���� ���� C " x .#� �� 	��x5� " �&��� �� y ��x5� �� �9#� 15���6 �D� �
1! ��I)� ��
�� �
��: ��

( ∂y
∂C

)
= η(x, y) − F (x, y)ξ(x, y). lpc<] m

< �"� ���� 0�
��� �"�$5� F"� " �� �� lc<] m �� ������� lpc<] m �� 	 �$5�� �� " ����� t�B lc<] m � λ = η − Fξ 0
���
�4 �&� �� lp<] m ��
B �
� � �� �
��� ���� C �� �9#� lp<] m �� �
1! w5)� -
 �53�: �� lc<] m �R"� F"�

(∂y
∂x

)
= F (x, y), lpr<] m

�4 �&� 0� �� �
1! +��:w5)� �� ��  
L�� �
�9�
( ∂

∂x

( ∂y
∂C

))
=
∂F

∂y

( ∂y
∂C

)

��
�� �
������ <�
�"��� ���� ��
( ∂

∂x

( ∂y
∂C

))
=

∂

∂x

( ∂y
∂C

)
+

∂

∂y

( ∂y
∂C

)(∂y
∂x

)
,

< �"� ���� 0� ~����� �� lc<] m 0�
��� ��
<������ R
�� 	����
D �� �� ��� �
� ;�J�� �� �
��� ���� lpr<] m"lpc<] m +"� �� ��9���� ;�J�� �� lc<] m �;" F"�

��
>� +��U��� +��� η(x, y) " ξ(x, y) 	�A�� �L�� lp<] m  �$�� @�
! y = y�(x) �:� ��  
L�� 	�,�)� lpc<] m ��

η(x, y�) = F (x, y�)ξ(x, y�) lpo<] m

η(x, y) " ξ(x, y) =��
� +��� �&�9K +��U��� lpo<] m ���� _?)� lp<] m  �$�� @�
! �� + ��
� .'/� � �
������ <��5#,
R"� �9��� ��#���$
 �% �&� .'/� �� � �� �, �� 0�)� " ����� ����s�  �$�� @�
! `�6 �� `�� ��*,� �� ��P�8� �
� <���

<��� ����� �)I� +��� 0�
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�����8 5"� ��.�� ���� ��	��� �� ��������� ������ ����"�� G�&

�% �&� +��� �� �,"�: F�A� " �
�� �6�� l^<] m �5#9*, R"� �9��� �
1! ��I5)� �� ��#���$
 �% �&� �
� "�� �� `?� �
� � 
R�9��� �J�
� � <��, �� ���O 	 �$5��  �
� ��
�� �6�� �2�� �5)�� ����� �� +��4�9� +�,`?� � �� �
1! ��I5)� �� ��#���$
 
�� �9#� �
1! w5)� + � ���O �
U� " ������ � �"�� �� l^<] m ��#���$
 �4 �&� �� ��5#, (x, y, z) ��x5� �� �� +�5����67-
 	"�:

<��, �� `
�*� f
����
� �� �� �,��x5�
+�5����67-
 	"�: �� ���� ��3

x� = x+ εξ(x, y, z) +O(ε�),

y� = y + εη(x, y, z) +O(ε�),

z� = z + εζ(x, y, z) +O(ε�), l^q<] m

�
�� <������ �9���� �
� ��
>� �� ∂z�
∂y�

" ∂z�
∂x�

<��� � �"�� l^<] m �4 �&� �� �9#�
∂z�
∂x�

=
∂z�
∂x

∂x

∂x�
+
∂z�
∂y

∂y

∂x�

=
{∂z
∂x

+ ε
(
ζx + ζz

∂z

∂x

)}{
�− ε

(
ξx + ξz

∂z

∂x

)}

+
{∂z
∂y

+ ε
(
ζy + ζz

∂z

∂y

)}{
− ε

(
ηx + ηz

∂z

∂y

)}
+O(ε�),

�
������ "
∂z�
∂x�

=
∂z

∂x
+ ε

{
ζx + (ζz − ξx)

∂z

∂x
− ηx

∂z

∂y
− ξz

(∂z
∂x

)�
− ηz

∂z

∂x

∂z

∂y

}
+O(ε�) l^n<] m

���)� �
U� "
∂z�
∂y�

=
∂z�
∂x

∂x

∂y�
+
∂z�
∂y

∂y

∂y�

=
{∂z
∂x

+ ε
(
ζx + ζz

∂z

∂x

)}{
− ε

(
ξy + ξz

∂z

∂y

)}

+
{∂z
∂y

+ ε
(
ζy + ζz

∂z

∂y

)}{
�− ε

(
ηy + ηz

∂z

∂y

)}
+O(ε�),

�
������ "
∂z�
∂y�

=
∂z

∂y
+ ε

{
ζy + (ζz − ηy)

∂z

∂y
− ξy

∂z

∂x
− ηz

(∂z
∂y

)�
− ξz

∂z

∂x

∂z

∂y

}
+O(ε�) l^p<] m

��  
L�� �J� 5 �" z� = φ(x�, y�) �� 
�� � 
� �"� � Z�
D ~���� � 	�A �� ��L� � l^<] m @�
! z = φ(x, y) � :� �J� 5 � � ��
�4 �&� � z = φ(x, y)

ξ(x, y, z)
∂z

∂x
+ η(x, y, z)

∂z

∂y
= ζ(x, y, z). l^^<] m

�� 0
��� <����� t�B
∂z�
∂x�

+ F (x�, y�)
∂z�
∂y�

= �,

��
��A� �J�5� ����
��� l^p<] m " l^n<] m �lKK m "

ζx + Fζy = θ[(η − Fξ)x + F (η − Fξ)y − (η − Fξ)Fy ], l^]<] m

�
�� l^^<] m " l^<] m �� <�
�	 �� 	 �$5�� ∂z∂x = −Fθ �sU��� �� " 	 
� �θ = ∂z
∂y 0� � ��

ζ = (η − ξF )θ,
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��
�� l^]<] m �� �J�5� � "
∂θ

∂x
+

∂

∂y
(Fθ) = �. l^\<] m

l^<] m ����� l^^<] m T
� �� +��4 �&� � z �:� {
C
� <��� lnq<] m �4 �&� +��: R��A5�� ���G ζ/(η − ξF ) ��&
 �θ �
������
��
�� l^^<] m " l^<] m �� =O�" � <�3�: �J�5� 0� +��� �4
2#� 0�
��� �� l^\<] m 	�A�� ��� t�B

∂z

∂x
=

−Fζ
(η − Fξ)

,
∂z

∂y
=

ζ

(η − Fξ)
,

< 
L�� �J�5� l^\<] m ��% �&� ��*, +��:��� ~��� �� "
" �L 	 �$5�� �
1! ��I5)� �� ��#���$
 �% �&� +���  
L�� j�B
� +�&� �>3 � �� -��8�7��/ F�A� -
 �� %�� � 
�� �9#� H
��L �
� 	"8&� <��� R �&� lnq<] m +��� +��:R��A5�� ���G  
!" �� lKK m ��� l^<] m �
� �"�� �� �
 � 0�)�
�% �&� +��� �� -��8� F�A� -
 �:� <�, �*� ���� �� +�)�� ��G8K� ��
: k�, �����:��� l^^<] m " l^<] m �� �� �U
��L
�� " �ξ = Φ(z) ��  
L�� �J�5� �$B �� l^]<] m � θ " θ� .
��C 0 � ���O ����� �� 	�A�� �
��9� ��(� �
1! ��I5)� �� ��#���$
 
F�A� �
����� � <����� t�B ���� 	�L 	 � �4 �&� 0� � �� �
1! ��I5)� �� lc<] m � λ = η − Fξ ��  
L�� �J�5� 0�
�4 �&� +��: R��A5�� ���G μ �:� �� ��� �
� 0� " ����L� �J�5� -
 +��� �
1! ��I5)� �� ��#���$
 �% �&� +��� -��8�

<��� �P�  �
� ��#���$
 �4 �&� +��: R��A5�� ���G ���� ��#���$
 �4 �&� @�
! z 0� � �� 1�� φ(z)μ 	�A�� ��L��

)��37�+?H��� (�38"�0 " �
 �DE�� I�&

���2A�7���#� ln<] m +�5����67-
 	"�: �(�
� ��3 �� �� ������ �&� lp<] m 	�L 	 � ��#���$
 �4 �&� +��� `?� �
� � 
����B
>D �� G(x, y) �5�
�6 " �
v6 w5)� �3�� 	s����� �� =��� �� ������ ��3 ��&
 <�
�� �y� la<] m �� �� ���

ξ(x, y) =
∂G

∂y
, η(x, y) = −∂G

∂x
. l^a<] m

;" �9��� �� �
1! ��I5)� �� ��#���$
 �4 �&� �G(x, y) +��� l^a<] m " la<] m �� -�
� " 	 
�  
!
�

∂�G

∂x�
+ �F

∂�G

∂x∂y
+ F� ∂

�G

∂y�
=
∂(G,F )
∂(x, y)

, l^c<] m

B(G,F ) " A(G,F ) =��� " j
�&� �� �� �4 �&� �
� %N 
B� <���� �� ;
'&� F (x, y) =��� +��� �� 0� �
���� �� �
�"��� ���� ��
�(
�
U�

∂G

∂x
= A(G,F ),

∂G

∂y
= B(G,F ). l^r<] m

H
��L " F (x, y) R"� �9��� w5)� 0 �� ���&� +��� �4 �&� " l^c<] m �� 	��*, G(x, y) +��� +��:��� H
��L <���� �� ����
���
�� �9#� 	��� ���� �4 �&� �� �:� <������ ��4
� �� B(G,F ) " A(G,F ) ���&� +��� �
�2� �% �&� =��
� �
� +��� +��:���
	"�: +� �"�� G(x, y) �I�O �
U� <��� �L��� ���O ��'�� +��� +���	 �� +�,�9�! �� �4" �#�� ���
v6 X�U&�� l^c<] m �4 �&�
R�*G� �� 0�
��� �� ��'�� �
� < 
L�� �J�5� ��L�� u �� �&��� HI3 ln^<p m � ���
��� �� ���
B � ln^<p m �� l^a<] m " ���
�P� � =��
� �� �D�� 0�
 ��: ��
>� �� ξ " η ����
��� R�W� 0�
�&� < �"� ���� +�5����67-
 	"�: +"� �� +�A
 +�,��O

���
��� �� ���� ��3 �#
�� l^r<] m �'��
� l^c<] m �4 �&� �� �
P�*� <�
��A�

J =
∂(G,F )
∂(x, y)

, l^o<] m

��
�� ���� �� �
� �����I� H��" � ��(�
� +��� ����*, <��� �,��5��� " �$B��
∂x

∂G
=
�

J

∂F

∂y
,

∂x

∂F
= −B

J
,

∂y

∂G
= −�

J

∂F

∂x
,

∂y

∂F
=
A

J
, l]q<] m
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��()� G(x, y) +��� +��:��� H
��L �5L
� �� 0
���
∂(A, x)
∂(G,F )

+
∂(B, y)
∂(G,F )

= �,

�s 4 �&�
∂B

∂F

∂F

∂x
− ∂A

∂F

∂F

∂y
= B

∂A

∂G
−A

∂B

∂G
. l]n<] m

���
>� 0�
��� �� l^c<] m �� ������� lc<] m �� �C = A+ FB ��3 �� <�
�"��� ���� ��

∂(C, y)
∂(G,F )

− F� ∂(C/F, x)
∂(G,F )

= �,

�()� 0� 	s�L 	 �� ��
B ��
∂C

∂F

∂F

∂x
+

(
F
∂C

∂F
− C

)∂F
∂y

= −C ∂C
∂G

, l]p<] m

�s 4 �&� �∂F∂y " ∂F
∂x +��� l]p<] m " l]n<] m �� �� <�L
� ����

∂F

∂x
= −F ∂C

∂G
−

(
F
∂C

∂F
− C

)
H,

∂F

∂y
=
∂C

∂G
+
∂C

∂F
H, l]^<] m

��
>� H(G,F ) 0� � ��

H(G,F ) =
{∂C
∂G

∂C

∂F
− C

∂B

∂G

}{∂(BC)
∂F

−
(∂C
∂F

)�}−�
. l]]<] m

�s 4 �&� �� 	�L 	 � lp<] m � �� �'�#���$
 �4 �&� lKK m " l^r<] m ~��� �� �� ������ �!
� <�
�"��� ���� ��  
L�� j
�&�

dF

dG
=

{∂F
∂x

+ F
∂F

∂y

}{∂G
∂x

+ F
∂G

∂y

}−�
= H(G,F ). l]\<] m

�� F (x, y) +��� +��:��� H
��L �� ��*23�� ��9���� �D�� �� �&� %�� �4 �&� �� < 
L�� �
�9�

C
∂�C

∂G�
+ �HC

∂�C

∂G∂F
+H�C

∂�C

∂F�
+

(∂C
∂G

)�
+

(∂C
∂F

−B
)

∂(HC)
∂G

− C
∂C

∂G

∂H

∂F
= �, l]a<] m

���
>� ���� ��
∂

∂G

{
C

(∂C
∂F

−B
)
H + C

∂C

∂G

}
+H� ∂

∂F

{
C

(∂C
∂F

−B
)

+
C

H

∂C

∂G

}
= � l]c<] m

l]\<] m �4 �&� ����� �G � �� ��� +�	��1: l]c<] m �� ������� lc<] m �� �4 �&� �
� �#
�I� �� < 
L�� �
�9� ��L
� 0�
��� 1��
��
�� �2�� � �� ��� ξ∗(G,F ) " η∗(G,F ) -�
� �
�2��� �(L �� +�5����6 -
 	"�: ���

ξ∗(G,F ) = C
(∂C
∂F

−B
)
, η∗(G,F ) = −C ∂C

∂G
. l]r<] m

�4 �&� +��: R��A5�� ���G (Hξ∗ − η∗)−� �
������ <��� � �"��

dF −H(G,F )dG = �, l]o<] m

��� ���� ���� ����
��� R�� <���

Hξ∗ − η∗ = C� ∂(A,B)
∂(G,F )

{∂(BC)
∂F

−
(∂C
∂F

)�}−�
, l\q<] m
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�()� ����9G �� F (x, y) +��� +��:��� H
��L �(
�
U�

{C ∂B
∂G − ∂C

∂G
∂C
∂F }dG+ {∂(BC)

∂F − (∂C∂F )�}dF
C� ∂(A,B)

∂(G,F )

= �, l\n<] m

�� J �#
�� ��Z�D +�24�W� +��� <�, �� {�L l]c<] m �� 	 �� @�
! " �� �� %�� ��'�� �n] " n^ �E�#� <���
�� ��'I�
�sJ�5� �� l\q<] m " lKK m �l^o<] m �l^r<] m �� <�
��A� �P� � ���� 	�L j
�&� l^o<] m � �� ���
>�

J = C� ∂(A,B)
∂(G,F )

{∂(BC)
∂F

−
(∂C
∂F

)�}−�
. l\p<] m

��
>� �� l\n<] m 0�
��� C = A+ FB ��3 �� �� ����
�� �� 
∂C
∂F dA+ (F ∂C

∂F − C)dB

C� ∂(A,B)
∂(G,F )

= �.

�'*! �� l]c<] m H
��L φ = C−� ��3 �� �
������ < �� 	 ��
∂(φ,G)
∂(A,B)

dA+
∂(Fφ,G)
∂(A,B)

dB = �. l\^<] m

�� F (x, y) +��� +��:��� H
��L ��&
 <��� R �&�

∂
(
∂φ
∂B , G

)

∂(A,B)
+
∂
(
φ, ∂G∂B

)

∂(A,B)
=
∂
(
∂ψ
∂A , G

)

∂(A,B)
+
∂(ψ, ∂G∂A )
∂(A,B)

, l\]<] m

��
>� ψ " φ =��
� 0� � ��

φ =
�

(A+ FB)
, ψ

F

(A+ FB)
. l\\<] m

< 
L�� �
�9� ����	�L j
�&�
<�
�� �6�� nr " nc �na �n\ �E�#� � l\]<] m �4 �&� �� F"� �'� ~
E� ��

-
 �#
�� (A+ F )−� �� [�L �
� �� l\^<] m " l\n<] m �'C�$� +�2'(L �� ���� 	��L� �5(� �
� �� �� ��� ��*L�� 0
���
� <������ 	 �$5�� ∂F∂y " ∂F

∂x +�2���9G 0��� +��� lKK m +�2���9G �� �J�5� � < �� +��:��� ��L�� lo<] m +��� +��:R��A5�� ���G
��
�� C = A+ FB �� 	 �$5�� " lKK m �� =O�"

dy − Fdx

(A+ FB)
=
CdF −

(
∂F
∂x + F ∂F

∂y dG
)

JC

< 
L�� �J�� l\n<] m �� �NI�O l\p<] m " l]]<] m �lKK m "
��� �	��� ���� Q�4 �'g#�S � �
1A
�! +�2L�A� 0�
��� ����, �� ��� �
� 	s��, 0�)� �>3 �
� �
�2� `?� �� ��'��
�� �� �� ��� ���C�
� �� +��
�6 �'g#� -
 �4 �'g#� <��� �()� R"� �s !� ��
*G �'�#���$
 �% �&� +��� �&O�" �3�)�6
+��:R��A5�� ���G μ = (η − Fξ)−� 0
� <�L���� 
� �L�A� +��:��(� ���L -L 0"�� 0� ��	�� " ��� 	���� �O�� 	�)�
�% �&� �J�5� � "  ��  
!" .���� η(x, y) " ξ(x, y) �
�2���  ��&� 	�L 	 � μ(x, y) +��� �(�
� ��&
 ���� lnq<] m �4 �&�
 ��&� �W���� ��� ��%�� �9��� ��#���$
 �% �&� �(�
� �� .'U� �
� <��5#, � �"�� 	"�: �,��5���  ��G ��� R"� �!� �'�#���$
 

<��� �O��5� ��L���� � �"�� 	"�: �,��5�

�'���

��#���$
 �4 �&� �:� F�

M(x, y)dx+N(x, y)dy = �
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�j
�&� �� μ(x, y) +��: R��A5�� ���G  
!" " -�
� �
�2��� H
��L ��, 0�)� 	�A�� ��L�� � �"�� ln<] m 	"�: ���

μ(x, y) =
�

ξM + ηN
.

<��L���� R �&�

�4 �&� " +��� +��: R��A5�� ���G μ(x, y) �:� F�

M(x, y)dx+N(x, y)dy = �, and N(x, y)dx−M(x, y)dy = �

�4 �&� � Θ = tan−�(M/N) �� ��, 0�)� ��L��

∇�Θ =
∂�Θ
∂x�

+
∂�Θ
∂y�

= �

<����� t�B

�UD7�9L R"� �9��� �
1! ��I5)� �� ��#���$
 �4 �&� +��� F#

a(x, y, z)
∂z

∂x
+ b(x, y, z)

∂z

∂y
= c(x, y, z),

���
>� 0� ��
*G @�
! ��, 0�)�

ρ = Φ(σ)

�% �&� �� �UD �I5#� @�
! " σ(x, y, z) " ρ(x, y, z) " 	 
� 	�
?4 �&��� Φ 0� � �� �L����
dx

dτ
= a(x, y, z),

dy

dτ
= b(x, y, z),

dz

dτ
= z(x, y, z).

<��5#,
�
�� σ = constant " ρ = constant �� ��
�*�,��S

dρ

dτ
= aρx + bρy + cρz = �,

dσ

dτ
= aσx + bσy + cσz = �,

+��� �A*, �4 �&� �� ��()� l�m 	��*, �� �4 �&� " �
� <��� z " y �x �I5#� +�,��x5� �� �9#� �
1! w)� �A��)� f
����
� ��
���
>� ��  � 0�)� 0�
��� H
��L �
� "  
L�� �$B 0������ �2
���� +�2��
! +��� <��, �� �� c " b �a

∂(ρ, σ)
∂(x, y)

= �,

�����I#�  
D y " x +�,��x5� �� �9#� �
1! ��I)� ����
��� � <�
��� ���� ����  �
� H
��L ��D� ���9G ��*, �� �� ���
��&


∂ρ

∂x
= ρx + ρz

∂z

∂x
,

∂σ

∂y
= σy + σx

∂z

∂y
,

<Q<<< "

���(
� �4 �&� �� ��
'&� @�
! y�(x) �:� F'
dy

dx
+ p(x)y = q(x) + r(x)y�,

�UD �4 �&� �� ���� y = y� + w−� ��x5� ���/ �� ��, 0�)� ��L��
dw

dx
+ [�r(x)y�(x) − p(x)]w = −r(x).

<����� �
�9�
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	"�: ��� �� �UD R"� �9��� ��#���$
 �% �&� ��
*G ;�3 �� ��, 0�)� F*

ξ(x, y) = ξ(x), η(x, y) = η(x)y + ζ(x),

��
>� ���5#, � �"��

dy

dx
− η(x)
ξ(x)

y − ζ(x)
ξ(x)

=
�

ξ(x)s(x)
, Φ

(
s(x)y −

∫ x

x�

ζ(t)
ξ(t)

s(t)dt
)
,

��
>� s(x) 0� � ��

s(x) =
−

∫
x

x
�

η(t)
ξ(t) dt

,

<�L���� ���� ;
'&� +�2���
:�� �� 	
?4 �&��� Φ " 	�L j
�&�

�4 �&� " �5D�� �� w = ξW ��x5� ���x� lnr<] m " ln\<] m7p �� 	 �$5�� �� F0
(η
ξ

)dW
dy

+
∂

∂y

(η
ξ

)
W =

�

ξ�
∂ξ

∂y
.

<�
��A� �J�5� ��

	"�: �� �9#� �� �UD R"� �9��� ��#���$
 �% �&� ��
*G ;�3 �� ��, 0�)� F2

ξ(x, y) = ξ(x)yn−�, η(x, y) = η(x)yn,

��
>� ��5#, � �"��

y
(dy
dx

− η(x)
ξ(x)

y
)−�

=
ξ(x)

s(x)n−�

{
(n− �)

∫ x

x�

s(t)n−�

ξ(t)
dt+ Φ[s(x)y]

}
,

X��&5� ��>5?� �� 	 �$5�� �� " �L���� ���� 	�L j
�&� \ �'g#� � S(x) " 	�
?4 �&��� Φ 0� � ��

u(x, y) = s(x)y, v(x, y) =
�

yn−�s(x)n−�

∫ x

x�

s(t)n−�

ξ(t)
dt,

��
>� �
�! ��>5?� �
� � ��#���$
 �4 �&� �� ��, 0�)�

du

dv
=

un

Φ(u)
.

<���

��x5� ���x� ����, 0�)� �] �'g#� � 	�L 	 � ���(
� �4 �&� +��� F8

y(x) = − �

r(x)z(x)
dz

dx
,

�4 �&� ��

d�z

dx�
+

(
p(x) − �

r(x)
dr

dx

)dz
dx

+ q(x)r(x)z = �.

<�
�"� ���� �� ��#���$
 �4 �&� �
� R���� ;�3 �J�� �� "  
L�� �J��
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	"�: � ] �'g#� ��#���$
 �4 �&� �� ��, 0�)� FG

ξ(x, y) = ξ(x), η(x, y) = ηy + ζ(x),

H�
� ��
d

dx
(rξ) = −rη, d

dx
(pξ + η) = �rζ,

"
d

dx
(qη − ζ) = (pζ + qη).

�4 �&� � ξ(x) ��  
L�� �J��� �% �&� �
� �� " <����� t�B ���� 	�L ��4
�

(�ξξ′′ − ξ′�) + �

{
qr − �

�

d

dx

(
p− �

�

dr

dx

)
− �

�

(
p− �

r

dr

dx

)�}
ξ� = C,

<��, w�9U� ^<^ `?� M
�5� �� �� �J�5� �
� ����
��� �
� <����� t�B ���� ���� C 0� � ��
�8 
� 9 � 	"� : �� � � �# ��� $ 
 � 4 � & � � 
� �"� � +�� � �� l^n^�� $Bm lnop]m 0
#( 
 H ��
C +� & � � ' g # � � �S

<Q����� 0��� �B8D �
K �� +�5����67-


	"�: ��� R"� �9��� ��#���$
 �4 �&� �� ��, 0�)� F�H

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�),

�:� �2�� " �:� ���� � �"��

Lz = Φ(z),

�A'*G L " ��#���$
 �4 �&� @�
! z(x, y) 0� � ��

L = ξ
∂

∂x
+ η

∂

∂y
,

<�, �� 0�)� �� �,�
?4 =��� Φ " 	 
�

��#���$
 �4 �&� F��

M(x, y)dx+N(x, y)dy = �,

��
>� �� �� P �'�#���$
 �A'*G "

P = N
∂

∂x
−M

∂

∂y
.

��
>� �� (LP ) �:�J��! �A'*G +��� ��
��A� �P� � �� ��� 	�L j
�&�

(LP ) = LP − PL.

<��, 0�)� �� �
� +�,	��1: ��� 	�L j
�&�

(i)

(LP ) = (LN − Pξ)
∂

∂x
− (LM − Pη)

∂

∂y
.

P �A'*G � ���� -
 @�h'B�� ��
>� (LP ) �:�J��! �A'*G �:� ��� �"�� l��m 	"�: ��� l�m ��#���$
 �4 �&� (ii)

<�L��

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



��
>� �L R"� =��
� F��

L′ = ξ
∂

∂x
+ η

∂

∂y
+ π

∂

∂y′
,

���
>� π 0� � �� � 
L�� j
�&�

π =
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)
y′ − ∂ξ

∂y
y′�.

R"� �9��� ��#���$
 �4 �&� �� ��, 0�)� <���

F (x, y, y′) = �,

�:� �2�� " �:� ��� �"�� l��m ���

L′F = �

<Q 
L�� [
��� ]<c `?� �� �
� �4�s#� `LS

�� ���� ��3 F�#

A = f(G), B = g(G)F−�,

��
>� l]c<] m �4 �&� �� ��, 0�)� ���5#, G �� �5#��" �&��
� g " f 0� � ��

f ′′(�+ f/g) + f ′(f/g)′ = �,

���� α �� J = αg �� ��, 0�)� " 	 �� �� �� �4 �&� �
�< 
L�� 	 �� ��, �� 0�)� �� G �� �9#� w5)� �
�6 ��8G 0� � ��
�
��A� �J�5� lKK m �sU��� �� �
������ <��� +��: R��A5��

x = −�
α

log
(fF
g

)
+

∫ G

G�

dt

f(t)
, y =

fF

αg
− β

α
,

�()� lp<] m ��4"� ��#���$
 �4 �&� �4�� �
� � ��, 0�)� M
�5� �
� �� 	 �$5�� �� <��5#, +��: R��A5�� +�&� +�25��� G� " β ��
dy

dx
= (αy + β)h[αx + log(αy + β)],

��x5� ���x� �� ���
��� �4 �&� �
� ������ 	�,�)� <�L���� ���� _?)� +�2���
:�� �� h .���� =��� +���

ρ = αx+ log(αy + β).

< 
L ��

��, 0�)� l]c<] m " l]]<] m �� ���� �$B ����� H(G,F ) �� ���� ��3 F�'

B =
{l′(F )[(F )G +m(F )] − [l(F )m′(F ) −m(F )l′(F )]}

�l(F )[l(F )G+m(F )]�/�

C = [l(F )G+m(F )]�/�,

m H��" � �� " J = l(F )/� ��, 0�)� <�, �� 0�)� �� F �� �9#� w5)� �
�6 ��8G " 	 
� F �� �,�
?4 =��
� n " m �l 0� � ��
��
��A� �J�5� lKK

x =
�

l(F )
[l(F )G+m(F )]�/� + p(F ), y =

�F

l(F )
[(F )G+m(F )]�/� + q(F ),

lp<] m ��4"� ��#���$
 �4 �&� �4�� �
� � ��, 0�)� s(F ) = q(F ) − Fp(F ) ��3 �� <��9���� �&��
� q(F ) " p(F ) 0� � ��
<l����9� �� a\ ��$B �lnoaqm �3��m ��� "�
'� �4 �&� ��
>�

y = x
dy

dx
+ s

(dy
dx

)
,

<��� 0� @�
! �γ .���� ���� +��� y = γx+ s(γ) ��
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��
>� l\\<] m � ψ " φ �� w(A,B) ����� �&��� ���� ��3 F�*

φ =
∂w

∂B
, ψ = −∂w

∂A
,

�4 �&� �� l\]<] m �4 �&� ��, 0�)� ����	�L j
�&�

∂(∇�w,G)
∂(A,B)

+
∂(∂w∂A ,

∂G
∂A )

∂(A,B)
+
∂( ∂w∂B ,

∂G
∂B )

∂(A,B)
= �,

��
>� ∇� ���86% ��

∇� =
∂�

∂A�
+

∂�

∂B�

�"�$5� ��
B �� l��m ��, 0�)� < 
L�� �
�9� ���� 	�L j
�&�

∇� ∂(w,G)
∂(A,B)

=
∂(w,∇�G)
∂(A,B)

− ∂(∇�w,G)
∂(A,B)

.

<�L
� 0�
��� 1��

R"� �9��� �
1! ��I5)� �� ��#���$
 �4 �&� � w(A,B) �
��A� �J�5� l�m " l\\<] m �� F�0

A
∂w

∂B
−B

∂w

∂A
= �,

�
������ " <����� t�B

w = tan−�(B/A) + f [(A� +B�)�/�],

�9UO ��>5?� j
�&� �� <��� _?)� +�2���
:�� �� 	�
?4 �&��� f 0� � ��

R = (A� +B�)�/�, Θ = tan−�(B/A),

��, 0�)�

F = [B −Ag(R)]/[A+Bg(R)],

<�, �� 0�)� �� R �� �9#� w5)� �
�6 ��8G " g(R) = Rf ′(R) 0� � ��

�4 �&� �� n\ �'g#� �� l���m ��  
L�� 	�,�)� (r,Θ) ��>5?� � F�2

∇� �

R

∂(w,G)
∂(R,Θ)

=
�

R

{∂(w,∇�G)
∂(R,Θ)

− ∂(∇�w,G)
∂(R,Θ)

}
,

��
>� ∇� 0� � ��

∇� =
∂�

∂R�
+
�

R

∂

∂R
+

�

R�

∂�

∂Θ�
.

�� l����m �4 �&� ��, 0�)� w = Θ + f(R) �� 	 �$5�� �� < 
L�� �
�9� ���� 	�L j
�&�

∂�G

∂R�
− �

R

∂G

∂R
− �

R�

∂�G

∂Θ�
+

∂

∂R

{(
g′ − �g

R

)∂G
∂Θ

}
= �,

<��� 	�L j
�&� na �'g#� � g(R) 0� � ��
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��, 0�)� h(G) ≡ g(G�/�) " G = R� ��3 �� F�8

A =
G�/�[�− Fh(G)]

{[�+ F�][�+ h(G)�]}�/� , B =
G�/�[F + h(G)]

{[�+ F�][�+ h(G)�]}�/� .

<��
L�� �J�5� �	�
?4 +�25��� @�?5�� �� ��! lKK m H��" � " J = (�+ F�)/� ��, 0�)� ��
B �
� � 

x =
�G�/�[�− Fh(G)]

{[�+ F�][�+ h(G)�]}�/� , y =
�G�/�[F + h(G)]

{[�+ F�][�+ h(G)�]}�/� .

�4 �&� �� lp<] m ��#���$
 �4 �&� �4�� �
� � �
������

dy

dx
=

{y − xg[(x� + y�)�/�/�]
x+ yg[(x� + y�)�/�/�]

}
,

<l����9� �� lacm ��$B �lnoaqm �3��m  
L�� �
�9� ���� �� ���O ����� �� �9UO ��>5?� � ��

	�L 	 � +�5����67-
 	"�: +��� F�G

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�)

��, 0�)�

y�(x� − x�) = y(x− x�)

+ε
{
[ξ(x, y) − ξ(x− x�, y(x− x�))]

dy

dx
(x − x�) + η(x − x�, y(x− x�))

}
+O(ε�).

Q �"� ���� 0�
��� �, �� ��! F"� " �� �� �J�5� �
�S

" y(x− x�) = S(x− x�, C) 	�A�� y� = S(x�, C + ε) " y = S(x,C) ���� ��3 (i)

y�(x� − x�) = S(x� − x�, C + ε),

= S(x− x�, C) + εξ(x, y), C + ε) +O(ε�),

= S(x− x�, C) + ε
{
ξ(x, y)

(∂S
∂x

)
+

( ∂S
∂C

)}
+O(ε�),

y(x− x�) = ε
{
ξ(x, y)

dy

dx
(x− x�) +

( ∂S
∂C

)}
+O(ε�),

��
>� lpc<] m �� 0�
��� �� 0� �� ��� C " x− x� +�2���
:�� +��� C �� �9#� S �
1! w5)� ��
( ∂S
∂C

)
= η(x − x�, y(x− x�)) − ξ(x− x�, y(x− x�))

dy

dx
(x− x�),

<�, �� �J�5� �� �4�s#� @
'U� M
�5� ��  �"� ����

�
�� �"�$5� F"� �� (ii)

y(x− x�) = e−x�d/dxy(x),

<������ �� �
� �U��� �#
�� "

y�(x� − x�) = e−x�d/dx�y�(x�).

��

x = x� − εξ(x�, y�) +O(ε�),
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��
�� 

dx = dx�

{
�− ε

( ∂ξ
∂x

+
∂ξ

∂y

dy

dx

)}
+O(ε�).

�
������ "
d

dx�
=

{
�− ε

( ∂ξ
∂x

+
∂ξ

∂y

dy

dx

)} d

dx
+O(ε�).

��
>� �� D� " D� �'�#���$
 +�,�A'*G �:� f6

D� =
d

dx
, D� = −

( ∂ξ
∂x

+
∂ξ

∂y

dy

dx

) d

dx

<���� ���
� �� �� �
� �U��� �#
�� 	�A�� ����� j
�&�

y�(x� − x�) = e−x�(D�+εD�)[y + εη(x, y)] +O(ε�).

��� ������ 	�,�)� <��, �� �E��� �� �
� �� �
�,�A'*G +��� �
�24
��3 l]qm ��$B � lnoacm �� " ���"�:

e−x�D�x = x− x�, e−x�D�y = y(x− x�),

"

D�y(x+ τ) = − dξ

dx
(x, y)

dy

dx
(x+ τ).

~��� �� ε .#� �� �8*! �9���� +���

e−x�(D�+εD�)y,

�
�� <������ 	 �$5�� l]qmlnoacm �� " ���"�: � 	�L 	 � +�2��
! ��

e−x�(D�+εD�)y = y(x− x�) + ε

∫ −x�

�

[D�y(x+ τ)]∗dτ +O(ε�),

���x� R��A5�� � �:� < 
L�� �
�9� (x− x� − τ, y(x− x� − τ)) �� �L"�� � (x, y) �� �, �� 0�)� R��A5�� � Q	��5�S ��
��x5�

ρ = x− x� − τ

��
�� 	�A�� ��,�� ��

e−x�(D�+εD�)y = y(x− x�) + ε

∫ x

x−x�

dξ

dρ
(ρ.y(ρ))

dy

dx
(x − x�)dρ+O(ε�),

�
������ "

e−x�(D�+εD�)y = y(x− x�) + ε
dy

dx
((x − x�)

[
ξ(x, y) − ξ(x − x�, y(x− x�))

]
+O(ε�).

=O�" � � 
L�� �B�� �P�  �
� �J�5� "

x� − x� = e−(D�+εD�)εη(x− x�, y(x− x�)) +O(ε�).

���
� �� �� ���� 	�L �E��� lnoacm �� " ���"�: � �� �
�24��A5�� �'��
� �� ;" F"� ��95G� ����
��� �� ���� �!
� "

x� − x� = e−x�(D�+εD�)[x+ εξ(x, y)] +O(ε�).

�
�"��� ���� %�� ��" � ��� � �� <���� �����

x� − x� = x− x� + εξ(x, y) +O(ε�),

<��� �P�  �
� �J�5� 0�*, ��
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�� +�5����67-
 +�,	"�: �� ��, 0�)� F�H

x� = x+ εξ(x) +O(ε�), y� = y + εη(x)y +O(ε�)

���5#, � �"�� �
� �% �&� �� �9#�

(i)

dy

dx
(x) = −y(x− x�),

(ii)

dy

dx
(x) = y(x)[� − y(x− x�)],

(iii)

dy

dx
(x) = y(x)[y(x) − y(x− x�)],

��� �����9G .���5�

(i)

x� = x+ αε, y� = eβεy,

(ii)

x� = x+ ε, y� = y,

(iii)

x� = e−αεx+ βα−�(�− e−αε), y� = eαεy,

=O�" � ����� �!
�S <���� 	 �$5�� �% �&� �
� 0 �� ��	 �� �
 �� +��� �2,"�: �
� �� �
� <��5#, �,�
?4 +�25��� β " α ��

y(x− x�) = e−x�d/dxy(x) =
∞∑
n=�

(−x�)n
n!

y(n)(x),

Q<��5#, �,��5� �9��� �� ��#���$
 ��% �&� �'C�$�7��#���$
 �% �&�
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� ���


'$�( � )�� 
&'
�  !"��
#�� �$����

���	� 
�=

�9��� ��#���$
 �% �&� �� �4�� � ��L�� � �"�� +�5����67-
 	"�: �,��5���  ��&� ��� ����
��� R"� �9��� ��#���$
 �% �&�
�� ��#���$
 �% �&� n > � +��� " �), �W���� ��� ;" �9��� �� �% �&� <��5#, � �"�� 	"�: �,��5� �W���� ��� ��%�� " ;" 
;" �9��� ��#���$
 �% �&� <l����9� �� ^\^ ��$B �lnop]m 0
#(
 m��L�� � �"�� 	"�: n+ � �W���� ��� ����
��� ;� n �9���
.'/� < �� �

�� R"� �9��� +��4 �&� �� -���*5#�� �L"� �� 0�
��� �� ��5#, � �"�� +�5����67-
 �,"�: ��� �� ��%�� "
��  
L�� ��B
� 	����
D �� �� ������ �E��� �4"��! " �5D� �6 	�L 	 � 	"�: ��� � �"�� ��#���$
 �4 �&� �
�5��G �� .5�
�� �� lKK m H
��L ��� `?� � <l^]o ��$B �lnop]m 0
#(
 �� R�W� 0�
�&�m�, ;�J��  �����5�� R"��! �
� 	���� ���&4�U�
����� �24�W� �� �D�� +��� �� H
��L �
� +�&� `?� � " <�
�� �6�� 	�L 	 � 	"�: ��� ;" �9��� ��#���$
 �4 �&� �
� �"�� ��
��,�
D 	�L 	 � 	"�: ��� � �"�� �4 �&� �
�5��G �53�
 F"� ����� �� �
�24�W� �K � �>3 �
� +�&� +�,`?� � <������

<��, �� ���O �&4�U�  �
� �� +��5#, �&�B �� �
�24�W� �
�2� `?� � �>3 �
� ��
*G ���9� 0�L �L"� +��� �� �D� �6

y′′ = F (x, y, y′) " y′′ ,��> ?��3��� 5�� ��=

;" �9��� ��#���$
 �4 �&� `?� �
� � 

d�y

dx�
= F

(
x, y,

dy

dx

)
, ln<\ m

�()� �+�5����67-
 	Y"�: R�9��� " �53�: �P� � ��

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�), lp<\ m

 �*� �>3 �
� ������ � <����� � �"�� �� ln<\ m �4 �&� �� ��5#,

z =
dy

dx
, l^<\ m

<��, �� ���O 	 �$5��  �
� ��
��
�� �9O �>3 M
�5� ~��� ��

z� = z + επ(x, y, z) +O(ε�), l]<\ m

���� 	�L j
�&� �
� ��
>� π(x, y, z) ��

π =
∂η

∂x
+

(∂η
∂y

− ∂ξ

∂x

)
z − ∂ξ

∂y
z�. l\<\ m

cn
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<������ �*G �
� ��
>� y′′ -�
� �
�2��� R�� �9���� �
P�*�

d�y�

dx�
�

=
d

dx

( dy�
dx�

) dx

dx�

=
{d�y
dx�

+ ε
(∂π
∂x

+
∂π

∂y

dy

dx
+
∂π

∂z

dz

dx

)}{
�− ε

( ∂ξ
∂x

+
∂ξ

∂y

dy

dx

)}
+O(ε�),

��
�� �J�5� � "

d�y�

dx�
�

=
d�y

dx�
+ ε

{(∂π
∂x

+
∂π

∂y
z +

∂π

∂z

d�y

dx�

)
−

( ∂ξ
∂x

+
∂ξ

∂y
z
)d�y
dx�

}
+O(ε�), la<\ m

�� 	 �$5�� �� 	�A�� ��L�� � �"�� lp<\ m �� �9#� ln<\ m �:�

F (x�, y�, z�) = F (x, y, z) + ε
(
ξ
∂F

∂x
+ η

∂F

∂y
+ π

∂F

∂z

)
+O(ε�),

��&
 �lp<\ m 	"�: �� �9#� ln<\ m �
� �"�� H
��L la<\ m " ln<\ m �� "
(∂π
∂x

+
∂π

∂y
z +

∂π

∂z
F

)
−

( ∂ξ
∂x

+
∂ξ

∂y
z
)
F =

(
ξ
∂F

∂x
+ η

∂F

∂y
+ π

∂F

∂z

)
. lc<\ m

�� <�
�"� ���� �� ξ " η �����
��� lc<\ m � z ���
� .
��C 0 � ���O ����� �� 	�A�� ��L�� z �� ���
� ���L F �:� "  
L�� �J�5�
�4 �&� �� lc<\ m �4 �&� �� ������� l\<\ m �� 	 �$5��

{∂�η
∂x�

+
(∂η
∂y

− �
∂ξ

∂x

)
F − ξ

∂F

∂x
− η

∂F

∂y
− ∂η

∂x

∂F

∂z

}

+
{
�
∂�η

∂x∂y
− ∂�ξ

∂x�
− �F

∂ξ

∂y
−

(∂η
∂y

− ∂ξ

∂x

)∂F
∂z

}
z

+
{∂�η
∂y�

− �
∂�ξ

∂x∂y
+
∂ξ

∂y

∂F

∂z

}
z� − ∂�ξ

∂y�
z�

= �. lr<\ m

<�
�� �6�� ξ(x, y) " η(x, y) ��&
 �lKK m +�2��
! �9���� �A�
A� b
�)� �� �4�W� �� +�&� `?� � < 
L�� �
�9�

η(x, y) " ξ(x, y) J���. 6���. $� ���3
�K�  �=

<��5#, �
� �()� η(x, y) " ξ(x, y) 	�A�� ��L�� y′ �� �I5#� F (x, y, y′) �:� ��, 0�)� ����� ����


ξ(x, y) = ρ(x)y + ξ(x), η(x, y) = ρ′(x)y� + η(x)y + ζ(x). lo<\ m

�4 �&� �� lKK m 	�A�� ��L�� �I5#� z �� F (x, y, z) �:�
{∂�η
∂x�

+
(∂η
∂y

− �
∂ξ

∂x

)
F − ξ

∂F

∂x
− η

∂F

∂y

}

+
{
�
∂�η

∂x∂y
− ∂�ξ

∂x�
− �F

∂ξ

∂y

}
z

+
{∂�η
∂y�

− �
∂�η

∂x∂y

}
z� − ∂�ξ

∂y�
z�

= �, lnq<\ m
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�
�� z� " z� .
��C �� R�� < 
L�� �
�9�

∂�η

∂y�
− �

∂�ξ

∂x∂y
= �,

∂�ξ

∂y�
= �,

��
�� z� " z .
��C �� �O �� ����*, < 
L�� �J�5� lo<\ m �4
2#� "

�ρ(x)F = �ρ′′(x)y + [�η′(x) − ξ′′]

[ρ(x)y + ξ(x)]
∂F

∂x
+ [ρ′(x)y� + η(x)y + ζ(x)]

∂F

∂y

= [η(x) − �ξ′(x)]F + [ρ′′′(x)y� + η′′(x)y + ζ′′(x)], lnn<\ m

�
1! ��I5)� �� ��#���$
 �4 �&� @�
! F (x, y) " �η′(x) = ξ′′(x) " 	 
� ����� �$B �� ρ(x) �
 f6

ξ(x)
∂F

∂x
+ [η(x)y + ζ(x)]

∂F

∂y
= [η(x) − �ξ′(x)]F + [η′′(x)y + ζ′′(x)]

<l����9� �� p " n �E�#�m�L�� y �� �UD �&��� �#
���� F (x, y) �4�� �
� � �� ��� �$B j4�?� ρ(x) �(�
� �
 ���

<��� � �"�� +�5����67-
 	"�: r ��� �NI�O y′′ = � ��, 0�)� ����� ����


��
�� ��$B ����� F �� lKK m ��

∂�η

∂x�
+

(
�
∂�η

∂x∂y
− ∂�ξ

∂x�

)
z +

(∂�η
∂y�

− �
∂�ξ

∂x∂y

)
z� − ∂�ξ

∂y�
z� = �, lnp<\ m

�J�5� lo<\ m " lnp<\ m � z� " z .
��C �� <��L�� lo<\ m �()� �#
�� η(x, y) " ξ(x, y) �L �J�5� �'9O R�W� � �(����*, "
��
��:��

ξ′′(x) = �η′(x), ρ′′(x) = η′′(x) = ζ′′(x) = �,

�
������ "

ρ(x) = C�x+ C�, ξ(x) = C�x
� + C� + C�,

η(x) = C�x+ C�, ζ(x) = C	x+ C�,

���� �� ��� � �"�� y′′ = � �4 �&� �� �9#� �� +�5����67-
 �,"�: �25��� �
� �� ;��� �, <��,�
?4 +�25��� C��<<<�C� �C� ��
�� <�
�� �6�� ��A
 +�25��� 0 
� �$B " C� = � ��3 �� C� H�
� 	�L ��4
� 	"�: ����� �� R�W� 0�
�&� <�, ��

dx�
dε

= x�
�
,

dy�
dε

= x�y�,

���
>� ��
*G �(L �� +�5����67-
 	"�: �� ε = � � y� = y �x� = x "

x� =
x

(�− εx)
, y� =

y

(�− εx)
.

��
�� " ����
�� �� 

dy�
dx�

= (�− εx)
dy

dx
+ εy,

d�y�

dx�
�

= (�− εx)�
d�y

dx�
,

<��� � �"�� 	"�: �
� ��� y′′ = � �4 �&� {
C
�

��#���$
 �4 �&� ��, 0�)� ����� ����


d�y

dx�
= xy + exp

(dy
dx

)
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<�#�� � �"�� +�5����67-
 	"�: k�, ���
�� lKK m �4 �&� �� ������� F = xy + ez ��3 ��

{∂�η
∂x�

+ xy
(∂η
∂y

− �
∂ξ

∂x

)
− yξ − xη

}
+

{
�
∂�η

∂x∂y
− ∂�ξ

∂x�
− �xy

∂ξ

∂y

}
z

+
{∂�η
∂y�

− �
∂�ξ

∂x∂y

}
z� − ∂�ξ

∂y�
z�

= ez
{(
�
∂ξ

∂x
− ∂η

∂y
+
∂η

∂x

)
+

(
�
∂ξ

∂y
+
∂η

∂y
− ∂ξ

∂x

)
z − ∂ξ

∂y
z�

}
.

�
�� ���5#, ez ���L �� ��8*! �� < 
L�� �
�9�

∂ξ

∂y
= �,

∂ξ

∂x
=
∂η

∂y
= −∂η

∂x
,

� z� .
��C �� �3�K �� <��5#, 	�
?4 +�25��� C� " C� �C� �� �η(x, y) = C�(y − x) + C� " ξ(x, y) = C�x+ C� ��J�5� � 
�
�� ���5#�� ez ���L �� ��8*!

−C�xy = y(C�x+ C�) + [C�(y − x) + C�],

< ����  
!" ���� � �"�� �� �4 �&� �� +�5����67-
 	"�: k�, f6 <C� = C� = C� = � ��� ��� ���O�� ���
B � {
C
� 0� ��

�;" �9��� �4 �&� �� �
�"� ���� �� +�5����67-
 	"�: �'� �(L ����� 	���


d�y

dx�
+ p(x)y = �. ln^<\ m

<���*� �O�� � �"�� 0� �� �9#�
��
��:�� �J�5� �F (x, y) = −p(x)y ��3 �� lKK m " lo<\ m � 	�L 	 � η(x, y) " ξ(x, y) �� " �\<n R�W� w��U�

ρ′′(x) + p(x)ρ(x) = �,

�η′(x) = ξ′′(x), η′′(x) + p′(x)ξ(x) + �p(x)ξ′(x) = �,

ζ′′(x) + p(x)ζ(x) = �, ln]<\ m

H�
� 	�L ��4
� +�5����67-
 +�2,"�: �� �� ���� �!
� <��� � �"�� +�5����67-
 	"�: r ��� �P�  �
� �#����$
 �4 �&� f6
f(&�� �� y �� ln^<\ m @�
! �, =*! ��� ln^<\ m �
� �"�� �N3�B � 
L�� �L�� ζ �� �� �,"�: <�
��5D� �6 ^<^ `?� � ξ " η

��
>� .���� X��&5� ��>5?� 	"�: �
� +��� <�����

u(x, y) =
y

ρ(x)
, v(x, y) =

ρ(x)
y

∫ x

x�

dt

ρ(t)�
,

�
�� " ���

du

d(uv)
= ρ(x)

dy

dx
− ρ′(x)y.

�� �
�"��� ���� lKK m7n " ln^<\ m �� 	 �$5�� �� f6

d

dx

( du

d(uv)

)
= ρ(x)

d�y

dx�
− ρ′′(x)y = �,

�
�� �
������ "

u = C�uv + C�,
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�
��:�� �J�5� �4 �&� �
� �� �4
2#� <��5��� C� " C� ��

y = C�ρ(x)
∫ x

x�

dt

ρ(t)�
+ C�ρ(x),

<��� ln^<\ m �4 �&� ��
*G @�
! �� 	�L �5D��L �sJ�5� �
� ��
	"�: lη(x) = � " ξ = �m 0 � ���O lKK m7p �4 �&� � �� �5(� �
� �� 	��L� ����*,

x� = x, y� = eεy,

��4�� �
� � < 
� �,�
D ��*L��� ��, �� ���� ������ f(&�� �� y 0Y  �  ��5�� ��� �A*, �UD �% �&� �*, �
� �"�� ��
�()� .���� X��&5� ��>5?�

u(x, y) = x, v(x, y) = log y

��
>� w(u) j
�&� �� " ���

w(u) =
dv

du
,

���(
� ��#���$
 �4 �&� �� ln^<\ m �4 �&�

dw

du
+ w� + p(u) = �.

<l����9� �� n\ ��$B �lnoaqm �3��m  
L�� �
�9�

�F��8 ��)"�� /�L /��� /"�0 ?;. �> �D�������� ������ �D> �ML 6���. &�=

�4 �&� �� B(x, y, z) " A(x, y) �I5#� +� �"�� " ����� ��3 	�L 	 � η(x, y) " ξ(x, y) +��� p<\ `?� +�, �*� " j
��&� ��
�>?)�

dx

dτ
= ξ(x, y),

dy

dτ
= η(x, y),

dz

dτ
= π(x, y, z), ln\<\ m

��#���$
 �4 �&� �� ��&O�" �
� <�
�� �� ����	�L j
�&� l\<\ m � π(x, y, z) ��

dB

dA
= Φ(A,B), lna<\ m

�J�5� �
������� ��L���� � �"�� 	"�: �
� ��� �� ��� +��4 �&� �
��;�G ���� _?)� +�2���
:�� �� 	�
?4 =��� Φ 0� � ��
� �"�� 	�L 	 � 	"�: ��� " 	 
� ;" �9��� lna<\ m �4 �&� {
C
� <�L���� ��&� 	"�: �� �9#� � �"�� �% �&� �'� �(L ���&�
��v:�" 	����
D �� \ �'g#� � �� ��
���� 	�L 	 � 	"�: �� �9#� � �"�� " lna<\ m �s 4 �&� �� ��;�G +��4 �&� �(�
� ����� <���

<������
��#���$
 �4 �&� �� ���� �O �#
���� ����*,

d�B

dA�
= Ψ(A,B,

dB

dA
), lnc<\ m

<��� 	�L 	 � 	"�: �� �9#� � �"�� ;
� �9��� �4 �&� �
�5��G ���� 	�
?4 =��� Ψ ��

	"�: ��� � �"�� ��#���$
 �4 �&� �
�5��G ����� ��	�


x� = f(x), y� = g(x)y,
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<�
�"� ���� �� � �"�� 	"�: �
� ��� �UD ;" �9��� ��#���$
 �4 �&� �
�5��G 0� �� �&� " �
�"� ���� ��
�
�"��� ���� �4
2#� ]<^ R�W� ��

A = s(x)y, B = s(x)[ξ(x)z − η(x)y], lnr<\ m

�4 �&� �� 0
��� <���	�L j
�&� 8N 9O ξ(x) " η(x) �s(x) ��

dB

dA
=

{
ξ(x) d

�y
dx�

+ (ξ′(x) − �η(x)) dydx +
(
η(x)�

ξ(x) − η′(x)
)
y
}

dy
dx − η(x)

ξ(x)y
lno<\ m

���
>� �� ����  �
� ;" �9��� �4 �&� �lna<\ m �� 	�
?4 =��� �� lno<\ m V�?� 0 �� �(
 "

d�y

dx�
+

(ξ′(x)
ξ(x)

− �
η(x)
ξ(x)

)dy
dx

+
(η(x)�
ξ(x)�

− η′(x)
ξ(x)

)
y =

Φ�(A,B)
s(x)ξ(x)�

, lpq<\ m

<�
�"��� ���� ����	�L j
�&� lnr<\ m � B " A " 	 
� 	�
?4 �&��� Φ� ��
���
>� Φ�(A,B) ��3 �� 	�L 	 � 	"�: ��� �� � �"�� �UD �A*, ;" �9��� ��#���$
 �4 �&� �'� �(L

Φ�(A,B) = αA+ βB, lpn<\ m

�4 �&� �� ��D� �s 4 �&� �� ������� lKK m " lpq<\ m �lnr<\ m �� <�
��� ���� ���5��� β " α ��

d�y

dx�
+ a(x)

dy

dx
+ b(x)y = �,

��
>� (x) " a(x) 0� � ��

a(x) =
�

ξ(x)
{ξ′(x) − �η(x) − β},

b(x) =
�

ξ(x)�
{η(x)� − ξ(x)η′(x) − α+ βη(x)},

��
�"��� ���� ��D� �4 �&� " �� η(x) Xv� �� ��  
L�� �
�9� ����	�L j
�&�

�

�
(�ξξ′′ − ξ′�) + ξ�

(
b(x) − �

�

da

dx
− a(x)�

�

)
= α− β�

�
.

<l����9� �� i �*#O ^ �>3 �� r �'g#�m��� ��:��� ;
� �>3 � 	��� ���� �J�5� �� �J�5� �
� �
������

	"�: ��� � �"�� ;" �9��� ��#���$
 �4 �&� �'� �(L ����� ��	�


ξ(x, y) = ξ(x)eky , η(x, y) = η(x)eky ,

<������ �� ���� ���� k ��
��
��A� �J�5� ����
��� ]<] R�W� ��

A = y + log s(x),

B = e−ky
{(
ξ(x)

dy

dx
− η(x)

)−�
− k

s(x)k

∫ x

x�

s(t)k

ξ(t)
dt

}
, lpp<\ m

���, 0�)� ����
��� +��:w)� �� < �� �� �9O j
�&� 0�*, s(x) ��

dB

dA
=

−ξ(x)�e−ky
(ξ(x)dy/dx − η(x))�

{d�y
dx�

+ k
(dy
dx

)�
+

(ξ′(x)
ξ(x)

− k
η(x)
ξ(x)

)dy
dx

− η′(x)
ξ(x)

}
− kB
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���
>� ����  �
� �4 �&� �
������
d�y

dx�
+ k

(dy
dx

)
+

(ξ′(x)
ξ(x)

− k
η(x)
ξ(x)

)dy
dx

=
η′(x)
ξ(x)

+
eky

ξ(x)�

(
ξ(x)

dy

dx
− η(x)

)�
Φ�(A,B) lp^<\ m

�� ���
��� lp^<\ m �4 �&� �()� ��#���$
 �4 �&� <�
��� ���� ����	�L j
�&� lpp<\ m � B " A " 	 
� 	�
?4 =��� Φ� ��
�()� R"� �9��� �� +��4 �&�

dB

dA
+ kB + Φ�(A.B) = �.

< 
L �

��

��()� ��#���$
 �4 �&� �'� �(L ����� ��	�


d�y

dx�
+ p(x)

dy

dx
+ q(x)y = �, lp]<\ m

<������ �� ��� � �"�� \<\ R�W� � 	�L 	 � 	"�: ��� �� ��
��
�� lno<\ m " lnr<\ m �� �\<\ R�W� � �53� ��(� +�, �*� ��

B
dB

dA
= s(x)

{
ξ(x)�

d�y

dx�
+ (ξ(x)ξ′(x) − �ξ(x)η(x))

dy

dx
+ (η(x)� − ξ(x)η′(x))y

}
.

��
�"��� ���� B � �B�� ���9G @�C �� " A �� �9#� �4 �&� �
� �� +�9:w5)� �� ��

B
{
B� d

�B

dA�
+

(dB
dA

)�}
= s(x)

{
ξ(x)�

d�y

dx�
+ �ξ(x)�(ξ′(x) − η(x))

d�y

dx�

+ξ(x)(ξ′(x)� + ξ(x)ξ′′(x) + �η(x)� − �η(x)ξ′(x) − �ξ(x)η′(x))
dy

dx

+(�ξ(x)η(x)η′(x) − ξ(x)�η′′(x) − ξ(x)ξ′(x)η′(x) − η(x)�)y
}
.

Ψ�(A,B, dB/dA) " ���9G �
� ���� X�K 0 � ���O ����� �� 	�L 	 � 	"�: ��� � �"�� ;
� �9��� �4 �&� �
�5��G �J�5� � ��
�U��� �� �UD ��#���$
 �4 �&� �'� �(L <�
��� ����

Ψ�(A,B,
dA

dB
) = αA+ βB + γB

dB

dA
,

�J�5� �� �η(x) = ξ′(x) − γ/� ��3 �� �lp]<\ m �4 �&� 0 �"� ���� �
P�*� <�
��� ���� ���5#, ���� β " γ �α ��

p(x) =
(ξ′� − �ξξ′′)

ξ�
− �

ξ�

(
β +

γ�

�

)
,

q(x) =
(�ξξ′ξ′′ − ξ�ξ′′′ − ξ′�)

ξ�
+
ξ′

ξ�

(
β +

γ�

�

)
− �

ξ�

(
α+

βγ

�
+
�γ�

��

)
.

��()� �P�  �
� �4 �&� �
������ " ����
�� �� 

�

�

dp

dx
− q(x) =

�

ξ(x)�

(
α+

βγ

�
+
�γ�

��

)
.

<��� ^<] `?� � 	��� ���� M
�5� �� w��U� �� �
��� ����

�8���)�> =�=

	�,�)� +��� <������ ����� �� ���	���  
!
� +��5#, =
��B � 0
:��
: �E�#� �� �� �� �B�D ��" �9��� �% �&� `?� �
� � 
@�5� ������ � �� �3��,� �K�?� <��� �&!��� lnna��$Bm �lnoc]m R
� " ��
'� @�5� �� �#
���� 	����
D �5)�� +�, �����

<������ ����� �,"�: F�A� �P� �UI� �� �� �E�#� �
�� 
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+��5#, �
5��� 0 �� ���2� ����� ��
�


��#���$
 �4 �&� ������ ���*� �� +�
5��� 0�
� �� �5#, �� ������ 	 
� �9#� �� .���� �D
� =
�
� ���&� �'g#� +���

y
(
y′′ +

αy′

x

)
− y′� + βy� = �, lp\<\ m

���� �� ���5#, ��
'&� +�25��� β " α " x �� �9#� w5)� �A��)� �
�6 ��8G " 	 
� �G�� �� �
���: 0�
�! 	��, 0�)� y(x) �� ��
<+����
5�� ����, �� �|��5� α = � " +���$B ����, ��3 �� �|��5� �α = � ���� �4�� " +��� �'g#� �
� <�
�"���

�4 �&� �� lp\<\ m �4 �&� �α = � +���

yy′′ − y′� + βy� = �, lpa<\ m

�� �N�
�B lpa<\ m �(�
� �'&� <�L�� 	���
�� ���
��� �2,"�: �
�P� �� fy� "  �����5�� +�,F"� �� ��5�� 0� �� "  
L�� �
�9�
�R"� �9��� ��#���$
 �4 �&� R
*&� F"� �� 0� � z = y′ 0 � ���O �� ��#�� �5#��" x

dz

dy
− z

y
= −βy

�

z
. lpc<\ m

�J�5� �� w = z� ���3 �� �
������ " �����L�� �4
��� �s 4 �&� �� �G
� 0�
�&� �� �4 �&� �
� <�
�"��� ���� ��

w = C�y
� − �βy�,

�4 �&� �� �� <������ ���� +��:R��A5�� ���� C� ��

dy

y(C� − �βy)�/�
= dx,

�@�
! �� ��I#� F"� ��

y(x) =
C�

β[�+ cosh(
√
C�x+ C�)]

, lpr<\ m

�� ��
*G @�
! 0 �"� ���� +��� �A
 F"� -
 �� <����
�� �� ���� �9W� ��3 ����� C� " +��:R��A5�� +�&� ���� C� ��
+�5����67-
 	"�: " ��� lpa<\ m �� �
 0�
��� < �� ��(� �
� ��
>� �� �,"�: F�A� 0�
��� lpr<\ m

x� = x+ ε, y� = y, lpo<\ m

"

x� = eεx, y� = e−�εy. l^q<\ m

y′ 0
� " �#�� �5#��" x �� b
�B �
U� lpa<\ m �� ����� 0�� � �� ��� +�
B +�	���1: �N 3�B lpo<\ m 	"�: <��� � �"� �
	"�: ��� lpc<\ m �� ����&� �
�� l^q<\ m 	"�: <�
�"��� ���� �� lpc<\ m �s 4 �&� z = y′ ��3 �� ��� 	"�: �
� �� �
� �"��

y� = e−�εy, z� = e−�εz,

��#���$
 �4 �&� �� lpc<\ m ��
B �
� � �� ���
1:���� �
�! �I#� ��x5� 0�
�&� �� u∗ = zy−�/� ��x5� �
������ ���� � �"��
�
v67-�($� R"� �9���

du∗

dy
= − (u∗� + �β)

yu∗
.

��()� ���
! +��� " 	 
� �� ���O �4
2#� 1�� 0� ��  
L�� �
�9�

u∗� = C�/y
� − �β,
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< 
L�� _?)� �NI�O ��4"� �4 �&� @�
! �@�
! �
� ~��� �� �� ���
�I#� ��x5� �
�� �� � � " ��� � �"� � l^q<\ m +�5���� 67-
 	"�: ��� lpa<\ m �s 4 �&� 0���*, �$B j4�?� + α +���

;" T
� �� ��� �4 �&� �� lp\<\ m �4 �&� �p = du/dt " t = log x ���x5� ���x� �
� �@ <���
1:���� �� u = yx�

p
dp

du
= �(α − �)u− βu� − (α− �)p+

p�

u
,

 �����5�� T
� �4 �&� �� ���
��� p = qu ��x5� ���x� �� 1�� �4 �&� �
� <lp\ ��$B �lnoaqm �3��m 
L�� �
�9�

q
dq

du
=
�(α − �)

u
− β − (α − �)

q

u
, l^n<\ m

+��� �� �
� �
�2� @�
! α = � +��� �� <l����9� �� lpn<n m �4 �&�m 
L �
�9� ���5#, +��: R��A5�� +�25��� C� " C� 	���" ��
��, ���� y(x)

y(x) =
�C�

βx�[�+ x
√
C�eC� + x−

√
C�e−C� ]

, l^p<\ m

< ����  
!" +��(L� 	�� k�, �l^q<\ m @�
! 0 �"� ���� +��� �� ������ �!
� α �A
 �
 �I� +���
��&
 �S(T ) �UD��/ =9�� " k(T ) �UD7��/ �
���: 	���� �
��, �� ���: +�
�6 �D�
�(
 �
U� R�I5�� �� +�&� R�W� " 

div[k(T )grad(T )] + S(T ) = �, l^^<\ m

+��� �� �U� �UI� �
� �� �,t�" " �,�'�� � ���
�6�� �
�� +�,	�
�6 ����� � �E�#� �
� <��
���  
!
� ����� 	s��, 0�)� T ��
 
!" ���
�6 �
���: =
�
� �
������ <��, �� �� ��, `
�13� �� �� �� �� 	�L V��D +���� 0�1�� ��� ��
���: =9�� H�
� 	�L ��4
�

� 
L�� �53�: �P� � �
� ��
>� =9�� " �
1! �
���: �
��, �� [
��� �s '*! < ����

k(T ) = k�(T/T�)
γ , l^]<\ m

S(T ) = S�(T/T�)
δ, S(T ) = S� exp(T/T�), l^\<\ m

<��5��� T� " S� �k� �δ �γ ��

�&��� +�,��x5� �� �
� ��#���$
 �4 �&� lKK m7n " lKK m �l^^<\ m �� ����� ��
�


yγ
(
y′′ +

αy′

x

)
+ γy′�yγ−� + βyδ = �, l^a<\ m

�
 +����
5�� ����, �� α = � " 	 
� ��$B �
 �O�" ����, �� �|��5� α = � 	���" <�3�: �J�5� 0�
��� �� ��5#, �25��� β " α �� ��
�53�: �P� � �*h5� l^a<\ m �� �'��� ��'�� <��� �5#��" �(
1�3 ��53� 	s �5#: �5
��" �� δ " γ �α +�25��� <��� �|��5� +��'��
+��� <������  "��� ���
L �B�� �,"�: F�A� +��� �4
2#� ����
��� �� �J
�5� �� ��  
D �!
� �J�
� � <��� Z�D +�254��
�� 	 �� +�2,"�: 0
��� �� ��5�� � ���� 	 �$5�� �� �L 0��� �>3 �
� ��4"� +�,`?� � �� +��
�P� �(�� �� �9O + ����� �'g#� �,

<��� 	�L �B8D nn " nq �o �E�#� � F"� �
� �`?� �
� �� �
�24�W� 0�
�&� <�
�� �6�� ������� � �"�� �� �4 �&�
+ ��5�� 	s �� 	"�: R�9��� �:�

x� = eεx, y� = eaεy, l^c<\ m

�� 	�A�� ��L�� ������ � �"�� �� l^a<\ m �4 �&� ��

a =
�

(�+ γ − δ)
, l^r<\ m

���
1:���� �I#� �
�! ��x5� 0�
�&� �� u = yx−α 	�A�� �L�� ���O�� �4�� �
� �(�
� �(�
� ��3 �� <����
�� �� �δ �= �+ δ [�L��
�4 �&� �� l^a<\ m �4 �&� ��
B �
� � ��

uγ{x�u′′ + (α+ �a)ux′ + a(α+ a− �)u} + γuγ−�(xu′ + au)� + βuδ = �,
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��
>� �4 �&� �
� p = du/dt " t = log x ��x5� ���x� �� < 
L�� �
�9�

up
dp

du
+ (α+ �a+ �aγ − �)pu+ a(α+ a+ γa− �)u� + γp� + βu−�/a = � l^o<\ m

< �� �
�9�  �����5�� +��4 �&� �� ���� 0�
��� Z�D �%�� � " ��� ;" T
� �� ��� �4 �&� -
 �'� �4�� � �� ��L �,�
D �
�9�
<��� ��� T
� �� �4 �&� �
� �δ = (�+ γ)(α+ �)/(α− �) " α �= � �:� "  
� �,�
D �A*, �4 �&� 0� �δ = γ + � �:� R�W� 0�
�&�

�� l^a<\ m 	�A�� δ = �+ γ �:�

y
(
y′′ +

αy′

x

)
+ γy′� + βy� = �, l]q<\ m

	"�: ��� ��

x� = x, y� = eεy. l]n<\ m

�4 �&� �� l]q<\ m �J�5� � " l����9� �� \<] R�W�m������ @�?5�� �
�! ��x5� 0�
�&� �� w = y/y′ �
������ < 
L�� �
�9� ���� �"��

dw

dx
+
α

x
w + (�+ γ)w� + β = �, l]p<\ m

����
��� �� ��� �B�D +�254�� γ = −� �
 α = � {
C
� <ln\ ��$B �lnoaqm �3��m��� ���(
� �4 �&� ��  
L�� �
�9�
� 
 Y = y�+γ +�,��x5� � <��
L�� �J�5 � � 
� ��
>� l]q<\ m �
 l]p<\ m ��
*G @�
! <���� �� �� %�� �4 �&� �4
2#�

�4 �&� �� l]q<\ m �4 �&� 	�A�� ������� j
�&� �� y = Y (�+γ)−�

Y ′′ +
α

x
Y ′ + β(�+ γ)Y = �.

�
�9� �'��
� ��� � � "  
L�� �
�9�

Y (x) = x(�−α)/�Z(x),

��
B �� 0�

Z ′′ +
Z ′

x
+

{
β(�+ γ) − (α− �)�

�x�

}
Z = �,

@�
! �� �#� �4 �&� ;�� �� �� �
��� � 

Z(x) = C�Jλ

[
x
√
β(�+ γ)

]
+ C�Yλ

[
x
√
β(�+ γ)

]
,

�
 �I� ;�*� +��� 	�A�� ��L�� δ = �+ γ �:� �
������ <��� �9W� β(�+ γ)  
L�� ��3 " ��� λ = (α−�)/� ��  
L�� �5D��L
<�L�� @�
! +��� ���
��� γ " β �α

�P� � �� �
���  
!
� ��
�*� =9�� `?� " ���� �
���: �
��, �4�� +��� l^^<\ m �� �� �� +��4 �&� �
�2� R�W� 0�
�&�
<�
��:��

���� �
��, " �
�*� =9�� `?� ����� ��
�


��#���$
 �s 4 �&� ��&��� +�,��x5� �� " lKK m7p " lγ = � ��3 ��mlKK m �l^^<\ m ��

y′′ +
αy′

x
= βey. l]^<\ m

+ α +��� �:� "  
L �� z = dy/dx  �����5�� ��x5� ���x� �� �4
2#� ���
��� �4 �&� �
� α = � ���I� +��� <�
��:�� �J�5� ��
��
>� +�5����67-
 	"�: R�9��� ��$B j4�?�

x� = eεx, y� = y + aε. l]]<\ m
������ ��	
 ��
� ����� ���� ��� ����� ����� � ����� ���� � 	! �" # �$ %�! �&'� ��(�)���
 �*
��+ ,� %-� ��.��+ ,� /��*��!�
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	"�: +� �"�� 0�
�&� �� u = x�ey �lKK m �� ε Xv� �� �� ����
�� �� a = −� �� 	�A�� ���� � �"�� �� l]^<\ m �4 �&� �� ��L��
�4 �&� �� 0� l]^<\ m � �
�! +��x5� 0�
�&� u 0 � ���O �� <�
�"��� ����

x�(uu′′ − u′�) + αxuu′ + �(�− α)u� + βu�,

�s 4 �&� �� p = du/dt " t = log x +�,��x5� ���x� �� ��  
L�� �
�9�

up
dp

du
= p� + (�− α)up− �(�− α)u� + βu�, l]\<\ m

� <�
��� ���� lpr<\ m ~��� �� 0� @�
! �
������ " ��� lpc<\ m �4 �&� 0�*, lKK m �4 �&� α = � +��� <����
�� �� 
< 
L �� ;" �9��� �� ��� T
� �� +��4 �&� 0�
�&� ���
��� lKK m �4 �&� α �= � +��� �� �4��

�

�� 	
�� ����*, " �2�� Z�
D ������  �"�� �� ��#���$
 �4 �&� �� �
�2,"�: �A�
A� 	 �� �
U� �>3 �
� +�24�W�
<�� ���� j�B
� �� �L�9� �
 �L�� 	 �� �'� ��  ����5�� T
� �� ��� �(*� �� R"� �9��� �� �% �&�

�'���

	�A�� ��L�� �$B�� ρ(x) �:� ��, 0�)� \<n R�W� +�2
��v: �*� �� 	 �$5�� �� F�

F (x, y) = G(x)y +H(x),

����	�L j
�&� �
� ��
>� G(x) " H(x) 0� � ��

G(x) =
ρ′′(x)
ρ(x)

, H(x) =
�η′(x) − ξ′′(x)

�ρ(x)
,

�U��� � �#
���� ξ(x) " η(x) �ρ(x) ��
��A� �J�5� fy� "

η(x) + ξ′(x) − �
ρ′(x)
ρ(x)

ξ(x) = C�

∫ x

x�

dt

ρ(t)�
+ C�,

<���� t�B ���5��� C� " C� 0� � ��

��
>� F (x, y) ��, 0�)� ��η(x) = ξ′(x) " 	 
� �$B ����� ρ(x) �:� F�

F (x, y) =
(ξ(x)�/�)′′

ξ(x)�/�
y +

�

ξ(x)�/�

( ζ(x)
ξ(x)�/�

)′
+

�

ξ(x)�/�
Φ

( y

ξ(x)�/�
−

∫ x

x�

ζ(t)
ξ(t)�/�

dt
)
,

< 
L�� j
�&� ���� _?)� +�2���
:�� �� 	�
?4 =��� Φ 0� � ��

��#���$
 �4 �&� ��, 0�)� ��L�� 	�
?4 " �$B�� ρ(x) �:� F#

d�y

dx�
+ p(x)y� = �,

���
��� 0� ��, 0�)� ��� � � " ������ �O�� � �"�� +�5����67-
 	"�: `L ��� �W����

d�y

dx�
+ αxmy� = �,

<Qp\ ��$B �lnoaqm �3�� S���
 ��'I� ;" T
� �� ��� �4 �&� ��

�� �������� �O�� � �"�� ] �>3 �� c " \ �E�#� +�5����67-
 +�2,"�: ��� �� �� �'�� ��#���$
 �4 �&� ��
*G �(L F'
<������
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;" �9��� �� ��#���$
 �s 4 �&� ���, 0�)� F*

F (x, y, y′, y′′) = �,

+�5����67-
 	"�: ���

x� = x+ εξ(x, y) +O(ε�), y� = y + εη(x, y) +O(ε�),

�:� �2�� " �:� ������� �O�� � �"��

L′′F = �,

<��� 	�L j
�&� �
� ��
B �� �� ��� L ;" =��
� �L′′ ��

L′′ = ξ
∂

∂x
+ η

∂

∂y
+ π

∂

∂y′
+ σ

∂

∂y′′
,

�:� ���� �!
� S <���	�L j
�&� la<\ m " l\<\ m H�
� " ��5#, y′′ " y′ -�
� �
�2��� +�24�� .
�55 � σ " π 0� � ��
�% �&� �� �I5#� @�
! �� C(x, y, y′, y′′) " B(x, y, y′) �A(x, y)

dx

dτ
= ξ(x, y),

dy

dτ
= η(x, y),

dy′

dτ
= π(x, y, y′),

dy′′

dτ
= σ(x, y, y′, y′′),

<Q��� C = Φ(A,B) �
 ω(A,B,C) = � ;�$� l�m 	"�: �� �9#� � �"�� �4 �&� �
����
*G 	�A�� ���L��
<Q��� �&!��� ^\r ��$B lnop]m 0
#(
 �� ���
��� 	����
D �
� �4�s#� ��  �
� � w�O ��� +��� S

+�,�A'*G �� +�5����67-
 +�2,"�: +��� F0

L� = ξ�(x, y)
∂

∂x
+ η�(x, y)

∂

∂y
, L� = ξ�(x, y)

∂

∂x
+ η�(x, y)

∂

∂y

<l ����9� �� ] �>3 �� np " nn �E�#� m <��� ����� (L�L�)′ ���&
 0� R"� H#� �� (L�L�) �:�J��! R"� =��
� ��, 0�)�

�� 	"�: ��� 0� 	�A�� ��L�� � �"�� L� " L� +�,�A'*G �� 	"�: " ��� y′′ = F (x, y, y′) ���#���$
 �4 �&� �:� ��, 0�)� F2
<������ �O�� � �"�� (L�L�) �A'*G

��� �4 �&� ��  ��  
!" L� ����� +�A'*G ��, 0�)� 	�A�� ��L�� � �"�� y′′ = F (x, y, y′) �4 �&� �� �9#� L� " L� �:� F8
�A'*G

(L�L�) = aL� + bL�,

<������ �O�� � �"�� �b " a +�25��� �D�� +���

;" �9��� �4 �&� +��� FG

d�y

dx�
= −α

x

dy

dx
− γ

y

(dy
dx

)�
− f(y),

;�$� ��� �"�� l�m �4 �&� �� �9#� �� �,"�: �2�� f(y) =��
� �*, +��� ��, 0�)� ���� γ �= −� [�L �� �
�25��� γ " α 0� � ��
<�L���� �
�

ξ(x, y) = g(x), η(x, y) =
{
�

�

[
g′(x) − α

x
g(x)

]
+A

} y

(�+ γ)
+
h(x)
yγ

,

�U��� �� �� ��5#, x �� �&��
� h(x) " g(x) " 	�
?4 +�25��� A 0� � ��
∂�η

∂x�
+
α

x

∂η

∂x
=

{∂η
∂y

− �g′(x)
}
f(y) − ηf ′(y).

<���	�L j
�&�
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�()� ��� �"�� l�m �4 �&� �� �9#� �� �,"�: �2�� 	�A�� �δ �= −� �:� ��, 0�)� ���L�� f(y) = ηyδ−γ �:� F�H

ξ(x, y) = x, η(x, y) =
�y

(�+ γ − δ)
.

<��� �"�� ������� t�B �
� �% �&� � g(x) " h(x) �� l��m 	"�: ��� l�m �4 �&� ���, 0�)� δ = γ + � �:� <�L����

g′′′ + �β(� + γ)g′ + α(�− α)
( g′
x�

− g

x�

)
= �, h′′ +

α

x
h′ + β(�+ γ)h = �.

j
�&� 	"�: ����� � �"�� �� l�m �4 �&� �� +�5����67-
 	"�: �2�� α �= � +��� ��, 0�)� �γ = � " f(y) = βey �:� F��
<������ t�B �
� �% �&� � h(x) " g(x) =��
� �(
�
U� ��� l��m � 	�L

g(x) =
�A

(α − �)
x, h(x) = − �A

(α− �)
,

<��
L j
�&� �
� ��
>� �#
���� h(x) " g(x) ��, 0�)� α = � +��� <��� o �'g#� ���� A 0� � ��

g(x) = −�Ax log x+Bx, h(x) = �A log x+ �(�A −B),

<��� +�&� 	�
?4 ���� B 0� � ��

���, 0�)� �\<r R�W� �� lp\<\ m ��#���$
 �4 �&� +��� F��

<��� �4 �&� Z�D @�
! y = �(α− �)/βx� (i)

<�, �� �J�5� �� �
� ��#���$
 �4 �&� y = ez �
�9� (ii)

Z ′′ +
α

x
Z ′ + βez = �.

���, 0�)� �\<o R�W� �� lp\<\ m ��#���$
 �4 �&� +��� F�#

+�,�U��� �� B " A 0� � �� y = AxB (i)

B =
�

(�+ γ − δ)
, A =

( β

B[�− α− (�+ γ)B]

)�/(�+γ−δ)

<����� ����� �� �
�1� �4 �&� Z�D @�
! ���
L�� ���&�

<����� �
�9� �
� ��#���$
 �4 �&� �� �� �
�v� �4 �&� y = Z�/(�+γ) �
�9� (ii)

Z ′′ +
α

x
Z ′ + β(�+ γ)Zδ/(�+γ) = �.

+�254�� f
��� �
� Z�D �
 �I� �� ��� δ/(�+ γ) f
��� �� ��47�� � �4 �&� ��4 �&� �
� 	�A�� �α = � �:� ���� �!
� S
<Ql����9� �� ^rc ��$B lnoaqm �3��m �, �� �J�5� �� +�
v6��
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-��8� ��)5�� �4 �&� ��, 0�)� F�'

∂c

∂t
= D

∂�c

∂x�
,

�()� �5��� V
� +�,@�
!

c(x, t) = A(x) sin[wt−B(x)],

�% �&� � B(x) " A(x) " 	 
� ���� w �2�� � ��

A′′ = AB′�, AB′′ + �A′B′ + k�A = �,

��#���$
 �4 �&� "  �
v6�� �� ������� t�B �k = (w/D)�/� 1�� 0� � ��

[(A�A′′)�/�]′ + k�A� = �,

+�5����67-
 	"�: ���

x� = x, A� = eεA,

;" �9��� ��#���$
 �4 �&� ~��� �
��� " ������ �O�� � �"��

w′′ + �ww′ + �w� + �k�(w′ + w�)�/� = �,

<�, �� �J�5� �� �w = A′/A ��

���
>� �� Θ(x) ��x5� " Z(x) H'5?� ��x5� F�*

A(x) = exp Θ(x), Z(x) = Θ(x) + iB(x),

�4 �&� �� B(x) " A(x) V"� �4 �&� ��, 0�)� " ���� j
�&�

Z ′′ + Z ′� = −ik�.

�UD ��#���$
 �4 �&� " 	 �� j
�&� �� q = p� " P = Z ′ +�,��x5� �N�&� < 
L�� �J��
dq

dz
+ �q = −�ik�,

�	�L j
�&� q(x) ��

q = Ce−�Z − ik�,

��3 �� �4 �&� �
� �� <�
��A� �J�5� �� ���� H'5?� 	�
?4 ���� C ��

C = ik�A�
�
e�iB� ,

H�
� z = eZ �� �
��A� �J�5� ���, �� 0�)� �� �,�
?4 �I�I� +�25��� B� " A� 0� � ��

z = A�e
iB� sin[k(�+ i)(x− x�)/�

�/�],

��
>� B(x) " A(x) +��� ��
*G @�
! �� �
��A� �J�5� fy� < 
L�� ;
'&� ���� +��:R��A5�� +�&� ���� x� 0� � ��

A(x) = A�(sin
� y + sinh� y)�/�, B(x) = B� + tan−�

(tanh y
tan y

)
,

���
>� c(x, t) �4�� �
� � ��, 0�)� ��� � � <�, �� 0�)� �� k(x− x�)/��/� �y 0� � �� �L����

c(x, t) =
A�
�

{ey cos(wt−B� − y) − e−y cos(wt−B� + y)}.

< 
L�� 	 ��
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#�� �$����

���	� 
�G

��%
K �N59#� ������ � �"�� �� �4 �&� �� +�5����67-
 	"�: ���&� � ��9���� �
1! ��I5)� �� ��#���$
 �% �&� +��� �N�
*G
� �� +�5����67-
 �8
�9� 	"�: �� + "��� 	 � ��5�� � ��, ;�J�� +�5,��
� 0��� � �� ��9���� �
� �(�
� �
P�*� <���
	��
� �>3 � �UD��/ �
1! ��I5)� �� �% �&� �� " ������ ����� �� ���	 �$5�� ���O �UD �
1! ��I5)� �� ��#���$
 �% �&�

�()� ��8
�9� t " x �I5#� +�,��x5� " C 	s �� �5#��" ��x5� +��� �'� �4�� � <�D� �6 ��,�
D

x� = f(x, t, ε) = x+ εξ(x, t) +O(ε�)

t� = g(x, t, ε) = t+ εη(x, t) +O(ε�)

c� = h(x, t, ε)c = c+ εζ(x, t)c+O(ε�) ln<a m

�:� " ��� � �"�� �� ��#���$
 �4 �&� ln<a m �
�9� �:� <������ _?)� �� ��5#�� �5#��" C �� b
�B �
U� h " g �f 0� � ��
��
�� ε �9��� �� �8*! 0 � ���O ����� �� " φ(x�, t�) �� 	�A�� �c = φ(x, t)

ξ(x, t)
∂c

∂x
+ η(x, t)

∂c

∂t
= ζ(x, t)c. lp<a m

R"� �9��� �
1! ��I5)� �� ��#���$
 �4 �&� 0�
�G �� �5O" lp<a m �4 �&� <��L���� ;
'&� =��
� ζ(x, t) " η(x, t) �ξ(x, t) 0� � ��
�� ��#���$
 �4 �&� @�
! � =��� ;�3 �

&� �'��" �� 	�
?4 =��
� �� �, �� �� �� �� 	�
?4 =��
� �� �&��� ;�3 � 
L �� ��
+��� " ��� �4
*&� ��#���$
 �4 �&� ��
>� 	�L �J�5� �4 �&� �I5#� ��x5� " �4�� � <��
L�� ���&� �	�L 	 � �
1! ��I5)�
< �, �� `,�� �(
 �� �� �I5#� +�,��x5�  ��&� �P�  �
� ��" �  �� �I5#� ��x5� " �� `�� �� �61! ��I5)� �� ��#���$
 �4 �&�
�� �∂�c/∂t� " �∂�c/∂x∂t �∂�c/∂x� �∂c/∂t �∂c/∂x �
1! ��I5)� -�
� �
�2� �� R�� +��� �
�, R
��3 ��� `?� � 
+��� <���	�L 	 �"� �! �
� � ��� 0 
� ���� +��� �4"  �� ��,�
?� +�	 �$5�� �D� �61! w5)� " �� ��� �, <���� �� �E���
�4 �&� 	�
" �� ��)5�� �4 �&� +��� �� 0� �� �|��5� +�, @�
! " ln<a m �(L �� �
�,	"�: %N 
B� �>3 �
� �� 	���� �O�� +�, `?�

��&
 �-��8� ��)5��

∂c

∂t
=
∂�c

∂x�
, l^<a m

��(L ��  
L �� ��3 �� -�867��
3 �4 �&� "
∂c

∂t
=

∂

∂x

(
p(x)

∂c

∂x

)
+

∂

∂x
(q(x)c), l]<a m

" ���� �� � �"�� �� �4 �&� �� �
�, 	"�: ���&� +��� <�
��:�� �P� � �� ��� ���5#, x �� �&��� HI3 q(x) " p(x) =��
� 0� � ��
�
1! ��I5)� �� �4 �&� -�
� �
�2� �� R�� -��8� F�A� <������� -��8� ��/ " -��8� �� �2�� ��  ��  
!" F"� T
�

r\
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p<am �� ��� �� 	����6 �*� �P� �� �� -��8� ��/ ��
��3 <��� 	 �$5�� lp<a m �� �� �
� 0"�� �, �� ���O �$B ����� �� 	�L 	 � 
�� �� �P�  �
� M
�5�  ��
� .'/� � <�L���6 0�
��� �'� �4�� �
� �� �B�D �4�� 0�
�&� �� -��8� +�, 	"�: " 	 �� 	 �$5�� l
��,�
D ��� l^<a m �s 4 �&� �� T�!�� �� -��8� ��/ F�A� 	���� �
�2� `?� � R�� �, �� <�
�"��� �� �� -��8� ��
��3
`?� � < �� ���6 lpqam �s�$B lnoc] m R
� " ��
'� � 0�
� �� �� l�
�v� +�,`?� 	�

�m �>3 �
� � 	�L �E��� M
�5� < ��
+��� �(��8� 	"�: �� q(x) =��� �
����
*G �p(x) 	�
?4 =��� +��� ��� � � " ������ �E��� �� l^<a m �4 �&� +��� M
�5� �D�� a<\

< �3�
 ��,�
D �� �L�� �5L�  
!" �4 �&� 0 �� � �"��

�'�� ��	��� (��� �
���N ��G

���
��� �� ���� �� ��3 +�5����6 -
 �8
�9� 	"�: +���

J =
∂(x�, t�)
∂(x, t)

=
∂x�
∂x

∂t�
∂t

− ∂x�
∂t

∂t�
∂x

, l\<a m

�
�� l\<a m " ln<a m �� < ��� �,��5� " �$B��

J = �+ ε
( ∂ξ
∂x

+
∂η

∂t

)
+O(ε�). la<a m

�
�� ∂c�/∂x� �E1! w5)� +��� 0
���

∂c�
∂x�

=
∂(c�, t�)
∂(x�, t�)

=
�

J

∂(c�, t�)
∂(x, t)

, lc<a m

�
�"��� ���� lc<a m � la<a m " lp<a m7^ �ln<a m7p +��vA
�! �� "
∂c�
∂x�

=
∂c

∂x
+ ε

{∂(ζc)
∂x

+
∂(c, η)
∂(x, t)

−
( ∂ξ
∂x

+
∂η

∂t

) ∂c
∂x

}
+O(ε�),

��
>� ��
∂c�
∂x�

=
∂c

∂x
+ ε

{
c
∂ζ

∂x
+

(
ζ − ∂ξ

∂x

) ∂c
∂x

− ∂η

∂x

∂c

∂t

}
+O(ε�), lr<a m

�� ���)� �
U� < 
L�� 	 ��
∂c�
∂t�

= −∂(c�, x�)
∂(x�, t�)

= −�
J

∂(c�, x�)
∂(x, t)

, lo<a m

��
�"��� ���� �� �
� �J�5�
∂c�
∂t�

=
∂c

∂t
+ ε

{
c
∂ζ

∂t
+

(
ζ − ∂η

∂t

)∂c
∂t

− ∂ξ

∂t

∂c

∂x

}
+O(ε�). lnq<a m

��
>� �� π� " π� �:�

π� =
{
c
∂ζ

∂x
+

(
ζ − ∂ξ

∂x

) ∂c
∂x

− ∂η

∂x

∂c

∂t

}

π� =
{
c
∂ζ

∂x
+

(
ζ − ∂η

∂t

)∂c
∂t

− ∂ξ

∂t

∂c

∂x

}
lnn<a m

�()� ��% �&� �� lnq<a m " lr<a m 	�: 0� ����� j
�&�
∂c�
∂x�

=
∂c

∂x
+ επ� +O(ε�),

∂c�
∂t�

=
∂c

∂t
+ επ� +O(ε�). lnp<a m

��
�� ∂�c�/∂x� ;" �9��� �
1! w5)� +��� < 
L�� �
�9�

∂�c�
∂x��

=
∂( ∂c�∂x�

, t�)

∂(x�, t�)
=
�

J

∂( ∂c�∂x�
, t�)

∂(x, t)
.
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�J�5� lnp<a m7n" la<a m ��

∂�c�

∂x�
�

=
∂�c

∂x�
+ ε

{∂π�
∂x

+
∂(∂c/∂x, η)
∂(x, t)

−
( ∂ξ
∂x

+
∂η

∂t

) ∂�c
∂x�

}
+O(ε�),

�� lnn<a m7n �� 	 �$5�� �� �� �
�"��� ���� ��

∂�c�

∂x�
�

=
∂�c

∂x�
+ ε

{
c
∂�ζ

∂x�
+

(
�
∂ζ

∂x
− ∂�ξ

∂x�

) ∂c
∂x

− ∂�η

∂x�
∂c

∂t

+
(
ζ − �

∂ξ

∂x

) ∂�c
∂x�

− �
∂η

∂x

∂�c

∂x∂t

}
+O(ε�) ln^<a m

�% �&� �� ∂�c�/∂t�� " ∂�c�/∂xl∂t� +��� ���)� �
U� � 
L�� �
�9�

∂�c�
∂x�∂t�

=
∂(∂c�∂t�

, t�)

∂(x�, t�)
=
�

J

∂(∂c�∂t�
, t�)

∂(x, t)
,

∂�c�

∂t�
�

=
∂(∂c�∂t�

, x�)

∂(x�, t�)
= −�

J

∂(∂c�∂t�
, x�)

∂(x, t)
,

������� �
� M
�5� ��

∂�c�
∂x�∂t�

=
∂�c

∂x∂t
+ ε

{
c
∂�ζ

∂x∂t
+

(∂ζ
∂t

− ∂�ξ

∂x∂t

) ∂c
∂x

+
(∂ζ
∂x

− ∂�η

∂t∂x

)∂c
∂t

−∂ξ
∂t

∂�c

∂x�
+

(
ζ − ∂ξ

∂x
− ∂η

∂t

) ∂�c

∂x∂t
− ∂η

∂x

∂�c

∂t�

}
+O(ε�)

∂�c�

∂t�
�

=
∂�c

∂t�
+ ε

{
c
∂�ζ

∂t�
− ∂�ξ

∂t�
∂c

∂x
+

(
�
∂ζ

∂t
− ∂�η

∂t�

)∂c
∂t

−�∂ξ
∂t

∂�c

∂x∂t
+

(
ζ − �

∂η

∂t

)∂�c
∂t�

}
+O(ε�).

)����� ������ (��� ,�4-> (�38"�0  �G

<�
��:�� �J�5� �� l^<a m ��)5�� �4 �&� -��8� 	"�: `?� �
� � 
�
�� ln^<a m " lnq<a m ��

∂c�
∂t�

− ∂�c�

∂x�
�

=
∂c

∂t
− ∂�c

∂x�
+ ε

{
c
(∂ζ
∂t

− ∂�ζ

∂x�

)
+

(
ζ − ∂η

∂t
+
∂�η

∂x�

)∂c
∂t

+
(
− �

∂ζ

∂x
− ∂ξ

∂t
+
∂�ξ

∂x�

) ∂c
∂x

+
(
�
∂ξ

∂x
− ζ

) ∂�c
∂x�

+ �
∂η

∂x

∂�c

∂x∂t

}
+O(ε�) ln]<a m

=��
� �� [�L �
� �� ��� � �"�� ln<a m �()� �8
�9� 	"�: ��� ���)5�� �4 �&� �� ������ �J�5� �
� �� lc<a m �� 	 �$5�� �� ��
�U��� �� ζ(x, t) " η(x, t) �ξ(x, t)

c
(∂ζ
∂t

− ∂�ζ

∂x�

)
+

(
�
∂ξ

∂x
− ∂η

∂t
+
∂�η

∂x�

)∂c
∂t

+
(
− �

∂ζ

∂x
− ∂ξ

∂t
+
∂�ξ

∂x�

) ∂c
∂x

+ �
∂η

∂x

∂�c

∂x∂t
= �, ln\<a m
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� 0� ��  �� ��,�
D 	 �� lp<a m �'��
� �� ln\<a m �4 �&� �-��8���/ F�A� �� 	 �$5�� �� �>3 �
� ��� � � <���	�L j
�&�
< �
v6�� ��
B �>3 ��*, �� �
�2� `?�

��
��:�� �J�5� ∂�c/∂x∂t .
��C �� fy� <��, �� ���O �$B ����� �� ���� ��I5)� " c .
��C 	 �� -��8� 	"�: +���
�
�� ∂c/∂t .
��C �� " �η = η(t)

ξ =
η′(t)x
�

+ ρ(t), lna<a m

lna<a m �� 	 �$5�� " ∂c
∂x 0 � ���O �$B ����� �� <��� t �� �,�
?4 =��� ρ(t) " �, �� 0�)� �� t �� �9#� w5)� �
�6 ��8G ��

�
��:�� �J�5�

ζ = −�
�

(η′′(t)x�
�

+ ρ′(t)x
)

+ σ(t), lnc<a m

�s 4 �&� �lnc<a m �� 	 �$5�� �� " ln\<a m �4 �&� � c .
��C �� <��� t �� +�&� 	�
?4 =��� σ(t) ��

−�
�

(η′′′(t)x�
�

+ ρ′′(t)x
)

+ σ′(t) +
η′′(t)
�

= �,

H��"� �#
���� %�� ���9G 0 
� ���O�� +��� R�� " ��
�"��� ���� ��

η′′′(t) = �, ρ′′(t) = �, σ′(t) = −η
′′(t)
�

���
>� ��)5�� �4 �&� +��� 	 �� -��8� 	"�: �% �&� �
� �� 0
��� <��L�� ���O��

ξ(x, t) = κ+ δt+ βx + γxt,

η(x, t) = α+ �βt+ γt�,

ζ(x, t) = −γ
(x�
�

+
t

�

)
− δx

�
+ λ, lnr<a m
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� ��3 ��mlnr<a m " lp<a m �� l^<a m ��
*G -��8� f��J5� @�
!
��$� ��
���  
!
� ��$B j4�?� �I��� " �$B j4�?� ���� -
 �� �� �
�2��
! �53�: �P� � �L �5$: �'9O +�,`?� � ����

< 
� �,�
D

�� �� �P�  �
� +�5����67-
 �8
�9� 	"�: ��
*G �(L �4�� �
� � <α = γ = δ = λ = κ = � �β = � ����� ��	��

�4 �&�
dx�
dε

= x�,
dt�
dε

= �t�,
dc�
dε

= �,

��4"� H
��L �53�: �P� � "

x� = x, t� = t, c� = c, lno<a m
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� 
L�� �J�5� �
� �4 �&� �4�� �
� � �� �
��� ���� �ε = � � 

x� = eεx t� = e�εt, c� = c,

�� ��#���$
 �4 �&� lp<a m �� �
������ <����� f(&�� �� t " x +"� ���#*,  ��5�� ��� l^<a m �
� �"�� �β ���� �J�5� � 
�
1! ��I5)�

x
∂c

∂x
+ �t

∂c

∂t
= �,

<�
�	 �� ����� �� 0� n �>3 c �'g#� � 8N 9O ��  
L�� �J�� �&��� ;�3 �� 0� �� �� �
��� ����

�% �&� �#
���� �P�  �
� 	"�: �� ��
*G �(L �53�: �J�5� �
P�*� <α = β = δ = λ = κ = � �δ = � ����� ��	��

dx�
dε

= t�,
dt�
dε

= �,
dc�
dε

= −x�
�
c�,

+�2��
! �� ��
B �
� � �� ���� �� lno<a m ��4"� H
��L �53�: �U� � �� ��

x� = x+ εt, t� = t, c� = c exp
(
− εx

�
− ε�t

�

)
.

�4 �&� �� �� @�
! �&��� ;�3 lp<a m �� 	 �$5�� �� ��� � � <����
�� �� 

t
∂c

∂x
= − x

�
c,

��
>�

c(x, t) = e−x
�/�tφ(t), lpq<a m

�4
*&� ��#���$
 �4 �&� l^<a m � lpq<a m +��vA
�! �� <��� t �� �,�
?4 =��� φ(t) 0� � �� �
��� ����

φ′(t) +
φ(t)
�t

= �,

�()� ���
! +��� �� �
��:�� �J�5� ��

φ(t) =
φ�√
t
,

�L�� �n<p R�W� 	��� ���� @�
! �� �δ ���� �� ��� 	�,�)� ���O lpq<a m " �4 �&� �
� �� <�L���� 	�
?4 �5��� φ� �� ���
<��� 	�L

��
�� �4�� �
� � <α = β = δ = λ = κ = � �γ = � ����� ��	��

dx�
dε

= x�t�,
dt�
dε

= t�
�
,

dc�
dε

= −
(x�

�

�
+
t�
�

)
c�, lpn<a m

��
�� lpn<a m �� 0
��� <�L���� lno<a m ��4"� H
��L +��� ��

t� =
t

(�− εt)
, lpp<a m

�4 �&� �� lpn<a m7n �
������ "
dx�
dε

=
x�t

(�− εt)
,
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�()� ���
! +��� ��  
L�� �
�9�

x� =
x

(�− εt)
. lp^<a m

@�
! �� �	�L �J�5� �4 �&� �� " lpn<a m7^ � lp^<a m " lpp<a m �� 	 �$5�� �� ��� � � " ���

c� = c(�− εt)�/� exp
( −εx�
�(�− εt)

)
. lp]<a m

��
�� lp<a m �U��� ~��� �� �|��5� f��J5� +�2��
! �� �&��� �(L ���&� �
P�*� <����
�� �� 

xt
∂c

∂x
+ t�

∂c

∂t
= −

(x�
�

+
t

�

)
c. lp\<a m

�()� ���
! +��� ��

c(x, t) =
e−x

�/�t

t�/�
φ(
x

t
), lpa<a m

���  
L�� �J�5� 0 �� 	 �� " l^<a m � lpq<a m +��vA
�! �� <��� _?)� +�2���
:�� �� 	�
?4 �&��� φ �� ���

φ′′(
x

t
) = �,

@�
! �� �J�� γ ���� �
������

c(x, t) =
e−x

�/�t

t�/�

(
φ� + φ�

x

t

)
,

@�
! ��
: k�, �� �:� < ��:�� ��� �� ���� x �� �9#� =9�� @�
! w5)� �� l^<a m @�
! �J�5� � " lKK m @�
! ��  
L��
�
P�*� <������ b
�)� �� 	 �� ��8*! �� +��
�6 ��" � -
 	 �� +�24�W� �
� ��� ����� ���� lnr<a m � �25��� -�($� �� +�
�!
�E�#� �� T�!�� �� +�&� `?� � �� 0� �� �
��A� �P� � �'� �4�� � �� lnr<a m 	"�: �#
���� �2
����/ M
�5� 0 �"� ����

<l����9� �� o " r �c �a �E�#�m��, �� ;�J�� u��5� +��� ���I�

O�;�� ($�� )��	� �'��� =�G

�2� +�,����� �� +���#� � ���5#, x = X(t) ;
'&��� +��� H
��L +��� " 	 
� l^<a m -��8� ��)5�� �4 �&� ���L �� �'E�#�
� �
������ " ���	�����6 �,;�P� �� +���#� � �E�#� �
� <l����9� �� lnorcm ��, �R�W� 0�
�&�m��, �� �� �&�B " ����2� ��*'G
	"�: ��� �� ��� x = X(t) u��5� +�,��� 0������L `?� �
� X�, <�L���*� �"�I� �B�3 �
� � ���E1! �s *, �53�: �P�
" 	 
� H9��� ����~�5� � +��'g#� �, +��� �� w�O �'�'�� M
�5� .'/� �� �,��� �
� <������ �O�� � �"�� lnr<a m -��8�

<���"���  
!
� �� �% �&� �� �
� �� �A
 �E�#� �� +��� ��$� +�*�,�� -
 �
������
�()� u��5� +��� �E�#� �'� �
U�

∂c

∂t
=
∂�c

∂x�
, � < x < X(t),

c(X(t), t) = �,
∂c

∂x
(X(t), t) = −Ẋ(t), lpc<a m

<�L���� X " c +��� 	�L ���&� ��4"� +�,	 � +��� " 	�L ���&� x = � � �� �L���� l" �
� �� �UD .���� �
m ∂c
∂x �
 c �� 	��*,

�UD��/ +��'g#� ���� <��� ���O�� c = � ��4"� [�L �'g#� �
� +��� " �, �� 0�)� �� 0��� �� �9#� w5)� �UI� �� ������ �O 
�
�9� ���� +��� ���I� �E�#� �� �E�#� �
� ��  
L�� .!
� �E�#� �
� 0 
� �UD��/ ��B�D �� ������ ��� .4�! " ��5#,
c ���L b
�B �
U� x = � � ∂c

∂x �
 c +��� 	�L ���&� +�,	 � " ��
L�*� �$B �O" k�, Ẋ(t) " X(t) �(�
� ��3 �� <��
L
�
�9� ����
��� ���5#��

ρ =
x

X(t)
, τ = X(t), lpr<a m
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�'g#� �� lpc<a m +��� ���I� �'g#� c(x, t = C(ρ, τ)) �� �� �
��#� ��

∂�C

∂ρ�
=
∂C

∂ρ
(�, τ)

{
ρ
∂C

∂ρ
− τ

∂C

∂τ

}
, � < ρ < �,

C(�, τ) = �,
∂C

∂ρ
(�, τ) = −τ τ̇ . lpo<a m

 ��  
!" ����� �
� � �� �'()� �2�� <�
�	 �� �
�9� ���� +��� ���I� �'g#� -
 �� �� lpc<a m �4 �&� �J�5� � < 
L�� �
�9�
�� " 	 
� ���� a " c� �� X(�) = a " c(�, t) = c� 	�L ���&� +�,	 � +��� �R�W� 0�
�&� <��� �UD��/  
!
� �'g#� �� ��� �
�

��
>� lpo<a m �4 �&� �$B ��4"� H
��L

C(�, τ) = c�, τ(�) = a. l^q<a m

�
��A� �J�5� ����
��� �4
2#� < ��  
!" C = φ(ρ) �()� ���
! 0� +��� �4�� �
� � ��  
L�� �
�9�

φ(ρ) = c�

{∫ �

ρ

e−bσ
�/�dσ

}{∫ �

�

e−bσ
�/�dσ

}−�
, l^n<a m

�s)
� " 	 
� b = −φ′(ρ) ��

b = c�e
−b/�

{∫ �

�

e−bσ
�/�dσ

}−�
, l^p<a m

���� 	�L j
�&� �
� ��
>� lτ = t �
m X(t) " ���

X(t) = (a� + �bt)�/�. l^^<a m

lnorcm ��,m ��:�� �� � Z�D �4�� 0�
�&� �� X(t) = (�bt)�/� ;
'&� u��5� +��� ���I� �l^^<a m �� ������ 	�,�)�
�� ����  
!" l^^<a m �()� u��5� +��� ���I� �� ��)5�� �4 �&� ��
*G @�
! �� [�9��� � �
�,�5L
� <l����9� �� np ��$B
�O�� � �"�� lnr<a m 	"�: ��� �� �� u��5� +��� �
 �I� 	 �� �
U� �J�
� � <�3�
 lnorcm ��, � 0�
��� ���� .���� =!���
=��
� �� 	����6 +�2U#� ���L 	�L �J�5� f��J5� +�2��
!  ����� <l����9� �� lnoc]m R
� " ��
'�m�
��:�� �P� � �� �������

< ��:�*� ���O �� X�, 	�
� � �� ��� 	�
"
�% �&� 	�A5� �� �I5#� @�
! " �#
���� 	�A��  
L�� �J�5� lp<a m �� c(x, t) @�
! �� �&��� �(L �� �����

dx

ds
= ξ(x, t),

dt

ds
= η(x, t),

dc

ds
= ζ(x, t)c. l^]<a m

�4 �&� �(�
� ��3 �� <��L�� �5L� ��

dx

dt
=
ξ(x, t)
η(x, t)

, l^\<a m

�4 �&� �� 0
��� <��� f��J5� ��x5� w ��  
L�� �J�5� ���� w(x, t) = constant ���� @�
! +��� 
dc

dt
=
ζ(x, t)
η(x, t)

c, l^a<a m

�()� �@�
! �&��� ;�3 �� �
��A� �J�5� ����
��� l���� 0�
�&� w �53�: �P� � ��m x = x(w, t) @�?5�� �� "

c(x, t) = φ(w)ψ(w, t), l^c<a m

<�L���� t " x �� �P�� �&��� �ψ " φ =��� " �, � w �� ���
��
�� ���� ���O�� x� = X(t�) �U��� " ������ �O�� � �"�� ln<a m 	"�: ��� x = X(t) ��� �(�
� ��3 ��

dX

dt
=
ξ(x, t)
η(x, t)

, l^r<a m
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�4 �&� �� � �"�� +�,��� �f��J5� ��x5� 0�
�&� w �(
�
U�

w(X(t), t) = w�, l^o<a m

" lnr<a m7p �lnr<a m7n �� -��8� 	"�: +��� Z�D �4�� � <��� 	�
?4 ���� w� �4 �&� �
� � �� ����� j
�&� ��
��
��A� �J�5� ����
��� l^r<a m

d

dt

{ X

(α+ �βt+ γt�)�/�

}
=

κ+ δt

(α + �βt+ γt�)�/�
. l]q<a m

��
��:�� �P� � �� �
� ���:��! �4�� ��2� l]q<a m �4 �&� �� +��� ��

�()� � �"�� ���I� �4�� �
� � <β� = αγ (i) @�	L

X(t) = At+B + w�(α+ �βt+ γt�)�/�, l]n<a m

��
>� �� ����
�25��� B " A 0� � �� ���

A =
( κγ − δβ

αγ − β�

)
, B =

(κβ − δα

αγ − β�

)
. l]p<a m

�β �α 	�
?4 ���� `L ���L 0� 0
� "  ��:�� �� � �B�D �4�� 0�
�&� �� l^^<a m �l]n<a m ������ 	�,�)� <���	�L j
�&�
<�3�: �P� � ;
'&��� u��5� +��� ���I� +��� �9
�I� ���9G 0�
�&� 0�
��� ���� ��� w� " κ �δ �γ

��
�� �4�� �
� � <δ = � " β� = αγ (ii) @�	L

X(t) =
(δβ − κ)
�(t+ β)

+ w�(t+ β) − δ. l]^<a m

��
�"��� ���� �4�� �
� � <β = γ = � �α �= � (iii) @�	L

X(t) = κt+
αt�

�
+ w�. l]]<a m

t = constant ��
>� � �"�� �
 �I� " w = t 	 �� �
U� f��J5� ��x5� ��4�� �
� +��� <γ �= � " α = β = γ = � (iv) @�	L
<�
��� ����

V��?5�� 0"��" u��5� +��� ���I� �'g#� +��� %�� � 	�L �E��� u��5� +�,��� lp^\m �s�$B lnoc]m R
� " ��
'� � 
�"�$� u��5� +��� ���I� Z�D �(L �� �N��!�� ��� �#�� _?)� u��5� ��� �� 	�L  ��" +���: �� ��&� �
� �� ���� 	�L

<��� ��:���
<��, �� ���O �����  �
� o " r �c �a �E�#� � �>5?� �
U� �� %�� �4�� ��2� �� �|��5� l^<a m �4 �&� �� 	�L �J�5� +�2��
!

,�-*+�>�N �
���� G�G

R
� " ��
'� <��, �� ���O �����  �
� ������� � �"�� �� l]<a m -�867��
3 �4 �&� �� ln<a m �()� �
�2,"�: `?� �
� � 
� <������ �E��� ����� �� ����� p(x) �� l]<a m �� �B�D �4�� +��� +��� ���I� �'g#� �� �
1! +�2'�'�� lpr\m ��$B lnoc]m
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q(x) " p(x) Z�D =��
� +��� �� M
�5� �
� fy� " �
�"��� ���� �� q(x) " p(x) 	�
?4 =��� +��� 	"�: ��
*G �(L ��5�� �J�
�
��
>� J(x) " I(x) =��
� �� ������  � ���O �J�
� � <��, �� {�L

I(x) =
∫ x dy

p(y)�/�
, J(x) =

d

dx

(
p(x)�/�

)
+

q(x)
p(x)�/�

. l]\<a m

�>3 �
� ������ � �� ���� �O �#
���� <���j
�&� F
D �P�  �
� 	��� � p(x) �= � �53�: �P� � �� =��
� �
� �� ���	�L j
�&�
<��� _?)� 0��
:�� �� �9#� w5)� �
�6 ��8G

�
� �"�� H
��L ∂�c/∂x� Xv� �� l]<a m �� 	 �$5�� " ln^<a m " lnq<a m �lr<a m �53�
 �
�9� �
1! ��I5)� +�24
��3 ��
� 
L�� �
�9� �
� H
��L �� l]<a m

c
∂ζ

∂t
+

(
ζ − ∂η

∂t

)∂c
∂t

− ∂ξ

∂t

∂c

∂x

=
(
ζ − �

∂ξ

∂x
+
p′(x)
p(x)

ξ
){∂c

∂t
− (p′(x) + q(x))

∂c

∂x
− q′(x)c

}

+p(x)
{
c
∂�ζ

∂x�
+

(
�
∂ζ

∂x
− ∂�ξ

∂x�

) ∂c
∂x

− ∂�η

∂x�
∂c

∂t
− �

∂η

∂x

∂�c

∂x∂t

}

+(p′(x) + q(x))
{
c
∂ζ

∂x
+

(
ζ − ∂ξ

∂x

) ∂c
∂x

− ∂η

∂x

∂c

∂t

}

+(p′′(x) + q′(x))ξ
∂c

∂x
+ c(ξq′′(x) + ζq′(x)). l]a<a m

�� 	 �� F"� -
 �� " ��� �5#��" t ��x5� �� �2�� η �� ��&� �
�� �η = η(t) ��
�"��� ���� �4
2#� ∂�c/∂x∂t .
��C �� 0
���
���
>� ζ ��  
L�� �J�5� �∂/∂t .
�C

ξ(x, t) =
η′(t)
�

p(x)�/�I(x) + ρ(t)p(x)�/�, l]c<a m

l]a<a m � ∂c/∂x .
�C �� " ��� l]\<a m � 	�L j
�&� ;
'&� R��A5�� I(x) " 	 
� t �� 	�
?4 =��� ρ(t) 0� � �� �L����
��
�"��� ����

ζ(x, t) = −η
′′(t)
	

I� + −ρ
′(t)
�

I − η′(t)
�

IJ − ρ(t)
�
J + σ(t), l]r<a m

� ζ " η �ξ +��� %�� ����9G +��vA
�! �� <��� 	�L j
�&� l]\<a m7p � J(x) " �, �� 0�)� �� t �� +�&� 	�
?4 =��� σ(t) ��
�s 4 �&� l]a<a m � c .
�C 0 � ���O �$B " 	��� ���� �4 �&�

η′′(t)
	

I(x)� +
ρ′′(t)
�

I(x) − η′′(t)
�

− σ′(t)

=
η′(t)
�

{p(x)�/�
�

φ′(x)I(x) + φ(x)
}

+
ρ(t)
�
p(x)�/�φ′(x). l]o<a m

���
>� φ(x) =��� �� �
�"��� ���� ��

φ(x) = �p(x)�/�J ′(x) + J(x)� − �q′(x). l\q<a m

< ��  
!" ����� +��� �1J� �4�� " l]o<a m �s 4 �&� ��'�� � <��� 	�L j
�&�

��
�� �4�� �
� � < @
�� 6	� ρ(t) 9(i) @�	L

φ(x) = C�I(x)
� + �C�I(x) + C�, l\n<a m

<���	��� ���� �
� �% �&� �� �� σ(t) " ρ(t) �η(t) +�2&��� " ��, �� 0�)� �� �,�
?4 +�25��� C� " C� �C� 0� � ��

η′′′(t) − �C�η
′(t) = �,

ρ′′(t) − C�ρ(t) =
�C�
�

η′(t),

σ′(t) =
−η′′(t)
�

− C�
η′(t)
�

− C�
ρ(t)
�
. l\p<a m
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��
�� �4�� �
� � < @
� � 6 ρ(t) 9(ii) @�	L

p(x)�/�

�
φ′(x)I(x) + φ(x) = �C�I(x)

� + C�,

�����
�� �� �
� @�
! �� 0� �� �� ��

φ(x) = C�I(x)
� + C� +

C�
I(x)�

, l\^<a m

���
L�� ���&� �
� �% �&� �� �� σ(t) " η(t) +�2&��� �4�� �
� +��� <��� +�&� 	�
?4 ���� C� 0� � ��

η′′′(t) − �C�η
′(t) = �,

σ′(t) = −η
′′(t)
�

− C�
η′(t)
�

. l\]<a m

����*� � �"�� -��8� +�5����67-
 �8
�9� 	"�: ��� l]<a m �s 4 �&� �� [�L �
� �� q(x) �
���'� �p(x) +��� �4�� " �, � 
�4 �&� �� �s '��
�

�p(x)�/�J ′(x) + J(x)� − �q′(x) = f(I), l\\<a m

���
>� f(I) �(i) �4�� +��� �� �
��� ����

f(I) = C�I
� + �C�I + C�, l\a<a m

���
>� (ii) �4�� +��� "

f(I) = C�I
� + C� +

C�
I�
. l\c<a m

���� 	�L j
�&� l]\<a m7n �'��
� I(x) �� �I5#� ��x5� -
 0�
�&� I ��3 �� l\\<a m �s 4 �&� �� �� ��� � � <�
��� ����
��
�� l\\<a m �� <�
�� �6��

�
dJ

dI
+ J� − �

p�/�
dq

dI
= f(I), l\r<a m

�� 	 �$5�� �� "

J =
d

dI
(log p�/�) +

q

p�/�
,

����(
� �4 �&� ��
>� l\r<a m �4 �&�

�
du

dI
+ u� = f(I), l\o<a m

���
>� u 0� � ��  
L �� 	 ��

u =
d

dI
(log p�/�) − q

p�/�
. laq<a m

	 � p(x) =��� +��� laq<a m ~��� �� 	�A�� ��� l\o<a m ���(
� �4 �&� @�
! u = ψ(I) �(�
� ��3 �� 0
��� <��� 	�L j
�&�
��
>� �� ����*� � �"�� -��8� 	"�: ��� l]<a m �4 �&� �� [�L �
� �� �� q(x) =
�� 	�L

q(x) =
p′(x)
�

− p(x)�/�ψ(I), I(x) =
∫ x dy

p(y)�/�
, lan<a m

<��� 	�
?4 ���� ��2� ���L 0� �'� �4�� � ψ(I) ���� 	�,�)� ���O �� �
K 0�*, " �
��:�� �J�5�
��� +��� C� " C� �C� �C� Z�D +�,���I� +��� l\o<a m �4 �&� l\c<a m �
 l\a<a m � 	�L j
�&� f(I) � � {
C
�

<��, �� T�!�� n\ �s�$B lnoaqm �3�� �� �� 	����
D ���(
� �4 �&� +�2��
! 	�,�)� �
P�*� �� �L���� Z�D 	 �� @�
!
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;" �s 9��� ��#���$
 �4 �&� +�2��
! ���&
 l\o<a m �4 �&� ��
*G @�
! �J�
� � 

zw′′(z) + (c− z)w′(z) − aw(z) = �, lap<a m

b��B�� c �:� <l����9� �� ^^n �s�$B lnoaqm �3��m��5#, ���� c " a �� ������� �E��� ����, ��� +�2&��� .#� �� ��8*! ��
�UD �I5#� +�2��
! lap<a m 	�A�� ��L��

w�(z) =� F�(a, c; z),

w�(z) = z�−c�F�(�+ a− c,�− c; z), la^<a m

���
>� �F�(a, c; z) ��  �� ��

�F� = (a, c; z) =
∞∑
k=�

(a)kzk

(c)kk!
, la]<a m

���
>� �(a)k  �*� " 	 
�

(a)� = �,

(a)k = a(a+ �)(a+ �)...(a+ k − �) (� ≤ k). la\<a m

<���
�� ��'I� +��'*! ��� ���9G �� la]<a m +�2
�� 	�A�� �L�� �$�� b��B a �:� �� ������ 	�,�)� <��� 	�L j
�&�
���, �� ���O 	 �$5��  �
� �� �
� �
�9� �;" �9��� �UD ��#���$
 �4 �&� �� l\o<a m ��'I� �
P�*�

u(I) =
�

v(I)
dv

dI
, laa<a m

�s 4 �&� �� �l\o<a m �4 �&� ��
>�
� � "

d�v

dI�
− f(I)

�
v = �. lac<a m

<�
��:�� �P� � �
� ��
>� �� �1J� �4�� " �4 �&� �
� �� +��� < 
L�� �
�9�

�� ������ ��3 �4�� �
� � <��� 	�L j
�&� l\a<a ? �� f(I) � M��( � 6	� ρ(t) 9(i) @�	L

z =
C
�/�

�

�

(
I +

C�
C�

)�
, v(I) = e−z/�w(z), lar<a m

�� lac<a m "

zw′′(z) +
(
�

�
− z

)
w′(z) − aw(z) = �, lao<a m

��
>� a ���� ��  
L�� �
�9�

a =
�

�
+

(C�C� − C�

�
)

	C
�/�

�

. lcq<a m

<��� 	�L j
�&�

������� ��3 �4�� �
� � <��� 	�L j
�&� l\c<a ? �� f(I) � � 6 ρ(t) 9(ii) @�	L

z =
C
�/�

�

�
I�, v(I) = zme−z/�w(z), lcn<a m
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��()� lac<a m �4 �&� �(�
� "

zw′′(z) +
(
�

�
+ �m− z

)
w′(z) − aw(z) = �, lcp<a m

���
>� m " a +�25��� 0� � �� �L����

a =
�

�
+

C�

	C
�/�

�

+m, m =
�

�

(
�− (�+ C�)

�/�
)
. lc^<a m

< 
L�� w9U�� ���� �$B C� ���� �� (i) �4�� @�
! �� �4�� �
� @�
! ��� �$B C� �5O" ������ �!
� <���	�L j
�&�
+��� <�
��:�� �P� � a = −�/� [�L �� �� C� " C� �C� +�25��� � 	�L �53�: �P� � (i) �4�� +��� +�	 �� b�C
� 0�
�&�

��
�� lar<a m " lac<a m �laa<a m �� (i) �4��

u(I) = (�C�/�

�
z)�/�

(
�

w(z)
dw

dz
− �

)
, lc]<a m

���
>� �� ����	��� ���� lKK m �� lao<a m �UD �I5#� +�2��
! �a = −�/� �5O" "

w∗
�

= ez − z�/�
∫ x ey

y�/�
dy,

w∗
�
(z) = z�/� lc\<a m

�� l\o<a m ���(
� �4 �&� @�
! �� �
��:�� �J�5� a = −�/� �� (i) �4�� +��� lKK m " lc]<a m �� <��L����

u(I) = (�C�/�

�
)�/�

{(�− z)
(
C� − ∫ z ey

y�/� dy
)
− z�/�ez

z�/�
(
C� − ∫ z ey

y�/� dy
)

+ ez

}
, lca<a m

Z�D +�254�� +�&� `?� � <��� lar<a m7n �'��
� 	�L j
�&� I �� �&��� Z " ��� +�&� 	�
?4 ���� C� ��  
L�� �
�9�
<������ ����� �� l]<a m �� +�A
 

,�-*+�>�N �
���� (��� ���3
�K� I�G

<��� 	�
?4 q(x) �p(x) = � ����� �����

��
�� l]\<a m �� �4�� �
� � 

I(x) = x, J(x) = q(x),

��
�"��� ���� l\q<a m �� ��

φ(x) = q(x)� − �q′(x).

�s 4 �&� �� l]o<a m �4 �&� �4�� �
� � ��

η′′′(t)
	

x� +
ρ′′(t)
�

x− η′′(t)
�

− σ′(t)

=
η′(t)
�

{ x
�
φ′(x) + φ(x)

}
+
ρ(t)
�
φ′(x).

���, �� ���O �����  �
� �>5?� �
U� �� �
� +�1J� �4�� " < 
L�� �
�9�

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



���(
� �4 �&� � �#
�� q(x) �4�� �
� � F@
� � 6	� ρ(t) 9(i) @�	L

q(x)� − �q′(x) = C�x
� + �C�x+ C�,

<���	��� ���� lKK m �4 �&� �� σ(t) " ρ(t) �η(t) " ��� t�B

��
�� �4�� �
� � F@
� � 6 ρ(t) (ii) @�	L

x

�
φ′(x) + φ(x) = �C�x

� + C�,

��� ��B
>D �
���

q(x)� − �q′(x) = C�x
� + C� +

C�
x�
,

<���	��� ���� l\]<a m �� σ(t) " η(t) " ��� ���O��
<Q�3�
 p\r ��$B lnoc]m R
� " ��
'� � 0�
��� �� R�W� �
�  ����� " ���� ���S

<��� ���� b �� q(x) = bx �p(x) = � ����� �����

��
�� �'9O R�W� �� (i) �4�� �� �4�� �
� � 

C� = b�, C� = �, C� = −�b,

��% �&� �� σ(t) " ρ(t) �η(t) =��
� "

η′′′(t) − �b�η′(t) = �,

ρ′′(t) − b�ρ(t) = �,

σ′(t) = −η
′′(t)
�

+ b
η′(t)
�

.

��
��:�� �J�5� �4
2#� �% �&� �
� �� <��
L�� ���&�

η(t) = α+ βe�bt + γe−�bt,

ρ(t) = δebt + κe−bt,

σ(t) = γbe−�bt + λ,

��
�"��� ���� l]r<a m " l]c<a m �� 	 �$5�� �� �J�5� � " <��5#, 	�
?4 ���� `L λ " κ �γ �δ �β �α ��

ξ(x, t) = bx(βe�bt − γe−�bt) + (δebt + κe−bt),

η(x, t) = α+ βe�bt + γe−�bt

ζ(x, t) = λ+ bγe−�bt − bδxebt − b�x�βe�bt.

�s 4 �&� �� �� +�5����67-
 +�2,"�: ��
*G �(L <�
��A� �P� � �� �$B ����� �25��� �O�� " β = � �4�� �	 �� b�C
� -
 0�
�&�

dx�
dε

= bx�e
�bt� ,

dt�
dε

= e�bt� ,
dc�
dε

= −b�x�
�
e�bt�c�,

	"�: �� �J�5� � " <�
��� ���� lno<a m ��4"� H
��L �� ��

x� =
x

(�− �εbe�bt)�/�
, t� = t− �

�b
log(�− �εbe�bt),

c� = c exp
{
− εb�x�e�bt

(�− �εbe�bt)

}
.
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�4 �&� �� lp<a m �
1! ��I5)� �� �s 4 �&� �
������ " ����
�� �� 

bx
∂c

∂x
+
∂c

∂t
= −b�x�c,

���
>� @�
! �&��� ;�3 " 	 
� w = xe−bt ��
>� w f��J5� ��x5� +��� ��  
L�� �
�9�

c(x, t) = e−x
�/�φ(xe−bt).

��
�"��� ���� 	 �� �
U� q(x) = bx " p(x) = � �� l]<a m � �&��� ;�3 �
� +��vA
�! �� fy� �L����

φ′′(w) = �.

��
�� �J�5� � "

c(x, t) = e−bx
�/�(φ� + φ�xe

−bt),

<������ ����� np �'g#� � �� R�W� �
� ��
*G +�2��
! T�
�� <��, �� 0�)� �� �,�
?4 +�25��� φ� " φ� 0� � ��

��#���$
 �4 �&� ����� �����

∂c

∂t
= a

∂�

∂x�
(xc) + b

∂

∂x
(xc),

<��, �� 0�)� �� �,�
?4 +�25��� b " a ��
��
�� �� �
� M
�5� �4�� �
� � 

p(x) = ax, q(x) = a+ bx,

I(x) = �

(x
a

)�/�
, J(x) = b

(x
a

)�/�
+
�

�

(a
x

)�/�
,

φ(x) =
b�

a
x+

�

�

a

x
.

�% �&� �� σ(t) " η(t) " 	 
� �$B ρ(t) ��
�"��� ���� l]o<a m �� 	 �$5�� �� " �M
�5� �
� �� 	 �$5�� �� ��

η′′′(t) − b�η′(t) = �,

σ′(t) = −η
′′(t)
�

.

��
�"��� ���� �� �
� M
�5� �J�5� � <��
L�� ���&�

ξ(x, t) = bx(βebt − γe−bt),

η(x, t) = α+ βebt + γe−bt,

ζ(x, t) = λ− b(βebt − γe−bt) − b�

a
xβebt,

<���	�L +���=*! n^ �'g#� � R�W� �
� �� j'5?� +�2��
! T�
�� <���	�
?4 ���� ��2� λ " γ �β �α 0� � ��

�4 �&� ����� 	����

∂c

∂t
=

∂�

∂x�
(x�c) + b

∂

∂x
(xc),

<�
��A� �P� � �� ��� 	�
?4 �5��� 	���" b ��
��
�� �4�� �
� � 

p(x) = x�, q(x) = (b+ �)x,

I(x) = log x, J(x) = (b+ �), φ(x) = (b+ �)�,
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�4 �&� �� l]o<a m �4 �&� ��
>�
� � ��

η′′′(t)
	

(log x)� +
ρ′′(t)
�

log x− η′′(t)
�

− σ′(t) =
η′(t)
�

(b+ �)�.

��
�"��� ���� �
������ < 
L�� �
�9�

η(t) = α+ �βt+ γt�,

ρ(t) = κ+ δt,

σ(t) = −�
�

(γ + β(b+ �)�)t− γ

�
(b+ �)�t� + λ,

=��
� �� l]r<a m " l]c<a m �� <��5#, 	�
?4 ���� `L λ " κ �δ �γ �β �α 0� � ��

ξ(x, t) = (β + γt)x log x+ (κ+ δt)x,

η(x, t) = α+ �βt+ γt�,

ζ(x, t) = − γ

�
(log x)� − �

�
{δ + (b+ �)(β + γt)} log x

− (b+ �)�

�
(α+ �βt+ γt�) − �

�
(β + γt) − �

�
(b+ �)(κ+ δt) + λ,

<�L ��,�
D ����� n] �'g#� � 1�� R�W� �
� +�2��
! T�
�� <���
�� �� 

)����� �
���� (��� ,�4->+��P (�38"�0 Q�G

c �� ∂c/∂x " c �U��" �� �2�� ln\<a m �� X�K �(�
� [�L �� " lp<a m ~����� l^<a m ��)5�� �4 �&� ����� �� `?� �
� � 
+�,	"�: ���&� +��� �4 �&� " fy� ���, �� ���O �$B +"�#� �� ∂c/∂x " c .
��C ��5�� �4�� �
� � <�
�� �6�� ��L���� �5#��"

��
>� �� B(x, t) " A(x, t) �lp<a m +�5����6 -
 	"�: +��� <�
�"��� ���� �� l^<a m ~����� -��8���/

A(x, t) =
ζ(x, t)
η(x, t)

, B(x, t) =
ξ(x, t)
η(x, t)

, lcc<a m

�4 �&� �� lp<a m �4 �&� ��
B �
� � ������� j
�&�

∂c

∂t
= Ac−B

∂c

∂x
. lcr<a m

�� �
� �4 �&� �4
2#� �l^<a m �� 	 �$5�� �� fy� " x �� �9#� lcr<a m �4 �&� �� �E1! +��: w5)� �� ��� � � <  
L�� �
�9�
��
�"��� ����

∂�c

∂x∂t
=

(∂A
∂x

−AB
)
c+

(
A− ∂B

∂x
+B�

) ∂c
∂x
. lco<a m

	�L �J�5 � �% �&� �2!
� ��� O �
U� ∂c/∂x " c .
��C 0 � ��� O �$B " ln\<a m � lco<a m " lcr<a m +��vA
�! � � ��
���
>�

∂A

∂t
=
∂�A

∂x�
− �A

∂B

∂x
,

∂B

∂t
=
∂�B

∂x�
− �B

∂B

∂x
− �

∂A

∂x
. lrq<a m

�'g#� �� ��	����6 {
C" �� " 	 
� �UD��/ t
3 �% �&� �� �:� <����� ��&� �� -��8���/ 	"�: �% �&� �
� " ��
L�� 	 ��
<��� �

�� �4
*&� ��#���$
 �4 �&� �� �� ��)5�� �4 �&� ���
��� 0� �� Z�D @�
! �, �� ������ 	�,�)� �4" ������4"�
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��
�� t �� 	�
?4 =��� �� �P�X�B " t " x �� �9#� lKK m7p �� �� 	�A�� �B = �∂φ/∂x ���� ��3 j
�&� � �:�

A =
∂�Φ
∂x�

− �

(∂Φ
∂x

)�
− ∂Φ
∂t
, lrn<a m

���
>� �Φ ���&� +��� �4 �&� -
 lp<a m7n � B " A +��� �, ���9G �
� +��vA
�! �� ��
∂�Φ
∂t�

+
∂�Φ
∂x�

− �
∂�Φ
∂t∂x�

− �
∂Φ
∂x

∂�Φ
∂x�

− 	

(∂�Φ
∂x�

)�
+ �

∂Φ
∂t

∂�Φ
∂x�

+	
∂�Φ
∂x�

+
(∂Φ
∂x

)�
+ �

∂Φ
∂x

∂�Φ
∂x∂t

= �. lrp<a m

�P� � Φxxx = � �� -��8� 	"�: �� �B�D �4�� 0�
��� �� -��8� 	"�: <��� 	����6 �4 �&� �
� �� {
C
� �� �
��� ����
� 
L �� �J�5� 	�A�� " 	 
� �$B ζ(x, t) ��
B �
� � �� �3�:

A(x, t) = �, B(x, t) = −�
h

∂h

∂x
, lr^<a m

�s 4 �&� � �c(x, t) ��&
 �	�L �J�5� @�
! ~��� �
� �� " �, �� 0�)� �� 0� �� ���
! h(x, t) ��
∂c

∂x
= h.

<����� t�B

" �
� ����� �� R�� �α = −�/� � 
 α = −�/� ��
�"��� ���� �lKK m �� 	�A�� Φ(x, t) = α log x �:� ����� ��
��

��
�� �6�� �4��

��
�� �α = −�/� �4�� � (i)

A(x, t) = �, B(x, t) = −�
x
,

�s 4 �&� �� lcr<a m �4 �&� �� ��
B �
��
∂c

∂t
− �

x

∂c

∂x
= �,

���� �
� �(L �� ��
*G @�
! +��� ��  
L�� �
�9�

c(x, t) = φ(w), w =
x�

�
+ t.

�4 �&� �� �l^<a m � �&��� ;�3 �
� +��vA
�! ��

φ′′(w) = �,

��
�� �J�5� � " ����
�� �� 

c(x, t) = φ�

(x�
�

+ t
)

+ φ�,

<��, �� 0�)� �� �,�
?4 +�25��� φ� " φ� 0� � ��

��
�� �α = −�/� �4�� � (ii)

A(x, t) = − �

x�
, B(x, t) = −�

x
,

�4 �&� �� lcr<a m �s 4 �&� �� ��
B �
��
∂c

∂t
− �

x

∂c

∂x
= − �

x�
c.
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��()� ��
*G @�
! +��� �4 �&� �
� < 
L�� �
�9�

c(x, t) = xφ(w), w =
x�

�
+ �t,

��
��:�� �J�5� 0� �� �� ���

c(x, t) = φ�x
(x�
�

+ �t
)

+ φ�x,

<��, �� 0�)� �� �,�
?4 +�25��� φ� " φ� 0� � ��

�'���

�� � & 
m� 
�� �  
 !
 � lnr<a m � λ " κ �α +� 2 5 �� � �� � � +� 5 ���� 67- 
 	"� : � � , 0� ) � ��� ) 5 �� � 4 � & � +�� � F�
�s 4 �&� �� �� 0� �lβ = γ = δ = ���

x� = x+ κε, t� = t+ αε, c� = eλεc

��
>� l^<a m @�
! �&��� ;�3 " ����� �
�9�

c(x, t) = eλx/κφ(αx − κt).

<������ \ �>3 �� n] �'g#� �� �� M
�5� �
� �U��� " φ +��� �4
*&� ��#���$
 �4 �&� fy� " �L����

	"� : ��
*G �(L �� � � , 0�) � �lnr<a m � � $B� � δ " β " α = γ = κ = λ = � +�2 5 �� � � � ��) 5 �� � 4 � & � +�� � F�
�� +�5����67-


x� = xeβε + t
δ

β
eβε(eβε − �), t� = e�βεt,

c� = c exp
{
− δ

�β�

[
(βx− δt)(eβε − �) +

δ

�
t(e�βε − �)

]}
.

��
>� @�
! �&��� ;�3 ��, 0�)� ���J*, < 
L�� �
�9�

c(x, t) = exp
( δ�t

�β�
− δx

�β

)
φ
(
δt�/� − βx

t�/�

)
,

<������ φ +��� �4
*&� ��#���$
 �4 �&� fy� " 	 
�

�s 4 �&� l^<a m ��)5�� �4 �&� �� ��, �� 0�)� �� �y = (x/X(t))� 0� � �� c(x, t) = φ(y)ψ(t) ��3 �� F#

X(t)�

�

ψ̇(t)
ψ(t)

=
�

ψ(y)

{
yφ′′(y) +

φ′(y)
�

(�+ yX(t)Ẋ(t))
}
.

���
>� �� X(t) �:� ��, 0�)� fy� " �53�: �J�5� ��

X(t) = (α+ �βt)�/�,

�()� ���
! +��� l^<a m �4 �&� 	�A�� ����� j
�&� �����,�
?4 +�25��� β " α 0� � ��

c(x, t) = X(t)�α/βφ(y),

�4 �&� � φ(y) �� ���

yφ′′(y) +
(
�

�
+
βy

�

)
φ′(y) − aφ(y) = �,

����,��� �4 �&� �� �4 �&� �
� �� ��, 0�)� �I5#� ��x5� +"� 	 �� ��x5� ���x� -
 �� " ��� 	�
?4 ���� a 0� � �� ����� t�B
< 
L�� �
�9� �O8�
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���5#, ���O�� 0� � �
� j
��&� �� �c(x, t) = φ(x, tψ(ρ, τ)) ��3 �� F'

ρ =
x

X(t)
,

dτ

dt
=

�

X(t)�
, X(t) = (α+ �βt+ γt�)�/�,

φ(x, t) =
�

X(t)�/�
exp

{
− x�Ẋ(t)
�X(t)

}
,

��
>� �l^<a m ��)5�� �4 �&� ����� ����
∂ψ

∂τ
=
∂�ψ

∂ρ�
− δ�ρ�

�
ψ

<δ = (β� − αγ)�/� ��
�� 0� � ��  
L�� �
�9�

��
>� φ(x, t) " ���	�L j
�&� �'9O �'g#� �� l�m �4 �&� � X " τ �ρ �� �c(x, t) = φ(x, t)ψ(ρ, τ) ��3 �� F*

φ(x, t) =
�

X(t)v+�
exp

{
− x�Ẋ(t)
�X(t)

}
,

�+�&���� ��)5�� �4 �&� �� ��, 0�)� ��L����

∂c

∂t
=
∂�c

∂x�
+

(�v + �)
x

∂c

∂x
,

�s 4 �&� ��
∂ψ

∂τ
=
∂�ψ

∂ρ�
+

(�v + �)
ρ

∂ψ

∂ρ
− δ�ρ�

�
ψ,

< 
L�� �
�9� ���� 	�L j
�&� �'9O �'g#� � δ ��

�4 �&� �� l^c<a m �s 4 �&� lnr<a m H��" � �� �!
� �� ��, 0�)� �β� > αγ " β� = �= αγ ��3 �� F0

c(x, t) =
φ(w)

(α+ �βt+ γt�)�/�

[β + γt− (β� − αγ)�/�

β = γt+ (β� − αγ)�/�

]μ

times exp
{
− t

�
(A� + γw�) +

aw

�
(α = �βt+ γt�)�/�

}
,

���
>� μ " 	�L j
�&� l]p<a m7p � A ��  
L�� �
�9�

w =
x− (At+B)

(α + �βt+ γt�)�/�
,

μ =
�

�(β� − αγ)�/�

{
λ+

β

�
+

�

�γ
[δ� +A�(αγ − β�)]

}
,

�
� ��#���$
 �4 �&� l^<a m ��)5�� �4 �&� +��� l��m ��x5� ���x� �� ��� � � " <��� 	�L 	 � l]p<a m7p � B 0� � �� ���

φ′′(w) + βwφ′(w) + (Dw� + E)φ(w) = �,

���
>� E " D 0� � ��

D =
αγ

�
, E =

�

�γ
[A�(β� − αγ) − δ�] − λ.

�
�� ��
B �
� � ��L�� ���O�� β� < αγ �L"�� �D� � �:� <�
��A� �J�5� �� ����	�L j
�&�

exp
{

(αγ − β�)−�/�
(
λ+

β

�
+

�

�γ
[δ� +A�(αγ − β�)]

)
tan−�

((αγ − β�)�/�

(β� + γt)

)}

<Ql����9� �� pn\ ��$B �lnoc]m R
� " ��
'�m  
L 0��� ���
��� �O8� ����,��� =��� �8*! �� φ(w) �4 �&� S
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�
��A� �J�5� �� �&��� ;�3 l^a<a m " lnr<a m �% �&� ~��� �� �γ �= � " β� = αγ ��3 �� F2

c(x, t) =
φ(w)

(t+ β)�/�
exp

{ L�

��(t+ β)�
+

M

(t+ β)
− Lw

�(t+ β)
− w�(t+ β)

�

}
,

���
>� M " L �w 0� � ��

w =
{
x+ δ +

(κ− δβ

�

)
�

(t+ β)

}
�

(t+ β)
,

L =
�

�
(κ− δβ), M = −�

�
(δ� + �β + �λ).

�s 4 �&� � φ(w) ��, 0�)� �l���m " l^<a m �% �&� ~��� �� fy� <���	�L j
�&�

φ′′(w) − (Lw −M)φ(w) = �.

<����� t�B
<Q����9� �� lpnc ��$B lnoc]m R
� " ��
'�m  � 0�)� V
6 =��
� .#� �� ��8*! �� 0�
��� �� �4 �&� �
� +�2��
! S

�s 4 �&� �� l^c<a m ��  
L�� �J�5� lnr<a m �� ��, 0�)� �α = � " β = γ = � �:� F8

c(x, t) = φ(w) exp
{
− δ�t�

��
− δκt�

�
+ λt− δ

�
wt

}
,

��
>� w ��

w = x− δt�

�
− κt.

� φ(w) �
��A� �J�5� l^<a m " l����m �� < 
L�� �
�9� ���� 	�L j
�&�

φ′′(w) + κφ′(w) +
(δw
�

− λ
)
φ(w) = �.

<����� t�B
<Ql����9� �� pnr ��$B �lnoc]m R
� " ��
'�m ��� �
6 =��
� .#� �� ��8*! �� 0��� ���O +�2��
! +��� 1�� �4 �&� �
�S

���&
 Q=9�� @�
!S �� ��, 0�)� lnr<a m ~��� �� �δ �= � " α = β = γ = � �:� FG

c(x, t) =
φ�

(t+ κ)�/�
exp

{
− (x − �λ)�

�(t+ κ)

}
,

<�L���� 	�
?4 ���� φ� 0� � �� �
��A� �J�5� ��

�s 4 �&� ��, 0�)� F�H
∂c

∂t
=

∂

∂x

{
p(x)

∂c

∂x

}
,

�
�9� ��

c(x, t) = α(x)C(y, t), y = β(x),

�s 4 �&� ��
∂C

∂t
=
∂�C

∂y�
,

��()� p(x) �:� �2�� " �:� � 
L�� �
�9�

p(x) = (C�x+ C�)
�/�

< 
L j
�&� �����,�
?4 +�,���� 	��
�*� C� " C� 0� � ��
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-��8� 	"�: +��� f��J5� ��x5�  
L�� 	�,�)� a<\ R�W� �� F��

∂c

∂t
=
∂�c

∂x�
+ b

∂

∂x
(xc),

�4 �&� �� �'��
�

d

dt

{ x

(α+ βe�bt + γe−�bt)�/�

}
=

(δebt + κe−bt)
(α + βe�bt + γe−�bt)�/�

,

�
�9� ;�J�� �� <�
��� ���� ����	�L j
�&� R�W� 0�*, � κ " δ �γ �β �α ��

ρ = e�bt,

"  �� �� 0�
��� ��
 �� ��(� -��8� ��)5�� �4 �&� �� +��� �� ��"�$5� �4�� ��2! �53�: �P� � �� �� l�m �4 �&� �� ��, 0�)�
<�
�"� ���� �� f��J5� ��x5� �%�� �� -
 �, � 

���
>� c(x, t) 0� � �� �� �
� +�254�� T�
�� a<\ R�W� �� T
!� �� F��

c(x, t) = φ(w)ψ(w, t).

<���� ����� �� �t→ � �� �5O" η → � ��
�� 0� � ����*, " 	�L j
�&�

�α = −γ = �, β = � (i)

w =
xτ + δ∗ + κ∗

(τ� − �)�/�
− δ∗(τ� − �)�/�,

ψ(w, τ) = τ(τ� − �)λ
∗/� exp

{
bδ∗

(
w(τ� − �)�/� +

δ∗τ�

�

)}

φ′′(w) + bwφ′(w) − bλ∗φ(w) = �.

�β = −α = �, γ = � (ii)

w =
x+ (δ∗ + κ∗)τ
(τ� − �)�/�

+ κ∗
(τ� − �)�/�

τ
,

ψ(w, t) =
(τ� − �

τ�

)λ∗

exp
{
− b

�

[
(w� + (δ∗ + �κ∗)�)τ� − �(δ∗ + �κ∗)wτ(τ� − �)�/�

]}
,

φ′′(w) − bwφ′(w) − (�λ∗ + �)φ(w) = �.

�β = −γ = �, α = � (iii)

w =
τx + δ∗ + κ∗τ�

(τ� − �)�/�
.

ψ(w, t) =
τ

(τ� − �)�/�

∣∣∣τ� − �

τ� + �

∣∣∣λ
∗

exp
{
− b

�

[
(w� + κ∗�)τ� − �κ∗w(τ� − �)�/�

]}
,

φ′′(w) − b(�λ∗ + bw�)φ(w) = �.
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�β = γ = −α/� = � (iv)

w =
τx+ �δ∗

(τ� − �)
+

(δ∗ + κ∗)
(τ� − �)

,

ψ(w, t) =
τ

(τ� − �)�/�
+ exp

{
− λ∗

(τ� − �)
+ b

(τ�w�
�

(δ∗ + κ∗)w
(τ� − �)

− (δ∗ + κ∗)�

�(τ� − �)�

)}
,

φ′′(w) − �bφ′(w) − b{(�+ �λ∗) + �(δ∗ + κ∗)bw − bw�}φ(w) = �.

�β = �, γ = μ�, α = −(�+ μ�) (v)

w =
τx + δ∗ + γ�(τ� − γ�)
[(τ� − �)(τ� − μ�)]�/�

ψ(w, t) =
∣∣∣ τ� − �

τ� + μ�

∣∣∣λ
∗ ∣∣∣τ�(�−μ�)(τ� − �)μ�

τ� − μ�

∣∣∣v

exp
{
− b

�

[
(w� + γ�

�
)τ� − �wγ�[(τ� − �)(τ − μ�)]�/�

]}

φ′′(w) − (�+ u�)bwφ′(w) − b{(�+ �λ∗)(�+ μ�) − �bμ�w�}φ(w) = �

γ� =
�(�κ∗ + (�+ μ�)δ∗)

(�− μ�)�
, γ� =

(�+ μ�)
�

, v =
�

�(�− μ�)

��
>� τ �4�� �, � 

τ = ebt,

�2�� �4�� �, � �� �#�� +���� �J�5� � <������ j
�&� λ " κ �δ +�25��� ~����� .���� �
U� �� λ∗ " κ∗ �δ∗ +�25��� " 	 
�
<��L�� �'9O +�25��� 0�*,

���
>� C(x, t) �(�
� �� �!
� �� �a<a R�W� �� T�!�� �� F�#

c(x, t) = φ()wψ(w, t).

<���� ����� �%�� �� -
 �, � �� �
� �
�2��
! ���� 	�L j
�&�

�w = xτ
(τ−�)

, ψ(w, t) = τ(τ − �)λ
∗

(i)

awφ′′(w) + (�a+ bw)φ′(w) − bλ∗φ(w) = �.

�w = x
(τ−�)

, ψ(w, t) = (τ−�)λ∗−�

(τ)λ∗ exp
{
− bτw

a

}
(ii)

awφ′′(w) + (�a− bw)φ′(w) − b(λ∗ + �)φ(w) = �.

�w = xτ
(τ�−�)

, ψ(w, t) = (τ−�)λ∗−�

(τ+�)λ∗+�
exp

{
− bτ�x

a(τ�−�)

}
(iii)

awφ′′(w) + �aφ′(w) −
(
�bλ∗ +

b�

a
w

)
φ(w) = �.
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�w = xτ
(τ−�)�

, ψ(w, t) = τ
(τ−�)�

exp
{
− bτ�x

a(τ�−�)
+ λ∗

(τ−�)

}
(iv)

awφ′′(w) + �(a− bw)φ′(w) −
(
λ∗ − �+

bw

a

)
φ(w) = �.

�w = xτ
(τ−�)(μτ−�)

(v)

ψ(w, t) =
τ

(τ − �)(μτ − �)

∣∣∣ τ − �

μτ − �

∣∣∣λ
∗

exp
{
− bμτw

a

}
,

awφ′′(w) + [�a− (�+ μ)w]φ′(w) +
{

(�− λ∗) + μ(�+ λ∗) − bμ

a
w

}
φ(w) = �.

���
>� τ �4�� �, � 

τ = ebt,

<��� 	�
?4 ���� λ∗ 0� � �� ��� 	�L j
�&�

���
>� C(x, t) �� �4�� � ����� ����� �4�� �, � �� �
� T
� �� �
�2��
! �a<a R�W� �� T�!�� �� F�'

c(x, t) = φ(w)ψ(w, t),

<��� 	�L j
�&�

�α = β = �, γ = � (i)

w =
δ + log x

t
+

κ

�t�
,

ψ(w, t) =
�

t�/�
exp

{ κ�

�	t�
− λ

t
− (b+ �)�

�
t− w�t

�
−

[κ
t

+ �(b+ �)t
]}
,

φ′′(w) −
{
λ+

(b+ �)
�

κ+
κw

�

}
φ(w) = �.

�α = γ = �, β = �/� (ii)

w =
�κ+ log x

t�/�
− �δt�/�,

ψ(w, t) = tλ exp
{
−

[
δ� + (b+ �)δ +

(b+ �)�

�

]
t− wt�/�

�
(�δ + b+ �)

}
,

φ′′(w) − w

�
φ′(w) − λφ(w) = �.

�γ = β = �, α = � (iii)

w = log x− κt− δt�

�
,

ψ(w, t) = exp
{
−

[
λ+

(b+ �)
�

κ+
(b+ �)�

�

]
t− δ

�
(κ+ b+ �)t� − δ�t�

��
− δwt

�

}
,

φ′′(w) + (b+ �+ κ)φ′(w)
{
λ+

(b+ �)
�

κ+
(b+ �)�

�
+
δw

�

}
φ(w) = �.
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�α = μ�, β = �, γ = � (iv)

w =
δ + �κt+ log x

t� + μ�
, P (t) = exp

{
�

�
tan−�

( t
μ

)}
,

ψ(w, t) =
P (t)λ

(t� + μ�)�/�
exp

{
− �

�
[(b+ �)� + κ� − �(b+ �)κ+ w�]t

−w
�

(b+ �− κ)(t� + μ�)�/�
}
,

φ′′(w) + (
μ�w�

�
− λ)φ(w) = �.

+��� ���I� �4�s#� ���, 0�)� F�*
∂c

∂t
=

∂

∂x

{
p(x)

∂c

∂x

}
+

∂

∂x
{q(x)c} (t > �,−∞ < x <∞),

c(x,�) = c�δ(x − x�),

c(x, t),
∂c

∂x
(x, t) → ∞,

������� t�B �
� +�,�U��� � ζ(x, t) " η(x, t) �ξ(x, t) =��
� �� ln<a m 	"�: H�
� �����,�
?4 +�25��� x� " c� ��

ξ(x�,�) = �, η(x�,�) = �, ζ(x�,�) = − ∂ξ

∂x
(x�,�).

H��"� � l]r<a m " l]c<a m � σ(t) " �ρ(t) �η(t) =��
� ��, 0�)� �I� = I(x�) ��3 �� fy� <������ �O�� � �"��

η(�) = �, ρ = −η
′(�)
�

I�,

σ(�) =
η′′(�)
	

I�
�

+
ρ′(�)
�

I� − η′(�)
�

.

<������ t�B

�()� ������ � �"�� �� �'9O R�
� � +��� ���I� �4�s#� �� �,"�: ��, 0�)� a<a `?� �� (i) �4�� +��� F�0

ξ(x, t) = �p(x)�/� sinh(βt), η(x, t) = �.

ζ(x, t) = βI� + (C�/β)(�− cosh(βt)) − βI cosh(βt) − J sinh(βt),

�()� 0� @�
! ��, 0�)� fy� <β� = C� ��
�� 0� � �� ���

c(x, t) =
φ(t)v(I)
p(x)�/�

exp
{
− βI�

�
+

[η�I� + C�(�− cosh(βt))]I
�β sinh(βt)

}
,

��
��A� �J�5� �� �
� @�
! 	�L 	 � �
1! ��I)� �� ��#���$
 �4 �&� ~��� �� " �L���� 	�
?4 =��� -
 φ(t) 0� � �� ���

c(x, t) =
φ�v(I)e−αt

[p(x) sinh(βt)]�/�
exp

{
−

[(
βI +

C�
β

)�
+

(
βI� +

C�
β

)�]coth(βt)
�β

+
(
βI +

C�
β

)

(
βI� +

C�
β

)
�

�β sinh(βt)

}
,

���, 0�)� t→ � ��3 �� ��� � � " ��� �,�
?4 =��� φ� " α = (C�C� − C�

�
)/�C 0� � ��

c(x, t)
φ�v(I)e−αt

[p(x)βt]�/�
exp

{
− (I − I�)�

�t

}
,

H
��L �� φ� ���� �� ���� ����� 	�L 	 � I(x) +��� "∫ ∞

−∞
c(x, t)dx = c�.

<�
��� ����
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���
>� σ(t) " η(t) =��
� ��, 0�)� a<a R�W� � (ii) �*#O +��� F�2

η(t) = sinh�(βt),

σ(t) =
β�

�
I�
�
− β

�
sinh(�βt) − C�

�
sinh�(βt),

��
>� n\ �4�#� +��� ���I� �4�s#� @�
! �� �&��� ;�3 �
��A� �J�5� lp<a m �� ��� � � <β� = C� ��
�� 0� � �� ��L����

c(x, t) ∼ φ(w)v(I)e−γt

[p(x) sinh(βt)]�/�
exp

{
− β

�
(I� + I�

�
) coth(βt)

}
,

�s 4 �&� � φ(w) " ��� γ = C�/� �	 
� f��J� ��x5� w = I(x)/ sinh(bt) 0� � �� ���

φ′′(w) −
(β�I�

�

�
+

C�
�w�

)
φ(w) = �.

���
>� Φ " ω ��3 �� <����� t�B

ω = βI�w/�, φ(w) = w�/�Φ(ω),

���, 0�)�

ω�Φ′′(ω) + ωΦ′(ω) − (ω� + n�)Φ(ω) = �,

�� " 	 
� ��53� F
D t → � [�L �� φ(w) @�
! ��, 0�)� �9O �'g#� M
�5� ~����� fy� <n = (�+ C�)�/�/� ��
�� 0� � ��
�()� =��� �
� C� = C� = � �+�2K�L

φ(w) =
Φ�w

�/�

�
[In(ω) + I−n(ω)],

�� 0�
��� t → � 0 �� ��� �� ���� ���� ��� � � " <��� R"� T
� �� �#� 	�L {8B� =��� In " 	 
� ���� φ� 0� � �� �
��� � 
�sJ�5�

c(x, t)
Φ�v(I)e−γt

β[p(x)πI�t]�/�
exp

{
− (I − I�)�

�t

}
.

<�3�
 �� 

��
� �% �&� �� n\ +��� ���I� �4�s#� +��� F�8

�∂c∂t = ∂�c
∂x�

+ b ∂∂t (xc) (i)

�∂c∂t = a ∂�

∂x�
(xc) + b ∂∂x(xc) (ii)

�∂c∂t = ∂�

∂x�
(x�c) + b ∂∂x(xc) (iii)

<��, 0�)� �� �
� +�2��
! �5�� .���5� ���5#, 	�
?4 +�,���� b " a 0� � ��

�c(x, t) = c�

{
b

�π(�−e−�bt)

}�/�
exp

{
− b(x−x�e−bt)

�(�−e�bt)

}
(i)

��
>� γ(t) " m(t) @�
! " �
� � �� �c(x, t) = c�
γ(t)
�

(
m(t)
x

)�/�
I�(�γ(t)(xm(t))�/�) exp{−γ(t)(x+m(t))} (ii)

m(t) = x�e
−bt, γ(t) =

b

a(�− e−bt)
,

<���	�L j
�&�

�c(x, t) = �

�(πt)�/�|x| exp
{
− [log |x/x�|+(b+�)t]�

�t

}
(iii)
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<�
�"� ���� ������� � �"�� �� �
� �% �&� �� +�5����67-
 +�2,"�: �ln<a m H��" � ~��� �� F�G

�∂c∂t = ∂�

∂x�
{(�− x�)�c} (i)

�∂c∂t = ∂
∂x

{
xm+�

�

∂c
∂x

}
+ ∂

∂x

{
mxm

�
c
}

(ii)

<�L���� 	�
?4 ���� m ��

<�
�"� ���� �� �% �&� �
� +�2��
! " -��8� +�2,"�: F�H

�∂�c
∂t�

= ∂�c
∂x�

�V
� �4 �&� (i)

�σ ∂�c
∂t�

+ ∂c
∂t = ∂�c

∂x�
���3��A'� �4 �&� (ii)

<��� ���� σ ��

�∂c∂t + δ ∂c∂x = ∂�c
∂x�

�+ � �O ��)5�� �4 �&� (iii)

<��� ���� δ ��

�∂�c
∂t�

= ∂�c
∂x�

+ λc �0" �
:7��'� �4 �&� (iv)

<��� ���� λ ��

�∂�c
∂t�

= t ∂
�c
∂x�

���
(
�� �4 �&� (v)

�∂c∂t = ∂�c
∂x�

+ α ∂�c
∂x�∂t

��'9���� �4 �&� (vi)

<��� ���� α ��

��
�"� ���� �� �
� �% �&� +�2��
! " -��8� +�2,"�: F��

� ∂�c
∂x�

+ ∂�c
∂y�

= � ����86% �4 �&� (i)

� ∂�c
∂x�

+ ∂�c
∂y�

+ λc = � �154
*', �4 �&� (ii)

<��� ���� λ ��

�}
$� �4 �&� � u�D +��� σ(x, z) `�� R���� �$4
� � 
L�� ��3 F��

∂σ

∂z
= αz

∂�σ

∂x�
,

H
��L �#
���� ��s�9� � P 1��*5� ��� �� ���
�6 +�&� " +�h37��� +��� <����� t�B ����� α " ��
�6 �*� ��  
*G �9W� z ��
<�L�� ���O�� �
�

σ(x,�) = Pδ(x), σ(x, z) → �asx, z → ∞

��()� ��4 �&� �
� .���� @�
! ���, 0�)� ~��� �
� �� <�L���� �4
*&� u��
 +�54 =��� δ(x) 0� � ��

σ(x, z) =
P

z(�πα)�/�
exp

(
− x�

�αz�

)

<���
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 ���

�*+
!. ��,�  !"��
#�� �$����

���	� 
�I

���L���� � �"�� �2�� �� �9#� �
1! ��I5)� �� ��#���$
 �% �&� �� +�5����67-
 +�,	"�: �'� �(L ����� �� �>3 �
� � 
��()� +�5����67-
 	"�: t " x �I5#� ��x5� " " c �5#��" 	 �� ��x5� +��� <�
�� �6��

x� = f(x, t, c, ε) = x+ εξ(x, t, c) +O(ε�),

t� = g(x, t, c, ε) = t+ εη(x, t, c) +O(ε�),

c� = h(x, t, c, ε�) = c+ εζ(x, t, c) +O(ε�), ln<c m

�4 �&� �� �� @�
! �� �&��� ;�3 " 	 
� f��J5� +�,��x5� ζ(x, t, c) " η(x, t, c) �ξ(x, t, c) ;
'&� =��
� ��  �� ��,�
D j
�&� ��
�
1! ��I5)� �� ��#���$
 

ξ(x, t, c)
∂c

∂x
+ η(x, t, c)

∂c

∂t
= ζ(x, t, c). lp<c m

<�
��� ����
���� +��� 	���" <������ �E��� �� c(x, t) ;" " R"� �9��� �
1! ��I5)� �� -�
� �
�2��� R�� +��� �4
��3 +�&� `?� � 
�&� +�,`?� � ��� � � <�
�"��� ����(� �2�� �� +�	 �$5�� ��
:�, �(�
� 0"�� �� ∂�c/∂t� ∂�c/∂x∂t +��� �
�24
��3 ��� 0 
�

���&
 �UD��/ ��)5�� �4 �&� +��� -��8� +�2,"�:
∂c

∂t
=
∂c

∂x

(
D(c)

∂c

∂x

)
, l^<c m

���O ���#� D(c) = cm 0�
� 0� � " ��� j
�&� F
D l^<c m �4 �&� <�, �� 0�)� �� c �� 	�
?4 �&��� D(c) �� �
��:�� �J�5���
`?� � <�3�
 Qlpo\m �s�$B lnoc]m R
� " ��
'�S " Qlnoacm X
(���!�"�S � 0�
��� �� c<^ `?� M
�5� <�L���� �!
�
�� +�
�! �J�5� ��
: k�, �� �:� < �� ��,�
D ����� l^<c m �UD��/ ��)5�� �4 �&� +��� �� -��8���/ F�A� �>5?� �
U� c<]
� < 
L�� +��� �B8D ���� T
C
� .�I&� �� ��*O8G �� 	����
D +��� 	�L �E��� �% �&� �(�4 ������*� �E��� `?� �
� � 
�8
�9� ���L ��� �#�� H9��� �,"�: F"� �� ��I5#� �
U� ��� �, �� ������ �E��� l^<c m �4 �&� +��� �� �J�5� " c<\ `?�
�� �8
�9� �� +��4�9� �s '��
� ���
��� l^<c m �()� �s 4 �&� �, �� �, �� 0�)� R"� �J�5� <��� �UD��/ ��)5�� �4 �&� +��� �*2�

�()� +��4 �&�

D(x)
∂c

∂t
=

∂

∂x

(
�

c�
∂c

∂x

)
, l]<c m

" �UD��/ ��)5�� �4 �&� �
�5��G �J�5� ���" <����� �$
� �� �*2� `I� D(c) = c−� �
�5*� 0�
� �� ��)5�� �J�5� � �� ���
 ��'I�
�4 �&� �'��
� 0� �� ���
 ��'I� l^<a m -��8� �UD ��)5�� �4 �&� �� ���
��� 0� �� ��� �
� 	�L 	 � D(x, c) ��)5�� �� �A*,��

<��� lao<c m " lKK m �laq<c m +��� f��J5� +�2��
! �� [�9��� � �>3 �
� �� �
�2� `?� " < �
v6�� ��
B l\]<c m

nnn
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���� ��	��� (��� �
���N ��I

" �
��:�� �J�5� �� ∂�c/∂t� " ∂�c/∂x∂t �∂�c/∂x� �∂c/∂t �∂c/∂x �
1! ��I5)� +��� -�
� �
�2��� R�� `?� �
� � 
��
�� R�W� 0�
�&� <�, �� 0�)� �I5#� ��x5� �� 0�
�&� �� c " t " x �� �9#� �
1! w5)� f
����
� �� ������  � ���O 	���" 

∂ξ

∂x
= ξx + ξc

∂c

∂x
,

∂ξ

∂x
= ξt + ξc

∂c

∂t
.

��
�� +�5����67-
 �,"�: -
 0 �� j
�&� �� �
 lKK m H��" � �� 	 �$5�� �� �N*�I5#� f6

x = x� − εξ(x�, t�, c�) +O(ε�),

t = t� − εη(x�, t�, c�) + O(ε�),

��
�"��� ���� ε .#� �� �8*! �53�: �P� � �� �J�5� � ��

∂x

∂x�
= �− ε

(
ξx + ξc

∂c

∂x

)
+O(ε�),

∂x

∂t�
= −ε

(
ξt + ξc

∂c

∂t

)
+O(ε�),

∂t

∂x�
= −ε

(
ηx + ηc

∂c

∂x

)
+O(ε�),

∂t

∂t�
= �− ε

(
ηt + ηc

∂c

∂t

)
+O(ε�), l\<c m

��
�� ∂c/∂x +��� %N "�

∂c�
∂x�

=
∂c�
∂x

∂x

∂x�
+
∂c�
∂t

∂t

∂x�
,

��
�"��� ���� lKK m " lKK m �� 	 �$5�� �� "

∂c�
∂x�

=
{ ∂c
∂x

+
(
ζx + ζc

∂c

∂x

)}{
�− ε

(
ξx + ξc

∂c

∂x

)}

+
{∂c
∂t

+ ε
(
ζt + ζc

∂c

∂t

)}{
− ε

(
ηx + ηc

∂c

∂x

)}
+O(ε�),

���
>� ��
∂c�
∂x�

=
∂c

∂x
+ ε

{
ζx + (ζc − ζx)

∂c

∂x
− ηx

∂c

∂t
− ξc

( ∂c
∂x

)�
− ηc

∂c

∂t

∂c

∂x

}
+O(ε�) la<c m

��
�� ∂c/∂t +��� ���)� �
U� < 
L�� 	 ��

∂c�
∂t�

=
∂c�
∂x

∂x

∂x�
+
∂c�
∂t

∂t

∂t�
,

��
�"��� ���� lKK m " lKK m H��" � �� 	 �$5�� �� ��

∂c�
∂t�

=
{ ∂c
∂x

+ ε
(
ζ + ζc

∂c

∂x

)}{
− ε

(
ξt + ξc

∂c

∂t

)}

+
{∂c
∂t

+ ε
(
ζt + ζc

∂c

∂t

)}{
�− ε

(
η + η

∂c

∂t

)}
+O(ε�),

�s 4 �&� �� ��
∂c

∂t�
=
∂c

∂t
+ ε

{
ζt + (ζc − ηt)

∂c

∂t

}
ξt
∂c

∂x
− η

(∂c
∂t

)�
− ξc

∂c

∂x

∂c

∂t
+O(ε�), lc<c m

���
>� �� π� " π� ��� �5��� +��� �:� < 
L�� �
�9�

π� = ζx + (ζc − ζx)
∂c

∂x
− ηx

∂c

∂t
− ξ

( ∂c
∂x

)�
− ηc

∂c

∂t

∂c

∂x
,

π� = ζt + (ζc − ηt)
∂c

∂t
− ξt

∂c

∂x
− η

(∂c
∂t

)�
− ξc

∂c

∂x

∂c

∂t
, lr<c m
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��
�� 	 �� �
U� 	�A�� ����� j
�&�

∂c�
∂x�

=
∂c

∂x
+ επ� +O(ε�),

∂c�
∂t�

=
∂c

∂t
+ επ� +O(ε�). lo<c m

���
>� 0�
��� �� 0� �4 �&� �
U� ��� _?)� lKK m H��" � �� �� �
K 0�*,

π� =
∂ζ

∂x
− ∂ξ

∂x

∂c

∂x
− ∂η

∂x

∂c

∂t
,

π� =
∂ζ

∂t
− ∂ξ

∂t

∂c

∂x
− ∂η

∂t

∂c

∂t
. lnq<c m

��
�� ∂�c/∂x� -�
� �
�2��� R�� +��� ��
>�
� � ��  �� 0���

∂�c�

∂x�
�

=
∂

∂x�

( ∂c�
∂x�

)
=

∂

∂x

( ∂c�
∂x�

) ∂x

∂x�
+
∂

∂t

( ∂c�
∂x�

) ∂t

∂x�

��
�"��� ���� lo<c m " lKK m �� 	 �$5�� �� ��

∂�c�

∂x�
�

=
{ ∂�c
∂x�

+ ε
(
π�x+ π�c

∂c

∂x

)}{
�− ε

(
ξx + ξc

∂c

∂x

)}

+
{ ∂�c

∂t∂x
+ ε

(
π�t + π�c

∂c

∂t

)}{
− ε

(
ηx + ηc

∂c

∂x

)}
+O(ε�).

��
��:�� �J�5� 	 �� �
U� ��

∂�c�

∂x�
�

=
∂�c

∂x�
+ ε

{
π�x+ π�c

∂c

∂x
−

(
ξx + ξc

∂c

∂x

) ∂�c
∂x�

−
(
ηx + ηc

∂c

∂x

) ∂�c

∂x∂t

}
+O(ε�), lnn<c m

��
�� lKK m R"� �4 �&� �� �J�5� � 

π�x = ζxx + (ζxx − ξxx)
∂c

∂x
− ηxx

∂c

∂t
− ηxc

∂c

∂t

∂c

∂x

+(ζc − ξx)
∂�c

∂x�
− ηx

∂�c

∂x∂t
− �ξc

∂c

∂t

∂�c

∂x�
− ηc

∂c

∂t

∂�c

∂t∂x
− ηc

∂c

∂x

∂�c

∂x�
− ηc

∂c

∂x

∂�c

∂x∂t
,

π�c = ζxc + (ζcc − ξxc)
∂c

∂x
− ηxc

∂c

∂t
− ξcc

( ∂c
∂x

)�
− ηcc

∂c

∂t

∂c

∂x
. lnp<c m

��
�"��� ���� lKK m �
 lnn<c m �� �� 	 �$5�� �� ��� � � "

∂�c�

∂x�
�

=
∂�c

∂x�
+ ε

{
ζxx + �(ζxc − ξxx)

∂c

∂x
− ηxx

∂c

∂t

+(ζcc − �ξxc)
( ∂c
∂x

)�
− �ηxc

∂c

∂t

∂c

∂x
− ξcc

( ∂c
∂x

)�
− ηcc

∂c

∂t

( ∂c
∂x

)�

+
[
(ξc − �ξx) − �ξc

∂c

∂x
− ηc

∂c

∂t

] ∂�c
∂x�

− �

(
ηx + ηc

∂c

∂x

) ∂�c

∂x∂t

}
+O(ε�). ln^<c m

��
�� ∂�c/∂x∂t +��� ���)� �
U�

∂�c

∂x�∂t�
=

∂

∂x�

(∂c�
∂t�

)
=

∂

∂x

(∂c�
∂t�

) ∂x

∂x�
+
∂

∂t

(∂c�
∂t�

) ∂t

∂x�
,

��
�"��� ���� lo<c m7p " lKK m �� 	 �$5�� �� ��

∂�c

∂x�∂t�
=

∂�c

∂x∂t
+ ε

{∂π�
∂x

−
(
ξx + ξc

∂c

∂x

) ∂�c

∂x∂t
−

(
ηx + ηc

∂c

∂x

)∂�c
∂t�

}
+O(ε�) ln]<c m
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��
��:�� �J�5� lo<c m7n �� 	 �$5�� �� �A
 F"� ��

∂�c�
∂x�∂t�

=
∂�c

∂x∂t
+ ε

{∂π�
∂t

−
(
ξt + ξc

∂c

∂t

) ∂�c
∂x�

−
(
ηt + ηc

∂c

∂t

) ∂�c

∂x∂t

}
+O(ε�), ln\<c m

lKK m �� 	 �$5�� �� < �"� ���� .���� 0�*, �� lKK m ����9G �� 	 �$5�� �� 0�
��� �� �ln\<c m " lKK m +��� 	��� ���� ����9G "
��
�"� ���� �� �
� M
�5� ����
��� ln\<c m �
 lKK m �� 	 �$5�� �
 "

∂�c�
∂x�∂t�

=
∂�c

∂x∂t
+ ε

{
ζxt + (ζct − ξxt)

∂c

∂x
+ (ζcx − ηtx)

∂c

∂x
+ (ζcx − ηtx)

∂c

∂t

−ξct
( ∂c
∂x

)�
+ (ζcc − ξcx − ηct)

∂c

∂x

∂c

∂t
− ηcx

(∂c
∂t

)�

−ξcc
( ∂c
∂x

)� ∂c
∂t

− ηcc(
∂c

∂t
)�
∂c

∂x
− (ξt + ξc

∂c

∂t
)
∂�c

∂x�

+
(
ζc −−ξx − ηt − �ξc

∂c

∂x
− �ηc

∂c

∂t

∂�c

∂x∂t
−

(
ηx + ηc

∂c

∂x

)∂�c
∂t�

}
+O(ε�). lna<c m

��� ����
��� .���� ��*, ��

∂�c�

∂t�
�

=
∂�c

∂t�
+ ε

{∂π�
∂t

−
(
ξt + ξt

∂c

∂t

) ∂�c

∂x∂t
−

(
ηt + ηc

∂c

∂t

)∂�c
∂t�

}
+O(ε�)

��
��A� �J�5� �� �
� M
�5�

∂�c�

∂t�
�

=
∂�c

∂t�
+ ε

{
ζtt + (�ζtc − ηtt)

∂c

∂t
− ξtt

∂c

∂x

+(ζcc − �ηtc)
(∂c
∂t

)�
− �ξtc

∂c

∂x

∂c

∂t
− ηcc

(∂c
∂t

)�
− ξcc

∂c

∂x
(
∂c

∂t
)�

+
[
(ζc − �ηt) − �ηc

∂c

∂t
− ξc

∂c

∂x

]∂�c
∂t�

− �

(
ξt + ξc

∂c

∂t

) ∂�c

∂x∂t

}
+O(ε�). lnc<c m

lnr<c m

<�
��A� �J�5� η " ξ " t " x �

&� ;�J�� �� lKK m ~����� �� lKK m �4 �&� ����
��� �� ��� 	�,�)� ���O ����*,

�R<��P )����� (��� ,�4->��P (�38"�0  �I

��
�"��� ���� lKK m �#

���� �� 0
���

∂c

∂t
= D(c)

∂�c

∂x�
+D′(C)

( ∂c
∂x

)�
, lno<c m

�+�2���9G �� 	 �$5�� �� 0
��� <�, �� 0�)� �� _?)� 0��
:�� �� �9#� w5)� �
�6 ��8G ��

D(c�) = D(C) + εζD′(c) +O(ε�),

D′(c�)D
′(c) + εζD′′(c) +O(ε�),

=��
� �� lno<c m �s 4 �&� �� ������ �J�5� �
� �� lKK m " lc<c m �la<c m �� 	 �$5����

ζt + (ζc − ηt)
∂c

∂t
− ξt

∂c

∂x
− ηc

(∂c
∂t

)�
− ξc

∂c

∂x

∂c

∂t

= D(c)
{
ζxx + (�ζxc − ξxx)

∂c

∂x
− ηxx

∂c

∂t

+(ζcc − �ξxc)
( ∂c
∂x

)�
− �ηxc

∂c

∂x

∂c

∂t
− ξcc

( ∂c
∂x

)�
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−ηcc
( ∂c
∂x

)� ∂c
∂t
�

(
ηx + ηc

∂c

∂x

) ∂�c

∂x∂t

}

+�D′(c)
{
ζx + (ζc − ξx)

∂c

∂x
− ηx

∂c

∂t
− ξc

( ∂c
∂x

)�
− ηc

∂c

∂x

∂c

∂t

} ∂c
∂x

+D′′(c)ζ
( ∂c
∂x

)�
+

{∂c
∂t

−D′(c)
( ∂c
∂x

)�}{
ζc − �ξx + ζ

D′(c)
D(c)

− �ξc
∂c

∂x
− ηc

∂c

∂t

}
lpq<c m

�$B �� fy� <��� 	�L �L�� lno<c m �4 �&� �'��
� ∂�c/∂x� Xv� �� �D� �'*! �  %
�� " �� ��� � �"�� lKK m 	"�: ���
��
�"��� ���� �� �
� �% �&� lKK m � �
1! +�,w5)� .
��C 0 � ���O

∂�c

∂x∂t

∂c

∂x
, ηc = �,

∂�c

∂x∂t
, ηx = �,

( ∂c
∂x

)�
, D(c)ξcc +D′(c)ηc = �,

( ∂c
∂x

)� ∂c
∂t
, D(c)ηcc +D′(c)ηc = �,

( ∂c
∂x

)�
,

[
ζc − �ξx + ζ

D′(c)
D(c)

]
c

= �,

(∂c
∂t

)
, ηc − ηc = �,

∂c

∂x

∂c

∂t
, ξc +D(c)ηxc +D′(c)ηx = �,

∂c

∂x
, ξt −D(c)ξxx + �D(c)ζxc + �D′(c)ξ(x) = �, lpn<c m

∂c

∂t
, ηt −D(c)ηxx − �ξx + ζ

D′(c)
D(c)

= �, lpp<c m

c�, ζt −D(c)ζxx = �. lp^<c m

��
��A� �J�5� ����
��� �4
2#� %�� R"� �4 �&� �$, �� ��

ξ = ξ(x, t), η = η(t), lp]<c m
ζc + ζ

D′(c)
D(c)

= φ(x, t), lp\<c m

��
��A� �J�5� ����
��� lKK m " lKK m �� 	 �$5�� �� ��� � � <�, �� 0�)� �� t " x �� �,�
?4 =��� φ ��

ζc = η′(t) − �
∂ξ

∂x
+ φ(x, t),

��
�"��� ���� lKK m �� <ζcc = � �
������ "

ζ =
( D(c)
D′(c)

)(
�
∂ξ

∂x
− η′(t)

)
, lpa<c m

��
�� �J�5� � f6

�
∂ξ

∂x
= η′(t), lpc<c m

���� �
� ��B
>D +��� D(c) ��)5�� ���� �(�
� �

( D(c)
D′(c)

)
= �,

�(�
� ��&


D(c) = α(c+ β)m, lpr<c m
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��
��A� �J�5� ����
��� �4
2#� lpa<c m " lKK m �� 	�A�� ��L�� ���O�� lKK m �:� 0
��� <��5#, �,�
?4 +�25��� m " β �α ��

ξ(x, t, c) =
γ

�
x+ κ,

η(x, t, c) = δ + γt,

ζ(x, t, c) = �, lpo<c m

<��� 	 �$5�� ���O D(c) =��
� �s*, +��� lKK m 	"�: ������� �!
� <��5#, 	�
?4 +�25��� λ " κ �δ �α ��
��
�� lpa<c m �� 	�A�� ��L�� lpr<c m �()� D(c) �:� �A
 F"� ��

ζ =
�

m
(c+ β)

(
�
∂ξ

∂x
− η′(t)

)
, l^q<c m

�����
�� �� �
� �J�5� �� lKK m � �2���9G �
� +��vA
�! �� ��

∂ξ

∂t
= −D(c)

(
�+

�

m

) ∂�ξ
∂x�

, l^n<c m

�s 4 �&� �� 0� l^n<c m �� 	 �x5�� " lKK m � l^q<c m +��vA
�! �� ��

η′′(t) = −	D(c)
(
�+

�

m

) ∂�ξ
∂x�

. l^p<c m

+��� �� ��&� �
��  ��  
!" ����� ���O �4�� " �� ������ �J�5� �
� �� l^p<c m " l^n<c m H��" � ~����� � 
L�� �
�9�
��
�� m +�25��� ���*�

∂ξ

∂t
=
∂�ξ

∂x�
= η′′(t) = �,

��
�� m = −�/� �4�� � ��

∂ξ

∂t
=
∂�ξ

∂x�
= η′′(t) = �,

��
�� �, m ���*� +��� �
������

ξ(x, t, c) = κ+ λx,

η(x, t, c) = δ + γt,

ζ(x, t, c) =
�

m
(c+ β)(�λ − γ), l^^<c m

��
�� m = −�/� +��� ��
>�
� � ��

ξ(x, t, c) = κ+ λx+ μx�,

η(x, t, c) = δ + γt,

ζ(x, t, c) = −�
�

(c+ β)(�μx + �λ− γ), l^]<c m

�E��� ^ " p �n �E�#� � lKK m " lKK m �lKK m �� �|��5� 	�L �J�5� ��#���$
 �%�&� <��5#, 	�
?4 +�25��� μ " λ �κ �δ �γ ��
<���	�L

<�
�"� ���� �� 0�
� �
���� �� `?6 ���� �� �� l^<c m �UD��/ ��)5�� �4 �&� �� +��4
� @�
! ����� �����

�s 4 �&� �#
���� �! �
� � 
∂c

∂t
=

∂

∂x

(
cm

∂c

∂x

)
, l^\<c m
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���4"� H
��L � 0� �� +���
A� ���� �� ��  
L�� �$B �
�2��� � c(x, t) �� [�L �
� �� ��

c(x,�) = c�δ(x), l^a<c m

��B�D �� �!
� �� <��� �4
*&� u��
 +�54 =��� δ(x) " ��, �� 0�)� �� �,�
?4 +�25��� m " c� 0� � �� ������ t�B
���&
 ��54 =��� �����I�

δ(λx) = λ�δ(x),

+�5����67-
 	"�: ��� l^a<c m " l^\<c m �� ������ �J�5� �
� �� λ �$B�� ���� �, +���

x� = eεx, t� = e(m+�)εt, c� = e−εc,

��
�� ��&
 ���� � �"��

ξ(x, t, c) = x, η(x, t, c) = (m+ �)t, ζ(x, t, c) = −c, l^c<c m

�E��� D(c) �4�� � �� ������ �!
� <��� � ���, lKK m �4 �&� �� γ = (m + �) " λ = � �β = δ = κ = � @�?5�� �� �4 �&� �
�
<��� � �"�� �� l^a<c m ��  ����  
!" +�	 �� 	"�: k�, �$B j4�?� + β �� lpr<c m � 	�L

�s 4 �&� �� �� @�
! �� �&��� ;�3 " f��J5� �9x5� �� ������ �J�5� �
� �� l^c<c m " lp<c m �� 	 �$5�� ��

x
∂c

∂x
+ (m+ �)t

∂c

∂t
= −c,

��&��� ;�3 �� ��
>�
� � �� <�
��� ���� n = (m+ �)−� ��
�� 0� � ��

c(x, t) =
φ(w)
tn

, w =
x

tn
, l^r<c m

��
�"��� ���� l^\<c m � l^r<c m +��vA
�! �� �� ����
�� �� 

d

dw
{φm(w)φ′(w) + nwφ(w)} = �,

��
�"��� ���� " ��� �$B +��:R��A5�� ���� ��
��:�� �J�5� � 
L�� �$B �
�2��� � φ(w) �� ��4 �
�� "

φm−�(w)φ′(w) + nw = �,

�@�
! �� 0� �� �� fy� "

φ(w) =
{
C − mw�

�(m+ �)

}�/m

, l^o<c m

���
>� C @�?5�� �� <������ ��, �� 0�)� �� �,�
?4 ���� C ��

C =
mw�

�

�(m+ �)
, l]q<c m

�H
��L " 	 
� �$B |w| > |w�| +��� φ(w) �� ������ ��3
∫ ∞

−∞
c(x,�)dx = c�,

��
∫ w�

−w�

( m

�(m+ �)

)�/m
(w�

�
− w�)�/mdw = c�.
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��� 	 �$5�� " w = w� sin θ j
�&� �� �
������ < 
L�� �
�9�
∫ π/�

−π/�
(cos θ)�/m+�dθ =

√
πΓ(�+ �

m )

Γ(�
�

+ �

m )
,

���
>� �� l^o<c m � c ���� ��4
2#� ����
��� ���� �4
*&� +���: =��� Γ(x) ��

C =
{ m

�(�+m)

(c�Γ(�
�

+ �

m )
√

Γ(�+ �

m )

)	.��} m
(�+m)

. l]n<c m

���
>� �� l^\<c m �� +��4
� @�
! l^o<c m " l^r<c m �� �53� �, +"� �
������ <�
��A� �J�5�

c(x, t) =
�

tn

{
C − mx�

�(m+ �)t�n

}�/m

, |w| < |w�|,

c(x, t) = �, |w| > |w�|, l]p<c m

<���	�L j
�&� l]q<c m �� 	 �$5�� �� w� " l]n<c m � c �w = x/t
�/n �n = (m+ �)−� 0� � �� �
�� 

�R<��P )����� (��� ,�4->��P (�38"�0 &�I

��UD��/ ����9G +��� -��8���/ F�A� b�C
� +��� �J�
� � ��
���� l^<c m �� +�	�L �5D��L -��8� 	"�: k�, �� �:�
���
>� B(x, t, c) " A(x, t, c) j
�&� �� <������ V��?5�� �� ��% �&�

A(x, t, c) =
ζ(x, t, c)
η(x, t, c)

. B(x, t, c) =
ξ(x, t, c)
η(x, t, c)

l]^<c m

��
�� lp<c m ��

∂c

∂t
= A−B

∂c

∂x
. l]]<c m

	 �� �
U� ∂c/∂t " ∂�c/∂x� Xv� +��� .���5� l]]<c m " lno<c m �� 	 �$5�� " x �� �9#� l]]<c m �� �
1! +��: w5)� �� ��
��
��:�� �J�5�

∂�c

∂t∂x
=

(
Ax − AB

D(c)

)
+

(
Ac −Bx +

B�

D(c)

) ∂c
∂x

+
(
B
D′(c)
D(c)

−Bc

)( ∂c
∂x

)�
, l]\<c m

@�?5�� �� <�, �� 0�)� �� c " t �x �I5#� ��x5� �� �� �9#� �
1! w5)� f
����
� �� ������ +�"� �


θ =
∂c

∂x
, l]a<c m

��
�"��� ���� θ +��� �� �
� ;
� �!� +�2���9G lKK m � l]\<c m " l]]<c m +��vA
�! "

ζt + (ζc − ηt)(A −Bθ) − ξtθ − ηc(A� − �ABθ +B�θ�) − ξcθ(A −Bθ)

= D(c){ζxx + (�ζxc − ξxx)θ − ηxx(A−Bθ) + (ζcc − �ξxc)θ�

−�ηxcθ(A −Bθ) − ξccθ
� − ηccθ

�(A−Bθ)}

−�D(c)(ηx + ηcθ)
{(
Ax − AB

D(c)

)
+

(
Ac −Bx +

B�

D(c)

)
θ
(
B
D′(c)
D(c)

−Bc

)
θ�

}

+�D′(c)θ{ζx + (ζc − ξx)θ − ηx(A−Bθ) − ξcθ
� − ηcθ

� − ηcθ(A−Bθ)}
+

{
ζ − �ξx − �ξcθ − ηc(A− bθ) + ζ

D′(c)
D(c)

}
(A−Bθ −D′(c)θ�)

+D′′(c)ζθ�, l]c<c m
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��
�� B(x, t, c) " A(x, t, c) ���&� +��� �� �
� �% �&� θ� " θ � θ� � θ� .
��C 0 � ���O �$B ��

θ�, D(c)cc −D′(c)Bc = �,

θ�,
[
�Bx −Ac −A

D′(c)
D(c)

]
c
− �BBc

D(c)
= �,

θ, Bt + �[D(c)Ax]c − �ABc = D(c)xx − �BBx +AB
D′(c)
D(c)

,

θ�, At = D(c)Axx − �ABx +A�
D′(c)
D(c)

. l]r<c m

+�2&��� +��� lKK m �% �&� �� �NI�O lKK m �% �&� �
� B = b(x, t) " A = a(x, t)c � D(c) = � @�?5�� �� �� ������ 	�,�)�
<�
��:�� ��(� Z�D +�2��
! 0 �"� ���� � 	 �$5�� " b�C
� +��� �� lKK m �% �&� <����
�� ��'I� b(x, t) " a(x, t)

�R<��P )����� ������ (��� �-���. =�I

�:�� �4 �&� �� +�
U� �UD��/ �
1! ��I5)� �� ��#���$
 �4 �&� +��� ;
'&� �
�9� �
���'�

∂u

∂t
+ u

∂u

∂x
= D

∂�u

∂x�
, l]o<c m

�
�9� ��

u = −�D
c
,
∂c

∂x
, l\q<c m

�E��� �� l^<c m ��)5�� �4 �&� +��� �*2� M
�5� `?� �
� � <�, �� ��'I� -��8� ��)5�� �4 �&� �� ����� D ��3 �� �� l]o<c m
<������

< 
L �
�9� �
� �4 �&� �� ���
��� l^<c m �()� �UD��/ ��)5�� �4 �&� �, �� ��� �
� R"� �J�5� (i)

D(c)
∂v

∂t
= v�

∂�v

∂c�
, l\n<c m

��
>� �� u(x, t) �J�5� ��*, ����� �
P�*� <��� �5#��" l^<c m �4 �&� �� �N�"14 v(c, t) ��

u(x, t) = D(c)
∂c

∂x
, l\p<c m

�� �	�L �J�5� �4 �&� �� x �� �9#� �
1! +��: w5)� " D(c) �� l^<c m @�C �� <������ j
�&�

∂u

∂t
=

∂

∂x

(
D(c)

∂u

∂x

)
. l\^<c m

�4 �&� �� l\^<c m �� ������ j
�&� +���
A� �� v(x, t) 0
��� <����
�� �� 

∂v

∂c

∂c

∂t
+
∂v

∂t
=

∂

∂x

(
D(c)

∂c

∂x

∂v

∂c

)
,

" l]<c m +��� �, �� ���� �� �!
� < 
L �� 	 �� l\n<c m �4 �&� ��
>� l\p<c m " l^<c m �� 	 �$5�� �� �� < 
L �
�9�
< �� 	�,�)� �4
2#� 0�
��� �� l\n<c m

-��8� ��)5�� �4 �&� �� ���
� �� D(x, c) `?6 ���� �� �A*, ��/ " �UD ��/ ��)5�� �4 �&� �
�5��G �� ��� �
� ;" �J�5� (ii)

�()� l^<a m
∂c

∂t
=

∂

∂x

{(αx+ β

γc+ δ

)� ∂c
∂x

}
, l\]<c m
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-��8� ��)5�� �4 �&� �� ���
��� l\]<c m �� �J�5� �
� ����� �
P�*� < 
L �
�9� ���5#, 	�
?4 +�25��� δ " γ �β �α ��
�4 �&�  
L  ��" +��*U4 �'g#� ��'� �� �(�
� 0"�� <���
 ��'I�

∂c

∂t
=

∂

∂x

{(x
c

)� ∂c
∂x

}
. l\\<c m

�4 �&� ����*, " (x, t) +�,��x5� �� l\\<c m +�! �� ��

∂w

∂t
=

∂

∂c

{( c
w

)� ∂w
∂c

}
, l\a<c m

�
�9� j
�&� �� <�
��:�� �P� � w(c, t) +��� ��

w(c, t) =
c

v(c, t)
, l\c<c m

�� l\a<c m �� ��, �� 0�)�

∂v

∂t
= v�

∂�v

∂c�
. l\r<c m

[�L �� x j
�&� �� �
������ " ��� ���" D(c) �� l\n<c m �4 �&� 0�*, �
� < 
L�� �
�9�

v(c, t)u(x, t)
∂c

∂x
, l\o<c m

<��5#, �, R �&� �c(x, t) +��� l^<a m -��8� ��)5�� �4 �&� " l\r<c m �4 �&� �� �
��:�� �J�5�

�R<��P )����� �
���� S��T�� U��� G�I

<������ �E��� �� c−� " c−� 0�
� �
�5*� �� `?6 ���� �� �UD��/ ��)5�� �4 �&� �� �� R�W� " `?� �
� � 

�UD��/ ��)5�� �4 �&� ��, 0�)� ����� �����

∂c

∂t
=

∂

∂x

(
�

c�
∂c

∂x

)
, laq<c m

+�5����6 +�2���9G �� �� c = φ(x/t�/�) �()� ���
!

w = C�

{
e−u

�

/�+
u

�

(∫ u

�

e−τ
�/�dτ + C�

)}
,

�

φ
=
C�
�

( ∫ u

�

e−τ
�/�dτ + C�

)
,

< �
v6�� �� ���5#, �,�
?4 +�25��� C� " C� " 	 
� w = x/t
�/� 0� � ��

��
��A� �J�5� ����
��� laq<c m " c = φ(x/t�/�) ��
( φ′
φ�

)′
+
w

�
φ′ = �,

 
L�� �J�5� w = φ−� +��vA
�! �� <�, �� 0�)� �� w �� �9#� w5)� �
�6 ��8G ��

ψ′′ + ψ′ = � lan<c m

+�5����67-
 	"�: ��� �4 �&� �
� 0
� "

w� = eεw, ψ� = eεψ,
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��
�"��� ���� " ������ j
�&� ψ = wq ���B�D �� �� q = ψ/w �
�! ��x5� ���� � �"��

w�q′′ + �wq′ +
�

�q�
(wq′ + q) = �.

��
�9� j
�&� �� �
������ " 	 
� �'
"� �4 �&� T
� �� �4 �&� �
� ��

y = logw, p = w
dq

dw
=
dq

dy
,

��
�"��� ����

p
dp

dq
+

�

�q
+

(
�+

�

�q�

)
p = �,

���O ��5�� <������ �� �
� F"� �� �� �4 �&� �
� <��� p = −q  �$�� @�
! �� ;" �9��� �� ��� �4 �&� T
� �� +��4 �&� �
� ��
�, �� ���� �� p = Y − q �
 Y = p+ q ��, ��

dY

dq
+

�

�q�
+

�

�q(Y − q)
= �,

�� ��B�D �
� �� X = q−� j
�&� �� fy� "

dY

dX
=
�

�
+

�

�(XY − �)
,

��
�"��� ����

dX

dY
= �− �

XY
.

� 
L�� �J�5� X = �Y + u +��vA
�! �� �&�

du

dY
= − �

Y (�Y + u)
,

�

dY

du
+
uY

�
= −Y �,

��&
 � �����5�� �4
��� T
� �� �4 �&� 0�
�&� ���� �� ��O��� ��

dv

du
− uv

�
= �,

��
�� �J�5� � " ���� �� v = Y −� �
�9� �'��
�

v = eu
�/�

(∫ u

�

e−τ
�/�dτ + C�

)
.

j
�&� �� 0
���

f(u) = e−u
�/�

( ∫ u

�

e−τ
�/�dτ + C�

)−�
,

��
�� v = Y −� = (p+ q)−� ��

w
dq

dw
+ q = f(u),
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��
�� �ψ = wq �� �!
� �� f6

dψ

dw
= f(u), lap<c m

��
�"��� ���� u = X − �Y = q−� − �(p+ q) �� fy�

u =
w

ψ
− �

dψ

dw
. la^<c m

� 
L�� �J�5� lan<c m �� 	 �$5�� " �4 �&� �
� �� +��: w5)� �� ���

du

dw
=
�

ψ
. la]<c m

��
�� la^<c m " lap<c m �� 0
���
w

φ
= u+ �f(u),

�
v67-�($� �4 �&� la]<c m �� 	 �$5�� �� ��

w
du

dw
= u+ �f(u),

�
������ < 
L�� �B��

�/�
( ∫ u

�
e−τ

�/�dτ + C�

)

{u/�(
∫ u
�
e−τ�/�dτ + C�)}

=
dw

w
,

��
��A� �J�5� ����
��� �4 �&� �
� �� ��

w = C�

{
e−u

�/� +
u

�

( ∫ u

�

e−τ
�/�dτ + C�

)}
.

��
�� la]<c m " ψ = φ−� ��4 �&� �
� �� �N5
�2�

�

φ
=
dw

du
=
C�
�

(∫ u

�

e−τ
�/�dτ + C�

)
,

<��� ��:��� 	�L 	 � +�5���6 `
�*� �� ��

�UD��/ ��)5�� �4 �&� �� ����� �����

∂c

∂t
=

∂

∂x

(
�

c

∂c

∂x

)
, la\<c m

<�
��A� �J�5� ��  �� c = φ(x/t�/�) �()� ���
! �� ��
��
�� lKK m �4 �&� " @�
! ;�3 ��

(φ′
φ

)′
+
w

�
φ′ = �,

��
�"��� ���� ψ = logφ ��x5� @�?5�� �� <�, �� 0�)� �� w �� �9#� w5)� �
�6 ��8G " 	 
� w = x/t
�/� 	���" ��

ψ′′ +
w

�
eψψ′ = �, laa<c m

+�5����67-
 	"�: ��� �4 �&� �
� "

w� = eεw, ψ� = ψ − �ε,
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�
�� " ������ j
�&� �� q = ψ + � logw �
�! ��x5� �J�5� � <��� � �"��

w�q′′ + �+ (wq′ − �)
eq

�
= �.

�
�9� @�?5�� �� ��

y = logw p = w
dq

dw
=
dq

dy
,

��
��A� �J�5� ����
���

p
dp

dq
+ (p− �)

(eq
�

− �

)
= �.

@�
! �� 0� �� �� �4
2#� ����
��� " ��� �
v67-�($� �4 �&� �
�

(p− �)�e(p−�) = Ceq−e
q/�,

< 
L�� �,�| 1�� +�&� +�,��
��3 � �� 0 
� b
�B��/ �&�9K �� ���� �!
� <��� ���� c 0� � �� ����
 �� 
��3 �� <������ �E��� �� 0�
� �
�5*� �� `?6 ���� �� �UD��/ ��)5�� �4 �&� +��� �� 	�L �J�5� �� �� ��"�$5� F�A� ��� � � 

��
��A� �J�5� l^\<c m �� ����
��� c = φ(x/t�/�)

(φmφ′)′ +
w

�
φ′ = �, lac<c m

�4 �&� �� �4 �&� �
� �u = φ′ 0 � ���O �� �(
�
U�
d

dφ
(φmu) +

w

�
= �,

��
�"��� ���� φ �� �9#� �4 �&� �
� �� +��: w5)� �� "  
L�� �
�9�

d�

dφ�
(φmu) +

�

�u
= �.

+�5����67-
 �8
�9� 	"�: ��� �4 �&� �
� 0
� "

φ� = eεφ, u� = e(�−m/�)εu,

� 
L�� �J�5� �
�! ��x5� 0�
�&� v = uφm/� − � @�?5�� �� ���� � �"��

φ�
d�v

dφ�
+ (m+ �)φ

dv

dφ
+
m(m+ �)

�
v +

�

�v
= �. lar<c m

< �� �4
2#� 0�
��� �� %�� R�W� �� �|��5� lar<c m �4 �&� Z�D �4��

�� lar<c m �4�� �
� � � m = −� (i)

φ�
d�v

dφ�
+

�

�v
= �,

+�,��x5� ��x� �� 	 �$5�� �� ��  
L�� �
�9�

v = φV, φ =
�

Φ
,

� 
L�� �J�5�

d�V

dΦ�
+

�

�V
= �.
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��
�"��� ���� �B�� �4 �&� �� " dV dΦ � @�C ��
(dV
dΦ

)�
+ logV = C�,

�� +���
A�

Φ =
∫ v/φ dV√

C� − log V
+ C�,

��
��A� �J�5� �%�� �
�9� �� 	 �$5�� �� 	���" ����
��� �
������ <��, �� 0�)� �� �,�
?4 +�25��� C� " C� 0� � ��

�

φ
=

∫ φ′/φ� dV√
C� − logV

+ C�

��
�� ��
>�
� � =O�" � < 
L �� Ψ = φ−� ��x5� ��x� �� ���
��� ��
∫ −Ψ′/� dV√

C� − logV
− C�

���#

�� ����
��� f� =��
� �� �D�� +��� �
������

Ψ′ = f�(Ψ
�/� − C�),

��, �� �J�5� �N5
�2� ��

w + C� =
∫ −φ� dΨ

f�(Ψ�/� − C�)
,

HI3 �l0� ��I5)� HI3 �� "m�L�� ���O�� lac<c m �
���� �(�
� ��4�� �

L�� �"� �
 <��� +��:R��A5�� ;
� ���� C� ��
<��,�
?4 C� " C� �C� +�25���

�� lac<c m �4�� �
� � � m = −� (ii)

φ�
d�v

dφ�
+ φ

dv

dφ
− v

�
+

�

�v
= �,

� 
L�� �J�5� Φ = logφ �
������ "  
L�� �
�9�
d�v

dφ�
− v

�
+

�

�v
= �,

�+��:R��A5�� �� ��
( dv
dφ

)�
− v�

�
+ log v = C�,

��
�� 0� � �� �
��� ����

logφ =
∫ φ′/φ�/�

dv√
C� + v�/�− log v

+ C�,

���L�� �5L� �f� =��
� �� �D�� +��� Ψ = φ−�/� ��x5� @�?5�� �� ����
��� (i) �4�� ����� ��

Ψ′ = f�(C� + � log Ψ),

��, �� �J�5� �N5
�2� ��

w + C� =
∫ φ−�/�

dΨ
f�(C� + � log Ψ)

.

<��, ���O �� �$�� �)
� ��5#��
��� .���� ��*2� <�
�	� ���O R"� R��A5�� � �� �9W� ;" �)
� (ii) " (i) �4�� " �, � 
+��� ���� �, �
������ < �� 0��5�� " 	 � ;�J�� %�� �O �� �� ��9���� �
� �
���� Z�D �E�#� +��� �� ���� �O �#
��
k�, �� 	�L �J�5� +�2��
! ��
�� �2�� �� �'��� �� �� 	��*, �� �UD��/ �4
*&� ��#���$
 �4 �&� m = −� " m = −�

<���
�*� ���� �*�I5#� F"�
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��� ��.�� �R<��P )����� �
���� I�I

;��2� �9��� �4 �&� �� ��,+ �,�9L � _4�D�� ��)5�� " u��� =
�� �'�3 }
$� ��� +��
" � +��)3 ��L ����� ��2� �E�#� �� �D��

∂c

∂t
+

∂

∂x

(
cm

∂�c

∂x�

)
= �, (m > �). lao<c m

<�
���  
!
�

�()� �
v6-�($� @�
!lao<c m ��, 0�)� ����� �����

c(x, t) =
( x�

mλ(t+ t�)

)�/m
,

[�L �� �
�25��� λ " t� ��  �� 

λ =
�

m

(
�

m
− �

)(
�

m
− �

)(
�

m
+ �

)
,

<��5#, �m �= �,� +���
�()� lao<c m �� ���
! R�9��� �:�

c(x, t) = A(x)B(t),

�4 �&� �4
2#� 	�A�� <��L��

B′(t)
B(t)m+�

+
�

A(x)
(A(x)mA′′′(x))′ = �,

��
�� �
������ <�, �� 0�)� �� �>?)� +�2���
:�� �� �9#� w5)� �
�6 ��8G 0� � ��  
L�� �J�5�

B′(t)
B(t)m+�

= − �

A(x)
(A(x)mA′′′(x))′ = λ�, lcq<c m

� 
L�� �J�5� R"� �4 �&� �� <��� ���� λ� ��

B(t)−m

−m = λ�(t+ t�),

�� `
��� ���x� �� ���
��� �� ���� ���� t� ��

B(t) =
( −�
λ�m(t+ t�)

)�/m

��()� ���
! A(x) �(�
� ��3 �� < 
L �
�9�

A(x) = αxβ ,

���
>� lcq<c m �� ;" �*#O � �� 

αmβ(β − �)(β − �)[(m+ �)β − �]xmβ−� = −λ�.

�� A(x) .���� �
�� <��� 	�L j
�&� %�� � λ �� αm = −λ�/λ " β = �/m ��
�� �
������ < 
L�� 	 ��

A(x) = (
−λx�
λ

)�/m,

<�
��A� �J�5� c(x, t) +��� �� 	�L 	 � ���9G ����
��� 0� ~����� ��  
L�� �
�9�
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�()� lao<c m �� +��4
� @�
! �� ��, 0�)� ����� �����

c(x, t) =
�

t�/(m+�)
φ
( x

t�/(m+�)

)
, lcn<c m

�% �&� � " ���  �3 �&��� " 	 
� �$B (−w�, w�) 	��� �� V��D � φ(w) �� <���

(m+ �)φm−�φ′′ = w,

φ(w�) = φ′(w�) = �, lcp<c m

���9G ~����� w� �� ����� t�B
∫ w�

−w�

φ(w)dw = c�,

��()� ���
! 0� �� ���� ���� m = � �4�� +��� fy� <��� +��4
� ��4"� ���� c� "  
L�� ���&�

φ(w) =
(w�

�
− w�)�

���
,

<��� w� = (���c�/�)�/� ��
>� w� 0� � ��  �� 
��4"� H
��L " lao<c m �4 �&�

c(x,�) = c�δ(x),

+�5����67-
 �8
�9� 	"�: ���

x� = eεx, t� = e(m+�)εt, c� = e−εc,

���� lcn<c m � lao<c m +��vA
�! �� <�
��A� �J�5� �� lcn<c m �&��� �(L ����
��� 0� ~����� �� ������ �O�� � �"��
��
�"���

(m+ �)(φmφ′′′)′ = (wφ)′,

��
>� �4
2#� ���
��� �4 �&� �
� <w = /t�/(m+�) ��
�� 0� � ��

(m+ �)φmφ′′′ − wφ = C�,

	 � �4 �&� ����
��� " ��� �$B C� �
������ " φ′(�) = φ′′(�) = � ��
�� ���  �3 φ(w) 0
� ��� < 
L �� ���� ���� C� ��
<�
��A� �J�5� φ(w) +��� �� 	�L

��
>� �4 �&� �
� �m = � �4�� � 

φ′′′(w) =
w

�
,

@�
! �� 0� �� �� �594� ��  
L�� 	 ��

φ(w) =
w�

���
+ C�w

� + C�w + C�.

���� ����� t�B 	�L 	 � φ(w) = φ′(w�) = �K�L � .���� @�
! " ��� �$B C� �φ(w) 0 
�  �3 �� =O�" � <����
�� �� 
H
��L �� <��� 	�L �B�� ���
!

∫ ∞

−∞
c(x, t)dx =

∫
−w�

w�φ(w)dw = c�

<w� = (���c�/�)�/� ��
��:�� �J�5� �4
2#� φ(w) +��� 	�L 	 � ���9G �� "
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+�5����67-
 	"�: ��� lKK m �4 �&� ��, 0�)� ����� �����

w� = eεw, φ� = e�ε/mφ,

<���
 ��'I� ;" �9��� �4 �&� -
 �� ���
��� �J�5� � " ��� � �"��
�()� �,"�: R�9��� �:�

w� = eεw, φ� = eαεφ,

��
�� 	�A�� ��� � �"�� �� lKK m �4 �&� �� ��L��

(m− �)α+ α− � = �,

��
�� ��
>�
� � �� ���
1:���� �
�! ��x5� 0�
�&� �� u(w) = φ(w)wγu(w) �
������ <α = �/m �


φ(w) = wγu(w)

���9G �� 0
��� <��� �/m 	��, 0�)� γ 0� � ��

φ′′′ = wγu′′′ + �γwγ−�u′′ + �γ(γ − �)wγ−�u′ + γ(γ − �)(γ − �)wγ−�u,

�� lKK m �4 �&� �� ������ �J�5� �
� ��

(m+ �)um−�[w�u′′′ + �γw�u′′ + �γ(γ − �)wu
′
+ γ(γ − �)(γ − �)u] = �,

�
�9� �� ���
��� �
������ " 	 
� ��� T
� �� +��4 �&� ��  
L�� �
�9�

y = logw

H��"� �� 	 �$5�� �� "
d

dy
= w

d

dw
,

d�

dy�
= w�

d�

dw�
+ w

d

dw
,

d�

dy�
= w�

d�

dw�
+ �w�

d�

dw�
+ w

d

dw
,

��
�� �J�5� � f6 < 
L 	 ��

(m+ �)um−�
{d�u
dy�

+ �(γ − �)
d�u

dy�
+ (�γ� − �γ + �)

du

dy

+γ(γ − �)(γ − �)(γ − �)u
}

= �,

�� 	 �$5�� " p = du/dy ��x5� ���x� �� 1�� �4 �&� �
� ��
d�u

dy�
= p

dp

du
,

d�u

dy�
= p

d

du

(
p
dp

du

)
.

��
�"��� ���� �� �
� ����9G �N5
�2� �� ���
 `,�� R"� �9��� �4 �&� -
 �� ���
���

p
d�p

du�
+

( dp
du

)�
+ �(γ − �)

dp

du
+ (�γ� − �γ + �)

+γ(γ − �)(γ − �)
u

p
=

�

(m+ �)pum−� ,

1�� γ = �/m Z�D ���I� �5� " ��� lKK m ��4"� ;
� �9��� �4 �&� �� ��	����6 	�L �,�| ;" �9��� �4 �&� �(�
� �� �!
� ��
<��� �
�9� �
v6�� �4�� �� ���� ���
��*�
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�'���

	"�: �� �|��5� �@�
! �&��� ;�3 " f��J5� ��x5� ��, 0�)� l^<c m �UD��/ ��)5�� �4 �&� +��� F�

ξ(x, t, c) = x+ κ, η(x, t, c) = �(t+ δ), ζ(x, t, c) = �,

��� �����9G .���5�

w =
x+ κ

(t+ δ)�/�
, c = φ(w).

��
>� 	�L �J�5� �4
*&� ��#���$
 �4 �&� ���, 0�)� fy� "

D(φ)φ′′(w) +D′(φ)φ′(w)� +
w

�
φ′(w) = �.

<���

���3 �� �UD��/ ��)5�� �4 �&� +��� F�

D(c) = α(c + β)m,

�	"�: �� �|��5� �@�
! �&��� ;�3 " f��J5� ��x5� ��, 0�)�

ξ(x, t, c) = (�+ λ)x + κ, η(x, t, c) = �(t+ δ), ζ(x, t, c) =
�λ

m
(c+ β),

���
>� .���5�

w =
(x+ κ

(�+λ)
)

(t+ δ)
�+λ
�

, c = (t+ δ)λ/mφ(w) − η.

��()� 	��� ���� �4
*&� ��#���$
 �4 �&� ��, 0�)� ��� � � " ��
L�� j
�&�

φ(w)mφ′′(w) +mφ(w)m−�φ′(w)� +
(�+ λ)
�α

wφ′(w) − λ

αm
φ(w) = �.

+Y �5����67-
 �8
�9� 	"�: ��� %�� �4 �&� �(�
� �53�: �P� � �� �4 �&� �
� " ���

w� = eεw, φ� = e�ε/mφ.

<���
 ��'I� R"� �9��� �� +��4 �&� �� ���
��� ���� � �"��

���3 �� �UD��/ ��#���$
 �4 �&� +��� F#

D(c) == α(c+ β)−�/�,

	"�: �� �B�D �4�� �53�: �P� � "

ξ(x, t, c) = μx� + (�+ λ)x + κ, η(x, t, c) = �(t+ δ), ζ(x, t, c) = −�
�

(c+ β)(�μx + λ),

�U��� � �� μ " κ �λ +�25��� ��

(λ+ �)� = �μκ.
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���
>� @�
! �� �&��� �(L " f��J5� ��x5� ���, 0�)� ������� t�B

w = (t+ δ)−�/� exp
{ −�

(�μx + λ+ �)

}
, c = −β + φ(w)

(
x+

(λ+ �)
�μ

)−�
exp

{ −�
(�μx+ λ+ �)

}
.

���� �
� �()� 	�L �J�5� �4
*&� ��#���$
 �4 �&� " �L����

φ′′(w) − �φ′(w)�

�φ(w)
− �φ(w)

�w�
+
μ�

�α
wφ(w)�/�φ′(w) = �,

	"�: �� �9#� 0� �
� �"�� �53�: �P� � �� ��

w� = eε, φ� = e−�ε/�φ.

<���
 ��'I� R"� �9��� �� �4
*&� ��#���$
 �4 �&� �� ���
���

�4 �&� +��� -��8���/ F�A� 0 �� ��(� �� ��, 0�)� F'

F (x)
∂c

∂t
=

∂

∂x

{
�

c�
∂c

∂x

}
,

<����
�� �� lKK m +�5����67-
 	"�: +��� �
� �4 �&� ��2� ��

Bcc + �
Bc
c

= �,

[
�Bx −Ac +

�A

c

]
c
+ c�[F (x) − �]BBc = �,

F (x)[Bt + (AB)c] + F ′(x)B� +
{
�

(Ax
c�

)
c
− �ABc −BAc

}
=
Bxx

c�
− �BBx − �

AB

c
,

F (x)[At +AAc] + F ′(x)AB −AAC =
Axx

c� − �ABx − �
A�

c
,

<�, �� 0�)� �� c " t �x +�,��x5� �� �9#� �
1! w5)� �f
����
� " ���	�L j
�&� l]^<c m � B(x, t, c) " A(x, t, c)�2�� � ��

�()� �4 �&� �� ���
��� +"�� " +����
5�� ����� � ���: R�I5�� �4 �&� �� �UD��/ ����I��
�� ��)5�� �4 �&� F*

∂�c

∂x�
+
k

x

∂c

∂x
= f(c)

∂c

∂t
,

	"�: ��� l�m -��8� �
� �"�� �53�: �P� � �� < 
L �
�9� �k = � " k = � ��
�� .���5� +"�� " +����
5�� �4�� +��� ��
+�5����67-


x� = x+ εξ(x) +O(ε�), t� = t+ εη(t) +O(ε�), c� = c+ εζ(x, c) +O(ε�),

�()� 0� �
 	 
� ���� f(c) �:� "  ��  
!" �,"�: k ���I� " �, +��� ��, 0�)�

f(c) = α(c+ β)m,

���, 0�)� �k ���I� " �, +��� 	�A�� ��L�� �����,�
?4 +�25��� m " β �α ��

ξ(x), η(t) = (mγ + �)t+ δ, ζ(x, c) = γc+ λ,

=��� �� �� l��m �� �� ��
*G 	"�: ���, 0�)� �k = � Z�D �4�� +��� <���	�
?4 +�25��� λ " δ �γ ��

f(c) = α(c+ β)−�,

��()� �,"�: �� �9#� l�m �4 �&� �
��A� �J�5� R�W� 0�
�&� "  ��  
!" � 
L�� ��4
�

ξ(x) =
x

�
[log x+ (�+ γ)], η(t) = �t+ δ, ζ(x, c) = (log x+ γ)(c+ β),

<��� � �"�� ����+�&� 	�
?4 +�25��� δ " γ 	���" ��
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<�
�"� ���� �� 	�L �J�5� ��#���$
 �4 �&� " �,@�
! �� �&��� ;�3 �f��J5� ��x5� ��9O �'g#� � 	�L 	 � 	"�: +��� F0

�s 4 �&� �� ������ �P�8� F2

∂�c

∂x�
+
k

x

∂c

∂x
= cm

∂c

∂t
,

	"�: ���

x� = eεx, t� = e(�+mn)εt, c� = enεc.

�
� +��� ��, 0�)� " ����� 	 �$5�� �k = � " k = � +�254�� +��� l���m @�
! 0 �"� ���� +��� 	"�: �
� �� <������ �O�� � �"��
<n = −� " n = −���
�� .���5� �k �� 	�L 	 � �
 �I�

H
��L �k = � +��� .���� ��4"� H
��L (X,Y, Z) ����� ��>5?� �� =O�" � S

c(X,Y,�) = c�δ(X)δ(Y ),

H
��L �k = � +��� "

c(X,Y, Z,�) = c�δ(X)δ(Y )δ(Z),

<Q��� �s�9� +"��� Z�D ���� c� R
*&� �
U� �� � 
� �,�
D

�4 �&� ��, 0�)� F8

∂�c

∂x�
+
∂�c

∂y�
= αeβε

∂c

∂t
,

	"�: ���

x� = x+ εξ�(x, y) +O(ε�),

y� = y + εξ�(x, y) +O(ε�),

t� = t+ ε(γt+ δ) +O(ε�),

c� = c+
ε

β

(
γ − ∂ξ�

∂x
− ∂ξ�

∂y

)
+O(ε�),

���&
 0�*
�7�L
� �4 �&� � �� +�ξ�(x, y) " ξ(x, y) H�
� ��
∂ξ�
∂x

=
∂ξ�
∂y

,
∂ξ�
∂y

= −∂ξ�
∂x

,

<��� � �"�� ���� 	�L ��4
� ������� t�B ����	�
?4 +�25��� δ " γ �β �α ��

���
>� 	�L j
�&� ξ�(x, y) " ξ�(x, y) " δ = � +��� FG

ξ�(x, y) = x� − y�, ξ�(x, y) = �xy,

<�
��A� �J�5� �� �
� �&��� �(L " f��J5� ��x5�

w =
(x� + y�)

y
, τ = t exp

{ γx

(x� + y�)

}
,

c(x, y, t) = φ(w, τ) − �

β
log y − γx

β(x� + y�)
.

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



�� �
� �
1! ��I5)� �� ��#���$
 �4 �&� l�m �� 	 �$5�� �� fy� "

∂

∂w

(
w�

∂φ

∂w

)
+
γ�τ

w�
∂

∂τ

(
τ
∂φ

∂τ

)
= α

∂φ

∂τ
eβα − �

β
.

<�
�"� ���� �φ(w, τ) +���

���
>� 	�L j
�&� ξ�(x, y) " ξ�(x, y) " δ = � +��� F�H

ξ�(x, y) = enx cosny, ξ� = (x, y) = enε sinny,

<�
��A� �J�5� �� �
� �&��� �(L " f��J5� ��x5�

w = e−nx sinny, τ = t exp
(γ
n
e−nx cosny

)
,

c(x, y, t) = φ(w, τ) − γ

nβ
e−nx cosny − �

β
log(sinny).

��
1! ��I5)� �� ��#���$
 �4 �&� �l�m �� 	 �$5�� �� fy� "

∂�φ

∂w�
+
γ�τ

n�
∂

∂τ

(
τ
∂φ

∂τ

)
=

α

(nw)�
∂φ

∂τ
eβε − �

βw�
.

<�
�"� ���� �φ(w, τ) +��� ��

���&
 ��:�� �4 �&� @�
! ��, 0�)� F��

∂u

∂t
+ u

∂u

∂x
= D

∂�u

∂x�
,

u(x,�) = u�δ(x),

u(x, t) → � as x→ ∞,

�+�5����67-
 	"�: ��� ���� ���� u� ��

x� = eεx, t� = e�εt, u� = e−εu.

��
��A� �J�5� fy� " ������ �O�� � �"��

u(x, t) = t−�/�φ(xt−�/�),

��
�� �J�5� � "

φ(w) =
−�De−w�/�D

C +
∫ w
−∞ e−λ�/�Ddλ

,

���
>� �� C ��4"� H
��L ~����� <��� ���� C " w = xt−�/� ��

C = − (πD)�/�eu�/�D

sinh(u�/�D)
.

<�
�"� ����
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��UD��/ V
� �4 �&� -��8� 	"�: ��, 0�)� F��

∂�c

∂t�
= f(c)�

∂�c

∂x�

<��� 	�L 	 � 	"�: 0�*, �
� +�254�� �� -
 �, � ��#�� ���� f(c) ��

�	�
?4 f(c) (i)

ξ(x, t, c) = γx+ δ,

η(x, t, c) = γt+ κ,

ζ(x, t, c) = �.

�f(c) = α(c+ η)m (ii)

ξ(x, t, c) = γx+ δ + λmx,

η(x, t, c) = γt+ κ,

ζ(x, t, c) = λ(c+ β)

f(c) = α(c+ β)� (iii)

ξ(x, t, c) = γx+ δ + �λx,

η(x, t, c) = γt+ κ,

ζ(x, t, c) = (λ+ μx)(c + β).

<�
�"� ���� �� 	�L �J�5� ��#���$
 �4 �&� " @�
! �&��� ;�3 �f��J5� ��x5� �254�� �� -
 �, � 

�s �4"� H
��L � �'9O �4�s#� �� l��m �UD��/ V
� �4 �&� ����� @�
! F�#

c(x,�) = �,
∂c

∂t
(x,�) − δ(x).

+�5����67-
 	"�: ��� ����� @�
! f(c) V
� +�25G�� �*, +��� ���, 0�)� <����� t�B

x� = eεx, t� = eεt, c� = c,

��()� " ������ �O�� � �"��

c(x, t) = φ(xt−�).

�R"� �9��� �4 �&� � φ �
��A� �J�5� l��m �� <���

w�φ′′(w) + �wφ′(w) = f(φ)�φ′′(w),

<����� t�B �w = xt−� ��
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���
>� φ′(w) �
��A� �J�5� ���� ���� f� �� f(c) = f� �UD �4�� +��� F�'

φ′(w) =
C�

(f�
�
− w�)

,

���, 0�)� fy� <��� 	�
?4 ���� C� 0� � �� ���

c(x, t) =
C�
�f�

log
∣∣∣x+ f�t

x− f�t

∣∣∣ + C�,

" 	 
� c(x, t) = C� �4�� �
� � �� ��L�� C� = � �(�
� �A� �,��5��� x = f�t �UI� � @�
! �
� <��� +�&� 	�
?4 ���� C� ��
���� �
� ��
>� .���� @�
!

<�$B �A
 [�I� � " c(x, t) = (�f�)−� �|x| < f�t

+�5����67-
 	"�: ��� n^ �'g#� �4
*&� ��#���$
 �4 �&� ��, 0�)� �f(c) = c �4�� +��� F�*

w� = eεw, φ� = eεφ.

���3 �� fy� <������ �O�� � �"��

ψ =
φ

w
, τ = logw, p =

dψ

dτ
,

�;" T
� �� ��� �4 �&�

p
dp

dψ
+ p

(�− ψ�)
(�− ψ�)

+
�ψ

(�− ψ�)
= �.

<�
��A� �J�5� ��

��
�"� ���� �� �
� �UD��/ �
1! ��I5)� �� ��#���$
 �% �&� +�2��
! " -��8� +�2,"�: F�0

��UD��/ �:�� �4 �&� (i)

∂u

∂t
+ u

∂u

∂x
=
∂�u

∂x�
.

�f
� 7�
��
� �4 �&� (ii)

∂u

∂t
+ u

∂u

∂x
=
∂�u

∂x�
.

��)5�� 0�
� 	s�G�O �� �UD��/ ��)5�� �4 �&� ��, 0�)� F�2
∂c

∂t
=

∂

∂x

(
cm

∂c

∂x

)
,

�+�5����67-
 	"�: ���

x� = eεx, t� = eαεt, c� = eβεc,

�Y ()� ���
! ��� � � <������ �O�� � �"�� �α+mβ = � ��
�� 0� � ��

c(x, t) = tβ/αφ
( x

t�/α

)
.

< �� 
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�()� β = −� " α = m+ � �4�� � ���� 	�L 	 � c<n R�W� � �� �UD��/ ��)5�� �s 4 �&� f��J5� @�
! F�8

c(x, t) =
�

t�/(m+�)

(
C − mx�

�(m+ �)t�/(m+�)

)�/m

�� @�
! �
� 	�A�� ���, ��� �$B �*� �� �� C �:� ��, 0�)� ~��� �
� �� <��� ���� C �� �
��� ����

c(x, t) =
(
− mx�

�(m+ �)t

)�/m
,

t R�I5�� �� �� ��� 	�,�)� ���O < 
L�� �L�� β = � " α = � �4�� �� �� ��� �4 �&� �
� �A
 f��J5� @�
! ��  
L�� �
�9�
���&
 �Q��P5�� 0��� @�
!S �� @�
! �
�

c(x, t) =
( mx�

�(m+ �)(t� − t)

)�/m
,

<��� 	�
?4 ���� t� ��
�� 0� � �� <��� �|��5�
< �"� ���� 0�
��� 1�� Q�,��x5� -�($�S -��(� �� �� Q��P5�� 0��� @�
!S ���� ����

���, 0�)� F�G

�φφ′′ − φ′� +
�

�
(w�

�
− w�) = �,

<��� m = � Z�D �4�� � lKK m �s 4 �&� +��� .���� ���
!

�s 4 �&� ��, 0�)� F�H
∂c

∂t
= (−�)n

∂

∂x

(
cm

∂�n+�c

∂x�n+�

)
,

��()� ���
!

c(x, t) =
( x�(n+�)

λm[t� + (−�)n+�t]

)�/m
,

[�L ~����� " 	 
� ���� λ " t� ��
�� 0� � ��  �� 

λ =
�(n+ �)

m

(
�(n+ �)

m
− �

)(
�(n+ �)

m
− �

)
...

(
�(n+ �)

m
− �n

)(
�(n+ �)

m
+ �

)
,

<��5#, ��$B j4�?� 	�
?4 + λ �, +��� n " m �
 �I� ��  
L�� ���&�

���� �
� �()� �9O �'g#� �4 �&� f��J5� @�
! ��, 0�)� F��

c(x, t) =
�

tk
φ
( x
tk

)
,

<�L���� k = (m+ �n+ �)−� 0� � ��
��
��A� �J�5� �w = x/tk ��3 �� fy�

φm−� d
�n+�φ

dw�n+�
= (−�)n+�kw,

[�L �� " ��� �$B (−w�, w�) 	��� �� V��D � �� �L���� V"� �&��� φ(w) 0� � ��

φ(w�) = φ′(w�) = φ′′(w�) = ... = φn(w�) = �,

�sU��� ~��� �� w� ��∫ w�

−w�

φ(w)dw = c�,

<��� �s�9� +"��� ��4"� ���� c� R
*&� �
U� �� ��� 	�L _?)� � 
L�� ���&�
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���� �
� ��
>� .���� f��J5� =9�� @�
! ��, 0�)� �m = � Z�D �4�� +��� F��

c(x, t) =
�

t�/(�n+�)
φ
( x

t�/(�n+�)

)
,

��()� φ(w) 0� � ��

φ(w) =
(w�� − w�)n+�

(�n+ �)!
,

R
��3 �� w� " 	 
�

w� =
( (�n+ �)!Γ(n+ �/�)c�√

π(n+ �)!

)�/(�n+�)

.

< 
L�� ���&�

���, 0�)� na �'g#� � f
� 7d���
� �4 �&� +��� F�#

+�5����67-
 	"�: ��� �4 �&� (i)

x� = eεx, t� = e�εt, u� = e−�εu,

�	�L �J�5� f��J5� @�
! " ������ �O�� � �"��

u(x, t) = t−�/�φ(x/t�/�),

�4 �&� � 

φ′′′ = φφ′ − (wφ′ + �φ)/�,

<����� t�B ��L���� w = x/t�/� ��

+�5����67-
 	"�: ��� �4 �&� (ii)

x� = x+ εt, t� = t, u� = u+ ε,

���
>� 0� 	�L �J�5� @�
! " ��� � �"��

u(x, t) = (x− x�)/t,

<�L���� ���� ���� x� ��

Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



 /�"� 0� �+
(  1 � ��������

� �� �$: 0�
��� =K�O �
K �� <�
�� �6�� ��� 	��� �>3 �, 0�
�6 � �� �'E�#� �� �D�� �
�*�,�� " �� �� @�5� �
� ��� � � 
��
D �� �D� �6 �2�� �� �� �� 0� �� �&� �#
���� 	����
D ��  ��  
!" ����� +�,��� �� [�9��� � ���(� " ���E1! �E�#� �
�
� ��� �5� � 	 �� +�, ;�: �'��
� �
 ��5#, �� +��� �*� ��G8K� ������� �
 �� ���	�L {�K +���
: �� �E�#� �
� < ��: ��3
�
P�*� �2�� �� +���#� +�2��
! " �E�#� T
*J� � <���	�L 	 � b�C
� �3�� �
K �� �0� �� ���9O �E�#� ��5� �D� +�24�W�
�� ���� �2�� �� +��� 0�

J)�� �
�W�� " ��'()� �E�#� �� �D�� �N�
*G " <��� 	�L �E��� ��5� � 	�����6 M
�5� +��� �B8D

<���� �� ��� �5� �� T
!� " �&4�U�

5"� �AN

F�

" u(x�, y�) = y�
�x� = y�x = u(x, y) ��
������ <��, �� ���O �� y� = eεy " x� = e−�εx�β = ��α = −� �β = −α/� (i)

du

dx
= �xy

dy

dx
+ y� = �xy

( A

x
�

�

+By�
)

+ y�

<�
��� ���� ���� �
v6-�($� +��4 �&� �� du
dx = �(Au�/�+Bu�)+u

x 0� �� ��

u(x�, y�) = y�
�
x−�
�

= y�x−� = u(x, y) +� �"�� ��
������ <y� = e�εy " x� = e�εx �β = � �α ���� �� ��3 ��α = �β (ii)

<��
��� ���� �dudx = �y�

x�
dy
dx − �y�

x�
= −u

x

(
�−u
�−�u

)
�
v6-�($� �4 �&� "

u(x�, y�) = yn
�
x� = ynx = u(x, y) +� �"�� ��
������ <y� = eεy " x� = e−nεx�β = ��α = −n ������ ��3 �α = −nβ (iii)

< 
L�� �B�� ���� �
v6-�($� +��4 �&� -
 1�� 0� �� �dudx = xnyn−� dydx + yn = u
x (A−B+u

A+u ) �4 �&� "

" x� = x� + δ ��� 	"8 & � <� � � �� � _ ? ) � �� 0"��" " � �� * , �8 
� 9 � . � �� � � � −ε " ε = � F�
+� �"� � � � < 
 L� � _ ? ) � ε + δ � � @� h ' B� � � � & 
 y� = e−�δ+εy " x� = x + δ + εx 	� A �� y� = e−�δy�

< �� �� �� 0� 0�
��� du
dx = �

y
dy
dx + � = �u

(u−�)
�� �4 �&� �
�9� " u(x�, y�) = logy� + �x� = logx+ �xu(x, y)

0 � ���O �� ���
��� �� du
dx = dy

dx − � = A�

u�
− ���� �
�"��� ���� u(x�, y�) = y� − x� = y − x = u(x, y) +� �"�� �� F#

< 
L �� �
� �
B �� u = A sin θ

dx =
u�du

(A� − u�)
= A

sin� θ
cos θ

dθ = A(cos θ + sec θ)dθ.

n^c
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��
�"��� ���� lnq<n m �� 	 �$5�� �� F'

dy

dx
=

ρ′(x− x�)
ρ(x)

− ρ(x− x�)
ρ(x)�

ρ′(x) =
(ρ(x− x�)

ρ(x)

)�
− ρ(x− �x�)

ρ(x)
,

= y(x)� − y(x)y(x − x�).

��
�� ln^<n m ��x5� ���x� �� F*

ex

f(t)
− ex

f(t)�
f ′(t)t =

ex

f(t)
− ex

f(t)
t

f(λt)
.

xw
(
xdwdx + w

)
= �x(�−x)

(�+x)
+ �xw + (�+�x)xw�

(�+x)�
. ���  
L�� �J�5� ln^<n m " y = xw �(�
� �� F0

ds

dx
= − �

(�+ x)�
; xw

dw

dx
= xw

dw

ds

ds

dx
= −(

�− s

�+ s
)
w

�

dw

ds
(�+ s)�.

F2

ξ = x/t�/�, c(x, t) = φ(ξ),
∂c

∂t
= −ξφ

′(ξ)
�t

,
∂�c

∂x�
φ′′(ξ)
t

;

φ′′(ξ) +
ξ

�
φ′(ξ) = �;

φ′′(ξ)
φ′(ξ)

+
ξ

�
= �; logφ′(ξ) +

ξ�

�
= logA;

φ′(ξ) = Ae−ξ
�/�.

< �� �9O �'g#� �� ���)� ���
! F8

<��� 	"�: +� "��� ψ �� φ = ξ�ψ ���x5� ���x� �� R�� φ(ξ)φ′′(ξ) + φ′(ξ)� + ξφ′(ξ)/� = �; ��� �, �� �J�5� D(c) = c FG

ξ�ψ(ξ�ψ′′ + �ξψ′ + �ψ) + (ξ�ψ′ + �ξψ)� + ξ(ξ�ψ′ + �ξψ)/� = �.

�� 	 �$5�� fy� " �'
"� T
� �� �4 �&� 0 �"�5��� " ξ� �� ��#I� �� <�
�"��� ���� ��

ξψ′ =
dψ

dy
, ξ�ψ′′ =

d�ψ

dy�
− dψ

dy
,

d�ψ

dy�
= p

dp

dψ
.

<�
��� � ξ�ψ = constant�
 ξψ′ + �ψ = � ��
>� �4 �&� �p = −�ψ 0� � ��

<���� 	 �$5�� p +��� ��#���$
 �4 �&� �� R�� q dqdψ = pψ
(
ψ dp
dψ + p

)
= ψ

(
ψp dpdψ + p�

)
. " q = pψ F�H

∂z
∂t = BeBc ∂c∂t = zAB ∂

∂x( �B
∂z
∂x) = Az ∂

�z
∂x�

F��
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�� � � � � � � � O �# 
� � � ' g # � @�
 ! � � 0� � �� +�� � ∂z∂t = t(m−n)/nmφ(ξ) − ξφ′(ξ)/n, ∂
�z
∂x�

= t(m−�)/nφ′′(ξ). F��
nAξ�ψ(ξ�ψ′′ + �ξ �4 �&� φ = ξ�ψ ��x5� ���x� �� �� <t(m−n)/n = t�(m−�)/n ��� �3�: �J�5� 0�
��� m+ n = �

<�
��� ���� nAψ(d
�ψ
dy�

+ �
dψ
dy + �ψ) + (dψdy + �ψ) −mψ = � �
 psi′ + �ψ) + ξ(ξ�ψ′ + �ξψ) −mξ�ψ = �,

F�#

c(x, t) = f(x) + g(t),
∂c

∂t
= g′(t),

∂c

∂x
= f ′(x)

e−Bg(t)g′(t) = A(eBf(x)f ′(x))′ = constant = λ

e−Bg(t) = Bλ(t� − t); eBf(x)f ′(x) =
λ

A
(x− x�); e

Bf(x) =
Bλ

�A
[(x− x�)

� + C]

��
������

eBc =
{Bλ
�A

[(x− x�)
� + C]

}
�

Bλ(t� − t)

F�'

�0� �� �&� x = x� − εt, t = t� 	�
" �� ������ _?)� �� 0"��" −ε �(�
� �� (i)

∂c�
∂t�

=
∂c�
∂x

∂x

∂t�
+
∂c�
∂t

− ε
∂c�
∂
,

∂c�
∂x�

=
∂c�
∂x

∂x

∂x�
+
∂c�
∂t

∂t

∂x�
=
∂c�
∂x

,

∂�c�

∂x�
�

=
∂

∂x
(
∂c�
∂x�

)
∂

∂t
(
∂c�
∂x�

=
∂

∂x
(
∂c�
∂x�

) =
∂�c�
∂x�

.

����
� �� exp(−εx/�− ε�t/�) 	��, 0�)� e 0� � �� c� = ec �� R��

∂c�
∂t�

− ∂�c�

∂x�
�

=
∂c�
∂t

− ε
∂c�
∂x

− ∂�c�
∂x�

= e(
∂c

∂t
− ε�

�
c) − εe

( εc
∂x

− ε

�
c
)
− e

( ∂�c
∂x�

− ε
∂c

∂x
+
ε�

�
c
)

e
(∂c
∂t

∂�c

∂x�

)
.

<���� R�9� �� R"� �*#O +�,;�O 0�*, (ii)

<���� R�9� �� n<^ R�W� ��" � 0�*, �NI�O F�*

!"� �AN

�ε �� �9#� +��AI5)��� l<n ?

∂(dr�/dε, θ�)
∂(r, θ)

+
∂(r�, dθ�/dε)

∂(r, θ)
= − r

r�
�

dr�
dε

,
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���
>� ���
��� �4 �&� �
� <�
��� ���� �P�  �
� M
�5� ∂(r,θ)
∂(r�,θ�)

= r�
r � 0� @�C �� %�� " �
�� ��

∂

∂r�

(
r�
dr�
dε

)
+

∂

dθ�

(
r�
dθ�
dε

)
= �,

	�A�� �L�� �I5#� ε �� φ �:� < ��  
!" �'g#� @
'U� Z�
D �� +� φ(r�, θ�, ε)  
L�� �J�5� 0� �� ��  
L �5L
�
d

dε
φ(r�, θ�) =

∂φ

∂r�

dr�
dε

+
∂φ

∂θ�

dθ�
dε

= �

<��� �P�  �
� �4 �&� +� �"�� φ �
������ "

F�

�, �� �J�5� ��� ε = � �� �54�� +��� θ� = θ " r� = r �� 	 �$5�� " ;��� �, �� �� �� dθ�
dε = �Aθ� �dr�dε = − (Ar�

�
+B)

r�
, (i)

���
log(Ar�

�
+B)

�A
= −ε+

log(Ar� +B)
�A

, log θ� = �Aε+ log θ,

< 
L�� �B�� �'g#� @
'U� M
�5� 0� �� ��

� 
�� �� � � " � 
�� � � �� � r� = e−Aεr R"� � 4 � & � � � � � � � dθ�
dε = �Aθ� + �B log r� + B �dr�dε = −Ar� (ii)

� �  
 L� � � 
� 9 � dθ�dε = �Aθ� + �B log r + B(� − �Aε) ��
 > � 0� ;" � 4 � & � � @�
 ! � 
� 0 � ��� O � �
@�
 ! 0� � � � � � �  � � � # 

 � 	�� �" d

dε(e
−�Aεθ�) = �B log re−�Aε + d

dε(Bεe
−�Aε) ��
 > � �� �� 0�
 �� �

�'g#� �� �*#O �
� @
'U� M
�5� ����
��� 0� 0 �� ��(� �� ��  
L �� �B�� θ�e−�AεB(ε− (log r)/A)e−�Aε + constant

<�
�"� ���� 1�� ��

<�
����� ��(� θ� +��� ����9G �� 0���� +��� �� φ(r�, θ�) = φ(r, θ) " r� = e−Aεr �N�� O��

0� ~� ��� � � � � 
�� � � �� � θ� = θ � ' B� 38 � � �" �� � � �dθ�dε = � �dr�dε = − A
�r�

(� + cos� θ� − sin� θ�) (iii)

<����� ����� �� �'g#� �P�  �
� M
�5� ��  
L�� �B�� r�
�

�
= −A

�
ε cos� θ + r�

�

0� �� 	"8G <y = e−εx�y� �x = (eεx� − �)/ε �� ���� �!
� F#

dx�
dε

=
x

ε(�+ εx)
− log(�+ εx)

ε�
=

(�− εx� − e−εx�)
ε�

,

dy�
dε

= xy =
(�− e−εx�)

ε
y�,

�8
�9� 	"�: k�, �
������ " �#�� 0� �:7 
D 	�A5� �
������ ���� 	�L �,�| %�� �4 �&� ;" X�K � ��*C �
U� ε 0
� "
<����*� _?)� �� 0"��" =��� −ε T
*J� � ���� ��4
� ���
��*� �� +�5����67-


F'

(ii)

L(φ, ψ) = ξ(φ, ψ)x + η(φ, ψ)y

= ξ(φx, ψ) + ξ(φ, ψx) + η(φy , ψ) + η(φ, ψy)

= (ξφx + ηφy, ψ) + (φ, ξψx + ηψy)

−φx(ξ, ψ) − φy(η, ψ) − ψx(φ, ξ) − ψy(φ, η)
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= (L(φ), ψ) + (φ, L(ψ)) − φx(ξxψy − ξyψx)

= φy(ηxψy − ηyψx) − ψx(φxξy − φyξx) − ψy(φxηy − φyηx)

= (L(φ), ψ) + (ψ,L(ψ)) − (ξx + ηy)(φxψy − φyψx)

(L(φ), ψ) + (φ, L(ψ)) − w(φ, ψ),

< �"� ���� �� @
'U� M
�5� 0�
��� ��
B �
�� "

F*

(ii)

P (χn−�) =
n−�∑
k=�

P (φk, ψn−�−k)

=
n−�∑
k=�

{(L(φk), ψn−�−k) + (φk, L(ψn−�−k))}

=
n−�∑
k=�

{((k + �)φk+�, ψn−�−k) + (φk, (n− k)ψn−k)}

=
n∑
j=�

{(jφj , ψn−j) + (φj , (n− j)ψn−j)} + n(φ�, ψn),

��
������ <��� 	��� ���� ;" +�� � j �� k ���x� �� 	 �� �
U� " R"� T
*J� � j = k + � 0 � ���O �� ��D� ���9G ��

P (χn−�) =
n∑
j=�

n(φj , ψn−j) = nχn,

<�, �� ���� �� �'g#� @
'U� M
�5� ��

F0

log(� + ρ) =
∑∞
j=�

(−�)j−�

j ρj R"� �'*! ��� �� fy� ρ = εw + ε�

�!
P (w) + ε�

�!
P�(w) + ε�

�!
P�(w) + ... ���, �� ���O (i)

��
�� 0� ~��� �� �� ������ 	 �$5��

log(x�, y�) = log(�+ ρ) = ρ− ρ�

�
+
ρ�

�
− ρ�

�
+ ...

<�
��� ���� �'g#� @
'U� M
�5� �%�� ���9G R"� �'*! ��� " ρ� < � ��3 �� "

�(�+ ρ)−� =
∑∞
j=�(−�)p

j ���9G R"� �'*! ��� �� 	 �$5�� �� ���)� �
U� (ii)

(�+ ρ)−� =
∞∑
j=�

(−�)p
j

(x�, y�)
−� = (�+ ρ)−� = �− ρ+ ρ� − ρ� + ρ� = ...

<�
��� ���� �'g#� �5��
D �J�5� R"� �'*! ��� |ρ| < � ��3 �� ��

<��� ] �'g#� ���)� 0� �� ���E1! F2
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<��� \ �'g#� ���)� 0� �� ���E1! F8

!�4 �AN

��
�� g(x)y " x� = f(x) � dy�dx�
+ p(x�)y� = q(x�)yn� �� F�

{g(x)dy + g′(x)ydx
f ′(x)dx

}
+ p(f)g(x)y = q(f)g(x)nyn,

�4 �&� �� ��
dy

dx
+

{g′(x)
g(x)

+ p(f)f ′(x)
}
y = q(f)g(x)n−�f ′(x)yn,

�0� �� �� � 
L�� �
�9�

p(x) =
g′(x)
g(x)

+ p(f)f ′(x), q(x) = q(f)g(x)n−�f ′(x),

lc<^ m7p �� 	�A�� ��#

�� ^qp `?� ����� ���� w�O �
U� ��,�
?� �:� �
������ < 
L�� �J�5�

ξ′ + ξ
{q′
q
− (n− �)p

}
= (�− n)C�,

<�, �� ���� �� �'g#� @
'U� M
�5� " 	 
� q(x)/s(x)n−� +��A4��A5�� ���G +��� �� �
� �� ����

�4 �&� �#
���� u(x, y) �53�
 �
P�*� F�

dy�
dx�

=
η(x�)y�
ξ(x�)

=
(C� − p(x�)ξ(x�))y�

ξ(x�)

�4 �&� �� ��

dy�
y�

=
C�q(x�)s(x�)�−ndx�{

(�− n)C�
∫ x�
x�
s(t)�−nq(t)dt+ C�

} − p(x�)dx�,

�@�
! 0� �� �� " Q<����9� �� leq:2.8KK m S 
L�� �
�9�

log y� =
�

(�− n)
log

{
(�− n)C�

∫ x�

x�

s(t)�−nq(t)dt+ C�

}

−
∫ x�

x�

p(t)dt = constant

�4 �&� �#
� � �� v(x, y) �53� 
 +��� < 
L�� �J�5 � �4 �&� �
� �� �'B�38� u(x, y) +��� ��� �  �
� ���9G "  
L �� �B��
�4 �&� �� �
�9� ���O �� �� dx�

dε = ξ(x�) �
 dx�
ξ(x�)

= dε

q(x�)s(x�)�−ndx�{
(�− n)C�

∫ x�
x�
s(t)�−nq(t)dt+ C�

} = dε,

@�
! ��� ε = � �� �54�� +��� x� = x �� 	 �$5�� �� " 	 
�

�

(�− n)C�
log

{
(�− n)C�

∫ x�

x�

s(t)�−nq(t)dt + C�

}

= ε+
�

(�− n)C�
log

{
(�− n)C�

∫ x

x�

s(t)�−nq(t)dt+ C�

}
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�� (u, v) X��&5� ��>5?� .#� �� ��#���$
 �4 �&� �53�: �J�5� +��� <�
��� ���� 0� +��� ���� �$B7�� C� �(�
� ��3 ��
������� �*G �
� ��
B

du

dv
=
du/dx

dv/dx
=

s(x)(dy/dx+p(x)y)

Δ�/(�−n)− s(x)yC
�

s(x)�−nq(x)

Δ�/(�−n)+�

s(x)�−nq(x)
Δ

,

�
�� �	�L 	 � ��#���$
 �4 �&� �� 	 �$5�� �� <���
{

(�− n)C�
∫ x
x�
s(t)�−nq(t)dt+ C�

}
	��
�*� Δ + � �O �
U� ��

du

dv
=
q(x)yn−�u− C�

uq(x)s(x)�−n

Δ
s(x)�−nq(x)

Δ

,

�
������ < 
L�� �
�9� dudv = u(s(x)y)n−�Δ − C�u �4 �&� �� ��

du

dv
= u

{ Δ
(s(x)y)�−n

− C�

}
= u

(
�

un−�
− C�

)
= u(un−� − C�).c

�� �� ����
�� �� C�v = log(un−�−C�)
(n−�)

− log u+ constant, �� 0� �� �� �� �dv = du
u(un−�−C�)

= �

C�

{
un−�

(un−�−C�)
− �

u

}
du "

<��
��� ���� �'g#� @
'U� M
�5� ��D� ���9G ~����� " (n− �)C�v = log(�− C�u
�−n) + constant 0�

< 
L�� �� 0� �� ��	 �� ��
>� �4" ;" �'g#� ����� F#

� dy�dx�
+ p(x�)y� = q(x�) + r(x�)y�

�
�� F'

p(x) =
g′(x)
g(x)

+ p(f)f ′(x), q(x) = q(f)
f ′(x)
g(x)

, r(x) = r(f)g(x)f ′(x)

�4 �&� " lc<^ m �� �!
� �� ��
��A� �J�5� ����
��� ��

ξr′ + rξ′ + rη = �

��
�� lc<^ m7n �� η Xv� �� �
������ <�
 �"� ���� ^<p `?� � ��

ξ′ + ξ
(r′
r
− p

)
− C�

"

ξ′ + ξ
(r′
r
− p

)
− C�

�
�� �, �� " �
� 0 �� �� � � " ξ�qr = constant � 
 ��
��� ���� �ξ′ + ξ
(
q′

q + r′
r

)
= � ���9G �4 �&� " �
� =*! �� ��

M
�5� �J�� �� " ����:��� ��L�� ���O�� q′q − r′
r + �p = � " 	 
� �$B C� �� ���
B � �2���9G �
� " ξ

(
q′

q − r′
r + �p

)
= �C�

<��
L�� �B�� �'g#� @
'U�

< 
L�� �� ] �'g#� ���)� F*

< 
L�� �� ] �'g#� ���)� F0

< 
L�� �� ] �'g#� ���)� F2
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F8

(i)

dy

dx
= e

{dy∗
dx

− a(x)
�

y∗
}
,

d�y

dx�
= e

{d�y∗
dx�

− a(x)
dy∗

dx
− [

�

�

da

dx
− a(x)�

�
]y∗

}

<�, �� ���� �� �'g#� @
'U� M
�5� �	�L 	 � �4 �&� �� ���9G �
� 0 �� �� �� <��� exp
(
− �

�

∫ x
x�
a(t)dt

)
	��
�*� �e ��

(ii)

dy

dx
= e

dy

dx∗
,
d�y

dx�
e�

d�y

dx∗�
− a(x)e

dy

dx∗

+�24
��3 �� �G�#� �'g#� @
'U� M
�5� �� <��� ����� q(x) = q(f)g� �� " 	 
� �exp
(
− ∫ x

x�
a(t)dt

)
	��
�*� e �J�
� � ��

<��
��� ���� �P�  �
�

< �� r �'g#� �� w9U� ������ �'� FG

 
L�� �J�5� 0� �� �� q(x) = g(f)g� �� ��L�� �5L� lna<^ m �� 	"8G �:� ��� �"�� �4 �&� �d�y�
dx�

�

+ p(x�)y� = q(x�) �� F�H
M
�5� " �
��� ���� �ξq′ + �ηq = � �
 q′q = −�

�

ξ′

ξ lnc<^ m7n �� 	 �$5�� �� �
������ �q(x) = [q(x) + εξq′(x)](� + �εη) ��
��
�� ;" �*#O +��� <�
��� ���� 0� �� �� �'g#� @
'U�

du

dv
=
du/dx

dv/dx
=
ξ−�/�dy/dx− ξ−�/�ξ′y/�

ξ−�
= ξ�/�

dy

dx
− ξ′

�ξ�/�
y,

��
������
d�u

dv�
=

d

dv

(du
dv

)
=

d

dx

(du
dv

)
/
dv

dx

= ξ�
{
ξ�/�

d�y

dx�
−

( ξ′′

�ξ�/�
− ξ′�

�ξ�/�

)
y
}

ξ�/�
d�y

dx�
− �

�ξ�/�
(�ξξ′′ − ξ′�)y

�� �4 �&� "
d�u

dv�
= ξ�/�{q�ξ−�/� − p(x)y} − �

�ξ�/�
(�ξξ′′ − ξ′�)y,

<��
L�� �J�5� 	�L �E��� �% �&� �^<^ `?� ����� �'B�38� " d�u
dv�

+
{
�

�
(�ξξ′′ − ξ′�) + pξ� + pξ�

}
u = q� ��&
 < 
L�� �
�9�

��
�� lKK m7p " lKK m7n �� �N*�I5#� F��

q − p′/�

=
g′′′

g
+
�g′�

g�
− �

g′g′′

g�
+ p(f)gg′ + q(f)g�

−�
�

{
�
g′′′

g
− 	

g′g′′

g�
+ �

g′�

g�
+ �p(f)gg′ +

dp

df
(f)g�

}
{
g(f) − �

�

dp

df
(f)

}
g�

��ηΔ + ξΔ = � �� �
��A� �J�5� ����
��� �Δ(f)g(x)� = Δ(x) �� 	�A�� �, �� 0�)� �� q − p′/� �Δ �:� �;" �*#O +���
<�
������� 0� �� �'g#� �� +��� �� �, �� �� ξ�Δ = constant �η = ξ′ ��
������ �
������
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!)�3� �AN

�:� ���� �4 �&� +��A4��A5�� ���G �μ = (ξM + ηN)−� F�
( M

(ξM + ηN)

)
y

=
( N

(ξM + ηN)

)
x
,

<(ξM + ηN)(My −Nx) = M(ξM + ηN)y − (ξM + ηN)x ��:� ��&

�4 �&� �� �4 �&� �
� �F = −M/N ��, ���O l]<] m �4 �&� � �:� R��

ξ(MNx −NMx) + η(MNy −NMy) = ηxN
� − (ηy − ξx)MN − ξyM

�,

<��� 0 
� +��A4��A5�� ���G H
��L 0�*,  � 0�)� 0�
� �� ��  
L�� �
�9�

�:� �4 �&� " �, +��� +��A4��A5�� ���G μ F�

(μM)y = (μN)x (μN)y = −(μM)x

" Θ = tan−�(M/N) " R =
√
M� +N� j
�&� �� <Mμx +Nμy = −μ(Mx +Ny) " Mμx −Mμy = μ(My −Nx) ��
������

���&
 �μy " μx +��� .���� +�2���9G �%�� �4 �&� �� 	 �$5��

μx = μ[Θy − (logR)x], μy = −[Θx + (logR)y]

<�
��� ���� �'g#� ����  �
� �4 �&� �μxy +��� ����9G 0 �"� ���� �� " �
��� ����

�% �&� �#
�� �
������ " ��
������� R"� �9��� �� �
1! ��I5)� �� +��4 �&� �� �� ]<^ R�W� ����� F*

dx

dτ
= ξ(x),

dy

dτ
= η(x)y + ζ(x),

dF

dτ

= (η′(x)y + ζ′(x)) + (η(x) − ξ′(x)F, )

�4 �&� �#
�� �� �J�5� � ����� �� ��
dy

dx
− η

ξ
=
ζ

ξ
,

dF

dx
+

(ξ′ − η)
ξ

F =
η′y + ζ′

ξ
.

<��� 	�L j
�&� lpp<] m � s(x) �� ��5#, ξs(x) " s(x) +��:R��A5�� +�,���G +��� .���5� �% �&� �
� �� <���� �� ��
��
������

ys(x) −
∫
xx
�
s(t)

ζ(t)
ξ(t)

dt = constant = A

d

dx
{ξsF} = η′

(
A+

∫ x

x�

s(t)
ζ(t)
ξ(t)

dt
)

+ ζ′s,

�1! �� 1! F"� �� R��A5�� �� �� "

ξsF = η
(
A+

∫ x

x�

s(t)
ζ(t)
ξ(t)

dt
)
−

∫ x

x�

s(t)
ζ(t)
ξ(t)

η(t)dt +

ζs−
∫

−x�xζ(t)
ds

dt
+ constant.

" 	�L Xv� R��A5�� s(x) +��� lpp<] m j
�&� �� <�
�"��� ���� ��

F (x, y) =
η(x)
ξ(x)

y +
ζ(x)
ξ(x)

+
Φ

(
ys(x) − ∫ x

x�
s(t) ζ(t)ξ(t)dt

)

ξ(x)s(x)

<��� F (x, y) ��
*G �(L �� �
��� ���� 0� ��
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�4 �&� �#
���� T
*J� � <s(x)y = A �
�� �'9O �'g#� " ln\<] m7lnr<] m �� F2

y
dW

dy
+W =

(n− �)y−n

η(x)

�4 �&� �� y = A/s �� 	 �$5�� �� �� ��
dW

dx
+
η(x)
ξ(x)

W +
(n− �)
An

s(x)n

ξ(x)

��
�� �
������ <���� �� �� � 
L�� �
�9�

W

s
=

(n− �)
An

∫ x

x�

s(t)n−�

ξ(t)
dt+

Φ(A)
An

.

��
�� �'g#� .���� ���>5?� ;�3 0 �"� ���� +��� 0� �� 	 �$5�� �� �� �W = w
ξ(x)yn−�

= (F−yη(x)/η(x))−�

ξ(x)yn−�
���

du

dv
=
du/dx

dv/dx
=

s(x)
(
dy
dx − η(x)

ξ(x)y
)

{
�

ξ(x)yn−�
+ (�−n)

un s(x)
(
dy
dx − η(x)

ξ(x)y
) ∫ x

x�

s(t)n−�

ξ(t) dt
}

=
{(�− n)

un

∫ x

x�

s(t)n−�

ξ(t)
dt+

�

ξ(x)yn−�s(x)

(dy
dx

− η(x)
ξ(x)

y
)−�}−�

=
{(�− n)

un

∫ x

x�

s(t)n−�

ξ(t)
dt+

�

ξ(x)yn−�s(x)
ξ(x)

ys(x)n−�
{
(n− �)

∫ x

x�

s(t)n−�

ξ(t)
dt+ Φ(u)

}}−�

=
{Φ(u)
un

}−�
=

un

Φ(u)

< 
L�� �� ^ �>3 �� rlim �'g#� ����� F8

��
������ �F (x, y) = q(x) − p(x)y + r(x)y� ������� ��3 la<] m � FG

ξ(q′ − p′y + r′y�) + (ηy + ζ)(�ry − p) = (η′y + ζ′) + (η − ξ′)(q − py + ry�)

�� ;" �*#O +��� <��
L�� �J�5� y� " y �y� .
��C �9���� �� 	�L 	 � �4 �&� �� "

η = −
(
ξ′ +

r′

r
ξ
)
, ζ =

−ξ′′
�r

+
ξ′

�r

(
p− r′

r

)
+

ξ

�r

(
p′ − r′′

r
+
r′�

r�

)
,

	�L 	 � �� �4"� R��A5�� � �
�	 �"� ���� ζ(x) +��� �� +��4 �&� ��, �� 0�)� " ������ 	 �$5�� ;
� �4 �&� �� ξ " η Xv� +���
<����� t�B ����

VTF* �AN

��
�� la<] m �� 	�A�� �L�� �$B7�� ρ(x) �:� F�

(ρy + ξ)(G′y +H ′) +G(ρ′y� + ηy + ζ)

= (η − �ξ′)(Gy +H) + (ρ′′′y� + η′′y + ζ′′)
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�y .
��C �� R�� <������� 8N ��� y� .
��C �P�8� ���O �
U�

ξG′ + ρH ′ +Gη = −(η − �ξ′)G+ η′′,

���
>� ���
��� H " G +��� 	�L 	 � ����9G 0 �� ��(� �� �� �
��� ����

{p�(ξ′′ + η′) − �ρρ′ξ′ − �(ρρ′′ − ρ′�)ξ}′ = �.

<�3�: �J�5� �� �'g#� �P�  �
� M
�5� 0�
��� �0� @�
! �53�
 0� �� 	"8G " ρ �� 0� ��#I� �� � 
L �5L
� 	���" 

��
������ ����� �� �
1! ��I5)� �� ��#���$
 �4 �&� 0�
�&� �� lKK m7p �#
�� 	�A�� ��L�� η = ξ/� " �$B ρ(x) �:� F�

ξ
∂F

∂x
+

(ξ′y
�

+ ζ
)∂F
∂y

=
−�ξ′
�

F +
(ξ′′′
�
y + ζ′′

)
.

��

dy

dτ
=

(ξ′y
�

+ ζ
)
,

dF

dτ
=

−�ξ′
�

F +
(ξ′′′′
�
y + zeta′′

)

��
�� 

dy

dx
− ξ′y
�ξ

=
ζ

ξ
.

dF

dx
+
�ξ′

�ξ
F =

(ξ′′′′
�ξ

y +
ζ′′

ξ

)
.

�0� �� 	 �$5�� �� �� ��� R"� �4 �&� +��:R��A5�� ���G ξ�/� ��

y

ξ�/�
−

∫ x

x�

ζ(t)
ξ(t)�/�

dt = constant = A

��
�� " ��� ;" �4 �&� +��:R��A5�� ���G ξ�/� .���� ��*2� "  
L�� �J�5�

d

dx
(ξ�/�F ) =

ξξ′′′

�

(
A+

∫ x

x�

ζ(t)
ξ(t)�/�

dt
)

+ ξ�/�ζ′′,

�1! �� 1! F"� �� +��: R��A5�� �� "

ξ�/�F =
�

�

(
ξξ′′ − ξ′�

�

)
+

(
A+

∫ x

x�

ζ

ξ(t)�/�
dt

)

�

�

∫ x

x�

(
ξ(t)ξ′′(t) − ξ′(t)�

�

) ζ(t)
ξ(t)�/�

dt

+ξ�/�ζ′
∫ x

x�

ζ′(t)
ξ′(t)

�ξ(t)�/�
dt+ constnat.

��, �� R��A5�� " .���� �� 	�

� � 
L�� �J�5�

−�
�

=
∫ x

x�

d

dt

{
ζ(t)

ξ′(t)
ξ(t)�/�

}
dt = −ζ(x)ζ

′(x)
�ξ(x)�/�

+ constant,

��D� � �
��� ����

F =
�

�

( ξ′

ξ�/�

) y

ξ�/�
+

�

ξ�/�

( ζ

ξ�/�

)′
+B,

<��
��� ���� B = Φ(A) �� �N�
3 �'g#� �P�  �
� M
�5� < 
L�� �B�� ���� ���� B 0� � ��
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�� lKK m7p �4 �&� " �η′ = ξ′′ ��$B ρ �� �
�� \<n R�W� ���8UB� �� " F = −p(x)y� �4�� �
� � F#

ξp′y� + (ηy + ζ)�py = (η − �ξ′)py� − (ξ′′y + ζ′′)

0�
��� 0� �� ��  
L�� �
�9�

ζ′′ = �, η′′ = −�pζ, ξp′ + (η + �ξ′)p = �,

�4 �&� �� � < �� ���� η(x) " ζ(x) 0 � 0�)� +��� ���� ��2� �� {
C
� R"� �4 �&� " �� <�3�: �J�5� y� " y� �y .
��C �� ��
�
�� η(x) " ζ(x) �� ���� �O �#
�� <����  
!" ���� `L T
*J� � f6 ��L� ��,�
D ���� 1�� �A
 ���� " �� ξ′′ = �η′

�*#O +��� <���
 ��'I� �#
�� +�5����67-
 +�2,"�: �� + ��&� H�
� ξp′ + (η+�ξ′)p = � �4 �&� �� ��&� �
� �� ���L�� ��:���
��8
�9� 	"�: ��� 	�L 	 � �4 �&� �;" 

x� = eεx, y� = e−(m+�)εy,

�
������ �y = x−(m+�)u ��, �� ���O " � �
� �� <��� 	"�: +� �"�� u = yx(m+�) =��� �� ��� � �"��

dy

dx
= x−(m+�) du

dx
− (m+ �)x−(m+�)u,

d�y

dx�
= x−(m+�) d

�u

dx�
− �(m+ �)x−(m+�) du

dx
+ (m+ �)(m+ �)x−(m+�)u

�s 4 �&� �� 	�L 	 � �4 �&� "

x�
d�u

dx�
− (m+ �)x

du

dx
+ (m+ �)(m+ �)u + αu� = �,

" t = log x 0 � ���O �� �
������ ���� �'
"� �4 �&� �� �G
� �� < 
L�� �
�9�

x
du

dx
=
du

dt
, x�

d�u

dx�
=
d�u

dt�
− du

dt

�
�� 

d�u

dt�
= −(�m+ �)

du

dt
+ (m+ �)(m+ �)u + αu� = �.

;" T
� �� ��� �s 4 �&� p dpdu = d�u
dt�

" p = du
dt �N5
�2� "

p
dp

du
= (�m+ �)p+ (m+ �)(m+ �)u + αu� = �

<�, �� �J�5� ��

��
�� ] �>3 �� \ �'g#� �8
�9� 	"�: +��� F'

A = ys(x) −
∫ x

x�

s(t)
ζ(t)
ξ(t)

dt, B = s(x)(ξ(x)z − η(x)y − ζ(x)),

�� ;" �9��� �4 �&� R�� " <��� 	�L j
�&� lpp<] m �4 �&� � s(x) ��

dB

dA
=
dB/dx

dA/dx
= Φ(A,B)

�4 �&� �� ��  � 0�)� 0�
��� �� � 
L�� �B��
{
ξ� d�

dx�
+ ξ(ξ − �η) dydx + (η� − ξη′)y + (ηζ − ξζ′)

}
{
ξ dydx − ηy − ζ

} = Φ(A,B)
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�

d�y

dx�
+

(ξ′
ξ
− �η

ξ

)dy
dx

+
(η�
ξ�

− η′

ξ

)
y +

(ηζ
ξ�

− ζ′

ξ

)
= fracΦ�(A,B)sξ�

<��� �'g#� @
'U� �J�5� ��< 
L�� �
�9�
��
�� ] �>3 �� c �'g#� �8
�9� 	"�: +���

A = s(x)y, B =
�

s(x)[ξ(x)z − η(x)y]yn−�
− (n− �)
s(x)nyn

∫ x

x�

s(t)n−�

ξ(t)
dt

�� ;" �9��� ��#���$
 �4 �&� R
*&� �
U� <��� 	�L j
�&� �'g#� ��*, R"� �*#O � �N�
�B w�O �
U� s(x) ��
dB

dA
=
dB/dx

dA/dx
= Φ(A,B)

��&
 ��
����� ��(� �� ] �>3 �� c �'g#� (u, v) X��&5� ��>5?� R�� < 
L�� �B��

v(x, y) =
�

yyn−�s(x)n−�

∫ x

x�

s(t)n−�

ξ(t)
dt,

�
�� 	�A��

dv

dA
=

{
�

ξyn−�
+ (�−n)

An s
(
dy
dx − η

ξ y
) ∫

)x�x
s(t)n−�

ξ(t) dt
}

s
(
dy
dx − η

ξ y
)

=
{(�− n)

A
v +

�

syn−�(ξz − ηy)

}

=
{(�− n)

A
v +B +

(n− �)
A

v
}

= B.

�
�� B = �

s(ξz−ηy)yn−�
− (n−�)

A v �� 	 �$5�� �� �
������
dB

dA
=

−ξ[ξy′′ + (ξ′ − η)y′ − η′y]
s�(ξy′ − ηy)�yn−�

+
η

s�(ξy′ − ηy)�yn−�

− (n− �)ξy′

s�(ξy′ − ηy)�yn
− (n− �)

A
B +

�

A�

( A

s(ξy′ − ηy)n−�
−A

)

= Φ(A,B)

�4 �&� �� ��
ξ[ξy′′ + (ξ′ − η)y′ − η′y]
s�(ξy′ − ηy)�yn−�

+
(n− �)ξy′

s�(ξy′ − ηy)�yn
= Φ�(A,B),

��
>� �4 �&� �
� "  
L�� �
�9�

ξ
d�y

dx�
+ (ξ′ − η)

dy

dx
− η′y +

(n− �)
y

(
ξ
dy

dx
− ηy

)dy
dx

=
Φ�(A,B)

ξ
s�

(
ξ
dy

dx
− ηy

)�
yn − �

�� 	 �$5�� �� n = � �:� �� ���� �!
� < 
L�� 	 ��

−�
y

(
ξ
dy

dx
− ηy

)dy
dx

=
−�
ηy

(
ξ
dy

dx
− ηy

)�
− η

ξ

(
ξ
dy

dx
− ηy

)

�� �'� ;" �9��� ��#���$
 �4 �&�

ξ
d�y

dx�
+ (ξ′ − �η)

dy

dx
+

(η�
ξ

− η′
)
y =

�

sξ

{Φ�(A,B)
B�

+
�

AB�

}

<��� ��:��� \<\ R�W� �� lpq<\ m �4 �&� �� ��  
L�� �
�9�
Q <��� 	�L 	 �$5�� B−� �J�
� � �P�  �
� R�W� � B +�J� �� ���� �!
� S
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V�L �AN

��
�� lnr<a m �� �4�� �
� � F�

ξ(x, t) = κ, η(x, t) = α, ζ(x, t) = λ,

��4 �&� �#
���� �
������
dx�
dε

= κ,
dt�
dε

= α,
dc�
dε

= λc�,

��4"� H
��L ��

x� = x, t� = t, c� = c,

�4 �&� �� �� @�
! �&��� �(L <��
��� ���� �5���� 	�L 	 � M
�5� ��
B �
� � �� ���� �� �� ��� �$B ε �� �54�� � 

κ
∂c

∂x
+ α

∂c

∂t
= λc,

�s>?)� �4 �&��� " <�
��� ����
dx

dτ
= κ,

dt

dτ
= α,

dc

dτ
= λc,

��  
L�� �J�5�
dx

dt
=
κ

α
,

dc

dx
=
λ

κ
c,

�
������ "

αx− κt = constant, log c =
λ

κ
x+ constant,

�b��B .
��C �� ��#���$
 �4 �&� lnr<a m ��)5�� �4 �&� �� �4 �&� �
� 0 �� �� �� � 
L�� �J�5� @�
! �&��� ;�3 ��D� �J�5� �� ��

(ακ)�φ′′ + (�αλ + κ�)κφ′ + λ�φ =

<���
� �()� �B
>D +�2��
! +��� (x) " A(x) 0� �� 	"8G <�
��� ���� �\ �>3 �� n] �'g#� � �53� ��(� +�, �*� ��

A(x) = A�e
−nx, B(x) = nx

<n = k/��/� " 	 
� ���� B� " A� ��

�
�� lnr<a m �� �4�� �
� � F�

ξ(x, t) = βx + δt, η(x, t) = �βt, ζ(x, t) = −δx/�,

fy� � 
L�� �J�5� �G�#� t� = e�βεt 0� ��

dx�
dε

= βx� + δt� = βx� + δe�βεt

�
������ "
d

dε
(e−βεx�) = δeβεt
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0� �� �� ��

e−βεx� =
δ

β
eβεt+ x− δ

β
t,

�
�� 0� �� 	"8G <�
��� ���� 0� +"� �� �'g#� 	s�L �5��
D M
�5� ��  
L�� �B��
dc�
dε

= −δx
�

= −δc�
�

{
xeβε +

tδ

β
(e�βε − eβε)

}

��
>� ���
! +��� ��

log c� = − δ

�

{xeβε
β

+
tδ

β�

(e�βε
�

− eβε
)}

+
δ

�

{x
η

+
tδ

β�

(
�

�

)}
+ log c,

�% �&� �#
���� @�
! �&��� �(L �53�
 �
P�*� <�, ���� �� �'g#� @
'U� M
�5� ����
��� `
��� ���x� �� �
� "
dx

dt
=
βx+ δt

�βt
,

dc

dt
=

−δx
�βt

c

" x = vt �
������ �v = x/t ��, �� ���O ��5�� � <���� �� ��
dx

dt
= t

dv

dt
+ v =

v

�
+

δ

�β
,

�4 �&� ��
d

dt
= (t�/�v) =

δ

�βt�/�
,

�0� �� �� ��  
L�� �
�9�

t�/�v =
δ

β
t�/� +A

�4 �&� �;" �4 �&� ��
������ <��� ���� A �� �
��� ����
dc

dt
= − δ

�β

( δ
β

+
A

t�/�

)
c,

�@�
! +��� " 	 
� �
v67-�($� �� <�, �� ���� ��

log c =
δ

�β

( δ
β
t+ �At�/�

)
+B

��
>� w j
�&� �� <�
��� ���� A �� 	�
?4 �&��� 0�
�&� B 0 � ���O �� @�
! �&��� �(L " �L���� ���� ���� B 0� � ��

w = δt�/� − βxt−�/�

��4 �&� �� ���
��� φ(w) +��� ��#���$
 �4 �&�

�β�φ′′(w) + wφ′′(w) = �.

< 
L �
�9�

	 � �4 �&� �� �
��:�� �J�5� � ∂�c
∂x�

= ψ(t)

X(t)�
= {�yφ′′(y) + �φ′′(y) + �φ′(y)} " ∂c

∂t = ψ̇(t)φ(y) − �y Ẋ(t)
X(t)ψ(t)φ′(y) �� F#

��
�� 	�A�� �, 0�)� �� +�A
 ���� a �:� 	"8&� <��� ���� β 0� � �� X(t)Ẋ(t) = β �'��
� 	�L
ψ̇(t)
ψ(t)

=
�a

(α + �βt)

�� 0� �� ��

logψ(t) =
�a

�β
log(α+ �βt) + constant,

y = −�z/β 0 � ���O �� "  
L�� �J�5� �N�
3 φ(y) +��� 	�L 	 � �4 �&� <��� ���� ψ� 0� � �� ψ(t) = ψ�X(t)�α/β �
������
<���
�� ���x� ����,��� 	�L 	 � �4 �&�
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��
�� F�H

∂c

∂t
= α(x)

∂C

∂t
,

∂c

∂x
= α(x)β′(x)

∂C

∂y
+ α′(x)C,

∂�c

∂x�
= α(x)β′(x)�

∂�C

∂y�
+ (�α′(x)β′(x) + α(x)β′′(x))

∂C

∂y
+ α′′(x)C,

�4 �&� �� "

∂c

∂t
= p(x)

∂�c

∂x�
+ p′(x)

∂c

∂x

��% �&�

p(x)α′′(x) + p′(x)α′(x) = �,

p(x)(�α′(x)β′(x) + α(x)β′′(x)) + p′(x)α(x)β′(x) = �,

@�
! �� R"� �4 �&� " �� <��
L�� �J�5� p(x)β′(x)� = � "

p(x)α′(x) = A, p(x)β′(x)α(x)� = B,

��
������ <��5#, �,�
?4 +�25��� B " A 0� � ��

α′(x) = Aβ′(x)�, α(x)� = Bβ′(x),

@�
! �� 0� �� �� α′(x) = Aα�/B� �(
�
U�

− �

�α(x)�
=

A

B�
x− C

�
,

�
�� �
������ <��� +�A
 	�
?4 ���� C 0� � ��

α(x) = (C − �Ax/B�)−�/�.

�� ��N5
�2�

p(x) =
A

α′(x)
=

β�

α(x)�
=

(
C − �Ax

B�

)�/�
,

" �'g#� @
'U� M
�5� C� " C� +�25��� ���5D� �� ����
���

C� = −�AB−�/�, C� = B�/�C.

<�
�"� ���� ��

�O�� � �"�� ln<a m �8
�9� 	"�: ��� �t = � 0��� � x = x� �(
�
U� ξ(x,�) = η(x,�) = � ��  
L�� �J�5� %N "� F�*
��4"� H
��L �� �N���� <������

∫ ∞

−∞
φ(x)c(x,�)dx = c�φ(x�),

H
��L �φ(x) 0
��� =��� �, +��� ��  
L�� �J�5�

ζ(x�,�) = − ∂ξ

∂x
(x�,�)
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�� �
������ <��� ���O��∫ ∞

−∞
φ(x�)c�(x�,�)dx� = c�φ(x�),

��� �
��A� �J�5� ����
��� ln<a m �� 	 �$5�� �� "
∫ ∞

−∞
φ
(
x+ εξ(x,�)

)(
�+ εζ(x,�)

)(
�+ ε

∂ξ

∂x
(x,�)

)
c(x,�)dx = c�φ(x�),

��4 �&� ��∫ ∞

−∞

(
φ(x) + εξ(x,�)φ′(x)

)(
�+ ε(ζ(x,�) +

∂ξ

∂x
(x,�))

)
c(x,�)dx = c�φ(x�).

�4 �&� ��4 �&� �
� ��  �� 	�,�)� 0�
� �� c(x,�) = c�δ(x − x�) �� �!
� �� �
������ < 
L�� �
�9�
(
φ(x�) + εξ(x�,�)φ′(x�)

)(
�+ (ε(ζ(x�),�) +

∂ξ

∂x
(x�,�))

)
c� = c�φ(x�)

�� ���	�L 	 � σ(t) " ρ(t) �η(t) +��� �� +���4"� �
 �I� <��
��� ���� �4�s#� @
'U� M
�5� ξ(x,�) �� �O �� " <�, �� �J�5� ��
<��
��� ���� lKK m " l]c<a m " H
��L �
�

=��
� �� ������ �J�5� �
� �� lKK m �4 �&� �� ��<��� 	�L j
�&� l\a<a m � f(I) " 	 
� �$B7�� ρ(t) �(i) �4�� +��� F�0
���I� �4�s#� �� �9#� �� �8
�9� �� �,"�: �� ���� �, " <��5��� �� +��� ������ t�B �9O �4 �s#� H
��L � �� σ(t) " ρ(t) �η(t)

���� �: �� +��� " <�
��: ��(� ����
��� c(x, t) 0 �� ���&� +��� �� 	"�: �� �
� �� ;��� �, " ���|��5� ���5#, � �"�� +���

η(t) = �, ρ(t) = � sinh(βt), σ(t) = βI� + (C�/β)(�− cosh(βt))

�� lp<a m �� �� < 
L�� �J�� ζ(x, t) " ξ(x, t) �η(x, t) +��� 	�L 	 � +�2���9G �� @�?5�� �
� " ���
1:�� �� ��

c(x, t) =
φ(t)v(I)
p(x)�/�

exp
{
− βI�

�
coth(βt) +

[β�I� + C�(I − cosh(βt))]
�β sinh(βt

}
,

�� �#
�� M
�5� �
� �53�: �J�5� +��� " ����
�� �� ���� t �� �,�
?4 =��� φ(t) 0� � ��

J = −� d

dI

{
log

( v(I)
p(x)�/�

)}
,

�(L �� l]<a m �� �5L
� �� <���� 	 �$5�� ��� 	��� ���� laa<a m " laq<a m �l]\<a m7p �� ��
∂c

∂t
=

�

p(x)�/�
∂

∂I

{
p(x)�/�c

∂

∂I

[
log

(p(x)�/�c
v(I)

)]
− p(x)�/�c

v′(I)
v(I)

}
,

�D� �*#O +��� <������ ��3�
 �� �4�s#� �P�  �
� M
�5� �� 0�
��� 0� �� �� �� φ(t) +��� R"� �9��� �� �'�#���$
 �4 �&� ��
��
�� �(
�
U� �x→ ∞ �� �5O" I(x) → ∞ �� ������ ��3 �#
��

lim
x→�

∫ ∞

−∞
c(x, t)dx =

�φ�v(I�)π�/�

η�/�
= c�,

<����� ���&� �� c(x, t) " φ� 8N ��� ��

��
�� <��� 	�L j
�&� l\c<a m � f(I) " 	 
� �$B ρ(t) �(ii) �4�� +��� F�2

η(�) = �, η′(�) = �, σ(�) =
η′′(�)
	

I�
�
,

l\]<a m �� "

η(t) = sinh�(βt), σ(t) =
(βI�)�

�
− β

�
sinh(�βt) − C�

�
sinh�(βt).

	�L 	 � �&��� �(L l\a<a m �
1! ��#���$
 �4 �&� " l\a<a m �l\]<a m �� �
������ <�
�"��� ���� ��
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F�8

�leq:6.60KK m �� �J(x) = bx �I(x) = x ��
�"��� ���� leq:6.45KK m �� " q(x) = bx �p(x) = � ��
�� �4�� �
� � (i)

" v(I) = exp(−bI�/�) ��
�� �	�L �3�C� ���� �� �P� X�B �� leq:6.66KK m �� �
������ <�, �� ���� u = −bx = −bI
�'g#� � 	��� ���� M
�5� �� �	�L 	 � ���9G 0
��� <�
�"��� ���� �� C� = −�b " C� = � �C� = b� �leq:6.59KK m ��

<��
L�� �J�5� na

��
�"��� ���� l]\<a m �� " q(x) = a+ bx �p(x) = ax �
�� �4�� �
� � (ii)

I(x) = �

(x
a

)�/�
, J(x) =

�

�

(a
x

)�/�
+ b

(x
a

)�/�
,

��
B �� l\q<a m �� 	�L j
�&� φ(x) =��� +���
A�

φ(x) =
�a

�x
+
b�x

a
=
b�

�
I� +

�

I�
,

laq<a m " laq<a m �l\o<a m �� <C� = � " C� = � �C� = b�/� ��
�� (ii) �4�� +��v: �*� �� �
������ "  
L�� �
�9�
��
�� �	�L �3�C� ���� �� �P� X�B �� �� ��
��:�� �J�5�

v(I) = I−�/� exp(−bI�/	).

��
�� ��$B �*#� nc �4�s#� � t 0 � ��� �� R��
∫ ∞

−∞
c(x, t)dx =

−�Φ�v(I�)
b(πI�ta)�/�

∫ ∞

−∞
exp

{
− (|x|�/� − |x�|�/�)�

at

} dx

|x|�/�,

��
B �� ���� �*� R��A5�� ��4�� �
� � ��

�

∫ ∞

�

exp
{
− (x�/� − |x�|�/�)�

at

} dx

x�/�
= �(at)�/�

∫ ∞

−(|x�|/at)�/�

e−y
�

dy,

��
��A� �J�5� ����
��� �$B �*#� t 0 � ��� �� � 
L�� �
�9�
∫ i

−∞
nftyc(x, t)dx =

−	Φ�v(I�)

I
�/�

�

= c�.

<�
��� ���� nc �4�s#� @�
! �� n = � �53�: �P� � �� �@
'U� M
�5� 0
���

� � � ( 
�
 U � φ(x) = (b + �)� " J(x) = (b + �) �I(x) = log |x| �q(x) = (b + �)x �p(x) = x� � 
�� � 4� � � 
� � (iii)

��
�� �	�L �3�C� ���� �� �P� X�B �� �u = −(b+ �) �� <C� = (b+ �)� " C� = C� = � ��
�� (i) �4�� +��v: �*�

v(I) = exp{−(b+ �)I/�}

<�
��� ���� na �'g#� �� @
'U� M
�5� "

F�H

(i)

ξ(x, t) = f(x+ t) − g(x− t), η(x, t) = f(x+ t) + g(x− t), ζ(x, t, c) = λc+ F (x+ t) +G(x− t),

<��� ���� λ " 	�
?4 +�2&��� G " F �g �f ��
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�
�9� 0 �� ���4 �� (ii)

c(x, t) = e−t/�σC(x, t),

�4 �&� �� ��3��A'� �4 �&�

σ
∂�C

∂t�
=
∂�C

∂x�
+

C

�σ
,

< 
L�� �
�9� ���� 0" �
:7��'� �4 �&� 0�*, �� �
 0�
��� �t∗ = σ�/�t 0 � ���O �� ��

��
�9� 0 �� ���4 �� (iii)

x∗ = x− δt, t∗ = t, c(x, t) = C(x∗, t∗)

�-��8� ��)5�� �4 �&� �� 	�L 	 � ��)5�� �4 �&�

∂C

∂t∗
=
∂�C

∂x∗�
.

< 
L�� �
�9�

(iv)

ξ(x, t) = αx+ β, η(x, t) = αt+ γ, ζ(x, t, c) = δc+ f(x, t),

<��� Q0" �
:7��'� �4 �&�S �� ���
! f(x, t) " ��5��� �A*, δ " γ �β �α ��

(iv)

ξ(x, t) = 
αx� + �αt� + �βx + γ, η(x, t) = ��αxt + �βt, ζ(x, t, c) = −(�αx + δ)c+ f(x, t),

<��� Q��
(
�� �4 �&�S �� ���
! f(x, t) " ��5��� �A*, δ " γ �β �α ��

F��

(i)

ξ(x, y) = u(x, y), η(x, y) = v(x, y), ζ(x, y) = w(x, y),

���&
 ���5#, �(��
���, ��L�)5/� v " u " ����� t�B ���86% �4 �&� � w " v �u ��

frac∂u∂x =
∂v

∂y
,

∂u

∂y
= −∂v

∂x
.

(ii)

ξ(x, y) = αy + β, η(x, y) = −αx+ γ, ζ(x, y, c) = δc+ f(x, y),

<��� Q154
*', �4 �&�S �� ���
! f(x, y) " ��5��� �A*, δ " γ �β �α ��
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V��8 �AN

�s>?)� �4 �&� �#
�� F�
dx

dτ
= x+ κ,

dt

dτ
= �(t+ δ),

dc

dτ
= �,

�[�L ��
dx

dt
=

x+ κ

�(t+ δ)
,

dc

dt
= �,

�
������ " �9�� ��
x+ κ

(t+ δ)�/�
= constant, c = constant,

�� <�
��� ���� 	�
?4 =��� 0�
�&� �25��� �� �(
 �53�: �P� � �� 	�L 	 � �&��� ;�3 "
∂c

∂t
= − wφ′(w)

�(t+ δ)
,

∂c

∂x
=

φ′(w)
(t+ δ)�/�

,

<�
��� ���� �	�L 	 � ��#���$
 �4 �&� l^<c m "

�% �&� +��� �� " �(λ+ �)� = �μκ ��3 �� �#
�� F#
dx

dt
=
μx� + (λ+ �)x + κ

�(t+ δ)
=

[�μx+ (λ + �)]�

	μ(t+ δ)
,
dc

dt
= − −�(c+ β)(�μx + λ)

�[μx� + (λ+ �)x+ κ]
=

−�μ(c+ β)(�μx + λ)
[�μx+ (λ+ �)]�

,

��
�"��� ���� ��
v6 -�($� �Y % �&� �
� �� �� <�
��A� �P� � 

− �

[�μx+ (λ+ �)]
=
�

�
log(t+ δ) + constant, log(c+ β) = −�

{
�

[�μx + (λ+ �)]
+ log[�μx+ (λ+ �)]

}
+ constant,

<�
��:�� ��(� �� �
� +��>5D� +�2���9G ��'E�#� �� ��� � � < 
L�� �J�5� �N&
�� 	�L 	 � �&��� ;�3 �2�� �� �� ��

e = exp
{

�

(�μx+ λ+ �)

}
, b = �μx+ (λ + �).

��
�� 
∂c

∂t
= −wφ

′(w)(�μ)�

�(t+ δ)(be)�
= −�μ

�

b�
w�eφ′(w), α(c + β)−�/�

∂c

∂x
= −�α ∂

∂x
(c+ β)−�/� = −�α

�μ

∂

∂x
{φ−�/�be} = −�α

�μ

{
− be

�
φ−�/�φ′

�μw

b�

��3�: �J�5� 0�
��� %�� ����9G �� "
∂

∂x

{
α(c+ β)−�/�

∂c

∂x

}
=
�αμe

b�

{
�

�
w(φ−�/�φ′w)′ − φ−�/� − �

�
wφ−�/�φ′

}
,

��
�� �(
�
U�
�

�
φ−�/�w�φ′′ − ��



φ−	/�w�φ′� − φ−�/� +

�μ�

�α
w�φ′ = �,

��
�� φ = w−�/�u 0 � ���O �� <�
��� ���� 	�L �5��
D �4 �&� R�� "

φ′ = w−�/�u′ − �

�
w−�/�u, φ′′ = w−�/�u′′ − �w−�/�u′ +

��

�
w−	

�u,

��
������ "

w�u′′ − �wu′ +
��

�
u− �

�u

(
w�u′� − �wuu′ +




�
u�

)
− �

�
u+

μ�

�α

(
wu′ − �

�
u
)
u�/� = �.

��
�"��� ���� p = du/dv " v = logw ��3 �� R
*&� �
U�

p
dp

du
− �

�u
p� +

μ�

�α

(
p− �u

�

)
u�/� = �.
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���� �:�� �4 �&� " �&��� ;�3 �� < �"� ���� ������ +��"� �� 0�
��� �� �&��� ;�3 " 	�L 	 � 	"�: ��� �
� �"�� F��
��
�"���

Dφ′′ = φφ′ − (wφ)′/�,

��, �� ���� �� �
� @�
! ��

Dφ′ =
φ�

�
− wφ

�
+ constant,

�
��A� �J�5� ����
��� �
������ <��� �$B ����� ���
L�� �$B �
�2��� � φ′ " φ �(�
� ��4�� �4 �&� +��:R��A5�� ���� ���

(
�

φ

)′
− w

�D

(
�

φ

)
=

−�
�D

,

�
������ "

e−w
�/�D

φ
= − (C +

∫ w
−∞ e−λ

�/�Ddλ)
�D

,

��#
�� R�� < 
L�� �J�5� φ(w) +��� 	�L 	 � ���9G �
������ ���� @�
! ���� C ��
∫ ∞

−∞
u(x, t)dx =

∫ ∞

−∞
φ(w)dw = u�,

��
�"��� ���� φ(w) +��� 	�L 	 � ���9G �� ��

[
log(C +

∫ w

−∞
e−λ

�/�Ddλ)
]∞
−∞

= − u�
�D

,

�� 	 �$5�� �� "
∫ ∞

−∞
e−λ

�/�Ddλ = �D�/�

∫ ∞

−∞
e−x

�

dx = �(πD)�/�,

��
�"��� ����

�+
�(πD)�/�

C
= e−u�/�D,

�


C =
�(πD)�/�

e−u�/�D − �
=

−�(πD)�/�eu�/�D

(eu�/�D − e−u�/�D)
,

<�
��� ���� �4�s#� @
'U� M
�5� ��

��
�� c(x, t) = φ(x, t) �� F�#

∂c

∂t
= −φ′(w)

x

t�
,

∂c

∂x
=
φ′(w)
t

,
∂�c

∂t�
=
φ′′(w)w� + �φ′(w)w

t�
,

∂�c

∂x�
=
φ′′(w)
t�

,

<�
��� ���� �5���� 	�L 	 � ��#���$
 �4 �&� �J�5� � "
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��
�� 	�A�� f(c�) = f� �:� F�'

φ′′(w)
φ′(w)

=
�w

(f�
�
− w�)

,

��(
�
U�

logφ′(w) = − log(f�
�
− w�) + logC�,

�4 �&� �� �� < 
L �J�5� ���
��� 	�L �5��
D �J�5� "

φ′(w) =
C�
�f�

{
�

(f� + w)
+

�

(f� − w)

}
,

@�
! ��

φ(w) =
C�
�f�

log
∣∣∣f� + w

f� − w

∣∣∣ + C�.

<������

��
�� f(c) = c �:� F�*

(w� − φ�)φ′′ + �wφ′ = �,

" φ = wψ �� �
������ ���� � �"�� 	�L 	 � 	"�: ��� {
C
� ��

φ′ = wψ′ + ψ, φ′′ = wψ′′ + �ψ′,

�
�� 

(�− ψ�)(w�ψ′′ + �wψ′) + �(wψ′ + ψ) = �,

��(
�
U�

(�− ψ�)(
d�u

dτ�
+
dψ

dτ
) + �(

dψ

dτ
+ ψ) = �

<�
��� ���� p = dψ/dτ �� 	 �$5�� �� 	�L 	 � �4 �&� "

F�0

(i)

p =
dψ

dτ
ξ(x, t, u) = αxt+ βx + γt+ δ, η(x, t, u) = αt� + �βt+ κ, ζ(x, t, u) = −(αt+ β)u+ (αx + γ),

<���	�
?4 +�25��� κ " δ �γ �β �α ��

(ii)

ξ(x, t, u) = αx + βt+ γ, η(x, t, u) = �αt+ δ, ζ(x, t, u) = −�αu+ β,

<���	�
?4 +�25��� δ " γ �β �α ��
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" t = t� " x = x� − εt� H��"� �� F�#

∂u�
∂x�

=
∂u�
∂x

∂x

∂x�
+
∂u�
∂t

∂t

∂x�
,

∂u�
∂t�

=
∂u�
∂x

∂x

∂t�
+
∂u�
∂t

∂t

∂t�
,

��
��A� �J�5� ����
���

∂u�
∂x�

=
∂u

∂x
,

∂u�
∂t�

=
∂u

∂t
− ε

∂u

∂x
,

∂�u�

∂x�
�

=
∂�u

∂x�
,

�(
�
U�

∂�u�

∂x�
�

− ∂u�
∂t�

− u�
∂u�
∂x�

=
∂�u

∂x�

(∂u
∂t

− ε
∂u

∂x

)
− (u+ ε)

∂u

∂x

∂�u

∂x�
− ∂u

∂t
− u

∂u

∂x
,

�4 �&� �� �� @�
! �&�� �(L <��� � �"�� 	�L 	 � 	"�: ��� �4 �&� �
������ "

t
∂u

∂x
= �,

��
�"��� ���� ��4 �&� +"� ��x5� ���x� �
� �� <��� t �� �,�
?4 =��� ψ �� �u(x, t) = x/t+ ψ(t) ��

ψ′(t) + ψ(t)/t = �,

< 
L�� �J�5� �G�#� 	�L 	 � @�
! " tψ(t) = constant �
������ "
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� ���

�'��!�2' ���
�!�0 0� ��
34+

 �
� " ��� 	�L �5D� �6 �2�� �� �"�$5� +�,`?� � @�5� R
K � � 
L�� 	��L� �2�� �� ��� � � �� ���I�I�� +�,����� ���:�
�� ������ 1��*� ���G
C
� �� "  �� 	��L� �2�� +��� �
v60�(�� " w�I�� ���O +�,��#� �� �B8D �
� �����53�: ���O ����� " ���
��B
� " 	 
� ����s�  �
� T
C
� �
� �� ����O8G 	����
D +��� �� � 
L =O�" �*�  �
� " ��$� ���
��� �2�� �� [�9��� � ��I�I��

< 
L��
������ ������ �� !"�	��

<Q�K
��� +�2W�� " ���$BS ;" T
� �� ��� ��#���$
 �4 �&� (i)

<Q ���$BS �4 ~��� �'g#� (ii)

Q ���$BS �'C�$�7�'�#���$
 �% �&� (iii)

��-. !	�/� 	( ������ �� !"�	��

Q ���$BS D(c) = c−�/� �� �UD��/ ��)�� (iv)

Q�K
��� +�2W��S �2� �% �&� +��� -��8� +�2,"�: (v)

Q ���$BS u��5� +��� ���I� �'g#� +��� -��8� F�A�  ����� (vi)

Q ���$BS�A
 �% �&� " ��)5�� �4 �&� +��� -��8���/ +�2,"�: (vii)

��#���$
 �% �&� � jO
� -
 �� �J�� �,"�: F�A� �� ������� �
1! ��I5)� �� " �4
*&� ��#���$
 �% �&� 1�4��� � (i)

���
>� � �����5�� �(L +��� �� � 
L�� ;" T
� �� ���

y
dy

dx
+ a(x) + b(x)y = �,

�P� � �#
���� �J�
� � <��� @
'U� ���#� b(x) " a(x) =��
� �� �B�D 	s � +��� %�� bU� +�,-��(� �� 0� �� " 	 
�
1�� �2��  
D �4" ���
�*��� �

�� R"� �9��� �% �&� �� �� �% �&� �
� 	�L ��B
� +� �"�� +�2,"�: ����, ��L�� �5L� 
�� �� lKK m �4 �&� R�W� 0�
�&� ���� ����� �
� � ��
D +�24�W� \ �>3 �D� +�24�W� <��
L�� �B�D +�,�:��J�6 �G��

���&
 ��
��A� �P� � α = �

y′′ = βey

��
*G @�
! �� w = exp(−y/�) ��x5� ���x� ;�J�� �� 	���" ���� �� z = y′ ��x5� ���x� �� �� �4 �&� �
� �:�

y(x) = −� log
(√�β

C�
sinh

(
√
C�x+ C�)

�

)
,

nan
Copyright: Mehdi Nadjafikhah, 7/1/2013. URL: webpages.iust.ac.ir/m_nadjafikhah



+��� �:� R�� �, �� <��� �9W� C� �� �
�� �� ��3 �
� ��5�� �� �� ��5#, 	�
?4 +�25��� C� " C� 0� � �� ����
�� �� 
;" T
� �� ��� �4 �&� lKK m �� 	 �$5�� �� 	�A�� �
��: ��(� �� \7nq R�W� +����5�� 0�*, α = �

up
dp

du
= p� + up− �u� + βu�,

<���� �� %�� ��
*G @�
! ~����� �� 0� ����
��� �4" �#�� �� ���O  ����5�� T�
�� �� �'� �4�� � �� �
�"��� ���� ��
<�#�� 1�A��~�� " �"��)�" T
� �
� �� ��� �4 �&� ��  
L�� �
>� �� ��
A�� �
 �� 	�,�)� �� ��
: 0�*, f6

�
� �� �:� <��� � �"�� +�5����67-
 	"�: �,��5���  ��&� ��� y′ = F (x, y) R"� �9��� �4
*&� ��#���$
 �4 �&� �� ���� �� (ii)

���
>� ;" �9��� �� �4 �&� �
��A� w5)� x �� �9#� �4 �&�

y′′ =
∂F

∂x
+
∂F

∂y
y′, y′′ =

∂F

∂x
+ F

∂F

∂y
,

`�6 R�
� �
� <��� �9���� ���O -���*5#�� �
U� �� ��� � �"�� +�5����67-
 	"�: �), ��� �� �
�"��� ���� ��
�4 �&� �� 0� �� �� 0�
5� ��  � ���O 	 �$5��  �
� ;" �9��� �% �&� �
� +" �, �
 �(
 +��� �,"�: 0�
��� �
� �� �
���

<�3�
 �� y′ = F (x, y) R"� �9��� �'B�

+�O� lnpo7n^] ��$B lnorcm + ����� ���C�
� �� [�9��� � IMA R���"� �� ^r `?�m��D� ���I�I�� +�4�I� � (iii)

0� �� R"� �>3 � �� ��
A��*, <��� 	 �� ��(� �'C�$�7��#���$
 �4 �&� �� +��� �� f��J5� F"� Q���� "�A�LS
<��� @
'U� �'C�$�7��#���$
 �% �&� �� [�9��� � �,"�: F�A� �&�
� ���5D� �6

+�2,"�: �� �&��" 	 � D(c) = (c + η)−�/� ��)5�� .
�C �� l^<c m �UD��/ ��)5�� �4 �&� �� �
 � 0�)� c �>3 � (iv)

��)5�� .
�C �� ��)5�� �4 �&� +��� �/� f
��� �� �, �� 0�)� a �>3 �� nq �'g#� 	"8&� < �
v6�� �� +�5����67-

�4 �&� �� ��L�� �5L� ��P5�� �#
���� M
�5� �
� .���� �� <��� ������ �A*,��

∂c

∂t
=

∂

∂x

{(αx + β

γc+ δ

)�/� ∂c
∂x

}

�4 �&� ��&
m � f
��� �� �|��5� �4 �&� �� [�9��� � �&��" w�I�� �� �4�� � <��� �$
� �UD��/ ��)5�� +�
g� � +�	�
" `I�
<��� 	�L ;�J�� %�� �4 �&�  �
� � �*� w�I�� �4" ���� �53�: ��
B ll\]<c m

�� �94�! +�24�W� �53�
 ���  ��  
!" +���#� ��� +�! �, �
�, �
1! ��I5)� �� ��#���$
 �% �&� +��� �'� �4�� � (v)

��� ����	�L �5D��L ������ � �"�� �� �4 �&� �� �(��8� +�2,"�: +���#�  ��
� � <�#�� �?� ���L�� �5L� ��'�� F���
pn " pq �E�#� ��
*� +���m����: ���O +�5)�� F�(��  �
� �#
���� 	�L �J�5� �4
*&� ��#���$
 �% �&� " �&��� +�2��3

<l����9� �� c �>3 �� na �'g#� " a �>3
 
!" + ����� ���C�
� � + �
� �% �&� ��� �
 � ���O ���  �
� �� �5#��" ��x5� -
 �� �% �&� HI3 @�5� �
� ������ � 

�����*, ��*&4�f(G7��)5�� �% �&� V"� �� 0�
��� ��
*� +��� <���� �5#��" ��x5� -
 �� `�� ��  �� 

∂c�
∂t

= D�

∂�c�
∂x�

− kc� + k�c�,
∂c�
∂t

= D�

∂�c�
∂x�

+ k�c� − k�c�,

�
� +��� -��8� �
� �"�� +�, ����� �&4�U� �N&UO <��L���� �9W� +�25��� �A*, k� " k� �D� �D� 0� � ��  �� 	��L�
< 
� �,�
D ��*L��� �
�2*5#�� ����

�� +������ " T
C
� �!" k�2� ��
 �� 	��L� u��5� +��� ���I� �E�#� �� �,"�: F�A� [�9��� �� �>5?� �
U� �� �4�� � (vi)

�� F"� �2�� ��  �� R�*5�� 	"8&� " ��� �2,"�: F"� �'��
� �&4�U� +��� ��/ " 	���� ��"���� +�,����� �� �(
 0�
�&�
�� �N ��*G u��5� +��� ���I� �E�#� 	�

� <�
 ��� ���O 	 �$5��  �
� �� ��L�� �'E�#� ���� �
� +��� �'�'�� �� �� �53�


0
�*, x = X(t) u��5� ��� � �U
��L

c(X(t), t) = �,
∂c

∂x
(X(t), t) = −Ẋ(t),
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