Advanced Engineering Mathematics
Homework 2

Prob. 1: Consider the following ODE with the given boundary values:

2 dz(ﬂ do . . .

X o +X i +19p=0; ¢(1)=0; ¢(b)=0;

a) Transform the equation to Sturm-Liouville form.

b) Prove that A > 0.

c¢) Find the first (minimum) eigenvalue.

d) Show that the eigenfunctions are orthogonal with respect to a weighting function w(x).

e) Determine the roots of eigenfunctions in [a, b]. How many roots does have each
eigenfunction?

Prob. 2: Using RQ (Rayleigh guotient), find an upper band (with reasonable accuracy) for the
first eigenvalue of each following problems:

d’p . do .

Q) T +(A=Xx")p=0; o 0)=0; ¢(1)=0.
dz(p do do

2 (A-X)o=0. =£(0)=0; —Z(1)+2¢p(1)=0.

b) X2+( X)@ OIX() OIX()+ (1)

Prob. 3: Consider Laguerre’s ODE equation

d’p do
X—5 +(1-X)—+np=0
dx’ (1-x) a

in [0, +oo). Put the equation into the self-adjoint form.

Prob. 4: Find the eigenvalues and normalized eigenfunctions for the following problem

d’p do
—+ Ap=0:; 0)=0: 1)-——1)=0:
2 TP , 9(0)=0; (1) 5 D=0

d 4
Prob. 5: Consider the fourth-order differential operator, L = W :
a) Show
1

I(u Lv—vLu)dx=0
0
where u and v satisfy the boundary conditions: ¢(0) = ¢(1) = ¢'(0) = ¢'(1) = 0.
b) Show the eigenfunctions of equation L@+Ae"@=0 with the given boundary
conditions are orthogonal.

Prob. 6: The eigenvalue for operator V2 (i.e. the eigenvalues of equation V2 + 1w = 0) in a
multi-dimensions region is
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Using the calculus of variation and an appropriate function, find a reasonable approximation
for the minimum (first) eigenvalue of V2 with zero boundary values in 2-D region 0 < ¢ <7/3 ,
I<r<2

Prob. 7: Show that

=lg(x,x,2)f dx’
(X)

0

is the solution of inhomogeneous Sturm-Liouville equation, [L+Zr]y(x)= f (X)Where
g(x, x', A) can be stated in terms of yi(x) and y»(x), solutions of homogeneous equation
[L+Ar]y(x)=0which respectively satisfy the left and right boundary conditions, i.e.

Y, (a) +0523/1’ (a) =0 and 4y, (b)"‘ﬂzyz’ (b) =0.

Hint: Substitute the given relation for y(x) in inhomogeneous Sturm-Liouville equation.

Prob. 8: Show that

ey

has the properties of Dirac distribution.

Prob. 9: Show that

h(x) = lim sin(ax)

5—)0 TX

has the properties of Dirac distribution. Especially show that j h(x)dx =1,

Prob. 10: Using a test function f(x) prove that:

x68'(x)=—6(x)

Prob. 11: Using a test function f(x) prove that:

V2 In|X| =275 (X) where X =(X,,X,)



