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Preface 

Over the past twenty years, automata and formal languages have become the 
standard introductory theory course in both the undergraduate and grad- 
uate curricula of computer science. The subjects studied in such a course 
include automata theory, formal languages, and models of computation. For 
a more advanced graduate course, computability theory and computational 
complexity theory are also covered. Whereas these materials are fundamental 
in many different areas of computer science, this course also offers a unique 
opportunity for students to learn various mathematical tools to deal with 
nonstandard, abstract objects. 

This book is designed for such a course, with the emphasis on problem 
solving. It is commonly recognized that the best, if not the only, way to 
learn a mathematics subject is through extensive problem-solving experience. 

By attacking the problems directly, one not only learns techniques and tools 
to solve the problems, but also consolidates understanding of the underlying 
concepts. Theory of computation is, by nature, an abstract discipline, and 
the problem-solving approach appears to be most helpful. 

In this book, we collected a rich variety of examples, ranging from elemen- 
tary questions about basic definitions and concepts, to advanced ones that 
employ more sophisticated mathematical tools. The proof ideas and tech- 
niques are usually explained in a constructive way, often omitting the routine 
induction proofs. However, for more difficult questions, the complete, rigorous 
proofs are also presented. A star sign (*) next to an example or an exercise 
indicates that it is a more advanced question, and may be skipped in the first 

reading. 
Because the emphasis of the book is problem solving, we only include 

the most common topics in theory of computation: finite-state automata, 
context-free grammars, Turing machines, recursive and recursively enumer- 
able languages, complexity classes, and NP-completeness. In particular, for 

vii 
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formal languages, we limit ourselves to the basics in regular and context-free 
languages, and omit deterministic context-free languages and various parsing 
techniques. For computability theory, our approach is a traditional one: we 
use Turing machines as a basic model, and develop the notion of computability 
through the rich, flexible language of primitive recursive functions. Compar- 
isons with high-level language constructs are also included, when appropriate. 

The authors have used this book in a number of different classes. In a one- 
semester undergraduate course, we usually cover most of Chapters 1 to 3, and 
the first half of Chapter 4, skipping most starred examples. In a two-semester 
sequence, starred examples may be covered, and an additional chapter (e.g., 
Chapter 7) may be added. In a more advanced graduate course emphasizing 
computability and complexity theory, we typically cover Chapters 4 to 7, 
skipping some starred proofs in Chapter 6. 

We are grateful to our colleagues and students for their suggestions and 
criticism on the earlier drafts of this book. We owe special thanks to Xiu- 
zhen Cheng and Dean Kelley, who read the manuscript carefully and made a 
number of corrections. 

DING-ZHU Du 
KER-I Ko 



Index 

V, 62, 324 

A, 324 
1, 324 
CD, 67 
\ 3 
4: 216, 283 

(gi)i<m 7 204 - 
(Vi)i<m 7 204 - 
(4 i>, 207 
(m, n2, . . . , nk), 209 

[f-u, n2, . .., nk], 209 

< -my 246 

g.&, 340 

I,', 371 

r;, 341 
t-, 123, 162 
tjj, 162 

t-*, 123, 162 

t-j-j, 162 

A, 3 
A*, 4 
A+, 5 
A”, 4 
AR, 6 
A-B,3 
A $ B, 67 

A\&3 
A v  B, 62 

AB, 3 
A-rule, 119 
Ackermann function, 224 
Adjacency matrix, 328 
Alphabet, 1 

binary, 1 

Roman, 1 

Arabic digit, 1 
Ambiguity, 112 
Approximation problem, 374 
Approximation ratio, 374 

Arden’s lemma, 6 
Assignment, see Boolean function 

BIN PACKING (BP), 364, 383 
Binary string, 1 
Boolean algebra, 324 
Boolean formula, 325 

clause, 342 
conjunctive normal form (CNF), 

342 
disjunctive normal form (DNF) , 

358 
literal, 342 
satisfiable, 325 

Boolean function, 204, 324 
assignment, 325 

truth, 325 
associative law, 325 
commutative law, 324 
De Morgan’s law, 325 

389 



390 INDEX 

distributive law, 325 
BOTTLENECK STEINERTREE (BST), 

380 
BOUNDED PCP,339 
BOUNDED TILING, 339 
BP, see BIN PACKING 
BST,see BOTTLENECK STEINER 

TREE 
Busy beaver function, 266 
Busy beaver problem, 263 

Certificate, 324 
Changing base, 220 
Characteristic function, 164, 215 
XL, 164, 215 
Church-Turing Thesis, 1% 

extended, 293 
Clause, 342 
Clock machine, 300 
CNF, see Conjunctive normal form 
CNF-SAT, 342 
co- NP, 336 
co-r.e. set, 242 
COINF, 257 
Complementation, of a set, 3 
Complete set, 251; see also NP- 

complete set 
Composition, 200 
Computation path, 124 
Computational model, reasonable, 

192 
Concatenation, of lanugages, 3 

of strings, 2 
Conjunction, 324 
Conjunctive normal form (CNF), 342; 

see also (k, Q-CNF 
nonpolar representation, 369 
polar representation, 369 

CONNECTED-VC, 384 
Constant function, 201 
Context-free grammar, 90 

ambiguous, 112, 276 
generating a sentence, 91 
left-factoring, 121 
leftmost graph, 111 
linear, 158 
nonterminal symbol, 89 
starting symbol, 90 
strong LL(lc), 120 

terminal symbol, 89 
Context-free language, 91 

inherently ambiguous, 118 
Context-sensitive grammar, 314 
Context-sensitive language, 314 
CONVEX PARTITION, 383 
Cook’s theorem, 351 
Crossing sequence, 173, 174 
CUBIC VC, 369 

De Morgan’s law, 325 
Decision problem, 243, 370 
Degree of unsolvability, 254 
Derivation, 91 

leftmost, 110 
Derivation tree, 109 
Deterministic finite automata (DFA), 

23 
accepting a language, 24 
accepting an input string, 24, 25 
computation path, 25 
final state, 24 
finite control, 23 
initial state, 24 
minimum, 70 
product automata, 33 
rejecting an input string, 24 
states, 23 
(state) transition function, 23, 

25 
tape, 23 
tape head, 23 
transition diagram, 24 

Deterministic Turing machine, see 
Turing machine 

DFA, see Deterministic finite auto- 
mata 

DGIso, see DIGRAPH ISOMORPHISM 
Diagonalization, 241, 242 

space-bounded, 297 
Digraph, see Directed graph 
DIGRAPH ISOMORPHISM (DGIso), 

341 
Directed graph, 16; see also Graph 

in-edge, 16 
labeled, see Labeled digraph 
out-edge, 16 

Disjunction, 324 



INDEX 391 

Disjunctive normal form (DNF), 14, 
358; see also Regular ex- 
pression 

DNF, see Disjunctive normal form 
Dovetailing, 234 
DTM, see Turing machine 
Dynamic programming, 294 

&, 2 
E-rule, 111 
EDGE COLORING, 385 
EIGHT-QUEEN PROBLEM, 331 
Elementary product, 357 
Elementary sum, 342 
EMP, 248 
Empty string, 2 
Enumeration theorem, 232 
Equivalence class, 70 
Equivalence relation, 70 
Existential quantifier, bounded, 204 
Exponential functions, 284 
EUCLIDEAN TSP, 383 

f'"', 202 
f(n) -( s(n), 283 
Feasible problem, 294 
Feasibly solvable language, 294 
Fibonacci function, 206 
FIN, 253 
Finite automata, see Deterministic fi- 

nite automata and Nonde- 

Fully space-constructible function, 
297 

Fully time-constructible function, 300 
Function(s), see also Boolean func- 

tion 
Ackermann, 224 
constant, 201 
exponential, 284 
growth rate, 283 
increasing, 239 
initial, 200 
multi-valued, see Multi-valued 

function 
pairing, 207 
partial, 164 

partial recursive, see Recursive 
function 

poly-log, 283 
polynomial, 283 
polynomial-time computable, 

337, 370 
polynomially honest, 337 
primitive recursive, 201, 218 
projection, 200 
recursive, 2 15 
subexponential, 283 
successor, 200 
superexponential, 284 
threshold, 338 
total, 164 
Turing-computable, 164, 168, 

171 
zero, 200 

Function-index set, 251 

GIA, 360 
G(r), 17 
Gap theorem, 297 
GAUTO, see GRAPH AUTOMORPHISM 
GIso, see GRAPH ISOMORPHISM 
Gijdel numbering, 208 
Grammar, 90, 193 

context-free, see Context-free 
grammar 

context-sensitive, 314 
left-linear, 96 
linear, 99 
right-linear, 96 
unrestricted, 193 

Graph(s), 16, 328; see also Directed 

graph 
isomorphic, 339 
adjacency matrix, 328 
cubic, 369 
cycle, 16 
edge, 16 
edge-square, 384 
loop, 16 
path, 16 
planar, 369 
vertex, 16 
vertex cover, 329 

GRAPH AUTOMORPHISM (GAuTo), 
350 



392 INDEX 

GRAPH ISOMORPHISM (GIso), 339 
Growth rate, 283 
Guess-and-verify algorithm, 307, 323 

Halting problem, 243 
Hamiltonian cycle, 328 
HAMILTONIAN CYCLE (HC), 328 
HC, see HAMILTONIAN CYCLE 

HITTING SET (HS), 330 
Homomorphism, 60 
HS, see HITTING SET 

if-then-else, 203 
Increasing function, 239 
Independent set, 331 
INDEPENDENT SET (IS), 331 
Index(R), 70 
Index set, see Set-index set and 

Function-index set 
Induced subgraph, 360 
Induction, mathematical, 13 
Inductive definition, 13 
INF, 244 
Inherent ambiguity, 149 
Initial functions, 200 
Integer factoring, 334 
INTEGER PROGRAMMING (IP), 332 
Intersection, 3 
L~, 216 
IP, see INTEGER PROGRAMMING 

IS, see INDEPENDENT SET 

Isomorphic graphs, 339 
Isomorphism function, 339 
item(n), 208 

Ii;", 201 
(k, !)-CNF, 370 
@$)-SAT, 370 
&MINIMUM SPANNING TREE, 383 
Kleene closure, 4 
KNAPSACK, 363, 383 
KNIGHT’S TOUR, 328 
Kolmogorov complexity, 264 

L(G), 91 
L(M), 24, 25, 40 
L(r), 8 
L&52, 61 

L$’ 63 

l(n), 207 
L’Hopital’s rule, 284 
Labeled digraph, 17, 55 

e-edge, 18 
final vertex, 17 
initial vertex, 17 

Labeled Markov algorithm (LMA) , 
199 

Language, 3 
context-free, see Context-free 

language 
context-sensitive, 314 
feasibly solvable, 294 
linear, 158 
quotient, 61 
regular, see Regular language 
reversal of a, 6 
Turing-acceptable, 163 
Turing-decidable, 164 

Language equation, 6 
Left-factoring, 121 
Left-linear grammar, 96 
Lexicographic ordering, 216 
Linear grammar, 99 
Linear language, 158 
Linear set, 150 
Linear speed-up theorem, 290 
Literal, 342 
LMA, see Labeled Markov algorithm 
Lookahead set, 119 
LONGEST PATH (LP), 338 
LP, see LONGEST PATH 

M, 225 
Mn, 228 
Mz, 228 
MI Xi&,33 

Mathematical induction, 13 
MAX(L), 67, 146 
MAX-CLIQUE, 376 
MAX-SSAT, 377 
MAX-3SAT-b, 379 

MCG, see MINIMUM CONNECTIVITY 

GRAPH 

(min i)i~~, 204 
MIN(L), 61, 67 
MIN-VC, 370 
Minimization, bounded, 204 



INDEX 393 

MINIMUM CONNECTIVITY GRAPH 
(MCG), 361 

Minimum DFA, 70 
Multi-valued function, 370 

polynomial-time computable, 
370 

N,l68 
Negation, 324 
NETWORK SMT, 384 
NFA, see Nondeterministic finite au- 

tomata 
Nondeterministic finite automata 

(NFA), 38 
accepting an input, 39, 40 
computation path, 38 
computation tree, 39 
e-closure, 39 
e-move, 38 
e-transition, 38 
hanging, 38 
multiple-state transition, 38 
transition diagram, 38 

Nondeterministic Turing machine 
(NTM), 304 

accepting an input, 304 
computation tree, 304 
computing a function, 319 
space complexity, 308 
time complexity, 308 

Nonterminal symbol, 89 
NP, 309, 323 
NP-complete set, 350 

search problem, 371 
NP-hard set, 350 
NPSPA CE, 309 
NSPACE(t(n)), 308 
NTIME(t(n)), 308 
NTM, see Nondeterministic Turing 

machine 

Ogden’s lemma, 147 
Optimization problem, 373 

approximation, see Approxima- 
tion problem 

polynomially bounded, 373 
Oracle, 371 

Pairing function, 207 
Parikh’s lemma, 150 

Parse tree, 109 
Parsing, 111 

top-down, 111 
Partial function, 164 
Partial recursive function, see Recur- 

sive function 
PARTITION, 361 
Partition, 361 

even, 361 
PCP,see POST CORRESPONDENCE 

PROBLEM 
PDA, see Pushdown automata 

&, 228 
?r,k, 200 

PLANAR CONNECTED-VC-4,369 
PLANAR NONPOLAR-3SAT, 370 
PLANAR POLAR-%AT,369 
PLANAR VC, 369, 383 
Poly-log functions, 283 
Polygon, convex, 383 

rectilinear, 383 
Polynomial functions, 283 
Polynomial-time approximation 

scheme (PTAS), 375 
fully (FPTAS), 375 

Polynomial-time computable func- 
tion, 337, 370 

Polynomial-time equivalence, 341 
Polynomially honest function, 337 
Positive closure, 5 
POST CORRESPONDENCE PROBLEM 

(PCP), 272 
Predicate, 204 
Prefix, 2 
prefix(B), 336 
PRIMALITY TESTING (PRIME), 334 
PRIME, see PRIMALITY TESTING 
Primitive recursion, 200 
Primitive recursive function, 201, 218 
Primitive recursive set, 215 
Probabilistically checkable proofs, 377 
Product automata, 33 
Productive set, 258 
Program-size complexity, 264 
Projection function, 200 
Projection theorem, 233 
PTAS, see Polynomial-time approxi- 

mation scheme 



INDEX 394 

Pumping lemma 
for regular languages, 80 

strong form, 81 
for context-free languages, 143 

Pushdown automata (PDA), 122 
accepting an input, 123, 124 
configuration, 123 

successor, 123 
deterministic, 190 
linear-bounded, 142 
product, 138 
two-stack, 142 

Quotient language, 61 

RL, 70 
R;, 75 
T-APPROX-BST, 381 
r-APPROX-LP, 385 
r-APPROX-n, 375 
r-&‘PRoX-3sAT, 377 
r-APPROX-3SAT-3,379 
r-APPROX-TSP, 376 
r-APPROX-VC, 377 
r-APPROX-VC-d, 379 
r(n), 207 
r(n)-APPROX-CLIQUE,377 
R. e. set, see Recursively enumerable 

set 
RAM, see Random access machine 
Random access machine (RAM), 191 
REC, 245 
RECTANGULAR PARTITION, 383 
RECTILINEAR SMT, 383 
Recursion theorem, 258 
Recursive definition, 13 
Recursive function(s), 215 

partial, 215, 218 
enumeration of, 228 
extendable, 243 

primitive, 201, 218 
Recursive set, 215, 218 

primitive, 215 
Recursively enumerable (r.e.) set(s), 

215, 218 
enumeration of, 228, 232 
complete, 251 

Recursively separable sets, 246 
Reducibility, 246 

approximation-preserving, 375 
many-one, 246 

polynomial-time, 340 
polynomial-time, 340 
Turing, polynomial-time, 371 

Reduction function, 246 
REG, 253 
Regular expression, 8 

disjunctive normal form, 14 
distributive law, 9 
extended, 313 
preference rules, 9 
starless, 313 

REGULAR EXPRESSION NONEQUIVA- 
LENCE,369 

Regular grammar, 97 
Regular language, 8 
Regular set, 8 
REV, 253 
Reversal, of a language, 6 

of a string, 2 
Rice’s theorem, 252 

for r. e. index sets, 256 
Right-linear grammar, 96 

S-m-n theorem, 248 
SAT, see SATISFIABILITY 
SATISFIABILITY (SAT), 325 
Savitch’s theorem, 309 
Search problem, 370 

W-complete, 371 
Self-recognizing program, 265 
Self-referential program, 259 
Self-reproducing program, 262 
Semi-characteristic function, 215 
Semilinear set, 150 
Sentence, 89, 90 
Sentential form, 89, 90 

left, 111 
Set-index set, 251 

nontrivial, 252 
SGIso, see SUBGRAPH ISOMORPHISM 
c*, 3 
a, 200 
DA, 215 
Simple set, 244 
size(n), 209 
SMT, see STEINER MINIMUM TREE 
SpaceM(x), 308 



INDEX 

Space complexity, 288 
Space-constructible function, fully, 

297 
Space hierarchy theorem, 297 

for NSPA CE, 311 
Space marking machine, 297 
Spanning tree, 368 
SQRT(L), 67, 179 
Star closure, 4 
Steiner minimum tree, 366 
STEINER MINIMUM TREE (SMT), 

366 
Steiner tree, 365 

Steiner points, 366 
terminal points, 365 

String, 1 
binary, 1 
empty, 2 
length, 2 

Subexponential functions, 283 
SUBGRAPH ISOMORPHISM (SGIso), 

350 
Subset construction, 46 
Substitution, 60 
Substring, 2 
Subtraction, of sets, 3 
Successor function, 200 
suffix,2 
Superexponential functions, 284 
Symbol, 1 

T n,ky 338 

Tape compression theorem, 288 
Terminal symbol, 89 
3DM, see THREE-DIMENSIONAL 

MATCHING 
Three-dimensional matching, 332 
THREE-DIMENSIONAL MATCHING 

(3DM), 332 
SSAT, 342 
BSAT-EXACTLY-ONE,349 
3&w--NOT-ALL, 349 
Threshold function, 338 
TILING, 278 
TimeM( 286, 308 
Time complexity, 288 
Time-constructible function, fully, 

300 
Time hierarchy theorem, 300 

395 

TM, see Turing machine 
TOT, 243 
Total function, 164 
TOWER OF HANOI, 281 
Transition diagram, 24 
TRAVELING SALESMAN PROBLEM 

(TSP), 339, 376 
WITH (1,2)-DISTANCE, 384 
WITH TRIANGLE INEQUALITY, 

384 
Tree, 365 
Truth assignment, 325 
Truth table, 324 
TSP, see TRAVELING SALESMAN 

PROBLEM 
Turing-acceptable language, 163 
Turing-computable function, 164, 

168, 171 
Turing-decidable language, 164 
Turing-enumerable set, 236 
Turing machine(s) (TM, DTM), 159 

accepting an input, 162 
coding of, 226 
computation path, 162 
computing a function, 164 
configuration, 161 

successor, 161 
deterministic (DTM), 159 
enumeration, 225 
instructions, 160 
legal code of a, 226 
memory space, 287 
multi-tape, 183 

configuration, 183 
transition function, 183 

nondeterministic, see Nondeter- 
ministic Turing machine 

one-pebble, 179 
output, 164 
product, 233 
read/erase-only, 180 
read-only, 173 

crossing sequence, 173 
running time, 286 
space bound, 287 
standard one-worktape, 287 
state, 160 

final, 160 
initial, 160 



396 INDEX 

tape, 159 
input, 287 
one-way write-only, 236 
output, 287 
read-only, 183 
storage, 287 
tracks, 181 
work, 287 

tape alphabet, 160 
time bound, 286 
transition diagram, 163 
transition function, 160 
two-dimensional, 189 
two-way, 181 
two-way-infinite one-tape, 181 
universal, 228 

2',38 
%AT, 370 

Ultimately periodic set, 69 
Unbounded minimization, 215 
Undecidable problem, 243, 251, 266 
Undirected graph, 328 
Union, 3 
Universal quantifier, bounded, 204 

Universal Turing machine, 228 
Unrestricted grammar, 193 

Unsolvability, degree of, 254 
Unsolvable problem, 243 

VC, see VERTEX COVER 
vc*(G), 380 
VERTEX COLORING, 385 
Vertex cover, 329 
VERTEX COVER (VC),329 

Wn, 228 
Witness, 324 
Word, 2 

Word equation, 3 

Word theory, 2 

X-Y, 2 
xvy, 62 

XR 72 
Xk 72 

5, 200 
Zero function, 200 



Regular Languages 

1.1 Strings and Languages 

The basic object in automata and language theory is a string. A string is a 
finite sequence of symbols. For example, the following are three strings and 
the corresponding sets of symbols in the strings: 

strings {s, t, L i, n, g} 
cs5400 {c, s, 59% 0) 
1001 -I19 01 

In a formal theory, it is necessary to fix the set of symbols used to form 
strings. Such a finite set of symbols is called an alphabet. For example, the 
following are three alphabets:’ 

{a, b, c, “‘7 x, y, z} (Roman alphabet) 

(0 1 I 

6 1) 

“‘7 91 (Arabic digits) 

> (binary alphabet) 

A string over the binary alphabet is called a binary string. 

‘In genera , 1 an alphabet may be defined by a finite set of strings instead of symbols, as 
long as it satisfies the property that two different finite sequences of its elements form two 

different strings. For instance, the set {OO,Ol, 11) is an alphabet, but {OO,O, l} is not an 

alphabet because both sequences (0,O) and (00) f orm the same string 00. In this book, we 

do not consider this general type of alphabets, and will only work with alphabets whose 
elements are single symbols. 

1 
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2 REGULAR LANGUAGES 

The length of a string x, denoted by 1x1, is the number of symbols contained 
in the string. For example, [strings1 = 7, ]CS5400( = 6, IlOOl( = 4. The 
empty string, denoted by E, is a string having no symbol. Clearly, 1~1 = 0. 

Example 1.1 How many strings 
there which are of length n, where 

over 
n is 

the alphabet A = {al, a2, . . . 
a nonnegative integer? 

? ak} are 

Solution. There are n positions in such a string, and each position can hold 
one of k: possible symbols. Therefore, there are Jc” strings of length exactly 

n. cl 

Let x and y be two strings, and write x = x122. . l x, and y = yly2 + 4 l ym , 

where each xi and each yj is a single symbol. Then, x and y are eqzsal if and 
only if (1) n = m and (2) x:; = yi for all i = 1, . . . , n. For example, 0 1 # 0 10 
and 1010 # 1110. 

The basic operation on strings is concatenation. The concatenation x . y of 
two strings x: and y is the string gy, that is, ~zf followed by y. For example, 
CS54oO is the concatenation of CS and 5400. In particular, we denote x = x1, 
xx = x2, . . l ,u =x k, and define x0 = E. (Why is x0 = E? The reason 

k 

is that E is the identity for the operation of concatenation, and so x0 satisfies 
the relation xOxk = x’+~ - - xk.) For example, 10101010 = (1O)4 = (1010)2, 

(10) 
0 = E It is obvious that xixj = xi+j for i,j > 0. 

Let x be a string. A string s is a s&string of L if there exist strings y and 
z such that x = ysx. In particular, when x = sz (y = E), s is called a prefix 

of x; and when x = ys (z = E), s is called a SZ@%E of x. For example, CS is a 
prefix of CS540o and 5400 is a suffix of CS5400. 

For a string x over alphabet C, the reversal of x, denoted by xR, is defined 

bY 

xfL & 

{ 

ifx=E, 
- 

xn l l 
l x2x1 ifx= ~lx2--x~, for Xxf,X2,***,Xn E Co 

Example 1.2 For strings x and y, (xy)” = yRxR. 

Proof. If x = E, then xR = E and hence (xY)~ = yR = yRxR. If y = 6, then 
yR = E and hence (xY)~ = xR = yRxR. Now, suppose x = ~1x2 .**x~ and 

Y- YlY2 ’ l ‘Yn7 with m, n > 1. Then, (xT.J)~ = (~1x2 •*x~Y~Y~ •*Y,)~ = - 

Yn l ’ 
l y2y1xm ’ l l x2x1 = yRxR. Cl 

Strings are also called words. Relations between strings form a theory, 

called word theory. For instance, in word theory, we may be given an equation 
of strings and are asked to find the solution strings for the variables in the 
equation. 
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Example 1.3 Solve the word equation 

X011 = 011X 

over the alphabet (0, 1); that is, find the set of strings x over (0, 1) which 

satisfy the equation. 

Solution. For the equation to hold, either x is the empty string or the string 
011 is both a prefix and a suffix of x: 

0111 I 

= &Jo11 

(It is obvious that x cannot be of length 1 or 2.) Let x = 011~. Now, remove 
the first occurrence of 011 from both 011x and x011, we get x = ~011. It 
follows that Olly = ~011. This gives us a recursive solution for x: x is either 
E or x = 011~ for some other solution y of the equation. It is not hard to see 
now that (O1l)n is a solution to the equation for each n > 0, and they are the - 
only solutions. Cl 

A language is a set of strings. For example, (0, l}, {O’, 01, 02, . ..}. and the 
set of all English words are languages. Let C be an alphabet. We write C* 
to denote the set of all strings over C. Thus, a language L over C is just a 
subset of C*. For any finite language A C C*, we write IAl to denote the size 

- (i.e., the number of strings) in A. 
The following are some basic operations on languages. (The first four are 

just set operations. See Figure 1.1.) 

Union: If A and B are two languages, then A U B = {x 1 x E A or x E B}. 

Intersection: If A and B are two languages, then A n B = {x 1 x E A and 
It: E B). 

Subtraction: If A and B are two languages, then A \ B = {x I x E A and 
x 4 B}. (A \ B is also denoted by A - B when B C A.) - 

Complementution: If A is a language over the alphabet C, then A = C* -A. 

Concutenution: If A and B are two languages, then their concatenation is 
A - B = {ub I a E A, b E B}. We also write AB for A l B. 

It is clear that concatenation satisfies the associativity law, and so we 
do not need parentheses when we write the concatenation of more than two 
languages: A1 A2 . l . A,, . 

Example 1.4 (a) If A = {O,l} und B = {1,2}, then AB = {01,02,11,12}. 

(b) Is it true that if A is of size n > 0 and B is of size m > 0 then AB - 
must be of size 0 nm. The answer is no. For instance, if A = -{O, 01) and 
B = (1, ll}, then AB = {01,011,0111} has only three elements. 
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Intersection 

A\B A-B 

Substrac tion 

Figure 1.1: Set operations. 

(c) Let A = {(Ol)n 1 n > 0) and B = (01,010). Then, - 

AB = {(Ol)n, (Ol)nO 1 n > 1) - 

ABA = {(Ol)n 1 n > l} U {(Ol)nO(O1)m 1 m. > 0, n > 1). - - - cl 

For any language A, we define A1 = A, A2 = AA, and A’” = AAkS1 for 
k > 2. We also define A0 = {E}. (Note that 8 and {E} are two different 
languages: Q)A = 8 and {E}A = A(E) = A.) For example, for C = (0, l}, 
we have C2 = {OO,Ol, 10, 11} and, in general, for k > 0, Ck is the set of all 
strings of length k over C. Therefore, C* = Co U C1 UC2 U l l l . The following 
is the more general star operation based on this formula: 

KZeene closure (or star closure): For any language A, define 

A* = A”uA1uA2u-. 

- - {w I w is the concatenation of 0 or more strings from A}. 

Example 1.5 The Zanguuge {O,lO}* is the set of all binary strings having no 
substring 11 and ending with 0. 

Proof. It is clear that the concatenation of any number of 0 and 10 must end 
with 0. Furthermore, it cannot produce a substring 11, since the ending O’s 
of both strings 0 and 10 separate any two l’s in the concatenated string. 

Conversely, let z be a string over (0, 1) h aving no substring 11 and ending 

with 0. If x contains no occurrence of 1, then x is the concatenation of 
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1x1 many O’s, and so x E (0, 10}lXl C {O,lO}*. Suppose ~xf contains n > 1 
occurrences of 1 ‘s. Then, each occurrknce of 1 in x must be followed by a 0, 
for otherwise that symbol 1 is either followed by a 1 or is the last symbol of 
x:, violating the assumption on X. So, we can write x as 

0 l **O(lO)O l **o(lo)o*‘*o(lo)o***o, 

where 0. l -0 means zero or more 0’s. Thus, x is the concatenation of strings 
0 and 10, or, x E (0, lo}*. Cl 

Example 1.6 Show that for any languages A and B, 

(Au B)* = A* (BA*)*. 

Proof. We observe that every string in A* (BA*)* can be written as the 
concatenation of strings in A U B. Indeed, a string x in A*(BA*)* must 
be in A”(BA*)m f or some n, Y-J-~ > 0. Thus, x can be decomposed into - 

x= X1X2” *XnYlY2 * “Yrn7 

where xl,. . . , xn E A and ~1, . . . , yrn E BA*. Similarly, each yj, j = 1, . . . , m., 
can be decomposed into 

Ki = Yj,OYj,l Yj,2 l l ’ Yj,kj Y  

with kj 2 0 and yj,o E B, yj,i, . . . , Yj,kj E A. Therefore, 

x= x1x2 - l 
l xnYl,oY1,l l ’ l Yl,kI !h,o l l ’ y2,kz l ’ l $/m,k, 

is the concatenation of strings in AU B. It follows that A* (BA*)* C (AU B)". 
Next, we show that (A U B)* C A*(BA*)*. To do so, consider a general 

string x E (A U B)*. Again, we can see that x E (A U B)" for some n > 0. - 
Thus, we may write 

x= XlX2”‘Xn, 

for some Xl,...,Xn E A U B. Now, assume that xil, xi2,. . . , xik E B, for 
some k > 0 and 1 5 il < i2 < . l l < ik: 5 n, and the other strings xj, with 
j # il, .I, ik, are in A. Then, we can write 

where each yij E A*. Thus, x E A*(BA*)” C A*(BA*)*. It follows that - 
(A u B)* C A*(BA*)*. 0 - 

Define the positive closure of a language A to be 

A+ =A*A=AuA2uA3u-. 
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Example 1.7 A+ = A* if and only if 6 E A. 

Proof. Clearly, A+ C A*. If & E A, then {E} = A0 C A C A+. Thus, - - - 
A *- - A+ . 

Conversely, if E 4 A, then every string in A+ has positive length. Thus, 
A+ does not contains E. But, & E A*. Hence, A* # A+. 0 

For a language A, define the reversal language of A to be AR = {xR 1 IX: E 

4 . 

Example 1.8 For languages A and B, (AB)R = BRAR and (A U B)R = 

ARuBR. 

Proof. (AB)R = {xR 1 x E AB} 

= {(Y4R I Y E A, z E B) 

= {zRyR 1 y E A, x E B} (by Example 1.2) 

= {zR 1 ZE B} l {yR 

= BRAR , 

(Au B)” = (zRIxxAuB} 

= {xR 1 x E A} u {zR 

=ARuBR. 

x E B} 
Cl 

* Example 1.9 (Arden’s Lemma). Assume that A, B are two languages with 
E c$ A, and X is a language satisfying the relation X = AX U B. Then, 
X = A*B. 

Proof. We use induction to show X C A* B. First, consider x = E. If x E X, 
then 3 E AX U B. Since E $ A, we must have x E B and, hence, x E A* B. 

Next, assume that for all strings w of length less than or equal to n, if zu E X 
then w E A* B, and consider a string x of length n + 1. If x E X = AX U B, 
then either x E B C A*B or x = - yw for some y E A and w E X. In the 
second case, we must have y # E and, hence, IwI < 1x1. So, by the inductive 
hypothesis, w E A*B and x E AA*B C A*B. This completes the induction 

- step, and it follows that X C A*B. - 
Conversely, we use induction to show that A” B C X for all n > 0. For 

n = 0, we have A”B = B C AXUB = X. For n > 0, we have, by the inductive 
hypothesis, A”B = A(A “-lB)CAX . Thus A”BCAXCAXuB=X. •I - ’ - - 

* Example 1.10 Assume that languages A, B E {a, b}* satisfy the following 
two equations: 

A = {E} u {a}A u {b}B, 

B = {E} u {b}B. 

Find simple representations for A and B. 
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Proof. We apply Arden’s lemma to the second equation, and we get B = 
{b}* l {E} = {!I}*. Th en, we apply Arden’s lemma to the first equation, and 
we get 

A = {a}*({~} u {b}B). 

Now, substitute {b}” for B, we have 

A = {a}*({~} u {b}(b)*) = {a}*(b)*. 0 

Exercise 1.1 

1. Let A = {grand, E} and B = {mother, father}. What are AB and 
A*B? 

2. Let A be a language over {a, b} and IX: E {a, b}*. Find necessary and 
sufficient conditions in terms of x and A for the equation 

A* - (23 = A+. 

3. For each of the following equations, determine whether it is true for all 
languages A, B or not. Present a proof or a counterexample. 

(a) (AR)* = (A*)R. 

(b) (A+)* = A*. 

(c) (A uAR)* = A* u (A*)R. 

(d) A2uB2 =(AuB)2. 
(e) A* n B* = (A n B)*. 

4. (a) Show that, for k > 1, UfL-,Ai = ({E} UA)". 
(b) Show that, for n > 1, (A*)” = A*. 

(c) Assume that E @A. Show that, for n > 1, (A+)” = AnA*. - 

5. Prove the following identities on languages A, B, C, D: 

(a) A(BA)* = (AB)*A. 

(b) (A u B)” = (A* B*)*. 

(c) A(B u C) = AB u AC. 

(d) (A u B)C = AC u BC. 

(e) A*B(DA*BUC)* = (AUBC*D)*BC*. 

6. Find the shortest string over alphabet (0) which is not in {E, 0, 02, 05}3 

* 7. Find the general solutions for the equation 

xy= yx 

for x, y E {O,l}*. 
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* 8. Solve the following language equations for 

12 . 

A = {a)Cu {b}B, 

B= 14 u WAU 

C = {E} u{a)A. 

REGULAR LANGUAGES 

languages A, B, C C {a, b}*: - 

Regular Languages and Regular Expressions 

The concept of regulur languages (or, regular sets) over an alphabet C is 
defined recursively as follows: 

(1) The empty set 8 is a regular language. 

(2) For every symbol a E C, {a) is a regular language. 

(3) If A and B are regular languages, then AU B, AB, and A* are all regular 
languages. 

(4) Nothing else is a regular language. 

The following are some examples. 

Example 1.11 (a) 7% e set {E} is a regular language, because {E} = 0* 

(b) The set (001,110) is a regular language over the binary alphabet: (001, 

110~ = wHoHlH u wHlHw~ 
(c) From (b) above, we can generalize that every finite language is a regular 

language. cl 

When a regular language is obtained through a long sequence of opera- 
tions of union, concatenation and Kleene closure, its representation becomes 
cumbersome. For example, it may look like this: 

o* u (o~o~~o>*>>(l~o*o(1)*~ u {l)*)* (1 11 * 
To simplify the representations for regular languages, we define the notion of 
regular expressions over alphabet C as follows: 

(1) fl is a regular expression which represents the empty set. 

(2) E is a regular expression which represents language {E}. 

(3) For a E C, a is a regular expression which represents language {a). 

(4) If rA and rg are regular expressions representing languages A and B, re- 
spectively, then @A) + (rg), @A) (TB), and (rA)* are regular expressions 
representing A U B, AB, and A*, respectively. 

(5) Nothing else is a regular expression over C. 

For example, language A = { 0}* has a regular expression rA = (0)’ and 
language B = (00)’ U (0) has a regular expression rg = (((O)(O))*) + (0). 

For any regular expression r, we let L(r) denote the regular language rep- 
resented by r. 
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To further reduce the number of parentheses in a regular expression, we 
apply the following preference rules to a non-fully parenthesized regular ex- 
pression: 

(1) Kleene closure has the higher preference over union and concatenation. 

(2) Concatenation has the higher preference over union. 

In other words, we interpret a regular expression like an arithmetic ex- 
pression, treating union like addition, concatenation like multiplication, and 
Kleene closure like exponentiation. (This is exactly why we use the symbol 
+ for union, the symbol l for concatenation, and the symbol * for Kleene 
closure.) Using these rules, we can simplify the above two regular expressions 
to rA = 0* and rg = (OO)* +O, respectively. The regular expression (1.1) can 
also be simplified to 

(0" +100*)10*(01* +l*). 

In addition, like the operations + and l in an arithmetic expression, the 
operations + and . in a regular expression satisfy the distributive Zuw: For any 
regular expressions T, s and t, 

r(s + t) = 7-s + rt, 

(r + s)t = 7-t + st. 

(See Exercises 5(c), 5(d) of Section 1.1.) 
A regular language may have several regular expressions. For example, 

both 0* 1 + 8 and O*l represent the same regular set {O}*{ 1). The following 
are some examples of identities about regular expressions. (When there is no 
risk of confusion, we use the Roman letter a to denote both the symbol a in 
the alphabet of the language and the regular expression representing the set 

w l > 

Example 1.12 ~*(a+ b)* = (u+ bu*)*. 

Proof. We show that both sides are equal to (a + b)*. 
Clearly, both sides are subsets of (a + b)* since (a + b)* contains all strings 

over alphabet {a, b). Thus, it suffices to show that both sides contain (u+ b)‘. 
Since E E u*, we have u* (a + b)* 3 (a + b)“. Also, b E bu* and it follows that 

- (u+ b)* c (u+ bu*)*. 0 - 

For convenience, we define an additional notation: r+ = rr*. 

Example 1.13 (bu)+(u*b* + a*) = (bu)*bu+b*. 

Proof. (bu)+(u*b* + a*) = (bu)*(bu)u*(b* +E) = (bu)*bu+b*. Cl 

Regular expressions can be a convenient notation to represent regular lan- 
guages, if one knows how to construct them. The following examples demon- 
strate some ideas. 
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Example 1.14 Find 
integers which a re the 

a regula r expression for the set of binary expansions of 
of4. 

Solution. The binary expansion of the integer 4” is 1 

2n 
can be represented by l(OO)*. cl 

Example 1.15 Find a regular expression fo r the set of binary strings which 
have at least one occurrence of the substring 001. 

Solution. Such a string can be written as ~001 y, where x and y could be any 
binary strings. So, we get a regular expression for this set: 

Example 1.16 Find a 
have no substring 001. 

(0 + l)*ool(o + 1>*. Cl 

regular expression for the set A of binary strings which 

SoZution. A string x in this set has no substring 00, except that it may have a 
suffix 0” for k > 2. The set of strings with no substring 00 can be represented 
by the regular expression 

(01 + l)*(E + 0) 

(cf. Example 1.5). Therefore, set A has a regular expression 

(01 + l)*(& + 0 + ooo*) = (01 + l)*o*. 0 

Example 1.17 Find a regular expression for the set B of all binary strings 
with at most one pair of consecutive O’s and at most one pair of consecutive 

1 ‘s. 

Solution. A string x in B may have one of the following forms: 

(1) 6 
(2) wo, (4) u100v1, (6) ~~00~~11vo, 

(3) UOL (5) Uoll~o, (7) uollwooovl, 

whae uo, w, vo, 111, ~0, ~1 are strings with no substring 00 or 11, and uo 
ends with 0, ~1 ends with 1, vo begins with 0, v1 begins with 1, zuo begins 
with 0 and ends with 1, and wl begins with 1 and ends with 0. 

Now, observe that these types of strings can be represented by simple 
regular expressions: 

v-410 : (E + o)(10)* OVl : (Ol)‘(E + 0) OWJ : (o1)* 
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(For convenience, we added E to each case. Note that & is in B.) 
Now, we can combine cases (1) (a), (4) (6) and use the distributive law 

to simplify it into the following regular expression: 

(E + O)(lO)‘(E + (o1)* (E + 0) + (oq*(lo)*(E + 1)) 
= (E + o)(1o)*(o1)*(o + (lo)*@ + 1)). 

(Note that E + (Ol)*& = (Ol)*.) 

cases (1)’ (3), (5)’ (7) h ave a symmetric form, and set B has the following 
regular expression: 

(E + q(q*(ol)*(o + (lo)*@ + 1)) + (E + 1)(o1)*(1o)*(1+ (o1)*@ + 0)). 0 

Example 1.18 Find a regular expression for the set of all binary strings with 
the property that none of its prefixes has two more O’s than l’s nor two more 
1 ‘s than 0 ‘s. 

Solution. Consider a string x = ~1x2 l l l X~ in the language, where each xi 
is a bit 0 or 1. The given property implies that for any positive integer 
i < n/2, x2i-1 # x2i. To see this, we assume, for the sake of contradiction, 
that there exists a positive integer i < n/2 such that xzi-1 = x2i. Let i* be - 
the smallest such i. Without loss of generality, assume xzi+-l = xzi+ = 0. 
Then, each pair of x1x2, x3x4, . . . , ~2i+-3~2;+-2 is either 01 or 10 and, hence, 
the prefix ~1x2 l 4 l x2ie- 2 has an equal number of O’s and 1’s. It follows that 
the prefix ~1x2 l . .x2+-ix2i+ contains two more O’s than l’s, a contradiction. 
Conversely, any string x satisfying that, for all positive integers i < n/2, - 
xzi-1 # x2i belongs to this language, since each pair x2iV1x2i is either 10 or 
01. 

From this characterization, it is now easy to see that this language can be 
represented by the regular expression 

(01 + 1o)*(o + 1+ E). 0 

* Example 1.19 Find a regular expression for the set of al 

having no repeated adjace nt symbols over the arabic digits. 
1 nonempty strings 

SoEution. Let us analyze a general string 20 in the language. It must be of the 
form 

. . . g g...g... . . . . 

That is, digits 9 separate the string ul into several parts. Each part is a string 
over (0, 1, . . ., 8}, having no repeated adjacent symbols. In addition, except 
possibly for the first and the last parts, each part is nonempty. 

The above analysis suggests us to solve the problem by employing a re- 
cursive formula. For k = 0, 1, . . . , 9, let ak be the kth arabic digit (e.g., 
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a3 = 3). Also, for k = 0, 1, . . . , 9, let Lk be the set of all nonempty strings 

over {ao, . . . , ak} having no repeated adjacent symbols. Then, we have 

Lo = ao, 

Lk+l = Lk + (E + Lk)(ak+dk)*ak+l(& + Lk). 

(Note that if a string in Lk+r does not contain ak+l, then it is in LI,.) Cl 

* Example 1.20 Find a regular expression for the set of all strings over al- 
phabet 

{(i)(i)(%).(p),(a);(e);(n)(i)} 
that represent correct additions over binary expansions of integers, with lead- 
ing O’s added when necessary. For example, the relation 

0 1 1 0 

+ 0 1 0 1 

1 0 1 1 

implies that the string 

(H)(i)(l)(Y) 

is in the set. 

SoZution. First, we note that the language is closed under string concatena- 
tion; that is, the concatenation of two strings in the language is still in the 
language. Thus, it suffices to study the minimal strings in the language. 

Next, we consider the leftmost symbol. It has four choices: 

In the first three cases, this digit by itself is a minimal string in the language. 
Now, we consider the fourth case. Here, the rightmost symbol has only one 

choice: 

1 

( 1 
1 9 
0 

and the second rightmost symbol must exist and has four choices: 
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If the second rightmost symbol is the first case, then the two rightmost symbols 
form a minimal string in the language (i.e., the minimal string has length 2 
and the second rightmost symbol is the leftmost symbol). In the other three 
cases, the third rightmost symbol must exist and has the same four choices 
as the second rightmost symbol. 

Thus, from the above analysis, we see that this language has the following 
regular expression: 

[(:)+(:)+(1)+(9)[(2)+(:)+( i)]*(i)]** 
q 

Mathematical induction is an important proof technique in mathematics. 
To prove a statement Sn true for all natural numbers n = 0, 1, . . . , we can 
prove it by induction on n as follows: 

1. (Basis Step) For n = 0, prove that the statement 5’0 is true. 

2. (Induction Step) Suppose that the statement Sn is true for an arbitrary 
integer n > 0. Prove that the statement $+I is true. 

We used this-proof technique in Example 1.9: To show that X C A*B, we 
proved that for each n, if (~1 =nthenwEX 3 ~EA*B. - 

This induction principle can be generalized to other sets of objects which 
are defined by an inductive (or, recursive) definition. Since regular languages 
are defined inductively, this principle can be employed to prove a property Q 
of regular languages in the following way: 

(1) Prove that 8 has the property Q. 

(2) For each a E C, prove that {a) has the property Q. 

(3) Prove that if A and B have the property Q, then each of A U B, AB, 
and A* has the property Q. 

Here, steps (1) and (2) serve as the basis step, and step (3) serves as the 
induction step. 

Example 1.21 For each language L over alphabet C, let L’ be the set of all 

sufixes of strings in L, that is, L’ = {w ( uw E L for some string u}. Show 

that if L is a regular language so is L’. 

SoZution. We prove this result by induction as follows. 
Basis Step (1): 8’ = 8 is a regular set. 

Basis Step (2): For any a E C, {a)’ = {E, a} is a regular set. 

Induction Step (3): Suppose that L1 and L2 are regular sets with the 
property that L/, and LL are regular sets. Then, we have 

(a) (LI U L2)’ = {w 1 (3u)[uw f Ll UL2]} 

= {w 1 (3u)[uw E Ll] or (3u)[uw E L2]} 
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= {w 1 (3u)[uw E Ll]} u {w 1 (3u)[uw E L21) = L1’ u L2’. 

(b) (L1L2)’ = {w 1 (~U)[UW E ~51~521) 

= {w ] either w E L2’ or w = zy for some z E Ll’, y E L2) 

= L2’ u LI’L:!. 

(c) (Ll*)’ = ( E Ll”)’ = E(Ll”)’ 
i=o i=o 

bY Part (4 

= {E} u (G(L1’ u LI’LI u * l l u L1’Lf’)) 
i=l 

bY Part (b) 

ccl 

II Ll’ l 

(u 

({E} u L1 u ’ l l u Lli-l 
,> 

= L&*. 
i=l 

Therefore, (L1 U Lz)‘, (L1 Lz)‘, and (Ll*)’ are regular sets. This completes 
the induction step. cl 

Remark. What is wrong with the following proof for part (c) of Example 1.21? 

Proof for part (c). From part (a), we know that 

(Ll*)’ = ( 6 Ll”)’ = E(L1”)‘. 
i=o i=o 

From part (b), we know that each (Li)’ is regular for i > 0. There- 
fore, (L;)’ is the union of regular languages (Li)‘, for z7= 0, 1, . . . , 
and so it is regular. 

In the last step of the above “proof,” the rule of 

[A, B are regular 3 A U B is regular] 

has been illegally extended to 

Ao, A1, A2, l . l 
are regular 3 6 A; ’ is regular . 

i=o 1 
This generalized rule is false. To see this, we note that every language L C C* 
can be written as the union of an infinite number of regular languages. ‘Let 
the elements in L be ~0, x1, x2, . . . . Then, L = (20) U {xl} U {x2} U . l l . 
Thus, the generalized rule would imply that every language is regular, which 
is known to be false (see Section 2.8). 

Example 1.22 Show that every regular language has a regular expression in 
disjunctive normal form cul+a2+* l -+a,, in which euch ai, for i = 1,2, l . . , n, 
does not contain the operator +. 
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Proof. We prove it by induction. 
Basis Step (1): The empty set 8 has a regular expression 8 in disjunctive 

normal form. 
Basis Step (2): F or any symbol a, {a) has a regular expression a in dis- 

junctive normal form. 
Induction Step (3): Suppose that language L1 has a regular expression 

a1 + a2 + l l . + am in disjunctive normal form and language L2 has a regular 
expression pr + p2 + l l l + & in disjunctive normal form. Then, 

(a) L1 U L2 has a regular expression al + l l . + a, + PI + l l . + ,&. 

(b) LlL2 has a regular expression (Cr=, ~i)(xy=, pj> = CF1 c,“-, ai@j. - - 

(c) L; has a regular expression (EL, ai)* = (c+z . l oak)* (cf. Exercise 
5(b) of Section 1.1). 

Thus, L1 U L2, L1 L2, and Lf all can be represented by regular expressions in 
disjunctive normal form. This completes the induction proof. 0 

Exercise 1.2 

1. Describe in English the languages expressed by the following regular 
expressions: 

(a) (0* l*)*O. 

(b) (Ol*)*O. 

(c) (00 + 11 + (01 + lO)(OO + ll)*(ol + lo))*. 

(d) 0* + (O*l+ O*ll)(O+l + O+ll)*O*. 

2. Simplify the following regular expressions: 

(a) (OO)*O + (OO)*. 

(b) (0 + l)(~ + OO)+ + (0 + 1). 

(c) (0 + E)O”l. 

3. Construct regular expressions for the following languages over alphabet 

(0, 1): 

(a) Th e se o a s rin t f 11 t g s whose fifth symbol from right is 0. 

(b) The set of all strings having either 000 or 111 as a substring. 

(c) The set of all strings having neither 000 nor 111 as a substring. 

(d) The set of all strings having no substring 010. 

(e) The set of all strings having an odd number of 0’s. 

(f) The set of all strings having an even number of occurrences of 
substring 011. [Hint: First find the regular expression for the set 
of binary strings having no substring 011.1 

4. Show that (02 + 03)* = (020*)*. 
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5. Construct a regular expression for the set of all strings over alphabet 

{( $( i)( a)*( !J( a);( i)( i+( i)} 
that represent correct subtractions. For example, 

6. Show that for any regular language L, Lodd = {z E L ] 1x1 = odd} and 

implies that string 

(I)(Y)(l)(b) 
is in the set. 

L ezIen = {d: E L 1 1x1 = even} are regular. 

7. Show that if L is a regular language, then L” = {u I 31, uv E L} is 
regular. 

8. Suppose h : C* + IT* is a mapping satisfying h(zy) = h(z)h( y) for any 

x,y E c*. Show that if A is a regular set over C, then h(A) = {h(z) I 
II= E A} is a regular set over I?. Conversely, if B is a regular set over 
r, then h-l(B) = {z E C* I h(z) E B} is a regular set over C. [Hint: 
Prove by induction.] 

1.3 Graph Representations for Regular Expressions 

A directed graph (or, digruph) is a pair of sets (V, E) such that each element in 
E is an ordered pair of elements in V. The elements in V are called vertices, 
and the elements in E are called edges. An edge (u, v) is directed, meaning 
that it originates at u and goes to v. For this reason, (u, v) is said to be 

an in-edge to v and an out-edge from u. A loop is an edge which starts and 
ends at the same vertex; that is, it is both an in-edge and an out-edge for 
the same vertex. We often draw a diagram for a graph with a small circle 
representing a vertex and an arrow from circle u to circle v representing an 
edge (u, v). Figure 1.2 shows a digraph G = (V, E) where V = {a, b, c, d} and 

E = -@,a), (O), (b, b), (kc), (v), (CGW 
A path is a finite sequence of vertices, (VI, 212, s l l , vk), such that there exists 

an edge from vi to vi+1 for every i = 1,2, l l l , k - 1. For example, in Figure 
1.2, (a, b, c, d) is a path, but (a, c, d) is not a path because no edge exists from 
a to c. A path starting and ending at the same vertex is called a cycle. 
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Figure 1.2: A digraph. 

In some applications, we would like to assign labels to edges of a digraph. 
Such a digraph is called a labeled &graph. In general, we allow more than one 
edge from a vertex u to a vertex V, if they have different labels. 

There is an interesting way to represent regular expressions by labeled 
digraphs with labels from C U {E}. For any regular expression r, its labeled 

digraph representation can be obtained as follows: 

1. Initially, we start with two special vertices, the initial vertex and the 
fincll vertex, and draw an edge between them with label T (see Figure 

1.3(l)). (In Figure 1.3(l), we draw an arrow with no starting point to 
the initial vertex and use double circles to denote the final vertex.) 

2. Repeat the following until every edge has a label that does not contain 
operation symbols +, l , or *: 

Replace each edge with label f + g by two edges with labels f and 
g, as shown in Figure 1.3(2). 

Replace each edge with label fg by an additional vertex and two 
edges with labels f and g, as shown in Figure 1.3(3). 

Replace each edge with label f* by an additional vertex and three 
edges with labels E, f, and E, as shown in Figure 1.3(4). 

3. Delete all edges with label 8. 

For a regular expression lr, let G(r) be its graph representation constructed 
as above. Clearly, each edge in G(r) h as a label in C U {E}. Every path 
in G(r) is associated with a string which is obtained by concatenating all 
symbols labeling the edges in the path. This representation has the following 

property: 

Theorem 1.23 Let r be a regular expression. A string x belongs to the Zan- 

!.Page L(r) f d i an only if there is a path in G(r) from the initial vertex to the 
final vertex whose associated string is x. 

Proof Let ~1 be the initial vertex and q be the final vertex in G(r). Consider 
the following statement: 
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Figure 1.3: Graph G(r) for regular expression r. 

S: z E L(r) if and only if there is a path (~1, ~12, . . . . ?.& = vf) in digraph G 
such that x E L(q)L(7$ l l l L(fk-I), where ri is the label of the edge 
(Vi, Vi+& i = 1,. . . , k - 1. 

We claim that statement S holds with respect to the graph G at any stage 
of the above construction of G(r). First, it is clear that S holds with respect 
to the graph G at the beginning of the step 2. Next, we observe that, because 
of the way the edges are replaced, if S holds with respect to a graph G, then it 

still holds after an edge replacement performed at step 2. Thus, the statement 
S holds with respect to the graph G at the end of step 2. 

At step 3, we delete edges with the label 0, and this does not affect state- 
ment S, since L(0) = 8. Therefore, at the end of step 3, each edge of G(r) 
is labeled by exactly one symbol from C U {E}, and statement S implies that 
x: E L(r) if and only if there is a path in G(r) from VI to VI whose associated 
string is exactly z. 0 

Example 1.24 Construct G(r) for r = (11 + O)*(OO + l)*. 

Solution. The construction is shown in Figure 1.4. 0 

In a digraph G(r), an edge with label E is called an E-edge. For a regular 

expression T, it is often desirable to construct G(r) with a minimum number 
of E-edges while still preserving the property of Theorem 1.23. For instance, 
in Figure 1.4, the two middle E-edges can be replaced by a single E-edge. The 
following is a simple rule for eliminating redundant e-edges: 
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Figure 1.4: Labeled digraph G(r) for T = (11 + O)*(OO + l)*. 

* Theorem 1.25 Let r be a regular expression. Then, an E-edge (u,v) in 

G(r) which is a unique out-edge from a nonfinal vertex u or a unique in-edge 
to a noninitial vertex v can be shrunk into a single vertex, still preserving the 
property of Theorem 1.23. (If one of the endpoints of the E-edge is the initial 

vertex or the final vertex, then so is the resulting vertex.) 

Proof. To see why such an E-edge can be deleted, suppose that an E-edge (u, v) 
is the unique out-edge from u, and suppose that u is not the final vertex. Let 
G’(r) be the graph obtained from G(r) by shrinking the edge (u, v) to a single 
vertex w. Let vr be the initial vertex of G(r) and vf be the final vertex of 
G(r). We need to show that for each path 7r in G(r) from vr to vf, there is a 
path r’ in G’(r) from vr to vf with the same lables as 7r, and vice versa. 

Let 7r be a path in G(r) from vr to VI. If it does not pass through vertex 

u, then the same path exists in G’(r) and all their labels remain the same. If 
7r passes through u, then we can divide it into two subpaths, one from v1 to 
the first occurrence of u and the other from the first u to vf . Since (u, v) is 
the only out-edge from u, the second subpath must start with this edge (u, v), 
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;!i 0 E -@ 0 1 1 0 

0 0 0 

0 

Figure 1.5: Simpler solution for Example 1.24. 

with label E. The shrinking of (u, v) into a single vertex w does not change 
the first subpath and only shrinks the first edge (u, v) in the second subpath 
to w and does not change the corresponding labels. We continue this process 
to replace every occurrence of edge (u, v) in the second subpath by w, while 
preserving the labels. Eventually, we get a path X’ in G’(r) from ~1 to vf with 
the same labels as path OTT in G(r). 

Conversely, let r’ be a path from v1 to vf in G’(r). If it does not pass 
through the vertex w, then it is also a path in G(r), with the same labels. 
If it passes through w, then we let ~‘1 be its subpath from v1 to the first 
occurrence of w and ni be its subpath from the first w to vf. Since (u, v) 
is the unique out-edge from u, the first edge (w, z) in ni, if exists, must be 
corresponding to an edge (v, X) in G( r> (or, if IX: = w then (w, w) corresponds 
to (v,v)). Now, if the last edge of ni is (y, w), then either there is an edge 
(y, U) in G(r) or an edge (y, v) in G(r) which has the same label as (y,u)). 
In the first case, we replace w of ni by the edge (u,v); in the second case, 
we simply replace the vertex w by the vertex v. Thus, we have eliminated 

an occurrence of w in r’ without changing its total labels. We continue this 
process to eliminate all occurrences of w and we obatin a path 7r in G(r) with 
the same total labels. 

At this point, we observe that this path r must start at v1 and end at vf: If 
w is not the final vertex of G’(r), then we have not changed the last vertex of 
X’ and so 7r and r’ end at the same vertex vf . If w is the final vertex of G’(r), 
then v must be the final vertex of G(r), since u is known, by assumption, to 

be a nonfinal vertex. Our replacement process above then lets the last vertex 
of 7r be v = vf. This completes the proof for the first half of the theorem. 

The second half can be proved by a similar argument. 0 
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a *b(c+da *b) * 

b 

Figure 1.6: Labeled digraph G(r) for Y = a*b(c + da*b)*. 

In fact, if an E-edge is a unique out-edge from a nonfinal vertex or a unique 
in-edge to a noninitial vertex when it is created, then it remains so after the 
replacements are done in the construction. 

Example 1.26 Construct G(r) for r = a*b(c + da*b)*. 

SoZution. The construction is shown in Figure 1.6. Note that we made an 
additional simplification at the final step. 0 

Exercise 1.3 

1. What is the shortest string in each of the following languages? What is 
the shortest nonempty string in each language? 

(a) 10 + (0 + ll)O*l. 

(b) (00 + 11 + (01 + lO)(OO + ll)*(Ol+ lo))*. 
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( > C 

2. (4 

(b) 

3. Find 
. 
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((00 + ll)* + (OOl+ 11o)*)*. 

Find an algorithm to find a shortest string in a regular set with a 
given regular expression. 

Find an algorithm to find a shortest string in a regular set with a 
given graph representation of a regular expression. 

labeled digraph representations for the following regular expres- 
sions: 

(a) (00 + lO)(lOl)* + 01. 

(b) ((00 + ll)* + (001 + llO)*)*. 

(c) (a + bc*d)*bc*. 

4. Determine the regular expressions represented by digraphs in Figure 1.7. 

b 

Figure 1.7: Three digraphs for Exercise 4. 

5. Find the simplest digraph representing &. 

* 6. Find counterexamples to show that Theorem 1.25 is incorrect if we re- 
move the requirements that u must be a nonfinal vertex and v must be 
a noninitial vertex. 



Finite Automata 

2.1 Deterministic Finite Automata 

In this section, we introduce a simple machine model, called deterministic 
finite automata, that will be shown later to recognize exactly the class of 
regular languages. Intuitively, a deterministic finite automaton (DFA) is a 
simple machine which reads an input string one letter at a time and then, 
after the input is completely read, decides to accept or to reject the input. 
A DFA consists of three parts: a tape, a tape head (or, simply, head), and a 
finite control. 

The tape is used to store the input data. It is divided into a finite number 
of cells. Each cell holds a symbol from a given alphabet C. The tape head 
scans the tape, reads symbols from the tape, and passes the information to 
the finite control. At each move of the DFA, the head scans one cell of the 
tape and reads the symbol in the cell, and then moves to the next cell to the 
right. 

The finite control has a finite number of states which form the state set 
Q. At the beginning of a move, the control is in one of the states. Then, 
it determines, from the current state and the symbol read by the tape head, 
how the state is changed to a new state. More precisely, the change of state 
at each move is governed by a state trunsition function (or, simply, transition 
function) S : Q x C + Q. At each move, if the finite control is currently at 
state q E Q and the symbol read by the tape head is a E C, then the finite 
control changes to the new state p = 6(q, a>. 

To complete the description of a DFA, we need to specify two special kinds 

23 
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finite 

Figure 2.1: A finite automaton. 

of states: an initial stute 40 at which the DFA begins to work, and a set F C Q - 
of final states at which the DFA certifies that the input is in the language. 
Thus, a DFA can be represented as a quintuple M = (Q, C, S, 40, F) . 

How does a DFA A4 work exactly ? Initially, the DFA A4 is in the initial 
state, the tape holds the input string, and the tape head scans the leftmost 
cell of the tape. Then, the DFA M operates, move by move, according to 
the transition function 6. The DFA M halts after it reads the symbol in the 
rightmost cell of the tape and its tape head moves off the tape. When the 
DFA halts, it uccepts the input string if it halts in one of the final states. 
Otherwise, the input string is rejected. The set of all strings accepted by a 
DFA A& is denoted by L(M). W e a so say that the language L(M) is accepted 1 
by M. 

The transition diagram of a DFA is an alternative way to represent the DFA. 
For M = (Q,C,S,qo,F), th e t ransition diagram of M is a labeled digraph 
(V, E) satisfying 

V = Q, 

where q -% p denotes an edge (q, p) with label a. In addition, the initial state 
of the DFA is pointed to by an arrow without a starting vertex, and every 
final state is denoted by double circles. 

Example 2.1 Consider a DFA M = (Q, C,S, qo, F) where Q = {qo, ql, q2, 
q3}, c = {O,l), F = +ll, 921, and 6 is the function defined by the following 
table: 

s 0 1 

Qo 41 q3 

T 

Ql 42 !I3 
42 q2 !I2 
q3 !I3 cl3 

Then, the transition diagram of M is as shown in Figure 2.2. (A number i in 
’ a circle or in double circles denotes the state qi.) 0 
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Figure 2.2: The transition diagram of the DFA of Example 2.1. 

Since the transition function S is well-defined on & x C, the transition 
diagram of the DFA has the property that for every vertex (state) Q and 
every symbol a, there exists exacly one edge with label a leaving Q. This 
implies that for each string X, there exists exactly one path starting from ~0 
whose labels form the string X. This path is called the computation path of 
the DFA on ~xf. We note that a string x is accepted by M if and only if its 
computation path ends at one of the final states. 

To formally define the notion of a DFA accepting an input string, we extend 
the transition function S from the domain Q x C to the domain Q x C* by 
the following inductive definition: 

(1) &I, 4 = CL 

(2) For any z E C* and a E C, S(Q,za) = s(s(4,~),u). 

With this extension, for any string x:, 6(qo, 2) is the last state in the compu- 
tation path of the string X. Therefore, we can formally define that x E L(M) 
if and only if S(qo, z) E F; that is, 

L(M) = {z E c* 1 qqo,g E F). 

Example 2.2 Consider the DFA M given by Figure 2.2. Determine whether 
M accepts strings 000 and 010. 

Solution. The computation path of the string 000 is the sequence qo, S(q0, 0) = 
ql, 6(ql,O) = q2, and S(a2,O) = 42. Thus, S(qo,OOO) = q2 E F and M accepts 
000. Similarly, we can find that S(qo, 010) = q3 4 F, and M rejects 010. 0 

Example 2.3 What is the language L(M) accepted by the DFA M of Figure 
2.2 ? 

Solution. We observe that once the DFA M enters state 43, it will never be 
able to leave this state, and will reject the input string regardless what the 
remaining part of the input string is. (We call such a state a failure state.) 
On the other hand, once M enters state q2, it will never leave this state, and 
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Figure 2.3: DFA of Example 2.4. 

will accept the input string. (We call such a state a success state.) From these 
observations, we see that L(M) consists of the string 0 (which ends at state 
qi) and all strings starting with 00. In the regular expression notation, 

L(M) = 0 + oo(0 + 1>*. cl 

Example 2.4 What is the language L(M) accepted by the DFA M of Figure 
2.3? 

Solution. Similar to Example 2.3, q6 is a failure state and 43 is a success state. 
So, we only need to figure out how we can reach 43 from 40. There are three 
kinds of paths from qo to 43: 

They correspond with strings beginning with Oll*O, 000* 1 and lOO* 1, respec- 
tively. So, 

L(M) = (o11*0 + 000*1+ 1oo*1)(0 + 1>*. 0 

Example 2.5 What is the language L(M) accepted by the DFA M of Figure 

2.4? 

Solution. A string IX: accepted by M is either in 0* (so, M never leaves state 
qo), or is associated with a computation cycle from qo to qo, passing through 
states ql, q2,q3, q4 for a finite number of times. Note that the DFA M changes 
from a state qi, 0 < i < 3, to a new state qi+l (or from q4 to qo) if and only if - - 
it reads a symbol 1. Thus, each time M goes from state qo to states 41, . . . , q4 
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Figure 2.4: DFA of Example 2.5. 

then comes back to ~0, it must have read five l’s, with an arbitrary number 
of O’s in between any two 1’s. This means that a string IX: is accepted by M if 
and only if the number of occurrences of symbol 1 in x is a multiple of 5. In 
the form of a regular expression, 

L(M) = o* (lo* 10* 10* 10* lo*)* l q 

Exercise 2.1 

1. Consider the DFA A4 with the transition diagram of Figure 2.5. 

(a) Which state is the initial state of M, and which states are the final 
states of M? 

(b) For each of the strings 0001, 010101, and 001110101101, find the 
computation path of A4 on the string and determine whether M 
accepts it. 

(c) Among all strings in (Ol)*, which ones are in L(M)? 

Figure 2.5: DFA of Exercise 1. 

2. For integers n, d > 1, consider a DFA A& d = (Q, X,6,40, F), where & = 

{qO~~l~~2~'**~~71~1}, c = {~0~~1~'*'~~~-1}, 6(4i,ak) = q(di+k)modn> 

and F = {ql}. 

(a) Draw the transition diagram of Mn,d with n = 7 and d = 2. 
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0 a 

0 C 

Figure 2.6: Three DFA’s of Exercise 3. 

(b) Suppose n = 7, d = 2, a0 = 0 and al = 1. Find 6(qs,OlOl) and 
S(ar, 11010). 

(c) Suppose n = 7, d = 2, a0 = 0 and al = 1. Find binary strings CC 
and y  such that &-J, 2) = 45 and &-J, y) = q6. 

*(d) Show that for any state qj E Q, there exists a string z E C* such 
that S(qo, Z) = qj. 

3. For each of the DFA’s A&, A.42 and A&, as shown in Figure 2.6(a), (b) 
and (c), respectively, describe in English the language accepted by it. 

2.2 Examples of Deterministic Finite Automata 

In this section, we will develop some techniques to construct DFA’s through 
examples. In each example, a language is given and we show how to construct 
a DFA accepting the language. 

Example 2.6 (0 + 1)“. 

Solution. The language (0 + l)* contains all binary strings. So, we simply 
let the initial state be the final success state. The transition diagram of this 
DFA is actually the same as the labeled digraph representation for the regular 
expression (0 + l)*. We show it in Figure 2.7(a). (In a transition diagram, if 
two edges have the same starting and ending vertices, we may merge them into 
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0 

x3 0 
1 

0 a 

Figure 2.7: DFA for (0 + l)*. 

0 a 

09 

Figure 2.8: Solution to Example 2.7. 

one edge and put both labels on the new edge. For instance, the transition 
diagram of Figure 2.7(a) can be simplified to that of Figure 2.7(b).) q 

Example 2.7 The set of cdl binary strings beginning with prefix 01. 

Solution. It is easy to find a regular expression Ol(0 + l)* for this language. 
From the regular expression, we can immediately find its labeled digraph 
representation as shown in Figure 2.8(a). However, it is not the transition 
diagram of a DFA. Recall that in the transition diagram of a DFA A4 = 

(Q, C, 4 40, F), th ere is exactly one out-edge from state q with label a for each 
pair of (q, a) E Q x C. To satisfy this condition, we add a failure state q3 and 

edges qo --% q3 and q1 -% q3. The complete transition diagram is shown in 

Figure 2.8(b). 0 

Example 2.8 The set of all binary strings having a substring 00. 

Sohtion. First, let us note that the regular expression (0 + l)*OO(O + l)* for 
this set does not indicate where the first pair 00 occurs in the string. On the 
other hand, the DFA must recognize the substring 00 at its first occurrence. 
Thus, the above regular expression is not helpful to this problem. Instead, we 
need to analyze the problem more carefully. 
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0 a 

0 C 

Figure 2.9: Solution to Example 2.8. 

Suppose that the string ~1~2 •GC~ is stored on the tape, where each pi 
denotes one bit in (0, 1). Th en, we may check each of the substrings ~1~2, 
X2X3, . . . . Xn- 1~~ in turn, to see whether it is equal to 00, and accept the 
input string as soon as a substring 00 is found. This suggests the following 
way to construct the required DFA. 

Step 1. Build a checker as shown in Figure 2.9(a), with state q2 being a 
success state, meaning that if two consecutive O’s are found then the input 
string is to be accepted. In particular, if ~1x2 = 00, the the string x is 
accepted. 

Step 2. If x1 = 1, then we give up on substring ~1x2 and continue to check 
~2x3. So, we need to go back to state ~0; that is, d(qo, 1) = qo. This action is 
shown in Figure 2.9(b). 

Step 3. If xl = 0 and x2 = 1, then neither ~1x2 nor ~2x3 is 00. So, we also 
need to go back to restart at qo to check x3x4. That is, we let S(al, 1) = qo. 
Figure 2.9(c) shows the complete DFA. cl 

In general, suppose that ~1x2 l l l X~ is the string on the tape and we want 
to check xl . . . xk, x2 . . l xk+l, . . . , xn-k+i l l l X~ in turn to match a substring 
ala2°00ak. Then, we set up k + 1 states qo, 41,. . . , qk, with qi standing for 
“found ala2 . . . a$’ At state qi, if b = ai+l, then we define s((li, b) = qi+l. If 
b # ai+l, then we define J(qi,b) = qj, where j is the maximum index j such 
that 

That is, we find the longest suffix y of al l l l sib which is a prefix of al l l l ak 
and go to qlvl. The following example explains this idea more clearly. 

Example 2.9 The set of all binary strings having the substring 00101. 

Solution. Following the above idea, we first construct a checker as shown in 
Figure 2.10(a). 
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(c) -E3+ 0 O - 1 O 8 2 l 

1 1 0 

Figure 2.10: Solution to Example 2.9. 

Intuitively, for each i = 0, 1, . . . ,5, state qi means “the past i input symbols 
just read are uru2 . l q,” where uru2 l . ‘~5 is the target substring 00101. Thus, 
at state qo, if we read a new symbol 1, the new string al l l l ail = 1 (here, 
i= 0) is not a prefix of 00101, and so we need to go back to state qo. Similarly, 
if a symbol 1 is read at state ql, neither the string al 1 = 11 nor the string 1 is 
a prefix of 00101, and so we let S(ql, 1) = qo. We upgrade the DFA as shown 
in Figure 2.10(b). 

Now, consider 6(qz,O). The string ala20 = 000 is not a prefix of 00101, but 
the last two symbols a20 = 00 is a prefix of 00101. That is, if the next three 
input symbols are 1, 0 and 1, then we should accept the input. So, we define 
S(q2,O) = q2 to indicate this partial success. This action is shown in Figure 
2.10(c). 

Based on the same idea, we define 6(qs,l) = qo (neither ulu2u~l = 0011 
nor any of its suffixes is a prefix of OOlOl), and S(qd,O) = q2 (the last two bits 
of u~cz~u~u~0 are 00 and form a prefix of 00101). The complete DFA is shown 
in Figure 2.10(d). Cl 

Example 2.10 The set A of all binary strings ending with 01. 

Solution. Initially, we build a checker as shown in Figure 2.11(a). Again, 
states qo and q1 indicate “found no prefix of 01” and “found prefix 0 of 01,” 
respectively. Note, however, that although state q2 is a final state, it is not a 
success state since a string must end at state q2 to be accepted. 

Now, following the idea of the last example, it is easy to see that we need 

to define S(q0, 1) = qo and S(ql,O) = 41. 
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0 a 

04 9 
Figure 2.11: Solution to Example 2.10. 

At state q2, if we read more input symbols, then we need to follow the same 
idea to set S(Q,O) = 41 and 6(q2,1) = 40. The complete DFA is shown in 
Figure 2.11(b). Cl 

Example 2.11 The set of ~11 binary expansions of positive integers which are 
congruent to zero modulo 5. 

Solution. The idea of this DFA is similar to that of the last two examples. 
We need to set up five states 40, ~1, . . . ,44, with each state pi meaning “the 
prefix y  of the input string read so far has the property of y  z i (mod 5).” 
That is, we need to define S(~O, ~1x2 0 l l xk) = pi if ~1x2 l l l Q E i (mod 5). 

How do we determine the edges between these five states from this idea? 
Recall that the transition function S of a DFA has to satisfy 

qqqo, x), a) = QlO~ xa)y 

for any x E {O,l}* and any a E (0, 1). Suppose &JO, x) = pi and s(40, xa) = 
qj. Then, we must have x G i (mod 5) and xa s j (mod 5). Thus, 

j E xu (mod 5) 

G 2*x+a (mod5) 

E 2G+a (mod5). 

Therefore, we need to define S(qi, a) = qj, where j G 2i + a (mod 5). For 
instance, 6(q2,0) = q4 and S(q2,l) = qo. See Figure 2.12 for the other edges. 
In addition, state qo is the unique final state, since S(q0, x) = qo means x E 
0 (mod 5). 

Finally, we note that a binary expansion of a positive integer always begins 
with the symbol 1. So, we need to add a new initial state and a failure state, 
as shown in Figure 2.12. cl 

Note that the set AU{l}, w h ere A is the set defined in Example 2.10, may 

be regarded as the set of binary expansions of integers congruent to 1 modulo 
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Figure 2.12: DFA for Example 2.11. 
Figure 2.13: DFA for set 

(11 . 
Au 

4, with leading zeros allowed. Using the idea of the above example, we get 
a new DFA for set A U { 1) as shown in Figure 2.13. Note that the states qo 
and q2 in this DFA can be merged into one, and the simplifed DFA is just the 
one shown in Figure 2.11(b), except that the initial state has been changed 
(to state 41 of Figure 2.11(b)). 

Example 2.12 The set of all binary strings having a substring 00 or ending 
with 01. 

Solution. This language is the union of two languges (0 + l)*OO(O + l)* and 
(O+l)*Ol. In E xamples 2.8 and 2.10, we have already constructed two DFA’s 
for these two languages. To check whether an input string x belongs to the 
union of these two languages, we can run these two DFA’s in parallel. For 
example, suppose X = 0101. In the first DFA Ml shown in Figure 2.9(c), the 
computation path of x is (qo, ql, qo, ql, qo), and in the second DFA M2 in 
Figure 2.11(b), th e computation path is (qo,ql,q2,qlrq2). Since the second 
path ends at a final state, x is accepted in this parallel simulation. 

One idea on how to build a DFA for the union of these two languages 
is, then, to combine the two DFA’s into one such that, at each step, the 
new DFA would keep track of the computation paths of both DFA’s. This 
suggests us to consider a product automaton M = Ml x M2 as follows: Assume 
that the first DFA is Ml = (Ql, C, 61, qo, Fr) and the second DFA is M2 = 

(Q2, C, S2, qo, Fz). (Note that Q 1 and Q2 may have states of the same name 
but playing different roles in two DFA’s.) Then, the state set Q of M is the 
cross product of the state sets of Ml and M2; that is, Q = Q1 x Q2. We denote 
each member of Q as [qi, qj], where qi E Q1 and qj E Q2. The initial state 
of M is [qo, qo]. At each state [qi, qj] in Q, we simulate both computations of 
Ml and M2 in parallel by 

&([gi, qj], a) = [b(qi, 4 s2(qjy 4 
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Figure 2.14: Product DFA for Example 2.12. 

For instance, the computation path of x = 0101 in this product automaton 

is [qo, qo], [al, a117 [ao, a21, [al, a11 9 [Qo, azl l Furthermore, if 4i E F1 or 4j (5 F2, 

then we let [qi, aj] E F. That is, F = (FI x Q2) U (QI x Fz). 
From the above description, it is clear that M accepts the union of the 

DFA’s Mr and A&. We show this product DFA M in Figure 2.14, where each 
vertex with the label (i, j) denotes the state [qi, aj]. 

Two facts about this DFA are worth mentioning: First, since states [qo, al], 

[Q1,Qol a-d b 1 4 1 2 are unreachable from the initial state [qo, 401~ we omitted 
them in Figure 2.14. Second, states [aa, ql], [42, qo] and [aa, aa] can be merged 
into a single success state, since all three states are final states and there is 
no way to leave these three states once we get there. There are some general 
techniques of simplifying DFA’s. We will discuss these techniques in Section 
2.7. 0 

The above method can also be applied to the problems of finding the inter- 
sections or the differences of two languages which are accepted by DFA’s. All 
we need is to construct the product DFA of the two given DFA’s and choose 
different sets of final states. This method can also be generalized to construct 
the product DFA of three, four, or any finite number of DFA’s. 

Example 2.13 The set of all binary strings having a substring 00 and ending 
with 01. 

Solution 1. This language is the intersection of two languages (O+l)*OO(O+l)* 
and (O+l)*Ol. In Example 2.12, we constructed a product DFA to accept the 
union of these two languages. Here, we can use the same product DFA, except 
that we will define the set F of final states to consist of states in which both 
components are final states; that is, F = F1 x F2. The transition diagram 
of the resulting DFA is just like that of Figure 2.14, except that the final set 
consists of only one state [aa, q2]. 0 
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0 a 

0 C 

Figure 2.15: The second solution to Example 2.13. 

Solution 2. We can also use the checker method of Example 2.8 to construct 
a DFA for this set. First, we note that if a string x has a substring 00 and a 
suffix 01, then the occurrence of 00 must come before that of 01. So, we set 
up the two checkers as shown in Figure 2.15(a) and 2.15(b). Intuitively, states 
qo,qr and 42 are like those in Figure 2.9. State q3 means that “substring 00 has 
been found and no prefix of 0 1 is found,” and state q4 means that “substring 
00 has been found and prefix 0 of 01 has also been found.” Note that the 
out-edges from state q2 are not determined yet, since finding the substring 00 
does not imply the string being accepted. 

Now we add additional edges to the checkers as in Examples 2.8 and 2.10. 
It is easy to see that we need to define 8(qo, 1) = S(q1,l) = qo, since we are 
still at the first stage of checking substring 00. 

Next, we have 6(q2,1) = 45, which is a final state, since, at state 42, we 

have just seen a substring 00 and the second 0 plus the new symbol 1 form 
the required suffix 01. We also let S(a2,O) = q4, since q4 is the state at which 
stubstring 00 has been found and a symbol 0 has just been read. 

The actions at states q3, q4 and q5 are just like those in Figure 2.11. That 
is, we add 

qa3,1> = q3, S(a4,o) = !I47 

gas, 0) = q4, S(a5,l) = q3* 

The complete DFA is shown in Figure 2.15(c). 
Note that, in Solution 1, the number of states in the product DFA A4 is, 

in general, the product of the number n1 of states in Mr and the number n2 
of states in A&. In Solution 2 here, the number of states is, in general, only 
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the sum of n1 and n2. So, this method saves some states. It, however, needs 
some heuristics to determine the edges from state q2 to the second part of the 
DFA. cl 

Example 2.14 The set of all binary strings having a substring 00 but not 
ending with 01. 

Solution. This language is the difference of language (0 + l)*OO(O + 1)” minus 
language (0 + l)*Ol. Th us, we can use the same product DFA as we did in 
Examples 2.12 and 2.13, except that we need to choose the set of final states 
to consist of every state in which the first component is a final state of the 
first DFA and the second component is a nonfinal state of the second DFA; 
that is, our new final set is F = PI x (Q2 - F2). Its transition diagram is like 
that of Figure 2.14, with the final states {[qz, ~01, [q2,41]}. cl 

A special case of subtraction is complementation: A = C* - A. There is a 
simpler construction in this case. Note that in DFA hl = (Q, C, 6, ~0, F), for 

any input string Xx:, z E L(M) f  i and only if J(~o, X) E F. Equivalently, x 4 
L(M) if and only if S(qo, z) 4 F. It follows that the DFA (Q, C, S, 40, Q - F) 

accepts the complement of L(M). 

Example 2.15 The set L of all binary strings in which every block of four 
consecutive symbols contains a substring 01. 

Solution. The condition “every block of four consecutive symbols contains 
a substring 01” is a global condition, which appears difficult to verify. By 
considering the complement ?Y, we turn this condition into a simpler local 
condition: ; contains binary strings with a substring 0000, 1000, 1100, 1110, 
or 1111. We first construct a DFA accepting z and then change all final 
states into nonfinal states and all nonfinal states into final states. A solution 
is shown in Figure 2.16. 0 

The above four examples established the following properties of the class 
of languages accepted by DFA’s. 

Theorem 2.16 The class of languages accepted by DFA’s is closed under 
union, intersecton, subtraction, and complementation. 

Exercise 2.2 

1. For each of the following languages, construct a DFA that accepts the 
language: 

(a) The set of binary strings beginning with 010. 

(b) The set of binary strings ending with 101. 

(c) The set of binary strings beginning with 10 and ending with 01. 
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Figure 2.16: Figure 2.16: Solution to Example 2.15. Solution to Example 2.15. 
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The set of binary strings having a substring 010 or 101. 

The set of binary strings in which the last five symbols contain at 
most three 0’s. 

The set of binary strings having a substring 010 or 101. 

The set of binary strings in which the last five symbols contain at 
most three 0’s. 

The set of binary strings w in which #I (w) + 2#0( w) is divisible 
by 5, where #a(w) is th e number of occurrences of the symbol a 
in string w. 

The set of strings over the alphabet { 1,2,3} in which the sum of 
all symbols is divisible by 5. 

The set of binary strings w in which #I (w) + 2#0( w) is divisible 
by 5, where #a(w) is th e number of occurrences of the symbol a 
in string w. 

The set of strings over the alphabet { 1,2,3} in which the sum of 
all symbols is divisible by 5. 

The set of strings over the alphabet (0, 1,2} which are the ternary 
expansions (base-3 representations) of positive integers which are 
congruent to 2 modulo 7. 

The set of strings over the alphabet (0, 1,2} which are the ternary 
expansions (base-3 representations) of positive integers which are 
congruent to 2 modulo 7. 

The set of binary strings in which every block of four symbols 
contains at least two 0’s. 
The set of binary strings in which every block of four symbols 
contains at least two 0’s. 

The set of binary strings in which every substring 010 is followed 
immediately by substring 111. 
The set of binary strings in which every substring 010 is followed 
immediately by substring 111. 

2. For each of the following languages, use the product automaton method 
to construct a DFA that accepts the language: 

(a) The set of binary strings beginning with 010 or ending with 101. 

(b) The set of binary strings having a substring 010 but not having a 
substring 101. 

(c) The set of binary strings beginning with 010, ending with 101 and 
having a substring 0000. 

3. For each of the following languages, use the checker method to construct 
a DFA that accepts the language: 

(a) The set of Example 2.12. 
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(b) The set of Example 2.14. 

(c) The set of Exercise 2(a) above. 

(d) The set of Exercise 2(c) above. 

2.3 Nondeterministic Finite Automata 

A nondeterministic finite automaton (NFA) AL/- = (Q, C, S, 40, F) is defined in 
the same way as a DFA except that multiple-state transitions and E-transitions 
are allowed. 

What is a multiple-state transition. 3 It means that at each move, there 
could be more than one next state. That is, for any state 4 and any input 
symbol a, the value of S(q, a) is a subset of Q, where S(Q, a) = (pl,pz, . . . ,pk} 
means that the next state from state 4, after reading a, can be any one of pl, 

p2, .-.Y or pk- A special case is that 6(4, a> could be the empty set 8. This 

means that the machine has no next state and hangs, and the input is rejected 
regardless of what remaining input symbols are. It is the equivalent of going 
to a failure state in a DFA. 

In addition to multiple-state transitions, we also allow E-transitions (or, 
E-moves) in an NFA. An E-transition is a move in which the tape head does 
not do anything (it neither reads nor moves), but the state can be changed. 
In other words, we allow a transition like 6(q, E) = {pl, . . . . pk}, which means 
that state q can be changed to any one of ~1, ~2, . . . , or pk, without reading 
a symbol from the input. 

Therefore, the transition function S is, formally, a function of the form 

where 2Q denotes the collection of all subsets of Q. The following is an 
example of a transition function of an NFA Ml: 

NFA’s, like DFA’s, can also be represented by transition diagrams. In the 
transition diagram, we still use a vertex to represent a state and a labeled edge 
to represent a move, except that we allow multiple edges from one vertex to 
other vertices with the same label. That is, if s(q, a> = {pl,p2, . . . ,pk}, then 
we draw k edges from state q to each of pl, ~2, . . . , pk, and each with a label 
a. For instance, the transition diagram of the transition function of Ml above 
is as shown in Figure 2.17. (We also made F = { qz} .) 

On an input CC, an NFA may have more than one computation path. For 
instance, for NFA Ml shown in Figure 2.17, the input 01 has the following 
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Figure 2.17: The transition diagram of an NFA. 

three computation paths: 

Note that in the last two paths, after the NFA reads all input symbols 01, it 
can choose to halt in state q2 or to use the E-move to move to state ql. 

In general, the computation paths for an input x form a computation tree 
since they all start with the same state qo and then branch out to different 
states. Figure 2.18 shows the computation tree of the NFA Ml on input 01. 

(In Figure 2.18, we added an edge q2 E\ q2 to indicate that the second path 
ends at q2.) 

Figure 2.18: The computation tree of input 01. 

Some of these computation paths lead to final states and some do not. How 
do we define the notion of an NFA accetping an input in such a situation? 
The answer is that the NFA accepts an input x if at least one computation 
path on x leads to a final state. For instance, in the above example, since the 
second computation path ends at state q2 E F after the NFA reads the input 
01, the string 01 is accepted by the NFA Ml. 

To formally define the notion of an NFA A4 accepting an input z, we need 
to define the notion of &-closure. The E-closure of a subset A C Q is the set 
of states that can be reached from a state q in A by E-moves (including the 
move from q to q). That is, 

~-closure(A) = {P E Q ( p E A or (34o,ql,. . . > qn) [qo E A, 

qm =p, and qi+l ~S(q&i=O,...,m- l]}. 
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For instance, in the above example, 

~-closure({!lo)> = {Qo, Ql}, 

~-closure({qa}) = {Ql, 42}* 

Now, we extend the transition function 6 to the domain 2Q x (C U {E}) by 

S(A, a) = E-closure ( 
qE E-closure( A) 

and then further extend it to the domain 2Q x C* as follows: 

w4 4 = e-closure (A), 

S(A, za) = S(S(A, x), a), if x E C* and a E C. 

For instance, in the above example, we have s((qo},O) = {ql,a2}, and 

6((w 421, 1) = {qr,q2}. Therefore, s((qo},Ol) = (al,q2}. Note that 
s({qo}, 2) is the set of all leaves in all computation paths of CC. 

We can now formally define that an NFA A4 = (Q, C, S, ~0, F) accepts input 
x if s((qo}, z) n F # (8. For an NFA M, we let L(M) denote the set of all 
strings accepted by M; that is 

L(M) = {z E c* I q(ao},z) n F # 0). 
It is often easier to design NFA’s than DFA’s. The following are some 

examples. 

Example 2.17 Find an NFA that accepts the set of binary strings having a 
substring 010. 

Solution. We show the NFA M in Figure 2.19. Note that it is just the checker 
for substring 010 plus two loops from state 40 to 40 with labels 0 and 1. These 
two loops allow the machine to wait until it successfully checks the substring 
010. With these two waiting loops, we do not need to define S(ql,O) = ql and 
6(q2,1) = 40, as we did in a DFA. Instead, we simply let s(41,O) = S(q2,l) = 8. 

We also show, in Figure 2.20, the computation tree of A4 on input CC = 
1001010. Note that there are two occurrences of 010 in IX: and so there are two 
different accepting paths for X. cl 

Figure 2.19: NFA for Example 2.17. 
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Figure 2.20: The computation tree of input 1001010. 
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Figure 2.21: Solution to Example 2.18. 

Example 2.18 Find an NFA that accepts the set of binary strings beginning 
with 010 or ending with 110. 

Solution. The set of binary strings beginning with 010 is accepted by the NFA 
of Figure 2.21(a). The set of binary strings ending with 110 is accepted by 
the NFA of Figure 2.21(b). Note that the final state q3 has no outlet; that is, 

&l3,0> = S(q3,l) = 0. s o i a computation path of a string x reaches state , f  
q3 before x is completely read, it is a rejecting path (but that does not imply 
that x is rejected). 

Now, we combine these two NFA’s by adding an initial state and two E-- 
edges to the two old initial states to form the final NFA, as shown in Figure 
2.21(c). 0 

Example 2.19 Find an NFA that accepts the set of binary strings with at 
least two occurrences of substring 01 and ends with 11. 
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Solution. 

Figure 2.22: The Solution to Example 2.19. 

We use the E-moves to connect three simple NFA’s into one, as 
shown in Figure 2.22. Note that there is a special case where the second 
occurrence of the substring 01 runs into the suffix 11. It presents no problem 
for the design of the NFA; we simply add one extra E-edge. cl 

Example 2.20 Find an NFA that accepts the set {OnlOm 1 n, m > 0, n E - 
m (mod 5)). 

Solution We apply the idea of product automata to construct the required 
NFA. First, we construct a simple NFA A41 to separate the input strings into 
five groups according to the value of n mod 5 (see Figure 2.23(a)). Next, for 
each group, we construct a copy of A41 to find the value m mod 5. Then, we 
assign final states to each copy of Ml accordingly. Figure 2.23(b) shows the 
complete DFA. 0 

In Section 2.2, we have seen how to construct a DFA to accept the union 
or the intersection of the languages accepted by two given DFA’s. Can we do 
this for NFA’s? It is actually easier, as demonstrated by Example 2.18, to 
construct an NFA to accept the union of the languages accepted by two given 
NFA’s. In addition, the following examples show that for given NFA’s A.41 and 
A&, it is easy to construct NFA’s to accept L(M1) l L(A&) and L(M1)‘. On 
the other hand, there is no simple way to construct an NFA for the intersection 
or the difference of L(M1) and L(M2) from two given NFA’s Mi and A&. 

Example 2.21 Let Ml and Mz be two NFA’s. Construct an NFA M such 
that L(M) = L(M1) l L(Mz). 

Solution. Let Ml = (Ql, C,Sl, q& Fl) and A& = (Qz, X,92, q& Fz) be two 
NFA’s. We construct NFA M as follows: we make a copy of each of Ml and 
M2. Then, we let the initial state q: of Ml be the initial state of M and let 
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(a) 

(b) 
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Figure 2.23: Solution to Example 2.20. 

Figure 2.24: Concatenation of two NFA’s. 

the set F of the final states of M be equal to I$ We also add an E-move from 
each state Q in F1 to the initial state 402 of M 2. We show the construction in 
Figure 2.24. For convenience, we only show one final state for each of Ml and 

M2* cl 

Example 2.22 Let Ml be an NFA. Construct an NFA M such that L(M) = 

L(m)* * 

Solution. Let Ml = (&I, C, 61, ~0, Fl) be an NFA. We construct M by adding 
a new initial state s and a unique final state f. Then, we add an E-move from 
s to the initial state 40 of Ml and an E-move from each qi E Fl to the new 
final state f. We also add, from each state qi E Fl, an E-move to the initial 
state qo of Ml. Finally, we add an E-move from the initial state s to the new 
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Figure 2.25: Kleene closure of an NFA. 

final state f ( so that the empty string E is accepted). This NFA IV is shown 
in Figure 2.25. Note that the new initial and final states are necessary. See 
Exercise 4 of this section for counterexamples. 0 

Exercise 2.3 

1. Consider the NFA IV of Figure 2.26. 

1 
c) & 0 

0 1 5 

1 E 
E 

1 1 

[ 

0 
2 0 

0 
3 0 4 

& 

Figure 2.26: The NFA of Exercise 1. 

(a) What are E-closure( { Qo}) and E-closure( { q1, q2, qs})? 

(b) What are S({qo}, 0) and 6({q2, qij, l)? 
(c) Draw the computation trees of AI on strings x = 011 and y = 101. 

Does AI accept or reject x and y? 

2. For each NFA M shown in Figure 2.27, determine what L(M) is. 

3. For each of the following languages, construct an NFA that accepts the 
language: 

(a) The set of binary strings that contain at least three occurrences 
of substring 010. 

(b) The set of binary strings that contain both substrings 010 and 
101. [Hint: This is equivalent to the set of binary strings that 
contain either a substring 0101 or a substring 1010 or a substring 
010 followed by 101 or a substring 101 followed by OlO.] 
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0 a (b) 

0 C 

Figure 2.27: Three NFA’s of Exercise 2, 

(c) The set of binary strings that contain either a substring 010 or a 
substring 101, and end with 111 or 000. 

(d) The set of binary strings of which the (3n)th symbol is 0 for each 

n > 1. - 
(e) The set of binary strings x of length 3n for some n > 1, such that, 

for each 1 < k < n, at least one of the (3k - 2)nd, (3k - 1)st and - - 
(3k)th symbols of IX: is 0. 

(f) The set {O”lO”lO~ 1 q E nm (mod 5)). 

4. Prove that the new initial state s and the final state f  in the construction 
of Example 2.22 are necessary. That is, find NFA’s A41 and A& such that 
the NFA’s A&i and AI: of Figure 2.28 have the property L(Mi) # L(I&)* 
and L(Mi) # L(Mz)*. 

2.4 Converting an NFA to a DFA 

Although it is easier to construct, a nondeterministic machine is just an ideal- 
ized machine which cannot be efficiently implemented in practice, since a real 
machine can only follow one computation path at a time. For the finite state 
automata, it is fortunate that there is a simple procedure to convert an NFA 
to an equivalent DFA which accepts the same language. Thus, the notion of 
NFA’s can be turned into practical use. 
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(a) NFA Ml' (b) NFA M2' 

Figure 2.28: Two attempts for Kleene closures of NFA’s. 

To see how to do this conversion, let us consider an NFA A4 = 
(Q, C,S, 40, F). For any x E C*, let Qz be the set of states which are the 
end states of the computation paths of x in M; that is, QI = S( {QO}, x), 
where S is the extended transition function defined on 2Q x C*. In par- 
ticular, QE = E-closure( { ao}). Th en, x is accepted by M if and only if 
Qz n F # 8. Thus, it suggests that we can use these subsets Qz C Q as 
the states for the equivalent DFA. In other words, we would like to construct 
a DFA M’ = (Q’, C, S’, QE, F’) with the following properties: 

Q / = {Qx 1 ~xf E c*}, 
Ff = i&x I Qx n F # 0}, 
S/(&x+) = Qxa, for x: E C*, a E Sigma. 

Note that each Qz is a subset of Q, and so Q’ is a finite set. Indeed, Q’ C 2Q 
and so IQ’1 < 2 IQI. Furthermore, if Qz = QY, then Qza = QYa for all a2 C. 
It follows that the above definition of 6’ is well defined. In fact, using the 
extended transition function S of M, we know that for any x E C* and a E C, 

J’(Qx > a) = S(Qx, a). The above analysis shows that this construction is 
feasible. We call it the subset construction for DFA’s. The following are some 
examples. 

Example 2.23 An NFA M = (Q, (0, l},S, qo, F) is given by Q = {qo, ql, 42, 

q3,q4, q5}, F = 143, q4lr m-d 

s 0 1 E 

40 {Qo) -ho7 !d (Q11 
41 {Qd (ad - 

42 {cl31 - - 

q3 - - Gil 1 

q4 {43) - _” 

45 - hl I 4 
- 

(See Figure 2.29(a) for the transition diagram of M .) Find a DFA which is 
equivalent to the NFA M. 
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0 a 

Figure 2.29: Converting an NFA to a DFA. 

Solution. We construct the DFA M’ as follows: 
Step 1. We let QE = E-closure({qo}) as the initial state, and let F’ = 0 be 

the set of final states. Let Q’ = {QE}. If  QE n F # (8, then add QE to F’. 
Step 2. Repeat the following until S’( QX, a) is defined for all Qx E Q’ and 

all a E (0, 1): 

(1) Select Qx E Q' and a E (0, 1) such that S(Q$, a) is not yet defined. 

(2) Let Qm = J(Qma). 

(3) If Qm 4 Q’, then add Qm to Q’, and also add it to F’ if Qza n F # 0. 

The whole process for this example is shown in the following table. 

Qo = (40, ql> ad {ao, a> q5) = Qo (40,41> 427 q4) 

&I = {qo, ql, qd {Qo, Ql, 43, q41!?5) {qo, 41, qd = &I 
QOI = {ao, ql> 42, q4) {Qo, Ql, !I31 !I47 !I51 {qo, 41, qd = &I 
&lo = {qo, 41, q3, q4, qs} (40, ql, m q4> ad = &lo {a> q1, a, qd = Qol 

Note that, in Step 2, we did not have to consider states QOO, Qooo, Qoor, and 
so on, since Qoo = Qo and so Qooo = Qoo = Qo and Qool = Qol. Similarly, 
since &II = Qr, we do not need to consider Qrrzu for any ul E {O,l}*. 

The transition diagram of the DFA M’ is shown in Figure 2.29(b). (We 
write (& i2, . . . , im) inside a vertex to denote the state {qil, qiz, . . . , ai,}.) q 

Example 2.24 Construct a DFA which is equivalent to the NFA M = ({p, q, 

r), {(Al}, 4 PJ {CL r)>, whew 

s 
P 
4 
r 

I 0 1 

{P,ql IPI 
- { 1 r 
- - 
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Solzstion. Following the above procedure, we obtain the following table for the 
transition function S’ of the DFA: 

s / 

QE = IPI 
Qo = {P> d 
Qol = {P, r) 

The DFA is thus 

M’= ({{P}t{P,q},{P,r}},{o,l},s’,{P},{iP,q},{P,r)))* n 

From the above construction, we see that for each NFA there exists a DFA 
accepting the same language accepted by the NFA. Moreover, a DFA is also 
an NFA. Therefore, we have the following theorem. 

Theorem 2.25 A language is accepted by an NFA if and only if it is accepted 
by a DFA. 

Theorem 2.25 provides us with an easy tool to construct a DFA for a given 
language L: we can first construct an NFA for L and then convert it to a 
DFA. The following are some examples. 

Example 2.26 Let M = ({p,q, r, s}, {0,1},6,p, {q,s}) be an NIM given by 

s 0 1 

P {a,sl (a) 

I 

4 w {!I, f-1 
r is) {PI 
s - iPI 

Construct an NFA that accepts L(M). 

Solution. It is hard to figure out the construction of such an NFA ALP directly 
from M. In particular, the naive approach of changing nonfinal states of 44 
to final states and changing final states of A4 to nonfinal states does not work. 
This is due to the nature of nondeterminism of the NFA’s: It is possible that, 
for some string X, Qxn F # 8 and Qzn (Q- F) # 8; then, x would be accepted 
by both M and the new NFA M’. (For instance, here we have Qol = {p, q, r} 
and F = {q,s}, and so the string 01 would be accepted by both M and M’.) 
Therefore, M’ does not accept L(M). 

Instead, we can apply the subset construction to get the required NFA as 
follows: We first find a DFA MD equivalent to M and, then, change final 
states of MD to nonfinal states and nonfinal states of MD to final states to 
get a new automaton M’. The new automaton we get is actually a DFA. 
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Qc = {P) 

Qo = GLS) 
QI = {q} 

Qoo = r { 1 
QOI = {P,w) 

QII = (Q,r) 

Qooo = {s} 

Qolo = is r, 4 

QIIO = {r, s} 

Qoooo = 0 

Figure 2.30: The transition function of &!D in Example 2.26. 

For the first step, we obtain ~VD = (QD, (0, 1},6~, {p}, FD), where the set 
QD and the transition function SD are as shown in Figure 2.30, and the set 

of final states is 

Now, the DFA A? = (SD, (0, I}, SD, {p}, QD - FD) accepts L(M), where 

QD - FD = {{PI, (4, w 0 

Example 2.27 Constrzsct a DFA accepting the set of call binary strings in 
which the ji’fth symbol from right is 0. 

Solution. Is is easy to construct an NFA for this language: Just draw a 
checker as shown in Figure 2.31(a). This checker recognizes all strings of 
length 5 which begins with 0. 

Now, we add two loops qo o\ qo and qo 1\ qo to the checker and this 

is the required NFA ( see Figure 2.31(b)). M ore formally, this NFA can be 

expressed as M  = ((q0, ql, l 9 l j 45}, (0 ,  l}, 4 qo, {q5}>, 144th 

~(~o,O> = {Qo, Ql}, s(Qo,l> = {ao}, 

S(qi, 0) = S(qi, 1) = qi+l, for 1 < i 5 4. 

- qq5,q = qq5,q = 0. 

Next, we convert this NFA M to an equivalent DFA M’ = (Q’, (0, l}, 6’, 

{qo}, F’), where 

Q / = {q’ I !I’& {Qo,Q1,***,45),Qo E !I’), 

F’ = {q’ E Q’ I 45 E CL 
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Figure 2.31: Solution to Example 2.27. 

and 6’ is defined by 

w7’, 0) = {Qo, Ql) u { qi+l 1 qi E q’ and 1 < i 5 4) 

ql?‘, 1) = blot u { qi+l 1 qi E q’ and 1 5 i 5 4). 

This DFA Ik4’ has totally 32 states. We leave the transition diagram of S’ to 
the reader. Cl 

* Example 2.28 Consider the following multiplication table on {a, b, c}: 

x a b c 

acab 
b b c a 
c c b c 

For any string w in {a, b, c} +, denote by value(w) the value obtained by mul- 
tiplying symbols in w from left to right. For instance, let w = abcb. Then, we 

value(w) = ((a x b) x c) x b = (a x c) x b = b x b = c, and 

value(wR) = ((b x c) x b) x a = (a x b) x a = a x a = c. 

Construct an NFA for the set L of all strings w over {a, b, c} such that 
value( 20) = value(wR). (E.g., abcb E L and abb # L.) 

Solution. Define Q = {qs, qa, qb, qc} and C = {a, b, c}. First, we define a 
transition function S : Q x C + Q by 6(q,, z> = q2 for x E C, and s(Qx, y) = q2 
ifzxy= x, for X, y, x E C; that is, 

6 I a b c 

Qs qa qb qc 

4a 4c qa qb 

qb !h !k qa 

4c 4c qb !k 

Clearly, for each x E C, the DFA I& = (Q, X,6, q9, {q2}) accepts the set of 
all strings w over C having value(w) = X. We show Ma in Figure 2.32(a). 
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a, c 

(a) 

C 

8 

a, c 

m 

Figure 2.32: Two NFA’s for Example 2.28. 

Next, we define Q’ = {qa, qb, qC, qf } and a transition function 6’ : Q’ x C -+ 

2Q’ by letting qf E 6(q,, 2) for all x E C, and qa: E 6(q,, y) if x = IX: x y, for 
x:, yt x f  C. That is, we change state q9 in Figure 2.32(a) to state qf, and 
reverse all arrows in Figure 2.32(a). Then, for each x E C, the DFA A4: = 

(Q’, C> 6 qx, {qf)) accepts the set of all strings w over C having value(wR) = 

X. Figure 2.32(b) shows the NFA AIL. 
Now, the language L can be described as 

(L(M,) n L(M;)) u @(Mb) n L(M;)) u @(MC) n L(M:,))- 

In Section 2.3, we have seen that it is easy to construct an NFA to accept the 
union or the concatenation of two languages accepted by two given NFA’s. 
For the intersection of two languages, however, there is no simple way to do 
it. Here, we are going to use the product automaton method introduced in 
Section 2.2 to do it. 

Let Q” = Q x Q’. To simplify the notation, we will write qUV to denote the 
state [qU, qv] in Q”. Define 6” : Q” x C + Q” by 

” 
s (q uv, 4 = huZ I Qw = s(4u, x) and 42 E qqv, x)}* 

We show the complete table for 6” in Figure 2.33. (Note that s”(q,f, y) = 8 
for all x, y  E C, and so we do not show them in the table.) 

Then, for each x E {a, b, c}, the NFA Mt = (Q”, C, S”, qsx, {qxf}) accepts 
the language L(Mx) n L(ML). 

Now, toget anNFA accepting L(Mt)UL(ML’)UL(ML’), wecansimplyuse 
three copies of Mt , Mi’, ML’ and add an initial state & with three E-transitions 
from @” to the three initial states of the machines Mf, ML’, ML’. More pre- 
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6” 

%a 
qsb 
4sc 
4aa 

qab 

Qac 

@a 

qbb 

qbc 

4ca 

qcb 

4cc 

ro41 
b 

140 > 
(qbd {A 

ab b&f, qbc) bIba} 

{%a~ qac) {qbb} (4cf 7 %xJ 

hf 1 {%-ii (abb) 

{Qcb) hbf 7 qac) {!&a) 

{%a~ !kc) {qab} b&f, t&c) 

bf 1 i&d hhd 

hd (4cf 9 !kc} {qua} 

{@a, qbc) (qcb} {Cbf 7 4ac) 

{Qcf 1 {Qba) {Qcb) 
{qcb) b&f 7 qbc) {%a) 
{&a 7 !kc) {qbb) {acf j accl 

Figure 2.33: The transition function 6”. 

cisely, the required NFA can be described as E = (0, C, S, &, {qtf, qkf, q,Cf }), 
where 

6 = {c&t, I t E {a, hch quv E Q”) u {CL), 

and 

‘(fS,&) = {a,“,, qfby q,“,}? 
- t 
s(Q uv,x) = {q;, 1 qwz E ~“(quv,x)}r for quv E Q”,+ E {O,c). •I 

Exercise 2.4 

1. Convert each of the following NFA’s into an equivalent DFA: 

(a) The NFll M = ({P, 4, r, 1, {O,l}, 4 P, {CL cl), with 

(b) The NFA M of Figure 2.27(a). 

(c) The NFA A4 of Figure 2.27(b). 

(d) The NFA M of Figure 2.27(c). 

2. For each of the following languages, construct a DFA that accepts the 
language: 

(a) The set of binary strings that contain both substring 010 and 
substring 101. 
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(b) The set of all binary strings ending with 00 or 01 or 10. 

(c) The set of binary strings that contain both 001 and 110 as sub- 
strings or contain neither 001 nor 110 as a substring. 

(d) The set of binary strings in which both the fourth symbol from 
the right and the fourth from the left symbols are 0. [Note: Both 
strings 0110 and 10101 belong to this set.] 

* 3. Consider the following multiplication table on {a, b, c}: 

Construct NFA’s for the following languages: 

(a) {J: 1 value(z) # value(@)}. 

(b) {zy 1 value(z) = value(#)}. 

(c) {zy 1 value(z) = value(y)}. 

2.5 Finite Automata and Regular Expressions 

In this section, we are going to show that DFA’s accept exactly the class of 
regular languages. This result is to be established in three steps: 

(1) If  L is a regular language, then it is accepted by an NFA. 

(2) If  L is accepted by an NFA, then it is accepted by a DFA. 

(3) If  L is accepted by a DFA, then it is a regular language. 

In Section 1.3, we showed that a regular expression r has a labeled digraph 
representation G(r) such that for each string X, x E L(r) if and only if there 
is a path in G(r) from the initial vertex to the final vertex whose associated 
labels are exactly the string 2. Furthermore, each edge of G(r) is labeled by 
exactly one symbol from {E} U C. Thus, it is clear that G(r) is the transition 
diagram of an NFA, with the initial vertex denoting the initial state and the 
final vertex denoting the unique final state. That is, part (1) above has been 
proven in Section 1.3. 

Next, we note that part (2) h as already been done in Section 2.4. Therefore, 
by combining parts (1) and (2)) we can construct a DFA from any given regular 
expression. Before we prove part (3)) let us see some examples of constructing 
an NFA or a DFA from a given regular expression. 

Example 2.29 Find a DFA accepting the language 10 + (0 + ll)O*l. 

So&ion. First, we find an NFA to accept this language by using the method 
of Section 1.3. Then we transform this NFA to a DFA. The result is shown 
in Figure 2.34. cl 
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Figure 2.34: Solution to Example 2.29. 

Figure 2.35: Solution to Example 2.30. 

Example 2.30 Construct an NFA accepting the set L of binary strings of an 
odd length which contain the substring 00. 

SoZution. A string x having a substring 00 can be written as x = ~002, for 

some y, x E {O,l}*. Th is string x: is of an odd length either if Iyl is even and 

Izl is odd, or if lyl is odd and 1x1 is even. Thus, L can be represented as 

((0 + 1) (0 + q)*oo((o + I)(0 + I))*(0 + 1) 

+(o + l)((O + l)(O + l))*oo((o + I)(0 + 1>>** 

By using the method of Section 1.3, we obtain an NFA as shown in Figure 
2.35. Cl 

Next, we prove part (3) by showing how to construct a regular expression 
from a given DFA. Our method actually works even if the given automaton is 
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8 

a+b 

Figure 2.36: Multiple edges can be removed. 

d 

(1) (2) 

Figure 2.37: Basis step. 

an NFA. In fact, we will prove this result on the labelled digraphs introduced 
in Section 1.3. 

Recall that a labelled digraph G is a digraph with two special vertices, the 
initial vertex ~1 and the final vertex wf, in which each edge is labelled by a 
regular expression. For each path 7r from vl to v f  in such a digraph G, we let 
r(r) be the regular expression associated with n; that is, if r is 

then T(X) = ~1~2. l q. Then, for each labelled digraph G, we let 

L(G) = U(LW) I x is a path from ~1 to v f  }. 

We now show, by induction on the number of vertices in G other than vr and 
v f  , that for each labelled digraph G, L(G) is a regular set. 

Basis Step: For n = 0, the digraph G has only two vertices w1 and vf ,  
or only one vertex 211 = vf .  We first eliminate all multiple edges in G by 

combining multiple edges with labels ~1, ~2, . . . , TV from a vertex u to a vertex 
v  into a single edge from u to w with the label ~1 + r2 + . l l + rm (see Figure 
2.36). Then, the resulting digraph are of two types, as shown in Figure 2.37, 
in which a, b, c, d denote four regular expressions. 

It is clear that a type (1) digraph G has L(G) = a*. For a type (2) digraph 
G, consider a path 7r from vr to vf .  Assume that 7r passes through wf for 

k > 1 times. Then, we can write 7r as 7rr7r2 l l l rk, where ~1 is a path from - 
v1 to q, and 7r2,..., TI, are paths from v f  to vf ,  with v f  not occurring as 

an intermediate vertex in any path q, 1 < j < k. Then, it is clear that _ _ 
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Figure 2.38: Induction step. 

+1> = a% for some il > 0 and, for j = 2,. . . , k, +Q) is either c or d&b 
for some ij > 0. Or, equivalently, 7$ n) E u* b(c + da* b)’ . Conversely, we can - 
see that, for any regular expression r in a+b(c + du*b)*, there is a path 7r in 
G from w1 to of, with Y(T) = T. Thus, it follows that 

L(G) = u*b(c+ du*b)*, 

and the basis step is proven. 

Inductiosz Step: For n > 1, we can choose a vertex v  other than VI and - 
of and remove it by the following transformation: First, by the method used 
in the basis step, we may eliminate multiple edges and assume that there is 
at most one edge from any vertex u to any vertex u). Now, assume that v  
has a self-loop with label c; that is, G has an edge ‘u & ‘u. We remove v  
along with this edge. For any pair (u, w) of vertices in G, with edges u -$ V, 

d 
zr -$ w and u + w, we remove the edges u + ‘u and v  + w and replace the 
label d of the edge u + w with a new label d + uc*b. (If there was no edge 
u -+ w in G, we treat it as having an edge u + w with label 8.) We show this 
transformation in Figure 2.38. (To make the figure readable, we omit some 
edges from vertices on the left to vertices on the right. We assume that the 
edge from the ith vertex on the left to the jth vertex on the right has the label 
dij.) Note that this transformation does not change the associated language. 
Thus, by the induction hypothesis, the language accepted by G is regular. 

The above completes the proof that the languages associated with labelled 
digraphs are all regular. Finally, we show that for any NFA M, L(M) is 

regular. For any NFA M, we first convert it to an equivalent NFA M’ with 
a single final state by changing all final states in M into nonfinal states, and 
adding a new final state and a new E-move from each old final state to it 
(see Figure 2.39). Now the transition diagram of this NFA M’ is exactly a 
labelled digraph G with the property that each edge is labelled by a single 
symbol from {E} UC. It is also clear that L(G) = L(W). Thus, by the above 
proof, L(W) is a regular language. 

We have just proved the following theorem: 
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Figure 2.39: NFA with a single final state. 

Theorem 2.31 Let L be a language. The following are equivalent: 
(a) L is a regular language. 
(b) There is a DFA M such that L(M) = L. 
(c) There is an NFA A4 such that L(M) = L. 

Example 2.32 Find a regular expression for the language accepted by NFA 
in Figure 2.29(a). 

Solution. By using the above method, we can compute a regular expression 
for the language accepted by NFA in Figure 2.29(a) as shown in Figure 2.40. 
First, we create a new unique final state and then eliminate state 45. Then, 
we eliminate states 41, q2, q3 and q4, one at a time. Finally, we use the basis 
step to get the regular expression (0 + l)*(Ol + lO)O* from the last digraph. 

Exercise 2.5 

1. 

2. 

3. 

For each of the following regular expressions r, construct a DFA that 
accepts L(r): 

(a) (0 + lO)*(l+ Ol)*. 

(b) (0 + l)*O(O + l)(O + l)O(O + l)* 

(c) o(0 + 1>*0 + l(0 + 1)*1. 

For each of the following languages, find an NFA that accepts it: 

(a) {X#Y I X:,Y E (0 + I)“, I4 = IYI (mod 2))* 

(b) {X#Y I ?Y E (0 + 1>*, I4 + IYI 2 XI* 
(c) {z#y I X, y  E (0 + l)*, 1x1 l IyI is dividable by 5). 

Figure 2.41 shows an NFA accepting O*, constructed based on the 
method of Example 2.22. The four E-moves cannot be eliminated by the 
rule of Theorem 1.25. Apply the method in the proof of Theorem 2.31 
to reduce some of its E-moves. Can you find, from this example, a more 
general rule (than Theorem 1.25) to eliminate redundant E-transitions? 
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O+l 0 O+l 

01 

Figure 2.40: Finding a regular expression from an NFA. 

Figure 2.41: An NFA accepting O*. 

4. For each of the languages accepted by NFA’s of Figure 2.42, find a 
regular expression for it. 

2.6 Closure Properties of Regular Languages 

In Theorem 2.31, we have shown that a regular language has three types 
of representations: regular expressions, DFA’s and NFA’s. This equivalence 
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(4 W 

Figure 2.42: Two NFA’s for Exercise 4. 

result provides us with useful tools to manipulate regular expressions or finite 
automata to get new regular expressions or finite automata. In this section, 
we apply these tools to prove that regular languages are closed under many 
language operations @, in the sense that if a given language L is regular then 
the language Q(L) is also a regular language. Furthermore, most results are 
proved by constructive methods. 

We start with the most common language operations introduced in Section 
1.1. 

Theorem 2.33 The class of regular languages is closed under union, inter- 
section, subtraction, complementation, concatenation, Kleene closure and re- 
versal. 

Proof. We showed in Section 2.2 how to construct, from two given DFA’s A& 
and A& new DFA’s to accept the union, the intersection and the difference 
of languages L(M1) and L(M& as well as the complement of L(M,). Fur- 
thermore, we showed in Examples 2.21 and 2.22 how to construct, from two 
given NFA’s Ms and A& NFA’s to accept the concatenation and the Kleene 

closure of L(M3) and L(Md). 
Finally, we can prove by induction that if L is regular then LR is regular 

(cf. Example 1.21). First, for the basis step, we check that @JR = 8, {E}~ = {E} 

and {a}R = {a}. Next, for the induction step, we recall from Example 1.8 
that (AB)R = BRAR and (A U B)R = AR U BR. Furthermore, use a similar 
proof of Example 1.8, we can prove that (A*)R = (AR)*. Thus, the induction 
step is complete. 0 

The following example presents a more constructive mehtod for proving 
that regular languages are closed under reversal. 

Example 2.34 Let M be an NFA. Construct an NFA M’ such that L(M’) = 
L(M)R. 

Solution. From the last example, we can first find a regular expression r such 
that L(r) = L(M). Next, we get a regular expression s such that L(s) = 
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Lo. Finally, we use the method of Section 2.5 to construct an NFA M’ 
such that L(W) = L(s). 

This process, however, is too complicated, with three nontrivial construc- 

tions. Here, we present a different approach, with a simple idea that has many 
applications in other construction problems involving NFA’s. 

Assume that A4 = (Q, C, 6, ~0, F) is an NFA. Our construction of M’ is 
based on the following idea: On input X, we simulate M on z, starting from a 
final state and going backward. That is, we reverse the arrows in the transition 
diagram of M, and search for a path from a final state qf of M to the initial 
state ~0, with the labels X. Note that if such a path is found, then its reversed 

path is an accepting path for IX: R. Also, if there is a computation path of M 
on x R, then its reversal is a such a path for x. Thus, M accepts xR if and 
only if the reversed machine M’ accepts x. 

Formally, assume that Q = {~o,qr,. . . , qn}. We add a new starting state s 
and let M’ = (Q u {s}, C, 6 s, {qo)), where 

#(s, E) = F, 

a’(qi, a) = {qj E Q 1 qa E d(qj, a)}, for qi E Q and a E C U {E}. 

Finally, we remark that the machine M’ obtained from this reversal con- 
struction is, in general, not a DFA even if A4 itself is a DFA: It is possible 
that, for some state qi and some symbol a, there are more than one states qj 
such that S(qj,a) = qi. In other words, the reversal simulation requires the 
ability of nondeterministic search for the right path from a final state to the 
initial state. cl 

Next, we consider a new language operation called substitution. Let f  
be a mapping which maps each symbol a E C to a language L, over an 
alphabet I. We extend function f  to the domain of C* by f(~) = {E} and 

f(ala2 ’ l l ak) = f(al) f(w) o l l f (ak ) ,  for  al,. .  .  ,  ak E c .  Then, for any 
language L C C*, 
function f  to-L: 

we obtain a new language by applying the substitution 

f(L) = u f(x)* 
x:EL 

For example, suppose that L = {Ol,lO} and f(0) = O(O+l)*, f(l) = (O+l)*l. 
Then, 

f(L) = o(0 + 1>*1 u l(0 + 1>*0. 

A substitution f  is called a homomorphism if for any a E C, f(a) is a language 
with a single string. 

Example 2.35 Let f  be a substitution ouer C. Assume that L C C* is a 
regular language, and that f  ( ) a is a regular language for each a EC. Then, 

f(L) is also a regular language. 
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Proof. Let r be a regular expression for language L and, for each a E C, ra be 

the regular expression for language f(a). R e pl ace each occurrence of symbol 
ainrbyf(a). Th en, we obtain a new regular expression T’. 

Now, we observe the following simple facts: 

(a) For any twosets A G C* and B C c”, we have f(AUB) = f(A)Uf(B), 
f(AB) = f(A)f(B), and f(A’) = f(A)** 

(b) For any two regular expressions Y and s, (r + s)’ = r’ + s’, (rs)’ = r’ l s’ ,  

and (r*)’ = (r’)*. 

Using these facts, we can prove by a simple induction that L(r’) = f(L) 
(cf. Examples 1.21 and 1.22). Thus, f(L) is regular. cl 

Define the quotient of two languages L1 and L2 as 

L1/L2 = {z I (3 E J52)[23/ E Ll]}. 

For instance, if L1 = {w E {O,l}* 1 w h as an even number of occurrences of 
symbol 0}, L2 = (0) and L3 = {O,OO}, then Ll/L2 = {w E {O,l}* 1 w has an 
odd number of occurrences of symbol 0)) and Ll/ Ls = { 0, l}*. 

Example 2.36 Show that for any lunguuge L2, if L1 is regular then Ll/L2 
is also regular. 

ProoJ Suppose that L1 is accepted by a DFA A4 = (Q, C, S, ~0, F). For 
any string x E LJL2, there exists a string y  E L2 such that S(qo, zy) = 

qqqo, X),Y) E Fe I n other words, suppose that we run A4 on x: and reach 

a state 4; = S(qo,x). I f  th ere exists y  E L2 such that S(q+, y) E F, then II: 

should be accepted; that is, qi should be considered as a final state for L&J. 
Therefore, we can simply define 

F’ = (a E Q 1 (3~ E ~52) [d(q, Y) E FI), 

and let W = (Q,C,&qo,F’). It is clear that ikl’ accepts LJL2. 0 

Example 2.37 Let L be a regular language over C, k a positive integer and 
4 a mupping from C” to C. Prove that 

L1 = {$!+la2 ” l ak) ”  l +(a(n-l)k+la(n-l)k+2 l l l ank) I ala2 l l l %k E L} 

is regular. 

Proof. Assume that L be accepted by a DFA A4 = (Q, C, S, s, F). Then, the 
required NFA can be defined as A&’ = (Q, C, S’, s, F), where for each q E Q 
and each a E C, 

s’(q, a) = {d(q, 611612 ’ ’ l ak) 1 $+I, a2, l ’ ‘, ak) = a}. cl 

For any language L, let 

MIN(L) = {z E L 1 no proper prefix of z belongs to L}. 
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Example 2.38 Prove that if L is regular, so is MIN(L). 

Proof. Assume that A4 = (Q, C,S, q, F) is a DFA which accepts L. Then, 
MIN(L) is accepted by the NFA M’ obtained from A4 by deleting all out- 
edges from final states. cl 

Foranytwobitsa,b~{O,1},aVbd enotes the disjunction of a and b; that 
is,OVO=OandOVl= 1 V 0 = 1 V 1 = 1. For any two binary strings x and y  
with 1x1 = )yl, x V y  d enotes the bitwise disjunction of x and y. For example, 
if x = 0011 and y  = 0101, then x V y  = 0111. 

Example 2.39 Show that if A and B are regular lunguuges over (0, l}, then 

A v B = {x v y I x E A, y E B, 1x1= 1~1) 

is ulso regular. 

Proof Assume that DFA’s MA = (&A, (0, l}, &J, SA, FA) and &!B = (QB, 
(0, 1}, SB, SB, &) accept sets A and B, respectively. To accept language 
A V B, we build a product DFA A4’ to simulate MA and &?B. At each move, 
if the input symbol is 0, then we simulate them in a normal way. If  the input 
symbol is 1, then this symbol may come from 0 V 1, 1 V 0 or 1 V 1; we simulate 
all three possible computation paths in MA and MB. More precisely, we let 

AI’ = (&A x QB, {0,1), d’, [SA, SB], FA x FB), where 

d’([p, Cd, 0) = {ktJ(& o>, 6dq, (81) 
~‘([io,q],l) = {[SA(~,O),SB(~,~)~,[SA(P,~),SB(Q,~)],[SA(P,~),~B(~)~)I}~ q 

* Example 2.40 Show that if L is a regular language, so is 

{XY I YX E Lb 

Proof. Let M = (Q, C, 6,qo, F) be a DFA accepting L. Assume that Q = 

(40,41, *  l 

. , qn}. Intuitively, we can simulate M to decide whether an input UI 
is in {xy I yx E L} or not as follows: 

(1) We nondeterministically divide ul into two parts 20 = xy. 

(2) Then, we nondeterministically jump to a state qi, and simulate A& on x 
starting from state qi. 

(3) Suppose that S(qi,x) = qj is not in F, then this simulation fails. Oth- 
erwise, we simulate A4 on y  starting from state qo, and accept ul if 

Qo, Y) = Qi* 

How do we implement the nondeterministic guess of state qi in step (2)? 
We create many copies of A4 and each copy implements one choice. The 
following is a more formal construction: 
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Figure 2.43: Solution to Example 2.40. 

For each states of M, we make two cojes of M: Gi and zi. We connect 
all final states of A& to the initial state of Mi with E-edges. For a state qj in M, 

we denote the corresponding states in Gi and Ei by 4: and $, respectively. 
Now, we create a new initial state s and a new final state f, and connect s 
to state 4: for every z; and connect state qi for every zi to f  with E-edges. 

Also, all final states in zi and Ei are changed to nonfinal states. (See Figure 
2.43.) 

We let M’ be the resulting NFA, and claim that L(M’) = {my 1 yz E L). 
First, if ylz: E L, then there exist states qi E Q and qj E F such that S(qo, y) = 
qi and S(qi, z) = qj. Therefore, the following path in M’ accepts zy: 

Conversely, we can see that any accepting path in M’ must be of the above 
form, with qj f  F. Thus, the original DFA accepts yx by the following path: 

That means M’ only accepts strings of the form my with yz E L. Cl 

* Example 2.41 Show that if L is a regular language, so is 

LL 2 = ix I (3Y) [I4 = IYL XY E 4). 

Proof 1. Let M = (Q, C, S, qo, F) be a DFA accepting L, with Q = {qo, 41, . . . , 
qn}. We will construct an NFA accepting Lh. Intuitively, we can simulate M 
on x: to decide whether x E LL as follows: 

2 

2 

(1) We nondeterministically guess a final state qj E F and a string y  with 

IYI = 14 
(2) We simulate M, in parallel, on x from qo forward, and on y  from qj 

backward. (As demonstrated in Example 2.34, we reverse the direction 
of the arrows in the transition diagram of M to simulate it backward.) 
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(3) We accept (I: if the two parallel simulations of step (2) end at a same 
state Q~C (which is not required to be in F). 

To implement this idea of parallel simulation, we need two tracks in the 
states of the new machine, one track simulates AI on x and the other simulates 
M on y. That is, our new NFA IV’, like the product automaton AI x M, uses 
states in Q x Q. More precisely, we define NFA AI’ = (Q’, C, S’, s, F’) by 

Q’ = (Q x Q) u (s), F’ = {[qi,qi] 1 qi E Q} and 

Note that, in an NFA, we actually cannot guess a string y  and verify that 
1x1 = Iyl, but we can guess the symbols of y  one at a time. This guessing 
technique is implemented above in the definition of S’([qi, qj], a). From the 
above discussion, it follows that AI’ accepts LL . cl 

2 

Proof 2. Let AI = (Q, X,6, qo, F) be a DFA accepting L, with Q = (40, 

Ql, l * ‘9 qn}. The idea of this construction is a combination of the product 
automaton method and the simulation idea of Example 2.40. That is, we 
need to nondeterministically guess a state qa and a string y, then we simulate 
IV, in parallel, on x from state qo and on y  from state qi. We accept x: if the 
first simulation ends at state qi and the second simulation ends at a state in F. 
Since we simulate them in parallel, the guessed string y  must have 1~1 = 1x1. 

To implement this idea, we define, for each state q; E Q, an NFA &!i = 
(Q,c,&qiJ) by 

Qlj4) = (S(qj,b) 1 b E C}* 

(All NFA’s A,& h ave the same transition function Z) The NFA I@ then 
simulates AI on all strings y, starting from state qi. 

Then, we combine machine AI and machines AIi into a new NFA AI’ with 

IQ1 + 1 tracks, with the first track simulating AI on x and the (i + 1)st track 
simulating IUi on y. Formally, JI’ = (Q’, C, S’, s, F’), where Q’ = Qn+2, 

s=[qO,QO,Q1,..~,Qn],F'={[q~,qj,,qj,,...,4j,](0<i~n,qjiEF},and 

The second proof above, though creating an NFA with more states than 
that in the first proof, is a more general proof technique with many applica- 
tions. The following is another example. 

* Example 2.42 Show that if L is a regular set, so is 

LS 3 = Ix I WY) [14 = IYI = I4 xY* E w  
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Proof. We use the second proof technique of the last example to solve this 
problem. 

Let M = (Q, C, 4 40, f’) b e a DFA accepting L, with Q = {a~, 41, . . . , an). 

For every qi E Q, define a DFA Zi = (Q, C, S, qi, F) and an NFA Gi = 

(Q, C, & qi, F) by 

qq, a) = (s(% b) I b E cl* 

Also let a = Go. 
Now. we construct an NFA M’ that contains 2n + 3 tracks simulating, in 

parallel: Z and Gi, gi for i - = O,l,. . .) n. Intuitively2e useg to simulate 

M on x=, use MO,. . . , Mn to simulate A4 on y, and use MO, . . . , A& to simulate 

M on x. Therefore, after the machine M’ reads input x, if % is in state qi, 
Gi is in state qj, and Gj is in a final state, then M’ accepts input x. That 

is, M’ = (&I, C, s’, s, F’), where Q’ = Q2n+3, s = [qo, . . . ) qny qo, qo, . . . y qn], 

I 
6 (Ii7 joy l l l I  qj,, % %co, l l l Y Qknl~ a> 

= {[~(qjO~a)~~~~~s(qj,,a),t,tO~~~*~tnl I  

tE~(q;,a),teE~(qk~,a),e=o,...,n}, 

and 

F’= {[qjo,*..,qjn,qi,qko,***,qknl Iqj,, E F]}- 

(In the above implementation, the first n + 1 tracks simulate Go, Gl, . . . , zn, 
the (n + 2)nd track simulates M, and the last n + 1 tracks simulate 

Go, El,. . . , Gn. So, qj, denotes the state of DFA Gt, qi denotes the state of 

a, and qkz denotes the state of NFA Et. The condition for the final states 

F’ reads as follows: we accept the input x if a ends at state qi, Zi ends at 
some state qki and &?,& ends at a state Qj,, E F .) 0 

Using the above proof techniques, we can show that for any rational number 
0 < r < 1, if L is regular then the language 

Lr = ix I (W lIzI = r  l IxyI, xy E L} 

is also regular. Can we prove this type of closure properties for L, when r is 
not a constant but is a nonlinear function of the length of Izyl? The answer is 
yes for some simple functions r. However, the proof for such a result depends 
on certain structural properties of the DFA A4 that accepts L, and is not a 
direct construction from AL In the following, we show a simple example, and 
leave the general cases as an exercise (see Exercise 10 of this section). 

* Example 2.43 Let A and B be two regular languages. Show that the lan- 
guage defined by 

C(4B) = b E A I (3Y)[lYl = 1212,Y E Bl} 

is also regular. 
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Figure 2.44: A DFA over a singleton alphabet has exactly one cycle. 

Proof. We prove this result in four steps. First, we consider a simple case 
where A = 0* and B C O*. Assume that B is accepted by a DFA k?~. Since - 
A.& operates on only one symbol 0, each state in the transition diagram of 

k!~ has exactly one out-edge. It follows that the transition diagram of & 
contains exactly one cycle, as shown in Figure 2.44. Suppose that this cycle 
contains c edges and that the path from the initial state s to the first state p 
in the cycle contains a edges, where c > 1 and a > 0. We claim that for all 
integers m, with m2 > a, 0” E C(O*, B)if and only if Om+c E C(O*, B). 

To prove our claim, we first note that 0” E C(O*, B) if and only if Om2 E 

B, and Om+c E C( 0* , B) if and only if O(“+“J2 E B. Since m2 > a, the - 
computation path of MB on input Om2 starts from the initial state s and ends 
at a state q in the cycle. It is clear that, for any k 2 0, the computation path 
of & on input Om2+kc also ends at state q. That is, Om2 E B if and only if 
Om2+kc E B for all k > 0. It follows that - 

0” E C(O*, B) e Om2 E B a Om2+(2m+c)c E B o Omfc E C(O*, B). 

From this claim, we can construct a DFA MC accepting C(O*, B) as follows: 
A&c is a single-cycle DFA as shown in Figure 2.44, with [fil edges from state 
s to state p, and with c edges in the cycle. A state q is a final state if and 
only if Oj2 E B where j is the number of edges in the shortest path from s to 
q. This completes the proof of the first case. 

Next, we consider the case where A = C* for some alphabet C and B C O*. 
Using the same argument as above, we can see that IX: E C(C*, B) if andkly 
if xz E C(C*, B) for all x of length 121 = c. Furthermore, 2 E C(C*, B) if 
and only if w E C(C* , B) f  or all strings w of length IwI = 1~1. Therefore, we 
can construct A& for set C(C*, B) as in the first case above, except that we 

replace each edge -% by a family of edges a\ over all symbols a E C. 
In the third step, we assume that A = C* and B C I’* for some alphabets 

C and l?. Let Bo = {OIXl I z E B}. We note that Bo can be obtained from B 
by replacing each symbol a E C by symbol 0, and so, by Example 2.35, Bo is 
regular. In addition, it is easy to verify that C(C*, Bo) = C(C*, B). It follows 
from the second case that C(C* , B) is regular. 

Finally, we consider the general case of A C C* and B C I’* for some - - 
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alphabets C and F. We observe that C(A, B) = A n C(C*, B). From the 
third case, we know that C(C*, B) is regular. Since A is also regular, we 
conclude that C(A, B) is regular. cl 

* Example 2.44 Show that if L is regular, so is 

Proof. Since L is regular, there exists a DFA A& = (Q, C, S, s, F) accepting L. 
For each state q E Q, let A, be the set of strings 2 whose computation path in 
M starts from s and ends at q, and B, the set of strings z whose computation 
path in M, when started at state q, ends at a final state. That is, 

A, = {z E C* 1 S(s,z) = q}, 
Bq = {z E c* 16(q,z) E F}. 

Then, we can see that 

SQRT(L) = u b E A, 1 (3~) [IYI = lx12, Y E Bq]}+ 
qEQ 

It is clear that all sets A, and B, are regular. Therefore, by Example 2.43, the 

set {z E A, I (3Y) [IYI = ld2, Y (5 &I) is regular for all q E Q. We conclude 
that SQRT(L) is also regular. cl 

Exercise 2.6 

1. Prove the following identity: 

(a> MAX(L) = L \ (L/C+), where MAX(L) = {z E L I x is not a 
proper prefix of any string in L}. 

(b) MIN(L) = L \ (Lx+). 

2. For any two bits a, b E (0, l}, a $ b d enotes the exclusive-or of a and b; 
that is, 0 @ 0 = 1 $1 = 0 and 0 $1 = 1 $0 = 1. For any two binary 
strings z and y  with 1x1 = 1~1, it: @ y  d enotes the bitwise exclusive-or of 
JZ and y. For example, if IX: = 0011 and y  = 0101, then J: $ y  = 0110. 
Let A = OOl(0 + 1)” and B = (0 + 1)” 100. Find a regular expression for 
each of the following languages: 

(a) A V B. 

(b) A CB B = {z @ y  1 Z.T E A, y  E B, 1x1 = 1~1). 

(c) (a1ha2b2 l l l 
anbn I ala2 l -a, E A, b& l b, E B}. 

3. Show that if A and B are regular languages , so are the following lan- 
guages: 

(a) {z 1 mR E A}. 
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(b) {x 1 x E A,xx E A}. 
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(c) A, = {y 1 xy E A}, where x is a fixed string. 

(d) (w2 l l ’ a271 1 a2ala4a3 l l ~nu2n-l E A}. 

(e) (~1~3 •**~2n-3~2n-l 1~1~2 l **u2n E A}. 

(f) (~lbl~2b2 l l l unbn I ~1~2 l l l un E A, blb2 l l l bn E I?}. 

k> A @ B* 

* 4. Give an alternative proof for Example 2.42 based on the following idea: 
We may simulate NFA z on xy together with gi on x by simulating 
two moves of a and one move of zi at each step. (Thus, the new NFA 
for Lg has only n + 2 tracks.) 

* 5. Show that if A and B are regular languages, so are the following: 

(a> {XYX I XYJ: E AI* 
(b) {XYZ I ZYX E A Y E B)* 
(4 {Y I w [Id = IYL XY E AlI* 

(4 -b I PY, x> [Id = IYI = Id, XYX E Al). 

(4 {Y I (W Z>I Cld = IYI = Id XYX E AlI* 

(f) {YZ I (W [Id = IYI = kl,~Y~ E AlI* 

(4 -bY I (32) [Id = IYI = ld>ZYZ E AlI* 

(h) -b I W,Y, z> b = ulyx and WY% E A]}. 

6. Consider a Boolean function d(ul, ~2, . l l , a,>. For any n binary strings 
Xl7 X2, ’ ’ ’ J Xn of equal length, denote by f(xl, x2, l l 0, xn) the bitwise 
function f on xl,x2,***,xn. That is, if xi = xilxi,...xik for i = 1, 2, 

co 
. , n, where each xij is a bit in (0, 1}, then f(xl , x2, . . . , xn) is equal 

f (x11, x21, ’ l l 1 Xnl)‘f(~l2,~22~~~~~~n2)“‘f(~lk~~2k~~~~~~nk)~ 

Show that if languages Al, AZ, l l l , An are regular, then language 

{f(21,X27"'~ Xn) I 1x11 = 1x21 = ‘**= IXnl9 

~1 EAl,x2EA2,***,xnEAn} 

is also regular. 

7. In Exercise 3(c) 
ber of distinct 
assuming that 

above, show that, for any regular language A, the num- 
Ax’s is finite. Find an upper bound for this number, 
4 is accepted by a DFA with s states. 

8. Are the following statements true ? Prove or disprove your answer. 

(a) If A is regular and A C B, then B is regular. - 
(b) If A is regular and B C A, then B is regular. - 
(c) If A2 is regular, then A is regular. 
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(d) If  A and AB are regular, then B is regular. 

(e) If  A and B are regular, then Up0 ( Ai n Bi) is regular. - 

9. Show that every regular language in 0* can be represented in the form 

0”’ + 0”” + . . 
l + Oak + (obl + ob2 + l l -  + Obh)(OC), ,  

for some integer constants al, ~2, l l . , ukr bl, b2, l l l , bh, and c. 

* 10. A subset P of nonnegative integers is ultimately periodic if there exists 
two positive integers b, p such that, for all nz > b, m E P implies - 
m. + p E P. Prove the following statements: 

(a) For any regular language L, { (~1 ] x E L} is ultimately periodic. 

(b) A language L over (0) is regular if and only if { 1~1 I x E L} is 
ultimately periodic. 

(c) If  f  is a mapping from integers to integers such that f-l (P) is 
ultimately periodic for every ultimately periodic set P, then the 
set {Z E A I (3y) [ly] = f( IX]), y  E B]} is regular for every pair of 
regular sets A and B. 

(d) If  f is a mapping from integers to integers such that f -’ (P) is 
ultimately periodic for every ultimately periodic set P, then the 

set {z I (3Y) [IYI = f(l4>7 XY E L) is regular for every regular set 
L. 

* 11. Apply Exercise 10(d) b a ove to prove the following results: 

(a) If  L is a regular language, then so is {Z I (3~) []y] = 21Xi, my E L}. 
[Hint: Use Fermat’s theorem, which states that for any odd integer 
m. > 3, there exists an integer v(m) such that 2q@) G 1 mod m.] 

(b) If  Lis a regular language, then so is {Z I (3~) []y12 = (XI, my E L}. 

2.7 Minimum Deterministic Finite Automata 

In the past few sections, we have introduced a number of ways to construct 
a DFA for a given regular language. These methods, however, often result in 
DFA’s with a large number of states. For instance, if we are given a regular 
expression Y, we can find a DFA for L(r) by first finding an NFA M1 from r, 
using the method developed in Section 1.3, and then converting Ml to a DFA 
k5 by the subset construction method of Section 2.4. What is the size of the 
DFA M2 compared with the size of T or &!I ? In general, the first step creates 
an NFA of O(n) states from a regular expression of n symbols, and the second 
step creates a DFA of up to 2” states from an NFA of n states (cf. Example 
2.27). Apparently, such a DFA is too big for a reasonably big number n. 

As another example, consider the NFA hl’ constructed from a given DFA 
M in Example 2.40. Suppose the given DFA M has n states, then M’ has 
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2n2 + 2 states. If we convert this NFA to an equivalent DFA, the new DFA 
would have, in the worst case, 20cn2) states. 

Whereas this large size of DFA’s is unavoidable in some cases, many DFA’s 
constructed this way can be reduced to smaller, equivalent DFA’s. In this 
section, we show how to find, for a given regular language, a DFA with the 
minimum number of states. Such a DFA is called a minimum DFA. 

To begin with, we define, for any language L C C*, a relation RL on C* as - 
follows: 

xR~y ifandonlyif (‘dw)[xw~L~yw~L]. 

This relation RL is an equivalence relation. That is, it satisfies the following 
properties: 

(1) Reflexivity: (Vx E C*) [x RL x]; 

(2) Symmetry: (Vx, y E C*) [x RL y 3 y RL x]; 

(3) Transitivity: (‘dx, y, x E C”) [x RL y, y  RL x 3 x RL z]. 

Recall that for any equivalence relation R on a set S and for any x E S, 
the class 

[$I = {Y E s I XRY) 

is called an equivalence class containing x. Every equivalence relation R on a 
set S divides S into disjoint equivalence classes. The number of equivalence 
classes is called the index of R, and is denoted by Index(R). 

Example 2.45 Let L = {x E (0 + 1)’ 1 Ix 1 is odd}. Find all equivalence 
classes of RL. 

SoZution. Note that xR~y if and only if 1x1 - lyl is even. Therefore, there are 
two equivalence classes 

[& = {x E (0 + l)* I 1x1 is even} 

PI RL = {x E (0 + l)* ( 1x1 is odd}. 0 

Example 2.46 Let L be the set of nonempty b inary strings starting and end- 
ing with the sum e symbol. Find all equivalence classes of RL. 

SoZution. We first show that xR~y if and only if x and y start with the same 
symbol and end with the same symbol. 

For the forward direction, we first assume that x and y start with different 
symbols; for instance, x starts with 0 and y starts with 1. Then, x0 E L and 
y0 $ L. This implies that x and y do not satisfy the relation x RL y. Or, 
equivalently, x RL y implies that x and y start with the same symbol. Next, 
note that x RL y implies that x E L ( y E L. Since x and y start with the 
same symbol, they must end with the same symbol. 

For the backward direction, we assume that x and y start with the same 
symbol and end with the same symbol. Since x and y start with the same 
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symbol, Z.XN E L e yw E L for all w E (0 + l)+. Moreover, since x and y  also 
end with the same symbol, x E L H y  E L. Therefore, for any w E (0 + l)*, 

xw E L ( yw E L. That is, xR~y. 
From the above characterization of the relation RL, we can easily see that 

RL has five equivalence classes: 

[&]RL = 6 

PI RL 
= 0 + o(0 + 1>*0, PI RL 

= 1+ l(0 + 1)*1, 

WI RL = o(o + l)*l, PO1 RL 
= l(0 + l)*o. 0 

The following lemma relates, for a regular language L, Index(RI;) with the 
number of states in a DFA A4 that accepts L. 

Lemma 2.47 Assume that L is accepted by a DFA A4 = (Q, C, s, S, F). 
Then, for any strings x, y  E C*, if 6(s, x) = S(s, y) then x RL y. 

Proof. Suppose that S(s,x) = S(s,y) in M. Then, for any w E C*, 

6(s, xw) = s(s(s, x), w)) = qs(s, Y), w)) = J(s, YW)* 

Therefore, for any w E C*, xw E L if and only if yw E L. Cl 

The above lemma shows that if L is accepted by a DFA A4 of n states, 
then all strings with the same ending state are in the same equivalence class 
of RL. Therefore, Index(RL) is bounded by n and is finite. Thus, if we can 
find a DFA accepting language L with exactly Index(RL) states, then this 
DFA must be a minimum DFA. The following theorem shows that, in fact, 
this property characterizes the minimum DFA’s. 

Theorem 2.48 For any regular language L, its minimum DFA has exactly 

Index( RL) states. 

Proof. Assume that L is a language over alphabet C. Define a DFA A4 = 
(Q, C, 8, s, F) as follows: 

(1) Q = {[~]RL 1 x E c”); 

(2) ~([~]RLY a) = [X&L; 

(3) = [&]RL; 

(4) “F = {[x]RLIx E L}* 

From the discussion above, we know that if L is regular then Index(RL) < 00. 
It follows that Q is a finite set. In addition, the function S is well defined 

because 

[~]RL = [Y~L = [=&L = [yah~ 

= +]R,,a) = [xa]R, = [YU]RL = @]Rr.&+ 
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* 
q2 

Figure 2.45: Computation path of a string 20. 

By a simple induction, we can extend this property to J([E]R~, z) = [x]~~, for 
all ir: E C”. This shows that L(M) = L: 

Since M has Index(&) states, it is, by Lemma 2.47, a minimum DFA for L. 
Cl 

Corollary 2.49 A language L is regular if and only if Index&) < 00. 

Proof. Note that, in the proof of Theorem 2.48, we did not use the fact that 
L is regular. That is, we can construct the minimum DFA for any language 
L as long as Index(&) < 00. Thus, such languages L must be regular. 0 

Example 2.50 Show that L is regular if and only if there exists a positive 
integer k such that x RL y if and only if for every x E C* with 121 5 k, 
x2 E L H yx E L. 

Proof. First, assume that L is regular and is accepted by a DFA &? = 
(Q, C,S, s, F). Let k = l&l2 - 1. We claim that if xx E L ti yx E L for all x 

of length ]z] < k, then x RLY. To see this, let us consider the product DFA 
M* = M x AX For every string w of length lull > k, the computation path of 
A&* on w, starting from state qr = [S(s, x), S(s, y)] to & = [S(s, xw), S(s, yw)], 
contains at least IQ]” + 1 states. Therefore, it contains some cycles in the 
transition diagram of M*. Let us eliminate these cycles and keep only a sim- 
ple path from Q; to &. This simple path corresponds to the computation 
path of M* on a string x of length ]z] < k, from q; to qz. (E.g., we show in 
Figure 2.45 the computation path of astring w = wlw2w3w4w5w6, with ~2, 
w4 and w5 associated to the two cycles. We eliminate these cycles to form a 
new string 2 = wlw3wg which is associated with the simple path.) That is, 

qs = [S(s, xz), S(s, yz)]; or, S(s, xw) = S(s, xz) and 6(s, yw) = S(s, yz). Now, 
by the assumption, xz E L e yx E L; that is, two states S(s, xz) and S(s, yz) 
both are in F or both are not in F. Therefore, xw E L ( yw E L. It follows 
that x RL y. 

Conversely, suppose there exists such a constant k. Note that each x can 
divide C* into at most two parts: {x I xz E L} and {x I xz 6 L}. Therefore, 

RL has at most 21+lCl+“*+lClk equivalence classes. Hence, by Corollary 2.49, 
L is regular. cl 
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Figure 2.46: Solution to Example 2.51. 

Example 2.51 Find the minimum DFA for language (0 + l)*Ol. 

Solution. Let us denote this language by L, and study the equivalence classes 
of RL. First, we consider the class [E]R~. Note that 

[&I RL = {z E (0, I}* 1 (VW) [zw E (0 + 1>*01 ( w E (0 + l)*ol]}. 

Therefore, if II: E [E]&, then x must not end with 0 or 01, for otherwise 31 
or X& would be in (0 + l)*Ol, which would imply that 1 or E is in (0 + l)*Ol. 
Conversely, if x does not end with 0 or 01, then it is clearly in [E]R~. So, we 
know that [E]& contains strings &, 1 and all strings ending with 11; or, 

[&I RL = & + 1 + (0 + 1>*11. 

Next, we consider 

PI RL = {J: e (011)” 1 (VW) [OW E (0 + l)*ol ( EL:W E (0 + l)*ol]}. 

Since, for w = 1, ow E (0 + l)*ol, we know that x: E [O]R~ must end with 0. 
Conversely, it is clear that if x ends with 0, then x E [O]RL. So, we get, 

PI RL = (0 + l)*o. 

NOW, we note that 1 E [E]R~ and SO [l]~~ = [E]R~; and 00 E [O]RL and so 

PO1 RL = PI RL. Therefore, we jump to 

WI RL = {x E {0,1)* 1 (VW) [OlW E (0 + I)*01 e Z’2.U E (0 + l)*ol]}. 

By the same argument as that for [O]R~, we can see that [01]~~ contains all 
strings x which end with 01; or, 

PI RL = (0 + l)*ol. 

Finally, we note that [10]~~ = [O]R~, [ll]~~ = [E]RL and, for all strings 
zu of length Iw] > 3, w RL x for some x: of length 1x1 < 2. Therefore, there 
are only three equivalence classes: [E]R~, [O]R~ and [O1]iL, and the minimum 
DFA for L has only three states. We show it in Figure 2.46. Cl 
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Example 2.52 Construct the minimum DFA for language (0 + l)*O(O + 1)“. 

Solution. This language L contains all strings UI of length at least 10 whose 
tenth rightmost bit is 0. We will show that RL defines the following set of 
equivalence classes: 

First, we show that all equivalence classes in Q are distinct. Since, for any 
x with 1x1 < 9, 09-i21 - 4 L and Ox09-1”1 E L, the strings E and Ox are not 
in the same equivalence class. Now, we look at Ox and Oy with x # y. We 
consider three cases: 

Case 1. 1x1 < lyl. Since Ox09+l 9 L and Oy09-lYl E L, strings Ox and Oy 
are not in the same equivalence class. 

Case 2. 1x1 > lyl. Symmetric to Case 1. 
Case 3. 1x1 = IyI. We can write x = xlx2~-*x~fl, and y = yly2+**yk for 

some Ic > 1, where each xi and each yj is a bit in (0, l}. Since x # y, there 
exists an-integer i, 1 < i < Ic, such that xi # yi. Without loss of generality, - - 
assume that xi = 0 and yi = 1. In this case, OXO~-~+~ E L and Oy09-k+i 4 L. 
Thus, Ox and Oy are not in the same equivalence class. 

Next, we show that every binary string is in one of the equivalence classes 
in Q. For each string w E (0 + l)* , consider its suffix u of length min( IzuI, 10). 
First, if u E l*, then we observe that uly E L for some y E (0, 1)’ if and 
only if Iy] > 10 and the tenth rightmost bit of y is 0. (If 1yI < 10, then either - 
lu)yl < 10 or the tenth rightmost bit of ‘wy is a bit in u and, hence, equal to 
1.) It follows that for any string y E (0, l}*, ‘wy E L if and only if y E L, 
and so w RLE. Next, if u = 1jOx for some j > 0 and x E {O,l}* then, by 
following the same argument as above, we can &e that ‘wy E L if and only if 
Oxy E L. Thus, wRLOx. 

Now, we can use the above analysis to construct the minimum DFA M = 

(Q, (0, l}, 4 [E]RL, F) for L, where Q is the set defined above, 

and the transition function 6 can be described as follows: 

(1) d([&]Rt,O) = [O]Rm ~([+,I 1) = [&]RL+ 

(2) If 1x1 < 9 th en, for a E (0, 1), b([Ox]RL7a) = [oxa]RLe 

(3) If x = l9 then h([ox]~~,O) = [O]RLl S([O&, I>= [E]R~. 

(4) If 1x1 = 9 and x = liOy for some y, with 0 < i < 8, then S([OX]R~, a) = - - 
[Oya]R,, for a E {o,l). cl 

From the above example, we can see that the minimum DFA for language 
(0 + l)‘O(O + 1),-l must contain 2” states. However, it is easy to construct 
an NFA for the same language with n + 1 states. Thus, the exponential 
size increase of the subset construction is unavoidable in these cases. It also 
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shows that, although NFA’s and DFA’s have the same computational power for 
recognizing languages, they are different in term of computational complexity. 

In general, finding the equivalence classes of RL for a given language L 
(from its regular expression or an informal description) may not be easy. 
However, if we are given a DFA M for L, then there is a simple method to 
find the equivalent minimum DFA. 

The basic idea of this method is the simple observation of Lemma 2.47: For 
any DFA M, two input strings which end at the same state of M must belong 
to the same equivalence class of RL. That is, for any DFA M = (Q, C, 6, s, F) 
accepting L, if we define, for each 4 E Q, Sq = {Z E C* 1 S(S,X) = q}, then 
every S, is contained in a single equivalence class of RL. Thus, we may define 
a new equivalence relation R;J on Q as follows: 

p R;14 a Sp and Sq are in the same equivalence class of RL 

- (VW) [QP, w> E F (6(a, w) E F]. 

Each equivalence class of RL corresponds to an equivalence class of RL in the 
following way: 

From this relation, we can build the minimum DFA M* = (Q*, C, 6*, Sf, F*) 
for L as follows: 

(1) Q* = ([Qlq, I q E Qh 
(2) &*([!f]R;,a) = [&,a)]R2; 
(3) *- 

- [SIR;; 

(4) "F* = ([fR; 1 f E F)- 

Thus, to construct the minimum DFA M* which is equivalent to a given 
DFA M, all we need to do is to compute the equivalence classes of RE. We 
demonstrate three different methods in the next example. 

Example 2.53 Find the minimum DFA equivalent to the DFA M of Figure 
2.47. 

Solution 1. Let M = 
( Q ,  W,  go> F), whue Q  = {go, 41,. l .  ,  Q s } ,  and let 

L= L(M). We note that states qi and qj are equivalent under RL if and 
only if for all strings w, S(q;, w) and S(qj, w) both are in F or both are not in 
F. Therefore, to find the relation RL between any two states, we construct 
a graph G as follows: Each vertex is an unordered pair (qi, qj) of states. Let 
U be the set of vertices (qi, qj) with one vertex qi E F and the other vertex 
qj 4 F. For each vertex (qi, qj) $ U, with i # j, we draw edges 

for all a E C. Then, it is clear that qi I?; qj if and only if there is no path in 
G from (q;, qj) to a vertex in U. 
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Figure 2.47: DFA AL Figure 2.47: DFA AL 

d 

Figure 2.48: Graph G. 

qo 41 42 43 % 

Figure 2.50: The table buildup 
method for Example 2.53. 

&lq-J 
0 091 

Figure 2.49: Minimum DFA of 
Example 2.53. 

For this example, we show the corresponding graph G in Figure 2.48. (We 
only show vertices which are reachable from vertices not in U.) The vertex 
(qd, as> is in U and is denoted by double circles. All vertices from which there 
are paths going to a vertex in U have been marked with X. Thus, we have 
40 Rf; ~1 and q2 RE q3. The resulting minimum DFA is shown in Figure 2.49. 

0 

Solution 2. In the above solution, the critical step is to determine, from a 
given pair (qi, aj> of states, whether there is a path in G from it to a vertex 
in U. This question can be solved using a table buildup method. We create a 
table of pairs (ai, qj). Initially, we mark all pairs in U with value 0. At stage 
Ic > 0, we mark each unmarked pair (qi, qj) with value k if there is an edge 
from it to a pair with mark k - 1; that is, we mark pair (qi, qj) with value k if 
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Figure 2.51: The third method. 

there is an a E C such that (S(qi, a), S(qj, a>) has the value Ic - 1. We repeat 
this process until no new pairs are marked in a stage. The pairs (ai, qj> which 
remain unmarked must then satisfy qi RL qj. 

For this example, the above table buildup process is shown in Figure 2.50. 
The pairs of states which remain unmarked are (Qo, ql) and (qz, 43). 0 

Solution 3. Instead of building a table to check the relation RF, we can also 
do it directly on the transition diagram of AL Initially, we divide all states 
into two blocks F and Q - F. Then, at each subsequent stage, we check every 
block S of states. For every a E C, we consider S( qi , a) for all qi E S. If 
they do not all belong to the same block, then we divide S into smaller blocks 
according to their destination blocks; that is, if 6(qi, a) and S(qj, a) belong to 
the same block but 6( qk , a> belongs to a different block, then qi and qj remain 
in the same smaller block and qk belongs to a different smaller block. We 
repeat this process until no block of states can be divided further. 

The whole process on this example is shown in Figure 2.51. cl 

Corollary 2.49 gives us a simple characterization of regular languages. It 
is very useful in the analysis of the structure of regular languages. In the 
following two examples, we show how to apply it to prove that a given language 
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is not regular. 

Example 2.54 Show that the following language is not regular: 

L = {XP I x E {O,l)‘)* 

Proof. For any x:, y E O*l with x # y, we know that zzR E L and y# 4 L. 
Thus, any two different strings in 0* 1 must belong to two different equivalence 
classes of RL. This means that Index(RL) = 00. Thus, by Corollary 2.49, L 
is not regular. cl 

Example 2.55 Show thut L = {Omln 1 gcd(m, n) = 1) is not regular. 

Proof. For any two different primes p and q, OP 1P @ L and OQ 1P E L. There- 
fore, OJ’ and 09 are not in the same equivalence class of RL. Since there are an 
infinite number of primes, we have Index(RL) = 00. Thus, L is not regular. 

0 

* Example 2.56 For any language L, define an equivalence relation DL by 

x DL y # (Vu) (VW) [uxw E L e uyw E L]. 

Show that L is regular if and only if Index(DL) < 00. 

Proof. Clearly, for any strings x and y, x DL y implies x RL y. Thus, 
Index( RL) < Index( DL). - It follows that Index(DL) < 00 implies that L 
is regular. 

Conversely, assume that L is regular. To show that Index(DL) < 00, we 
consider a DFA M = (Q, C, 6, qo, F) accepting L and define an equivalence 
relation DM on C* as follows: 

x DM y e (Vqi E Q) [s(4i, x) = s(qi, y)l- 

First, note that x DM y implies x DL y. It follows that Index(DL) < - 
Index( DM). A ssume that the state set Q of M is {qo,ql,. . .,q+l}. We 
claim that DM has at most nn equivalence classes. To see this, we observe 
that every equivalence class [x]D~ can be represented in the following way: 

[X]DM = nfil{Y 1 Q&,x) = ~(4ilYb 
i=o 

That is, [x]~~ is uniquely determined by the following sequence of n states: 

&Z = (S(q0,X),6(ql,X),..*,6(Qn-11x))* 

If two strings x and y have the same sequence Qz = &, then x DM y. Thus, 
the number of equivalence classes of the relation DM is the number of possible 
sequences Qz, which is bounded by nn. Therefore, we have Index(DL) < 
Index(DM) < nn < 00. 0 - 
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Exercise 2.7 

1. Find all equivalence classess of RL for the following languages: 

(a) (0 + l)*Ol(O + l)*. 

(b) (00 + ll)(O + 1)“. 

(c) Oll(0 + l)*ool. 

(d) The set of binary strings in which each block of four symbols have 
at least two 0’s. 

(e) {z E {O,l}* 1 #O(X) = #l(z)}, where Sjta(w) is the number of 
occurrences of symbol a in w. 

2. For each of the following languages L, show that Index(L) = 00 and so 
L is not regular. 

(a) {Omln IO < m. < n}. 

(b) {OYmO”+m 1 n;m > 0). 

(c) {ww 1 w E {o,1}*}Y 

(d) {X@W ( x, w E {O,l}+}. 

3. For each of the following languages L, show that no two strings can be 
in the same equivalence class of RL. 

(a) {OP I p is a prime}. 

(b) {On2 I n > 0). - 

4. Construct the minimum DFA’s for languages accepted by DFA’s in Fig- 
ure 2.52(a) and 2.52(b). 

Figure 2.52: Two DFA’s for Exercise 4. 

5. Construct a minimum DFA equivalent to the NFA of Figure 2.53. 
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Figure 2.53: An NFA for Exercise 5. 

2.8 Pumping Lemmas 

Not all languages are regular. In fact, there are uncountably many languages 
over an alphabet C (cf. Example 5.18) but only countably many of them are 
regular (there are at most cn possible regular expressions of length n for some 
constant c > 0). Therefore, most languages are not regular. 

In the last section, we have used the simple characterization of Corollary 
2.49 for regular languages to prove that some languages are not regular. How- 
ever, this method involves the analysis of equivalence classes of the relation 
RL, and is sometimes difficult to apply. In this section, we introduce another 
necessary condition for regularity of languages which can be used to prove 
that a language is nonregular. In the following, we write, for any string V, V* 

to denote the set (2))‘. 

Lemma 2.57 (Pumping Lemma). If  a language L is accepted by a DFA A4 
with s states, then every string x in L with 1x1 > s can be written as x = uvw - 
such that v  # E and uv*w C L. 

Proof. Consider the transition diagram of M. Since x E L, the computation 
path x of x starts from the initial state 40 and ends at a final state qf. The 
concatenation of the labels over the path 7r is exactly the string x. The path 
7r has exactly 1x1 edges because each edge is labeled by a symbol. Thus, the 
path x contains a vertex sequence of 1x1 + 1 elements. Since 1x1 > s, some - 
state qi occurs more than once in the sequence. Break the path x into three 
subpaths at the first and second occurrences of qi. That is, the first subpath 
is from state qo to the first occurrence of qi, the second subpath is a cycle 
from the first q; to the second qi, and the third subpath is from the second qi 
to qf (see Figure 2.54). 

Let u, v, and w be the concatenations of the labels of the three subpaths, 
respectively. Then, x = UVW, and v  # &. Since v  is associated with a cycle, we 

Figure 2.54: The path (qo,***,q~,=**,qi,***,qf)o 
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also have uv*w C L. (E.g., uv2w is in L because S(qo,uv2w) = J(qi,vvw) = 

@Ii f  VW) = qqiG) = !-If 0) cl 

Now, for a given langauge L, if we can prove that the necessary condition 
of the pumping lemmadoes not hold with respect to any s > 0, then L is not 
regular. 

Example 2.58 {Of-' 1 p is a prime} is not a regular language. 

Proof. By way of contradiction, assume that L = (0” 1 p is a prime number} 
is regular. Then, L is accepted by a DFA AI. Let s be the number of states 
in AI. Consider a prime number p > s. Note that OJ’ E L and lOPI = p > s. 
Therefore, by the pumping lemma, OP can be written as OJ-’ = uvw such that 
v  # & and uv*w E L. 

Let i = IuI + lull and j = Ivl. Th en, the condition uv*w C L means that, 
for any k > 0, uvkw = Oi+kj E L. Or, equivalently, for any% > 0, i + kj is 
a prime. In particular, when Jc = 0, it means that i is a prime. So, i > 2. 
When k = i, this means that i(1 + j) is a prime. However, since v  # E,we 
have j = Iv1 > 1, and so i(1 +j) is not a prime. This is a contradiction. a - 

Note that in the above example, the underlying language is over a singleton 
alphabet (0). For languages over an alphabet with more than one symbol, the 
above pumping lemma is not convenient and sometimes even not sufficient. 
For instance, consider the language {Onln I n > 0). When we follow the 
argument in the proof of the above example, weget O”1” = uvw for some 
strings u, v, w. There are three possible cases for v: (1) v  contains only symbol 
0; (2) v  contains only symbol 1; and (3) v  contains both symbols 0 and 1. A 
complete proof needs to produce a contradiction for each case. This makes the 
proof more complicated and tedious. The following stronger pumping lemma 
is a nice tool to avoid this problem. 

Lemma 2.59 (Pumping Lemma, Stronger Form). If  a language L is accepted 
by a DFA M with s states, then for any string CI E L with Ial > s and any - 
way of breaking clr into a = xyz with ] yl > s, y  can be written as y  = uvw - 
such that v  # E and xuv*wx C L. - 

Probf. Consider the transition diagram of AI. Since a = xyx E L, the 
computation path 7r of a goes from the initial state qo to a final state qf. The 
path x can be divided into three subpaths, associated with the strings x, y  
and x, respectively. Assume that the second subpath 7r2, which is associated 
with y, is from state q1 to state q2. Then, 7r2 has exactly 1~1 edges and, by 
the same argument as in the proof of Lemma 2.57, 7r2 can be further divided 
into three subpaths, with the middle one being a cycle (see Figure 2.55). Let 
u, v, and w be the strings associated with the three subpaths, respectively. 
Then, y  = uvw and v  $5 E. Since v  is associated with a cycle, we also have 
xuv*wx c L. 0 - 
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V y = uvw 

Figure 2.55: The path (q~,~~~,q~,.~~,q,=~.,q,~~~,q~,~~~,f)~ 

Example 2.60 (0” In 1 n > 0) is not a regular language. - 

Proof. By way of contradiction, assume that L = {Onln 1 n > 0) is regular. 
Then, L is accepted by a DFA 1M. Let s be the number Of states in M. 
Consider a string a! = 0” 1’ E L. Choose x = E, y = O”, and x = 1”. Note that 

IYI = IO”1 = s. By the pumping lemma, Q! can be written as a = xuvwx such 
that v # E and XUV*WX C L. This means that for any k > 0, XUV~WX E L. 
When k = 0, this means chat xuwz = O”-l”l1” E L. However, since v # &, we 
have s - Iv1 < s, contradicting the definition of L. cl 

From the above example, we can summarize in the following how to prove, 
by the pumping lemma, that a given language L is not regular: 

(1) Assume that L is accepted by a DFA M of s states. 

(2) Select a string clr E L, with Ial > s. - 

(3) Divide CY into three parts o = xyx with 1~1 > s. - 

(4) For any way of dividing y into three parts y = uvw with v # &, argue 
that XUV~WZ 4 L for some k > 0. - 

Since s is the size of the DFA M accepting L, and since the DFA M is 
unknown to us, we do not know how large s is. Therefore, steps (a>, (3) 
and (4) must work for all positive integers s. Similarly, the breakdown of y 
into y = uvw depends on the unknown DFA M, and so is unknown to us. 
Therefore, we must argue, in step (4) g a ainst all possible way of dividing y 
into uvw, as long as v # &. 

On the other hand, we are free to select the strings x, y, Z, as long as 
Cl!= xyz E L and lyl > s. Indeed, the choice of x = &, y = 0” and z = 0” - 
in the above example made the proof simple. (The reader may verify this 
claim by trying the choice of o = 02” 12’, x = O”, y = 0” 1” and z = 1’ to see 
how complicated the corresponding proof is.) In general, the main difficulty 
of using the pumping lemma to prove a language nonregular is to determine 
which’ strings x, y, x are to be used in the proof. The next two examples 
illustrate this point. 

Example 2.61 Show thut L = {@pR I p E (0, l}+} is not a regular language. 

Proof. By way of contradiction, assume that L is a regular language, accepted 
by a DFA M of s > 0 states. Following the idea of Example 2.60, we select a 
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string a = 0”110” E L, and let II: = E, y  = OS, and x = 110”. By the pumping 

lemma, y  can be written as y  = uvw such that v  # E and xuv*wx C L. 
This means that for any k > 0, XUV~WX E L. When k = 0, this means-that 

xuwx = Os-l”lllOs E L. However, we observe that OS-l”lllOs is not of the 
form ,OPR: Since Iv1 > 1, either the string 0”-1~~110” is of an odd length (when - 
Iv1 is odd) or its first half contains two l’s and the second half has no 1. This 
is a contradiction. 0 

Example 2.62 Show thut L = (PPRr I P E {0,1)+/Y E {O,l)‘) is ?--lot 
regular. 

Proof. By way of contradiction, assume that L is a regular language, accepted 
by a DFA A4 of s states. We need to choose a string Q! E L with Ial > s and 
divide it into three substrings Q = xyz with IyI > s. Note that if we dO it like 
in the last example, with o = OS llO”, x = E, y- 0’ and z = llO”, then the 
proof does not work: 

(1) The string Os-~“rllo” is of the form ,&?“r, with ,0 = 0”-1”[1 and y  = OIVl; 

(2) The string Os+“lV~llOs, with k > 2, is of the form /3pRr, with p = 0. 

To fix this problem, we choose Q = -010s110s10 E L (p = OlO”1 and y  = E), 
and let x = 01, y  = OS, and x = 110’10. Note that the only prefix of ~0% 
that is of the form @pR is the whole string, and it holds only for t = s. 

More precisely, we check that, by the pumping lemma, y  can be written as 

Y = uvw such that v  # E and xuv*wx C L. This means that for any K > 0, 
XZ&WZ E L. In particular, xuv2wx = OiOs+~w~llOs10 E L. Now, xuv2wz~ L 
means 010”+1”1110”10 = PPRr for some ,0, y  E (0, 1)‘. Since there are only 
two occurrences of the substring 010 in this string (as the prefix and suffix), 
,0 must contain the prefix 010 and PR must contain the suffix 010 and y  must 
be the empty string. In other words, OIOs+l”lllOs10 = @YR. However, this 
is obvious impossible, as explained in the proof of the last example. We have 
reached a contradiction. 0 

It is interesting to note that (PrPRIP E (0, l}+,y E (0, 1)‘) is equal to 
the language with the following regular expression: 

o(0 u l)+o u l(0 u 1)fl. 

Thus, it is a regular language. 

Example 2.63 Show that the language L = {0”10”10J’10~ 1 n, m, p > 1, 4 f  - 
nm (mod p)} is not regular. 

Solution. By way of contradiction, assume that L is a regular language, ac- 
cepted by a DFA M of s states. Consider the string Q! = OIOs+llOs’llOs+l. 
Apply the pumping lemma to string a, with x = OIOs+llOs+l 10, y  = 0” and 
x = E. Then, the suffix y  = 0” can be written as uvw such that v  # E and for 
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any Ic > 0, zuvkw is in L. Take k = 0. We get xuw = O1OS+llOs+llOt, with 
1 < t <s. Since t $ l(s + 1) (mod s + l), we get a contradiction. El - - 

Note that, for any fixed integer p > 1, the language {0”10”10~ 1 n, m,p > - 
l,qG nrn (modp)} is regular (see Exercise 3(f) of Section 2.3). 

* Example 2.64 Consider the following multiplication table on {a, b, c}: 

Recall, from Example 2.28, that for any string x in {a, b, c}+, value(x) denotes 
the value obtained by multiplying symbols in x from left to right. Show that 
the set 

L = {xy 1 x, y  E {a, b, c}*, 1x1 = 1~1, value(x) = value(y)} 

is not regular. 

Proof Assume, by way of contradiction, that language L is a regular set and 
is accepted by a DFA M of s > 0 states. To find a contradiction, we select a 
string a = bcS bc” E L and let x = b, y  = cs and x = bc” . Apparently, a E L. 
Now, we apply the pumping lemma to decompose y  into 2/ = uvw with v  # & 
and XUV*WX C L. This means that, for any k > -1, bcS+klvlbcS E L; in 
particular, bc sf21vlbcs E L. It follows that bcS+2~“~bcS = ,8r for some p and y  
in {a, 6, c}’ with IpI = IyI and value(p) = value(y). From IpI = lyl, we know 
that ,8 = bcs+lVl and y  = cl”lbP. From the given multiplication table, we get 

value(p) = b and value(y) E {a, c}. This is a contradiction. cl 

* Example 2.65 Show that the set L of all strings over alphabet 

that represent correct multiplication is not regular. For example, the relation 

0 0 1 1 

x 0 1 0 1 

1 1 1 1 

implies that the following string is in L: 

(9)(I)(1)(1)* 
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Proof. Assume, by way of contradiction, that L is regular and is accepted by 
a DFA M of s > 0 states. Consider the following string a: 

(P)‘(i)($ 
The string CY represents the multiplication of the following form: 

and hence is in L. We let 

q FgS( i), y=( gs, x=E. 
By the pumping lemma, ZJ can be written as y  = uzlw such that v  # E and 
XXHUX E L. This implies the following incorrect multiplication: 

Thus, we have reached a contradiction. 0 

* Example 2.66 Show that the set L2 of the binary expansions of the integers 
in set A = {an 1 n > 1) is regulur, but the set L3 of the ternary expansiotis - 
(base 3 representations) of the integers in A is not regular. 

Proof. It is clear that the set L2 consists of all strings of the form 10” for all 
n > 1; that is, L2 = lo+. Thus, L2 is regular. 

Next, we assume, for the sake of contradiction, that La is regular and is 
accepted by a DFA A4 of s > 0 states. For any string t E (0, 1,2}*, we let nt 
be the integer whose ternary expansion is t (with possible leading zeros). We 
select an arbitrary x in L3 with 1x1 > s. We apply the first pumping lemma - 
(Lemma 2.57) to the string IX: to get z = UVW, with v  # E and UV*W E L3. 
Then, for any k > 0, the string avkw E L3; that is, nuvkw E A. Let 2”” be - 
the integer whose ternary expansion is equal to z&w. Since v  # E and since 
z > 0, we know that nzh+l > mk: for all k 2 0. What is 2”k in terms of nU, n, 
and n,? Assume that Iv1 = p > 0 and (WI = 4. Then, for k > 1, we have - 

2 mk = n, . skP+q + nv(3(k-1)P+4 + 3(kv2)P+Q + . . . + 34) + nwe 

It follows that, for k > 2, - 

2 mk -2 mk-1 = n, - 3’P+Q + (n, - n,) . 3CkB1>P+4 

- - 3(k-1)P+q(n,(3p - 1) + n,). 
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Since 3(lc-l)P+P is an odd integer, and since 2”k-1 divides 2”” - 2”“-‘, we 
must have that 2mk-1 divides the integer n, (3P - 1) +n, . However, this cannot 
be true for Ic > 3, since - 

n,(3p-1)$n,<n,-3p+q$nv~3q+nW=2m1 <2”“. - 

So, we have reached a contradiction. Cl 

Sometimes, using the pumping lemma directly to prove a language non- 
regular takes some thinking to come up with the required string a. In these 
cases, we can often combine the pumping lemma with the closure properties 
of Section 2.6 to produce simpler proofs. The following are some examples. 
Let #&.Q denote the number of occurrences of symbol a in string w. 

Example 2.67 Show that L = {W E {O,l}* 1 #o(w) # #l(w)} is not regular. 

Proof. We may prove this by selecting CY = O”l@!)+“, with IX: = &, y  = OS and 
X= l@!)+‘, and arguing that for any way of dividing y  into y  = uvw with 
v  # E, XUVkWX = O”+(k-l)lVll(“),+” 4 L when k = (s!)/lvl + 1. (Note: Since 

I4 < IYI = s, k must be an integer.) 
This proof, though somewhat inspiring, is not easy to find. A simpler proof 

is as follows: 

(1) L1 = {OYn I n > 0) is not regular. (This can be proved by the pumping 
lemma easily as% Example 2.60.) 

(2) L2 = (20 E {O,l}* 1 #o(w) = #l(w)} is not regular, since l&0*1* = L1 
is not regular. (If L2 were regular then, by the property that regular 
languages are closed under intersection, L1 would be regular.) 

(3) L is not regular since L = L2 is not regular. 0 

Example 2.68 Show that L = {a n b mck ~n,m,k>O,n#morm#kork# - 
n} is not regular. 

Proof. It is easy to use the pumping lemma to prove that 

znu*b*c* = {unbncn 1 n > 0) - 

is not regular. 
not regular. 

Thus, by the closure properties of the regular languages, L is 
q 

Example 2.69 Let L be a regular language. Show that 

L’ = {xx I (3~) [lx/ = (y( = Iz( und xyx E L]} 

is not necessarily regular. 

Proof. Consider the regular language L = u* bc* . For an arbitrary string u’bc-l 
in L with i + j + 1 = 3n, let uibd = xyx with 1x1 = 1~1 = 1x1 = n > 0. There 
are three cases: 
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(1) Both i and j are greater than or equal to n. Then, (x: = an and x = cn 
and so ancn E L’. 

(2) The integer i is less than n. Then, x = udbcnviD1 and x = cn and so 
(.&2n-i-l E L’. Note that i + (2n - i - 1) = 2n - 1 is odd. 

(3) The integer j is less than n. Similar to case (2) we get a2”+jw1bcj E L’. 

Thus, we can see that 

L’ = {uncn 1 n > 0) U {umbcn 1 r-n+ n is odd}. 

It follows that L’ is not regular, since L’ n u*c* = { uncn 1 n > 0) is not regular 
(by Example 2.60). cl 

Exercise 2.8 

1. Show that the following languages are not reguhr. 

(a) {On3+3n2-2n 1 n 2 0). 

(b) (OPIQOmln 1 p + q = m + n,p, q, m, n > 0). 

(c) {Omln Im,n>Oandm#2n+l}. - 

(d) {Omln I2n < Yr2 < 3n,m,n > 0). 

(4 +J E {o,1,2* I #o(w) + #&, = #2(w)}* 

(f) {O”Q I p and 4 are primes}. 

2. For each of the following languages, determine whether it is regular. 
Present a proof for your answer. 

(a) The set of binary strings having an equal number of O’s and 1’s. 

(b) The set of binary strings having an equal number of 01’s and 10’s. 

(c) The set of binary strings having an equal number of 010’s and 
101’s. 

0 bY I IxfJ Y E -to, 1)*, 14 = IYL #o(z) 2 #o(Y))* 
(4 bYX I xf, Y, x E (0, o*, I4 = I4 > 0, #o(x) 2 #o(z)}* 

(f) b#Y#Z I X:YY, x are binary expansions of positive integers satis- 
fying x + y  = x}. 

* 3 . Let I be the alphabet of Example 2.65. 

(a) Show that the set L of all strings over alphabet I’ that represent 
correct division is not regular. For example, 

1 1 1 1 
. -r 0 1 0 1 

0 0 1 1 

implies that the following string is in L: 

(s)(a)(i)(i)* 
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w Show that the set of all strings over r that represent correct 
tiplication, with the second mu1 t ipli .er equal to 3, is regular. 

4. Is it true that for any regular language L over {O,l}, the set N(L) = 
{ O#“(“) l#l(“) 1 x E L} is also regular? Prove your answer. 

5. Prove the following stronger form of the pumping lemma: For any regu- 
lar language L and any positive integer k, there exists a positive integer 
s such that any string II: in L with 1x1 > s can be decomposed into 
X = uvw such that Iv1 > I% and for any i > 0, uviw E L. - 

* 6. Find a regular language L such that 

2 = {xz 1 (3~) [lx1 = 1~1 = Izl and xyxy E L]} 

is not regular. 

7. Let A and B be regular sets over alphabet C. Which of the following 
languages, if any, are necessarily regular? 

(a) {x I x E A and xR E B}. 

(b) {x I x E A and xR @ B}. 

(c) {x I x = xR and x E A}. 

* (d) {a~b~a2bn-la&,-+2 l l l anbl I ai, bi E C for 1 < i < n, ala2 l l *a, E - - 
A, blb2 l l l b, E B). 

*(e) {ala,a2a,-la3a,-2 l **a,al I ai E C for 1 < i < 72, - - 
ala2 l l -a ,  E A}. 

* (f) {al a2n a3 a2n-2 a5 a2n-4 ’ ’ ’ U2n-1 a2 I ai E C for 1 5 i 5 272, 
ala2 l =* a, E A}. 

8. Consider the language 

L = {xo”yl”z I x E P, y  E Q, 2 E R}, 

where P, Q and R are nonempty sets over alphabet (0, 1). Can you find 
regular sets P, Q, R such that L is not regular? Can you find regular 
sets P, Q, R such that L is regular ? What if P, Q, R must be infinite 
regular sets? 

* 9. (a) Is the language {03m+4n I m., n > 0) regular? Prove your answer. 

(b) Let L be a language over alphabet (0). Show that L* is regu- 
lar. [Hint: Prove and use the fact that if a and b are relatively 
prime natural numbers, then for any integer n > ab, there exist - 
nonnegative integers u and v such that n = ua + vb.] 



3 
Context-Free Languages 

3.1 Context-Free Grammars 

In the study of natural languages, a grammar is a set of rules that govern how 
sentences in a language are generated. For instance, the English grammar 
contains, among others, the following rules: 

(sentence) + (subject) (predicate) 

(subject) + (noun) 

(predicate) + ( verb) (adverb) 

(noun) + water 

(verb) 

(adverb) 

evaporates 

constantly 

To explain how these grammar rules work, let us call terms of the form 
( l . 0) nonterminal symbols and words in English terminal symbols. (Thus, 
an English sentence, in the terminology of formal languages, is a string over 
terminal symbols.) We call a string formed by nonterminal and terminal 
symbols a sentential form, and call a string formed by terminal symbols only 
a sentence. We can generate a sentence from the above given grammar rules 
as follows: 

(1) First, we create a sentential form of a single symbol (sentence). 

(2) We repeatedly preform the substitution of (2.1) until the sentential form 
contains only terminal symbols: 
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(2.1) We select a nonterminal symbol (a> in the sentential form and 
replace it by the right-hand side of a grammar rule whose left- 
hand side is (a>. 

For instance, we can use the above grammar rules to generate the sentence 
water evaporates constantly as follows: 

(sentence) (subject) (predicate) 

+ (noun) (predicate) 

3 (noun) (verb) (adverb) 

water (verb) (adverb) 

water vaporat es (adverb) 

water vaporat es constantly 

The above grammar rules have the simple form 

where A is a nonterminal symbol and x is a string of nonterminal and terminal 
symbols. Grammar rules of this form can be used to generate a rich class of 
Engliah sentences. We call a grammar with rules of this form a context-free 
grammar. 

We remark that a grammar for a natural language contains both syntuctic 
rules, which describe the structure of a sentence, and semantic rules, which 
describe the meanings of the words in a sentence. Context-free grammars are 
only an approximation to the syntactic rules of the natural language gram- 
mars, and do not deal with semantics in most cases. 

Formally, we define a context-free grammar to be a quadruple (V, C, R, S) 
of the following four components: 

V: a finite set of nonterminal symbols; 

C: a finite set of terminal symbols; 

R: a finite set of rules which are of the form A + x, where A E V and 

x E (v u c)*; 

S: a special symbol in V, called the starting symbol. 

Let G = (V, C, R, S) b e a context-free grammar. Then, we call a string 
x E (VuC)* a sentential form, and a string y  E C* a sentence. Let U, v  be 
two strings in (V U C)* and A E V. Then, we write 

UAW 2 uxv 

(or, UAW 3 uxv, if G is understood), if (A -+ x) is a rule in R. That is, we 
can substitute string x for symbol A in a sentential form if (A + x) is a rule 
in R. For any two sentential forms x and y, we write 
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(or, x 3 y, if G is understood), if there exists a sequence x = x0, xl, x2, . . . , 

Xn = y  of sentential forms such that xi 3 xi+1 foralli=O,l,..., n-l. 

In the above, if x 3 y, with x = S and y  E C*, then we say the grammar 
G generaates the sentence y, and say the sequence 

is a derivation of the sentence y. The language L(G) generated by G is the 
set of all strings over C that are generated by G; that is, 

L(G) = {x E C* 1 S -r, x}. 
G 

A language is called a context-free language if it is generated by a context-free 
grammar. 

Example 3.1 Consider the context-free grummur Cl = ({S}, (0, 1}, {S + E, 
S + OSl}, S). What is the language L(G1) ? 

Solution. There is only one nonterminal symbol in G1 and the only rule that 
retains that symbol is S + OSl. Thus, the only derivations of G1 are of the 
form 

s * OS1 3 OOSll * l * l * OnSln > Onln. 

Thus, L(G1) = {Onln 1 n > O}. - cl 

When we have more than one grammar rule with the same left-hand side, 
such as 

A--+x1, A-x2, . . . . A+xm, 

we can combine them into one multiple rule: 

A + xl 1 x2 1 -0. I xm. 

For instance, the rules in the above example G1 can be written as S + E I OSl. 

Example 3.2 Consider the context-free grammar G2 = ({S, A, B}, {a, b}, R, 
S), where R consists of the following rules: 

S + ABA, A + a 1 bb, B -+ bS I E. 

What is the lunguuge L(G2)? 

SoEution. Since the nonterminal symbol A can only produce terminal symbols, 
we may delay its substitution to the end. Therefore, the derivations of G2 

have the following general form: 

S + ABA 3 AbSA 3 AbABAA a AbAbSAA 

3 A(bA)2BA3 + ... + A(bA)“BA”+l a A(bA)“A”+? 
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Now, if we replace each A by either a or bb, we get a sentence of the form 

(a + bb)(ba + bbb)n(a + bb)“+’ 

Thus, L(G2) consists of all these strings with n > 0. cl - 

There are many techniques for designing a context-free grammar to gener- 
ate a given language. We first introduce two basic concepts: matching and 
recursive relation. More ideas will be studied in the next section. 

Example 3.3 Find a context-free grammar that generates the language 

L = {On12” 1 n > 0). - 

Solution. This language is like L(G1) of E xample 3.1, in the sense that if we 
replace each 1 of Gr by 11 then we get a grammar for L. So, the required 
grammar is G = (-K% -P, 11, (s + E I os111, S). q 

Starting from scratch, we may construct the above grammar in two ways. 
First, we observe that the rule S + OS11 always generates a matching pair 
of 0 and 11. Applying this rule n times, we get a sentential form OnS( 11)“. 
This simple type of rules and their variations are very useful in the design of 
context-free grammars. 

Another way to find the grammar is to try to get a recursive expression 
of the longer strings in L in terms of the shorter strings in L. Namely, a 
longer string 0 n+112(n+1) in L can be written as O(OY2”)ll. Thus, if there is 

a derivation S 5 0” 12n, then we need a rule S + OS11 to get a derivation 

S $ O”+112(n+1). W f  th d e ur er emonstrate this idea in the next few examples. 

Example 3.4 Find a context-free grammar that generates the language 

L = {x E {o,1}* 1 Lc = P}. 

Solution. We may view this problem as a matching problem: the leth leftmost 
symbol of input II: must be equal to the kth rightmost symbol of x. We can 
use the rules S ---+ OS0 and S + 1Sl to enforce this matching relation. 

We can also view this problem as a recursive relation problem: a string 
IX: E L of length 2n + 2 can be written as either OyO or lyl for some y  E L 
of length 2n. Thus, we need rules S -+ OS0 and S --+ 1Sl to generate x 
recursively. 

From the above ideas, it is easy to see that L can be generated by a grammar 

G = ({S), (0, 11, R, S), w h ere R contains the following rules: 

s __) E lo I1 I OS0 I 1Sl. cl 

Example 3.5 Find a context-free grammar that generates the language 

L = {x E {a, b}’ I each prefix of x has at least as many a’s as b’s}. 
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Solution. Using the matching approach, we need to match, in a string x E L, 
each b with an a which occurs to its left (allowing some a not matched with 
any b). Since the order of the occurrences of a and b is only partially fixed, 
this matching idea appears hard to work out. Instead, we use the recursive 
method to construct the required grammar. 

How can we express longer strings in L by shorter strings in L? First, if 
x= E, then we know that x E L. For nonempty string x E L, we note that 
the first symbol of x must be a since the first symbol itself is a prefix of x. 
Therefore, we can write x = ay. Now, if y  E L, then x = ay is the recursive 
expression we are looking for. 

Next, let us consider the case when y  is not in L. In this case, y  must have 
a prefix which contains one more b than a. Let u be the shortest such prefix of 
y. Then, the last symbol of u must be b. Let us write u = wb and x = awbx. 
Now, we argue that w and x must be in L. First, by the definition of u, each 
prefix of w has at least as many a’s as b’s. That shows w E L. Furthermore, 
u= wb has exactly one more b than a. So, awb has as many u’s as b’s. Now, 
assume that t is a prefix of Z. Then, awbt is a prefix of x and, so, has at least 
as many ells as b’s. It follows that t has at least as many a’s as b’s, This shows 
that x is in L. 

The above analysis shows that a nonempty string x E L can be expressed 
as either x = ay for some y  E L or x = awbx for some w,x E L. Using 
S as the starting symbol to generate all strings in L, we see that L can be 
generated by the grammar G = ({S}, {a, b}, R, S) with the following rules: 

S -+ E 1 aS 1 aSbS. 

For instance, the string aababbab is generated as follows: 

S 3 aSbS > aaSbSbS + aabSbS * aabaSbSbS 

5 aababbS + aababbaSbS > aababbab. 

Example 3.6 Find a context-free grammar that generates 

L = {x E {a, b}* 1 x has as many a’s as b ‘s}. 

Solution. Let us analyze how a string x in L looks like. First, for any string 
w in {a,b}*, let d(w) be th e number of b’s in w minus the number of a’s in 
w. Thus, L = {x E {a, b}* 1 d(x) = 0). N ow, suppose that u is the shortest 

nonempty prefix of x having d(u) = 0. Assume that u starts with symbol b. 

Then, we claim that u must end with symbol a. 

Proof of Claim. Let us assume that (ul = k and, for 1 < i < k, let ui be - - 
the prefix of u of length exactly i. Consider the sequence (~1, ~2,. . . , uk) of 
the prefixes of u. In this sequence, since the lengths lual increase from one 
string to the next string by exactly one, the values of d(u& from one to the 
next, also differ by exactly one. Now, we note that if u ends with symbol b, 
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then d(ul) = 1 and d(uk-1) = -1 (since d(uk) = d(u) = 0). It implies that 
d( ua) = 0 for some i between 1 and k - 1. However, we assumed that u is the 
shortest nonempty prefix of x with d(u) = 0; thus, this is a contradiction and 
the claim is proven. 

Now, from the above claim, we see that u can be written as u = bya for 

some y  E {atb)*, and x can be written as z = byax for some y, x E {a, b}*. 
Furthermore, since d(z) = d(u) = 0, we see that d(y) = d(x) = 0. That is, we 
have a recursive expression for x: E L: x = byax with y, x E L. 

Similarly, if u starts with symbol a, then it must end with symbol b, and 
x: can be written as IX: = aybx for some y, x E L. 

From the above analysis, we conclude that L can be generated by a gram- 
mar G = ({S}, {a, b}, R, S) with the following rules: 

S + E 1 uSbS 1 bSuS. 

For instance, u4b8u4 has the following derivation: 

S 3 uSbS * uuSbSbS 5 u4(Sb)4S $ u4b4S 

3 u4b4b4(uS)4 3 u4b8u4. cl 

All of the languages studied in the above examples are not regular. Thus, 
it shows that a context-free language is not necessarily regular. The following 
theorem shows that, on the other hand, a regular language must be context- 
free. Thus, the class of regular languages is a proper subclass of the class of 
context-free languages. 

Theorem 3.7 For each regular language L, there exists a context-free grum- 
mar G such that L = L(G). 

Proof. A regular language L is accepted by a DFA A4 = (Q, C, 6, 40, F). 
Without loss of generality, we may assume that QnE = 0. Now, we construct 
a context-free grammar G = (V, C, R, S) with V = Q, S = qo and 

R = (4 + UP I &I, a) =PPJ{f---,+fEF}* 

Then, by a simple induction, we can prove that for any p, q E Q and any 

x E c*, s(4,x) = p if and only if there is a derivation q 5 xp in G. In 
particular, x E L if and only if there is a derivation 

for some state f  E F. This shows that L C L(G). Moreover, since the only 
rules in R having a right-hand side with no nonterminal symbols are of the 
form f  + E with f  E F, the above derivations are the only ones in G. It 
follows that L = L(G). cl 
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Figure 3.1: DFA for Example 3.8. 
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Figure 3.2: Two NFA’s for Example 3.9. 
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Example 3.8 Construct a context-free grammar that generates the regular 
language accepted by the DFA in Figure 3.1. 

Solution. From the proof of Theorem 3.7, we define a grammar G = 
(V,C, R,S), with V = {S, A, B, C}, C = (0, l}, and the following rules: 

5' + OA 1 lB, A --+ OA 1 lC, B + OC 1 lB, C + oc 1 ic I IZ. q 

The method of Theorem 3.7 can also be applied to construct a context-free 
grammar directly from an NFA. 

Example 3.9 Construct a context-free grammar that generates the regular 
language accepted by the NFA in Figure 3.2(a). 

Solution. From the transition diagram of Figure 3.2(a), we can define the 
grammar G1 = (V, (0, l}, R,S), with V = {S, A, B, C, 13, E, F} and rules 

S + OA I OC, A + OB, B --+ E, 

C + lD, D + 0-E I B, E + lF, 

F + OD. 
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We note that the NFA can be simplified into a 3-vertex labeled digraph 
with each edge labeled by a single string (see Figure 3.2(b)). From this labeled 
digraph, we can actually get a simpler grammar G2 = ({S, B, D}, { 0, l}, R, S), 

with the following rules in R: 

s __) OOB 1 OlD, B --+&, D + OlOD 1 B. Cl 

The grammar rules of Examples 3.8 and 3.9 all have the form 

A+wB or A-w, 

where A and B are nonterminal symbols and w is a string of terminal symbols. 
If  a context-free grammar consists of rules of these forms only, then we call 
it a right-linear grammar. Symmetrically, we say a context-free grammar is a 
left-linecar grammar if all its rules are of the form 

A+Bw or A-w, 

where A and B are nonterminal symbols and w is a string over terminal 
symbols. 

Theorem 3.10 
lineur grammar 

A language generated by a left-linear grammar or by a right- 
must be a regular lunguuge. 

Proof. Assume that G = (V, C, R, S) is a right-linear grammar. We define a 
labeled digraph D as follows: The vertex set of D is V U {f}, where f  4 V. 
Let S be the initial state and f  the unique final state. For each rule in G of 
the form A + wB, where A, B E V and w E C*, draw an edge A w\ B (with 
w as the label) in D. For each rule of the form A + w, where A E V and 

w~C*,drawanedgeA-%finD. 
It is not hard to show that each derivation S 3 w of the grammar G 

corresponds to a path in D from the initial vertex S to the final vertex f 
whose label is w. Therefore, the language represented by this labeled digraph 
D is exactly L(G). F rom the study of Chapters 1 and 2, we know that the 
language represented by the labeled digraph D is regular (indeed, it can easily 
be converted to an NFA) and, hence, L(G) is regular. 

Next, assume that G1 = (V, C, RI, S) is a left-linear grammar. We con- 

struct a right-linear grammar G2 = (V, C, R2, S), with 

R2 = {A --+ wRB 1 (A + Bw) E RI} u {A + wR 1 (A + w) E RI}. 

Now, for any derivation in G1 

there is a corresponding derivation in G2: 
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Figure 3.3: Solution to Example 3.11. 

Thus, it is clear that L(G2) = L(G#? From the first part of this proof, we 
know that L(G 2 is regular. Thus, by Theorem 2.33, L(G1) is also regular. •I ) 

From the above theorem, we say a context-free grammar is a regular grum- 
mar if it is either right-linear or left-linear. 

Example 3.11 Let G be a regular grammar with the following rules: 

S --+ OlA 1 OOB 1 11, A -+ OB 1 1C loo, 

B + OA ( lB, c __) 01s. 

Construct an NFA accepting L(G). 

Solution. From the construction in the proof of Theorem 3.10, we obtain a 
labeled digraph as shown in Figure 3.3. It can be converted to an NFA easily. 

0 

Exercise 3.1 

In the following exercises, each grammar is presented only with rules, with the 
convention that all upper-case letters denote nonterminal symbols, all lower- 
case letters and numerals denote terminal symbols, and S denotes the starting 
symbol. 

I. Describe, in English and/or by regular expressions, the language that is 
generated by each of the following context-free grammars: 

(a) S + uSa I bSb I a I b. 

(b) S -+ aS I bS I E. 

(c) S --+ aS 1 Sb I a. 

(d) S ---+ SS I a I b. 

(e) S -+ SS 1 aSb 1 E. 

(f) s __) as I USbS I E. 
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2. Show that no string in language L(G) contains substring ba, where G is 
the context-free grammar with the following rules: 

S + US 1 bT 1 a, T+bTIb. 

3. Show that every string in language L(G) has more u’s than b’s, where 
G is the grammar with the following rules: 

S + Sa 1 bSS 1 SSb 1 SbS ] a. 

4. (a) Show that the following grammar does not generate the language 
{x E {O,l}* I z has as many O’s as l’s}: 

s __) OS1 101s I lS0 I 10s I so1 I SlO I E. 

(b) Show that the following grammar generates the language {z E 
(0, 1}* I x has as many O’s as l’s}: 

s __) ss 1 OS1 I 1so I E. 

5. For each of the following regular languages, construct a right-linear 
grammar and a left-linear grammar for it: 

(a) lO(0 + l)*lO. 

(b) ((0+ ll)*lO)*. 

(c) The set of binary strings that do not contain the substring 000. 

(d) The set of binary strings of which the suffix of length ten begins 
with 000. 

6. For each of the following context-free grammar G, construct an NFA 
that accepts L(G): 

(a) S -+ bus I bS 1 E. 

(b) S + Sab I Sb I ab I b. 

(c) S + A I B, A + baA I bA I E, B + Bab I Bb 1 ab I b. 

(d) S --+ AB, A ----+ baA I bA I E, B + Bab I Bb I ab ( b. 

(e) S -+ AA I BB, A ----+ baA I bA I E, B + Bab I Bb I ab I b. 

7. For each of the following context-free grammar G, find an equivalent 
regular grammar: 

(a) S -+ AabB, A ----+ aA I bA I E, 

(b) S + AB, A + Au I Ab I a I b 

(c) S + AA I B, A + aAa I bAb 

(d) S + AB, A + aAa ( bAb I a I 

B + Bab I Bb I ab I b. 

B + aB I abB I E. 

1 a 1 b, B + aB 1 b.23 1 E. 

b, B + aB I bB I E. 
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8. A context-free grammar G = (V, C, R, S) is said to be linear if every 
rule of it is of the form A -+ zB or A + Bz or A -+ cc, where A, B E V 
and x E C*. Show that a language generated by a linear grammar is 
not necessarily regular. 

9. For each of the following languages L, construct a context-free grammar 
that generates L: 

(a) {unbm 1 772 > 72,772 - n is even}. 

(b) (2~~ 1 x E 6, b}*, #&c) = nor #b(x) = n}, where #&c) denotes 
the number of occurrences of symbol a in string x. 

(4 {xcn I x E -w)‘, #a(x) + #b(X) > n}. - 

3.2 More Examples of Context-Free Grammars 

In this section, we study more techniques of constructing context-free gram- 
mars. Our first new idea is that in a context-free grammar G = (V, C, R, S), 
each nonterminal symbol A E V represents a language, that is, the set of 
strings x E C* with a derivation A 2 x. Therefore, when we design a 
context-free grammar, we may designate a few nonterminal symbols to rep- 
resent some specific languages and use the grammar rules to express their 
relations. 

Example 3.6 (Revisited) Find a context-free grammar that qenerates . 

L = {x E {a, b}* 1 x has as many u’s as b’s}. 

Solution 2. Let us use the notation #a(z) to denote the number of occurrences 
of symbol a in a string x. For convenience, we will use a capital letter S, A 
or B to denote both a nonterminal symbol of the grammar and the set of 
strings for which there is a derivation from that symbol. We let the symbol 
S represent the language L, the symbol A represent the set of strings x with 

#u(x) = ,#b(x) + 1, and the symbol B represent the set of strings x with 

#u(x) = #b(x) - 1. 

Now, let x be a string in S. Then, either x = E or x = uy for some 
y E {a, b}* or x = bx for some x E {u,b}*. If x = uy then Sjta(y) = #b(y) - 1, 
andsoyEB. Ifx = bx then #&z) = #b(z) + 1 and, so x E A. Therefore, we 
get the relation S = E U uB U bA. This relation can be expressed in grammar 
rules as S + E I uB I bA. 

Next, we study strings represented by A and B. First, if a string x is in A, 
then either x E US or x E bA’, where A’ represents the set of strings x with 

#a(z) = #b(Z) + 2. 

We claim that strings in A’ can always be decomposed into the concate- 
nation of two substrings in A. To see this, we use the same argument as in 
Solution 1: Let d(w) d enote #b(w) - #&u) and wi denote the prefix of w 
of length i. Then, for a string w of length n, w E A’ implies d(wg) = 0 and 
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q-4-J = -2. It follows that for some i, 1 < i < n - 1, d(wi) = -1. So, - - 
W = wiv and both wi and v  are in A. 

By the above claim, A = aS U bAA. Similarly, we get B = bS U a B B. 
From the above analysis, we obtain the following context-free grammar 

G= ({~,4B),{a,b~,R,S), h w ere R consists of the following rules: 

S --+ E 1 aB 1 bA, A -+ aS 1 bAA, B --+ bS 1 aBB. •I 

Example 3.12 Find a context-free grammar that generates the language 

L = {x E {a,b}* 1 x has twice as many b’s as a’s}. 

Solution. Let f(x) = 2#,(x) - #b(x). Then L = {x E {a, b}* 1 f(x) = 0). 
The values of f  on the prefix sequence of any string change in the following 
ways: 

(a) Each increasing is in value 2; 

(b) Each decreasing is in value 1. 

We define four nonterminal symbols S, A, B and C to represent four lan- 
guages over {a, b} as follows: 

(i) S represents L = {x 1 f(x) = 0); 

(ii) A = {x I f(x) = 1); 

(iii) B = {x I f(z) = -1); 

(iv) C = {x I f(x) = 2). 

Then, it is easy to see that S = E: U aB’ U bA, where B’ = {x I f(x) = -2). 
Now, every string w E B’ of length n has f(2U0) = 0 and f(wn) = -2, where 
wi denotes the prefix of w of length i. By property (b) of the function f, we 
know that there must be a prefix wj of w with f(wj) = -1. Thus, we know 
that B’ = BB. Or, equivalently, S = E U aBB U bA. 

Next, it is easy to see that A = bC U a B. Also, from the above analysis, 
we know that B = bS U aBBB. 

Finally, we note that C can be expressed as aS U bAC U bCA. To see this, 
we let C’ = {x 1 f(x) = 3). Th en, for any string x E C’ with length n, we 

have f(x0) = 0 and f(xn) = 3, where xi denotes the prefix of x of length 

i. Then, by property (a) of f ,  there must be a prefix xj of x with either 
f(xj) = 1 or f(xj) = 2. In th e fi t rs case, xj E A and y  E C; and in the second 

case, xj E C and y  E A, where y  is the suffix of x such that x = xjy. 
Now, from the above analysis, we obtain the following context-free gram- 

mar: G=({S,A,B,C},{a,b},R,S) h w ere R consists of the following rules: 

S -+ E I aBB I bA, A --+ aB I bC, 

B ---+ bS I aBBB, C -+ aS I bAC I bCA. 0 
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Example 3.13 Find a context-free grammar for the language 

L = {x: E {a,b}* 1 #b(X) = 2#,(x) + 3). 

Solution. From the analysis of Example 3.12, we know that every string z in 
L can be decomposed to be II: = yx with y  E A, x E C, or with y  E C, x E A. 
So, we obtain a grammar Gr = ({&,S,A, KC}, {O}, RI, SI) for L, where 
RI contains all rules in G of Example 3.12, plus the rules 

Example 3.14 Find a context-free grammar that generates the language 

L = {ambncpdq 1 m + n = p + q}. 

Solution. The equation m+n = p+q suggests that we use the idea of matching 
to find the correct rules. That is, we need to match letters a and b with letters 
c and d, and we should do it in a recursive way. Since we do not know the 
exact relations between the sizes m, n, p, 4, we will perform these matchings 
in stages. At each stage, we match the two outermost symbols and continue 
until we run out of one type of symbols. 

(1) In stage S, we use the rule S --+ aSd to genearate a number of a’s with 
the same number of d’s. Then, depending on whether m > q, we move - 
to stage A or stage B by the rules S -+ A 1 B. 

(2) In stage A, we deal with the case m > q. We generate some a’s with 
the same number of c’s, and then mo& to stage C. That is, we create 
rules A + aAc 1 C. 

(3) In stage B, we deal with the case m < q. We generate some b’s with 
the same number of d’s, and then move to stage C. That is, we have 
the rules B + bBd ( C. 

(4) Finally, in stage C, we match symbols b with symbols c with the rules 

C + bCc I E. 

The complete set of grammar rules are as follows: 

S + aSd I A 1 B, A + aAc 1 C, 

B + bBd I C, C + bCc I E. 

Note that if a string z = a”bncPdQ in L has m > q, then the derivation 
of x starts. from stage S then moves to stage A and then to stage C, while 
a string y  with m < q must go through stages S, B and C. A string x with 
m = q can be derived in either way. Cl 

Example 3.15 Find a context-free grammar that generates the language 

L = {amb”cp I m + 2n > p}. - 
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Solution. First, let us consider the simpler language L1 = { a”b”cp 1 m+ 272 = 
p). Based on the idea of the last example, we can easily get the following 
grammar for it: 

5’ + aSc 1 A, A + bAcc 1 F. 

Next, we modify this grammar to allow the case m. + 272 > JX This can 
happen if we have (i) at least one extra a, or (ii) at least one extra b, or (iii) 
at least one extra b together with one extra c. These extra symbols may occur 
in both matching stages of the derivation. Thus, we can add rules S -+ US, 
A + bA and A + bAc to the grammar for L1. That is, the grammar for 
language L is as follows: 

S + aSc 1 aS 1 A, A + bAcc I bAc I bA I E. cl 

* Example 3.16 Find a context-free grammar that generates the language 

L = {ambn I3m < 5n < 4m). - - 

Solution. First, we consider a simpler language: Lo = {ambn I 3m < 5n < - 
4m,m E 0 (mod 5)). For any string a ‘J’bn in Lo, we must have 15~ 1 5n < 
2Op, or, 3p < n < 4~. Thus, we may rewrite Lo as - - 

LO = {a5pb3p+k IO < k 5 p}. - 

From this expression, it is easy to see that Lo is generated by the grammar 
Go = ({A}, {a, b}, Ro, A) with the following rules: 

A + a5Ab3 I a5Ab4 I E. 

Intuitively, this grammar matches every five u’s with either three b’s or four 
b’s. Therefore, the total number of b’s is between 3/5 and 4/5 of the number 

of a’s. More formally, we note that if a derivation A 3 a5Pbn applies the 
rule A + a5Ab4 for k times, the rule A + a5Ab3 for p - k times, and the 
rule A -+ E at the end, then we must have n = 3p + k. Thus, every string in 
Lo can be generated by the grammar Go. Conversely, it is obvious that these 
are the only possible derivations from symbol A. Thus, we have proved that 
L(Go) = LO. 

The above idea of matching every five a’s with either three or four b’s is 
critical in this problem. We can actually apply this to other strings in L. Let 
us define, for each i = 1,2,3,4, a language 

Li = {a”bn I 3m < 5n < 4m, m E i (mod 5)}. - - 

For each Li, 1 < i < 4, we can use this matching idea to construct a grammar 
forit. - - 
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First, consider L 4. A string in L4 is of the form u~~+~P, where 3(5p+4) < 

57-t < 4(5p+4), or 3p + 12/5 < n 5 4p + 16/5. Since n must be an integer, 
the-above relation between p aid n is equivalent to 

3p+3<n<4p+3. - - 

This relation tells us that we can generate L4 by matching every five a’s with 
three or four b’s, and then generating four extra a’s and three extra Vs. That 
is, the grammar G4 = ({SJ, A}, {a, b), R4, S4) with rules 

S4 + u4Ab3, A + u5Ab3 1 u5Ab4 1 E 

generates the language L4. 
Langauge L3 has a similar grammar. We note that 3(5p + 3) < 5n < - - 

4(5p + 3) is equivalent to 3p + 2 < n < 4p + 2. So, in addition to the rules in 
Go, we also need the rule 5’3 -+ u3Ab2to make up the extra u’s and b’s. 

For language La, the relation 3(5p + 2) < 5n < 4(5p + 2) is simplified to 
3p + 2 < n < 4p + 1. This relation creates &me problem with our approach. 
Suppose thz we match 5p copies of u’s with j copies of b’s, with 3p < j < 4p. 
Then, we cannot match the extra two u’s with any number of b’s: I f  we 
generate extra two u’s with extra two b’s, then we may get as many as 4p+ 2 
copies of b’s, which number is too large. On the other hand, if we generate 
extra two u’s with only one extra b, then we may get as few as 3p + 1 copies 
of b’s. To solve this problem, we change the above relation to 

3(p - 1) + 5 < - n < - 4(p - 1) + 5. 

Equivalently, strings in Lz are of the form u5(p--1)+7bq+5, with 3(p - 1) < 4 < - - 
4(p - 1). Therefore, all we need to do is to generate extra seven u’s with extra 
five b’s; or, equivalently, we need an extra rule 5’2 + u7Ab5. (Note: When 
p = 0, there is no integer n satisfying the above inequality.) 

Language L1 is similar to L2. The basic relation 3(5p+ 1) < 5n < 4(5p+ 1) - - 
is equivalent to 3p + 1 < n < 4p. From that, we get - - 

3(p - 1) + 4 < - n < - 4(p - 1) + 4. 

So, in addition to the rules of Go, we need an extra rule S1 -+ u6Ab4. 
Note that L is the union of languages Li, for 0 < i < 4. So, we can combine 

the above rules together into a grammar for L: - - 

S + u4Ab3 1 u3Ab2 1 u7Ab5 1 u6Ab4 1 A, 

A + u5Ab3 I u5Ab4 I E. q 

We solved the above problem by dividing the given language L into five 
subproblems, finding a context-free grammar for each subproblem, and then 
combining the five grammars into one. This technique is very useful for com- 

plicated languages. The following theorem justifies this technique of combin- 
ing simple grammars into a more complicated grammar. 
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Theorem 3.17 The class of context-free languages are closed under union, 
concatenation, and Kleene closure. 

Proof. Let Lr and L2 be two context-free languages, generated by grammars 
G1 and Gz, respectively. Assume that Gi = (Vi, Ci, &,Si) for i = 1,2, and 
that VInV2 = 0. (If vImi # 0, we can simply rename all nonterminal symbols 
in V2 to be different from those in VI .) Also assume that Ss, S4 6 VI U V& 

Then, it is easy to check the following: 
(1) Language L1 U L2 is generated by grammar Ga = (VI U V2 U {Sa}, IZl U 

x2, R3, S3), where 

R3= R1uR2u{S3+S1 IS,}. 

(2) Language L1 L2 is generated by Gd = (VI U V2 U {&}, Cl U &, RJ, &), 
where 

R4 = RI u R2 u {& + S1S2}. 

(3) Language L; is generated by Gs = (VI, Cl, Rg, Sl), where 

R5 = RI u {S1 + SISl 1 E}. cl 

Recall the operation of substitution on languages, defined in Section 2.6. 

Theorem 3.18 Assume that L C C* is a context-free language, and that f  is 
a substitution with the property that f( ) a is a context-free language for every 
a E C. Then, f(L) is context-free. 

Proof. Suppose that L is generated by the context-free grammar G = (V, C, R, 
S) and, for every a E C, the language f( ) l g a is enerated by the context-free 
grammar G, = (V&C,, RJ,). Assume that Va n V = Va n Vb = 8 for all 
a#bEC. 

Then, f(L) is generated by Gf = (Vf , Cf , Rf , S), where 

Vf = V u ( u Va) , EJ = u c,, Rj = R’ u ( u R”> , 
aEC aEC aEC 

and R’ is the set of rules in R with each symbol a E C replaced by Sa. •I 

We now apply these closure properties to construct context-free grammars. 

Example 3.19 Find a context-free grammar generating 

L = {Omln 1 m # n,m,n > 0). - 

Solution. Note that L = L1 U L2, where L1 = {Onln 1 m > n > 0}, and 
L2 = {Omln 1 n > m > 0). It is clear that L1 can be generated by the 
following rules: - 

s1 __) 0 1 OS1 1 OS~l, 
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and Lz can be generated by 

s:! + 1 IS21 1 OSzl. 

Thus, we can combine the above rules to get a grarnmar G = ({S, Si, &}, 
(0, l}, R, S) that generates L, where 

R = RI u R2 u {S + S1 I&}. cl 

* Example 3.20 Find a context-free grammar generating 

L = {z E {o,1}* 1 x # ww for any w E (0, l}*}. 

SoZution 1. Let us analyze what types of strings are in L. I?irst, any string 
x of an odd length belongs to L. Next, assume that 1x1 is even and x E L. 
Write 2 = y1 y2 . . . ynLz122 . l l zm, where each yi or zj is a symbol in (0, 1). 
Since x E L, yi # zi for some i = 1,2, . l l , nz. There are two cases. 

Case 1. yi = 0 and zi = 1. Then, x looks like this: 

x = y1 l ’ l yi-1 Oyi+l “*ymZl “‘Zi-1 lZi+l”‘Zfn. 
\ - /k Y / \ / 

j-J ,(m --i/l iL,(i -*l,\ . t-t?. --,i 

That is, x is of the form x = uOvlw for some 14, 21, w, satisfying 1211 = IuI+ IwI. 

Case 2. ZJi = 1 and zi = 0. Similarly, x is of the form x = ~1vOw for some 
U, v, w, satisfying Iv1 = IuI + Iwl. 

In other words, we have L = Lo U L1 U L2, where 

Ll = {UOVlW 1 u,v, w E {0,1}*, Iv1 = IUI + IWI}, 

L2 = {UlVOW 1 u, v,w E {0,1}*, 1211 = IUI + IWI}, 

L3 = {x ( 1x1 is odd}. 

It is interesting to note that L1 is not disjoint from L2. That is, a string 
x E L may belong to both L1 and L2. Furthermore, a string x in L1 may 
be expressed as uOvlw by several different triples (u, v, w). But, this fact is 
irrelevant. As long as L = L1 U L2 U L3, we can apply Theorem 3.17 to solve 
this problem. 

Now, it is easy to get grammars for languages L1, L2 and 1,s. For instance, 
we can use the closure properties again: Define 

x = {uov 1 u, v E {0,1}*, IUI = IVI}, 

Y = {ulv I 24, v E {0,1}*, 1241 = Ivl}. 

Then, we have L1 = XY, L2 = YX and L3 = XUY. Let Gx = ({A},{O, l}, 
Rx, A), with 

Rx = {A + 0 I OAO I OAl I 1AO I lAl}, 
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and Gy = (0, {O,l}Ry,A), with 

Then, X = L(Gx) and Y = L(Gy). C om b ining them together, we get the 
grammar G = ({S, A, B}, (0, l}, R, S) for language L, where 

R=RxuRyu{S+AIBIABIBA}. cl 

Solution 2. In Solution 1, we have constructed grammars Gx and Gy for sets 
X and Y, respectively. Now, define a new grammar G’ = ({S}, { 0, l}, R’, S), 
with 

R = {S + 0 I 1 I01 I lo}. 

Then, using the substitution f(0) = X and f(1) = Y, we have f(L(G’)) = L, 
and the construction of Theorem 3.18 gives us the same grammar G for L as 
the one in Solution 1. 0 

* Example 3.21 For i > 1, denote by bi the binary representation of integer - 
i (with no leading zeroes). Find a context-free grammar generating 

L = {O,l, #}* - {bl#bz#* .  l #b, 1 n > 1). - 

Solution. Note that a string g = al#cza#. . *#a,, with each uj E (0, l}*, 
belongs to the set {bl#bz# l . l #b, I n > 1) if and only if al = 1, and for 
every j, 1 < j 5 n- 1, aj#aj+r is of the form bi#bi+l for some integer i > 1. 
In other words, a string z E {O,l, #}* 

- 
is in L if and only if it satisfies one of 

the following conditions: 
(1) [d: = y] or [z has a prefix y#] for some y E (0, l}* - { 1). 

(2) [x = y#z] or [Z has a prefix y#z#] or [Z has a substring #y#~#] or [a: 
has a suffix #y#x] for some y, x E (0, l}* such that y#x # ba#bi+l for 
any integer i 2 1. 

The above conditions (1) and (2) may be expressed by the regular expres- 
sion notation as follows: 

L = Ll(#(O + I)*)* u ((0 + l)*#)*b(#(o + I)*)*, 

where 

Ll = {Y fs -to, 1)’ I Y # 11, 
L2 = {y#z I y, x E {O,l}*, y#x # bi#bi+l for any i 2 1). 

The language L1 is regular: L1 = E + (0 + 10 + ll)(O + l)*, and it can be 
generated by the following rules, starting with S1: 

S1 -+ E 1 OA 1 1OA I OlA, A ---+ E ( OA I 1A. 

To find a context-free grammar for L 2, let us first analyze how the string 
b i+l is related to bi: 
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(a) If  bi = 1” for some k > 0 then bi+l = 10’“. 

(b) If  bi = ~01’” for some u E l(0 + l)* and some k > 0, then bi+l = ~10’“. - 

It follows from (a) and (b) that L2 = L3 U L4 U L5 U L6, where 

L3 = {y#z 1 y, x E (0, l}*, y  or x does not begin with l}, 

L4 = {l”#x 1 x E {o,l}*,k > 1,x # lo”), 

L5 = {U01”#v10~ 1 % w E {o, 1)*, h # Q, 

L6 = (uOl”#vlO~ 1 U, 21 E {0,1}*, U # V}. 

To simplify our job, we can further express LJ and L6 as unions of simpler 

context-free languages: 

L4 = {l”#Oh 1 k > 1, h > o} u {l”#lOh I k > 1, k # h} 

u {l”#VlOh( k > T, 21 E {o,1}+}; - - 

L6 = (uOl”#vlO~ I IUI # Iv]} u {u~lU~olk#w~Ow~lO~ I l?Jzl = Iwz1) 

u (U~0U~01 k #wrlw210 h I 14 = Iwzl}* 

It is clear that each subset above is context-free. For instance, the language 

(u11~201 
k 

#WO~210 
h 

I lual = Ivzl} can be generated by the following grammar 
rules, starting with 5’6: 

S6 + AlPlD, A + E I OA I lA, 

D + E I OD, E -+ E 1 lE, 

P + OPO 1 OPl 1 lP0 I 1Pl I OE#AO. 

Combining the context-free grammars for all the above sets, we can find 
a context-free grammar for L2. Further combining it with grammar G1, we 
obtain a context-free grammar G for language L. This grammar G uses vari- 
ables V = {S, 5’1,5’2,5’4, Sg, Sg, A, B, C, D, E, P, Q, U, V, W, T}, with S as the 
starting symbol. The nonterminal symbols A, D, E, B, C represent simple 

regular languages (0 + l)“, O*, I*, (#(0 + l)*)* and ((0 + l)*#)*, respectively. 
The nonterminal symbols S1, S2, 5’4, 5’s and S6 represent languages L1, L2, 
Ld, L5 and L6, respectively. (Language 1;3 is a simple regular language that 
can be generated directly from S2 .) The symbols P, Q, U, V, VV and T are 
auxiliary symbols for languages Ld, L5 and LG. (Nonterminals U and V are 
designed for the first subset of L 6, and P and Q for the other two subsets.) 
The rules of G are as follows: 

s + SlB 1 CS,B, 

S1 I_) E 1 OA I 10A I OlA, 

S2--+ #A)A#IOA#AIA#OAIs4Is5)Ss, 

S4 + lE# I lE#OA I lE#lAlD IT, 



108 CONTEXT-FREELANGUAGES 

T + 1TO 1 lE#l 1 l#lOOD, 

W + lW0 1 lE#Al 1 #AlOD, 

S6 + UlD I VlD I AlPlD I AOQlD, 

U + OUO 1 OUl 1 lU0 I 1Ulj OAOE# I lAOE#, 

V + OVO I OVl I 1VO I 1Vl I OE#OA I OE#lA, 

P + OPO 1 OPl I lP0 ( lP1 I OE#AO, 

Q + OQO 1 OQl I lQ0 I lQ1 I OE#Al, 

A + E I OA I lA, B+EIBBI#A, C+EICCIA#, 

D + E I OD, E + E 1 1E. cl 

Exercise 3.2 

1. For each of the fol lowing lan 
that generates the language: 

.guages, construct a context-free grammar 

(a) {aW 12i = 3j + 1). 

(b) {aibj I2i # 3j + 1). 

* (c) {“W I2i 5 3j < 4i). - 
* (d) {aibj I2i + 3 < 3j < 4i - a). - - 

2. For each of the following languages, construct a context-free grammar 
that generates the language: 

(a) {uitick I i 2 k or j > k}. 

(b) {u%k+ I i+j = k}.- 

(c) {uWck 1 j = i + k}. 

(d) {uibjck I j > i + k - 3). 

(e) {uWc” 1 i Tj # k + 3). 

(f) {UWC” ) i + aj = k}. 

(g) {uWck 1 i + 2j G k (mod 3)). 

* (h) {uibkk I i + 2j = 3k). 

* (i) {ui bjck 1 i + 2k 2 3j). 

* (j) {uWC” 1 i + 2k 5 3j < 2i + 3k). - 

3. For each of the following languages, construct a context-free grammar 
that generates the language: 

(a) {uWc”d” I i + k = j + a). 
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4. 

(b) {aibjc”de 1 i + k 5 j + e+ 3). 

* (c) {dbjc”d~ 1 i + 2k = j + 3&}. 

* (d) {aitickde 1 i + 2k # j + 3&). 

* (e) {u%kkde 1 i + 2l = j + 3k). 

* (f) {uibjckde 1 i + 2t # j + 3k). 

k> {bi#b?+, I bi is the binary representation of integer i, i > 0). - 

Construct a context-free 
over alphabet {a, b}. 

grammar to generate all regular expressions 

5. For each of the following languages, construct a context-free grammar 
for it- 

( > a 

0 

0 C 

(4 

( 1 e 

0 

* k> 

* Ch) 

(zR#y I X, y  E (0, l}*, z is a substring of y). 

(z”#Y I T Y E {o, q*, x is a subsequence of y}. (A string x = 
x1x2 l l l xk is a subsequence of a string y  = yly2 . l . yn , where each 
xi and each yj is a single letter, if there exist 1 5 j, < j2 < l l l < 
jk < n such that yje = xl for 1 < e < k ) 

{umbyIyE(ufb)n-‘,n>m~l).- l 

{amby I y  E (u+b)n--l,n-x > n 2 1). 

{x1#x2#--#xn 1 xl,. . .,xn E (0, l}‘, (31 5 i < j 5 n) 

[ X:i = xj”l}. 

{xl#x2#-•#x, 1 xl,...,xn E {O,l}*, (31 5 i < j 5 n) 

lIxi # xjll- 
{o,1}* - {zowzu 120 E {0,1}“}. 

L= (0 + 1>* - { (O”T)n I n 2 l}. [Hint: The language 

U m+ Om ( l+O+)n l+ is context-free.] 

3.3 Parsing and Ambiguity 

In Section 3.1, we defined that a string x is in L(G) for some context-free 

grammar G = (V, C, R, S) if and only if there is a derivation 5’ 5 x in G. 
Such a derivation demonstrates the step-by-step applications of the rules to 
generate x from the starting symbol S. We can also display a derivation by 
a tree, called a, purse tree, or a derivation tree. For instance, consider the 
context-free grammar Gr = ({S}, {a, b, c}, R, S), with 

R = {S + SbS 1 ScS I a}, 

and the string ubucu E L(G1). The derivation 

S + SbS 3 SbScS =P ubScS + ubScu a ubucu 

can be represented by the tree of Figure 3.4(a), and the derivation 

S =+ ScS * SbScS a ubScS 3 ubScu 3 ubucu 
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60 (b) 

Figure 3.4: The sentence abaca has two parse trees. 

can be represented by the tree of Figure 3.4(b). 
In general, for a context-free grammar G = (V, C, R, S), a parse tree can 

be constructed as follows: 

(1) Let S be th e root of the tree. 

(2) Repeat the following until every leaf of the tree is either E or a terminal 
symbol: 

For any leaf A E V of the tree, select a rule A --+ ~1x2 l s l xn, where 
xiEVUCfori=l,..., 72, and replace the node A in V by the following 
tree: 

/i\ 
*1 x2 l ’ ’ 5 

I f  the concatenation of the leaves of a parse tree is the string x E C”, then we 
say this is a parse tree of x. 

It is clear that a parse tree of x corresponds to a derivation of x. In fact, 
a parse tree often represents more than one derivation of x. For instance, 
for the grammar G1 defined above, there are 16 different derivations for x = 
abaca. Among them, the eight derivations that begin with S 3 SbS are 
all represented by the same parse tree of Figure 3.4(a). The other eight 
derivations that begin with S + ScS are all represented by the parse tree of 
Figure 3,4(b). 

To make the relation between parse trees and derivations clearer, we define 
that a derivation of a string x E L(G) is a leftmost derivation if it always 
applies a rule to substitute for the leftmost nonterminal symbol in a sentential 
form. Then, it is easy to verify that each parse tree of a string x corresponds 
to a unique leftmost derivation of x. For instance, among the eight derivations 
for x = abaca that begin with S 3 S&S’, the following is the only leftmost 
derivation: 

S =3 SbS 3 abS * abScS * abacS * abaca. 
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Thus, a parse tree of a string IX: demontrates the structure of the generation 
of x from the grammar rules, disregarding the order of applications of these 

Parsing Algorithms. The task of finding a parse tree for ~1: from a given 
context-free grammar G is called parsing. Parsing is one of the most important 
issues in compiler design. By adding certain constraints to the grammar, 
people have developed a number of parsing techniques. Here, we only present 
a general (but often inefficient) top-cdozun parsing method. 

Let G = (V, C, R, S) b e a context-free grammar. A string w E (V U C)* 

is called a sentential form if S 3 w, and it is called a left sentential form if 
there is a leftmost derivation from S to w. If w is a string of terminal symbols, 
then it has a leftmost derivation from S if and only if it has a derivation from 
S. This is not true for sentential forms. It is possible that a sentential form 
can only be obtained from S through a non-leftmost derivation. 

For any context-free grammar G, we define the leftmost graph g(G) of G 
as follows: 

(a) The vertices of g(G) are all left sentential forms of G. 

(b) For any two left sentential forms w1 and ~2, if there is a rule r = (A + 
Z) of G such that wr = uAv and w2 = uxv for some u E C* and 
v  E (VuC)*, th en there is an directed edge from WI to ~2, with label 
r. 

Thus, g(G) is an edge-labeled directed graph, which is often infinite. Note 
that if all leftmost sentential forms of G have a unique leftmost derivation from 
the starting symbol S, then g(G) is actually a tree, with the start symbol S 
as the root. 

To find a parse tree of a string IX: of terminals, we can simply perform a 
search of the graph g(G). S ince the graph g(G) might be infinite, the graph 
search is not guaranteed to halt on all inputs. Nevertheless, with a minor 
restriction to the grammar G, we can be sure that the graph search always 
halts. A grammar rule is called an E-rule, if it is of the form A + E for some 
A E V. We observe that if a context-free grammar does not have an E-rule, 
then the size of the sentential forms in a derivation must be nondecreasing. 
Thus, to determine whether S 3 x:, we may simply restrict ourself to search 
the subgraph of g(G) over vertices of length < 1x1. - 

Example 3.22 Determine whether x = abaca belongs to L(G) or not, where 
G = ({S}, {a, b, c}, {S + SbS 1 ScS 1 a), S>. 

Solution. We start with the starting symbol S, and perform a depth-first 
search of the graph s(G) 7 using the following ordering of the rules: rl : (S + 

a), 7-2 1 (S + SbS), r3 : (S + ScS). D uring the search, we also use the 
following conditions to prune the graph: 

(1) If a vertex has length > 6, then we delete this vertex. - 
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scs 

(a) If 
5 

a vertex 
then we 

ScSbS 

abad, abSbScS abScScS 

/ 

I \ I \ \ I \ 1 \ . 
abacSbS abacScS 

Figure 3.5: Depth-first top-down search. 

has two occurrences 
delete this vertex. 

of symbol b or two occurrences of symbol 

Figure 3.5 shows the depth-first search tree of the graph g(G), with the 
above pruning condition. Note that we stop the search as soon as the sentence 
ubaca is found. The dot lines in Figure 3.5 denote the search paths that are 
not yet performed. 

We can also perform the graph search by a breadth-first search using the 
same pruning criteria. We leave it as an exercise. cl 

The above method applies only to context-free grammars G which have no 
E-rules. What about grammars with E-rules? We note that there is a simple 
method to find, from a grammar G, a new grammar G’ with no E-rule such 
that L(G’) = L(G)-(E). N amely, we first identify all symbols that can derive 
the empty string E. Then, for each such symbol A, we replace all rules of the 

form I3 + uAv by B + uAv 1 UV, if uv # F. We also delete all rules of the 
form A -+ E. It can be easily checked that this new grammar G’ generates all 
strings in L(G) - {E}. Finally, if E E L(G), then we can first follow the above 
step to eliminate all E-rules, and then add a new start symbol S’ and two new 
rules S’ + S 1 E. The resulting grammar is then equivalent to G and has a 
single E-rule S’ + E which does not affect our tree search algorithm. 

Ambiguity. A context-free grammar G is ambiguous if there exists a string 
x: f  L(G) that has two different parse trees. Note that a parse tree for a 
string x not only tells us whether x is in L(G), but also gives us the syntactic 
structure of 8, which, in turn, may induce the semantic meaning of xx=. When x 
has two parse trees, it makes it hard to determine which structure is the correct 
one. Let us look at an example from a standard rule in many programming 
languages. 
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I I 

Figure 3.6: A parse tree for X. 

Example 3.23 Consider the following grammar G, in which a word of the 
form ( l . l ) denotes a nonterminal, and other words denote terminals: 

(stmt) + if (cond) then (matchstmt) 1 (matchstmt) 

(matchstmt) + if ( cond) then (matchstmt) else (stmt) 1 (simplestmt) 

(con~)+G I c2 I c3 

(simplestmt) + Al 1 A2 1 As. 

Let x be the sentence 

if Cl then if C2 then Al else if C3 then A2 else A3. 

Find two different parse trees for x. 

Solution. We show two parse trees for x in Figure 3.6 and Figure 3.7. They 
imply two different syntactic structures of the sentence x and, hence, two 
different semantic interpretations of x. For instance, if condition Cl is false 
then, in the first parse tree (a), none of the simple statement Al, A2 or A3 
will be executed, while in the second parse tree (b), A3 is to be executed. 0 

From the above example, we can see that if a context-free grammar is 
ambiguous, then it would be difficult to determine the meaning of the sentence 
from its different parse trees. Therefore, it is desirable to design unambiguous 
grammars whenever it is possible. In the following two examples, we show how 
to modify an ambiguous grammar into an equivalent unambiguous grammar. 
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if 

Figure 3.7: Another parse tree for (xf. 

(a) (b) 

Figure 3.8: Two parse trees for a + a * a. 

Example 3.24 (a) Sh ow that the following context-free grammar G for arith~ 
metic expressions over variables a and b is ambiguous: 

E,-kE+EIE-EIE*EIE+Ej(E)IaIb. 

(b,J Find an e~uivaZe~t unambiguous grammar for L(G). 

Solution. (a) The expression a + a * a has two pa.rse trees, as shown in Figure 
3.8. Note that the two parse trees have different semantic interpretations. If  
we evaluate the expression following the order given by the parse tree, then 
the first tree Figure 3.8(a) gives us a + a * a = a + (a * a) = a + a2? and the 
second tree Figure 3.8(b) gives us a + a * a = (a + a) * a = 2a2. 

(b) Usually, ambiguity comes from ~araZ~eZ substitutions for a nonterminal 
symbol in a sentential form. For instance, in grammar G, E can be replaced by 
either E + E or E * E, and each sentential form can derive E + E * E. To avoid 
this problem, we use different nonterminal symbols to represent operands of 
different operators. In the following, we use symbol T (standing for term) to 
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represent operands of operations + and -, and use symbol F (standing for 
factor) to represent operands of * and t. 

In addition, we note that the intended interpretation of an arithmetic ex- 
pression follows the usual preference rules: 

0 i 

( > ii 

The operators + and - have higher preference over -il: and t. 

Within the operators of the same preference (e.g., + and -) in an arith- 
metic expression, the one to the left has the preference over the one to 
the right. 

We can enforce these rules in the following grammar: 

E---,E+TfE-TIT, 

T---+T*FIT+FfF, 

F ---+ (E) 1 a 1 b. 

For instance, a - b * a + b has a unique parse tree as shown in Figure 3.9(a). 
We note that the symbols - and + must be generated first before we use T 
to generate b * a, because there is no way to generate - or + from T (without 
using parentheses). Thus, the preference rule (i) is followed. Second, if we 
start the derivation of a - b ;I: a + a by [E + E -T], then the symbol + cannot 
be generated without parentheses. Thus, we must generate the rightmost + 
or - symbol first, and this forces the parse tree to follow the preference rule 
(ii). (If we replace the first grammar rule by [E -+ T + E 1 T - E 1 T], 
then we force the parse tree to generate the leftmost + or - symbol first.) If 
we want to generate parse trees defying these preference rules, we must use 
parentheses. For instance, if we want to perform a + b first in the expression 
a - b * a + b, then we must generate the expression a - b * (a + b), whose unique 
parse tree is as shown in Figure 3.9(b). cl 

denote the number of occurrences of symbol a in 
a string w. Let L = . 

(a) Show that both solutions of Exumple 3.6 for L are ambiguous: 

G1 : S + aSbS 1 bSaS 1 E. 

Gz : S I__) E f  aB 1 bA, A ---+ aS 1 bAA, B -+ bS 1 aBB. 

(b) Find an unambiguous context-free grammar for the language L. 

Solution. (a) In grammar Gl, the ambiguity comes from the two occurrences 
of the nonterminal symbol S in the sentential form aSbS in the following two 
leftmost derivations for the string abab: 

S =+ aSbS --L, abSaSbS * abaSbS =+ ababS 3 abab, 

S 3 aSbS + abS 3 abaSbS * abubS 3 abab. 
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Figure 3.9: (a) Th e unique parse tree for a - b si: a + b. (b) The unique parse 
tree for a -b*(a$b). 

For Grammar Gz, it comes from the occurrences of AA or BB in the 
sentential forms. Recall that A generates the set of all strings w with Sita = 
#b(w) + 1. Now, suppose w = z:z, with #a(x) = #b(z) + 1, #~(~) = #b(Y) 

and #&z) = #b(z) + I. Th en, we have two ways to generate w from AA. 

One way is to use A > arty and A > x. The other way is to use A 3 ;I: 
and A 3 yx. Based on this idea, we can construct two leftmost derivations 
for the string bbclbbuaa: 

S + bA =+ bbAA 3 bbaSA =+ bbubAA =+ bb~bbAAA 3 bbubba~~, 

S 3 bA =P bbAA * bb~SA 3 bbaA =+ bbubAA ---*, bb~bbAAA 

$ bbabbaaa. 

(b) We show how to modify grammar G1 into an unambiguous grammar, 
and leave the modification of Gz into an unambiguous grammar as an exercise 
(Exercise 5). 

We observe that if x E L, then a parse of ;t: must match each occurrence 
of a in cx: with a unique b in L If there are more than one way to match 
an occurrence of a with some b then we have ambiguity. To eliminate this 
ambiguity, we read string x: from left to right and try to match the most 
recently read unmatched occurrences of a and b. For instance, suppose x = 
ubuubb~ then the matching must be done as this: 

I 1 

abaabb 
u u 

and the matching 
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nn 

abaabb 
1 J 

is incorrect, since we should match the first two symbols a and t, as soon as 
they are read. In the following, we will design a context-free grammar to 
enforce this matching policy. 

For any string w E {a$}*, let c(w) = #&0) - #I. We will use two 
extra nonterminals X and Y. The nonterminal X will generate the set 

A = {z E {a,b}* 1 c(z) = 0, (Vy, y is a prefix of z$[c(y) > 01). - 

The nonterminal Y will generate the set 

B = {x E {a, b}* 1 c(x) = 0, (Vy, y is a prefix of z)[c(y) < 01). - 

We now construct an unambiguous context-free grammar Gx for set A: 

Gx : X _jr ax&X 1 E. 

First, we show that L(Gx) = A. It is clear that each string 2 E L(Gx) 
has c(z) = 0. Furthermore, a simple induction on the length of z shows that 
each prefix y of x must have c(y) > 0: This is trivial if 1x1 = 0. If 1x1 > 0 and - 
if x is derived from X via 

with X 3 u and X 3 w, then, by the inductive hypothesis on u, any 
prefix y of au has c(y) > 1 and c(aub) = 0. Thus, for any prefix x of v, 
c(aubz) = c(z) > 0. It follows that L(Gx) C A. - - 

Conversely, we prove, by induction on the length of x, that each x E A is 
in L(Gx). Again, this is trivial for x = E. For any nonempty string x E A, 
it is easy to see that x must begin with a and end with b. Write x = aubv, 
where au is the longest prefix of x with the following property: 

PI : All (the nonempty prefixes x of au, including au itself, have c(z) > 0. 

We claim that both u and v are in A. Indeed, for any prefix w of u, we 
have c(w) = c(aw) - 1 > 0, since property PI implies c(aw) > 1. Also, 
by the definition of au, we must have c(aub) = 0 and, hence,-c(u) = 0. 
Therefore, u E A. We can also verify that c(v) = 0 since c(x) = 0 and 
c(aub) = 0, and that all prefixes x of v satisfy c(z) > 0, since c(aub) = 0 - 
implies c(z) = c(aubx) > 0. - 

From the claim and the inductive hypothesis, we have X 5 u and X 3 V. 
Together, we get a derivation for x: 

X + aXbX 3 aubX 3 aubv = x. (3 1) . 

This completes the proof of A C L(Gx). - 
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Finally, we observe that if z is generated by X from the derivation (3.1), 
then au must be the longest prefix of z having property PI, since c(u) = 0 
implies c(aub) = 0 and, for every prefix w of U, c(w) > 0 implies c(aw) > 1. 
Thus, the matching of the first a in x with the symbol bright after u is unique. 
It follows from an induction argument that the parsing of x: in Gx is unique. 

Next, we define a grammar Gy : 

By a symmetric argument, we know that GY is an unambiguous grammar for 
set B. 

We are now ready to define the unambiguous context-free grammar G3 for 
L: 

S + uXbS 1 bYuS 1 E, X + uXbX 1 E, Y .+ bYuY 1 E. 

It is obvious that L(G3) C L. C onversely, we prove, by induction on the 
length of z:, that if z E L then 2 has a unique parse tree in G3. This is trivial 
for x = E. For the inductive step, let x E {a, b}+ be a string that begins with 
a. Then, we can write x = uubw, where au is the longest prefix of x satisfying 
property PI. By the same argument above, there is a unique way to parse 
X 3 u. Furthermore, we have c(u) = 0 and so C(V) = 0. By induction, we 

also have a unique way to parse S % w. Thus, there is a derivation of x: 

S 3 uXbS % uubS 3 uubv = x. 

Furthermore, we argue that this is the unique parsing of x; that is, in the first 
step of a derivation S 3 uXbS $ x, the first symbol a must be matched 
with the symbol b after u. 

First, we show that a cannot be matched with any b in u: If  u = ulbuz for 
some ur, ~2, then we must have c(u1) > 0, since, by property PI, c(uulb) > 0. 
Thus, ur cannot be derived from X. Second, we argue that a cannot be 
matched with any b in K If 21 = qbv2, then c(ub) = c(uub) - 1 = -1 and, 
hence, ubq has a prefix with a negative value of c. Thus, ubwl 4 A and so X 
cannot generate it. 

The same argument works for strings x beginning with b. This concludes 
our proof that Gs is an unambiguous grammar for L. Cl 

The above examples showed that some ambiguous context-free grammars 
can be modified into an unambiguous one. This is, however, not always possi- 
ble. A context-free language is called inherently ambiguous if every grammar 
generating it is ambiguous. A typical example of an inherently ambiguous 
context-free language is L = { dbjc” 1 i = j or j = k}. Intuitively, for any 
context-free grammar G that generates L, there must be a method to generate 
strings of the form uibick, and a separate method to generate strings of the 
form-u’ bk ck . Then, for strings of the form uibici, there would be two differ- 
ent ways to generate it. The formal proof of this fact requires more careful 
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analysis of context-free grammars. We delay it until Secion 3.5 (see Example 
3.54). 

Lookahead Sets. In general, it is difficult to determine whether a given 
context-free grammar is ambiguous or not. Indeed, this problem is undecid- 
~~~~, meaning that there is no general procedure to solve this problem for 
all context-free grammars (see Example 5.47). In the following, we present 
a sufficient condition for the unambiguity of a context-free grammar. This 
condition is based on the depth-first top-down parsing algorithm of Example 
3.22. 

Let G = (V,E,R,S) b e a context-free grammar. We write QI! & j3 to 
L 

denote that the leftmost derivation from a sentential form a to a sentential 
form /3. For any nonterminal A, we say a rule A + x is an A-rule. We define 
the Zookuhead set of nonterminal A as 

LA(A) = {u) E X* 1 S & uAv & uw E C*, for some U,V f  (VU C)*). 
L L 

That is, if we have reached, in a leftmost derivation, a sentential form a whose 
leftmost nontermial is A, then the suffixes of all sentences that can be derived 
from CX, starting from symbol A, are in the lookahead set of A. For each A-rule 
A + x in R, the lo&ahead set of the rule A -+ x is defined by 

= {w E IiS* 1 S =G uAv ===+ uxv & uw E C*, for some U,V E (VuC)*}. 
L L L 

Suppose A -+ ~1, A + x2, . l 

Then, it is easy to see that 
0, A + xk are all the A-rules in grammar G. 

k 

LA(A) = u LA(A -+ xi). 
i=l 

Lemma 3.26 A context-free ~rummur G is ~nurnb~~~~~s ifi fur every non- 
~errni~u~ A, the sets LA(A --+ x) over ull Aar~les A + x ~urrn a ~urt~ti~~ of 

LA(A), chum is, if LA(A -+ z) n LA(A + y) = 8 for any two ~is~i~c~ A-rules 
(A+x) und(A+y). 

Proof. For the sake of contradiction, suppose that G is ambiguous. Then, 
there exists a string w E X* such that S $ w has two leftmost derivations. 
Since the two leftmost derivations start with the same sentential form S, 
there exists a sentential form uAv, with u c C*, such that the two leftmost 
derivations are identical from S to uAv but different at the next derivation 
step. That is, the two leftmost derivations are of the form 
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and 

where (A + X) and (A --+ y) are two distinct A-rules. This implies that w’ 
belongs to both LA(A -+ Z) and LA(A -+ y), contradicting the assumption. 

cl 

The above lemma gives us a sufficient condition for unambiguity. For most 
grammars, however, this condition is not easy to check. A simple remedy is 
to truncate the lookahead sets to a fixed size. 

For any language L and any constant k > 1, define the operation trunck - 
bY 

~YUP~C~(L) = {x 1 [x E L, 1x1 < k] or [xy E L for SOme y, 1x1 = k]}* - 

Denote 
LAI,(A) = trunck(LA(A)) 

LAI,(A + z) = ~~~nc~(LA(A -+ 2)). 

We say a context-free grammar G is a strong LL(k) grammar if it satisfies 
the following strong LL( k) ~0~~~~~0~: For every nonterminal A in G, the sets 
LAk (A -+ c) over all A-rules (A + X) form a partition of LAk (A). It is 
clear that the strong LL(k) condition implies the condition given in Lemma 
3.26 and, therefore, a strong LL(k) g rammar is unambiguous. Intuitively, a 
grammar G is a strong LL(k) g rammar if, in the parsing of a string x to get its 
leftmost derivation, we can look at the next k symbols of x to determine which 
grammar rule to apply to the leftmost nonterminal in the current sentential 
form. This is a simple and yet very useful notion in compiler design. 

Example 3.27 Shop that the context-free ~r~rnrn~~ G lath ~uZes 

S + aA, A + BA I a, B __) bS 1 cs 

is unambiguous. 

Proof. Since there is only one S-rule, we have LA1 (S) = LA1 (S + aA). Next, 
it is easy to see that the two lookahead sets for B are LA1 (B --+ bS) = {b} 
and LA@ + cS) = {c}, and are disjoint. Finally, the two lookahead sets of 
A are LAl(A --+ BA) = {b,c} and LAl(A + a) = {a}, and they are disjoint 
Therefore, G is a strong LL(1) g rammar and, hence, is unambiguous. cl 

Exercise 3.3 

1. Let G be the context-free grammar with rules 

s ___) usaa 1 B, B -+ bbBcc 1 C, C ---+ bc. 

(a) Draw a parse tree for ~3b3c3~6. 
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(b) Show that this grammar is unambiguous. 

2. Let G be the context-free grammar with rules 

S ---+ AaSbB 1 E, A -+ aA f  a, B + bB 1 E. 

(a) Show that G is ambiguous. 

(b) Find an unambiguous context-free grammar equivalent to G. 

3. Consider grammar G with rules 

S --+ aAcaa 1 bAbcc, A -+ a 1 ab 1 E. 

Find the minimum k such that G is a strong LL(k) grammar. 

4. (a) Show that grammar G3 of Example 3.25(b) is a strong LL(l) gram- 
mar. 

(b) Does the grammar of Example 3.24(b) satisfy the condition of 
Lemma 3.26? Does it satisfy a strong LL(k) condition for any 
k > O? - 

5. Modify grammar Gz of Example 3.25 into an equivalent, unambiguous 
grammar. 

6. ~~~~-~ac~~~~~g in a grammar G is the operation of replacing rules A + 
acxl 1 l l l 1 ask by A -+ aA’ and A’ + al 1 . . . 1 cuk, where a E z1 and 
WY’*, a/$ E (VUC)‘. P rove the following statements: 

(a) Grammar G is ambiguous if and only if the grammar G’ resulted 
from a left-factoring operation on G is ambiguous. 

(b) If, after a left-factoring operation, a grammar G becomes a strong 
LL(k) grammar, then G must be a strong LL(k + 1) grammar. Is 
the converse true? 

7. For each of the following context-free grammars, determine whether it 
is a strong LL(l) g rammar. If not, find a strong LL( 1) grammar which 
is equivalent to it. 

(a) S _I) Sl$, S1 --+ uaSlb 1 bb 1 ab. 

(b) S+S1$, Sl~aAISlblSlc, A~bAcIE. 

8. Show that the following grammars are 
any k > 0, but they are unambiguous. 

not strong LL(k) grammars for 

(a) S __I) aSb 1 A, A --+ aAc 1 E. 

(b) S _I) A 1 B, A -+ uAb I ab, B __I) aBc I UC. 
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3.4 Pushdown Automata 

Context-free grammars are generators for context-free languages, from which 
we can obtain sentences in the language by repeatedly applying the grammar 
rules. Using a context-free grammar to parse a given string is, though possible, 
not easy. In this section, we introduce a model of recognixers, called pushdown 
automata, to recognize strings in a given context-free language. 

A pushdown automaton (PDA) is a nondeterministic finite automaton 
equipped with an additional storage device called a stuck, and a stack head 
which reads from and writes to the top of the stack (see Figure 3.10). The 
stack is a first-in last-out storage device with no predetermined size limit. The 
stack head always scans the top element of the stack. It performs two basic 
stack operations: push (add a new symbol at the top of the stack) and pop 
(read and remove the top symbol from the stack). 

More formally, we define a PDA as a 6-tuple M = (Q, C, IY, S, s, F), where 
Q, C, s and F are the same as those in an NFA, I? is a finite alphabet of stack 
symbols, and S is a transition function 

6 : Q x (IX u {E}) x (I’u {E}) + 2QX(rU(E)). 

For q E Q, a E C and u E I’, an instruction (p, V) E S(q, a, u) means that if the 
PDA M is in state q, reading a tape symbol a and a stack symbol u, then one 
of its possible moves is to replace the top symbol u of the stack by V, move 
the tape head one cell to the right and then move into state p. It is possible 
that u or v is equal to E. When v = E, that is, (p, E) E S(q, a, u), it means that 
the PDA M may simply delete the top symbol u of the stack without writing 
a new symbol to the stack (this is a simple pop operation). When u = E, 
that is, (p, v) E S(q, a, E), it means that the PDA M performs this operation 
without reading what the top symbol of the stack is (this is a simple push 
operation). It is also allowed to have a = E, that is, (p, v) E S(q, E, u). This 
type of instructions is like the E-move of an NFA; that is, the PDA M performs 

tape 

‘5 

Figure 3.10: A pushdown automaton. 
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the operation as in the case of (p, V) E s(4, a, u), except that it does not read 
a tape symbol (and so its tape head does not move). 

At the beginning, a PDA M = (Q, C, I?, s, F, 6) is in state s, having an 
empty stack, and its tape head is scanning the leftmost symbol of the input 
tape. At the end, we say a PDA accepts the input if, in one of its computation 
paths, it reads all input symbols, has an empty stack, and reaches a final state 
q E F. We let L(M) be th e set of all strings accepted by M. 

Example 3.28 Consider the PDA M = ({q,p}, {a, b, c}, {a, b}, 6, q, {p}), 
where S is defined as follows: 

Determine what L(M) is. 

Solution. This machine works in the following way: At the initial state q, it 
pushs the input symbols a and b to the stack until it reads a tape symbol 
c. After reading c, it moves to state p. In state p, M compares each symbol 
on the tape with the top symbol of the stack. If  they are all equal, then the 
machine accepts the input. 

Let w E {a, b)* be the prefix of the input before the first occurrence of 
symbol c, and IX: be the suffix of the input after the first occurrence of c. We 
note that, at the time of PDA M moving to state p, the string w is stored 
in the stack in the reverse order (the first symbol of w is at the bottom of 
the stack, and the last symbol of w is at the top). So, when it compares the 
suffix z with the stack symbols, it compares the first symbol of x with the 
last symbol of w, and so on. Therefore, it accepts only if z = wR. That is, 
L(M) = {wcwR 1 w E {a,b}*}. cl 

To better understand how a pushdown automaton works, we need to define 
the concept of configurations of a PDA. A configuration of a PDA M is a 
record of information of M at a certain stage of computation, including the 
state it is in, the tape symbols which it has yet to read, and the stack symbols 
in the stack. That is, a configuration of a PDA M = (Q, C,I’,S, s, F) is a 
member in Q x C* x I’*. A configuration (q,x,y) denotes that the PDA M 
is in state q, its tape symbols to be read are X, with the tape head scanning 
the leftmost symbol of X, and the stack currently holds symbols y  (with the 
leftmost symbol of y  representing the top symbol of the stack). 

For any two configurations (q, X, p> and (p, y, 7)) we say (p, y, 7) is a suc- 
cessor configuration of (q, x, p) , and write (q, x,p) I- (p, y,y), if there is an 
instruction (p, V) E S(q, a, u) such that x = ay and ,8 = ucll, y  = zlctr for some 
o! E I?*, where a, u, v  may be equal to E. We write (q, x, ,8) p (p, y, r> if there 
exists a sequence of configurations Co, (71, . . . , Cn such that Co = (q, x, p>, 
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b,c /b 
a, E/a 

Figure 3.11: Transition diagram of PDA M of Example 3.28. 

c = (p, y, y) and Ci t- Ci+l for all i = 0, 1, . . . , n - 1. 
(; c 

A sequence 

0, l,***, Cn) of configurations of M is a computation path of M if CO 

is an initial configuration (s, X, E), Cn does not have a successor configuration, 
andC+Ci+lforalli=O,l,...,n- 1. We recall again that M is, in general, 
nondeterministic and so it may have more than one computation path starting 
from the same initial configuration. In addition, a configuration (a, X, ,0) may 
have no successor configuration, even if IX: # &. 

Now, we can define formally the notion of a PDA M accepting a string 
x E C* as follows: M accepts z if and only if there is a computation path of 
M that starts with the initial configuration (s, X, E) and ends at a configuration 
(f, E, E) for some f  E F; that is, 

ww = ix E c* I (3 E F) [(St x, E) p (f, 6 E)]}. 
For instance, the following are three computation paths of the machine M 

of Example 3.28 on inputs abcba, abcb, and abcbab. 

(a, abcba, 4 t- (CL bcba, a) t- (!Lcbba) t- (P, boa) t- (P, a, a> t- (P, 6 g; 

(4, abcb, 4 t- (q,bcb,a) I-- (4, cb, ba) t- (P, hba) t- (P, G a>; 

(q, abcbab, E) I-- (q, bcbab, a) I- (q, cbab, ba) I- (p, bab, ba) k (p, ab, a) I- (p, b, E). 

Note that in. the second computation path, the m achine M rejects since the 
stack is not empty when M finishes reading the input symbols. In the third 
computation path, it rejects because the configuration (p, b, E) does not have 
a successor configuration, and yet the input is not completely read. 

A pushdown automaton may also be represented, as an NFA, by its tran- 
sition diagram. In the transition diagram of a PDA, each vertex represents a 
state and each edge from vertex q to p with label “a, U/V” represents a tran- 
sition (p,v) E S(q,a,u). For example, the PDA M of Example 3.28 can be 
represented by the transition diagram of Figure 3.11. 

It is worth mentioning that in the transition diagram of a DFA or an NFA, a 
path from the initial state to a final state represents an accepting computation 
path, but it is not the case for PDA’s. It is easy to find a path from the initial 
state q to the final state p in Figure 3.11 which does not represent an accepting 
computation path. Actually, such a path in the transition diagram may not 
even represent a legal computation path. A legal computation path of a PDA 
must take into account the correct stack information. 
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b,E Lb 
a, E/a 

Figure 3.12: Solution to Example 3.29. 

Example 3.29 Construct a PDA accepting the language {wwR 1 w E 

-ia, b)*1* 

Solution. This example is similar to the last one, except that the input does 
not have a middle separator c, and so we do not know when to start the 
comparison between the input and the stack. How do we attack this prob- 
lem? We recall that PDA’s are nondeterministic machines. Thus, we may 
nondeterministically start the comparison at any point. An input string is 
then accepted as long as the remaining input symbols match correctly with 
the stack symbols with respect to some separating point. 

According to this idea, a PDA is constructed in Figure 3.12. We show 
three computation paths on input abba; the first one accepts, and the other 
two move to state p at the wrong time and reject. 

(4, abba, E) t-- (a, bba, a> I- (a, ba, ba) I- (P, ba, q I- (p, a, a) I- (p, E, E); 

(q, abba, E) I- (4, bba, a) I- (q, ba, ba) I- (4, a, bba) I- (p, a, bba); 

(qdba, E) t- (cl, bba, a) I-- (P, bb a>. 

Example 3.30 Construct a PDA that accepts the language 

{a”b-k” 1 i,j, k > 0, i + k = j}. - 

Solution. The basic idea for this problem is to use different states to enforce 
the order of the occurrences of the letters a, b and c, and use the stack to 
meet the requirement of i + k = j. Therefore, we construct a PDA M with 
three states s, q, p, where s is the initial state and p is the unique final state. 
At state s, M pushes each input symbol a into the stack. At state q, M reads 
each input symbol b and either matches the symbol b with a symbol a in the 
stack or pushes the symbol b into the stack. At state p, it reads a symbol c 
and matches it with a symbol b in the stack. The transition diagram of the 
complete PDA is shown in Figure 3.13. 

Like the last example, this PDA M moves nondeterministically from state 
s to state q and from state q to state p. Therefore, there may be many 
different computation paths for the same input. There is, however, at most 
one accepting path which changes states when input changes symbols. 0 

Example 3.31 Construct a PDA that accepts the language 

L = {c-w I2i # 3j). 
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b,E /b 
b,a IE c, b/e 

Figure 3.13: Solution to Example 3.30. 

0 a 

a, E/a 

Figure 3.14: Solution to Example 3.31. 

. . 
Solution. First, we consider the language L1 = {a”~ 1 i,j > 0,2i = 3j). For a 

string aibj to be in L1, it must be true that i = 3k and j z2lc for some Ic > 0. 
Thus, for each symbol a of the input, we can push two copies of symbol a Lto 
the stack. Then, for each symbol b we read from the input, we match it with 
three u’s in the stack. How do we push two symbols au into the stack? We 
can push one a into the stack and then move to a temporary state in which we 
push another a into the stack. Similarly, we can match each input symbol b 
with one stack symbol a first, and then move to another two temporary states 
to pop up two more symbols a. A PDA based on this idea is constructed in 
Figure 3.14(a). 

Next, we consider the language L. The idea here is to use the above PDA 
to match every b with one and a half u’s. After that, we nondeterministically 

move to state pa or state pb to handle the case of 2i > 3j or 2i < 3j, re- 
spectively. To get to state p,, we need to pop up at least one more symbol a 
from the stack without a matching b. When we reach state pa, we clean up 
the stack and accept the input. To get to state pb, we need to read at least 
one more symbol b. When we reach state pb, we read off all symbols b on the 
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input tape and accept the input. 
There is a subtle problem with the second case. That is, it is possible that 

i is not a multiple of 3, and M might be stuck at state q1 or q2, trying to pop 
a symbol a from an empty stack. To solve this problem, we note that if M has 
an empty stack at state q1 or q2, it means that M has recognized the condition 
of 2i < 3j. Thus, we can move directly to the final state ~36 from these two 
states without popping up any more symbols a from the stack. (There is no 
problem with the first case, since we can always match all input symbols b 
with the symbols a in stack when 2i > 3j.) 

The PDA for L is shown in Figure 3.14(b). The following is an accepting 
path for input a4b4: 

(s, a4b4, E) I- (sl, a3b4, a) t- (s, a3b4, aa) i-* (s, b4, as) 

t- (q, b4, as) f- (ql, b3, a7) I- (42, b3, a6) t- (q, b3, a5) 

c (q,bb,aa) t- (q+,a) l- (q2,O) t- (P&E) b- (PWV). cl 

L = ix e wG* I2#a(z) # 3#&)}. 

Solution. This problem looks like the last one, but there is a critical difference 
that, in this problem, the symbols a and b may occur in any order. Therefore, 
we may read a symbol b before we meet any matching symbol a, In this case, 
we need to push the symbol b into the stack in order to perform the matching 
later. The general rules here are: 

(1) Each input symbol a is worth two stack symbols a, each input symbol 
b is worth three stack symbols b. 

(2) Each stack symbol a needs to match a stack symbol b. 

(3) We need to perform a matching if the new input symbol is different from 
the one at the top of the stack. 

(4) If  the new input symbol is the same as the top of the stack symbol, then 
we always push the new symbol into the stack. 

There are some exceptional cases we need to take care of before we can 
complete the design of the PDA: If there are not enough stack symbols to 
match the new input symbol, then we push the extra worth of stack symbols 
into the stack. For instance, if we read an input symbol b and the stack has 
only one symbol a, then we pop off this symbol a and then push in two stack 
symbols b. We implement these ideas in the PDA M shown in Figure 3.15. 

In this PDA, we use state sr to handle the input symbol a. When an input 
symbol a is read, we either match it with a stack symbol b or push a stack 
symbol a into the stack. Then, we move to state sr. At state sl, we pop off 
another stack symbol b or push another stack symbol a into the stack; and 
then we move back to state s. We use states q1 and q2 to handle the input 
symbol b in a similar way. 
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Figure 3.15: Solution of Example 3.32. 

To see that this PDA M correctly accepts the language L, we notice that if 
we always follow the above rules, there is a computation path of M in which 
the stack always contains at most one type of stack symbols. Therefore, for 
any x E {u,b)*, we have 

(s, x, E) 12 (s, 6 am) 

if2#a(X)-3#b(X) = 772 2 0, or 

if 2rkta(x) - 3#b(x) = -m < 0. Thus, if m # 0, M can move to the final state 
p, or the final state pb, accordingly. This shows that if x E L then M must 
have an accepting computation path. 

Conversely, suppose that we have an accepting computation path on an 
input x that ends at state p,. Then, this computation path looks like this: 

(s, X,E) t-* (s,EJ+l) t- (pa,,&) I- (Pa,&,&), 

for some j > 0, since we do not read any input symbol in state p,, and can - 
only pop off symbols a in state pa. (In other words, computation paths that 
do not follow rule (3) and, hence, leave some symbol b in the stack when we 
reach state pa do not accept.) Since we always enforce the matching rules 
(1) and (2) before we reach state pa, we must have 2Sjta(x) = 3#b(x) + j + 1 
and, hence, x E L. Similar argument works for the case in which M halts 
in pb. (See Exercise 4(b) of this section for a different implementation which 
enforces rule (3) more carefully.) 

In the following, we show two computation paths of M on the same input 
ababaab, the first an accepting path and the second rejecting. 
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b,a /E 

a,b /E b,c Lb 

a, E/a 

Figure 3.16: Solution of Example 3.33. 

(s, ababaab, E) I- (~1, babaab, a) t- (s, babaab, aa) I- (ql, abaab, a) 

I- (q2, abaab, E) t- (s, abaab, b) t- (~1, baab, E) I- (s, baab, a) 

I- (41, aab, E) I- (q2, aab, b) I- (s, aab, bb) t- (~1) ab, b) 

t- (s, ab, E) t- (~1, b, a) i-- (s, b, aa) t-- (qlIE, a) t- (q2, GE) 

i- (S,&,b) i- (Pb,&,+ 

(s, ababaab, E) F (s, aab, bb) t- (~1, ab, abb) t- (s, ab, aabb) 

I- (~1, biaaabb) I- (s, b, aaaabb) I- (ql, E, aaabb) k (q2, E, aabb) 

I- (s, E, abb) I- (pa, E, bb) I-?. 0 

Example 3.33 Construct a PDA M that accepts the following language: 

Iw E ia, b}* 1 #a(w) 5 #b(W) 5 2#,(4}. 

SoZution. In this problem, we need to match symbols a and b such that each 
symbol a is matched with at least one and at most two symbols b. This 
presents a new problem: for each symbol a, should we push in one stack 
symbol a or two stack symbols aa ? If we push in only one stack symbol a, 
then we may not be able to check whether #b(W) < 2#a(w) when we find 
that there are extra b’s. Likewise, if we push in two-stack symbols aa, then 
we have no way to verify whether Sjta(w) < #b(W). The solution here is to - 
use the nature of nondeterminism of PDA’s to push in either one a or two a’s. 
That is, we nondeterministically divide all occurrences of symbol a into two 
parts. Each symbol a in the first part is to be matched with one symbol b, and 
each symbol a in the second part is to be matched with two symbols b. It is 
obvious that if this matching succeeds for any partition of symbols a, we must 

have #a(w) 5 #b(W) 5 2#a(w)- c onve’=+ if #a(w) 5 #b(w) 5 2#a(w), 

then there is such a partition of symbols a that will match a’s and b’s evenly. 

Based on the above idea, we present the PDA in Figure 3.16. An accepting 
computation path for input baabbabb is as follows: 

(s, baabbabb, E) I- ( s, aabbabb, b) I- (p, abbabb, E) I- (s, abbabb, a) 

I- (s, bbabb, au) t- (s, babb, a) I- (s, abb, E) k (p, bb, a) I- (s, bb, au) 

I- (%b4) I- (S,v)* cl 
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Figure 3.17: Solution of Example 3.34. 

Example 3.34 Construct a PDA M that accepts the language 

L = -b E {a, b}* ( 3#a(w) 5 5#b(W) 5 4#a(w)}* 

Solution. This problem is similar to the last one. We follow the following 
rules to match symbols a with symbols b: 

(1) Each input symbol a is worth either three or four 
each input symbol b is worth five stack symbols b. 

stack symbols a, and 

(2) Each stack symbol a needs to match a stack symbol b. 

(3) We perform the matching whenever it is possible. 

We show this PDA M in Figure 3.17. Note that we have added a transition 
(s,~) E S(p3, &,E) that allows M to move from state p3 to state s without 
changing the stack. Therefore, M can treat an input symbol a as either three 
stack symbols a or four stack symbols a. 

To see that this PDA works correctly, first assume that w E L. Let #a(w) = 

i, #b(w) = j. Then, we must have 3i < 5j < 4i. Equivalently, there must 
be an integer k, 0 < k < i, such that !!?j = ?k + 4(i - k). (E.g., if i = 18, 
then 11 < j < 14. We check that 5.11 = 3 l 17 + 4 l 1, 5 l 12 = 3. 12 + 4.6, 
5.13 = 3:7+4*11, and 5.14 = 3*2+4*16.) Therefore, there is a computation 
path of M accepting w. Conversely, it is clear that if w $ L, then there is no 
way to match stack symbols a and b evenly and so M does not accept w. 0 

Exercise 3.4 

1. For each of the following languages L, construct a PDA to accept L. In 
addition, for each given string x E L, show an accepting computation 
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path of your PDA on X. 

(a) {unbm 1 m,n > 0,m # 3n); x = a2b4. 

(b) {unbm IO < 2; < m < 3n); x = a2b5. 

(c) {unbm IO 2 2n 2 3m< 4n - 2); x = a3b3 

(d) (a%+ 1 i,j, k CO, i +-2lc = j}; x = u3b7c2. 

(e) {ua’bjck 1 i,j, k > 0,2i + 3k < 4j); x = u4b4c2. 

(f) {c&c”d’ 1 i,j, i> 0, i + k Tj + I}; x = u2b4c5d3. 

(g) {ui@ckdl I i,j, k 5 0,2i + 3i 5 4j + I}; x = u3b4c4d5. 

(h) {w E {u, b}* I2#a(w) + 5 < 3#b(~)}; x = ubbubbu. 

(i) {w E {u,b}* I2#&v) 5 3#b(w) 5 4#,(w)}; x = ubbuuub. 

(j) {w E {a, b, c}* 1 Sjta(w) 5 #b(w) + 3#,(w)}; x = uacddha. 

* (k) Iw E b, b,c}* 1 2#c&) 5 #b(W) + 3#c(w) 5 5#a(w)}; X = 
ucubcc. 

2. In Example 3.32, when we finished processing the input symbols, we 
move to one of the final states p, or pb if the stack is nonempty. Show 
that the two separate states are necessary. That is, suppose we merge 
states pa and pb of Figure 3.15 into a single final state p, with the 
instructions 

J(s, E, a) = J(s, E, b) = J(p, E, a> = S(p, E, b) = (p, E). 

Show that, then, the new PDA would accept some strings not in L. 

3. Show that each of the following variations of the pushdown automaton 
model is equivalent to our original definition of pushdown automata, in 
the sense that the class of languages accepted by pushdown automata 
remains the same. 

( > a 

(b) 

( 1 C 

The PDA is allowed to push two stack symbols into the stack in 
one move; that is, the transition function S is a function of the 
following form: 

S : Q x (C u {E}) x (I’u {E}) + 2Qx(+1urur2). 

The PDA is allowed to push any number of stack symbols into the 
stack in one move; that is, the transition function 6 is a function 
of the following form: 

S : Q x (C u {E}) x (I’ u {E}) + 2Qxr*. 

The PDA is required to pop up the top element of the stack at 
each move and is allowed to push two stack symbols into the stack 
in one move; that is, the transition function S is a function of the 
following form: 

S : Q x (C u {E}) x I’ + 2QX(+~urur2). 
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(We assume that the PDA starts with a special symbol $ in the 
stack, i.e., the initial configuration is (s, X, $).) 

The PDA accepts an input string as long as it reaches a final state 
after it finishes reading the input symbols (regardless of whether 
the stack is empty or not); that is, the PDA accepts a string x E C* 
if (s, X, E) C (q, &, 7) for some q E F and some y  E I’*. 

4. APDAM=(Q,C,r,S, s, F) is a deterministic PDA if no configuration 
of M has more than one successor configuration (but a nonfinal config- 
uration may have no successor). For each of Examples 3.28-3.33, do the 
following: 

(a) Determine whether the PDA given in the example is deterministic 
or not. 

(b) If  the answer to (a) is no, then determine whether there is an 
equivalent deterministic PDA accepting the same language. If  
yes, present your deterministic PDA; if no, show why not. [Hint: 
One way of eliminating (part of) nondeterminism in a PDA is to 
use the PDA model of Exercise 3(c) .] 

3.5 Pushdown Automata and Context-Free Grammars 

Many ideas in the design of pushdown automata used in the last section are 
similar to those used in the design of context-free grammars. This observa- 
tion suggests a close relation between these two language processors. Indeed, 
we prove in this section that the class of languages accepted by pushdown 
automata is exactly the class of context-free languages. 

Theorem 3.35 For every context-free grammar G, there is a PDA M such 
that L(M) = L(G). 

Proof. Given a context-free grammar G = (V, C, R, S), we will construct a 
PDA M to simulate grammar G such that L(M) = L(G). The idea of the 
PDA is simple: On input X, we first push the start symbol S of grammar G 
into the stack. Then, we simulate the leftmost derivation of ix: by G. At each 
step, if the top symbol of the stack is a nonterminal A, then we select a rule 
A + ul of G and replace A by ul. I f  the top symbol is a terminal symbol a, 
then we try to match it with the next input symbol. I f  they do not match, 
then this computation path rejects; otherwise, we remove this symbol from 
the stack and continue. Note that each terminal symbol at the top of the 
stack belongs to the string generated in this derivation. Thus, if all those 
symbols match correctly with those of the input, then the input is generated 
by G and we accept it. 

The only technical problem with the above idea is that the right-hand side 
UJ of a rule A + UI may have more than one symbol, but our PDA can only 
push into the stack one symbol at a time. This problem can be easily resolved 
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by the technique of Example 3.31, using extra temporary states to push extra 
symbols into the stack (cf. Exercise 3(b) of Section 3.4). 

More precisely, we can define the PDA as M = (Q, C, V U C, 6, s, {q}), 
where Q contains s, q and other states to be defined below, and 6 contains the 
following instructions: 

(2) For every terminal a e C, S(q, a, a) = {(q, E)}. 

(3) For every rule ri = (A -+ w1 w2 l l . wk) in R, where each wj, 1 < j < k, 
is a single symbol in VUC, we create rE- 1 new states qi,l, qi,2, . 1, qi-&l 
and define 

J(q,&,A) 3 (qi,l+k), 

J(Q i,jJG) = {(!?i,j+h Wk-j)}, for 1 < j 5 k - 2, 

s(Qi,k-l,&, E) = { (4, wl)}~ 

(If k < 1, i.e., ri = - (A -+ WI), where w1 E V U C U {E}, then we define 

(4, w) E 4L 6 A)*) 

The idea of this construction is quite simple. In particular, the following 
two properties are easy to prove by induction on the length of computation 
or the length of derivation. We leave the formal proofs to the reader. 

(1) Suppose that there is a computation path (q, y, S) p (q, E, y) by M for 

someyEC*andyE(VUC)*.Th en, there is a leftmost derivation 5’ + yy  

in G. 

(2) Suppose S & yy  in G, where y  E C* and y  E (V U c)” . Then, there 
L 

is a computation path in &! from (q, y, S) to (q, E, 7). 

Now, suppose that x E L(M). Then, there is a computation path 

(4AS) F (Q,G4* By property (1) above, we have S 2 x and, hence, 
L 

x E L(G). Conversely, if x E L(G) then, by property (a), S 3 x implies 
L 

(q, x, S) q (q, E,E). Thus, x E L(M). 0 

Example 3.36 Consider the context-free grammar G = ({S}, {a, b}, R, S), 
with the rules 

S + aS 1 aSbS 1 E. 

Construct a PDA M such that L(M) = L(G). 

Proof. We follow the construction of Theorem 3.35. The resulting PDA M is 
as shown in Figure 3.18. 

Corresponding to the derivation 

S 3 aS a aaSbS 3 aabS 3 aab, 
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Figure 3.18: PDA for Example 3.36 

the accepting computation path of PDA M is 

(5 aab, E) I- (CL aab, S) I- (Ql,l, aah S) k (4, aah as> t- (41 ah s> 

t- (q2,1d, s> t- (a 2,29 ab, bS) I- (42,3, ab, SbS) I- (!I, 4 asq 

I- (q, b, SbS) t- (!I, OS) t- (a7 5 S) I- (47 5 El* cl 

* Theorem 3.37 For every PDA M, there is a context-free grammar G such 
that L(G) = L(M). 

Proof. Let M = (Q, C, I’, 4 4, F) b e a PDA. First, we modify it to an equiva- 
lent PDA M’ which always looks at the top symbol of the stack at each move 
(except the very first move). To do so, we need to make two adjustments on 
our PDA model: 

(a) We push, at the first move, a special symbol $ into the stack to indicate 
the bottom of the stack. This prevents the possible stack underflow problem. 

(b) We allow the new PDA M’ to push two stack symbols into the stack 
at one move. This is necessary in order to push a new symbol into the stack. 
It is easy to see that this change does not increase the computational power 
of the PDA ( see Exercise 3(c) of Section 3.4). 

More precisely, we define a new PDA M’ = (Q U (~1, f}, C, IT U {$}, S’, ~1, 
{f}), where s1 and f  are two new states, $ is a new stack symbol, and S’ 
contains the following instructions: 

(1) ~‘(Sl,~,E) = {(s,$))* 

(2) S’(q,E,$) = {(f,~)}, for all q E F. 

(3) (P, B) E wL a, A), if (P, B) E s(4, a,A), where A E I’ and B E I? U {E}. 

(4) (P, BA) E QL a,A) for all A E I? U {$}, if (p, B) E S(q, a,& where 

B E r u {E}. 
It is clear that L(M’) = L(M). 

Now, we construct a context-free grammar G to simulate the computation 
of M’. Grammar G contains the following nonterminal symbols: 

V = {(qAp) I q,p E Qu {f},A E ru {$))- 



(2) For each instruction (p, BA ) E d’(q, a, A), where IBI = 1 and a E ~U{E}, 
we define the rules 

, T’) (T’, A, r), for all r, r’ E Q u {f}- 
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Each nonterminal (q, A, p) will generate the following set: 

Ix E c* I (4, &A) t-* (P,V))* 

To do so, we define the following rules of G: 

(1) For each instruction (p, B) E S’(q, a, A), where IBI = 1 and a E C U {E}, 
we define the rules 

(wb) --)a(~,&$ forallr~Qu(f). 

(3) For each instruction (p, E) E S’(q, a, A), where a E CU {E}, we define the 
rule 

(cl, 4 P> + a* 

To see that the above construction works correctly, it suffices to show that 

(q,A,p) 3 x if and only if (q,e,A) C (P,E,E) 

(so that (s, $, f) 3 x if and only if (s, x, $) P (f, q E)). 
We first prove the forward direction by induction on the length of the 

derivation (q, A, p) > x. First, if this derivation is of length 1. Then, it must 
use a rule created in Case (3) b a ove, and it follows that (q, x, A) t-* (p, E,F). 

Next, assume that (q, A,p) 2 1x3 has length > 2. Then, the first step of the 
derivation may come from a rule created in Cise (1) or in Case (2). 

In Case (1) (q,A,p) 3 a(r, B,p) > ay = x, for some state r E Q U 
{f}. By the inductive hypothesis, we have (r, y, B) p (p, &, E). Thus, by the 
condition of (1) (q, x4) k (TY,B) p (PA+ 

In Case (2) (q, A,p) 3 a(r, B, 7”) (T’, A,p) 3 ay = x, for some states 

r,r’ E Q u {f}. Th en, we have (r, B, r’) > ~1, (r’, A,p) $ y2 for some 
y1 and y2 satisfying yly2 = y. By the inductive hypothesis, we know that 
(r, ~1, B) < (r’, E, E) and (r’, ~2, A) < (p, q E). By the condition of (a), we have 
(cvY,A) I- (‘,Y,BA)* c om b ining them together, we have a computation as 
follows: 

(4, aYlY2, A) t- (5 YlY2, BA) c (A Y2, A) c (P,V)* 

Thus, we have proved the forward direction. 
For the backward direction, we assume that (q, x, A) c (p, E, E) in n moves. 

Suppose n = 1. Then, we must have an instruction (p,~) E J’(q, a, A) and 
X = a E C U {E}. So, by Case (3), (q,A,p) > a = x. Now, for n > 1, we 
assume that (q, x, A) I- (r, y, y) p (~,E,E), where x = ay for some a E CU {E}. 
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Then, we must have 1 < IyI < 2 (the PDA M’ must read a symbol from the 
stack to-operate, and SO@, ~J!E) does not have a successor configuration). 

I fy = B E l?U {$}, then the first step must come from an instruction of the 

form (r, B) E J’(q, a, A). So, we have, from Case (l), (q, A,p) 3 a(r, B,p). 

Also, by the inductive hypothesis, we have (T, B,p) 5 y. Together, we get 

(!lAP) 5 aY = x* 
Next, if 171 = 2 then y  = BA for some B E I’ U {$}, and the first step 

comes from an instruction (T, BA) E S’(q, a, A). That is, we have the following 
derivation: 

(4, x:I A) k (5 Y, BA) p (P, 6 4 

where x = ay. Then, there must be strings ~1, y2 satisfying yr y2 = y  and a 
configuration (r’, ~2, A) such that (Y, y, BA) c (r’, ~2, A) < (p, &, E). (The con- 

figuration (r’, ~2, A) is the first configuration after (T, y, BA) with the original 
stack symbol A in (q,x,A) resurfaced as the top symbol of the stack.) By 
Case (2)) we must have the following derivation step in G: 

(4, A P) * 45 8 r’> (r’, A, P)* 

By the inductive hypothesis, we have (T, BJ’) S y1 and (r’A,p) 5 ~2. 

Thus, together we have (q, A,p) 5 ayl y2 = x. The above completes the 
proof of the correctness of the grammar G. 0 

*Example 3.38 Construct a context-free grammar G such that L(G) = 
L(M), where Ad is the PDA of Example 3.29. 

Solution. First, we transform A4 into M’ with the following 13 instructions: 

%I, a, B) = {(cl, AB)), 

wL~,B) = -kLBB)), 

I a?, E, B) = {(P, B)), 

J’(P, 6 $1 = Kf, E)), 

where s is the new starting state and f  is the new unique final state. (For 
clarity, we use stack symbols A and B instead of a and b, respectively.) 

We now follow the proof of Theorem 3.37 to construct the context-free 
grammar G. From the construction, the set V of nontermials of G is V = 
{@,C,t) I r,t E {q,p,f},C E {$,A, B}}. However, we observe that many of 
these noneterminals are useless, in the sense that the set 

{x E c* I (ve) p (Gv)) 

is empty. We can eliminate these useless nonterminals to simplify the con- 
struction: 
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(1) We observe that the PDA M cannot move from p to q, nor from f to 
p OF q. Therefore, we can eliminate all nonterminals (p, C, q), (f, c, p), 
(f, C, q) for all C E {$, A, B). 

(2) Since there is no action at state f, we can eliminate all nonterminals 

(f, c, f) for c E ($9 A, B)* 

(3) We observe that the stack symbol $ is never used until we want to move 
to state f. Therefore, we can eliminate all nonterminals (Y, $, t) for 

0 e {%P)* 

(4) When we move to f, we must remove the stack symbol $. So, the 
nonterminals (7’, C, f) are useless for Y E {q,p} and C E {A, B}. 

(5) We never pop up anything from the stack in state q. Therefore, (4, A, q) 
and (q, B, q) are useless. 

After these eliminations, there are only six nonterminals left: 

v  = {(q, $7 f>, (P, $9 f), (!A, P>, (!l, B, P), (PAP), (P, 4 P>), 

where (q, $, f) is the starting symbol. 
Now, for each instruction of M’ (except S’(s, E, E) = {(q, $)}), we con- 

struct corresponding grammar rules for G. For instance, from instruction 

w?, a, $> = NLA$)), we get the following rule: 

(a, $7 f> + a (CL A, P> (P, $4 f), 

and from the instruction S’(q, b, A) = {(q, BA)}, we get 

(CL 4 P) + b (41 BY P) (P, A, P>* 

The complete grammar G is as follows: 

(4, $, f) + (P, $7 f> I a (a, 4 P> (P, $Y f> I b (!L BY P> (PY $, f>J 

(a, A, P) + (P, 4 P) I a (CL 4 P> (PJ 4 P> I b kl,BY P) (P7 4 P>, 

(q,B,p) + (PAP) I a(!LA,P)(PJ4P) I kB~P)(PJ%P)> 

(PAP) -+ a, (P,B,P) + b, (P, $, f) + &* 

For 
path: 

instance, M’ accepts the inupt abba with the follow ing computation 

(s, abba, E) I- (q, abba, $) I- (q, bba, A$) I- (q, ba, BA$) k (p, ba, BA$) 

k (P, a, A$) I- (P, &, $) t- (f, 6 + 

The corresponding leftmost derivation of abba by G is as follows: 

(4Af) * a(cLA,P)(P,$,f) * ab(q,B,p)(p,A,p)(p,$,f) 

* ab (P, BY P> (P, A P) (P, $, f  > * abb (P, 4 P) (P, $> f  > 

* abba (p, $, f) =+ abba. Cl 
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We observe that the construction in the proof of Theorem 3.37 is very 
tedious and the resulting context-free grammar is often too complicated to 
understand. For instance, in Example 3.34, we had a relatively simple PDA 
for the language {w E {a$}* 1 3#ta(w) < 5#b(w) < 4#a(w)}, but an equiv- 
alent context-free grammar for this language is very difficult to construct (cf. 
Example 3.16). N evertheless, this equivalence result is a useful tool for prov- 
ing the closure properties of context-free languages. In Theorem 3.17, we have 
used simple constructions of context-free grammars to show that the class of 
context-free languages are closed under union, concatenation and Kleene clo- 
sure. In the following, we use pushdown automata to prove more closure 
properties of context-free languages. 

First, we consider the operation of intersection. 

Example 3.39 Show that if A is a regular language and B is a context-free 
language, then A n B is a context-free language. 

Proof. Let MA = (&A, C, SA, SA, FA) be a DFA accepting A and & = 
(QB, C, I’B, SB, sg, FB) a PDA accepting B. Similar to the product finite au- 
tomaton, we can construct a product pushdown automaton M which simulates 
MA and MB in parallel. The PDA M accepts an input string z if both MA 
and A& accept it. 

The detail is as follows: We define M = (Q, C, I’, 6, s, F) , where Q = 
QA x QB, F = I’B, s = [sA,sB], F = FA x FB, and 

where p E I’ U {E}. It is clear that L(M) = A n B. 0 

Can we use the above proof technique to show that context-free languages 
are closed under intersection? That is, can we construct a product pushdown 
automaton that simulates two pushdown automata in parallel? The answer is 
no, since we do not know how to simulate two stacks with only one stack. In 
fact, we will show, in Corollary 3.48, that the intersection of two context-free 
languages is not necessarily context-free. Thus, such a product pushdown 
automaton does not exist. 

On the other hand, representing a language as an intersection of several 
context-free languages can still be helpful in determining whether its comple- 
ment is context-free or not. 

Example 3.40 Show that L = (0, 1)” - {(Omlm)n 1 m, n > 1) is a context- - 
free language. 

Proof. We first show that I; is the intersection of two context-free languages. 
Let A = {Omlm 1 nz > l}+ and B - = {O}+{lmOm I nz > l}*{l}+. That is, - 
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A = (O”‘l”‘O”21”” l **0”k17nk 1 m1,nz2,. . .,mk > 1,k > 1), - 
~~{O~~~~~O~~l~~O~~...l~~o~~l~~+~ ~mo,m;...,?n~+~ > l,k>O}. - - 

It is clear that both A and B are context-free. In addition, we can check that 
AnB=E. 

It is not hard to see that both A and B are also context-free. More precisely, 
we note that 

A= (o+l+)*{o”l” 1 m, 72 > 1, m # n}(O+l+)* 

u l+(o + l)* u (0 + l):o+ 

B = 0+(1+0+)*{1~0” 1 m, n > 1, m # n}(l+O+)*l+ 

u l+(o + 1>* u (0 + 1)*oY 

So, both A and B are context-free. It follows that L = AU B is also context- 
free. Cl 

Example 3.41 Show that if L1 is a context-free language and L2 is a regular 
language, then the quotient Ll/L2 is a context-free language. 

Proof. Recall that x is in LJL2 if and only if there exists a string y  E L2 such 
that zy E L1. To check the existence of such a string y, we can use the idea 
of parallel simulation again. That is, let i& be a PDA that accepts L1 and 
A42 a DFA accepting L2. Then, we first simulate A41 on X, and then, when x 
is done, we perform a parallel simulation of A41 and A& on an unkown string 

Y* 
This approach has two problems: 

(a) How do we know that we have reached the end of the input string? 

(b) How do we find this unknown string y? 

Problem (a) can be solved by adding an end-of-string symbol $ to the input. 
That is, we first construct a PDA to accept {x$ 1 x: E Ll/L2} instead of 
Ll/L2, where $ is a new symbol. This shows that the language (Ll/L2){$} 
is context-free. We then argue that it implies that Ll/L2 is also context-free. 
For problem (b), we note that PDA’s are nondeterministic and so we can 
simply use the E-moves to guess and check the existence of y. 

We now describe, based on the above idea, the detail of the product PDA M 
for (Ll/L2){$}. Assume that A41 = (Qr, C, I’,&, sr, Fl) and M2 = (Q2, C, 82, 
~2, F2). Then, M = (QI u (Ql x &2), C u {$}, W, ~1, FI x F2), WI-M~ 6 is 
defined as follows: 

(1) For q E &I and a E cu{E), &v,P) =Wwd)- 

(a> For 4 E &I, Q, $7 4 = {([a, s2194b 
(3) For [ql, 921 E Q 1 x Q2 and P E r u {+ 

s([ql,q2],E,p) = {([iol,p2lJ) I (3a E lxu -w) 

[(PlJ) E ~l(q1,aJ),P2 = s2(q24h 
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It is clear that the above PDA M accepts z$ if and only if there ex- 
ists a computation path of Ml that accepts q for some y  c L2. Thus, 

L(M) = (h/J52){$}* BY J3-l eorem 3.37, there exists a context-free grammar 
G generating (&/&){$}. Note that in G, $ is a terminal symbol. Now, we 
change $ from a terminal symbol to a nonterminal symbol and add a new rule 
$ -+ E to G. Then, we obtain a new context-free grammar generating Li/L2. 

Cl 

* Example 3.42 Show that if L is regular, then 

z = I= I PY) [I4 = IYI = I47 x:yz E Ll} 

is context-free. 

Proof. Let M = (Q&S, 41, F) be a DFA accepting L, with Q = 

{Ql, q2, l l 
. , qn}. We will construct a PDA to accept the language z. The 

idea is to apply the multi-track simulation of Example 2.40 to PDA’s: 

(1) We nondeterministically divide the input zu into two parts w = zz. 

(2) We simulate M on x and also push x: into the stack. Assume that it 
ends at state q;, 1 < i < n. - - 

(3) We guess a string y  and simulate M on y  starting at state qi; we simul- 
taneously simulate M on x starting from state qj for all j = 1,. . . , n. 
During these simulations, we use string x in the stack to check that 

IYI = I4 = I4 
(4) We accept the input if the simulation of y  ends at a state qj and the 

simulation of x starting at qj ends at a final state. 

To implement the above idea, we need the following NFA: We define an 
NFA M’= (Q,C,S’,ql,F), h w ere d’(qi,a) = {S(qi, b) I b E C}, for qi E Q and 

a E C. 
Now, we can define our new PDA as E = (6, C, C, 8, 41, F), where Q, F 

and s” are defined as follows: 

(i) Q = Q U Q”+l (so that each state in G is either a state qi E Q or a 
state of the form [qi,,, qil, . . . , qi,] with qij E Q for j = 0, 1, . . . , n). 

(ii) F = {[qm, qil, . . . ) qi,J E Q”+l 1 qi, E F). 

(iii) At each state qj E Q, b(qj, a+) = {(S(qj, a), a)}, for all a E C. 

(iv) At each state qj E Q, J(qjyE,E) = {([qj,ql,q2y l --yqn]lE)}- 
(v) At state [qjy qilI qi2) .  .  .  y qi,] E Q”+l y b([qj > qil y qi2 7 l l b 7 Qi,l, a, b)) = 

Assume that w = xz E E, where 1x1 = lz]. Then, there is an accepting 

path of M on xyx for some Iy] = 1x1 as follows: 
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S(q1, Xyz) = S(qj, yZ) = s(4kT z) = !It E Fe 

Correspondingly, the PDA @ accepts w as follows: It begins with a simulation 
of M on x. At the end, it reaches the configuration (qj, Z, xR). Next, it applies 
the instructions of type (iv) to get to the following configuration: 

Then, it applies instructions of type (v) to the above configuration. The 
computation path that guesses the correct y  in the first track leads to the 
following configuration: 

where qii, = qt E F, because S(qk, z> = qt. Thus, this computation accepts w. 

Conversely, it is easy to see that any accepting computation path of E must 
follow this pattern. In particular, it must move from a state qi in Q to a state 
in Q”+l after it reads 1wi/2 symbols, for otherwise the stack size is different 

from the size of the remaining input and X? cannot accept. In addition, when 

it finishes the input and gets the empty stack, the state in the first track must 
correspond to S(qj, y) for some y  of length 1 yI = 1x1. Therefore, the design of 

the final set F guarantees that there is a computation path in M accepting 
xyx. This proves that G accepts exactly set i. cl 

Exercise 3.5 

1. For each of the following context-free grammars G, following the pro- 
cedure of Theorem 3.35 to construct a PDA that accepts the language 
L(G): 

(a) S -+ & 1 aSbS 1 bSaS. 

(b) S + E 1 SS 1 aSb. 

(c), The grammar of Solution 2 to Example 3.6. 

(d) The unambiguous grammar of Example 3.24(b). 

2. For each of the following PDA’s M, following the procedure of Theorem 
3.37 to construct a context-free grammar that generates the language 
L(M): 

(a) The PDA of Example 3.30. 

(b) The PDA of Figure 3.14(a) (for language {aibj I 2i = 3j)). 

3. Construct pushdown automata to accept the following languages: 

(a) {Onlm I m # n,m # 2n,m # 3n). 

(b) {aWck I i # j or j # k or i # k}. 

* (c) (0, l}* - {(Onl)n I n > 1). - 
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* (d) (0, q* - {h#b+1 I bi is the binary representation of i, i > 1). - 

4. Show that if L is a regular language, then each of the following languages 

is context-free: 

(a) {Z E L 137 = eR}. 

* (b) {WY I (%2) [I4 = 14 = IYI = IZI, wqv E L]). 

* (4 {YX I P-4 4 [I4 = 14 = IYI = 14, wvx E L]}. 
* (d) (22 1 IWI = 1x1 = lyl = (“l,wzyx E L}. 

5. Show that L1 \ L2 is a context-free language, if L1 is context-free and 
L2 is regular. 

6. A two-stack pushdown automaton @-stack PDA) is a PDA with two 
pushdown stacks. At each move, M can read, in addition to an input 
symbol, the top symbols of both stacks, and to write symbols to both 
stacks. Formally, a 2-stack PDA is a 6-tuple M = (Q, C, I, S, s, F), 
where Q, C, I’, s, F are the same as those of a PDA, and S is a transition 
function 

s :& x (c u {E}) x (ru {E})2 + 2QX(rU{E1)2* 

Let a E CU{E}, and ~1, ~2, ~1,212 E I’ U {E}. Then, an instruction 
(p, ~1,212) E 5(q, a, ~1, u2), indicates that the PDA M reads the input a, 
the top symbol u1 of stack 1, the top symbol ~2 of stack 2, and then it 
moves to state p, repaces ~1 by v1 and replaces ~2 by 212. 

(a) Define formally the notion of configurations and successor config- 
urations of a 2-stack PDA. 

(b) Construct a 2-stack PDA to accept the language {unbncn I n > 0). - 
(c) Construct a 2-stack PDA to accept the language {a”bmc”d” I 

n > m). - 

* 7. A pushdown automaton M is called a linear-bounded PDA if there is a 
constant c > 0 such that the size of the stack of M, during its computa- 
tion on any input q is bounded by CIJZI. Show that the class of languages 
accepted by linear-bounded PDA’s is exactly the class of context-free 
languages. 

3.6 Pumping Lemmas for Context-Free Languages 

In this section, we prove a pumping lemma for context-free languages which is 
analogous to the pumping lemma for regular languages. We demonstrate how 
to apply this lemma and its stronger forms to prove that a given language is 
not context-free. 

Let G = (V, C, R, S) b e a context-free grammar. Assume that IV1 = rn 
and that, for every rule A -+ z in R, 1x1 < d for some constant d > 0. This - 
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means that, in any parse tree under grammar G, every vertex has at most d 
children. Thus, a parse tree of depth m has at most d” leaves. (The depth of 

a parse tree is the length of the longest path from the root to a leaf.) In other 
words, a parse tree having more than dm leaves must have a path longer than 
m. and, hence, some nonterminal symbol of G must occur twice in this path. 
This simple observation leads to the following pumping lemma: 

Lemma 3.43 (Pumping Lemma) Let G be a contest-free grammar. Then, 
there exists u constant K > 0, depending on G, such that every string w in 
L(G) with IwI > I< can be decomposed us w = - uvx yz satisfying the following 
conditions: 

(I) v  # E or y  # tz. 
(2) lvxyl < Ii’. 
(3) uvnxy’z E L(G) for ull n > 0. - 

Proof. Let G = (V, C, R, S), with IV1 = m.. Assume that, for every rule A --+ x 
in R, 1x1 < d. Choose K - - - d”+l and let w E L with Iw I > K. Consider a 9 - 
shortest derivation for S 5 w. Let T be the parse tree corresponding to this 
derivation. In tree T, each internal node is labeled by a nonterminal symbol 
and each leaf is labeled by a terminal symbol or E. Clearly, T has Iw I > dm+l 
leaves. Thus, T has a path of length at least m. + 1 from the root to aleaf. 

Consider the longest path 7r from the root to a leaf in T. Then, the path 
7r has at least m + 1 internal nodes, whose labels are nontermial symbols. 
Thus, there exists a pair of such nodes having the same label (i.e., the same 
nonterminal symbol). We choose such a pair (41, qz) such that the higher node 
qr of the pair is the lowest one among the higher node of all such pairs. (A 
node tl is higher than a node t2 if tl is closer to the root than t2.) It follows 
that the subpath r’ of x from qr to the leaf has only one pair of nodes of the 
same label, namely, (ql,qz). Therefore, r’ has length at most m + 1. Let A be 
the label of the vertex 41. We now decompose tree T into three parts Tl, T2, 
Ts, at the nodes 41 and 42, as shown in Figure 3.19(a). That is, Tl is the tree 
T with all the proper descendants of node ql (the higher A) removed; T2 is 
the subtree of T rooted at 41, with all the proper descendants of node q2 (the 
lower A) removed; and T3 is the subtree of T rooted at q2. Then, the string w 
is decomposed into five parts correspondingly as w = uvx yx. More precisely, 
u is the string formed by the leaves of the subtree Tl to the left of node ql, 
and x is formed by those leaves to the right of 41; v  is the string formed by 
the leaves of the subtree T2 to the left of node q2, and y  is formed by those 
leaves to the right of q2; and x is the string of the leaves of the subtree T3. 

Now, we verify that this decomposition satisfies our need: 
(1) Suppose v  = y  = E, then w can be obtained by the parse tree T’ which 

is the concatenation of Tl and T3 , by identifying the root q2 of T3 with vertex 
q1 of Tl (see Figure 3.19(b)). Th is new parse tree corresponds to a shorter 
derivation from S to w, contradicting the assumption that T corresponds to 
the shortest derivation. Thus, we must have v  # E or y  # E. 

(2) Note that the longest path in T2 U T3 has length < ~2 + 1 (otherwise, - 
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T2 $2 V Y 

T3 

X 

Figure 3.19: Proof of the pumping lemma. 

this longest path plus the ancestors of qi would form a path longer than n). 
Therefore, IKMJ~ < d”+’ = Ii’. 

(3) For n = ~,~&xx-J~Z is just w E L(G). For n = 0, we can obtain a parse 
tree T’ for uv”2yoz = uxz as described in part (1) above. For n > 2, we obtain 

a parse tree for uwnxynz by inserting n - 1 extra copies of subtree T2 between 
the original subtrees T2 and T3 (see Figure 3.19(c)). So, uvnxy’? E L(G) for 
all n 2 0. 0 

Example 3.44 Show that { anbncn 1 n > 0) is not a context-free language. - 

Solution. Suppose, to the contrary, that L is a context-free language, accepted 

by a context-free grammar G. Let li’ be the constant associated with G, as 
given in Lemma 3.43. Consider string w = aKbK cK . By Lemma 3.43, w can 
be decomposed as w = uwxyx, satisfying conditions (l)-(3) of Lemma 3.43. 

By condition (2) wxy is either a substring of aKbK or a substring of bKcK. 
If  vxy is a substring of a K b K then, by condition (1) the string uxz has either 
less than K occurrences of a or less than K occurrences of b. However, since 
‘uxy is a substring of aKbK , we know that cK is a substring of z and so 
uxx has K occurrences of symbol c. It follows that uxx @ L, contradicting 
condition (3). S imilarly, we can also get a contradiction in the case that vxy 
is a substring of b K c K. Thus, L cannot be context-free. 0 

Example 3.45 Show that L = {ww 1 w E (0, l}*} is not a context-free 
language. 
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Solution. Suppose, to the contrary, that L is a context-free language and G 
is a context-free grammar generating L. Let 1< be the constant associated 

with G, as given in Lemma 3.43. Consider string soul = OKIKOKIK (with 
= OKIK). By Lemma 3.43, ulw can be decomposed as ww = uv~yx such 

ZUhat conditions (l)-(3) of th e 1 emma are satisfied by this decomposition. 
By condition (2), vzy is a substring of the first half of ww (OKIK), or a 

substring of the middle 2K letters of w ( lKOK), or a substring of the second 
half of ww (OKIK). I n each case, uzz contains a block of O’s (or l’s) that is 
shorter than K, and a block of O’s (or l’s, respectively) of length exactly K. 
It is obvious that such a string is not equal to w’w’ for any w’ E (0, l}*. This 
contradicts condition (3) and, hence, proves that L is not context-free. cl 

In Section 3.2, we have seen that sets like {Onlm 1 am. < ,&z} for some 

positive constants cx and ,8 are context-free. When the inequ&ty am. < ,8n is - 
changed to a nonlinear inequality, the set becomes non-context-free. 

Example 3.46 Show that L = (0” 1” 1 m. < n2} is not a context-free Zan- - 
guage. 

Proof. Suppose, to the contrary, that there is a context-free grammar G that 
generates L. Let Ii’ be the constant associated with G, as given in Lemma 
3.43. Consider string w = Otlt2, where t = max{K, 2). By Lemma 3.43, w 
can be decomposed as w = uwxyx, satisfying conditions (l)-(3) of the lemma. 

We consider the following cases: 
Case 1. vy  contains at least one 0. Then, ux:x = Oilj, with i < t - 1 and 

j > t2 - - K (by condition (2)). Since t = max{K, 2}, t2 - Ii’ > t”- 2t + 1 = 
(t - 1)2. We see that j > i2 and so uxz $ L. This is a contradiction to 
condition (3). 

Case 2. vy  = lj for some j, 1 < j < Ii’. Then, uv2xy2z = Otlt’+j $- L, 
also contradicting condition (3). - - 0 

Example 3.47 Show that L = {aibjck ] k = max{i, j} } is not a context-free 
language. 

Proof. Suppose, to the contrary, that L is a context-free language. Then, L 
is generated by a context-free grammar G. Let li’ be the constant associated 
with this grammar G, as given in Lemma 3.43. Consider string w = aKbKcK. 
By Lemma 3.43, w can be decomposed as w = uz~xyx, satisfying conditions 
(l)-(3) of the lemma. 

By condition (2), we know that vxy cannot contain both a and c. 
Case 1. my contains symbol c. In this case, the number of c’s in uxx is less 

than Ii’ and the number of a’s in uxz is equal to K. Hence, uxz $ L, which 
contradicts condition (3). 

Case 2. vy  does not contain symbol c. In this case, either the number of 
a’s or the number of b’s in uv2xy2z is greater than K and the number of c’s 
in uv2xy2z is equal to K. Hence, uv2xy2z $ L, again a contradiction. Cl 
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Recall that for any language L, MAX(L) is the set of strings 2 E L such 
that g is not a proper prefix of any string in L. It was shown in Exercise 1 (a) 
of Section 2.6 that regular languages are closed under the MAX operation. 

Corollary 3.48 The class of context-free languages is not closed under in- 
tersection, complementation, or the MAX operation. 

Proof. Note that {anbncm 1 r-n+ > 0) and {a”bncn 1 nz,n > 0) are two 
context-free languages. Their inter&tion is {unbncn 1 n > O}rwhich is not - 
context-free, as proved in Example 3.44. Thus, context-free languages are not 
closed under intersection. 

For complementation, we note that, by Example 3.20, the complement of 
{ww 1 w E (0, l}*} is a context-free language. Thus, Example 3.45 showed 
that context-free languages are not closed under complementation. (This 
result also follows from De Morgan’s Law, since we already know that context- 
free languages are closed under union, but not closed under intersection.) 

Finally, for the MAX operation, we consider the language L = {&V I i > 
k or j > k}. It is easy to verify that L is context-free. Clearly, MAX(L) = 
{u%V~ k = max{i,j} }. Th ere f ore, by Example 3.47, context-free languages 
are not closed under MAX. cl 

Although context-free languages are not closed under intersection, we know, 
by Example 3.39, that the intersection of a context-free language and a regular 
language must be context-free. This weaker closure property is still helpful in 
proving a language not context-free. 

Example 3.49 Show that L = -b E h b, cl* I #a(w) = #b(W) = #c(w)} is 
not context-free. 

Proof. We note that the language L1 = {unbncn I n > 0) is equal to Lnu*b*c*. 
By Example 3.39, we know that L cannot be context-free, for otherwise L1 
would also be context-free, contradicting Example 3.44. q 

Example 3.50 Show that if a set L has the property that every subset of L 
is context-free, then L must be a finite set. 

Proof. Suppose, for the sake of contradiction, that L is infinite. Then, there 
is an infinite subset A of L having the following property: For any w E A, all 
strings x of length IwI + 1 < 1x1 < 21 - - w are not in A. Indeed, we can construct I 
set A recursively as follows: 

Initially, we let A = 8. At stage 0, we select a shortest nonempty 
string wo E L and add it in A. Assume that by the end of stage 
e, we have selected strings WO, WI, . . . , we in L with the properties 
lwij > 2lw;-ll for all i = 1,. . ., e, and have added them to A. 
At stage e + 1, we select a string we+1 in L with the property 

l&+11 > 2lwel and add it to A. 
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Figure 3.20: (a) A marked parse tree. (b) A leaf r outside the subtree 
rooted at 4 cannot be marked. 

Since L is infinite, the above construction is well defined for all stages 
e > 0. From our assumption, we know that A is context-free, and so it is 
accepted by a context-free grammar G. Let K > 0 be the constant associated 
with grammar G, as given in Lemma 3.43. Now, choose a string w in A 

with (WI > Ii’. Then, by Lemma 3.43, w can be decompsed as w = UVX~YX, 

with 0 < IvyI 5 Iwxyl 5 I i’ and uvnxyn x E A for all n > 0. However, we 
observe that lwl < I uv2xy2zl < lwl + Ii’ < 212~1, and so, by the property of 
A, uv2xy2z $ A. This gives us% contradiction, and so shows that L must be 
finite. cl 

For regular 
lemma, which 

languages, we have established a 
allows us to “pump” a specific 

stronger form of the p umping 
part of the string under con- 

sideration. This stronger form often simplifies the proofs using the pumping 
lemma. Can we also improve the pumping lemma for context-free languages 
to a similar form ? The answer is a qualified yes: We can only require that 
the “pumping part” of the string must intersect with a predetermined specific 
substring, but not completely contained in that substring. 

* Lemma 3.51 (Ogden’s Lemma) Let G be a context-free grammar. Then 
there exists a constant K > 0, depending on G, such that if we mark at least 
K symbols of a string w in L(G), with Iwl > K, then w can be decomposed - 
as w = uvxyx satisfying the following conditions: 

(I) String v  or string y  has at least one marked symbol; 
(2) String vxy contains at most K marked symbols; and 
(3) uvnxynz E L(G) for all n > 0. - 

Proof. The proof follows the same line of arguments of the proof of Lemma 
3.43. We follow the definiton of d, m and K of Theorem 3.43. Suppose that T 
is a parse tree of w, which has > K marked symbols. We say an internal node - 
in T is a marked node if it has at least two children, both of which contain a 
marked leaf as a descendant. For instance, Figure 3.20(a) shows a parse tree 
with marked and unmarked nodes. 
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We can prove by induction that if every path of a parse tree T contains at 
most i marked internal nodes, then T has at most di marked leaves. First, 
assume i = 0; that is, assume that all internal nodes of T are unmarked. 
Then, there must be at most do = 1 marked leaf, for otherwise the lowest 
ancestor of any two marked leaves must be marked. 

Next, consider the case i > 1. Let q be a marked internal node in T whose 
proper ancestors are all unmarked. Then, we can see that all marked leaves 
in T are descendants of q, for otherwise the lowest ancestor p of both q and 
any marked leaf T which is not a descendant of q would be a marked internal 
node (see Figure 3.20(b)). W e o b serve that q has at most d children, each of 
which is the root of a subtree with at most i - 1 marked internal nodes in 
any path. So, by the inductive hypothesis, each of these subtrees has at most 
d ‘-l marked leaves, and so there are totally at most di marked leaves in T. 
This completes the induction proof. 

Now, since w has at least I< - - d”+’ marked symbols, the maximum num- 
ber of marked internal nodes in a path of T is > nz + 1. Thus, such a path 
contains at least one pair of marked internal nodes with the same label. Let 
us choose a path 7r with the maximum number of marked internal nodes, and 
choose its lowest pair of marked nodes (ql,qz) with the same label. Then, 
we decompose tree T into subtrees Tl, T2 and T3, at these two nodes, as in 
Lemma 3.43. The corresponding decomposition of the leaves w into uvxyx 
satisfies conditions (l)-(3). W e 1 eave the details to the reader. 0 

Example 3.52 Show that L = { unbnci 1 i # n} is not context-free. 

Proof. To prove this result by Lemma 3.43, we might start with the string 
W = uKbK~K+K! so that if v  - - uj and y  = bj, then j < I< and, so, we get 
a contradiction when we “pump” v  and y  for K!/j time; The problem with 
this approach is that it fails in the case when vzy = cj for some j > 0. To 
avoid this problem, we might use Ogden’s lemma and mark all letters a in w 
to force the case of v  = uj and y  = bj. The detail is as follows: 

Suppose, to the contrary, that there is a context-free grammar G generating 
L. Let K be the constant associated with this grammar G, as given in Ogden’s 
lemma. Consider string w = uKbK~K+K! with all symbols a marked. Then, 
w can be decomposed as w = uvxyz satisfying conditions (l)-( 3) of Ogden’s 
lemma. 

First, we observe that neither v  nor y  contains more than one type of sym- 
bols. For instance, if v  contains both symbols a and b, then string uv2zy2z has 
a symbol b occurring before a symbol a and, hence, is not in L, contradicting 
condition (3). 

By the above observation and condition (1) either b or c is not in vy. 
Case 1. b is not in vy, Then, uv2xy2z has more u’s than b’s and, hence, is 

not in L. This contradicts condition (3) e 
Cuse 2. c is not in vy. Let j be the number of u’s in zly. Then, the string 

uvnxyn, with n = I+ K!/j has as many u’s as c’s and, hence, is not in L. 
Again, this is a contradiction. 0 
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Example 3.53 Show that L = {bi,#bi,# l . .#bik 1 k > 2, each bij is the 
binary representation of integer ij > 0, and (il, i2, . . . , i&contains an integer 
occurring exactly twice} is not context-free. 

Proof. Proving this directly using the pumping lemma would be tedious. By 
the closure property of Example 3 .39, we can restrict our attention to the set 

Ll = L n 10*#10*#10* 

= {lOi#lOj#lOk 1 i = j # k or i = k # j or j = k # i}. 

Now, by a proof similar to that of 
not context-free and it follows that L 

Example 3.52, we can prove that L1 is 
is not context-free. 0 

The following result was promised in Section 3.3, and is an interesting 
application of Ogden’s lemma. 

* Example 3.54 Show that the language L = {aWck 1 i = j or j = k} is 
inherently ambiguous. 

Proof. Suppose, to the contrary, that G is an unambiguous context-free gram- 

mar for L. Let K be the constant associated with G, as given in Ogden’s 
lemma. Now, consider a string w = ambmcm+m! in L, where m > K and 
m! > 2772. We mark all occurrences of letter a. By Ogden’s lemma, we can 
write zu as w = uv~yx satisfying conditions (l)-(3) of Ogden’s lemma. In 
fact, by the proof of Ogden’s lemma, we can say more about the derivation of 
w. That is, there must be a nonterminal A such that 

S 2 uAx 3 uvAyz 3 uvxyx. 

That is, A 3 vAy and A 3 x. 
Let us study the string a = uv2xy2x in L. Recall that #a(a) denotes 

the number of occurrences of symbol a in a string a. First, as argued in 
the proof of Example 3.52, each of v  and y  can hold at most one type of 
symbols in {a, b, c}, for otherwise a is no longer of the form ui bjck. Next, 
we observe that v  and y  can have at most m occurrences of symbol b and 
so #b(a) < 2m < m + m! < #&). It follows that #&) = #b(a). By 
condition (1,, we know that #a (a) > m.. It follows from the above discussion 
that v  = ui and y  = bi for some i, 1 < i < m. - - 

Now, let n = m!/i + 1, and we get a derivation of the string 

P = uvnxynz = a m+(n-l)ibm+(n-l)icm+m! = am~m!b?'n+m!cm+m! 

S 3 uAz 3 uvAyx 3 uvnAynz 3 uvnxynz = p. (3 2) . 
Next, we consider the string w’ = um+m’ bmcm . Applying Ogden’s lemma 

to w’, with all letters c marked, we get w’ = ulvlxlylzl such that for some 

nonterminal B, 

S 3 ulBxl 3 ulvlBylxl 3 ulvlxlylxl. 
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By the same argument as above, we get ~1 = bj and yr = cj for some j, 
1 < j < m.. Now, applying the derivation B 3 bj Bcj for t times, where 
t %!/j + 1, we get a derivation of p as follows: 

Apparently, the parse tree of this derivation is different from the parse tree of 
the derivation (3.2): In the derivation (3.2)) all but nz occurrences of symbol b 
are generated together with matching letters a, while in the derivation (3.3) 
all but m occurrences of symbol b are generated together with matching letters 
c. Thus, the string wn has two different parse trees, and G is ambiguous. This 
is a contradition. cl 

Finally, we present another interesting property of context-free languages. 
Let Q! be a k-dimensional integer vector, and I = {rl,y2, l . l ,7-i} be a finite 
set of k-dimensional integer vectors. We write cv + span(I’) to denote the set 

A set of k-dimensional integer vectors is called linear if it is equal to a + 
spur@‘) for some a and I. A set of k-dimensional integer vectors is said to 
be semi&near if it is a union of finitely many linear sets. 

For any string x over an alphabet {al, ~42, . . l , c&}, with a fixed ordering 
a1 4 (32 4 l ‘* + ak, define $(x) = (711,?22, .*.,rzk), where ni is the num- 
ber of occurrences of symbol ui in X. For any language L over alphabet 

{al, a2, l ’ l ,ak}, we let o(L) = {o(x) 1 x E L}- 

*Lemma 3.55 (Pa rikh’s Lemma) For any context-free language L, t+(L) is 
semilinear. 

Proof. Let G = (V, C, R, S) be a context-free grammar generating L. Let 

m = IV(, and assume that each rule A -+ x in R has 1x1 < d. Let K = dm2? - 
Also let Lo = {w E C* I lwl < K}. Clearly, Lo is finite. To show the lemma, 
it suffices to prove that for any string w in L, there exist a E $(Lo) and 
I? c t$(LO) such that - 

This will be done by showing the following claim. In the following, we 
generalize the term “parse tree” to include any subtree T’ of a parse tree T. 
That is, the root of a parse tree could be any nonterminal symbol and the 
leaves of a parse tree could be either terminal or nonterminal symbols. 

Claim. For any w E L, let T be a parse tree for w, and let VI be the set of 
nonterminals which occur in T (called the nonterminal set of T). Then, there 
exist a E +(L ) 0 and I’ C $(Lo) satisfying the following properties: - 
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Figure 3.21: Decomposition of the tree T. 

(2) There is a string wa, in I&, which has a parse tree Y” whose nonterminal 
set is exactly VI, such that 4(wcy) = a. 

(3) For each y  E r, there is a nonterminal A, E VI and a (generalized) 

parse tree 7+, with root A,, and a leaf A, such that the concatenation 
of all other leaves is a string wy E Lo with $(w,) = y. 

Proof of Claim. We prove the claim by induction on lull. For lull < K, this 
is trivially true, with wa, = w and I? = 8. Assume that Iwl > I< and that T 

is a parse tree for w, with the nonterminal set VI. Since lwl > li’ = dm2f1, a 
longest path in T from the root to a leaf must have length at least m2 + 2. 
Choose one of the longest paths 7r in T, and let 7r’ be its subpath of the 
lowest m2 + 2 nodes, including the leaf. So, 7r’ has exactly m2 + 1 internal 
nodes. Since there are at most m nonterminal symbols in VI, one of them 
must occur in X’ for at least m + 1 times. We choose such a nonterminal A in 
x’, and decompose tree T into m + 2 subtrees To, Tl, . . . , T,+l, at the m + 1 
nodes whose labels are A (see Figure 3.21). (Note that all these subtrees are 
nonempty.) 

Let the nonterminal set of subtree Ti be Ui , for i = 0, . . . , nz+ 1. We observe 
that at least one intermediate subtree Ti, 1 < i < nz, has the property that - - 

m+l 

Ui C IJ Uj 9 - 
j=O,j#i 

for otherwise each Ui would contain a nonterminal Bi which is not in any other 
subtree (and hence not equal to A), and the total number of nonterminals in 
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tree T would be more than m.. Let us fix this subtree Ti, and let T’ be the tree 
T with subtree Ti removed (with the root of Ti and the root of Ti+l merged 
into a single node). We let zuo be the concatenation of the leaves of T’. Also 
let u11 be the concatenation of terminal leaves in Ti. We observe the following 
properties: 

(a) 4(w) = vqwo) + 4(w)* 

(b) lull1 < K. (If 1~11 > K, then Ti would have a path longer than r’, and - 
7r would not be a longest path in T). 

(c) The nonterminal set of T’ is exactly VI. 

Now., we consider the following two cases: 
Case 1. IwrI > 0. Then, 1~101 < IwI. Let p = +(wr). By the inductive 

hypothesis, 

for some ar E +(Lo) and I? C 
the Claim. Therefore, we have 

$(Lo), which satisfy properties (2) and (3) of 

with Q! E $(Lo) and I U {p} C I satisfying properties (2) and (3) of the 
Claim. (Note that ,0 satisfies property (3).) 

Case 2. lwll = 0. Then, T’ is a parse tree of w, with at least one node 
smaller than T. We can repeat the above process on T’ and, after a finite 
number of times, we must reach a case with lwrl > 0. 

This completes the proof of the Claim. 
Finally we show that the lemma follows from the Claim. Assume that 

w E L and that T is a parse tree of w with the nonterminal set VI. From 
the claim, we have 4(w) = a + &q, for some ct E t$(Lo) and I C q5(Lo), 

- satisfying conditions (2) and (3). All we need to prove is that 

Q + span(r) C 4(L). - 

Let p = 
k 

a + cjZ1 mjyj, where 71,. . . , yk E I and rn.1,. . . , ?‘-& > 0. First, 
by property (2), there is a string wcy E LO, satisfying 4( wcy) = a, which has 
a parse tree Ta with the nonterminal set VI. Now, for each yj, 1 < j < k, 
let Tj be the (generalized) parse tree satisfying (3) with respect t&yj,and 
let Aj be the root of Tj . By condition (3)) Aj E VI, and so it occurs in tree 
Tcy . For each j, 1 < j < k, we insert mj copies of tree Tj at the node Aj 
(cf. Figure 3.19(c)).L e w’ be the concatenation of the leaves of the resulting t - 

tree. Then, 
k 

j=l 

So, p E 4(L). Th is completes the proof of the lemma. cl 
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* Example 3.56 A language L over a singleton aZphubet (0) is context-free 
if and only if it is regulur. 

Proof. Since a regular language is context-free, it suffices to show the forward 
direction. Suppose L C 
semilinear; therefore +(X) 

{0}* is context-free. By Parikh’s lemma, 4(L) is 
is a union of finitely many linear sets Tl, . . . , Tn, 

where each Ti is a one-dimensional linear set. Let Li = (0” 1 nz E Ti}; that 

is, 4(b) = Ti. Then, it is obvious that L = Uy=, Li. Since a finite union of 
regular languages is still regular, it suffices to prove that each Li is regular, 
for i = 1,. . . , n. 

Fix an i E (1,. . . , 72). Since $( Li) is linear, we can write 

+(Li) = {u+&-njvj j ml,ma,***,rnj 2 O}, 
j=l 

where u, VI, 212, l . l , ?& are positive integers. It follows that 

Li = ()“(()vl)*(()v2)* . . . (Ovi)*, 

and so it is regular. cl 

Example 3.57 Show that {On2 ( n > l} is not an intersection of k context- 
free languages over alphabet (0, 1) f& any k. 

Proof. First, we note that for any context-free language L over (0, l}, L n 0* 
is a regular language: By Example 3.39, L n 0* is context-free and so, by 
Example 3.56, it is regular. 

Now, for the sake of contradiction, suppose that {On2 1 n > 1) is an in- 
tersection of k context-free languages L1, L2, l . . .Lk over alphabet (0, 1) for 
some k > 1. Then it is also the intersection of L1 n 0* , L2 n O*, . . . , LI, n O*. 
Since each of LlnO*, L:!nO*, . . . , L&O* is regular, we know that {On2 1 n > 1) 
is also regular. This is a contradiction (see Exercise 3(b) of Section 2.7).- •I 

Parikh’s lemma cannot replace the pumping lemma. For instance, the set 
L1 = (ubc)” and L2 = {unbncn I n > 0) have the same counting set q5(Ll) = - 
+(L2), but one of them is context-free and the other is not. However, it 
sometimes gives us a stronger pumping property of a given language, allowing 
us to “pump” a specific part of a string to produce a contradiction. The 
following are some examples. 

* Example 3.58 Show that the language L = {u”P I n # m2} is not 
context-free. 

Proof. This result is difficult to prove by the pumping lemma. For instance, 
suppose that we start with a string w = umbn, with n > m2. Then, when 
we apply the pumping lemma to w to get w = uv~yyz, we cannot handle the 
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case of v  = E and y  = bj with j # n - m2. Suppose that we start with a 
string w = umbn, with n < m2. Then, we will have trouble with the case of 
V = ui and y  = bi. Using Ogden’s lemma does not seem to help much. In 
the following, we show how to use Parikh’s lemma to force the pumping of a 
substring of b” only. 

Suppose, to the contrary, that L is context-free. Then, by Parikh’s lemma, 
4(L) is a finite union of linear sets Tl , . . . , Tk. Assume that, for each 1 < i < k, - - 
Ti = ai+spuqg, f or some two-dimensional integer vector ~i and some finite 
sets & of two-dimensional inte 

B 
er vectors. Note that the integers appearing 

in the integer vectors in I’ = Uizl ({ai} U I’i) are nonnegative. Let do be the 
maximum integer appearing in any integer vector in I’, and let d = max{ do, 3). 
(Thus, for any (d+$ E I’, dl < d and d2 < d.) 

Let m = d! and n = (d!)“= . . dl It i&ear that (m,n) E 4(L) and so 
(m, n) E Ta for some i, 1 < i < k. We claim that IYi must contain a vector 
(0, Y), with 1 < Y < d. Tosee this, let us assume that all vectors (p, q) in IYi 
have p > 1. STnce-(m, n) E Ti, we know that there are ml,. . . , me > 0 and - 
(Pl) Ql) 9 l l l 7 (pe, qe> E ri such that 

b-b n> = ai + kmj(pj,q,)- 

j=l 

Since all pj’s are greater than 0, we see that CiX1 mj < m. It follows that 
n < (m+ l)d, since all integers qj and the second compon& of CQ are bounded - 
by d. However , since d > 3, we know that - 

n= (d > ! 2 - d! > (d + 2)d! - df = (d + l)d! > d(d! + 1) = d(m + l), . 

and we have a contradiction. This completes the proof of the claim. 

Now, since (0, r) E IYi, we know that (m, n) + t(0, Y) E z C 4(L) for all 
t >O. Fort= - d!/r, we get (m,n + tr) = (d!, (d!)2) E 4(L>, which is a 
contradiction. We conclude that L is not context-free. 0 

* Example 3.59 Show that L = { upbg 1 gcd(p, q) = 1) is not context-free. 

Proof. Suppose, to the contrary, that L is context-free. Then, by Parikh’s 
lemma, c+(L) is a finite union of linear sets Tl , . . . , Tk. Assume that, for each 
l<i<k,T;= ai + span(b), f - - or some two-dimensional integer vector ai and 
some finite sets I?i of two-dimensional integer vectors. Let d be the maximum 
integer appearing in any integer vector in r = k Ui=l({~~}~ri>. NOW, let p be 
a prime number such that p > 2d + 2. Note that we must have d > 1, and so 
p > 4 and p + 1 < 2(p - 1). Consider the vector (p, q), where q = p+ (p - l)!. 
It% clear that gcd(p, q) = 1 andso (p,q) ETA forsomei= l,..., k. 

By the same argument as given in Example 3.58, we can prove that there 
is a vector (0, r) in ri, with 1 < r < d, because - - 

q = p+ (p - l)! > (p - l)(p - 2) > (p - 2)(p+ 1)/z > d(p+ 1). - 
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Therefore, we know that (p, q + tr) E Ta C 4(L) for all t > 0. Note that r < 
d < p- 1. So, we can choose t = (p- l)((p- l)!)/q and ge< (p, q+tr) E 4(L). 
However, 

q+tr=p+(p-I)!+ 
(P - 1) l (P - v  

l r 
r 

= p + (p - I)! l (I+ (p - 1)) = p(l + (p - I)!), 

and so gcd(p, q + kr) = p > 1. This establishes a contradiction, and we 
conclude that L is not context-free. q 

Exercise 3.6 

1. Prove the following variations of the pumping lemma for context-free 
languages: v  

( ) a 

(b) 

( > C 

(4 

( > e 

For any context-free language L, there exists a constant I< > 0 
such that any string w in L with 1~1 > I{ can be decomposed into 
w= UV~V~ZXJ~~~X, satisfying the following conditions: 

(1) (VlV2~Y2Yl~ 5 1-c 

(a> IVlYll > O,lV2Y21 > 0, and 

(3) for any n 2 0, uv;“v~xwy~y~z E L. 

For any context-free language L, there exists a constant K > 0 
such that any string w in L with lull > I< can be decomposed into 
W = uvxyz, satisfying the following conditions: 

(1) lvxyl < IX-, 

(2) I4 > 0, IYI > 0, and 
(3) for any n 2 0, uvnxynz E L. 

For any context-free language L and any k > 0, there exists a 
constant K > 0 such that any string w in L with IwI > Ii’ can be 
decomposed into w = uvxyx, satisfying the following conditions: 

(1) IVYI > k and - 
(2) for any n > 0, uvnxynz E L. 

For any context-free language L and any k > 0, there exists a 
constant K > 0 such that any string w in L with IwI > I< can be 
decomposed into w = uvxyx, satisfying the following conditions: 

(1) I4 > k, IYI > k, and - - 
(2) for any n 2 0, uvnxynz E L. 

For any context-free language L and any k > 0, there exists a 
constant K > 0 such that any string w in L with IwI > li’ can be 
decomposed into w = uvxyx, satisfying the following conditions: 

(1) JvxyI < I<, 

(2) Iv1 > Ic, IYI > h and - - 
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(3) for any n > 0, uvnxynz E L. 

2. For each of the following languages, determine whether it is context-free, 
and present a proof for your answer. 

(a) {aibkk 1 i < j < k}. 

(b) {uitick 1 i # j,j # k, k # i}. . . 
(c) {u”bJc” 1 i < j or k < j}. 

(d) {ui@ck 1 i < j and k < j}. 

(e) {aibhk 1 i < j 3 k < j}. 

(f) {uitick I i < j H k < j}. 

(g) {uib%w 1 i,j > 0). 

(h) {uibjcidj I ;,j > 0). 

(i) {u%Wdi I ;,j > 0). - 

3. In the following, consider each binary string in A = l(0 + l)* + 0 as 
a binary representation of a natural number. For each of the following 
languages, determine whether it is context-free, and present a proof for 
your answer. 

( > a 

v4 

( > C 

Cd) 
( > e 

(f) 

(4 
P-4 

{X#Y I x:, Y E 4 x = Y + 3). 
{x#yR 1 x:, y E A, x = y + 3). 

{X#Y I X:Y E Ax = 3~). [Hint: Consider a string y = lKOK, 
where Ii’ is the constant of the pumping lemma.] 

{X#YR I XxtY E Ax = 3Y)* 

{X#Y#Z lX,Y,Z =4x= y + z}. [Hint: Use the closure property 
to reduce this problem to (a) above.] 

{x#yR#zR 1 x, y, z E A, x = y + x). 

{X#Y#Z I x7 Y, x E A 2 = Y l 4 
{x#yR#zR ( x, y, z E A, x = y l x}. 

*4. For each of the following lang 
and present a proof for your 

uages, 
answe 

determine whether it is context-free, 
r. 

(a) {xyx I xx = y for some x, y,x E (0, l}*}. [Hint: Consider 
the intersection of this language with the regular language 
10100+11+10100+11+. Note that then y must begin with 101.1 

(b) {xyz I x:x = yR for some x, y, 2 E {O,l}*}. 

(c) {xyz 1 x:x = yx for some x, y, 2 E {O,l}*}. 

(4 { xxRwwR 1 x, w E {o,1}*}. 

(4 -i xwxRwR 1 x, w E {O,l}“}. 

(f) 1 xwwRxR 1 x, w E {o,1}*}. 

5. Recall that #a(x) d enotes the number of occurrences of the letter a in 
string x. For each of the following languages, determine whether it is 
context-free, and present a proof for your answer. 
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* 6. Show that the language {uibjc”de ( [i = j, k = !] or [; = !,j = k]} is 
inherently ambiguous. 

* 7. Apply Parikh’s lemma 
context-free: 

to show that the following languages are not 

(a) {umbn I n # am}. 

(b) {u”bV I q # n-m}. [Hint: Use the approach of Example 3.58. 
First prove that there must be a triple (O,O, r) in one of the gen- 
erating set Ii.1 

(c) {umbncQ 1 q2 # r-n3 or q2 # n3}. 

8. Let (x)~ denote the string obtained from binary string x by changing 0 
to 1 and 1 to 0. For each of the following languages, determine whether 
it is context-free, and present a proof for your answer. 

(a> -w+ I x (5 {0,1)*)* 
(b) {w E {O,l}* 1 w # x(x), for any x E (0, I}“}. 
(4 cxc4P I x E -to7 1)*1* 
(d) {w E {O,l}* 1 w # x(x): for any x E {O,l}*}. 

9. (a) Recall the language operation @ defined in Exercise 2 of Section 
2.6. Show that context-free languages are not closed under the 
operation $. 

(b) Show that context-free languages are not closed under the oper- 
ation MIN (L) = {x E L I x does not have a proper prefix in 

L) . 

* (c) Consider operation REV(L) = {xy% I xyx E L} and language 
L = (0” l”0” 1” I m, n > 0). Show that L is a context-free 
language, but REV(L) is nit. 

* (d) Find a context-free language L such that L 1 = {x I (3~) 1x1 = 

(y] and xy E L} is not a context-free language. 

* 10. Assume that L 
ing statements: 

is a context-free language. Prove or disprove the follow- 

(a) If  L1 is regular, then L1 \ L is context-free. 

(b) {x I xxR E L} is context-free. 

(c) {xxR ( x E L or xR E L} is context-free. 
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(4 wR 1 x E L and xR E L} is context-free. 

(e) {xxR ] x E L or xR $! L} is context-free. 

0 1 xxR ] x E L and xR fif L} is context-free. 

* 11. Show that the set of all strings over alnhabet 

that represent correct multiplication 
2.65). 

12. A context-free grammar G is called a linear grammar i 
side of each rule of G contains at most one nonterminal 

is not context-free (cf. Example 

f the right-hand 
symbols. A lan- 

guage L is called a linear language if L = L(G) for some linear grammar 
G. Show that for every linear language L, there exists a constant I< > 0 
such that every string w in L with length lull > K can be decomposed - 
as w = uvxyx satisfying the following conditions: 

(1) VY # &* 
(2) luvyxl < Ii-. - 
(3) Uvnxynz E L for all n > 0. - 

13. Show that the following languages are not linear languages. 

(a) {w E {o, 1)* I #o(w) = #l(W))* 

* (b) {xy E {O,l}* ( Ix] = IyI,x # y}. [Hint: Apply the pumping 
lemma for linear languages (Exercise 12 above) to a string w = 
ambakbam with k > m. > I<. Note that a string aibajbat is not in 
the language if j = i + Z] 

* (4 { xxRwwR 1 x, w E {O,l)“}. 
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4.1 One-Tape Turing Machines 

In the previous chapters, we have studied two types of computational models: 
finite automata and pushdown automata. A finite automaton is an abstract 
machine having a finite control but no run-time memory. The class of lan- 
guages recognized by finite automata is characterized exactly as regular lan- 
guages. A pushdown automaton also has a finite control and has, in addition, 
a single pushdown stack as the run-time memory, whose size may grow at 
the run time. The class of languages recognized by pushdown automata is 
characterized as context-free languages. It is clear that these machines are of 
limited computational power, compared with our real digital computers. For 
instance, the language {unbncn ] n > 0) is not a context-free language but - 
can be easily recognized by a short program in the real computers. 

In this chapter, we introduce a new machine model, called the Turing 
machine, which has a finite control plus a tape as the run-time memory, whose 
size is unlimited. Furthermore, the tape head of the machine is allowed to 
move around the tape to read and write symbols, and so it behaves similarly 
to a real computer. Indeed, one of the main results of this chapter is to show 
that the computational power of Turing machines is the same as that of many 
other well-studied computational models. 

There are many variations of Turing machines. We start with the simplest 
kind, the one-tape deterministic Turing machine. A one-tape deterministic 
Turing machine (also called one-tape RTM, DTM or, simply, TM), similar 
to a DFA, consists of three parts: a tape, a tape head, and a finite control 
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B a b b a B B B 

Figure 4.1: A one-tape DTM at the initial position. 

(Figure 4.1). However, DTM’s can perform more functions than DFAs: 

(1) The tape of a DTM is divided into infinitely many cells such that it 
has a left end but is infinite to the right. Each cell can hold a symbol from a 
finite tape alphabet I’. Symbols in r are divided into three groups: the input 
symbols, the blank symbol, and the auxiliary symbols. The set C of input 
symbols consists of all symbols that an input to the machine may have. The 
blank symbol B # C represents an empty cell. The auxiliary symbols are other 

symbols in J? - C - {B}. 

(2) Th e a e ea can move along the tape, one cell per move, either to t p h d 
the right or to the left. In addition to being able to read a symbol from the 
cell it scans, the head can also erase the symbol in the cell and write a new 
symbol there. 

(3) The tape head is controlled by the finite control. The finite control 
has finitely many states. Among them, there are two special states, the initial 
state and the final state. The initial state is usually denoted by s, and the final 
state is usually denoted by h. All states other than the final state form the 
state set Q. After the head reads a symbol from the tape, the finite control 
will tell the head the action to excute (i.e., to write a new symbol and to 
move left or right) and change to a new state. These actions are described in 
a transition function (or, the instructions) 

6 : Qxr+(Quh)xI’x{L,R}. 

An instruction S(q, a> = (p, b, R) (or, S(Q,U) = (p, b, L)) means that if at the 
beginning of a move, the head reads symbol a and the finite control is in 
state q, then the head changes the symbol a to b and moves to the right (or, 
respectively, to the left) and the finite control changes from state Q to state p. 

In summary, a one-tape DTM k2 can be described by a quintuple 

M = (Q, C, W, 4, 

where Q is a finite set of states, C is a finite alphabet of input symbols, r is 
a finite alphabet of tape symbols with C U {B} C I?, s is the initial state, and - 
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S is a transition function. (Because the blank symbol B and the final state h 
are common to every DTM, we do not need to define them here.) 

Next, we explain how a DTM M accepts an input string 2. 
First, how does a DTM start? Initially, we assume that the machine is in 

the initial state s and the input x is stored in the second to (n + 1)st cells of 
the tape, where n = 1x1, and the head is scanning the (n + 2)nd cell of the 
tape. The first cell as well as all cells to the right of the (n + l)st cell are 
assumed to have the symbol B. Figure 4.1 shows the initial configuration of a 
DTM with input zu = abba. 

In order to explain how a DTM &? operates on an input z, we need to 
establish a notation to describe the configurations of a one-tape DTM M. 
Assume that at some point, a DTM M is in a state q, its tape contains symbols 
x1x2 l l l x,BBB + -0, wherexiEI’fori=I ,..., m-l,andx,EI’-{B},and 
its head is scanning the kth cell. Suppose that m > Ic, then we write - 

(4,X1X2 ’ l ’ ~k-l,~k,~k+l~k+2*‘*~m) 

to denote this configuration. If m. < k then we write 

k-m-l 

to denote this configuration. In other words, a configuration of a DTM is a 
string in 

Q x I’* x I? x (I’*(I’- {B}) U {E}). 

A configuration (q, x1 l l . x&l, a, y1 . l qrn) denotes that the machine is in 
state q, its tape contains symbols x1 . l l ~k-layl l l ymBB l l l , and its head 
is scanning the kth cell (which contains symbol a). For instance, the config- 
uration shown in Figure 4.1 can be represented by (s, Bubbu, B, E). 

For each configuration (q, x, a, y), we also use the abbreviation (q, xuy) or - 
xquy to represent it. (Note: If Q n I = 0, then the second abbreviation 

presents no ambiguity.) So, (s, Babbu, B, E), (s, BubbuB) and BubbasB all repre- - 
sent the same configuration of Figure 4.1. 

Using this notation, the effect of each move of a DTM can be formally 
described I as follows: 

(1) At a configuration (q, x~~y), if d(q,u) = (p, b, R) and y # E then, after 
one move, its configuration becomes (p, xbyly2) (called the successor 
configuration of (q, xgy)), where y = yly2 an2 1~11 = 1. 

(2) At a configuration (q, xu), if S(q, a) = (p, b, R) then, after one move, its 
configuration becomes (p, x&). 

(3) At a configuration (q,xcty), if S(cr,u) = (p, b, L) and x # E then, after 
one move, its configuration becomes (p, z,x,by) if y # E or b # B, or it 

) if y = E and b = B, where = ~1x2 and 1x21 = 1. 

(4) At a configuration (q,ay), if S(q, a> = (p, b, L) then the machine hangs, 
or, halts without accepting the input. This configuration does not have 

a successor configuration. 
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(5) At a configuration (h, ~g), machine halts and accepts the input. This 
configuration does not have a successor configuration. 

If a2 = (P, b > u w is a successor configuration of a1 = (4, zay), then we write 
a1 kM CE~. If there is a sequence of configurations al, CQ, . . . , an, n > 1, such 
that ~i kM ai+l for all i = 1,2,. . ., n - 1, then we write a1 k: a,. When 
the machine M is understood, we may simply write ~1 t- CQ and al c an to 
denote al kM a2 and ~1 k; an, respectively. 

Formally, a string x is said to be accepted by a TM A& if &! halts at state 
h on input x:, or, equivalently, if (s, BxEJ) p (h, ygz) for some y, z E I’* and 
a E I?. We say that the sequence of configurations in (s, BzB) p (h, ygz) is the 
computation path (or, simply, the computation) of M on X. A string x is not 
accepted by M if either %! hangs on x or A& does not halt on X. 

Example 4.1 Let Ml be the one-tape DTM defined by the quintuple (Q, C, 
I’, S, s), where & = {%ql,q2,q3,P}, c = {O}, r = {a, 0) md 6 is given 

by the following table: 

s 
S 

41 

I 

42 

q3 

P 

U 

P, u, R 
41,aJ 

421 a, R 

P, u, R 
P, a> R 

b 

P, b, R 
41, b, L 

Q3r b, R 

43, b, R 

P, b, R 

Then, the initial configuration of Ml on input ubbu is exactly the one 

B 

Ql, B, L 

q2, B, R 

P, BY L 
h,B,L 
P,BJ 

shown in Figure 4.1. In our notation, it is (s, BubbuB). Starting from this - 
initial configuration, the computation of Ml can be described as follows: 

(s, BabbuB) I- (ql, Bubbcz) I- (41, Bubbu) t- (ql, Bc@.m) t- (ql, Bc#m) 

t- (41, Babbu) t- ( q2, Bubba) k (q2,Bubbu) t- (q3, Bubbu) I- (q3, Bubbu) - - - - 

t- (p, BubbaB) t- (p, Bubbcx) t- (p, BubbuI3) t- (p, Babba) t- l . . - 

That is, Ml will eventually enter state p and its head will move between the 
fifth and sixth cells of the tape forever. In other words, Ml enters an infinite 
loop on input ubbu. 

On the input u3b the DTM Ml behaves differently: 

(s, BuaubB) < (al, &mub) I- (q2, Bgd) t- (qz, Baaab) I- (qz, Baaab) - 

I- (q2, BuO) t- ( q3, BuaubB) t- (h, Baud). 

Thus, Ml accepts the input u3b. cl 

In the above example, we see easily that once Ml goes into the state p, it 
will be trapped in an infinite loop, that is, it never halts. In other words, the 
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B/B, -cl L h 

du, R 
b/b, R 

Figure 4.2: The transition diagram of the DTM Ml. 

state p does nothing but introduces an infinite loop. For simplicity, we may 
eliminate the state p and present S in the following form: 

S 41AL 

41 41, a, L 41AL Q2AR 

!I2 4243 43AR 

!I3 43, b, R ov 

The blank entries in the above table (s(s, a), 6(s, b), h(q2,B) and b(q3, a)) 
indicate that if the machine enters such a configuration (i.e., (s, ~gy), (s, zby), 
(q2, zgy) or (43, zay) for some X, y E I’*), it will enter an infinite loop and does 
not accept the input. In other words, we will allow the transition function S 
to be left undefined on some input (q, a). If the value of S( q, a) is undefined, 

then it means that the machine will move into an infinite loop. 
Similar to DFA’s and PDA’s, a one-tape DTM can also be represented by 

a transition diagram. Each vertex in a transition diagram represents a state. 

Each edge‘in a transition diagram has a label of the form “a/b, R” or “a/b, L”. 
An edge from state q to state p with label “a/b, R” (or, “a/b, L”) represents 

the instruction S(q, a) = (p, b, R) (or, respectively, 6(q, a) = (p, b, L)). For 
example, the DTM Ml of Example 4.1 can be represented by the transition 
diagram of Figure 4.2. 

For any DTM M, we let L(M) = {X E C* 1 M accepts z}. A language 
L is called Turing-acceptable if L = L(M) for some DTM M. In the above 

example, it is not hard to see that L(M1) = {a”bn 1 m 2 0, n 2 l} = a* bb*. 

It is a special case of the following theorem. 

Theorem 4.2 Every regular language is Turing-acceptable. 

ProoJ Let L be accepted by a DFA M = (Q, C,S, qo, F). We construct a 
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one-tape DTM iV’ = (Q U {s,t}, C, CU {B},& s), where s, t $ Q, and 

(PAR) 
“(” ‘) = { (h, B, L) 

if a # B, 4 E Q, anc~ J(q, a) = P, 
if a = B and q E F. 

(Note: s/( q, B) is undefined if q @ F.) That is, AP first moves left until it 
finds the leftmost symbol of the input, and then it simulates DFA &! until it 
reads a blank B. Thus, for the same input 1x3, M’ halts on x in state h if and 
only if M halts on x in a final state. It follows that L(M’) = L. cl 

We observe that when a DTM M halts at state h, there may be some 
nonblank symbols left in the tape. We call these symbols the output of the 
machine M. Since a DTM can generate outputs, it can also be used as a 
model for computing functions. Note that a DTM may not halt on some 
inputs, and so the function computed by it may be undefined at some inputs. 
In general, we call a function f : (C;)” + Ez a partial function if f is allowed 
to be undefined at some (21, . . . , xk) E (C;)“, that is, if the real domain of f 
is a subset of (Cy)“. W e call a function f : (C;)” -+ Cz a totd function if it is 
defined at every (21, . . . , xk) E (xi)“, that is, if the real domain of f is exactly 
(C;)“. We write f (x1,. . . , xk) .& to denote that f is defined at (xl, . . . , xk), 
and f (xl,. . . , xk) T to denote that f is undefined at (xl, . . . , xk). Clearly, a 
total function is a special case of partial functions. 

We say a partial function f : (CT)” + IEz is computed by a one-tape DTM 
M if for every (x1, x2,. . . , xk) E (xi)” such that f(x1, x2,. . . , xk) is defined, 

(s, Bx1Bx2B l . l Bxk!i) 1-i (~&@), 

where y = f (x1, x2, l . . , xk), and for every (x1, x2,. . . , xk) E (CT)” such that 

f(x1, x2, l l l I 
xk) is undefined, 

(s, BxlBx2B l l l BXkB) k; l l - (never halts). 

A partial function f : (CT)” -+ Cz is called a Turing-computable function if it 
is computed by a one-tape DTM. 

A language L is Turing-decidable if its characteristic function 

XL(X) = 1 ifxE L, 
0 otherwise 

is Turing-computable. In other words, a language L is Turing-decidable if 
there is a DTM M to decide whether a given input x is in L or is not in 
L. This is, in general, a stronger form of acceptance than that of a Turing- 
acceptable language, for which a DTM 1M only decides whether x E L and 
may not halt on x $ L. The difference between Turing-acceptable and Turing- 
decidable languages is one of the main topics of Chapter 5. 
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1. Trace DTM A&r of Example 4.1 and show the computation of Ml on 
inputs aabba and bbbab. 

2. Consider the DTM Mz = (Q,V’,b) with& = {m,q2}, C = -b,b), 
r = {a, b,B}, and 

?JctJq& 

(a) Trace M2 on inputs aaab, abaa and aaaa. 

(b) What is L(M2)? 

3. Consider the DTM M3 = (Q, C, I’, 6, s), with Q = {s, ql, q2, q3,q4, qs}, 
C = {a, b}, I’ = {a, b, B}, and 

s 

S 

!I1 

42 

43 

q4 

45 

a b 

Ql4J 

q3, a, R 
43, a, R 
q31 a, R 
h,@ 

alAL 
(74, b, R 
!l4J a, R 
q4, h R 
h,B,R 

B 

QlAL 

(221 B, R 

45, B, L 

457 B, L 

q5A L 

(a) Trace M3 on inputs aaabba and bbbaba. 

(b) What is the function computed by Ma? 

4. Consider the DTM M4 = (Q, C, I’,S, s), in which Q, C and I? are the 
same as those of M3, and S is the same as S of MS except for 

s a b B 

q5 45,aJ h,B,R ’ 

What is L(M4)? 

5. Show that every regular language is Turing-decidable. 

6. Assume that L C {O,l}* is Turing-decidable. Show that the language 

{o,1)* - L is al; Turing-decidable. That is, for a given DTM M that 
computes the characteristic function XL of L, describe in detail how to 
modify M to get a new DTM M’ such that M’ computes the character- 
istic function of (0, l}’ - L. Can you do the same for Turing-acceptable 
languages? 
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4.2 Examples of Turing Machines 

We present some examples of Turing-computable functions and Turing- 

acceptable and Turing-decidable languages. 

Example 4.3 Show that A = {wwR 1 w E (0, l}*} is Turing-acceptable. 

Solution. The general idea is simple. For each input x = 21~2 l l l x~, where 
each lxfi is a symbol 0 or 1, we compare ~1 with xn, x2 with x,+1, and so on. 
To do such a comparison, the DTM reads x~, remembers it and then moves 
to the cell containing x1 and compares them. (By remembering a symbol, we 
mean that the DTM moves into a state, or a subset of states, associated with 
this particular symbol and performs the necessary action within it.) Based 
on this idea, we construct a DTM MA for A whose transition function S is as 
follows: 

ex .ample, we also include a detailed description of MA: 

s 
S 

41 

!I2 

(23 

q4 

45 

q6 

0 

q2, J4 L 

q2,0, L 

q6, B, R 

q490, L 

I 
q6,0, R 

1 

44, B, L 
4271, L 

!I41 1, L 

q6, B, R 

!/S, 1, R 

B 

QlJJ 

h,B, R 

q3, B, R 

45, B, R 

QlAL 

We also present its transition diagram in Figure 4.3. Since this is our first 

(1) At state s, it moves left to find X~ and enters state 41. 

(2) It then enters a loop from state q1 through either q2, q3, q6 or through 

, 45, q6 then back to ql. 

Figure 4.3: Machine MA of Example 4.3. 
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(3) In the ith t i eration of the loop, A& reads a symbol 2,+1-i at state 
41 and, depending on whether x,+1-i = 0 or 1, enters state q2 or 44, respec- 
tively. Thus, state q2 remembers that zn+l-i = 0 and state q4 remembers 
that zn+l-i = 1. Also, MA erases symbol xxt,+l-i after reading it. 

(4) In state 42, it moves left until it finds the blank symbol B, then it moves 
right to find pi and enters q3. 

(5) In state q3, it checks whether xi = 0. If xi # 0, then it realizes that 

Xi # Xn+l-i (since q3 remembers that xn+l-i = 0) and enters an infinite loop. 
If A& finds that there is no symbol xi left (i.e., it sees B at state q3), then it 
means the input length is odd, and MA also enters an infinite loop. If xi = 0, 
then it erases it and goes to state q6, in which it moves right until it sees the 
blank symbol B, and then changes back to state 41, ready to compare x,-i 

with xi+l. 

(6) Actions in states q4 and q5 are the same as those in q2 and 43, except 
that they remember that xn+l-i = 1. 

(7) When machine MA, at state 41, finds that no more symbol left to 
compare, it halts in state h. 

In the following, we show the computation of MA on input 0110: 

(s, BOlIOB) l- (ql,BOllQ) I- (qz,BOli) k (qzr Boll) p (q2,BOll) 

i- (qs,@U) k (q6,BBll) p (q6,BBl@) k (qdB11) k (q4,BBl) 

k (($4, BI11) t- (qs,BB1) t- (q6,BB@i) i- (Q1,BBB) k (h,BBB!i!). 0 

Example 4.4 Show thut the following function is Turing-computable: 

f(x) = { ; ;;e;wzR for Some w E {o, 1)*, 

Solution. This problem is similar to Example 4.3, except that it needs to 
output w when input x is found equal to wwR. so, we modify 1 of Example 
4.3 as follows: 

After MA compares x:i with xn+l-i in the ith iteration, we do not 
erase xxfi. Instead, we replace x; by xi (i.e., replace 0 by 0’ and 1 by 
l’), where 0’ and 1’ are new auxiliary symbols. When all symbols 
have been compared and x is found to be of the form wwR, we 
have w’ left in the tape. We simply change it back to w and halt. 

The complete machine is shown in Figure 4.4. The following is the trace 
of this machine on input 0110: 

(s, Bol1oB) I- (al, Bollo) t- (w Boll) I- (qa,BO11) p (qd!Oll) 
k (qs,@ll) t- (@,BO’Ll) c (qs,BO’l@) t- (ql,Bo’lL) i- (qd0’1) 

t- (q4, B&‘l) t- (45, BO’L) l- (q6, Bo’l’i!) l- (41, Bo’c) t- (q7, B0’1) 

i- (47, @I) i- (q8,Bol) p (q8,BOl!!) t- (q9,BOlBB) t- (h, BolB)* - Cl 
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Figure 4.4: DTM of Example 4.4. 

Example 4.5 Show thut {wwR ] w E {O,l}*} is Turing-decidable. 

Solution. This time, we need to output 1 for z of the form wwR and output 0 
for IX: not of this form. We recall that if MA of Example 4.3 finds ~~+l-i = 0 

and x; = 1 for some i, then it will enter the infinite loop at state qs, and if 

it finds xn+l-i = 1 and xi = 0, then it will enter the infinite loop at state 
q5. So, we only need to add new states in which the machine can erase all 
unprocessed symbols and output 0 from these configurations. The complete 
new machine is shown in Figure 4.5. Note that we replace each xi by $ after 
it is successfully matched with xn+l-+ This allows us to locate the leftmost 
blank B and to put the output value 0 or 1 in the second cell. cl 

Let N be the set of natural numbers. A natural number n E N can 
be represented by string In. Based on this representation, we say a partial 
function f : Nk + N is Turing-computable if the function f” : ({l}*)” --+ {l}*, 
defined by J(P, P2, . . . , l”“> = lf@l)***>Q, is Turing-computable. 

Example 4.6 Show that the function $(nl, nz) = n2, for nl, n2 E N, is 
Turing-computable. 

Solution. The idea of the machine is to create a loop, each iteration of which 
moves the block ln2 one square to its left and reduces 1”’ to P-l so that 

the configuration changes from (s, BP1Bln2B) to (s, Bln1-1Bln2B). We show 
the complete DTM in Figure 4.6, and its computation on inputs (2,3) and 
(2,O) as follows: 
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l/O, R 

B/O,R 

/ 

B/O,R 

6 
$/B, L 

O/B, L k? O/O, R 
l/B, L l/O, R 

Figure 4.5: DTM of Example 4.5. 

l/l, R 

Figure 4.6: 

B/B, L 
B/B, R 

DTM computing the function rz. 

(s, BllBlllB) b (ql,BllBlll) t- (qz,BllBl1) c (q:,BllBll) - - 

I- (q3, Blllll) I- (s, BlBlll) c (sJlBlllI3) t-* (s, BBlllB) - 

I- (ql,BBlll) t- (q2,BBlL) p (q2,BBll) I- (43,B111) l- (!?4,B111) - 

c (q4,B111E3) t- (q5,BlllBB) t- (h,BlllB). - 

(s, BllBF3) t- (~1, BllB) t- (43, BU) I- (s, BlBB) I- (h BIB) I- (Q39B1) 

b (s,BBB) t- (ql,BB) I- (43,B) t- (q4,Ni) t- (as+@) t- hBB)- Cl 

Example 4.7 Find a Turing machine that computes the function 

sub(n, m) = 1 
n-m ifn>m>O, - - 

0 ifm>n>O. - 



170 TURING MACHINES 

l/l1 R 

B/B, L 

l/B, R 

B/ 1,L 

B/B, L 

l/B, L l/l, R 

Figure 4.7: DTM computing the function sub. 

Solution. This is a simple modification of the last example. At each iteration, 
we reduce both n and m. by one. That is, the configuration changes as follows 
in each iteration: 

(41, BliBl j-‘l) - p (al, Bli-1Blj-21). 

We show the DTM in Figure 4.7. The computation of this DTM on inputs 
(3,2) and (2,3) are as follows: 

(s, B111BllB) i- (ql,BlllB1l) k (q2,Bl11B1) k (q2,B111B1) - - - 

k (q3,B11111) t- (q4,B11B11) p (q4,B11B1113) k (qs,B1lBll) 

- t- (ql, BllBL) p (91, BIB) t- (q8, BIB@ i- (h, BIB). - 

(s, BllBlllB) t- (ql,B1lB1ll) p (ql,BIB1l) t-* (ql,BB1) t- (q2,B13) 

k (43, !!I) t- (q6, Bi) t- (q6,Blii) t- (q7, Bii) k (47, B) t- (h B!!)- cl 

Designing a Turing machine is just like designing a computer program, 
except that here the programming environment is more restrictive (so, it is 
similar to programming in assembly languages). In most programming envi- 
ronments, when we have a complicated program in which certain part of it 
is repeated many times, we can create a separate procedure for it and write 
its code only once. This technique of software design can also be used in the 
design of Turing machines. We illustrate this idea in the following example. 

Example 4.8 For 1 < i < le, show that function 7rF @1,1x=2, l = l , Q) = xi on 
natural numbers is TukngLomputable. 



4.2 Examples of Turing Machines 171 

B/B, L B/B, R B/B,L 

l/B, L 

Figure 4.8: Procedure E. 

Solzsti~n. We create two procedures. The first one, E, erases a block of 1’s. 
That is, for any it: E (1, B}* and y f {l}*, it has the effect of 

The transition diagram of procedure E is shown in Figure 4.8. 
The second procedure, P, erases the second rightmost block of 1’s. That 

is, for any x E { 1, B}* and y, x E {l}*, it works as follows: 

(s, xByBzE3) t-* (h, xBzE3). 

Procedure P can be implemented exactly as shown in Figure 4.6. 
Now, we can combine procedures E and P together to form a new machine 

A& that computes 7~ . k The machine iV looks like this: 

In the above, by X + Y we mean that the state h of procedure X is identified 
with state s of procedure Y (and is a new state of &! which is neither the 
final state nor the initial state). So, the above picture means that machine 
&! first erases the rightmost k - i blocks of l’s, skips a block of l’s, and then 
erases i - 1 more blocks of 1 ‘s. 

We express the machine AL! as EkBiPiml. cl 

The following example further demonstrates the technique of combining 
Turing machine procedures to create more complicated Turing machines. 
First, we extend the notion of Turing-computability to functions with more 
than one output. A partial function f : (E*)m + (IZ*)n is Turing-computable 
if there is a DTM hl such that for every input (xl, x2, . . . , xm) E (C*)m, if 
f(x1, x2, ’ l l I 

xm) is defined and is equal to (yr, ~2,. . . , yn>, we have 

(s, Bx1Bx2B l l -Be&l) 1; (h, BylBy2B l l l By,B), - 

and if f (x1, x2,. . . , x,J is undefined, hl does not halt when it starts from the 
initial configuration (s, BxlBx2B l . l Bx,B). 

Example 4.9 Show that, for any 1 < i < Ic + 1, the function - - 
k inserti (xl, x2, l l . , xk, y) = (xl,. . . , x&l, y, xi,. . . , xk) 

on strings over {a, 6) is Turing-computable. 
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B/B, L jg k-i+3 T 

cdB,R w 

/ 

1 

'\ 

B / CI, L 

Figure 4.9: DTM M computing the function insert;. 

Solution. We create two procedures: 

Procedure R. This procedure moves a block of nonblanks to the right 
by one square. More precisely, it works as follows: for any x, x E I’* and 

Y E (r - w)*l 
(s, xBy&) < (h, xBByz). 

Procedure T. This procedure finds the next blank to the right. That is, for 
any x:, x E I’*, y E (I’ - {B))’ and any c E r, it has the effect of 

(s, xcyBz) F (h, xcyBz). 

We leave the implementations of procedures R and T as exercises. Using 
these two procedures, the DTM M for function f can be constructed as shown 
in Figure 4.9. This DTM &? operates as follows: 

(1) From state s to state 41, M inserts a blank B between the block xi and 
the blank to its left. That is, 

(s, BxlB l . •Bx~.-~Bx~B l . .BxkByE3) 

tf (qI,BxlB~~~Bx~-lBBx~B~~~BxkBy~y~), 

where y = YlY2 and lY21 = 1. (If Y = E, then the head is scanning the blank 
to the right of xk.) 

(2) From state 41, going through the loop once and back to state 41, the 
configuration changes as follows: 

(ql, BxlB l l .Bx~.-~Bz~Bx~B l l .B~~Bz~z~zs) 

p (ql, BxlB l l .Bx~-~Bx~x~Bx~B l l .BxkBzl~), 

where y = ~l~‘&@Xq and 1x21 = 1231 = 1. 

(3) When y has been inserted between xi-1 and xi, M reaches the config- 
uration 

(ql, BxlB.. .Bx~-~B~Bx~B l . .BXkB) 

and it halts. 0 
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Read-Only Turing Machines. In Theorem 4.2, we showed that every 
regular language is Turing-acceptable. We note that the DTM hl’ in that 
proof never writes a new symbol over an original input symbol; that is, for 
any q E Q and any a E I’, 6/(q, a) = (p, a, D) for some p E Q and D E {L, R}. 
We call such a DTM a read-only DT2M. In the following, we show that read- 
only DTM’s accept only regular languages. 

*Theorem 4.10 Every language accepted by a one-tape, read-only DTM is 
regular. 

Proof. We first make a small change on our DTM model. We assume that the 
one-tape, read-only DTM hl = (Q, C, I, 6, s) begins the computation with the 
tape head scanning the leftmost cell of the tape. In addition, if M accepts 
the input, then its tape head always moves from left to right when M enters 
the state h. That is, we assume that the initial configuration of M on x 
is (s, E&E), and that the only instructions entering state h are of the form 
t5(q, a) = (h, a, R) for some q E Q and a E I’. 

We note that this new DTM model is equivalent to the original model: 
Given a DTM M of the original model, we can create a DTM M’ of the new 
model that accepts the same language as M. Namely, M’ first moves to the 
right, passing through the input until it finds the first blank symbol to the 
right of the input. Then, it begins to simulate machine M. When M accepts, 
M’ does not halt but makes one more move to the right and then halt in state 
h. Similarly, given a DTM M’ of the new model, we can construct a DTM 
M” of the original model such that L(M”) = L(M’). Therefore, this change 
on the model does not affect the class of languages accepted by one-tape, 
read-only DTM’s. 

Now, let us fix a one-tape, read-only DTM M = (Q, C, I’, S, s) of the new 
model. Since machine M cannot write new symbols on the tape, we may 
assume that I’ = C U {B}. We will design an NFA M’ to simulate M. In 
order to describe the NFA M’, we first need to define the notion of crossing 
sequences. Let us call the cells of the tape of a DTM Co, Cl, C:!, . . l , with 
Co indicating the leftmost cell of the tape. The crossing sequence between 
cells Ci and Ci+l, for i > 0, in a computation path of M, is the record of 
the moving directions andthe new states when the tape head moves over the 
boundary between the cells Ci and Ci+l. 

For instance, consider the following read-only DTM M: 

0 

qAR 

!LO,R 

P, 0, R 

OJ 

” 

1 

PAR 

411, R 

t, 1, L 

t, 1,L 

B 

P, B, R 

h,B,R 

f,B, L 



174 TURING MACHINES 

B 0 0 1 1 B 

s-p-q-q-q-q 

-J 

Figure 4.10: Crossing sequences. 

For this DTM A& we show in Figure 4.10 the crossing sequences of the 
following computation path of M on input 0011: 

(s, Booll) I- (p,B@ll) k (q, BOo11) k (q, BOOLI) 

t- (q, BOOll) t-- (q, BOOllE3) t- (r, BOOIL) l- (t, Boo11) - 

t- (t,BOOll) t- (P, BOOll) t- (p, BOOII) l- (q, Booll) i- - - l 
- - - - 

In Figure 4.10, the crossing sequence between cells Ci and Ci+i is written 
under the boundary between the two cells. For instance, the crossing sequence 
between cells Cl and C2 is (+ q, r t, -+ p). For convenience, we write 

((?I, R), (5 L), (P, R)) t o d enote this crossing sequence. Thus, the pair (q, R) 
means that the tape head was moving from left to right when it crossed the 
boundary and the new state after that is q. 

We observe the following two properties of the crossing sequences: 
(a) If a computation path of M contains a crossing sequence in which the 

same pair (q, D), with q E Q, D E {L, R}, occurs twice, then this computation 
path contains two identical configurations and so it is in an infinite loop and 

does not accept. For instance, the crossing sequence between C2 and C’s in 

Figure 4.10 is ((CL R), (6 L>, (4, R)), with two occurrences of the pair (q, R). 
They correspond to 
computation path, 
never halts. 

(b) Any two consecutive pairs (q, Di), (p, D2) in a crossing sequence must 
have D1 # D2, since the tape head must move in different directions in two 

the two occu rrences of the configuration (q,BOOll) in the 
and indicate that t he computaion of M on input 0011 

crossings over the same boundary. 
Since we are only interested in the accepting paths of A& we define, for- 

mally, a crossing sequence to be a finite sequence of pairs ((al, Dl), (42, Dz), 

“‘I (qm, Dm)) in (Q U {h}) x {L, R}, with the properties (i) Di # Di+l for 
l<i<m- 1, and (ii) (qi, Di) # (qj, Dj) for 1 < i < j < ~72. 

Noi, we go back to the design of the NFA E’. The-idea of M’ is to use 
the crossing sequences as the states to process the input. Assume that the 
input is x, with 1x1 = n. It starts with crossing sequence So = ((s, R)) at 
the left boundary of cell CO. At each step, iV’ looks at the current crossing 
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sequence Si between the boundary of Ci- 1 and Ci , reads the symbol a in cell 
Ci, and nondeterministically guesses the next crossing sequence Si+l between 
Ci and Ci+l. After the guess, it then verifies that sequences Si and ,$+I are 

consistent with respect to symbol a. It continues to the next step if S; and 

S i+l are indeed consistent. At the end, if the last pair of the crossing sequence 

S n+l is (h, R), then it accepts the input. 
To implement this idea by an NFA, we must decide, from the transition 

function S, whether two crossing sequences S and T are consistent. That is, 
we need to check whether there exists a computation path in which S and 
T occur as the two crossing sequences around a symbol a E C U (B}. This 
notion can be made more precise by the following recursive definition. First, 
let QR (and QL) be th e collection of all crossing sequences whose first pair 

is (5 R) (and, respectively, (4, L)) for some q E Q U {h}. Consider a symbol 
a E I’. Then, two crossing sequences S = (( 41, R), (qz, L), . . . , (qk, Dk)) and 

T = ((PI, R), (P2A l l l 7 (pe, De)) in QR are consistent with respect to symbol 

a (denoted by S G T), if one of the following conditions holds: 

(i) Both S and T are empty, or both S and T are the singleton sequence 
((h, R)). In the latter case, we write (ql, R) -+ (~1, R). 

(ii) 6(q1, a) = (q2, a, L), and S” = ((43, R), . . .) (qk, Dk)) and T in QR have 

the relation S” & T. In this case, we write (ql, R) + (q2, L). 

(iii) S(ql,a) = (p~,a,R), and S’ = ((q2,L),(qs,R),-,(qk,Dk)) and T’ = 

((P2, L), (P3, R), ’ l 
. , (pe, De)) in QL have the relation S’ & T’. In this 

case, we write (ql, R) -+ (~1, R). 

Also, two crossing sequences S = ((ql , L), (q2, R), . . . , (qk , ok)) and T = 

((Pl,L),(P2,R),**‘, (~1, De)) in QL are consistent with respect to symbol a 

(also denoted by S $ T), if one of the following conditions holds: 

(i’) Both S and T are empty. 

(ii’) S(pl, a) = (~2, a, R), and S and T” = ((~3, L), . . l , (PC, De)) in QL have 

the relation S G T”. In this case, we write (~1, L) + (~2, R). 

(iii’) &%,a) = (Ql, a, L), and s’ = ((42, R), (43, L), * ’ l 7 (qk, Dk)) and T’ = 

((P2, R), (P3, L), l l 
. , (pe, Dl)) in QR have the relation S’ $ T’. In this 

case, we write (pl, L) + (ql, L). 

For instance, consider, in Figure 4.10, the crossing sequences S = ((p, R)) 

and T = ((CL R), (5 L), (P, R)) at th e t wo sides of cell Cl. We can verify that 

S & T as follows: 

(1) Sequences So = 8 and To = 0 are consistent sequences in QL (by rule 
‘I 

( >> 1 . 

(2) Sequences SO and Tl = ((r, L), (p, R)) are consistent sequences in QL, 

because S(T, 0) = (p, 0, R) and S 0 and To are consistent (from rule (ii’)). 
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(3) Sequences S and T are consistent sequences in QR, because S(p, 0) = 
(Q, 0, R) and So amd Tl are consistent (from rule (iii)). 

From the above recursive definition of consistent sequences, we can con- 
struct the NFA M’ as A4’ = (&R, {o,l),s',((s,R)),((h,R))), where 6' is de- 

fined as follows: For each state Sr E QR and each input a E C, 

a 
J’(s~,u) = {Sz E QR I SI + 5'217 

and for each state S1 E QR, 

S’(SI,E) = (5’2 E QR 1 5’1 G S2). 

To see that L(A4’) = L(M), first assume that M accepts an input z. Also 
assume that in the computation of A4 on X, the rightmost cell it ever visits 

is Cm, and that it halts at cell Cj, 1 < J’ < m. in state h. Without loss of 
generality, we may assume that m > 1~3. Then, the computation path of A4 - 
corresponds to a sequence of crossing sequences So, Sr , . . . , Sm, that has the 
following properties: 

(a) So = ((s, R)). (Note: The tape head of A4 cannot move over the left 
boundary of Co.) 

(b) For each 0 < i < m - 1, Si 2 ,$+I, where zi is the ith symbol of input - - 
x: if 1 < i < n, and pi = B otherwise. - - 

(c) (/z, R) occurs as the last pair in Sj . 

Now, from property (c) and rules (i), (ii) and (iii), we know that (h, R) occurs 

as the last pair in each Si, for j < i < nz. (Note: If (h, R) is in S and S $ T 
for some a, then (h, R) - T must occur in T.) Furthermore, we know, from rule 

(i), that Sm $ ,!&+I, where Sm+r = ((h, R)). So, the computation path of 
A&’ that guesses the states So, Sr, . . . , Sm+r will accept input X. 

Conversely, if A&’ accepts the input X, then the sequence of states So, Sr , 
. . . 7 S m+i, where vz > 1x1, must have the properties (a), (b) above, plus - 

(c’) sm+1 = ((h R))* 

From these crossing sequences, we can reconstruct the computation path 
of A4 on IX: as follows: First, we change each pair (4, R) in S;, 0 < i < m. + 1, - - 
to the configuration 

x~.qx~x~+l l l l G-n+1>, 

where xi is the ith symbol of input x if 1 < i < n, and xi = B, otherwise. 
(Note: This configuration contains extra trailing blank symbols B.) Also, 
change each pair (q, L) in S; to the configuration 
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Next, we argue that these configurations, when arranged in the right order, 
form the computation path of M on X. What is the right order on these 
configurations ? It is the order defined by the relation + on these pairs when 
they were matched by rules (i) , (ii), (iii), (ii’) and (iii’) above. That is, if the 
two pairs (PI,&) and (~2, 02) have the relation (PI,&) -+ (~2, Dz), then 
their two corresponding configurations al and CQ satisfy clcl t- CQ. (We allow 
the special case of 

(h, x0 l l l xi l l 
l z,+1) I- (h, x0 l l *xi+1 l l l Gn+1)*) 

For instance, suppose that (~1, R) in Si and (~2, R) in Si+l satisfy (~1, R) + 
(p2,R), and that PI # h. Then, by rule (iii), we know that J(pl, xi) = 
(~2, xi, R). So, the corresponding configurations satisfy 

(pl,xo**-xi** *x,+1) t- (P2, x0 l l *xi+1 l “Gn+l)* 

The other cases can be verified in a similar way. 

Now, we observe that if Si 2 $+I, then each pair (p, R) in Si+l has 
either a predecessor (a, R) in Si or a predecessor (Q, L) in Si+l (under relation 
-+). Also, each pair (p, L) in Si has either a predecessor (4, R) in Si or a 
predecessor (4, L) in Si+l (under relation +). This observation, together with 
the fact that So has a unique pair (s, R) which does not have a predecessor, 
shows that every pair (q, D) in any crossing sequence Si , 1 < i < m + 1, 
has a predecessor. Furthermore, from the recursive rules (ii), -(iii) r( ii’) and 
(iii’), it is clear that each pair has a unique predecessor. In other words, 
the configurations corresponding to these pairs (4, D) form a linear chain, 
starting from the initial configuration to the configuration (h, x0 l l l xm+l). 
We conclude that M accepts x. -0 

Exercises 4.2 

1. For each of the following DTM’s, trace the machine and show the com- 
putation on the given inputs: 

(a) The DTM MA of Example 4.3 on inputs 0100 and 01010. 

(b) The DTM of E xample 4.5 on inputs 0110 and 01010. 

(c) The DTM of E xample 4.6 on inputs (3,0) and (0,3). 

(d) The DTM M of Example 4.9, with k = 3 and i = 2, from config- 
uration (ql , BaaBBabBbbaBaba) to (al, BaaBaBabBbbaBab). - - 

2. Construct DTM’s for procedures R and T of Example 4.9. 

3. Construct DTM’s to decide the following languages: 

(a) {ww I w E {0,1)‘~* 
(b) {wwRw 1 w E {O,l}*}. 
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(c) {umbnck 1 m > n > k > 0). 
(d) {cPPc~+~ I;,u$ 07. 

(e) {W E {a, b)* 1 Sita > #b(w)}, where #a(~) denotes the number 
of occurrences of letter a in string w. 

(f) {un1bun2b-bunk 1 ni = nj for some 1 < i < j < !C}. - - 

4. Construct DTM’s to compute the following functions: 

( ) a 

(b) 

( > C 

(4 

( > e 

( f 1 

f(m,n) = max{m, n} over natural numbers m, n. 

f(q, n2,. . . , nk) = max{nl, . . . , nk} over natural numbers nl, . . ., 
nk, where /C is a fixed positive integer. 

insert”(xl,. . . , xk, y, i) = inser$(xl, . . . , xk, y), where xl,. . . , xk 
and y are strings in (0, 1)” and i is a natural number represented 

bY 1 
i . 

mult (n, m) = nm on natural numbers n, m > 0. - 
quot(n,m) = I%] on natural numbers n > 0 and m > 1. - - 
Zg(n) = [log:, nl on natural number n. 

5. For any given DTM M, construct a new DTM W such that W accepts 
exactly the same set of strings as that of U (i.e., L(M) = L(W)) but 
when W halts its tape is always empty (i.e., the final configuration is 
always (h, BE)). 

* 6. Consider the regular language L = {On110n21 l *JOnk I k > 5, 
- f-ho-, nk >_ 0, nj z nj+l (mod 5) where j = (k mod 5) + 1). 

(a) Find a read-only DTM M accepting L. [Hint: iW make two passes 
over the input. In the first pass, it checks that Ic > 5 and finds 
j= (k mod 5) + 1. In the second pass, it checks that nj = 
nj+l (mod 5)*] 

(b) Find all possible crossing sequences of ALJ on any input. 

(c) For any two crossing sequences Sr , S2 of MI and for any symbol 

a E (0, 1, B}, determine whether S1 $ S2. Based on this relation 
between crossing sequences, construct an NFA iW’ that accepts L. 

(d) Can you find an NFA with asmaller state set than iW’ that accepts 
L? 

* 7. In the proof of Theorem 4.10, we observe that if the DTM 1M visits, 
during its computation on input x, some blank cells to the right of 
the input, then the NFA W needs to move, after reading all input 
symbols, to other states by E-moves to decide whether it accepts the 
input. Show that this is not necessary. That is, we can eliminate all 
E-moves in S’ and change the set F of the final states to include all 
crossing sequences S which contain (h, R) as the last pair such that 

B B B 
S+ Sl + s:! + l ’ l \ B\ ((h, R)). Explain how to determine the final 
set F. 
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* 8. We consider an extension of read-only DTM’s. A one-pebble, read-only 
DTM (or, simply, one-pebble DTM) is a read-only DTM AL+! with the 
additional capability that it can mark a specific cell of the input tape 
by putting a pebble on it. The machine M has only one pebble, and 
so at any time the tape can have at most one marked symbol. More 
precisely, a one-pebble DTM M is a DTM M = (Q, C, I’, 6, s*), where 

Q=Qlu(q* ~q~Q~}forsomefinitesetQ~,I’=C~{~}~{a* JUEC 
or a = B}, s E &I, and S satisfies the following properties: For any 

q E Ql and a E C U {B), 

(i) d(q, a> = (p, a, D) for some p E Q1 and D E {L, R}. 
(ii) s(4, a*) is either (p, a*, D) or (p*, a, D) for some p E Q1 and D E 

(L, RI* 
(iii) J(q*, a) is either (p’, a, D) or (p, u*, D) for some p E Ql and D E 

(L, w 
(iv) 6(q*, a*) is undefined. 

(In the above, the superscript * denotes the pebble. So, a state Q* 
indicates that M is holding the pebble at its finite control, and all tape 
symbols are unmarked; and a state 4 E Qi indicates that the pebble is 
in an input cell. Note that property (i) indicates that M cannot mark 
a cell if it does not hold the pebble in its finite control now.) 

(a) Construct a one-pebble DTM M such that on each input x of 
length n > 2, M halts in exactly n2 moves. - 

(b) Show that for each read-only DTM A&, there exist two constants 
c and d such that if M halts on an input 1~: of length n > 1, then - 
it must halt within cn + d moves. 

(c) Show that for each one-pebble DTM M, there exist two constants 
c and d such that if M halts on an input x of length n > 1, then - 
it must halt within cn2 + d moves. 

(d) Show that if L is a regular language, then there is a one-pebble 
DTM M that accepts the language SQRT(L). (Recall that 
SQRT(L) is defined in Example 2.44 as {z 1 (3-J 1~~1 = IX~~,ZXJ E 

Jv > . 

* 9. In this exercise, we prove that the language accepted by a one-pebble 
DTM must be regular. Assume that M = (Q, C, I, 6, s*) is a one-pebble 
DTM with Q = &I U {q* I 4 E &I}. Also assume that M operates on 
an input x and visits cells Co, Cl, . . . , Cn, with symbol si in cell Ci, 
for i = O,l,. . .,n (i.e., sosl ..*sn = BxB l -B). For each i, 0 < i < n, 
define a partial function ji : &I + &I as follows: If S(q, ST) = (p, s2fiD) 
for some p E &I and D E {L, R}, then fi(q) is the next state Y E &I 
(Y # h) at which M re urns to cell Ci. Otherwise, fi(q) is undefined. t 
That is, the function fi encodes the states of M when it visits cell Ci 
with the pebble in cell Ci ( similar to a crossing sequence of a read-only 
DTM). Note that fi depends on both machine M and input X. 
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(a) Consider the language L1 over the alphabet (C U {B}) x F, where 
F is the set of all partial functions from Qr to &I, with w = 
[so, go] [sl, gr] l l . [s,, gn] E L1 if and only if for all i = 0, . . . , n, 
gi = fi, with respect to machine M and string sosl . . ‘sn. (Note: 

If IQ11 = m. then there are at most UP+’ symbols in F, each 
encodes one partial function from &I to Ql.) Show that there 
is a read-only DTM Ml that accepts L1; that is, show that a 
read-only DTM can check whether each symbol gi stored at the 
second track of cell Ci encodes correctly the function fi. [Hint: 
Ml cannot simulate M step-by-step to check whether the values 
fi (4) are correct, because Ml does not have a pebble and so once it 
leaves cell Ci, it cannot remember where it is. Instead, Ml needs 
only to check the consistency of the function ji with its neighbors 
fi-1 and fi+l, similar to the problem of checking the consistency 
of neighboring crossing sequences in Theorem 4.10.1 

(b) Let L2 be the language over the alphabet (C U {B}) x F such 
that w = [SO, go] [sl, gl] l l l [s,, gn] E L2 if (1) w E Ll defined in 
part (a) above, and (2) the one-pebble DTM M accepts the input 
tot1 l l l tn, where t; = si if si # B and ti = & if si = B. Show that 
there is a read-only DTM M2 accepting L2. [Hint: M2 uses the 
information g; to simulate M as follows: If M holds the pebble in 
its state (i.e., if M is in a state q*), then M2 simulates M step- 
by-step. If M puts down the pebble in Cell Ci, then M2 uses gi 
at the second track to determine the state it will change to when 
it returns to cell Ci.] 

(c) Show that if M is a one-pebble DTM, then L(M) is regular. [Hint: 
Show that the language L(M) is the image of a homomorphism 4 
on L2; see Example 2.35.1 

. We consider another extension of read-only DTM’s. A DTM M is called 
a read/erase-only DTM if it can, at each move, only read an input 
symbol and/or erase it (i.e., replace the original symbol by B). That is, 
a DTM M = (Q, C, I’, S, s) is a read/erase-only DTM if I’ = C U {B}, 
and the transition function S satisfies the following property: For any 
4 E Q and a E C U {B}, 6(a,a) is either (p,a, D) or (p,B, D) for some 
p E Q and D E {L,R}. 

(a) Show that there exists a read/erase-only DTM that accepts the 
language L = {unbncn 1 n > 0). - 

* (b) Show that there exists a Turing-decidable language that is not 
accepted by any read/erase-only DTM. 

Multi-Tape Turing Machines 

In this section, we extend one-tape Turing machines to multi-tape Turing ma- 
chines and show that although these extended machines are more convenient 
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Figure 4.11: A two-way infinite one-tape DTM. 

to use, the class of Turing-computable functions remains the same. The proof 
for this equivalence result amounts to a simulation of the multi-tape DTM by 
a standard one-tape DTM. 

First, we extend a one-tape DTM to have a tape that is infinite to the 
both ends, called a turo-zuay-infinite one-tape DTlM (or, simply a tzuo-ulay 
DTM). Figure 4.11 shows such a machine. A two-way infinite one-tape DTM 
M = (Q, C, I’, S, s) operates in the same way as a one-tape DTM except that 

its tape has no left end and so it is free to move to the left and never hangs. 
Since the tape of a two-way DTM has no left end, its tape configuration 

has a different representation. Assume that the tape contains 

. l l BBBxayBBB l l 9 - 

with the head scanning the symbol a, and that the leftmost symbol of x 
and the rightmost symbol of y are not B. Then, we write (x, a, y) or xay to 
represent this tape configuration. For instance, the tape of Figure 4.11 can 
be represented by abbuB. 

When a two-way DTM iV computes a function, it writes the output any- 
where in the tape and halts at state h with the head scanning the blank 
symbol to the right of the rightmost symbol of the output. In other words, M 

computes a function that maps input (xi, . . . , x,-J to the output (~1, . . Y > ‘7 r-n 
if 

(s, x~Bx~B l . .Bx,B) t-j-j (h, ylBy2B. l l By,B). _ - 

Let us see how a one-tape DTM AP can simulate this machine M. The 
main idea is to divide each tape cell of M’ into two traclcs and use these two 
tracks to simulate the two halves of the two-way tape of M. To be more 
precise, each cell of the tape of M’, except the leftmost one, now contains two 
symbols from I’, one called the top symbol and the other called the bottom 
symbol. The leftmost cell of the one-way tape of M’ contains a special new 
symbol $, which indicates that this is the left end of the tape. 

Now, let us fix a specific cell of the two-way tape of machine M, and call 
this cell Co. Call the cells to its right Cl, C2, . . . , and the cells to its left 

C&4,. . . (see Figure 4.11). Then, the bottom track of the tape of M’ 
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Figure 4.12: The two tracks of a one-tape DTM. 

will simulate the right-hand part of the two-way tape of A& that is, cells 

cl, c2$3, l l l 7 
and the top track will simulate the left-hand part of the two- 

way tape of M, that is, cells Co, C-1, C-2, . . . . Note that the top track is 
of the reverse direction of the left part of the two-way tape of M. That is, 
the two tracks together are like the two-way tape of M folded around the 
boundary between cells Co and Cr (see Figure 4.12). 

In addition to this setting of the tape, machine M’ also has a larger state 
set Q’. In particular, for each state q E Q, M’ has two corresponding states 
q6 and qt to simulate the state q. Additional states are also used for other 
purposes, and will be introduced later. 

With this idea, the simulation is now straightforward. Let us call the cells 
of the tape of M’, starting from the leftmost cell, CA, Ci, C& . . . . 

First, suppose that the input x to the machine M’ is stored in cells Ci, 

C I CA, and the head is scanning the cell CA+l. Then, the machine M’ 
wZ?l &lace each symbol a in cells Ci, CL, . . . , Ck+r by the symbol [B, a], and 
replace the symbol B in cell Ch by $. (W e write [B, a] to denote the symbol 
whose top part is B and the bottom part is a.> It then goes back to cell CA+r 
and changes its state to s6. At this point, the configuration of M’ is as follows: 

(s6, $ [B, xl] [B, 223 l ’ ’ [B, xn] [B, B]), 

where q is the ith symbol of IX: for i = 1,. . . , n. (Note: Cells CA+2, CA+3, . . . 
still hold the original blank symbol B.) 

Next, M’ begins to simulate machine M. If M’ is in a bottom state qb and 

reads a symbol [a, b], then it simulates the action of J(q, b). For instance, if M 
has an instruction 8(q, b) = (p, c, R), th en M’ has the following instructions: 

S’(Qb, [a, b]) = (Pb, [a,C], R), for all a E I. 

If M’ is in a top state qt and reads a symbol [a, b], then it simulates the action 
of S(q, a). For instance, if M has an instruction 6(q, a> = (p, c, R), then M’ 
has the following instructions: 

qqt, [a, b-j) = (Pt, [c, q, -Q, for all b E r* 

Suppose that M’ moves into a cell which has not been split into two tracks 

yet. It needs to split it. That is, for each q E Q, M’ has the following 
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additional instructions: 

B’(qb, B) = (q;, [B,$ -f% S’(q;, B) = (qb,B, L), 

S’(qt,B) = (q;> [B,%R), 6’(& B) = (qt, 4 L)Y 

where qd, and qi are new states in Q’ - Q. In addition, if machine A&’ reads 
the symbol $, then it needs to change track. That is, for each q E Q, M’ has 
the following additional instructions: 

6’(qbr$) = (q&R), s’(qt$) = (qbJsjR)* 

Finally, if machine M reaches hb or h t, it restores the tape into the one- 
track form and halts. More precisely, it needs to first move all nonblank 
symbols (those in both the top track and the bottom track) to the bottom 

track starting from cell Ci, and then eliminate the top track (see Exercise 1 
of this section). 

From the above sketch, we have obtained the following theorem. 

Theorem 4.11 (a) Every function that is computed by a two-way infinite 
one-tape DTM is Turing-computable. 

(b) Every language that is accepted by a two-way infinite one-tape DTM is 
Turing-acceptable. 

Next, we extend Turing machines to multi-tape DTM’s. For each k > 2, a 
k-tape DTM is similar to a two-way DTM with the following exceptions: 

(1) It has k two-way infinite tapes. Each tape has its own head. All heads 
are controlled by a common finite control. There are two special tapes, an 
input tape and an output tape. They hold the input string and the output 
string, respectively. The head of the input tape can only read and cannot 
erase or write symbols. (Such a tape is called a read-only tape.) The heads of 
other tapes can read, erase and write symbols. Figure 4.13 shows a three-tape 
DTM. 

(2) In each move, a head in a multi-tape DTM can stay (denoted by S) at 
the same cell, without going to the right or to the left. 

The transition function 6 of a k-tape DTM is a function mapping Q x I” 

to (Q U (h)) x I” x {L, R, S)“. An instruction 

qq, (a17 a27 l ’ - 7 ak)) = (p, (h, b2, l l . , bk), (01, D2, 9 l .Y Dk>>, 

where Di E {L, R,S}, for i = 1,. .., k, means that if the control is in state q 
and the head of the ith tape reads the symbol ai, for i = 1,. . . , k, then the 
head of the ith tape will write bi over ai, move in the direction Di, and the 
control will change to state p. 

A configuration of a &tape DTM is just the state plus k tape configurations, 
each of the same form as that of a two-way DTM. 

A multi-tape DTM can often reduce the work of a one-tape DTM dramat- 
ically. The following is an example. 
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Figure 4.13: A three-tape DTM. 

Example 4.12 Find a three-tape DTM M that computes the function 

f (n, m) = n. m on natural numbers n and m. 

Solution. Following the convention of Section 4.2, we assume that initially 
the tape configuration of the input tape is InBY’%, and all other tapes have 

only blanks. That is, the initial configuration of M may be described as 

(s, l”Blm13,B, B). w - e need to construct a DTM A& such that the final config- 
uration of tape 3 is Pm- B. The algorithm of M is as follows: 

(1) Copy P to tape 2. 

(2) For each symbol 1 in tape 2, delete it and copy 1” from tape 1 to tape 3. 
When tape 2 is empty, halt with output in tape 3. 

In the following, we present the transition function S of M: 

w (B7 4 B)) = (Ql, (B, B, B), (L s, S)), 
~(Q1~w4B)) = (s1,(1,l,B),(L,R,S)), qql,(wvq) = (q2,(B,B,B),(S,L,S)), 

qs2, (BY 17 B)) = (a37 (B, B, B), (L, s, S)), qq2, (BY B, B)) = (h, (4 B, B), (S, s, S)), 

~(q3,(1,B,B)) = (q3,(1,B,l),(L,S,R)), &o,(B,V)) = (q4,(B,B,B),(fWS)), 

s(Q4, (W,B)) = (a, (l,B,B), (6% s)), +nr (BAB)) = (w, (VJ), (s, L, s)). 

We show its computation on input (2,3) as follows: 

(s, llBlllB,B,B) t- (41, llBlll,B, B) t- (91, llBll1, lB, B) - - - 

I-* (ql, llB111, lllB,B) t- (q2, llglll, l&B) t- (q3, llBll1, ll& B) - 

b (q3, LlBlll, llB, 1B) 1 (q3, BllBlll, lll3, llE3) i- (q4, LlBlll, llB, 1lB) - 

p (q4, 11~111, ll& 11B) I- (qa, llB111, 11, 1lIJ) p (qz, 11~111,~,~U~B) - 
p (q2, llBlll,& llllllI3) I- (h, llBlllJ, 1lllllB). - 

We remark that the total number of moves by the above multi-tape DTM 
M to compute n l m is O(nm), whereas a one-tape DTM using the same 
algorithm would take O(m2 n) moves. cl 
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tape 1 

head 1 

tape 2 

head 2 

tape 3 

head 3 

Figure 4.14: The TM A& 

Next, we present a simulation of a multi-tape DTM by a two-way DTM. 

Theorem 4.13 Every function computed by a multi-tape DTM is Turing- 
computable. 

Proof. Assume that M is a i&tape DTM, where k > 2. We are going to 
describe how to construct a two-way one-tape DTM My to simulate AL Sup- 
pose that the tape symbol set of M is I. Then we use the tape symbol set 
rl = (I’ x {X,B})” U c for M 1, where X is a symbol not in I’. This means 

that we divide the single tape of Mr into 2k tracks which form k groups. Each 
group contains two tracks: one uses the tape symbol set I’, the other uses the 
tape symbol set {X, B}. Thus, the blank symbol in I?r is 

ii= [B,...,B]. 
\ / 

2k 

Each group records the information about a tape of A&, with the symbol X 
in the second track indicating the position of the tape head, and the first 
track containing the corresponding symbols in that tape of M. For instance, 
Figure 4.14 shows the machine A&l that simulates a three-tape TM AL Its 
tape contains the information of the following tape configuration of &?: 

(0~10101,0011110,1100110). - - 

Initially, we assume that the input is stored in the single-track form: 

(s, x1x2 l l l -Ji), 

where each xi, 1 < i < n, is a symbol in C. Machine Mr first sets up the tape - - 
into the 2lc-track form to get the initial configuration 

(SI, [xl, B, . . . , B] [x2, B, . l l , B] l l l [xn, B, l . . , B] [B, x, B, x, . . . , B, X] [B, . . . , B]). 



186 TURING MACHINES 

Then, A41 simulates each move of A4 as follows: We assume that after 

each simulation step, A41 is scanning a tape cell such that all the symbols X 

appear to the left of that cell. To begin the simulation, A&r moves from right 
to left scanning all groups to look for the symbols X and the symbols in r‘ 
that appear at the top of X’s. After it finds all X’s, it has also collected all 
the tape symbols that are currently scanned by the tape heads of A.4 (these 
tape symbols are remembered in the state of A&). Next, A41 moves back from 
left to right and looks for the symbols X again. This time, for each symbol 
X, A41 properly simulates the action of A4 on that tape. Specifically, it writes 
over the symbol of the first track of the cell where the second track has an X, 
and moves the symbol X to the right or to the left or keep it where it is. The 
simulation is done when actions on all k tapes are taken care of. Note that, 
by then, all the symbols X appear to the left of the tape head of A& 

At the end, when A4 reaches a halting configuration, Mr erases all symbols 

in all groups except the output group, converts the tape into a single track 
form with outputs only, and leaves its head scanning the cell which contains 
X in the second track of the output group. 

In the following, we present a more detailed description of how machine A41 
simulates one move of A&. The rest of the machine &?I is left as an exercise. 

Assume that A4 = (Q, C, I’& s) is a three-tape DTM. Also assume that 
A& has already set up the tape in the six-track form, and that its tape head 
is scanning a cell to the right of all symbols X. We divide the simulation of 

one move of A4 into two stages. In the first stage, Mi moves from right to 
left to collect the tape symbols currently scanned by AL In the second stage, 
A41 moves from left to right to simulate the writing and moving of the tape 
heads of A&. In the first stage, A41 will use the following set of states: 

{q x,y,x 1 q E Q, g, ~7 x E r u {?} }, 

where ? is a symbol not in I’. A subscript IX: E I? indicates that the tape symbol 
x has been collected, and the subscript ? indicates that this tape symbol is 
still unknown. For instance, q?b? denotes that M is currently in state q, and 
its second tape head is reading symbol b, and Mr is yet to find out what the 
other two tape heads are reading. 

The instructions of A41 for the first stage can be described as follows, be- 
ginning with state q???. (In the following, unless otherwise specified, each 

instruction applies to all 2, y, x E I? U {?} and all a, b, c E I.) 

61 (%yz, [a, B, b, B, 5 BI) = (qzyz, [a, B, b> B, c, Bl, L) 
if x =? or y =? or x =?, 

S1 (qTyz, [a, X, b, B, c, B]) = (qayz, [a, x, b, 6 c, B] I L) 7 

J (a 1 x?z,[a,B,Gcc31) = (qxbz,[a,B,b,X,c,Bl,L), 

(5 (q 1 xy?, [0404cGf1) = (qxyc, [a, B, b7 4 c> Xl> L)J 
61 (q??z, [a, x, b, x, c, B]) = (qabz, [a, x, b, x, 5 Bj, J% 



4.3 Multi-Tape Turing Machines 187 

61 (Q?y?, [a, x, b, B, c, xl) = (Qayc, [a, x, 4 4 c> Xl> L)T 
s (4 I x??, [a,B,b,X,c,X]) = (qxbc, [a,B,hX,c,X],L), 

61 (q???, [a, x, b, x, c, xl) = (qabc, [a, x, b, x, c, Xl> 0 

The first stage is done when A& reaches a state q&c, with a, b, c E I’. For 

the second stage, l& will use the following set of states: 

It begins with q&c and ends with q6ic if the instruction of &! to be simulated 
is of the form: 

q!l, (a, b, 4) = (P, (a’, b’, c’), (a, D2, D3))* (4 1) . 

Here, we only present a more specific example. Instructions for other cases 
can be constructed in a similar way. 

Assume that & is in state q&c:, with a, b, c E I, and is to simulate the 
instruction (4.1) with D1 = R, D2 = D3 = L. In addition, assume that the 
relative positions of the three X’s in tracks 2, 4, and 6 of the tape of Ml are 
like those shown in Figure 4.14; that is, the symbol X in track 2 occurs to the 
left of the symbol X in track 4, and the symbol X in track 4 occurs to the 
left of the symbol X in track 6. For this type of tape configurations, M1 has 
the following instructions. (The following instructions apply to all U, v, w E I’ 

and all tl, t2, t3 E {B, X}.) 

61 (qabc, [% B, v~ BY we BI) = (qabc, [%B,v,B,w,B],R)> 

61 (qabc, [a> x, % B~ we B3> = (qabc,[a’,B,v,B,w,B],R), 

61 (‘&ibc, [u, B, VT h we t31) = (qiibc, [U,X,‘@l,‘02], L), 

h(qiibc, [U,tl,‘?B,w,B]) = (qtibc, [U,tl,V,B,w, B],f& 

h(%bc, [U&J boxy w~BI) = (q&y [~,~l,b’,B,w,Bl,L), 

Q&,, [%tl,~Awq = (q&J [Ql, v, 0-4B1, R), 

6 (a 1 &, [u, t1, v,t2> WJI) = (Q&, [VI, v,t2/w31, fq, 

s (4 1 &‘[U,tl>V,t2~C,q = (Q&j [U,t1/02,031,L), 

6 (4 1 &Y [u,m4t294B1) = (Q&, [U,h, 02, WJl, f-9, 

s (4 1 &, [u,t1, v, t2, w31) = (p???, [U,tI,v,t2,W, t3l~R)- 0 

A multi-tape DTM can have any large number of tapes, but the number k 
of tapes has to be a constant independent of the input size. What happens if 
we allow an arbitrarily large number k of tapes, without a predenned bound 
on Ic? This new type of machine is, then, more powerful than one-tape DTM’s. 
In fact, such machines can accept any language. 



Let us define such a machine more precisely: An infinite-tape DTM A& = 
(Q, C, I’., 6, s) has finitely many states and infinitely many tapes. Its transition 

function 6 is a function from Q x I’+ to (Q U {h}) x I? x {L, R, S}? An 
instruction of the form 

b(q, ae2.e l ak) = (p, blb2 l l l b,, D1D2 l l + Dn) 

means that if M is in state q, and the tape heads of the first k: tapes are 

reading symbols al, ~2, l . l , ak, respectively, and the other tape heads are 
reading B, then &! changes the state to p, replaces the symbols scanned by 

the first m tape heads by bl, b2, l l l , b,, respectively, and moves the first n 
tape heads in the directions D1, 02, l l 0, D,, respectively. 

Example 4.14 Prove that for any language A C (O+l)*, there is an infinite- - 
tape LIT’M M that accepts L. 

Proof. We note that the domain of the transition function 6 is infinite; that 
is, 6 may contain an infinite number of instructions. Thus, we can simply use 
one set of instructions to deal with one particular input. First, we copy the 
ith symbol xi of input to the (1x1- i + 2)nd tape. Then, in a single move, we 
read all symbols of the input and decide to accept it or not. More precisely, 
the transition function S for the machine M for A is defined as follows: 

J(% B) = (P, 8 L), 

&vl’**ak) = (p,Bal-a&), for allal,...,ak EC, 

d(p, Bal l l oak> = (h, Bk+‘, S), if ak l l +a2a1 E A, 

where p is a state other than the initial state s and the final state h. cl 

Exercises 4.3 

1. Describe the details of the last part of the one-tape DTM A&’ of Theorem 
4.11 which simulates a two-way DTM A& That is, show the instructions 
of &P that restore the output from the two-track form to the one-track 
form. For instance, it should change the tape configuration 

to the configuration BaBabbabB, and change the tape configuration 

a 

to the configuration BabbB -* 
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2. Describe the details of a simulation step of the two-way DTM &+!I of 
Theorem 4.13 that simulates a three-tape DTM AL That is, show the 
instructions of A&l that move the head to left to collect the tape infor- 
mation of M and then move right to execute an instruction of M from 
this information. 

3. Given a two-way infinite one-tape DTM M with C = (1) and I’ = 
(0, 1, B}, construct a multi-tape DTM M’ that, on input ( ln, 1”)) sim- 
ulates M on input 1” for at most k moves so that it halts if and only if 
M halts on input ln within k moves. 

4. Construct multi-tape DTM’s to accept the following languages. For each 
language, discuss how much time your machine saves over a one-tape 
DTM using the same algorithm. 

(a) {w E {a$}* 1 w = We}. 

(b) {(%~2) I a+2 E {~,~}*,21 

(c) {unbncn 1 n > 0). - 

(cl) {a”bnck 1 m,n, k > 0,m # n 

(4 {w E 1% b, c)* I #,(w) = #b( 

is a substring of 22). 

ornfkorkfm}. 

4 = #c(w>~* 

5. Construct multi-tape DTM’s to compute the following functions. For 
each function, discuss how much time your machine saves over a one- 
tape DTM using the same algorithm. 

(a) f(z) = xR on strings x E {a, b}*. 

(b) f b-4 4 = nm on natural numbers m, n. 

(C) f(nl, 722,. . . , nk) = max{nl, n2,. . . , nk) over positive integers nl, 

l l l 7 
nk, where k is not fixed. 

(d) .f(nl, 732, l l .Y nk) = the maximum number of occurrences of a 
positive integer in (121,. . . , nk), where k is not fixed. (E g . ., 

f(3,5,3,6,7) = 2 and f(3,6,3,6,6,5,6) = 4. 

0 e sort(n 

order, 
1, n2, . . . , nk) = the li st (721,. . 
where nl, . . . , nk are positive 

’ 7 nk) sorted 
integers and 

in the increasing 
k is not fixed. 

6. A two-dimensional DTM M is a TM whose “tape” is a two-dimensional 
plane divided into infinitely many cells (see Figure 4.15). A two- 
dimensional DTM M operates in a way similar to a two-way DTM 
except that in each move, it can move its head up (U), down (D), left 

(Q 7 right (R) or stay (S). Initially, the input is stored in a horizontal 
row and the head is scanning the blank cell to its right. When it halts, 
the output is also stored in a horizontal row (but not necessarily the 
same row as the input) with the head pointing to the blank cell to its 
right. All other symbols not on this row are ignored. 



190 TURING MACHINES 

7. 

Figure 4.15: A two-dimensional DTM. 

tape head tape 

head 

( > a 00 

Figure 4.16: Configuration change of Exercise 6(b). 

(a) Describe how to represent the machine configuration of a two- 
dimensional DTM. Use this notation to formally define the notion 
of a function computed by a two-dimensional DTM. 

(b) Design a two-dimensional DTM to change from its initial tape 
configuration (a) to a new configuration (b), as shown in Figure 
4.16. 

(c) Show that a two-dimensional DTM can be simulated by a multi- 
tape DTM. Therefore, all functions computed by two-dimensional 
DTM’s are Turing-computable. 

We say that a pushdown automaton is deterministic if for any configu- 
ration, at most one instruction can be applied. Show that every deter- 
ministic pushdown automaton can be simulated by a two-tape DTM. 
(We will show in Section 4.7 that all context-free languages are Turing- 
accept able .) 
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4.4 Church-Turing Thesis 

From the equivalence results of the last section, it is plausible to conjecture 
that any other reasonable modifications of the Turing machine model will not 

change the computational power of Turing machines. In fact, it is commonly 
believed that almost all reasonable computational models can be simulated by 
multi-tape DTM’s. For instance, consider Rundom Access Muchines (RAM’s) 
which are close to our real-world digital computers. 

A RAM contains a read-only input tape, a write-only output tape and an 
infinite number of registers, named Ro, 81, . . . . Each cell of the tapes and 
each register can store a nonnegative integer of an arbitrary size. The control 
unit of the RAM can perform the following operations on integers stored in 
its registers: read, write, add, subtract, multiply, divide, copy, and compare. 
In addition, it can access a constant integer or to perform these operations by 
the indirect addressing scheme. For instance, in a program of an RAM, one 
may use an instruction like ADD@, R3, Ral), in which integer 5 means using 
the constant 5 as the first operand, R3 means using the content of register R3 

as the second operand, and Ral means to store the sum of constant 5 and the 

value 213 in register R3 in the register R,,, where ~121 is the current content 
of R21 (thus, an indirect addressing is used here). It is not too hard to show 
how a multi-tape DTM can simulate a RAM. We now give a sketch. 

First, we require that when a RAM begins the computation, all registers 

cant ain value zero. Thus, at any time during computation, a RAM has at 
most a finite number of nonzero registers. A multi-tape DTM can reserve 
one of its tapes, say tape 2, to simulate the contents of all nonzero registers. 
For instance, the following tape configuration represents the configuration of 
the RAM in which registers Ri has the values vi, for i = 0, 1, . . . , m., and all 
registers Rj, with j > m, have value 0: 

. . . BB$BlwoBlv1Blw2B l l .Bl’“BBB l l l 

From this tape information, it is easy to find the content of register Ri: it is 
equal to the number of l’s between the (i+l)st and the (i+2)nd blank symbols 
B to the right of the special marker $. Thus, to simulate an instruction of the 
RAM, for instance, ADD@, R3, Ral), a multi-tape DTM first writes 5 and the 
contents of R3 on tapes 3 and 4, respectively, and then adds them and puts 
the sum on tape 5. Next, it searches for the 22nd B in tape 2 to get 2121 and 
puts it in tape 6. Then, it searches for the (112r+ 1)st B in tape 2 and replaces 
the following block of l’s by the block of l’s in tape 5. Note that if the sum 
is different from the original value in R,,, , we need to move the rest of the 

contents of R,,,+l, . . . , Rm to the right or to the left. This is similar to the 

function insert’ of Exercise 4(c) of Section 4.2. 
Historically, a number of different types of computational models have been 

proposed and studied. It turns out that almost all of them have been found 
to have the same computational power as Turing machines, in the sense that 
the class of computable functions defined by each proposed model is exactly 



192 TURING MACHINES 

the same as the class of Turing-computable functions. In general, we 
a computational model reasonable if it has the following properties: 

may call 

1. The computation of a machine is given by a finite set of instructions. 

2. Each instruction can be carried out in this model in a finite number of 
steps, or in a finite amount of time. 

3. Each instruction can be carried out in this model in a deterministic 
manner so that the effect of the instruction is predictable. 

Suppose a computational model is reasonable. Then, intuitively, we could 
simulate such a model by a Turing machine. This is called the Church-Turing 

Thesis. 

Church-Turing Thesis. A function computable 

tional model is computable by a Turing machine. 
in any reasonable compu ta- 

Note that we cannot prove the Church-Turing Thesis as a theorem, as 
we cannot predict what types of computational devices people may invent 
and whether these new devices may be more powerful than Turing machines. 
So, we have to accept (or reject) the Church-Turing Thesis from the empir- 
ical studies. Once it is accepted on the empirical ground, however, we find 
it extremely useful in the theoretical study. Specifically, it provides a fixed 
computational environment to study the notion of computable functions. For 
instance, when we want to argue that a given function is computable, we do 
not need to prove this by constructing a Turing machine that computes it. 
We may simply use an algorithm in a more convenient model to describe how 
to compute it and rely on the Church-Turing Thesis to convince ourselves 
that this algorithm can be converted to an equivalent Turing machine. Con- 
versely, if we want to prove that a function is not computable, we prove this 
in any reasonable model and argue, using the Church-Turing Thesis, that it 
is actually not computable at all, no matter which computational model is 

used. 
In the above, we have seen that Turing machines can simulate multi-tape 

Turing machines and RAM’s, These simulations provide some evidence for 
the Church-Turing Thesis. To further demonstrate the plausibility of the 
Church-Turing Thesis, we will consider, in the rest of this chapter, two other 
notions of computability based on machineries of very different natures and 
show that they are equivalent to the notion of Turing-computability. 

Exercises 4.4 

1. We present RAM’s in more detail. A RAM is defined by a list of in- 
structions, numbered from 1 to n. An instruction is of one of the types 
shown in Figure 4.17. (Note: We only list the instructions in the form of 
using direct addressing. As discussed in the text, they can also use con- 
stants or indirect addressing.) Initially, all registers of a RAM contain 
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Instruction Meaning 
READ(&) read the next input integer into Ri 

WRITE(Ri) write c( Ri) on the output tape 

COPY(Ri, Rj) write c(R~) to Rj 

ADD(Ri, Rj, R/c) write c(R~) + c(Rj) to Rk 

SUB(& Y Rj > Rk) write c(R~) - c(Rj) to Rk 

MULT(Ri, Rj, Rk) write c(R;) . c(Rj) to Rk 

DIv(Ri,Rj,Rk) write [c(Ri)/c(Rj)J to & (write 0 if c(Rj) = 0) 

GOT0 (j) go to the instruction j 

IF-THEN (Ri , j) if c(Ri) > 0 then go to the instruction j 

Figure 4.17: Instructions of a RAM. 

value 0, the output tape is “empty” (indicated by a special symbol, e.g., 
B), and the input tape contains a finite number of nonnegative integers 
(n1, l l l > 

r&k), stored in cells 1 to k, and cell k + 1 is empty. The RAM 
begins with instruction 1 and, after finishing each instruction i, it goes 
to instruction i + 1 if instruction i is one of the first seven types, or it 
goes to the instruction j as defined in instruction i if instruction i is one 
of the last two types. The RAM halts when it reaches an instruction 
k > n. 

For any RAM M, we let L(M) = {(nl, . . . , nk) 1 M halts on in- 
put (nl,-+k)}- We say M computes a function f : UF1 Nk + - 
UT& Nk if, on input (nl, . . . , r&k), &! halts with outputs (ml, . . . , me) = 
f(nly+k)* 

(a) Design a RAM that computes the function sort of Exercise 5(e) 
of Section 4.3. 

(b) Show th e e ai s o a multi-tape DTM that simulates the instruc- d t 1 f 
tion ADD@, Rat R&) of a RAM. 

(c) Show that every Turing-computable partial function f : N” + N, 
as defined in Section 4.2, is computable by a RAM. 

4.5 Unrestricted Grammars 

In this section, we extend context-free grammars to unrestricted grammars. 
An unrestricted grammar is like a context-free grammar, except that the 
left-hand side of a production rule is not restricted to a single nonterminal 
symbol, but could be any nonempty string formed by terminal or nonterminal 
symbols. That is, an unrestricted grammar (or, simply, a grammar) is a 
quadruple (V, C, R, S), where V is a finite set of nonterminal symbols, C is a 
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finite set of terminal symbols, with C n V = 8, S E V is the starting symbol, 
and R is a finite set of production rules each of the form 

for some x E (V U C)+ and y E (V U C)*. 

The notion of derivations x * y and x & y is the same as that of a 
G G 

context-free grammar G. Namely, for x E (V U C)+ and y E (V U C)“, we 
write x ~2 y if x = uww, y = uxv for some u, v E (V U C)* and some rule 

w+zinR. ForxE(VUC)+andyE(VUC)*,wewritex & yif 
G 

there exists a sequence of strings x0, xl, . . . , X~ E (V U C)* such that x = x0, 

Y = Xn9 and xi 2 xi+1 for i = 0, 1, . . . , n - 1. When the grammar G is 

understood, we may write x + y and x % y for x 2 y and x 1% y, 

respectively. We say a grammar G generates a string w E C* if S =$ w. We 

let L(G) = {w E I=* 1 S :A 20). 
G 

It is obvious that every context-free language can be generated by an unre- 
stricted grammar, since context-free grammars are just special cases of unre- 
stricted grammars. In general, unrestricted grammars can generate languages 

that are not context-free. 

Example 4.15 Find a grammar G such that L(G) = {anbncn 1 n > 0). - 

Solution. The grammar G has nonterminals S, B, C, and the following rules: 

S + aSBC 1 E, CB --+ BC, 

aB + ab, bB + bb, 

bC + bc, cc ___) cc. 

How does G generate anbncn? It consists of three steps. First, it applies the 

first rule n times and the rule S + E once to get a string a” (BC)n. Second, it 

applies the rule CB -+ BC for n(n - 1)/2 times to move all B’s to the left of 

all C’s to get a string an B”C”. Finally, it uses the last four rules to change 

every B to b and every C to c. The following is the derivation of string a3b3c3. 
We underline the substring of a sentential form that is to be replaced in the 
next step. 

S + aSBC * aaSBCBC 3 aaaSBCBCBC + aaaBCBCBC - - - - 

3 aaaBBCCBC + aaaBBCBCC 3 aaaBBBCCC 

3 aaabBBCCC $ aaabbbCCC > aaabbbcCCC % aaabbbccc. 

Why don’t we use the simpler rules B + b and C -+ c for the third step? 
That is because we do not want to let the grammar skip the second step and 
change all symbols B and C to b and c without first moving B’s to the left 
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of C’s Note that, using our grammar G, we are not able to change any B 
to b before moving it to the left of all C’s. Thus, the grammar G does not 
generate any string not of the form unbncn. cl 

Example 4.16 Find a grammar G such that L(G) = {a2” 1 n > 0). - 

Solution. The grammar G has V = {S, L, Lh, R, [ , ] } and rules 

s -+ [Ral I a, 
Ra -+ aaR, 

aL + La, 

dh __) Lha, 

R] + L] 1 Lh, 

[L + [R, 

[Lh +&. 

The main idea of the grammar G is to use a loop to generate a sentential 

form [ Ra2k+’ ] from [Ra 2k 1. To do this, it first applies the second rule Ra + 
aaR to move the symbol R to the right and change, along the way, each a to 
au. When R reaches the right end mark 1, it changes to symbol L and moves 

back to the left end to get [La2*+I] and then [&I~~+‘]. To get out of the loop, 
the symbol R may change to Lh instead of L when it meets the right end 
mark 1. Then, the symbol Lh moves left to cancel off with the left end mark 

[. For instance, G generates aaaa as follows: 

We note that, during an iteration of the loop, the nonterminal symbol R 
cannot move left until it meets 1, and the nonterminal symbol L cannot change 
to R until it meets [. Therefore, each iteration of the loop has to double the 
number of a’s. This shows that G cannot generate strings ak if k is not a 
power of 2. 0 

Example 4.17 Find a grammar G such that L(G) = {ww 1 w E {u,b}*}. 

Solution. The grammar G has V = {S, T, A, B, R, L,, Lb, [ ,] } and rules 

S--,Tl, 
RA -+ AR, 

AR] + La], 

AL, + L,A, 

BL, + L,B, 

[I,, +a[R, 

[RI + &. 

T+aTAIbTBI[R, 

RB + BR, 

RR] * Lb], 

A& + Lb& 

BLb + Lb& 

[Lb * b[R, 

This grammar uses the same idea of moving a symbol R, L, or Lb around 
to change the sentential forms. First, it uses the first two rules to get S 3 
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w [ R2(IR], where $ is the string w with symbol a replaced by A and symbol 6 
replaced by B. Next, it uses symbol I& or Lb to carry a terminal symbol c1 or 
6, respectively, to the left and put it to the left of the left-end mark [. This 
process reverses CE R to W. The following is the deriva,tion of act6auu6u: 

S ) T] 5 uubuTAl?AA] 3 uubu[ RABAA] 3 uubu[ABAAR] - - - 

=P uabu[ABAL,] > uubu [ L.ABA] a uu6uu [ RABA] 

3 uubua [ABAR] 3 uu6uu [ABL,] 5 uu6uu [ L,AB] 

a uu6uuu [ RAB] 5 uu6uuu6u [ R] a uu6uuu6u. 

Again, it is easy to see that G cannot generate strings not of the form 
ulul because each nonterminal has its fixed role and can only move around as 
designed. 0 

Using the technique of carrying terminal symbols by nonterminals L or R, a 
grammar can essentially work like a DTM, with the symbols L and R playing 
the role of the tape head. The following example further demonstrates this 
technique. 

*Example 4 18 Find a grammar G such that L(G) = {un6Ynm 1 n,m 2 . 

01 . 

Solution. Grammar G has V = {s, A, B, 6, L, Lb, R, &, Rc, [ ,] } and rules 

s + [Al, A + UA 1 B, B + 6B ( L, 

UL + Lu, 6L + Lb, bL + Lb, 

[Lu+a[&, [Lb + bR, VI J +&, 
Rbu + uRb, &,6 __) bR,, &I + Ll, 
R,b + 6RC, &I + Lb]C, 
6Lb + Lbb, 7;Lb + 7;Rb, 

Rb + bR, R] + E. 

The grammar G generates unbmcnm wit,h a double loop structure. The 
inner loop uses symbols Rb, R, and Lb to copy 6” to cm, and the outer loop 
uses L to move each a to the left of the marker r to control the number of 
times the inner loop is executed. One iteration of the outer loop is as follows: 

.k [Lun-kbm] Ckm 3 .k+l [&un-k-lp]Ckm $ Jc+l [,n-k-l&$m] ckm 

* uk+l [a n-k-lj&bm-1] Clcrn > uk+l [un-k-l&m-lRc] Ckm 

a .k+l [ un-k-l&bm-lLb] Ckm+l > ak+l [ un-k-ljjLbbm-l ] Ckm+l 

) &+l [ un-k-lj&bbm-l ] Ckm+l > uk+l [ un-k-lrRb] C(k+l)m 

3 Jc+l [ un-k-lrL] ,(k+l)m 3 ak+l [ Lp-k-lp] C(k+l)me 

The following is the complete derivation of u2b3c6: 
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5’ 3 [A] 3 [uaA] a [auB] % [aubbbB] 3 [uabbbL] 

% [ Luubbb] a a [ Rbubbb] a a [ uRbbbb] 3 a [ ubR,bb] 

% u[abbbR,] a u[ubbbLb]c 3 u[ubLbbb]c 3 u[u&Rbbb]c 

3 u[abbR,b]c) u[ubbbR,]c 3 u[ubbbL&z 

3 u[ubbbR,] --- cc 3 a[abbbLb]ccc --- 3 
mm- 

u[ubbbRb]ccc 
--- 

+ u[ubbbL] ccc 3 a [ Lubbb] ccc 3 au [ Rbbbb] ccc 

% uu[bbbRb] --- c6 3 uu[bbbL]c6 --- 3 uu[Lbbb]$ 

* uubRbb] c6 % uubbbR] c6 3 u2b3c6. cl 

We now generalize the idea of the above examples to show that a grammar 
can simulute a DTM. 

Theorem 4.19 For any one-tupe DTM M = (Q, C, I’,& s), there exists a 

grammar GM = (V, C, R, S), with V = Q U (I? - C) U { [ ,] }, such that for any 
configurations (q, xcty) and (p, x/by’), wherep, q E Q, u, b E r, and x, y, x’, y’ E 

r*, 
(q, XUJ) k; (p, x%y’) if and only if [ xquy] 2 [x’pby’ 1. 

Proof. The idea is to use a word [ xquy] E (VUc>* to represent a configuration 
(q, xay) of the machine A&, and to use the rules of the grammar GM to simulate 
the instructions of TM AL More precisely, we define GM as follows: 

(1) For each instruction s(Q, a) = (p, b, L), where b # B, GM has the rules 

cqu + pcb, for all c E r. 

(2) For each instruction s(Q, a) = (p, B, L), GM has the rules 

cqud + pcBd, for all C, d E I’, 

and the rules 

cqal + P4 for all c E r. 
(3) For each instruction 5(q, a) = (p, b, R), GM has the rules 

quc + bpc, for all c E r, 

and the rule 

It is clear that using these rules, we get [ xquy] a [ x’pby’] if and only 

if (4, GY) k (P, X’bY’)* It follows that [ xquy ] 5 [ x’pby’ ] if and only if 
(a, %Y) F (P, x’by’). cl 
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Theorem 4.20 If a language L C C* is Turing-acceptable, then L = L(G) - 
for some grammar G. 

Proof. We assume that L = L(M) for some TM AI such that AI always halts 
with the empty output. That is, when A& halts, its configuration is always of 
the form (h,BB) (cf. E xercise 5 of Section 4.2). 

Now, we define G to be the grammar that contains all reversals of the rules 
of GM (i.e., G contains a rule u -+ u if u -+ v is a rule in GM), plus the rules 

S + [BhB], sB] __) L, 

aL -+ La, [BL __) E, 

for all a E C, where L is a new nontermial symbol. 
We note that if AJ accepts a string X, then [BxsB] A> [BhB] . Thus, we 

S ‘q [BhB] & [BXSB] * [BxL =& [BLx -a x 
G G G G G 

Conversely, if M does not accept x then we cannot have [ BxsB 

and so there is no way to generate x in G. 

Exercises 4.5 

1 A [BhBl, 
GM 

0 

1. Consider the grammar Gr with nonterminals V = {S, A, B, C}, termi- 
nals C = {a, b, c}, and rules 

S---+ASBC 1 E, 

AB + BA, AC + CA, BA + AB, 

BC + CB, CA + AC, CB + BC, 

A + a, B + b, c -+ c. 

(a) Show a derivation of string ccbaabcba. 

(b) What is L(Gl)? G ive a brief argument for your answer. 

2. Consider the grammar G:! with nonterminals V = {S, A, L, Lh, R, [ ,] }, 
terminal C = {a} and rules 

S --+ [ARa] ( a, RA ---+AR, Ra ---+ aaR, 

R] -+L] ILh, AL + LA, aL --+ La, 

[L + [AR, aLh __) Lha, ALh __) &a, 

[Lh -+& 

(a) Show a derivation of a6. 

(b) What is L(Gz)? G ive a brief argument for your answer. 
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3. Construct grammars for each of the following languages. Also show (i) 
the derivation of the given string x: and (ii) a proof of why your grammar 
does not generate any string not in the language. 

(a) {an2 1 n > 0}, x = ug. [Hint: Following the idea of Exercise 
2 above, generate, at the kth iteration, a sentential form with k: 
copies of A and k2 - k copies of a.] 

(b) {Use+ 1 n 2 0}, x = u5. 

0 { 

(:I -I 

un2+n 1 n > 0}, II: = a”. - 
un3+2n2-5n+4 1 n > 0}, x = u34. [Hint: Similar to part (a) above, 

generate, at the kth iteration, a sentential form with k copies of 
A, k2 copies of B, and k3 + k2 - 6k + 4 copies of a.] 

(e) {unb2nun I n > 0}, x = u3b8u3. 

(f) {unbnunbn I n> 0}, x = u4b4u4b4. 

(g) {WC2 I w, zi e (a, Q*, w # z>, x = uubcuubu. 

(h) {w E {u,b,c}* I #a(w) > #b(w) > #c(w)}, x = cbuubcbuu. 

(i) {w” I w E {a, b}*, lull = n}, x = uubuubuub. 

4. (a) Find a grammar G such that w & wR for all w E {a, b}. 
G 

(b) Find a grammar G such that, for all x, y e {a, b}* with 1x1 = 1~~1, 

xy =$2 yx* 

5. We consider a new computational model called Labeled Murkov AZgo- 
rithms (LMA). An LMA M is defined as a triple (C, I’, P), where C 
is the input alphabet, I’ is a working alphabet with C C I?, and P is - 
a program, consisting of a finite sequence Tr, r2, . . . , Yn of instructions. 
Each instruction ri in P is of the form 

where a, ,8 E I’*, and j is a positive integer (al -+ p is called a production 

rule and Lj is called the next instruction label). An instruction (Li : 
a + ,0 ; goto Lj ; ) can be applied to a string w E I* if a is a substring 
of w. The application of this instruction to w produces a new string x 
by replacing the leftmost occurrence of cx in w by ,& 

On an input w E C*, the LMA M operates as follows: At any time 
of computation, it maintains a current sentential form w and a current 
instruction label Li. Initially, w is the input string and the current 
instruction label is L1. At each step, it finds the least integer k > i, - 
where Li is the current instruction label, such that instruction rk is 
applicable to w. Then, it applies rk to w to obtain a new sentential 
form 1x3. It resets w to be x, and resets the current instruction label L 
to be the the next instruction label of rk. If no instruction rk, with 
k > i, is applicable to the current sentential form w, then the machine - 
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halts with output w. (In particular, if the current instruction label is Li, 
with i greater than the number 12 of instructions in P, then the machine 
halts.) 

For any LMA A& we let L(M) = { 1x3 E C* 1 A4 halts on z}, We say 
A4 computes a partial function f : C* + I’*, if A4 halts on each input 
g E Domain(f) with the final sentential form w = f(z), and A4 does 
not halt on any II: 4 Domain(f). 

( > a 

* Cb) 

* (4 

* Cd) 

Design an LMA k! that computes the function f(z) = xR for 
x E {a,b}*. 
Show that every Turing-computable function f is computable by 
an LMA. 

Show that for any LMA M, L(M) is Turing-acceptable. 

Show that every partial function f computed by an LMA A4 is 
Turing-computable. 

4.6 Primitive Recursive Functions 

In this section, we consider only integer functions f : N” -+ N, for k > 1. We - 
will build a class of integer functions from three types of initial functions and 
two operations on functions. 

lnitiul Fzanctions. The following functions are called initial functions: 

1. (Zero function) c(n) = 0, for n E N. 

2. (Successor function) g(n) = n + 1, for n E N. 

3. (Projection functions) nf (ni, l l . , nk) = ni .l 

Composition: Let m, k be two positive integers. Given functions g : N” + 
N and /zi : N’ + N for i = 1,2, l . l , m., define f : N’ + N by 

Function f is called the composition of functions g and hl, . . . , h,. We write 
YO(hl,*-, hm) to denote the function f. 

Primitive Recursion: Let k > 0. Given g : Nk + N and h : Nk+2 -+ N, 
(when k = 0, g is just a constant), define f : N”+l -+ N by 

f(~l,**‘,nk,O)=g(~l,“‘,nk), 

f(W) l ’ l ‘) nk,m+l) = h(nl,-•,nk,m,.f(nl,-•,nk,m)), m > 0. - 

‘A remark ab o u t notation: when we write an integer i as a subscript in the function 

name, such as $, it means that i is a fixed integer. For instance, the fact that 7r” are 

computable by Turing machines for any fixed k and any fixed i, 1 2 i 5 k, does not imply 

directly that the function f ‘(rq, . . . ,nk,i) = $ (nl, . . . , nk) is computable by a Turing 
machine. See also Exercise 2 of this section. 
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We say f is the function obtained from g and h by the operation of primitive 
recursion. 

The class of primitive recursive functions over natural numbers can be 

defined as follows: 

(1) An initial function is a primitive recursive function. 

(2) If g : N” -+ N and hl,...,hm : N” + N are primitive recursive 
functions, then g o (hi, . . . , hm) is also a primitive recursive function. 

(3) If g : N” + N and h : N”+2 -+ N are primitive recursive functions, 
then the function f obtained from g and h by primitive recursion is also 
a primitive recursive function. 

(4) No other function is a primitive recursive function. 

In other words, a primitive recursive function is a function that can be ob- 
tained from the initial functions by a finite number of applications of compo- 

sition and primitive recursion operations. 

Example 4.21 Show that add(m, n) = m + n is primitive recursive. 

SoZution. The function add can be defined by 

add(m,O) = r:(m), 
add(m, n + 1) = #(m, n, add(m, n))). 

Thus, add can be obtained from ri and CT o ~33 by the operation of primitive 
recursion, and so it is primitive recursive. Cl 

Example 4.22 Show that mult(m, n) = mn is primitive recursive. 

SoZution. The function mult can be defined by 

mult(m,O) = c(m), 

mult(m, n + 1) = add(nT(m, n, mult(m, n)), ‘lrg(m, n, mult(m, n))). 

So, mult is primitive recursive, since it can be obtained from 5 and add o 

( XT, ~33> by the operation of primitive recursion. Cl 

Example 4.23 Show that constant functions I(j”(n~, l . l , nk) = j, k, j > 1, - 
are primitive recursive. 

Solution. Function 1j” can be defined by 

(Note that the integer j is a fixed constant here.) 



202 TURING MACHINES 

Example 4.24 Show that the function minus : N2 -+ N, defined by 

minus(m, n) = m 2 n = 1 0 ifm<n, - 

m -n ifm>n, 

is primitive recursive. 

Solution. It suffices to show that pred(m) = m 2 1 is a primitive recursive 
function, because minus can be defined by 

minus(m, 0) = n:(m), 

minus(m, n + 1) = pred(minus(m, n)). 

To see that pred is primitive recursive, we note that pred(0) = 0 and 

pred(m + 1) = m = nF(m,pred(m)). 0 

Remark. Note that, in the above, a more formal proof for minus should be 

minus(m, n + 1) = pred(ng(m, n, minus(m, n))). 

For clarity, we omitted the function ~33 and used minus(m, n) directly. In 
general, the projection functions 7ri k allow us to use any input anywhere in 
the definition of a primitive recursive function, and the constant functions 
Ii’;” allow us to use any constant anywhere we want. So, we can omit these 
functions and simply write the inputs and constants wherever we need them. 

Example 4.25 Assume that f : N + N is primitive recursive. Then, the 
function g : N2 + N, defined by 

sb-v-4 = f-(“,(m) def f(f(-*(f(m))*-)), v ’ 
n 

is also primitive recu rsive. 

Solution. We note that 

s(m, 0) = n:(m), 
s(m, n + 1) = f (&-F 4). 

So, g is defined from n: and f using primitive recursion, and hence is primitive 
recursive. cl 

Our goal of this and the next sections is to show that primitive recursive 
functions are a very rich class of functions. To achieve this goal, we first 
show that some control mechanisms of certain high-level programming lan- 
guages are primitive recursive. We first consider some Boolean operations and 
Boolean relations. We use 1 to represent TRUE and 0 to represent FALSE. 
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Example 4.26 Show that the following functions are primitive recursive: 

ifx > 1, - 
if x = 0. 

(b) and(x, y) = { i $~e2s~nd ” ” 
. 

(c) Of(X, Y> = { 
1 ifx>l ory>l, 
0 otherwise. - 

(d) if- then-eEse(x, y, x) = { i ZoftteFwise 
. 

Solution. (a) neg(x) = minus(l,x). 

(b) and@, Y) = neg(neg(mult(x, Y)>>* 

(c> of-(x, Y) = neg(anq-%l(x), neg(Y)))* 

(d) if-then-else(x, y, x) = add(mult(neg(neg(x)), y), mult(neg(x), x)). q 

We often write “x and y” for and(x, y), “x or y” for or(x, y), and “if x 
then y else 2’ for if- then-eZse(x, y, x>. 

Example 4.27 Show that the following functions are primitive recursive: 

Cb) gr(xy y> = { i 
ifx > Y, 
if x < ye 

- 

((9 w(x, Y) = { :, 

. 

g : ;? . 

(4 qx, Y) = { :, 

. 

g ; ;I 
- 

(e) h(x, Y) = { ; 

. 

$; t ;I 

Solution. (a) eq(x, y) = neg(add(minus(x, y), minus(y, x))). 

(b) gr(x, Y) = neg(neg(min+-b Y>>>* 

(c) geq(x, Y) = P-(x, Y) Or 4x7 Y>* 

(d) qx, Y) = w(!Fq(x, Y>>* 

(e) h(x, Y> = neg(gr(x7 Y>>* Cl 

Example 4.28 For every k > 1, the function maxk (nl, n2, . . . , nk) = - 
max{nl, n2, . . . , nk} is primitive recursive. 

Solution. We can prove this by induction. When k = 1, maxl(nl) = n:(nl). 
For k > 1, 

mUXk(nl,...,nk) = if nk > maxk-l(nl,...Ynk--I) 

then nk else maxk-‘(nl,. . .,nk-1). 0 
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We now define three more operations on functions that preserve primitive 
recursiveness. We call a total function R : ((0, l}*)” -+ (0, 1) a Boolean 
function or a predicate. Recall that we identify the integer 1 with TRUE and 
0 with FALSE. Therefore, if R(nl , . . . , nk) is a predicate, then the expression 
R(n1,.• . , nk) is equivalent to the expression [R(nl, . . . , nk) = l]. In addition, 
if a formula defines a predicate, we often write the formula, instead of the 
name of the predicate, to represent the predicate. 
(3n)[n2 = m] to denote the value of the predicate 

For instance, we write 

s(m) = { :, 
if (3n)[n2 = m], 
otherwise. 

Theorem 4.29 Suppose that f : N”+l -+ N is a primitive recursive predi- 
cate. Then, the following functions are also primitive recursive. 

(a) g(nl,. . . , nk, m) = (t%)i<mf(nl,. . . ,nk,i). (we say g is defined from 
f by the operation of bounded iniversal quantifier.) 

(b) h(nl, . . . , nk, m) = (ji)i<,f(nl,. . . , nk, i). (we say h is defined from 
f by the operation of bounded existential quantifier.) 

(mini)i<rnf (nl, l . l , nk, ;) 

(c) t(nl, l s +k,m) = 

I 

if (3i)i<mf(nl,-+k,i), - 
0 otherwise, 

(We say t is defined from f by the operation of bounded minimization.) 

Proof. All three functions can be defined by primitive recursion from f: 

(a) g(nl,ynk,0) = f(nl,-+k,O), and 

g(w***, nk,m+l)=[f(nl,...,nk,m+l) andg(nl,...,nk,m)]. 

(b) h(nl,-,nk,o) = f(nl,-+k,o), and 

h(n1,*-, nk,m+l)=[f(nl,...,nk,m+l) o?++l,...,nk,m)]. 

(c) t(nl, . . . , nk, 0) = 0, and 

+-Jl,.**, nk,m+ 1) = [if (ji)i<,f(nl,. . .,nk,i) then t(nl,. . .,n,m) - 
else if f (nl, . . . ,nk,m+l) then m+l ekeO]. 0 

The above three operations are very useful for proving functions being 
primitive recursive. 

Example 4.30 The following functions are primitive recursive. 

1 1zj ifn>O, 
(a) cPo+--v-q = 0 otherwise. 

(b) mod(m) n) = { ;;” - ‘?Y ’ n ~~e~w~~e 
. 

(c) prime(n) = 
1 if n is a prime, 
0 otherwise. 
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Solution. (a) quot(m, n) = [if n > 0 then (mini)a+# + 1) l n > m] else 01. - 

(b) mod(m,n) = [if n > 0 then (mini)&quot(m, n) l n + i = m] else 01. 

(c) prime(n) =I [(n > 2) and (vj),<j<nl l[mod(n, j) > O]]. cl 
- - 

Remark. In the above proof of part (c), we used a more general quantifier 
. 

w> 2<j<n 1. 1 than the one introduced in Theorem 4.29. More formally, we 

should first define a new predicate 

prime’@, k> = [n > 2 - and (Vj)j<k[j < 1 or mod(n,j) > 01. - - 

Then, we observe that prime(n) = prime’(n,pred(n)), and so prime is prim- 
itive recursive. From this example, we see that we can extend the basic 
quantifiers used in Theorem 4.29 to quantifiers of the form (3j)e(n)<j<,(n) 

and (vj)l(n)<j<u(n) and still preserve primitive recursiveness, as long &-l(n) 
and u(n) are primitive recursive functions. 

Example 4.31 Let f(0) = 1 and, for n 2 1, f(n) = the nth digit to the right 
of the decimal point of the decimal expansion of a. Prove that f is primitive 

recurswe. 

Solution. Let g(n) be th e integer m whose decimal expansion is equal to 

f(O)f(l)f(2). . . f(n) (e.g., g(3) = 1414). Then, 

g(n) = (mink)k<lon+l [(k + 1)2 > 2 l 102n], - 

and f(n) = mod(g(n), 10). 

Exercises 4.6 

1. Show that the following functions are primitive recursive: 

(a) factorial(n) = n!. 
.n 

(b) fi(n) = 7-P 

tion gl (n, m) 

> 
n levels 

. [Hint: First consider a more 
.n 

= nn’ 
* }T-I-~ levels 

. I 

general func- 

(4 f2b-d = ll%, 4 l 

(4 fdn) = { 
1 if n is the sum of two primes, 
0 otherwise. 

(e) +(n) = the number of primes less than or equal to n. 

(f) lcm(n,m) = th e eas common multiple of n and m. 1 t 

(g) s(n) = the number of digits in the decimal representation of n. 

(h) h(n9 ml = the mth most significant digit of the decimal repre- 

sentation of n if 1 < m < s(n) (and h(n,m) = 0 if m = 0 or - - 
m > s(n)). 
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2. What is wrong with the following proof of Example 4.25? 

We prove it by induction on n, as in Example 4.28. When n = 

0, s(m,n) = n:(n); so, g(m, 0) is primitive recursive. For n > - 
0, g(m, n+l) = f(g(m, n)). Since f is primitive recursive and, 
by the inductive hypothesis, g(m, n) is primitive recursive, we 
get that g( m, n + 1) is also primitive recursive. It follows that 
g (m, n) is primitive recursive for all n 2 0 and, hence, g is 
primitive recursive. 

3. 

4. 

5. 

6. 

Assume that R : N’+l + N is a primitive recursive predicate. Show 
that the following function f : N”+l -+ N is also primitive recursive: 

(maxi)a<,R(nl,. . . , nk, i) - 
f(nl,-+k,m) = 

1 

if (3i)i<,R(nl, . . . , nk, i), - 
0 otherwise. 

Assume that f : Nk+’ + N is primitive recursive. Show that the 
following functions are also primitive recursive: 

(a) g(nl,-,nk,m) = ~~~.f(nl,-+k,+ 

(b) h(nl,-+k,m) = n~~.f(nl,-vnk,+ 

Assume that f : N -+ N is primitive recursive and satisfies f (0) = 0 
and f(n) < f(n + 1) f or all n > 0. Show that the function h(m) = [the 
integer n such that f(n) < m 2 f (n + l)] is also primitive recursive. - 

Assume that both f : N + N and g : N + N are primitive recursive. 
Show that the following function h : N2 + N is also primitive recursive: 

h(n,O) = f(n), 

7. 

q-J, r7-2 + 1) = !J(h(n, l=pJ))* 

Assume that f : N -+ N is primitive recursive. Show that the following 
function g : N2 + N is also primitive recursive: 

s(n, 0) = f(n), 
s(n, n-2 + 1) = s(s(n, m), m)* 

47 . Pairing Functions and Gijdel Numberings 

In this section, we extend the operation of primitive recursion to more general 
recursion operations. For instance, we would like to prove that the Fibonacci 
function F : N + N, defined by the double recursion below, is primitive 

recursive: 
F(0) = 0, 

F(1) = 1, 

F(n + 2) = F(n) + F(n + 1). 
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To do this, we introduce coding functions that encode several integers into 
one and use these functions to show that the seemingly more general recursion 
operations actually preserve primitive recursiveness. 

A function f : N2 + N is called a pairing function if it satisfies the 

following properties: 

(i) (Bijectivity) f is one-to-one and onto. 

(ii) (Primitive recursiveness) f is primitive recursive. 

(iii) (MonotonicitY)2 f(i, j) < f(i + 1,j) and f(i,j) < f(i, j + 1), for all 
i,jEN. 

Suppose that f is a pairing function. Then, the functions Ef, rf : N + N, 

defined bY f(lf (4, rf (4) = n, are well defined and are primitive recursive: 

lf (n) = (mini)i<,(3j)j<,[f(i,j) = n], 

rf (f-2) = (m&i)&[f(lf(n),j) = n]* 

There are many pairing functions. We will use only one of them. (See 
Exercise 1 of this section for others.) 

Example 4.32 Show that the function T : N2 + N, defined by 

n(i, j) = (i+j)(i+j+ 1) + j 
2 

7 

is a pcairing function. 

Solution. It is obvious that r is primitive recursive. Figure 4.18 shows that r is 
indeed one-to-one and onto and satisfies the conditions that n(i, j) < n(i+l, j) 
and n(i, j) < n(i, j + 1). cl 

We write (i, j) to denote n(i, j), and l(n) and r(n) to denote E,(n) and 
rn (n) , respectively. 

Example 4.33 Show that the Fibonacci function is primitive recursive. 

Solution. First, we transfer the double recursive definition of the Fibonacci 
function into a single recursive definition of a more general function G. Define 
G(n) = (F(n), F(n+ 1)). Then, 

21n the lite rature, pairing functions are usually defined to be functions satisfying condi- 

tions (i) and ( ii only, though most implementations also satisfy condition (iii). ) 
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0 0 1 3 6 10 
I ) . 

I 0 1 2 3 4 5 

Figure 4.18: The pairing function ~(i, j). 

and, hence, G is primitive recursive. It follows that F(n) = Z(G(n)) is also 
primitive recursive. Cl 

We say a function f : Uk, i N” + N is a G6del numbering (of integer 
sequences) if f satisfies the fonowing properties: 

(i) (Bijectivity) f is one-to-one, onto. 

(ii) (Primitive recursiveness) f 1 N”, the function f restricted to the domain 

N”, is primitive recursive, for all k > 1. - 

(iii) (Monotonicity) f (nl, . . . , n&l, ni, ni+l, . . . , nk) < f(nl, . . . , n&l, ni+l, 

%+1, “‘7 nk) , for all 1 < i < k. - - 

Example 4.34 Show that the function 

is a G6deZ numbering. 

Solution. We first verify that 7 is one-to-one. Suppose that T(n1, r-22, . . . , nkl) 
- - 7(77-w-732, l l ‘> mkz). By the one-to-oneness of 7r, we see that kl must be 

equal to k2. Next, we can prove that 7 is one-to-one on N” for each fixed 

k > 1 by induction: If k = 1, then r(n) = (0, ) - n is one-to-one. If k > 1, then 
r(nl,n2 ,..., nk) = (k4,(nl,r(r(n2 ,..., nk))). It follows from the one-to- 

oneness of 71 Nk-1 and r that TIN” is also one-to-one. 
Next, we check that for any integer n > 0, there is a unique sequence - 

(7-w-32, l l ‘9 
r&k) such that T(n1, n2,. . . , nk) = n. First, we know that k = 

Z(n) + 1. Next, for each 1 < i < k, define - - 

item(n, i) = 
Z(#)(n)) if 1 < i < k - 1, - - 

Ak)(n) ifi=k. 
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Then, it is clear that r(item(n, l), item(n, 2) . . . , item(n, k)) = n. Thus, 7 
is onto. Note that we have shown in addition that we can decode 7 by a 
primitive recursive function item. That is, item(n,i) is the unique ni such 
thatforsomenr ,..., ?-&1,ni+l,..., nk,T(n1,..., nk)=n,ifl<i<Z(n)+l. 

Finally, from the primitive recursiveness of X, we get that 71; is-primitive 
recursive and, from the monotonicity property of z, we know that 7 also 
satisfies the monotonicity property. q 

We write (721,722,. . ., nk) to denote r(T(n~,n2,. . .,nk)) and [nl, n2, . . ., 
nk] to denote +I, 722,. . . , nk). We also write size(n) to denote l(n) + 1; thus, 

if 72 = [f-u,nal* l ‘7 
nk], then size(n) = k. 

The following are some more primitive recursive operations on sequences 

of integers. 

Example 4.35 Show that the following functions are primitive recursive: 

(a) Eist(m, 0) = 0 and list(m, k) = [m, m, . . . , m], if k > 1. 
- - 

k 

1 

min{i 11 < i 5 k, ni = m} - 

(b) find( [nl, l l l y nk], m) = if such an i exists, 

0 otherwise. 

1 

[w, l l l 9 ni-l,m,ni+l,~nk] 

(c) replace([nl, . . . , nk], m, i) = ifl<i<k, - - 

[nl, l l l ,nk] otherwise. 

(d) ConSeq([n1,...,nkl,[ml,.=.,mel) = [nl,...,nk,ml,...,me]. 

(e) subseq([m, l l l > nk], eq 

[% , %+I 9 l l l 7 %+e-11 ifl<i<k, l<!<k-i+l - - - - - - 
0 otherwise. 

Solution. (a) We note that Zist(m, 0) = 0, list(m, 1) = (0, m) and, for k > 1, - 
list(m, k + 1) = (k, (m, r(list(m, k)))). 

(b) find(n, m) = (mini)l<il,i,,(,)[item(n, i) = m]. 

(c) Note that if 1 < i < s:ze(n), then - - 

replace(n, m, i) = (mint)t<zist(n+m,size(n))[size(t) = si+--q 

and (Vi)j<size(n)[j = i or item(t,j) = item(n, j>] - 
and item(t, i) = m]. 

(Note: If n = [nl, . . . , nk] then n 2 ni for all 1 < i 5 k and so, by the 

monotonicity property of Gijdel numberings, Zist(n + m, size(n)) is an upper 
bound of the output of repZace(n, m, i).) 

(d) We observe that conseq (n, m) can be expressed as follows: 

(mint)tLzist(n+m,size(n)+size(m)) [si=(t) = six+) -I- si=(m) 
and (Vi)l~~lsize(n)[item(t, i) = item(n, i)] 

and (vj)l~jlsire(m)[item(t, n + j) =I item(m~.i)]* 
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(e) If 1 < i < size(n) and 1 < l < size(n) - i + 1, then we have - - - - 

subseq(n, iJ) = ( mint)t<li,t(n,e)[sixe(t) = e 

and (‘&&j<e[item(t, j) = item(n, i + j - l)]]. q - - 

Note that all the proofs above, except for the function list, use only the 
fact that sixe, item and list are primitive recursive and do not depend on the 
particular Gijdel numbering used. In other words, they hold for all Gijdel 

numberings. 

Example 4.36 Show that the function f : N + N, defined by f(0) = 1, 
f(n + 1) = f(O)“+’ + f (1)” + . . . + f (n)l, is primitive recursive. 

Solution. Define f(n) = [f(n), f(n - l), . . . , f(O)]. We observe that 

f(o) = [f @)I = list(f (o), I), 

f”(n + 1) = conseq(Eist(f (n + l), l), j(n)). 

Note that f(n + 1) can be written in terms of f(n) as follows: 

f(n + 1) = k(item(f(n), i + l))i+l, 
i=o 

because item(?(n), i + 1) = f (n - i). Therefore, f(n + 1) can be expressed 
in terms of f(n) (cf. E xercise 4(a) of Section 4.6). So, we conclude that f” 

is primitive recursive. It follows that f(n) = item(f”(n), 1) is also primitive 
recursive. q 

The above example can be easily generalized to the general recursion op- 
erations. We omit the proof. 

Theorem 4.37 Assume that 

f(n~,.+.,nk,O) =g(nl,-•,nk), 

f(n1,-*, nk,m+ 1) = h(n1,...,nk,m,[fo,fi,...,f~l), 

where fi is the abbreviation of f (nl , . . . , nk, i), for 0 < i 5 m. If g and h are 
- primitive recursive, then f is primitive recursive. 

We remark that the primitive recursion operation is equivalent to the recur- 
sive calls in a high-level programming language which limits a procedure F(z) 
to recurisvely call itself F(y) only if y = x - 1. This type of recursive calls 
can be easily converted to a bounded-iteration loop structure. For instance, 
if f is defined from g and h by primitive recursion, then it can be computed 
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by the following segment of a pseudo-Pascal program (where the inputs to f 
are (nl,... , nk , m) and the output is f) : 

f :=g(nl,-+k); 

for i = 1 to m do 
f :=h(nl,... >nk,i-- kf); 

The general recursion operation considered in Theorem 4.37 above is equiv- 
alent to the recursive calls that allow a procedure F(z) to call itself F(y) with 
any y < 2. The above theorem shows that this type of recursive calls can also 
be converted to a bounded-iteration loop structure. In practice, this type of 
recursive calls can be implemented in a nonrecursive procedure with a stack 
to store the values of F(O), F(l), . . . , F(z - 1). (The role of the stack is like 
the function f” of Example 4.36.) The more general types of recursive calls 
which allow F(z) to call F(y) f or any y may lead, in the worst case, to infinite 
loops and hence do not preserve primitive recursiveness. Several other types 
of recursions that preserve primitive recursiveness are studied in the exercises. 

Example 4.38 The function sort : N + N maps a number [nl, n2, . . . , nk] 
to the number [nPl, np2) . . . , nPk], where (~1 ,p2> . . . , pk) is a permutation of 

(1 2 9 1 “‘1 k) such that nP1 < nPz < + l l < nPk. Show that sort is primitive - - - 
recurszve. 

Solution 1 (Selection sort). First, we define maxindex( [nl, . . . , nk]) to be the 
least index 1 < i < k such that n; > nj for all 1 < j < k. We note that - - - - - 

maxindex = (mini)l<i<,ize(n)(Vj)l<j<size(n)[item(n, j) < item(n, i)]. - -- - - 

Thus, maxindex is primitive recursive. 

Next, we define g([nl, . . . , nk]) to be the list [nl, . . . , nk] with the maximum 
item of [nl,. . . ,nk] removed. Let m* = maxindex( Then, g(n) can be 
expressed as follows: 

(i) If size(n) = 1, then g(n) = 0; 

(ii) If size(n) > 1 and m* = 1 then g(n) = subseq(n, 2, size(n) 21); 

(iii) If size(n) > 1 and m* = size(n) then g(n) = subseq(n, 1, size(n) 2 1); 

(iv) If size(n) > 1 and 1 < m* < size(n), then 

d > n = conseq(subseq(n, 1, m” - l), subseq(n, m* + 1, size(n) - m*)). 

It follows that g is primitive recursive. In addition, it is easy to see that 

g(n) < n for all n > 0 (see Exercise 3 of this section). 
Now, we observe that sort(O) = 0, and sort(n + 1) can be expressed as 

if size (n + 1) = 1 then n + 1 

else conseq(sort(g(n + 1)) list(item(n + 1, maxindex(n + 1)) 1)). 



212 TURING MACHINES 

Thus, from Theorem 4.37, sort is primitive recursive. (See also Exercise 4 of 
this section.) cl 

Solution 2. We simply search for a new sequence which has the desired prop- 

erties. First, we define the predicate perm(q) to mean that q = [ql, 42, . . . , qk] 
is a permutation of [l, 2, . . . , ICI. That is, 

Per??-+) = (Vi)l<i<size(s)(39)l<j<size(q)[item(Q,j) = ;I]* -- - - 

Therefore, perm is primitive recursive. 
Then, we observe that 

sort(n) = (mint)t<,i,t(,,72)[size(t) = size(n) and sorted(t) and perm2(t, n)], 

where sorted(t) is the predicate [t is sorted], and perm2(t, n) is the predicate 
[t is a permutation of n]. We note that 

sorted(t) = (Vi)l<i<site(t) A l[item(t, i) < item(t, i + 1)], - -- 

T 

Pe77-4, n> = (3) q<zist(si~e(n),size(n))[Perm(q) and size(q) = size(n) - 
and (~i)l<i<size(7a)[item(t, i) = item(n, item(q, i))]]. -- 

herefore, both sorted 
primitive recursive. 
We remark that the 

and perm2 are primitive recursive. It follows that sort 

sim .pler expression 

(~i)l<i<size(n) -- (3j)1<j<,i,,(t)[item(t, I-> = iten-+, ;)I _ _ 

for perm,(t, n) does not work if the list n has duplicate elements ni = nj for 
some i # j. cl 

Exercises 4.7 

1. Show that the following functions are pairing functions. 

(a) f$,m) = 2n(2m+ 1) - 1. 

Cb) f2 (% ml = max(n, m)2+m+g(m, n), where g(m, n) = n if m > n, - 
and s(m, n> =Oifn>m. 

2. Let ~1 : Up1 N’ - -+ N be defined by f(nl,...,nk) = 2n13n2--pik, 
where pk is the &h prime. 

(a) Show that the ~1 is onto, primitive recursive and monotone. 
Also show that ~1 is almost one-to-one in the sense that if 
Tr(nr, . . . , nk) = Tl(ml,. . . , me), and if k 5 e, then ni = rni for 
all i, 1 < i < k, and mj = 0 for all j, k < j < L - - - 
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3. 

4. 

Let 121, n2,. . . , nk are k nonnegative integers. Prove that if 1 5 ii < 
i2<*** _ < it < k, then [nil, ni2,. . . , nit] < [nl, n2,. . . , nk]. - 

Assume that f(n, 0) = g(n) and f(n, m + 1) = h(n, f(n, k(m))) for 
some primitive recursive g, h and k. Also assume that k(m) < ~72 for all 
nz > 0. Prove that f is also primitive recursive. (Note that Solution 1 

of Example 4.38 actually used this result.) 

5. Show that the following functions are primitive recursive: 

6. 

(a) f (n, m) = the number of occurrences of integer m. in the sequence 

= [nl,. . . , nk]. 

(b) i(n) = [dk,dk-1 . , do], where &&-l l l l do is the decimal repre- 

sentation of n (d.,:, g(2801) = [2,&O, 11). 

We may extend the notion of primitive recursive functions to functions 
from Z” to Z, where Z is the set of integers. All we need is to treat 
a pair (nl, n2) as a represention of an integer in Z: If nl > 0, then 
it represents n2, otherwise it represents -722. Show that the following 
functions on integers are primitive recursive: 

(a) inner(n, m) = the inner product of two k-dimensional vectors n 

and m, if size(n) = size(m) = 2k (and it is 0, otherwise). (We 

treat a list [q, f-32,. . . , r&] as a k-dimensional integer vector whose 
ith element is the integer represented by (nzi-1, n& that is, it is 

n2i if n2i,1 > 0, and is -n2i if n2i-1 = 0.) 

(V det(n) = the determinant of the matrix n if size(n) = 2k2 for 
some k > 1 (and it is 0 otherwise). (We treat [nl, n2,. . . , n+Jk2] as 
a k x k integer matrix M with Mij equal to the integer represented 

by the pair (n2(;-l)k+2j-1, n2(i-l)k+2j)a) 

7. 

8. 

* 9. 

We say a sequence n = [nl, . . . , r&k] is balanced if there exists a partition 

of {1,2,. . ., k}intotwosubsetsBandC(i.e.,BUC={1,2,...,k}and 
B n C = 0) such that CIcB ni = CjEc nj. Prove that the predicate [n 

is balanced] is primitive recursive. 

(a) Show that the function merge(n, m) that merges two sorted se- 
quences into a single sorted sequence (and output 0 if any of the 
two inputs is not sorted) is primitive recursive. 

(b) Prove that sort is primitive recursive using the algorithm of merge 

sort. 

Assume that g : N -+ N and h : N2 -+ N are two primitive recursive 

(b) Verify that if we use ~1 as a Godel numbering, then the functions 
size, item and the functions of Example 4.35 all remain primitive 
recursive. (Here, size(n) is the number of items in the sequence 
n, excluding the trailing zeros.) 
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*10. 

functions. Show that the following function f is primitive recursive: 

f(o7 4 = s(n), 
f (m + 1, n> = f (m, h(m, n)). 

[Hi&: Introduce a third parameter and then apply the operation of 
primitive recursion on the third parameter.] 

Assume that gl, g2 and h are all primitive recursive. 
following function f is primitive recursive: 

Show that the 

f(0, n) = s&--J>, 

f(m + l,O> = gz(m>, 

f(m + 1, n + 1) = h(m, n, f(m + 1, n), f(m, 7-4 + 1)). 

[Hint: Use the pairing 
input .] 

function to encode the two inputs into a single 

* 11. Assume that gl, g2 and h are all primitive recursive. Show that the 
following function f is primitive recursive: 

f(0-g = s&-g, 

f (m + LO) = ga(m), 

f(m+ Ln+ 1) = h(m,n,f(m,n),f(n,m),f(m,m),f(n,n)). 

[Hint: Use the pairing function f2 defined in Exercise l(b) of this section 
to encode the two inputs into a single input.] 

12. Assume that gl , g2, hl and h2 are all primitive recursive. Let fi and f2 
be functions defined by the following formulas: 

f1(m,O) = s1(m>, 

f2@-b 0) = gz@-q, 

f1(m,n+ q= hl(m,n,fl(m,n),fi(m,n)), 

f2(m, 72 + 1) = hz(7v-b fl(n-v>, f2(m, n>>* 

Show that both fi and f2 are primitive recursive: 

4.8 Partial Recursive Functions 

All primitive recursive functions are total functions; that is, they are defined on 
every possible input. In this section, we extend the class of primitive recursive 
functions to the class of partial recursive functions by adding a new operation, 
called unbounded minimization, which may produce nontotal functions from 
total functions. Recall that f(n) T d enotes the fact that f is undefined at 
input 72. 
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Unbounded Minimization: Given a total predicate g : N”+l + (0, l}, define 
function f : N” + N by 

f (nl > ’ l l 7 nk) = 
(minm)g(nl,*‘*~nk~m) if(3m)g(nl,**‘,nk,m), 

-r otherwise. 

We say f is obtained by unbounded minimization operation from function g, 
and simply write f(nl,-,nk) = (minm)g(nl,***,nk,m). 

Partial Recursive Functions: A partial function f defined on Nk is called 
partial recursive if it is an initial function or if it can be obtained from initial 
functions by a finite number of applications of composition, primitive recur- 
sion, and unbounded minimization. A partial recursive function f is also 
called a recursive function if f is a total function. 

Remarks. (1) Note that, in the above definition of unbounded minimization, 
we required that this operation can only be applied to total functions. In- 
deed, it is easy to obtain a nonrecursive function by applying the unbounded 
minimization operation on a nontotal recursive function (see, e.g., Exercise 7 
of Section 5.4). 

(2) In the definition of partial recursive functions, we implicitly extended 
the operation of composition to nontotal functions. For instance, if f is a 
partial function on N and g(n) = 2n + 1, then the composition of g and f is 

=zf (n) + 1 
h(n) = { T 

if f(n) -1> 
if f(n) ? l 

For convenience, we often simply write h(n) 
partial functions f, g on N, we write f = g 
either both f(n) and g(n) are undefined, or 
and their values are equal. 

There are two classes of computable sets 
recursive functions. 

Recursive Sets: A set A C N” is recursive - 

= 2f(n) + 1. S imilarly, for two 
to mean that, for each n E N, 
both f(n) and g(n) are defined 

related to the notion of partial 

if its characteristic function 

XA(nl I 732, l l l j nk) = 
1, if(nl,n2,-.,nk) EA 
0, if @I, 122,. l l ) nk) 4 A 

is a (total) recursive function. 

Recursively Enumerable Sets. A set A C N” is recursively enumerable (or, - 
simply, r. e.) if its semi-characteristic function 

is a partial recursive function. 
c N” k primitive recursive if XA is primitive - In addition, we say a set A 

recursive. 
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Example 4.39 Show that if a set A can be expressed as 

(3m)R(n, m)} for some recursive predicate R, then A is r.e. 
quence, 

(a) F = {n 1 n > 2, (3a, b, c > 1) an + b” = cn} is r.e.3 - - 

MACHINES 

A = {n 1 

As a conse- 

(b) For any recursive function f, the set Jf = {n 1 n > 1, (3m) f cm) (n) = 1) - 
is r.e.4 

Proof. This result follows from 

CA b) = neg(neg(l+ ( minm)R(n, m))). 0 

To compare partial recursive functions with Turing-computable functions, 
we need to extend the notion of partial recursive functions to functions defined 
on strings. 

For any fixed alphabet C = {sl , ~2, . . . , sk}, with a fixed ordering s1 4 

s2 4 l ** -( sk on its elements, the lexicographic ordering -( on strings in C* 

can be defined as follows: Let IZ: = 33x2 . l l xm and y = yly2 l l l yn , where each 
xiandeachyj, _ _ _ _ 1 < i < m, 1 < j < n, is a letter in C. We say x + y if 

(a) I4 < IYI ( i.e., m < n), or 

(b) Ixl= 1~1 and (3i)l<i<n[xl = YI~-~~~x~-I = yi-1,~; 4 yi]- -- 

Then, the set C*, written in the lexicographic ordering, is 

{E, Sl, s2, l l l ,Sk,SlSl,SlS2, l l + ,slsk,s2s1, l l l ,SkSk,SlSlSl, l l l )e 

From this ordering on C*, we define a one-to-one, onto function LX : N + 

C* such that Lc(n) is the nth string in C* under the lexicographic ordering 

(starting with LX(O) = E). When the alphabet C is understood, we simply 

write L for Lx. 

Theorem 4.40 Assume that c = {sI,s~, . . . , sk} and s1 -( s2 -( . . . -( sk. 
Then, for each string x = si,sinal . . . sil sa,, we have 

L-l x ( > = in ’ k” + in-1 l /in-l + ” ’ + il ’ k + io. 

Proof. We can prove this relation by induction on strings x. First, if x = E 
then ~-l (x) = 0 and if x = s1 then ~-l(x) = 1. 

Next, assume that x = sa,sinwl . . . silsiO, with n > 0, and L-‘(X) = i, l 

k” + in-1 ’ k”-l + l ** + il l k + io, and consider thesuccessor y of x in C* 

under the lexicographic ordering 4. There are two possible cases. 

3The famous Fermat’s Last Theorem states that F = (2) and so F is actually recursive. 

4Let f(n) = 3n + 1 if n is odd, and f(n) = n/2 if n is even. The (3n+ 1)-conjecture 

states that Jf consists of all positive integers. 
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Case 1. There exists an integer j, 0 < j < n, such that ij < k and 

it = k for alI e = O,l,. . .,j - 1. That is, G = ~7 n •**~i~+~si~sk l **sk. Then, 

Y = sin •*~i~+~~i~+l~l l . l sl. We verify that 

n j-1 

kj e=o 
n j n j 

- - ~i~=ke+~ke=~,i~~ke+~loke-l, 
kj kl kj e=o 

It follows that 

cl(y) = 2 

j-l 

it l k” + (ij + 1) l kj + x 1 l k”. 

kj+l A!=0 

Case 2. x = sksk l l ‘Sk (of length 1x1 = n-t-l). Then, we have y = SlSl l l l Sl 

(of length lyl = n + 2). By the inductive hypothesis, 

n n+l 

and so 
n+l 

r’(y) = x 1 l ke. 
e=o 

cl 

In practice, we may view the string si,si,-, . . . sil siO as a new base-k rep- 

resentation of the integer m = LC~ (x). We illustrate this idea in the following 
example. 

Example 4.41 (a) Suppose C = { 1,2, . . . ,8,9, X} with the ordering 1 4 2 4 
-+8+9+X. Th en, we may treat every word in C* that contains no X as 
the ordinary decimal expansion of an integer. For instance, let x be the string 
3897. Then, from the above theorem, L-‘(X) = 3103+8102+910+7 = 3897. 
If a string x E C* contains symbol X, we can still easily calculate L-~(X) by 
treating X as 10. For instance, ~-l(3XX7) = 3103+10*102+10*10+7 = 4107. 

(b) Suppose C = {O,l} and 0 4 1. Th en, L(n) is just the ordinary binary 
expansion of n+ 1 with the leading 1 removed. For instance, let n = 89. Then 
the ordinary binary expansion of n+ 1 is 1011010 (i.e., n + 1 = 1. 26 + 1 l 24 + 
1 . 23 + 1 . 2 = 90). By identifying 0 as s1 and 1 as ~2, we can verify that 

L-1(011010) = 1*25+2*24+2*23+1*22+2*2+1 

=1*25+1*24+1*23+1*22+1*2+1 
+ 1 l 24 + 1 l 23 + 1 l 2 

=l~26+1~24+1~23+1~2-1=n. 
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Based on the notion of lexicographic ordering and the function LX, we can 
extend the notion of partial recursive functions to functions on strings over C. 
A partial function f : (C’)” + C* is called a primitive recursive (or, a partial 
recursive) function, if the function f” : N’ -+ N, defined by 

.&,n2,-~,nk) = L,‘(f(LC(n1),...~L~(nk))) 

is primitive recursive (or, respectively, partial recursive). A set A C (C*)” is - 
called a recursive (or, r.e.) set if the set 

ii= {(nl,n2,... ,nk) EN 
k 

1 (Lc(1zl),-d&k)) EA} 

is recursive (or, respectively, r.e.). 
In the following, when the alphabet C is understood, we will simply treat 

each string x E C” as a representation of the integer LC~ (n), and will write 
x to denote both the string x and the integer it represents. For instance, for 
C = {a, b, c}, with a + b + c, we may write but + 1 to denote both the string 
immediately following the string but in the lexicographic ordering 4 (i.e., the 
string bbu) and the integer ~&buc) + 1 (i.e., the integer 24 + 1 = 25). In 
addition, we note that for x, y E C*, x 4 y if and only if L-~(X) < L-‘(Y). So, 

we will simply use a single symbol < for both the integer ordering < and the 
string ordering 4, when there is no confusion. 

We first show that some of the basic operations on strings are primitive 

recursive. 

Example 4.42 Assume that c = (~1, ~2, . . . , sk} and s1 -( s2 4 l l l + sk. 
Show that the following functions are primitive recursive: 

(a) h&> = I4 l 

k (b) COnCUt~(X~,X2,...,Xk) = X1X2*-Xk, 

(c) substrc(x, i, l?) = the substring y of x 

length l, if 1 < i < 1x1 und 1 < e < - - - - 

(d) subc(x, y) = [x is a substring of y]. 

(e) heudc(x, y) = [x is a prefix of y]. 

(f) tuilc(x, y) = [x is a sufix of y]. 

k > 1. - 

starting from the ith symbol with 
- i + 1; and 0, otherwise. 

Proof. First, let us repeat that we treat each of the above functions as an 
integer function with each x E C* representing an integer LC~ (x). For instance, 
in part (a), the function Zengc maps an integer n to the integer ILc(n)l; and 

in part (d), the function subc maps two integers n and m to 1 if LX(~) is a 

substring of ~&rz), and to 0, otherwise. 

(a) It is easy to see that the least string of length n + 1 is w = slsl l l l s1 
(with n + 1 symbols sl) and Mel = k” + k”-’ + l - + 1. Thus, for any 
m > 0, IL~(~)J = (minn),<,[kn + knml + -0 + 1 > m]. 
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(b) This can be proved by induction. For k = 1, concat~ is just the identity 
function. For k > 1, 

concat~(xl,. . . , Xk) = ConCat;-l(xl,. . . , Xk-1) ’ klXkl +x/p 

(c) If 1 < i < 1x1 and 1 < l< Ix]- i + 1, then - - - - 

sub&x(x, i,l) = ( “iw&J<x[IYl = l and - 
(~u)~<~(~v),<,[]u] = i - 1 and uyv = xl]. - - 

(In the above, [uyv = x] means [concat~(u,y,v) = xl.) 

(d) subC(x, Y) = (~U)tL<,(~V)tl<,[UXV = Y]* - - 

(e) hea&+, Y) = (3V)v<y[XV = Y]* - 

(f) taikc(x, Y) = (3U)u<,[UX = Y]* - cl 

We are ready to prove that the notions of Turing-computability and par- 
tial recursiveness are equivalent. We first show that the computation by a 

grammar, as describe by Theorem 4.19, is partial recursive. 

Lemma 4.43 For any grammar G, the predicate 

derive&, v, k) = [u % v in exactly k steps] 

is primitive recursive. 

Proof. First, the predicate ruZe(x, y) = [x + y is a rule of G] is primitive 

recursive: Suppose G has rules xl + yl, x2 + ~2, . . ., X~ + ym. Then, 

ruZe(x, y) = [x = xl and y = yl] or [x = x2 and y = y2] 

or 0.0 or [x=x, andy=y,]. 

Next, we observe that the predicate [u 3 v] is primitive recursive: 

[u 3 VI = (3w1~l~~l<l~l~3~2~l~zl~l~I~3~~l~I<I~I~3~~lvlll~l - - 
[rule(x,y) and u = ~1~x1~2 and v = wlyw2]. 

(Note: ]w] < KU is equivalent to w < k” + km-l + l + k.) 
Finally, we observe that - 

derive& v, 0) = eq(u, v), 

derive&, v, k + 1) = (3w)l,l+,l+~[derive&, w, k) and w 3 v], 

where ! is the length of the longest string in the left-hand side of any rule in 
G. Therefore, deriveG is primitive recursive. 0 
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Theorem 4.44 Every Turing-computable function is partial recursive. 

Proof. From Theorem 4.19, we know that if a function f : (C*)” --+ C* 
is computable by TM &!j then there is a grammar GM that simulates the 

machine AI such that 

f-(x1, x2,. . . , xk) = y ( (!k)derivec,([BxlBx2B.. . BxksB], [ByhB], t). 

We could then, as demonstrated in Example 4.39, use this relation between f 

and deriveGM to show that f is partial recursive. 
We note, however, that f and deriveGM are two functions defined on 

two different alphabets: f on C and deriveGM on A = I’ U Q U { [, I}, 
where C C A (see Theorem 4.19). Assume that C = {sl, ~2,. . . , sm} and - 
A - - {sl,***,s7n,s7n+l, l **9 sn}, with the ordering s1 4 l l l 4 sm < s,+l 
-( l *’ -( sn. Then, a string x E C* represents the integer ~6~ (x) when we 
deal with function f and it represents the in teger 
grammar GM. Therefore, to use the above relati 

LJp x ( > 
.on, we 

when we deal with 
must first “change 

base” to convert them into the same base A. 
We define an integer function base~,~(i) = ~&c(i)). For instance, if 

m = 5 and n = 10, then the string ~2~1~3 in C* represents 2*m2+1-m+3 = 58, 
and ~2~1~3 in A* represents 2 l n2 + 1 l n + 3 = 213. The function basec A then > 
maps 58 to 213. 

Using Theorem 4.40, it is not hard to see that busec A is primitive recursive: > 

b(JSQ,A(i) Z= (minj)j++ngE(‘,+~ [lenSA = leng&) - 
and (~e)l<,<l~~,^(j)[subseq*(j,e, 1) = subseqc(i,&, l)]]- -- 

Now we can complete the proof that f is partial recursive. Formally, we 
need to show that the function f” : N” -+ N, defined by f”(nl, . . . , nk) = 

~~l(f(Lc(nl), l l ‘7 LC(nk))), is primitive recursive. To do this, we first change 
base to set up the initial and final strings of GM. That is, we define 

gl(nl, . . . , nk) = concatik+4([, B, basec &zl), B, . . . , B, basec R(nk), s, B,]), ) 9 

and 

ga(ml) = conc&([, B, bawz,A(ml), h, B,]). 

Then, we get 

f(nl, l l l 7 nk> = ml - (~t)d~veG,(gl(nl,...,nk),g2(ml),t), 

where d&&eG, is the integer function associated with the string function 
deriveGM over the alphabet A. By combining ml and t into a single integer 
m2 = (ml, t), we can express f as 

f”(nl,-,nk) = l((minm2)d~vec,(gl(nl,. .~,~~),g2(~(~2>)~~(~2>). 

This shows that f” is partial recursive. cl 
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Figure 4.19: The Turing machine for SUCC. 

Theorem 4.45 For any grammar G over C, L(G) is r.e. 

Proof. For any string x E C*, II: E L(G) if and only if (3k)derive&x, k). •I 

Next, we show that partial recursive functions are Turing-computable. 
First, we show that changing of base is Turing-computable. The basic repre- 
sentation for nonnegative integers is Ci = {l}, with the string In representing 
the integer n. 

Lemma 4.46 For any fixed C, let m : CT + C* be the function m( In) = 
Lx(n). Then, both - and r<’ are Turing-computable. 

Proof. First, we note that the function succ : C* + C* which maps a string 
x to its successor in the lexicographic ordering is Turing-computable. The 
machine A&,,, for succ is shown in Figure 4.19. 

Next, we design a three-tape TM M that computes the function 5, using 
tape 1 as the input tape, tape 2 as the work tape and tape 3 as the output 
tape. We only describe the basic structure of the machine and omit the precise 
instructions: 

(1) iV copies the input to tape 2. 

(2) M repeats step 3 until tape 2 has no symbol 1 left. 

(3) M removes a symbol 1 from tape 2 and then simulates the machine 
Ad succ on tape 3. 

It is clear that when tape 2 has no symbol 1 left, tape 3 will have the nth 
string of C* under the lexicographic ordering. 

For the function $, we can design a TM A4-i that performs just the inverse 
of the above machine AL That is, Mi first copies the input II: to tape 2. Then, 
it simulates a machine that computes the inverse function of succ on tape 2 
and writes a symbol 1 on tape 3, and it repeats this until tape 2 has no symbol 
in C left. We leave the details to the reader as an exercise. 0 
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Theorem 4.47 Every partial recursive function is Turing-computable. 

Proof. From the above lemma, we know that we only need to prove that all 
partial recursive functions defined on integers are Turing-computable, with 
respect to the representation Cl = {l}. In the following, whenever there is 
no confusion, we do not distinguish integer n from its representation 1”. 

First, it is easy to see that the zero function c and the successor function CT 
are Turing-computable. Furthermore, Example 4.8 showed that the projection 
functions Y$ are all Turing-computable. So, all initial functions are Turing- 
computable. 

Next, we need to prove that the operations of composition, primitive re- 
cursion and minimization preserve Turing-computability. 

Composition. Assume that g : N” + N and hi : N” + N, 1 < i < m, - - 
are computed by 3-tape TM’s A&, 0 < i < m, respectively. We design a new 
four-tape TM IM that computes function- 

as follows: 

(1) M repeats step 2 for i = 1,2, . . . , m. 

(2) M simulates TM A&i on input (nl, . . . , nk), using tape 1 as the input 
tape, tape 2 as the output tape and tape 3 as the work tape. More 
precisely, for each simulation of machine A& it starts with the tape 

configuration 

(B~“‘B~~~B.. l BlnkB, BltlBog VBlt’-lB,BE& 

and ends with the tape configuration 

(B~B~EI. . l ~iT3, BP~B. . •BP~-~B~%, BE), 

where tj = hj(nl,. . .,nk), for j = I,. . .,m, 

(3) M simulates TM A& on input (tl, t2,. t ) using tape 2 as the input “9 m 1 
tape, tape 3 as the output tape and tape 4 as the work tape. 

Note that when M finishes the simulation of Mm, the configuration of tape 
2 is 

BltlB l l l BIt2B l l .B+E#, 

and so the set up of the input to Mo is correct. 
Primitive Recursion. Assume that g : N” + N and h : Nk+2 + N are 

computed by 3-tape TM’s &$ and A&, respectively, and assume f : Nk+l + 
N is defined from g and h by primitive recursion. We can design a new 
multi-tape TM 1M to compute f in a bottom-up fashion: it first computes 

t0 = g(n1, l l l 9 nk), and then uses this to to compute tl = h(nl,. . . , nk, 0, to), 
and repeatedly computes ti+l = h(nl, . . . , nk, i, ti) for i = 1,2,. . ., m (cf. the 
remark after Theorem 4.37). The detail of the machine M is left as an exercise. 
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Minimization. Assume that g : N’“+l + N is a total predicate and that 

f(nl,. . . , nk) = (minm) g(nl,. . . ,nk,m). 

Also assume that there is a 3-tape TM MS computing g. We design a new 
4-tape TM M to compute f. The idea of the machine M is to simulate Mg 
with inputs (121,. . . , nk, ?n) for m = 0, 1, . . . until it outputs 1. 

(1) M copies the inputs (nl, . . . , nk) to tape 2, and then adds an input 0 to 
tape 2. 

(2) M repeats step 3 until tape 3 has the value 1. If tape 3 has the value 
1, then M erases it and copies the last block of l’s of tape 2 to tape 3 

as the output. 

(3) M simulates machine MS, using tape 2 as the input tape, tape 3 as the 
output tape and tape 4 as the work tape. When Mg halts and has an 
output not equal to 1, then M erases the output and adds 1 to the last 
input of tape 2. Cl 

Corollary 4.48 A partial function f : (C’)” + C* is partial recursive if and 
only if it is Turing-computable. 

Corollary 4.49 A set A C (,*)I, - is recursive if and only if it is Turing- 

decidable. 

Corollary 4.50 Let A be a subset of (C’)“, k > 1. The following are equiv- - 
alent: 

(a) A is Turing-acceptable. 

(b) A = L(G) f or some unrestricted grammar G. 
(c) A is r.e. 

Proof. The direction (a) > (b) is proved in Theorem 4.20, (b) 3 (c) is 
Theorem 4.45, and (c) + (a) f o ows immediately from Theorem 4.47. 11 U 

Exercises 4.8 

1. 

2. 

3, 

Design a multi-tape Turing machine that “adds” two strings over C = 

(1 2 
4 ‘“’ 

, X}; that is, on inputs x, y E C*, compute x E C* such that 
Lx x = Lx ( ) -l(x) + g(y)* 

Complete the proof of the primitive recursion part of Theorem 4.47. 
That is, given multi-tape DTM’s MS and Mh computing functions g 
and h, design a multi-tape DTM M that computes the function f which 
is defined from functions g and h by primitive recursion. 

Prove that every partial recursive function can be obtained from ini- 
tial functions with a finite number of applications of composition and 
primitive recursion operations and a single application of unbounded 
minimization operation. 
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4. Show that the following functions defined on (a, b)* are primitive recur- 
sive: 

(a) fi(x,y) = [z is a subsequence of y], where x = 1x111~12 l **xk is a 
subsequence of y = yry2 l l . ym if there exists a sequence of integers 
1 < nl < n2 < l l l - <nk<msuchthaty, =xifori=l,...,k. - i 

(b) f2(x, Y) = th e number of occurrences of x as a substring in y. 

(c) f3(2) = the string obtained from x by replacing each occurrence 
of ba in x by ub. For instance, j’,,(babab) = ububb. 

(d) f4(x) = the length of the longest w such that both w and wR 
occur as substrings of x. 

5. Show that every context-free language is primitive recursive. 

6. Let f(k,O) = lek], and f(k,n) = th e nth digit to the right of the decimal 
point of the decimal expansion of ek, where e = C,“-, l/n!. Show that 
f is a recursive function. Is f a primitive recursive function? 

7. Let G be a grammar over alphabet C. Show that the following functions 
gl, g2, g3 are partial recursive: 

( 1 a 

(b) 

( ) C 

cd) 

g1 cx> = the minimum number of steps in a derivation of x if 
x c L(G), and gl(x) f, otherwise. 

g2 (4 = the minimum length (the number of symbols) of a deriva- 
tion of x if x E L(G), and 92(x) t, otherwise. 

93(x, Y) = 1 if there is a derivation of x that is shorter than any 
derivation of y, if both x and y are in L(G), and 93(x, y) T, other- 
wise. 

1 if!l3(& Y) 4, Let 94(x, Y) = { 0 otherwise. 
Is g4 a recursive function? 

8. (Ackermunn function) Define a function A : N2 + N as follows: 

A(O,n) = { 
n+l ifn<l, 

- 
n + 2 otherwise, 

A(m + 1,0) = 1, 

A(m + 1, n + 1) = A(m, A(m + 1, n)). 

(a) Let A,(n) = A( m,n). What is AZ(n)? As(n)? Show that each 
A, is primitive recursive. 

(b) Show that A is a recursive function. 

* (c) Show that f or every primitive recursive function f : N + N, there 
exists an integer k > 0 such that f(n) < Ak (n) for almost all 
n > 0 (i.e., for all but finitely many n > OF - - 

* (d) Show that A is not primitive recursive. 



5 
Computability Theory 

5.1 Universal Turing Machines 

In this chapter, we study the general properties of computable functions and 
develop some basic proof techniques for proving the computability or noncom- 
putability results of given problems. This theory of computability is presented 
in the Turing machine model. Based on the Church-Turing Thesis, however, 
it is, in general, independent of the particular machine model chosen. In par- 
ticular, we will present a few basic properties of the Turing machine model 
and demonstrate that the computability theory of any programming system 
which has these properties remains the same. 

We start with the first basic property of the Turing machine system: the 
enumerability of Turing machines. We fix a class M of two-way infinite one- 
tape DTM’s, which has the following common form: 

(1) The states of a DTM in M are 41,. . .,Q~, for some n > 1. - 

(2) The initial state is 41 and the final state is qn. 

(3) The input alphabet is { 0, 1). 

(4) The tape alphabet is {al, ~2,. . . , a,}, m. > 3, with al = 0, a2 = 1 and - 
a3 = B. 

For every finite alphabet C with t elements, we can encode a symbol in 
C by a string x in (0, l}* of length [log2 tl . (It is like using a byte or a 
word to encode a symbol.) For any string x in C*, we write 5 to denote 
the string in (0, 1}* that encodes the string x: symbol by symbol. It is not 
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hard to see that for every Turing-computable function f : (C*)k + C, there 
exists a DTM AI in M such that AI computes f” : ((0, I)*)” + {O,l}*, where 
f(&, 22, . . . , &) = 5 if and only if f(~l, ~2, . . . ,Xk) = y. Therefore, we may 
consider a computational system in which the only machines available are 
those in M, and the class of Turing-computable functions (under the above 
coding system) remains the same. 

Coding of Turing Machines. We can encode each DTM M in M itself 
by a string in (0, l}* in the following way: First, each instruction Qi, aj) = 
(qk, at, Dh ) is encoded by the string 

where h = 1,2, with D1 representing L and 02 representing R. Then, a 
machine in M with t instructions can be encoded by the string 

l”code~code2 l l l code& (5 1) . 

where codei is the code of the ith instruction and b is any integer greater than 
1. We note that we do not need to encode any other information of M, since 
we can find the information from the above code: 

(1) & = {!Il,***> an}, where n is the length of the longest third O-block in 
an instruction code. (We require that each DTM M in M must contain 
a “halting instruction,” even if the machine may never execute it. Also 
note that the final state qn does not occur in the first O-block of an 
instruction code.) 

(2) C=(q,..., a,}, where m is the length of the longest second or fourth 
O-block in an instruction code. 

(3) The starting state is 41. 

(4) The final state is qn. 

(5) The blank is 03. 

Note that the above coding system is not one-to-one. More precisely, some 
strings in (0, 1}* d o not encode any DTM, and many strings encode the same 
DTM. To simplify the coding system, we arbitrarily define that a string x E 
(0, 1}* represents a fixed empty DT2M ME, if ;t: does not have the above correct 
form of a DTM code (e.g., if it begins with 110). This machine ME is defined 

as ({Ql, az), {%aah { al, ~22, B}, &, 42)) where & contains a single instruction 

&(41,a1) = (42, al, R). Note that ME contains a halting instruction which 
will never be executed, since its initial configurations (ql, Bd) do not have a 
successor configuration. Thus, it halts and rejects any input x E (0, l}* in 
zero move; that is, L(M,) = 0. With this assumption, we see that every string 
in (0, 1)’ encodes a DTM in M. Also, each DTM has an infinite number of 
codes. We say a string II: E (0, l}* is a legal code if it encodes a nonempty 
DTM in the form (5.1). 
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Example 5.1 Show thut the set L = {x E (0, l}* 1 x is a legal code} is 
primitive recursive. 

Proof. A string x is legal if and only if the following hold: 

(i) It is of the form (5.1); 

(ii) For each instruction code 10ilO~lO~lOelOhl of x, h is either 1 or 2; 

(iii) No two instruction codes start with the same substring 10ilOjl; 

(iv) I f  the maximum state is qn, then no instruction begins with 107. 

We first check that the set of strings of the form (5.1) is a regular set 

In Exercise 5 of Section 4.8, we showed that all context-free languages are 
primitive recursive. Since a regular language is context-free, we see that con- 

dition (i) is primitive recursive. 
Recall that sub(u,v) = [ u is a substring of v], head@, V) = [U is a prefix of 

V] and tail@, v) = [ u is a suffix of V] are all primitive recursive predicates (Ex- 
ample 4.42).l Define the predicate instr(y, x) to mean that y  is an instruction 

code of x; or, equivalently, 

y  E 10+10+10+10+10+1 and sub(y, z). 

Then, it is clear that instr is primitive recursive. 
We now check the other three conditions. For condition (ii), we note that 

it is equivalent to 

(~Y)lYl<lSI (Vh) - l<h<lXl [[instr(y,x) and tuil(lOQ, y)] > [h = 1 or h = 211. - - 

Similarly, condition (iii) is equivalent to 

(VY)I?JI<lxI (v~)l~I<I~I[[i~str(Y, 4 and inste, 4 and 

(3&+1~& E lO+lO+l and heud(w,y) and heud(w, z)]] 3 y  = z]. - 

For condition (iv), we note that the maximum state number of x is 

muxstute(x) = ( maxlc)l<k<l,l(3i)l<i<l~l (~~)l<j<l~l - - -- - - 

(3e)l<e<I~l(3h)l~hII~I instr( 1Oi 1Oj 10’ 10elOh 1, x). -- 

So, it is a primitive recursive function. (See Exercise 3 of Section 4.6 for the 
operation max.) Now, condition (iv) can be stated as 

W>i<l~l (VY)lvl<lGI [ instr(y,x) and heud(lOQ,y) 3 i < muxstute(x)]. q 
- - 

‘When Cl = {O,l} is understood, we write sub(u, u) for subq (u, v), etc. 



228 COMPUTABILITY THEORY 

Enumeration of Partial Recursive Functions and R.E. Sets. For each 
string ti E (0, l}*, we let A& be the DTM in A4 such that IZ: is one of its 
codes. Recall that L{O,~) (n) is the nth string in (0, 1)’ under the lexicographic 
ordering. If x = ~{o,&), we also write A& for A&. In the rest of this chapter, 
we write L for ~(o,l) and do not distinguish the integer n from the string L(n). 

For each k > 1, we write 4; or 4;(n) 

((0, l}*)k to (0,1}* 

to denote the partial function from 

computed by A&. That is, for every input (~1, x2, . . . , xk), 
if A& halts on it with the final configuration (h, yB) for some y c (0, l}*, then - 

k 
~,(21,~2,-v~k) = y; and if A& does not halt on this input, then 4: (x1, 

x2, “‘9 xk) is undefined. (If Mn halts on input (x1, x2,. . . , xk) with a final 
configuration (h,uc~Q that is not of the form (h, yB) for some y E {O,l}*, we - 
arbitrarily define its output to be u1 where u1 is the longest suffix of u that 
is in (0, l}*.) Th e class (4: 1 k > 1,n > 0) 
recursive functions over (0, 1). - - 

is exactly the class of partial 

Every machine h& accepts a language 

L(Mn) = {x E (0, I}* 1 (Ql,XB) kj, (qn,uav) for SOme a E bw E r*}, 

or, equivalently, L(A&) is the domain of 4:. We write l4& or W,(,) to denote 
the set L(&). Then, {PKn 1 n > 0) is exactly the class of r.e. sets over - 
alphabet (0, 1}*.2 

The above coding system shows that there are only countably many DTMs 
in M and hence there are only countably many Turing-computable functions. 
On the other hand, there are uncountably many functions from a countable 
domain C* (see Example 5.18). Thus, most functions are noncomputable. 

Proposition 5.2 Let C be any finite alphabet. 
(a) There exists a function f : C* + C* that is not partial recursive. 
(b) There exists a set A G C* that is not r.e. (and hence not recursive). 

Universal Turing Machines. Once we have a coding system for DTM’s in 
M, we c&n construct a universal Turing machine that can read the code y of 
a DTM MY and a string x and simulate & on input x. In other words, a 
universal DTM works, in the modern computer terminology, like an interpreter 
of the programs written in our coding system. In this programming system, 
a programmer does not have to build a specific DTM by hardware; instead, 
he/she needs only a single set of hardware, the universal DTM U, and can 
write a program for any DTM and submit the program together with its inputs 
to the machine U and let U simulate it. It is interesting to mention that this 

2 We may als o d efine, for each k > 2, the set w,k to be {(xl,. . . , xk) 1 M, halts on input 

(Xl? l ’ ’ 9 xk)}. However, since we can always use pairing functions to encode a finite number 

of strings into one, the computability theory of these sets are the same as that of sets Mr,, 
and we will not discuss this separately. 
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concept of the universal Turing machine was conceived by Alan Turing well 
before the real digital computers were invented. 

In the following, we present a brief description of how the universal DTM 
works. We will present it as a three-tape DTM over the tape alphabet (0, 1, B}. 
Theorem 4.13 showed that there is an equivalent one-tape DTM for it. There- 
fore, there is actually a universal DTM in M. 

First, we note that machine U uses only a fixed alphabet (0, 1, B}, whereas 
machines MY in M may have a bigger alphabet {al, . . . , a,}. So, we need 
a fixed coding system to encode a string x: in {al, . . . , urn}* by a string x’ 
in {O,l}*. We do this by a simple scheme: the symbol ai is represented by 
string Oi, and a string x = u+x~, . . . czin is represented by the string x’ = 
Oil l(y”l . . . loin. 

The machine U uses tape 1 as the input tape. When it starts, the config- 
uration of tape 1 is of the form 

x;BxI,B l l l Bx;B yB, 

where y is to be interpreted as the code of machine A&y and x1, . . . , xk are the 
inputs to machine A&. (Note: Here, B denotes the blank symbol of U. The 
blank symbol us of A,& is represented by a string O”.) The machine U uses 
tape 2 to simulate the tape of machine A&, and uses tape 3 to store the current 
state of machine A&. So, tapes 2 and 3 together represent a configuration of 
machine A&. 

With this setting, the simulation of My can be described as follows: 

(1) Initiulixation: First, U copies y to tape 3 and checks whether y is a legal 
code of a DTM in M. By Example 5.1, this problem is primitive recursive 
and so can be done by a DTM. (Note: Tape 1 is read-only, and so we need to 
copy it to tape 3 to do the checking.) 

If it is not legal, then machine U copies the inputs (xi,. . . , XL) to tape 2 
and halts (i.e., it accepts the input and outputs the same values as the inputs). 

If it is legal, the machine U copies the inputs to tape 2 and writes 0 on tape 
3 (to indicate that My is in state q1). The configuration after this initialization 
step is 

(s, x’,B l l l Bx;Byl3, Ix/11031 l l l 1031x;1031, BO). - - 

Again, in the above, B denotes the blank symbol of U and O3 denotes the code 
of the blank symbol us of My. Note that the head of tape 2 is scanning the 
symbol 1 that lies to the left of the O-block which represents the symbol in 

{m,** . , a,} currently scanned by machine My (called the current O-block). 

(2) Simulution: Each move of machine My can be simulated as follows: 
First, U scans the string y to find an instruction code starting with 1O’lOj 1 
where Oi is the current content of tape 3 and Oj is the O-block to the right of 
the head of tape 2. 

If such an instruction 1Oi 1Oj 10 lOllOh 1 is found, then U simulates the in- 
struction accordingly. Namely, it changes the content of tape 3 to Ok, changes 
the O-block to the right of the head of tape 2 to Oe, and moves the head of 
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tape 2 to the next 1 to the right (if h = 2) or to the left (if h = 1). When 
it moves right, it also checks if this is the rightmost 1; if so, it adds 031 to 
its right. When it moves left, it checks whether it is currently scanning the 
leftmost 1; if so, it adds lo3 to its left and moves the tape head to scan the 
leftmost 1. 

If such an instruction is not found, then U determines whether the current 
state stored in tape 3 is the final state qn or not (i.e., whether it is equal to 
ma&ate(y)). If it is the final state, then it halts and accepts. Otherwise, it 
enters an infinite loop and never halts. (In practice, it halts and rejects.) 

We leave the details of the simulation as an exercise (see Exercise 2 of this 
section). 

We have just proved the following theorem: 

Theorem 5.3 For every k > 1, the partial f2snction a’ : ((0, l}*)“+l + 
- {O,l}*, defined by 

is partial recursive. 

The coding of a DTM by a string and the existence of a universal DTM play 
an important role in computability theory. So, let us study the computation 
of the universal DTM in more detail. First, let us encode each configuration 
of A& by a single string in (0, 1)‘. That is, the configuration 

of the machine M9 is encoded by 

We say a string u is a legal code of a configuration if u is of the above form. 

Example 5.4 Show that the following predicates are primitive recursive: 

(a) k7aqu, Y) = [ u is a legal code of a configuration of MY]. 

(b) fina+, Y) = [kP@~ Y) and u is a final configuration]. 

(c) next(u, v, Y) = [if final(u, y) then u = v  else u FM, v]. 

Proof. For any string u of length greater than 5, let u’ = substr(u, 3,luj - 4).. 
(a) We observe that u is a legal code of a configuration of J& if and only ilf 

(i) u E 11(10+)*110+11(0+1)*11, 

(ii) (Vi)l~~~lUI[Su~(llO”11, u’) 3 i < maxstate(y and - -- 

(iii) (Yi)l<j+~[ sub(lOjl,u’) and neg(sub(llOjll,u’)) 3 j 5 maxsym(y)], - - 
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where maxstate is the maximum state number of My and maxsym( y) is 
the maximum symbol number of MY. 

The function maxstute has been shown to be primitive recursive in Example 
5.1. The function muxsym can be proved to be primitive recursive in a similar 
way. From these results, we see that legal is primitive recursive too. 

(b) finuZ(u, y) is true if and only if legal@, y) and llOma~state(~)ll is a 
substring of u’. 

(c) We note that the first condition is easily checked by (b) above. It is 
not hard to see that the condition [u FM, v] is also primitive recursive (see 
Exercise 2). Therefore, the predicate next is also primitive recursive. cl 

Example 5.5 Show thut the following functions are primitive recursive: 
- k (u) inat (xl,...,xk,y) = the initiul configurution of MY on inputs (x1, . . ., 

xk), encoded us described above. 

(V output(u, y) = 
= 0 otherwise. 

the output in u if u is a finul configuration of MY, und 

Proof. (a) First, we recall that each input symbol 0 is encoded by 0, symbol 

1 by 00, and symbol blank B is by 03. Thus, it is clear that the function 

Y( > X = x’ is primitive recursive, and so 

initk(Xl,. . . , Xk, y) = lX~1031X~l l l l 1031X~1101103111 

is primitive recursive. 

(b) Recall that the output of u is the longest tail in (0, l}* of the substring 
to the left of the state symbol of u. So, let 

left(u) = (minv)l,(<lul(32U)lull<lul(3lc)k<lul[llvll0”llwlll = u], - 

and we have 

output(u, Y) = if finuZ(u, y) then (maxz)l,l+l[tuiZ(g(z), left(u))] eZse 0. 0 - 

The following two predicates will be used in the next few sections. 

Lemma 5.6 The following predicates are primitive recursive: 

(a) For each k > 1, huZt”(xl, . . . , xk, y, t) = [MY halts on inputs (x1, . . . , xk) 
in at most t moves]. 

(b) For each k > 1, printk(xl,. . .,xk, x, y, t) = [MY huZts on inputs 

(Xl, ’ l l 7 xk) in at most t moves and outputs z]. 

Proof. (a) D fi f  e ne unction f  (u, v, y, t) to mean that there exists ug, ~1,. . . , ut 

such that u = UO, v  = ut and next(ui, ui+l, y) for all i = O,l, . . .,t - 1. Then, 
f  is primitive recursive: 

f(u, v, Y, 0) = [u = VI, 
f  (u, v, YG + 1) = (32U)l,l<l,(+(y([next(u, w, Y) and f  (?-4 v, Y,t)l* 
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Now, we note that 

h~~tk(~l,~-,~k,!/,t) = (321)1,1<luol+tlvl[f(Uo,v,y,t) andfin+bY)], - 

- k where ~0 = inzt (x1, . . . , xfk, y). Thus, hult k l is primitive recursive. 
(b) We note that printk(xl, . . . , xk, x, y,t) is the same as hcslt k (x1, . . l > xk, 

y, t) above plus the extra condition that output(v, y) = z. cl 

When k = 1, we write halt for hult’ and print for print’. 

Exercises 5.1 

1. Show that the following functions are primitive recursive: 

(a) state@, e, x) = [x is a legal code of a DTM AKJ and [substrjo 1)(x, i, ) 
! + 2) is equal to 10’1 and represents a state qe in M]. 

(b) chstute(x, i, j) = the code of a DTM which is obtained from A& 
by changing each state qi to qj, if x is a legal code of a DTM A&; 
and it is = 0, otherwise. 

(c) oo-Zoop(i, x) = [x is a legal DTM code] and [A& is undefined at 
state pi on any symbol in I’]. 

2. Complete the proof of Example 5.4(c). 

3. Show the detail of how the universal DTM U simulates a DTM A&. 
In particular, show the instructions that search for the instruction code 
that matches the current state in tape 3 and the current symbol in tape 
2. Then, show how to change state, change tape symbol and move left 
or right according to the instruction code. 

5.2 R.E. Sets and Recursive Sets 

In this section, we study the general properties of the classes of r.e. sets and 
recursive sets. In particular, we present a few characterizations of r.e. sets. 
Based on the work of the last section, we consider only sets over alphabet 
(0, 1). We follow the notation developed in Section 4.8 and identify each 
integer n with the nth string ~{o,l)(n) in (0, l}*. 

First, we list two important results obtained in the last section. 

Theorem 5.7 (Enumeration Theorem) 
(a) A function f  : ((0, l}*)k + {O,l} is partial recursive if und only if 

f  = C/I: for some n > 0. 
(b) A set A is r. e. if und onZy if A = Wn for some n > 0. - 

From the enumeration theorem, we say {Wn) is an efective enumeration 
of all r.e. sets. 
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Theorem 5.8 (Projection Theorem) Let A C (0, l}*. The followiplg are - 
equivalent: 

(Q) There exists a primitive recursive predicate R such that A = {x 1 (3~) 

R(x, Y)b 
(b) There exists a recursive predicate R such that A = {x 1 (3y)R(x, y)}. 
(c) A is r.e. 

Proof. The direction (a) 3 (b) ’ t is rivial. The direction (b) ) (c) is proved 
in Example 4.37. For (c) 3 (a), we assume that A = VI& and note that, 
from Lemma 5.6, Wn = {x 1 (3t)haEt(x, n,t)}. 0 

The 
us look 

above two theorems can often simplify our proofs abou t r.e. sets. Let 
at some examples. 

Example 5.9 Assume that sets A und B are r.e. Show that sets A U B and 
A n B are also r.e. 

Proof 1 (by the product DTM). Assume that A = I$& and B = Wm. First, 
we consider C = A U B. The idea is to construct a new DTM M that 
simulates both machines A& and Mm. The machine &! halts when one of the 
machines Mn or Mm halts. An important point is that M needs to simulate 
the machines Mn and Mm in parallel, because if we simulate one machine 

first and if that machine does not halt then we will never be able to find out 
whether the other machine halts or not. 

To do so, we design a DTM M as the product DTM of Mn and Mm, like 
the product automata introduced in Sections 2.2 and 3.5; that is, each state 
of M encodes two states, one from Mn and the other from Mm. Furthermore, 

M uses two separate tapes to simulate the tape configurations of the two 
machines. 

More precisely, assume that Mn has states Qn = {ql, . . . , qs} and Mm has 
states Qm = {ql,..., qt}. Then, M has states Q = Qn x Qm plus some 

auxiliary states, and it has two tapes. It first uses the auxiliary states to copy 
the input from tape 1 to tape 2. Then, it uses the following instructions to 

simulate Mn and Mm parallelly: 

ifS,(qi,,al) = (qiz,a2,D1) and ~n(qj,~bl) = (qjsjh,-&), where b and h-n 

are the transition functions of Mn and Mm, respectively. 
Recall that, in the Turing machine system M, the highest-indexed state is 

the halting state. So, M needs to halt when it reaches one of the following 

states: 

Since M should have a single halting state h, we add the following instructions 
to M: 
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(1) S([qs, qj], (a, b)) = (h, (a,b), (S,S)), for 1 < j < 6 and Cl E L-h b E Lm 

(a> S([qi, qt], (a, b)) = (h, (a, b), (S, S)), for 1 & ys, and a E L, b E rm, - - 

where I& and rm are the sets of tape symbols of Mn and Mm, respectively. 
Next, we construct a DTM M’ for set D = AnB. The machine M’ behaves 

like machine M, except that it needs to continue simulating Mn or Mm when 
the simulation of the other DTM halts. That is, M’ contains all instructions of 
M, except for those in (1) and (2)) plus the following additional instructions: 

(3) For each instruction 6, (qil, al> = (qiz7 a2, Dl) Of Mn 9 add a new instruc- 

tion 
S([Qil) qt], (al, h)) = ([t&Y qtl, (Q5 bd7 (01, w* 

(4) For each instruction S, (qj,, bl) = (qj,, b2, D2) of Mm, add a new in- 
struction 

S’([qs, qj,], (al, bl)) = ([as, Qj,lY (%b2)J (S, D2))* 

Also, M’ has a single halting state [qS, qt]. 0 

Proof 2 (by douetuiling). In order to simulate Mn and Mm, we do not need 
to combine Mn and Mm together to form the product DTM. We may simply 
include two machines Mn and Mm as two subprocedures of a new DTM M, 
which can use them to simulate their computation. Since we do not know 
which one of the two machines halts first and how many moves it takes before 
it halts, the machine M needs to simulate both machines for an indefinite 
number of moves. How does it do that? It first simulates each machine for 
t- 1 move. If neither machine halts, it increases t by one and simulates each 
of them for 2 moves. If neither machine halts in 2 moves, it increases t again 
and continues the simulation until one of them halts. This technique is more 
general than the product DTM technique and has many other applications. 
We call it the dovetailing technique. 

More precisely, for set C = AUB, the dovetailing algorithm M on an input 
~xf works as follows: 

(1) Set t := I. 

(2) Simulate Mn on x for t moves. If it halts, then halt; otherwise, go toI 

(3) . 

(3) Simulate Mm on x for t moves. If it halts, then halt; otherwise, go toI 

(4 . 

(4) Increase t by one, and go to step (2). 

It is clear that the above algorithm halts if at least one of Mn or Mm 
halts on X. Furthermore, the algorithm is quite simple, and we can easily see! 
(by the Church-Turing Thesis) that it can be implemented by a DTM M. It, 
follows that C is r.e. 
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For set D = A n B, we do not have to simulate A& and A& alternatingly, 

because tie need to wait for both machines to halt anyway. So, the algorithm 
is simpler: 

(1) Simulate A& on x until it halts; then go to step (2). 

(2) Simulate Mm on z. If it halts, then halt. 0 

Proof 3 (by the projection theorem). Assume that A = L(Mn) and B = 
L(Mm). Then, by the projection theorem, A = {z 1 (3tl) h&(x, n,ti)} and 
B = {x 1 (3t2) haZt( x, nz, tz)}. Now, observe that x E A U B if and only if 

(3t)[halt( x, n, t) or haEt(x, m, t)]. 

It follows from the projection theorem that A U B is r.e. 
For set A f/ B, the proof is similar: x E A f~ B if and only if 

(3t)[halt( x, n, t) and halt(x, m, t)]. 0 

At first glance, it seems that Proof 3 is totally different from Proofs 1 and 2, 
since it avoids the construction of the DTM simulators completely. However, if 
we examine the proof more carefully, we can see that it actually uses the same 
idea of the dovetailing simulation, except that it uses the existential quantifier 
(3) and a simple operator or (and, in the case of A f~ B, the operator and) 
to encode the whole algorithm of Proof 2. In the following, we will see more 
examples of using the projection theorem to simplify the proofs. 

Example 5.10 Show that the set {y 1 WY # 8) is r.e. 

Proof. The idea is, for a given input y, to simulate MY on all possible inputs; 
and halt whenever one of the simulations halts. This simulation algorithm1 
is more complicated than that of Proof 2 of Example 5.9, since we need to) 
dovetail through an infinite number of simulations. The algorithm may be: 
described as follows: 

(1) Set t := 1. 

(2) Set x := E. 

(3) If 1x1 < t, th en simulate Mg on x for t moves. If it halts, then halt; 

othervke, go to step (4). If 1x1 > t, then go to step (5). 

(4) Reset x := x + 1 (i.e, let x 

ordering), and go to step (3). 

be the next string in the lexicographic 

(5) Reset t := t + 1, and go to step (2). 

Note that if WY is not empty then there must be a string w and a number 
n such that MY halts on w in n moves. By the time the algorithm reaches the 
stage with t = max{n, lwl} and x = w, the simulation of MY on x will halt (if 
the algorithm did not halt before this stage). Therefore, the above algorithm 
is correct. 
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The above dovetailing algorithm can be simplifed by the projection theorem 
as follows: 

(Recall that (a, b) is the pairing function developed in Section 4.7, and E(z) 
and r(z) are the inverse of the pairing function: x = (Z(x), r(a)).) 

We note that using the last line of the proof by the projection theorem, we 
can actually construct a simpler simulation algorithm because, by the use of 
the pairing function, we only need to search for one string x instead of two 
strings x and t: 

(1) Set 2 := 0. 

(2) Simulate A& on input x = Z(z) for t = r(x) moves. If it halts, then 
accept; otherwise, go to step (3). 

(3) Reset z := z + 1, and go back to step (2). Cl 

Example 5.11 Show that if A is r.e. then B = (JyEA WY is also r.e. 

Proof. Assume that A = Mn. Intuitively, we need to simulate AL& on all 
possible inputs and then, for each y found in W,, to simulate A& on the given 
input x. All these simulations need to be dovetailed, and the algorithm does 
not seem simple at all (see Exercise 2). 

On the other hand, the projection theorem gives us a very simple proof’ 
(and, hence, a simple simulation algorithm) : 

XEB u (jy)[yE Wn andxe WY] 

- (3Y)W)[h4Y> 72, t) and huZt(x, y, t)] 

u (3x)[halt(Z(z), n, Y(Z)) and haZt(x, Z(z), r(z))]. 

It follows that B is r.e. q l 

Example 5.12 Show that the range of a partial recursive function f  : 
{O,l}* + {O,l}* is an r.e. set. 

Proof. Assume that f = & and let A be the range of f. Then, we have 

z E A e (ilx)(Zlt)print(x, x, y, t) 

- (3w)Prqqw), 6 Y, r(w))* El 

We say a tape of a DTM is a one-way write-only tape to mean that the 
DTM can only write on the tape and once a symbol is written, the tape head 
moves to the right and is not allowed to move left. We say an infinite set A is 
Turing-enumeruble if there exists a two-tape DTM M, whose second tape is a 
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one-way write-only tape, such that when it is given the empty string E as the 
input, M-prints an infinite sequence of strings ~1, ~2, . . . on the second tape, 
with every two strings separated by a blank, such that A = (~1, ~2, . . . }. 
Note that the strings printed by iV does not have to follow any specific order, 
and they do not have to be distinct from each other. As long as M prints 
only strings in A and every string in A is eventually printed, then A is said 
to be enumerated by M. 

Theorem 5.13 Assume that A is an nonempty set. Then, the following are 
equivalent: 

(a) A is Turing-enumerable. 
(b) A is the range of a primitive recursive function. 
(c) A is the range of a recursive function. 
(d) A is the range of a partial recursive function. 
(e) A is r.e. 

Proof. The directions (b) 3 (c) and (c) 3 (d) are trivial. The direction (d) 
+ (e) is just Example 5.12. We need to prove (a) * (c), (e) a (a) and (e) 

* Cb)* 
(a) a (c): Assume that machine M enumerates A. Then, we can design 

a new four-tape DTM JP that prints, on input n, the nth string enumerated 
by M: 

M’ uses tape 1 as the input tape, treating the input n as a counter. 
It uses tape 4 as the output tape, and uses tapes 2 and 3 to simulate 
M. In the simulation, whenever M prints a string x followed by 
a blank on tape 2, M’ examines tape 1. If the counter of tape 1 
is 0, then M’ copies the string 2 to tape 4 and halts; otherwise, it 
decreases the counter by 1, and continues the simulation of M. 

We note that iV enumerates an infinite number of strings, and so M’ 
halts on every input n. Thus, the function computed by M’ is recursive. In 
addition, its range is exactly the set A. 

(e) 3 (a): Assume that A = IV& Then, we can design a DTM M that 
enumerates A as follows: 

(1) Set x := 0. 

(2) Simulate MY on input Z(x) f or Y(X) moves (on tape 1). If it halts, then 
print Z(x) on tape 2 and then print a blank B. 

(3) Set x := x + 1 and go back to step (2). 

(More precisely, we need to split tape 1 of M into two tracks, using one track 
to store the values of x, Z(x) and T(X), and using the other to simulate MY.) 

It is clear that M prints only strings in A. In addition, if a string x is in A, 
then there exists an integer t such that halt@, y, t). It follows that z will be 
printed by AL Finally, we observe that if haZt(r, y, t), then M will print x for 
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each x = (~,t’), with t’ > t. Thus, M prints an infinite sequence of strings in 
A. This means that M enumerates set A. 

(e) + (b): Assume that A = Wy. Let x0 be the least string in A. Then, 
define 

l(x) 
f(z) = { xo 

if hWW, Y:, r(x)>, 
otherwise. 

It is clear that the range of f is set A. Furthermore, since halt is a primitive 
recursive function, f is primitive recursive. 0 

Theorem 5.14 Assume that A is an infinite set. Then, A is r.e. if and only 

(f) A is the range of a one-to-one, recursive function. 

Proof. In the last theorem, we showed that the condition (e) of A being 
r.e. is equivalent to each of the conditions (a)-(d). It is clear that (f) 3 (c). 
Therefore, we need only to prove that, for an infinite set A, (a) =+ (f): 

Assume that machine M enumerates A. Then, we can design a new four- 
tape DTM A&’ that works on input n as follows: 

(1) &P uses tape 1 as the input tape, tape 4 as the output tape. 

(2) AP uses tapes 2 and 3 to simulate &K When &! prints a string followed 
by a blank on tape 3, AP checks whether the string has been printed 
before. If yes, A&’ erases it. 

(3) If the string just printed is new, then M’ checks whether this is the nth 
string remained on tape 3. If so, it copies this string to tape 4 and halts. 
Otherwise, it goes back to step (2). 0 

Next we consider recursive sets. The following characterization of recursive 
sets is very useful. For every set A C (0, l}‘, we write A to denote the set - 
(0, l}* - A. 

Theorem 5.15 A set A is recursive if and only if both A and A are r.e. 

Proof. If A is recursive, then its characteristic function XA is recursive. That 
is, XA = & for some n > 0. so, we have - 

x E A e (3) print(x, 1, n, t), 

x E A ( (3) print(x, 0, n, t). 

By the projection theorem, both A and A are r.e. 
Conversely, assume that A = VVn and A = W, . Then, define 

time(x) = (mint)[halt(x, n, t) or h&(x, m, t)]. 

Since x is either in W, or in VVm, the function time is a recursive function. 
Now, we see that XA(x) = haZt(x, n, time(x)) and it follows that A is recursive. 

0 
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We will see in the next section (Corollary 5.20) that there exist sets that 
are r.e. but not recursive. 

Example 5.16 Show that if A and B are recursive sets, then A U B, A n B 
and A are all reczarsiue. 

Proof. This result can be proved by simple simulation algorithms. Here, we 
present the proof by the characterization of Theorem 5.15. - 

First, since XA (z> = 1 A XA (z), we see that A is also recursive. Now, since 
A, B, A and B are all r.e., it follows that A U B, A U B = A n ??, A n B and 
A n B = AuB are all r.e. It follows from Theorem 5.15 that AU B and An B 
are recursive. cl 

A total function f  : {O,l}* + {O,l}* is increasing if f(z) < f(z + 1) for - 
all x. 

Theorem 5.17 A nonempty set A is recursive if and only if it is the range 
of an increasing recursive function f  : (0, 1)” + (0, l}*. 

Prove. Assume that A is recursive. Let x0 be the least string in A under the 
lexicographic ordering. Define f(0) = x0 and 

f(x + 1) = { 
x+1 if&@+I)=1, 
f( 

X 
) 

otherwise. 

We can see that f is recursive, since f(x) can be expressed as follows (to avoid 
the recursive definition) : 

f(x) = if x 5 x0 then x0 else (maxy)y&A(y) = 11. - 

Furthermore, it is easy to see that the range off is A, and that f  is increasing. 
Conversely, assume that f is an increasing recursive function and A is the 

range of f.  Then, from Theorem 5.13, we know that A is r.e. Now, if A is 
finite, then A is recursive and so A is r.e. Otherwise, if A is infinite, then we 
have 

A = {x I x < f(O) Or (3Y)[f(Y) < x < f(Y + l)l), 
since f  is increasing. So, A is also r.e. We conclude from Theorem 5.15 that 
A is recursive. cl 

Exercise 5.2 

1. Assume that A, B, C C { 0, 1}* are r.e. sets. Let - 

D=(AnB)u(BnC)U(CnA). 

(a) Construct a DTM that simulates the three DTM’s accepting sets 
A, B, and C in parallel and accepts set D. 
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) Construct a DTM that simulates the three DTM’s accepting sets 
A, B, and C by the dovetailing method and accepts D. 

) Find a recursive predicate R such that D = { 2 1 (3.~) R(x, y)}. 

2. Design two dovetailing algorithms for set B of Example 5.11, the first 
based on the intuitive algorithm given in the solution, and the second 
based on the last line of the proof by the projection theorem. 

3. Assume that A, B, C C (0, 1}* and A n B = B n C = C n A = 8. Also 
assume that there exi% three partial recursive functions fl, f2, f3 that 
have the following properties: 

1 ifzEAUB, 

f&) = 2 if 32 EC, f0 { 2x = 
T ifzEAUC, 
0 otherwise, 

and 
f otherwise, 

f3(x) = { 
T ifxEBUC, 
0 otherwise. 

(a) Prove that sets A, B, C are all recursive. 

(b) Let Ml, M2 and M3 be three DTM’s that compute functions fr , f2 
and f3, respectively. Construct DTM’s that simulate Ml, M2 and 
M3 to compute XA, XB and XC. 

4. Show that every infinite r.e. set has an infinite subset that is recursive. 

5. (a) Assume that f : {O,l}* + {O,l}* is a partial recursive function, 
and A is an r.e. set. Show that f(A) and f-l(A) are r.e. (Recall 

that f(A) = {f(x) I x E 4 f(x) 3-l and f-l (A) = {x I f(x) 3-9 

f(x) E 4.) 
(b) Assume that f  is a recursive function and A is a recursive set. Is 

f(A) recursive? Is f  -’ (A) recursive? 

6. A function f  : (0, 1}* + (0, l}* is strictly increasing if f(x) < f  (x + 1) 
for all x E (0, 1)‘. Sh ow that an infinite set A is recursive if and only if 
A is the range of a strictly increasing recursive function f. 

7. Show that the following sets are r.e. 

(a) Al = {n 1 {O,l,. . .,n} C Wn}. 

(b) A2 = (71 1 Iwn n (0,iI. . . , n}l > n/2}. [Hint: Use the Gijdel 
numbering to encode n/2 string&to a single string.] 

0 A3 = {(n,x) \ there exist nl,. . .,nk, k 2 1, such that x E W,,, 

nl E wn2, . . . y nk-1 E wn~,, nk E wn}* 

(4 A4 = {x I there exists an integer n such that &(y) = 0 for all 

Y c (0, w). 
(e) As = {n I during th e computation of Mn (11 l), Mn has a configu- 

ration that contains a substring 000). 
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8. Recall that AB = {zyIx~A,y~l3}. DefineA+B={n+mInE 
A, ti E l?}. 

(a) Show that if A and B are r.e. sets then Al?, A + B and A* are 
also r.e. 

(b) Show that if A and B are recursive sets then AB, A + B and A* 
are also recursive. 

9. Define a set C = {(x, y) 1 there exists a partial recursive function f such 
that f(z) is defined and f(z) = y}. 

(a) Prove that C is r.e. 

(b) Is C recursive? why? 

10. Show that the following function is partial recursive: 

k: if (3-t) [&(n) = #)j(n) = k], 
‘(“” Ic) = { t otherwise. 

5.3 Diagonalization 

In the last section, we studied how to prove that a set is r.e. or is recursive. 
The main tools are simulation algorithms and the projection theorem. In this 
and the next sections, we develop proof techniques to show that a set is not 
recursive or is not r.e. 

The first proof technique is diagonalization. Suppose that we are given 
an infinite number of objects (sets or functions) Al, AZ, . . . and want to 
construct a new object B that is different from each of the given objects. 
Also suppose that the object B consists of an infinite number of parts. The 
diagonalization technique constructs B one part at a time, making the ith 
part different from the corresponding part of Ai. When the infinite number 
of steps of construction are done, we obtain an object B that is different from 
every Ai, i > 0. The following is a simple example. - 

Example '5.18 Show thut the set F offunctions from N to (0, 1) is uncount- 
able. 

Proof. Suppose otherwise that F is countable; that is, it can be listed as fo, 

fl, f2, l ** * Define a new function f : N + (0, 1) by f(n) = 11 fn (n). Then, 
f E F and f # fn for every n > 0, because f(n) = 1 A fn(n) # fn(n). Thus, 
we have found a contradiction tO the assumption that F consists of fo, fi, . . . . 

In the above example, we are given a list of functions fo, fi, f2, . . . , and 
need to find a new function f  E F such that f  is different from every fn, 
n > 0. That is, we need to satisfy an infinite number of requirements: - 

Ri: f#fi, i=O,l,.... 
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f 

f 4 

f 3 

f 2 

fl 

f 0 
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Figure 5.1: The diagonalization. 

Since a function f  is defined by an infinite number of parts f(O), f(l), f(2), . . . 
and since these parts are independent of each other, we can satisfy the nth re- 
quirement by making the nth part f(n) t o e 1 b d’ff erent from the corresponding 
part of the nth function fn. This process can be seen more clearly in Figure 
5.1. In this figure, the nth row contains the values of fn(0), fn(l), . . . , and 
the function f  is defined by taking the diagonal of the picture and changing 
every element of it (hence the term &agoPlalization). 

We remark that the term diagonalization is a little misleading, since we 
do not have to define f  to be the opposite of the diagonal. The construction 
works as long as for every it > 0, there is a point x, such that f(xn) # fn (xn). 
For instance, we may let x~-= n2 and let f(n2) = 12 fn(n2). Then, f  still 
satisfies all the requirements Ri, i > 0. The values f(m) for those nz which - 
are not perfect squares can be used to satisfy other requirements. 

The next example shows that the construction of object B could be made 
by a machine as long as objects Ao, Al, . . . can be presented to the machine 
in a uniform way. 

We say a set A is co-r.e. if A is r.e. 

Example 5.19 Show that there exists a co-r.e. set that is not r.e. 

Proof. We are given a list VVO, M/1, W2, . . . , and need to find a set A that 
is different from each of them. We may simply construct A one element at 
a time: for each n, we let n E A if and only if n @ I/v,. That is, define 
A = {n 1 n @ Wn}. Th en, A is not r.e., since it is different from every Wn, 

n 2 0. In addition, A = {n 1 n E Wn} = {n 1 (3t)hult(n,n,t)}, and so A is 
co-r.e. Cl 

Corollary 5.20 (u) The set K = {n ( n E Wn} is r.e. but not recursive. 
(b) The set I<0 = {(Y, 2> 1 a h a It s on input y} is r.e. but not recursive. 
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Proof. (a) K is the complement of set A of the above example. Since K = A 
is not r.e;, I;;’ is not recursive (by Theorem 5.15). 

(b) Suppose Ko were recursive, then K would also be recursive since 

XK(x) = XKo((x,x))- Th us, by part (a), Ko is not recursive. 0 

A decision problem is a problem whose answer is either yes or no. Every 
decision problem corresponds to a language consisting of all inputs to which 
the answer is yes. We say a decision problem is undecidcable (or, unsolvable) 
if the corresponding language is not recursive. So, from part (b) of Corollary 
5.20, we say that the problem of determining whether a given Turing machine 
M halts on a given input string y (called the hcslting problem) is undecidable. 

Example 5.21 We say Q partial recursive function f  : (0, 1}* + (0, l}* 
is extendable if there exists a recursive fianction g : (0, l}* -+ (0, l}* such 
that g(x) = f(x) whenever f(x) 4. Sh ow that there exists a partial recursive 
function that is not extendable. 

Proof. If a partial recursive function f is extendable, then there exists an 
integer n such that & is total and q& is the extension of f. So, we need 
to construct a partial recursive function f that is different from every total 
recursive function q&. To do this, define f(n) = 1+~5~(n).~ 

Then, f  is partial recursive since f(n) = 11 a1 (n, n). (Recall that a1 is 
the two-input function computed by the universal TM.) 

Now, for every recursive function $n, f(n) J, because q& (x) 4 for every 
x > 0. It follows that f(n) = 12 & (n) and & is not the extension of f. •I - 

We have seen that {&} is an enumeration of all partial recursive func- 
tions. Is there an enumeration of recursive functions? The answer is no. The 
following example shows that we cannot enumerate all DTM’s that compute 
recursive functions. Exercise 4 of this section gives an even stronger negative 
result. 

Example, 5.22 Show thut TOT = {n 1 W’ = (0, 1)‘) = {n 1 q& is recursive} 
is not r.e. 

Proof. The proof is a simple modification of the Example 5.21. Suppose, for 
the sake of contradiction, that TOT is r.e. Then, by Theorem 5.13, there is a 
recursive function g whose range is TOT. We need to find a recursive function 
f  such that f  # &cn) for all n > 0. Define f(n) = 12 &c&n). 

Since g(n) E TOT for all n 2 0, $+)( n is always defined and so f(n) is a ) 
total function. In addition, f(n) = 1 L @(n,g(n)), and so f  is recursive. 

3Recall that when we write j(n) = 12 4n(n), it means that if & is defined on input n 
with output y, then j(n) is equal to 12 y; otherwise, if & is not defined on input n, then 

j(n) is undefined. 
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Finally, we know that f # &cn) for all n 2 0, because f(n) # &(n) (n). 
So, f provides us a contradiction to the assumption that TOT is r.e. cl 

The above examples are straightforward applications of diagonalization. 
The following example is more involved. It shows how to modify the diag- 
onalization requirements to create space for the object to be constructed to 
have some additional properties. 

We say an r.e set S is simple if its complement S is infinite but does not 
contain any infinite r.e. subset. 

* Example 5.23 Show that there exists a simple set. 

Proof. The idea is to construct a set S such that for every n > 0, if VI& 
is infinite then we include an element of M& in S. That is, the-first set of 
requirements we need to satisfy is 

RI n: If  VVn is infinite, then S fl VVn # (8, n > 0. ) - 

I f  these requirements are satisfied, then the complem ent S of S does not 
contain any infinite VVn as a subset. 

In addition to these requirements, we also need to make sure that S is 
too big; that is, we need to make 3 infinite. So, we also need to satisfy 

R2,n: For every n > 0, I%? {x 1 x < 2n)l > n, n > 0. - - - 

It is easy to see that these requirements imply that ;F is infinite. 
There is, however, a problem with the above idea. Namely, the set INF = 

{n 1 VVn is infinite} is not an r.e. set (see Example 5.34), and so we will not be 
able to enumerate all infinite VV& which appears necessary in order to satisfy 
the requirements R + by a Turing machine. The solution to this problem is 
that we will pretend that every VVn is infinite and try to include an element of 
VVn in S for all n > 0. This modification of requirements RI 72 is acceptable 

since it does not hurt if we have S n W, # 8 for some finite r/G,. 
In the following, we construct set S by enumerating strings of S one at a 

time. This make S a Turing-enumerable set and, hence, an r.e. set. 

Let A = {(n,z) 1 x E VI&, x > an}. Then, it is easy to see that A is an - 
infinite r.e. set. From Theorem 5.13, it is the range of a recursive function g. 
We now describe an algorithm that enumerates the set S: 

AZgorithm for S. We maintain a finite set B in our construction. 
Before stage 0, we let the set B be empty. Then, we go to stage 0. 
At stage e, we compute g(e) and let n = E(g(e)) and x = r(g(e)); 
that is, g(e) = (n, 2). I f  n 4 B, then we print string IX: and add n 
to set B; else we do nothing. Then, we go to stage e + 1. 

It is clear that each stage e ends in a finite number of steps since g is 
recursive. Therefore, by the Church-Turing Thesis, the above construction 
can be implemented by a Turing machine and so the output set S is Turing- 
enumerable. 
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To see that this construction satisfies all requirements, we first check that 
for each ?-I such that VI& is infinite, the set A, = {(n,x) 1 (n,z) E A} is 
infinite. Let e, = (mine)[g(e) = (n, X) for some z]. Then, at stage e,, n 4 B 
and g(e,) = (n,z> f or some E. Therefore, we will include x in S at stage e,. 
It follows that S satisfies requirements RI,, , for all n > 0. - 

For the second set of requirements Rz,~, we note that for any n > 0, set - 
S n {Z 1 x < 2n) contains at most n strings since each of these strings x 
must come from g(e) = ( m, X) for some m. < n, and for each such nz, we add 
at most one string 2 to S. Therefore, requirements R2,n are satisfied for all 
n > 0, and the construction works correctly. 0 

Exercises 5.3 

1. 

2. 

3. 

4. 

5. 

6. 

Let A be any set (not necessarily countable). Show that there does not 
exist a one-to-one correspondence between set A and the set 2A of all 
subsets of A. 

Show that the set Fl of all one-to-one, increasing functions from N to 
N is uncountable. 

What are wrong with the following diagonalization x>roofs? 

( > a 

(b) 

We show that there exists a partialiecursive function f : (0, l}* + 
(0, l}* which is not enumerated in &,&, . . . . Define f(n) = 
q!+Jn) + 1. Then, by the existence of the universal DTM, we can 
see that f is partial recursive. Thus, we have obtained a partial 
recursive function f that is different from every & at input n, 
n > 0. 

We- show that the set REC = {X ( PVZ is recursive} is not r.e, 
Suppose, by way of contradiction, that REC is r.e. Then, there 
exists a recursive function g whose range is equal to REC. Define 
A = {Z 1 x 6 ‘w,(,)}. Since each IV+) is recursive, it is decidable 
whether x: E I+&). Therefore, A is a recursive set. But this is a 
contradiction, since A # IV”(,) for every it: 2 0. 

Assume that A C N is a set with the following properties: (i) 4n is 
recursive for all GE A, and (ii) for all recursive functions f, f = $n for 
some n E A. Show that A is not an r.e. set. 

(a) Show that the class of primitive recursive functions is effectively 
enumerable (in the sense that there is an re. set B such that (i) 

4 n is primitive recursive, for all n E I?, and (ii) for all primitive 
recursive function g, g = $n for some n E B). 

(b) Show that there exists a recursive function that is not primitive 
recursive. 

Show that set A = {n 1 4n halts on n and its output is greater than n} 
is not a recursive set. 
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Figure 5.2: The reduction function f cannot cross the dotline. 

7. Show that the set {(i, j) ) VVi = wj} is not an r.e. set. 

8. We say two sets A and B are recursively separable if there exists a 
recursive set C such that A C C and B C c. Show that for any 
n # m. E N, sets K, and h-, 

- 
are not recursively separable, where 

A-f-& = {X 1 &(x) is defined and is equal to n}. 

9. Give a formal proof that set S defined in Example 5.23 is r.e. That 
is, let h(e) be the string printed out in stage e by the algorithm for S 
(h(e) f if it does not output any string in stage e). Prove that h is 
partial recursive (without using the Church-Turing Thesis). 

* 10. Show that there exists a set A such that both A and A are infinite but 
neither has an infinite r.e. subset. 

5.4 Reducibility 

The second proof technique for proving languages not recursive or not r.e. is 
the technique of reducibility. Intuitively, we say a language A is reducible to a 
language B if the membership problems of the form “x E?A” can be reduced 
to the membership problems of the form “y E?B.” Therefore, an algorithm 
for problem B could be converted to an algorithm for problem A. Technically, 
there are several different types of reducibility, with different applications. We 
will study only the simplest type of reducibility here, namely, the many-one 
reducibility. 

Assume that A and B are two languages over the alphabet C. We say that 
A is many-one reducible to B, denoted by A srn B, if there exists a recursive 
function f : C* + C* such that for every string x E C*, 

x E A e f(x) E f?- 

The function f is called the reduction function (see Figure 5.2). 

Proposition 5.24 The following hold for cdl sets A, B, C C C*: - 
(a) A <rn A. 
(b)A<n-&B&X 3 A<,C. - 
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Proof. For part (a), the identity function is a reduction function for A Lrn A 
for all A C C*. 

For pa; (b), assume that A & B by the reduction function f and B srn C 
by the reduction function g. Then, the function h(x) = g(f(x)) is a reduction 
function for A Frn C. q 

Example 5.25 Assume that both A and B are nonempty proper subsets of 
c*. 

(a) Show that if A is recursive then A Lrn B. 
(b) Show that if the set differences A \ B and B \ A of sets A and B are 

both recursive, then A & B. 

Proof. (a) Let x0 be a fixed string in B and xl a fixed string in B. Define 

f(s) = { 
x1 if x E A, 
x0 ifxeA. 

Then, it is clear that x E A if and only if f(x) E B. In addition, the predicate 
[x E A] is recursive and so f is recursive. Thus, f is a reduction function for 
A Lrn B. 

(b) Similarly to part (a), we choose two strings x0 E B and xl E B and 
define 

x1 ifxEA\B, 

d > x = x0 ifxe B\A, 
X otherwise. 

Then, f is recursive since both A \ B and B \ A are recursive. In addition, 
if x E A then either g(x) = x1, or [g(x) = x and x e A \ B]; in either case, 
we have g(x) E B. Similarly, if x $ A then either g(x) = x0 or [g(x) = x and 
x 4 B \ A]; in either case, g(x) 4 B. It follows that g is a reduction function 
for A srn B. 0 

Proposition 5.26 Assume that A Lrn B. 
(a) If B is recurisve then A is recursive. 
(b) If  B is r.e. then A is r.e. 

Proof. Suppose A & - B by the reduction function f. Then, XA(x) = 
XB (f (2)) and SA (x) = sg (f (2)). Since f  is recursive, it follows that XA 
is recursive if XB is recursive, and that SA is partial recursive if sg is partial 
recursive. Cl 

The above theorem allows us to prove a set B to be nonrecursive or non- 
r.e. by reducing a set A that is already proven to be nonrecursive or non-r.e. to 
set B. For instance, in Corollary 5.20, we showed that set li’o = {(y, x) 1 x E 
WY} is not recursive by reducing set li’ = {x ( x E VI&} to it. In that case, 
the reduction function is very simple: f(x) = (x, x). The following is another 
example. 



248 COMPUTABILITYTHEORY 

Example 5.27 Show that the set EMP = {z 1 WX = 8) is not recursive. 

Proof. First, we note that 

EMP = {z 1 wa: = 0) = {x 1 (Vy)(W) [halt(y, qt) = 01). 

So, by the projection theorem, EMP is r.e. Thus, we try to show that EMP is 
not recursive by a reduction from the halting problem K = {Z ] II: E WZ} to 
EMP. 

For any string x E (0, l}*, we construct a DTM W as follows: 

On input Z, A.4’ erases x and write a:Bz on the tape. Then M’ 
simulates the universal DTM U on input (x, z). If the simulation 
halts, then M’ halts and accepts the input; otherwise, it does not 
halt. 

Clearly, M’ will accept any input if U accepts (z, z) or, equivalently, if Ma: 
accepts X. Also, M’ will not accept any input if Ma: does not accept X. Let y 
be the code of the DTM M’, then the function f(z) = y is a reduction from 
Ii’ to EMP. 

It is left to show that f is a recursive function. For any fixed Z, let M” be 
the DTM that, on any input x, outputs X. That is, M” computes the constant 
function Ii’: (z) Z X. Then, it is easy to see that the function fi(z) = [code 
of M”] is a primitive recursive function. 

Next, we claim that the function fz(u, V) = [the code of the DTM M that 
computes the composition of $&&,] is primitive recursive. To see this, assume 
that maxstate = t. Then, to get M, all we need to do is to change each 
state pi in Mu to qi+(t-+ and combine the new TM with M,. In Exercise 
1 of Section 5.1, we showed that changing a state in the code of a DTM is a 
primitive recursive operation. Thus, f:! is primitive recursive. 

Now, we note that f (2) = f2(% f2(c, fl@))), w l-l ere c is the code of the 
DTM that copies the input z into xBz, and u is the code of the universal 
DTM U. Therefore, f is primitive recursive. It follows that Ii’ <m EMP, and - 
so EMP (and hence EMP) is not recursive since K is not recursive. cl 

Let us examine the above proof of K srn EMP more carefully. The proof 
can be divided into two steps. First, we need to prove that the DTM M’ 
exists; that is, the function 

1 if Mz halts on X, 

g(Z) = { T otherwise 

is a partial recursive function. Second, we need to argue that the code y of M’ 
can be computed from the code of Ma: (by a DTM); or, equivalently, we need 
to show that the function f(z) = y is recursive. In the above, we only gave 
an informal proof for the second step and relied on the Church-Turing Thesis 
to support its correctness. Since many other proofs use similar arguments, we 
formalize it below as a technical lemma, called the s-m-n theorem. 
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Theorem 5.28 (S-m-n Theorem). For each pair of integers m, n > 0, there 
is a primitive recursive function sk : ((0, l}*)n+l + (0, l}* such that 

Proof. Intuitively, s\ is a function that reads a TM code e and n strings 

t1, l l 
. , t, as inputs and outputs a new TM code e’ such that & simulates 

A& on n + m inputs (xl,. . . , xxfm, ~1,. . . , yn) as follows: It reads m strings 
as the first m inputs to A& and then uses the constants tl, . . . , t, as the 
last n inputs to A&. It is probably easier to understand it in a high-level 
programming language environment: Assume the program e is of the form 

read(x& read(x& . . . ; read(x,); 
read(y& read(y2); . . . ; read( 

w; 

Then, the program e’ = sk(e, tl, . . . , tn) is as follows: 

read(x& read(x& . . . ; read(x,); 

Yl := t1; y2 := t2; . . .; yn := t,; 

w; 

It is easy to see that the mapping from the program e to e’ is recursive. In 
the following, we show that this mapping is actually primitive recursive in the 
Turing machine programming system. 

We prove the theorem by induction on n. First we consider the case n = 1. 

The function sh takes as the input a DTM code e and a string y  E (0, l}* 
and outputs a DTM code x such that Mz on inputs (xl,. . . , xm) outputs the 
same value as &!e on inputs (21,. . . , Xm, y). 

Assume that lyl =Kandy=yry2*= l yk, whereeach yj, 1 <j < Qsasym- - - 
bol in (0, 1). Al so assume that A,& uses states 41,. . . , qt (i.e., maxstate = t). 
Then, A& contains the following instructions: 

(i) All instructions of A&, with 41 changed to qt and qt changed to qt+k+l; 

(ii) q41, B) = (qt+1A R); 

(iii) J(qt+i- 1, B) = (qt+i, yi-I, R), 2 < i < k - - 

(iv) S(qt+k, B) = (qt, Yh R). 

Thus, the effect of instructions in groups (ii), (iii) and (iv) is to change the 
configuration from 

(417 XlBX2B l ’ l BXmB) 

to 
(qty XlBX2B l l l BXrnByB), - 

and the instructions in group (i) allow us to simulate A& on this last config- 
uration. 

Define a function g : ((0, 1}*)3 -+ (0, l}* as follows: 
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(a) If i = 0, then g(e, y, i) is the code of instructions of A& in part (i); 

(b) If 1 < i < k + 1, then g(e, y, i) is the code of the ith instruction in part 
(ii)-&) r 

(c) If i > k + 2, then g(e, y, i) = 0. - 

It is not hard to see that g is primitive recursive. 
2 < i < k, g(e, y, i) can be expressed as - - 

For instance, for the case 

if substr(y, i 1. 1, 1) = 0 then 10t+i-110310t+i101021 

else 10~+i-110310~+i1021021 . 

For case (a), s(e, Yt 0) can be obtained from e by replacing each substring lot1 
that represents state qt by the string 10 ‘-~+ll, and replacing each substring 
101 that represents state ~1 by the string 10tl. By Exercise l(b) of Section 
5.1, it is primitive recursive. 

Using function g, we can show that s& (e, y) is primitive recursive. We first 
define a new function s’ that concatenates all instructions of g(e, y, i): 

s’(e, Y, 0) = substr(g(e, Y, 0)) 1, Is(e, Y, o)l - 2)) 

s’(e, y, i + 1) = c0ncat2(s’(e, y, i),g(e, y, i + 1)). 

Then, it is clear that s&(e, y) = cancat2(s’(e, y, 1~1 + l), 11) and is primitive 
recursive. 

The above proved the case n = 1 (with respect to arbitrary nz > 0). For 
the general cases n > 1, we define 

n+l 
s, (e,Yl,*‘*,Yn+l) = s~(s~+n(e,Y~+l),Yl,...,Y,) 

and verify that 

- 
4 

m+n - 
S&+ (%Y?-L+ 1 

- f+F _ 

Therefore, the function sk+’ satisfies the desired property. q 

Using the s-m-n theorem, we can present a more complete, and more ele- 
gant, proof of the reduction K’ <m EMP: - 

Example 5.27 (R evisited) Show, by the s-m-n theorem, that Ii: Lrn EMP. 

Proof. First, define a function 

1 if x E 1C 
g(y’ z> = { T otherwise. 
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Then, g is partial recursive since g(y, x) = CT&C). (Recall that flK is the 
semi-characteristic function of set K.) 

By the enumeration theorem, g = 4: for some e > 0. For this fixed e, 
- define f( 2) = si(e,z>. We check that if x E Iii, then 

kfw (d = “&!,x) (Y> = &Y, 2) = il(Y, x) = 1, 

for all y  E {O,l}* and so VI+(,) = {O,l}* # 8. Also, if x $z! I<, then 

&f(z)(Y) = 43YY x) = !l(Y, x) ?, 

for all y  E (0, l}* and so W,(,) = 8. Thus, f  is a reduction function for 

IiT <7n EMP. cl 

The following is another simple example. We say an r.e. set A is complete 
(with respect to the many-one reducibility) if B & A for all r.e. sets B. A 
complete r.e. set is not recursive, for otherwise all r.e. sets would be recursive. 

Example 5.29 The halting problem I< is complete. 

Proof. Let B be an r.e. set. We need to construct a reduction B srn I<. 
Define 

1 ifxEB, 

‘(” ‘) = { t otherwise. 

Then, g is partial recursive since g( y, x) = Q(X). 
By the enumeration theorem, g = 4,” for some e > 0. For this fixed e, define 

f(x) = s:(e,x). We check that if x E B, then $$+T(y) = @(y,x) = g(y,x) = 
1 for all y  E {O,l}* and, in particular, cbf(,)(f(z)) = 1 and so f(x) E I<. 
Also, if x C$ B then $f&y) = &(y,x) = g(y,x) t for all y  E {O,l}* and so 
f(x) $ II. Thus, f  is a reduction function for B Fm I<. 0 

By the transitivity of the reducibility <m, an r.e. set A is complete if 
I< & A. For instance, Example 5.27 showed that EMP is a complete r.e. set. 

Index Sets. We say a set A C {O,l}* is a function-index set if for any 
x, y  E {O,l}*, & = & implies XA(Z) = x~(y); a set A C {O,l}* is a set- 
index set (or, simply, an index set), if for any x, y  E { 0, l}* ,W, = IVY implies 

&I(x) = %4(Y)* 1 n other words, A is a function-index set (or, a set-index set) 
if the membership question “x E?A” depends only on the fw-wtion qbx (or, 
respectively, on the set W,), and does not depend on the machine A& that 
computes &. Note that each set-index set is also a function-index set. 

Each function-index set (or, a set-index set) corresponds to a property of 
partial recursive functions (or, respectively, r.e. sets). We say the problem 
of determining whether a partial recursive function f  has the property P is 
undecidable (from the code of a DTM that computes f) if the corresponding 
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function-index set Ap = {z 1 P(&)} is not recursive. Similarly, the problem 
of determining whether an r.e. set A has the property P is undecidable (from 
the code of a DTM that accepts A) if the corresponding set-index set Ap = 
{z 1 P(U&)} is not recursive. 

For instance, the set EMP of Example 5.27 is a set-index set since the 
question “x E?EMP” depends only on whether the set VVz is empty or not, 
and we say that the problem of determining whether an r.e. set is empty is 
undecidable. Similarly, set Al = {x 1 & (0) > 5) is a function-index set (but 
not a set-index set). Rice’s theorem below shows that Al is not recursive 
and so the problem of determining whether a partial recursive function f has 
value f (0) > 5 is undecidable. 

On the other hand, the set I{ = {x 1 x E PI&} is not an index set since 
the question of whether x E I< not only depends on the set Wz but also on 
the membership of x itself in W$. (For a formal proof that I< is not an index 
set, see, e.g., Exercise 11 of Section 5.5.) Similarly, the set B1 = {x ] A&(O) 
halts in at most 200 moves} is not an index set since we can easily design two 
DTM’s AIY and A& computing the same function but one is in I31 and the 
other not in Br. 

We say an index set A is nontrivial if it is neither empty nor equal to (0, 1)‘. 
Then, by the s-m-n theorem, we can prove that all nontrivial index sets are 
nonrecursive. Thus, all nontrivial properties of partial recursive functions are 
undecidable. 

Theorem 5.30 (Rice’s Theorem) All nontrivial function-index sets are non- 
recurswe. 

Proof. Let A be a nontrivial function-index set. First, assume that all indices 
x such that Wx = 8 are in A. We show that I< Lrn A. Choose a fixed x0 in 
A, and define 

am, 
dY, x) = { t 

if IX: E Ii’, 

otherwise. 

Then, g is partial recursive since g(y, x) = OK(X) l &, (y). 
By the enumeration theorem, g = 42 for some e > 0. For this fixed e, define 

f( > = si(e,x). We check that if x E I<, then &&(y) = g(y,x) = &,(y) 
forxall y E {O,l}*. Since A is a function-index set and x0 E A, it implies 
that f(z) E A. On the other hand, if x 4 I< then 4f(X)(y) = g(y,x) t for all 

y E {O,l}* and so Wj(,) = 8 and it follows that f(x) E A. Therefore, f is a 
reduction function for Ii’ <m A, and it follows that A is not recursive. 

Now, suppose that all indices x such that Wz = Q1 are in A. Then, by the 
same argument (with x0 E A), we can prove that I< <m A and so A is not 
recursive. 0 

Corollary 5.31 The following sets are not recursive. 

(a) Al = {x I &(O) > 5). 

(!I) TOT = {X I Wx = {O,l}*}. 
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(c) FIN = {Z 1 Wx is finite}. 
(d) REC = {z 1 W, is recursive}. 
(e) REG = {z 1 Wx is a regular set}. 
(f) REV = {z ] VI& = w,R}. 

Next, we apply the technique of reducibility to prove that some index sets 
are not r.e. Our first result is a simple application of the proof of Rice’s 
theorem. 

Example 5.32 Let A be a nontrivial function-index set. Show that if EMP C 
A, then A is not r.e. Thus, the following index sets are not r.e: Al, EMF, 

TOT, FIN, REC, REG and REV. 

Proof. From the proof of Rice’s theorem, we see that if EMP C A, 
K Lrn A, or, equivalently, K Lrn A. It follows from Proposition 5.26 th 
is not r.e. 

Since sets Al, EMP, TOT, FIN, REC, REG and REV all contain EMP 
subset, they are not r.e. 

For set Al, there is another simple way to show that A1 is not r.e. 
observe that 

then 
at A 

We 

x E A1 e (3)(3w) [print(O, w, x, t) and w > 51 

e (3~) [print(O, l(z), x, r(z)) and Z(z) > 51. 

So, by the projection theorem, Al is r.e. Also, by Rice’s theorem, Al is not 
recursive. It follows from Theorem 5.15 that Al is not r.e. 0 

* Example 5 33 Let A be an r.e. index set. Show that if x E A and Wz C WY 
then y  E A. Thus, the following sets are not r.e.: 

- - - 
REC, REG, REV. 

Proof. Assume that A is an index set and that there exist x0 E A and yo sf A 
such that WzO C WgO. We show that, then, K -Cm A and hence A is not r.e. 

Define - 
- 

1 

g(z’x) = { T 

if z E WXO or [z E WY0 and x E I<], 

otherwise . 

Then, g is partial recursive since g( x, x) .J.. and equals 1 if and only if 

(3t)[halt( x,x0, t) or [haZt(z, yo, t) and haZt(x, x, t)]]. 

By the enumeration theorem, there exists e > 0 such that c#$(z, x) = g(z, x). 

IJet f (4 = si(e, x). If x E Ii’, then 9f&) = g(z,x), and so Wf(,) = 

wyo u W& = w&v Thus, x E K implies f(x) E 2. On the other hand, if 
x @ K, then WJ(,) = W& and so f(x) E A. Th is shows that f is a reduction 

function for Ii’ <m A and, hence, A is not r.e. - 
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be 

Yo 

For the second part of the question, we choose, 
any indexes such that WzO = JC and WY0 = { 
E REC and W& C W&. So, REC is not r.e. 
The same $0 and-y0 also work for REG. 
For set REV, use any ~0 and yo such that W& = 

for set REC, ~0 and y. to 

Q 1) j ** Then, ~0 E REC, 

(10) and WY0 = {lO,Ol}. 
cl 

* Example 5.34 Let A be an r.e. function-index set. Show that if x E A then 
there exists y  E A such that WY is a finite subset of W$. Thus, the following 
sets are not r.e.: TOT, FIN. 

Proof. Assume that A is a function-index set and that there exists an index 
x0 E A such that (Vy)[W, is a finite subset of Wz, + y  4 A]. We need to 
show that K <m A and so A is not r.e. 

Define 

g(z, x) = { fxo(z) if hdt(q xx:, z> = 0 and 2 E Wk-,y 

otherwise. 

Then, g is partial recursive since g(y, x) 4 and equals c$~~(x) if and only if 

(3t)[halt( z, x0$)] and [ha&(x, x, z) = 01. 

By the enumeration theorem, there exists e 2 0 such that &(z, x) = g(z, x). 

Let f (4 = si (e, x). Suppose x 4 K. Then, h&(x, x, z) = 0 for all x > 0 and 

so &f(x)(Z) = g(z, 2) = 
the other hand suppose ?$“I! f 

or all x > 0. It follows that f(x) EA. On 
7 Let x0 =(minz)hult(x, x, z). Then, we have 

ha&(x, x, z) = 6 if and only if x < x0. Therefore, Wf(,) = wx, n {Z 1 2 < zo} 

is a finite subset of W,,, and so f(x) E A. The above proved that f is a 
reduction function for li’ srn A. cl 

The above examples showed either K 5m A or Ii’ <m A for many index 
sets A. In addition, the s-m-n theorem can also beked to establish the 
reductions between other index sets. For instance, the next example shows 
that problems TOT and FIN are equivalent under the many-one reducibility. It 
means that they have the same degree of unsolvability, in the sense that each 
problem is solvable using the other problem as an orcacle, although neither is 
r.e. nor co-r.e. 

* Example 5.35 Show that TOT srn FIN and FIN srn TOT. 

Proof. Before we give the formal proof, we present an informal analysis of the 
sets TOT and FIN. We note that 

x E TOT e Wx = {O,l}* 

- (VY> [Y E Wx] - (Vy)(jt) [halt(y,x,t)], 
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and 
x E FIN <q VV$ is infinite 

+=a (VWY) [Y > x and Y E wi?] - 

- (‘d4(3Y) [Y > iTic and (3t) paqy, o)]] 

a (VZ)(~W) [l(w) > x and halt(l(w),x,r(w)]. - 

Therefore, both sets TOT and FIN have the form 

for some recursive predicate R. Furthermore, we know from earlier examples 
that they are neither r.e. nor co-r.e. Therefore, they do not have a simpler 
form of {x ] (3~) Q(x, y)} or {x ] (Vy) Q(x, y)} for any recursive predicate Q. 
This suggests that these two sets have the same degree of zansoluability. 

Now, we present the reductions between them. First, we prove TOT Lrn 
FIN. Define a function 

1 
g(x’ ‘) = { T 

if (V&GJ [x E w,], 
otherwise . 

Then, g is partial recursive since g( x, y) .J,. if and only if 

pqp+<y ha+, x, t)]* 

(Note: (VZ)~Q is a bounded quantifier, and so [(VZ)~<~ halt@, x,t)] is a 
recursive predicate.) 

- 

By the enumeration theorem and the s-m-n theorem, there exists a recur- 
sive function f  such that for all x, y  2 0, +f(X~ (y) = g(x, y). Now we observe 
that if x E TOT, then IV3 = {O,l}* and so the condition (VX)~.Q, [x E Wij’ 
holds for all y  > 0. It follows that VI+(,) = (0, l}* and is infinite.-Conversely, 

if x 4 TOT, then W, # (0, l}*. Let yo be the least string in w,. Then, 
g(x, y) T for all y  > yo. That is, W,(,) = {y ] g(x, y) j,} is finite. Therefore, f  - 
is a reduction function for TOT Lrn FIN. 

Next, we prove FIN Lrn TOT. We define a function 

Then, 

h(x, Y) = (34 V(w) L Y and haw-4 x, r(w)>], 

and so h is partial recursive. 
By the enumeration theorem and the s-m-n theorem, there is a recursive 

function k such that for all x, y  > 0, &+)(y) = h(x, y). Now, if x E FIN then 
for every y  > 0, the condition (3z),>, [z E VVJ holds and so VVj+) = (0, l}*. - 
Conversely, if x E FIN, then M& is-finite. Let yo be the greatest integer in 
Vi& (or, let yo = 0 if VI& = 8). Then, the condition (3x),>, [x E VVJ does not 
hold for all y  > yo. It follows that VV&) is finite and is not equal to (0, l}*. 

This shows that JG is a reduction function for FIN Lrn TOT. cl 
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Exercises 5.4 

1. Assume that AU B = (0, 1}* and An B # (8. Show that if A and B are 
re., then A srn A n B. 

2. If g : {0,1}* + {0,1}* is one-to-one, then we define g-l(x) = (miny) 

b(Y) = x]. Show that there exists a recursive function f such that for 
all one-to-one functions q&, qQ(m) = +;l. 

3. Show that there exists a recursive function ~(5, y) such that &(z,Y)(z) = 

Mw)* 

4. (a) Show that for every partial recursive function f, there exists a 
recursive function g such that w,(,) = f -’ (Wx). 

(b) Show that there is a recursive function g such that for all x1, y, 

w,(x,,) = K1(wy) = 1x1 4x(4 E wy}* 

* 5. (Rice’s theorem for r.e. index sets) For any finite set D = {xl, . . . , x,}, 
we say [xl,..., ’ 

. 
x,] (in any order) is a code of D. Show that an index 

set A is r.e. if and only if 

(i) x E A and Wx C WY imply y E A; - 
(ii) x E A implies that there exists y E A such that WY is a finite 

subset of Wx; and 

(iii) There exists an r.e. set B that contains codes of all and only finite 
sets Wx such that x E A (i.e., for each x E A such that Wx is finite, 
B contains at least one of its code, and for every [xl, . . . , x,] E B 
andevery~suchthatW~={x~,...,x,},xEA). 

6. For any partial recursive function f : (0, 1}* + (0, l}*, we write Df to 
denote its domain {x 1 f(x) 4). Let f,g, h : {O,l}* + {O,l}* be three 
partial recursive functions. 

(a) Show that th ere exists a partial recursive function p : (0, l}* + 
(0, i}* such that DP = Df U D, U Dh, and for each x E Dp, 

P(X) = f (4 Or P(X) = s(x) Or P(X) = h(x)* 
(b) Show that there does not always exist a partial recursive function 

q : (0, 1)’ -+ (0, l}* such that D, = Df U D, U Dh, and for each 
x f D,, q(x) = f(x) or q(x) = g(x) or q(x) = h(x), and for each 
x E Df f-J D, i-3 Dh, q(x) = m~~{f(~>,s(~),q~)}~ 

7. Define 

f(n) = { T 
min{VI&} if Wn # 0, 

otherwise. 

Is f a partial recursive function? Prove your answer. 

* 8. (a) Show that th ere exists an r.e. set B such that nnEB Wn is not r.e. 
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(b) Show that if B is an r.e. index set then nnEB Wn is also r.e. 

9. Let Cl be the class of all recursive sets, Cz the class of all r.e. sets which 
are not recursive, C3 the class of all co-r.e. sets which are not r.e., and 
Cd the class of all sets that are neither r.e. nor co-r.e. For each of the 
following sets, determine in which class Ci, i E { 1,2,3,4}, it belongs to. 

(a) B1 = {x 1 A& (2) halts in at most 200 moves}. 

(b) B2 = {x I h(x) > 9). 

(c> J33 = {a: I Iml > 5). 

(d) B4 = {x I IKI 5 x}* 

(e> B5 = {(XYY) I Y E ~wP+w* 
(f) I?6 = {(x,y)I q&(y) is defined or q&(x) is undefined}. 

(g) B7 = b-2 I& = b-h,), w h ere no is a fixed positive integer. 

(h) B8 = {a: I range of & is finite}. 

(i) Bg = {n I Wn C P}, where P is the set of primes. 

(j) BIO = (72 1 w,- P}, where P is the set of primes. 

(9 Bll - = {n 1 w, c K}. 

10. A set A is called single-valuecd if for each y, there exists at most one x 
such that (y, z> E A. Let B12 = {xl VI& is single-valued}. Show that 

EMP Lrn B12 and B12 & EMP, - 

11. (a) Show that th ere is a recursive predicate R such that 

x E REC e (3y)(Vz)(3w) R(x, y, z, w). 

(b) Let COINF = {X I l/lrs is infinite}. Show that there exists a recur- 
sive predicate Q such that 

II: E COINF e (Vy)(3z)(‘dw) Q(x, y, x, w). 

* 12. Prove the following reductions: 

(a) TOT Lm REC. 

(b) TOT & COINF. - 

13. Let B13 = {x 1 WL = AT}. 

(a) Show that th ere exists a recursive predicate R such that 

x E B13 - (QY)@) R(z, Y, 2). 

* (b) Show that B 13 < TOT and TOT srn B13. - 

14. Let B14 = {x I (3y E Wz) [WY is infinite]}. 

(a) Show that there exists a recursive predicate R such that 

x E B14 - pY)(vqw qx, Y, 2, w>* 
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* (b) Show that REC srn &4. 

* 15. A set B C {O,l}* is called productive if there exists a partial recursive 
function 7 such that for every x:, if I& C B then f(z) J. and f(z) E - 
B-WC. 

(a) Show that if B is productive then B has an infinite r.e. subset. 

(b) Show that if K srn A then A is productive. 

(c) Conclude from (a) and (b) b a ove that a simple set cannot be a 
complete r.e. set. 

* 16. Show that there exist two r.e. sets A and B such that A grn B and 
B grn A. [Hint: construct A and B simultaneously by diagonalization.] 

* 5.5 Recursion Theorem 

In the past few sections, we presented a few proof techniques, including dove- 
tailing, diagonalization, the s-m-n theorem and reducibility, which may be 
viewed as summaries of some intuitive algorithmic analysis of computable 
and noncomputable objects. In this section, we introduce one more tech- 
nique, the recursion theorem, which is more abstract and more powerful than 
other techniques. 

Theorem 5.36 (Recursion Theorem) For any partial recursive function f : 
((0 1}*)“+l + (0, l}“, > there exists a constant e > 0 such that - 

Proof. The interesting point here is that A& is a DTM that can use its own 
code e like an input. How do we get such a machine that can access its own 
code as an input ? The main tool here is the s-m-n theorem. We recall that, 

for any y,z E (0, I}*, 

4 
k 
s:(w) (XI,-vxk) = $;+‘(Xl,. . .,xk,z). 

Therefore, if we set y = z, we get a machine A&l cZ Z) which simulates the 
k ’ 

function +t+l on its own code: 

Now, let us apply this to the function f. Assume that f is computed by 
a DTM Mf and its machine code is el; that is, f = 42;“. From the above 
observation, we see that the DTM Msl(,, el) simulates f on its code el. 

Unfortunately, this index e = si (er ,Le,) ‘is not quite the index we are looking 
for, since the machine M, only simulates f on el, not on e itself. In other 
words, what we did above is the following: We tried to create a machine 
that works just like Mf except that it also takes its own code el as the last 
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input. However, when we apply the s-m-n theorem to create this machine, 

the machine code has been changed from el of A@ to e = sk(er , el) of the 
new machine. So, the last input el is no longer its own machine code. 

To fix this problem, we need to make two adjustments: First, we need 
to compute the new machine code e from el, and then simulate A.@ on e 
instead of e 1. This can be done by simulating a DTM A&’ that computes the 
function sk to get e = si(er,er). Next, we note that now the new machine 
has been changed again (it now needs to simulate both A4f and &!‘), and so 
the original code el has to be modified accordingly. What is the correct new 
er? We note that the output e = sL(el, el) is to be used as the last input 
to A@. Therefore, el should be the code of a machine that computes the 
function f(zl, . . 

l 7 Xk, s;(xk+l, xk+l))* 

In summary, the new DTM A4e works as follows: 

(1) It contains three components: the code of DTM A4f that computes f, 
the code of DTM A4” that computes sk, and the constant el. 

(2) It first computes its own code e by simulating A4’ on (el, el). 

(3) It then simulates A4f on inputs (xl,. . . , xk, e). 

The following is the formal proof using the above ideas: 
First, by the enumeration theorem, there exists a constant el such that 

4y(xl, l l l f Xk, %+1) = f(x1, l l l , Xk, s;(xk+l, xk+l)). 

Let e = si (er , el). Then, we verify that e satisfies the requirement: 

It is interesting to note that the above proof does not rely on specific 
properties of the Turing machine model. It works for any computational 

model in which the enumerability theorem and the s-m-n theorem hold true. 
To demonstrate this fact, and also to get more insight into the proof of the 
recursion theorem, let us prove it in the context of a more practical high-level 
programming environment (using a pseudo-Pascal language). 

The question is to find, from a given program Pf , a new program Pe that, on 
input (xl,. . . , xk), can generate its own program code e and simulate program 
Pf oninput (xl,..., x:F,, e), treating e as a character string. Our first attempt 
of such a program PI is to let e be the code of a program that simulates Pf 
on (xl,..., xk, e), as shown in Figure 5.3(a). (In program PI, we use single 
quotes ‘ and ’ to define a constant string; for example, ‘string’ denotes the 

constant string of length 6: string.) Note, however, that the constant e 
defined in the first statement of program PI is not the correct program code 
of itself since it does not include the first statement. Since the real code of 
the program needs to refer to itself (i.e., it is self-referentid), this approach 
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Program PI : Program P2 : 

e := ‘read(xl, . . . , xk); 
xk+l := e; 
Pf(xl,...,xk,xk+l);‘; 

read(xl, . . l , xk); 
xk+l := e; 
pf(~l,-,xk,xk+l); 

e .- .- 'e := “read(xl, . . . , xk); 
xk+l := e; 

Pf (21, l l l ,xk,xk+l);” ; 

read(xl, . . . , xk); 
xk+l := e; 

Pf(%-•,xk,xk+l);‘; 

read(xl,. . ., xk); 
xk+l := e; 

Pf (Xl, l ’ l $krxk+l); 

( > a (b) 

Figure 5.3: Two attempts for a self-referential program. 

of directly creating the program code e does not work. For instance, if we 
change the first statement of program PI to define e as the program code of 
the whole program PI, including the first statement, it still does not work 
as the new statement one has been changed. This new program Pz is shown 
in Figure 5.3(b). (W e o f 11 ow the convention that the double quotes “ and 
” within two enclosing single quotes really denote the single quotes ‘ and ‘, 
respectively; e.g., ‘ab“cd”’ denotes the constant string of length 6: ab’ cd) .) 

Now, let us try to use the idea of the proof of Theorem 5.36 to construct 
the program Pe. As we discussed in the proof, this program Pe has three 
components: the program Pf, the program Ps which computes the function 
si, and the code el. Here, el is the constant string that includes the codes of 
both Pf and Ps. Thus, based on this idea, we come up with the program P3 
of Figure 5.4(a). 

But, what exactly is the function si (el, el) in the high-level language form? 
Suppose that u is a program code and v is a string. Then, s~(u, V) outputs 
the program code of the following form (assuming that the (Ic + 1)st input is 
called el): 

el := w; 

u; 

Therefore, the correct program code e = si(el, el) should be the concatena- 
tion of four strings: 

(1) The constant string ‘el := “‘, 

(2) The string el (the content of el, not the name ‘el’), 

(3) The constant string “‘;’ and 

(4) The string el . 
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Program Pa : 

el := ‘e := s; (el, el); 
read(q, . . . ) xk); 
x:+1 := e; 

Program PJ : 

el := ‘e := concat( “el := ““ “, 

e1, 
cc 73 7) , >‘) 

1 1 e1); 
read(q, . . . , q); 

Pf(xl,...,xkrxk+l);‘; 
e := si (el, el); 
read(xl, . . . , xk); 
xk+l := e; 

Pf(xl,-•,xk,xk+l); 

xk+l := e; 

Pf (Xl,’ l dk,xk+l);‘; 

e := concat(‘el := “‘, el, “‘; )) el); 
read(xl, . . . , x& 
xk+l := e; 

Pf(xl,-+k,xk+l); 

( > a (b) 

Figure 5.4: Self-referential programs. 
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We show the expanded version of our program, program P”, in Figure 5.4(b). 
It can be checked that, after the execution of statements 1 and 2, the content 
of variable e is exactly the code of program Pg. 

Note that this is just an outline since we used, in program P4, the procedure 
names concat and Pf instead of their program codes (see also Exercise 1 of 
this section). 

The recursion theorem allows us to build programs that use their own 
program codes as inputs. The following are some simple applications. 

Example 5.37 (a) Sh ow that there exists a constant e such that &(x) = e 

for all x E (0, l}*. 
(b) Show that there exists a constant e such that W, = {e}. 
(c) Show that there exists a constant n such that & = &+I. 

Proof. (a) Let f(x,e) = e. By the recursion theorem, there exists a constant 
e such that q!+(x) = f(x,e) = e for all x E {O,l}*. 

(b) Let 

m,e> = { ; 

. 

zt;e;w;;e . 

It is obvious that f  is partial recursive. By the recursion theorem, there 

exists a constant e such that &(x) = f(x, e). The domain of the function & 
is We = {e}. 

(c) IJet f(x, n) = b-L+1(x> and, th en, apply the recursion theorem to f  . 0 

Note that part (c) of the above example implies that no matter how we en- 
code Turing machines (or machines in any reasonable computational model), 
there must be two consecutive machines that compute the same function, as 
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e1 := ‘w&e( “el := “““); 

write(e& 
write( (O”‘; “); 

write(e& ’ ; 
write( ‘er := “ ‘); 
write(e& 
write( ‘ ” ; ‘) ; 
write(e& 

Figure 5.5: A self-reproducing program. 

long as the encoding of the machines admits a universal machine and satisfies 
the s-m-n theorem, 

Example 5.38 Write a program (in pseudo-Pascal) that, on any input, 
prints its own program code as the output (this is called a self-reproducing 
program). 

Solution. This is just part (a) of Example 5.37 in a high-level language envi- 
ronment. We can obtain a self-reproducing program by expanding the proce- 
dure Pf in program Pd. We note that the program Pf here is just the program 
that prints the last input as the output. In fact, the last input is just e, the 
output of the procedure si (el, el). So, we may directly write the value of e 
out and skip the third and fourth statements of program Pd. The resulting 
program is shown in Figure 5.5. (See also Exercise 1 of this section.) 0 

The recursion theorem can also simplify some proofs by the method of 
.iagonalization techinique and reducibility. For inst ante , we can corn .bine the d 

the recursion theorem to prove Rice’s theorem. 

Example 5.30 (R evisited) Prove Rice’s theorem by the recursion theorem. 

Proof. Assume that A is a nontrivial index set. Let n1 E A and no 4 A. 
Suppose, by way of contradiction, that A is recursive. Then, define a function 

Since A is recursive, f is partial recursive. 
By the recursion theorem, there exists a constant e such that &(x) = 

f(x, e). Now, consider two cases: 
Case 1. e E A. Then, &(z> = f(x,e) = $&(x). However, since A is an 

index set and since no 6 A, we get e $ A. This is a contradiction. 
Case 2. e E A. Then, &(x) = f(x, e) = &i(x) and, hence, e E A. This is 

also a contradiction. 
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From the above analysis, we conclude that A cannot be recursive. 0 

The following are some more examples of combining the diagonalization 
technique with the recursion theorem to prove negative results. 

Example 5.39 Let f  : N + N be a recursive function. Show that there 
exists an integer n such that W;, is a recursive set and the least integer m 
such that W, = w, is greater than f(n). 

Proof. First, we use diagonalization to construct a recursive set A (depending 
on n) that is different from each W,, for all m < f(n). Next, we apply the 
recursion theorem to find some n such that A = W,. 

Formally, define 

&v-J) = 1 1 if m < f(n) and q&(m) 4, - 
T otherwise. 

It is easy to see that g is partial recursive. By the 
a constant n such that 4n(m) = s(m, n>* That is, 

recursion theorem, there is 

Wn = {m 1 m 5 f(n),m E Wm}. 

So, Wn is a finite set and, hence, a recursive set. For each m < f(n), m E W, 
if and only if m E Wn, and so Wn # W,. It follows that if %m = W,, then 
m must be greater than f(n). cl 

Example 5.40 (Busy beaver) Let f(z) = min{n 1 4,&s) = x}. Show that f  
is not a recursive function. 

For each string x E (0, l}“, f(z) is th e minimum Turing machine (in our 
standard enumeration) that prints (I: from the empty input. Intuitively, we 
may regard f( IX: as a string that encodes the minimum information of x ) 
that is necessary in order to recover x by the universal DTM U. (Note: By 
definition, U(f (x), E) = x .) The idea of the proof is that if f were recursive, 
then we could use the DTM W that computes f to search for strings y 
whose “minimum information codes” are much larger than the size of k!j, 
and print such a string y. However, since we could get y by simulating Mf, 
W would be essentially its minimum information code. Thus, this provides 
us a contradiction. In the following, we present two proofs. The first one is an 
informal construction and the second one is a formal proof by the recursion 
theorem. 

Proof 1. Assume that f is a recursive function and is computed by a DTM 
Mf For any fixed integer m, construct a DTM Tm, which, on the empty input 
E, finds and prints the minimum 2 such that f(z) > 2”. More precisely, Tm 

operates as follows: 
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(1) Set (1: := E. 

(2) If f(x) < 2” then go to step (3); 

(3) Let x :-x + 1 and go to step (2). 

otherwise, halt with output x. 

By the Church-Turing Thesis, this DTM Tm exists. Note that the functions 
f and eq(m) = 2” are fixed and so Tm depends only on m.. Let s(m) be the 
code of Tm; that is, Tm = MS(,). We claim that for large m, s(m) < 2m, and 
this leads to a contradiction: If s(m) < 2m and if 1M,(m)(&) = x1, then, by the 
definition of f, f(x) < s(m) < 2”. However, by the construction of 1M,(m), 
we know that the out&t x of AJs(m)(E) must satisfy f(x) > 2”. 

To complete the proof, we need to prove the claim. We note that the 
machine MS(m) can be constructed in the following way: 

(1) It contains two subprocedures Mf and MexJ’ that compute the functions 
f  and exp, respectively. (Note: These subprocedures are independent 
of m.) 

(2) It stores m as a constant in the binary form by [log2 ml states. (More 
precisely, machine A4s(m) first uses [log, ml special states to write down 
m on the tape before it begins the simulation of exp and f  .) 

(3) It uses a fixed number of tape symbols (independent of m). 

The above shows that the size (the number of states) of machine Tm is 
bounded by cl + log2 m for some constant cl > 0. Note that a DTM of k 
states and using e symbols has at most k l e instructions and so the length of 
its code is bounded by czk!(lc + e) f or some constant c2 > 0. Therefore, the 

code s(m) of MS(m) is bounded by 2c3(cl+10g2 m)2 for some constant cs > 0. It 
is easy to see that for large integers m, s(m) < 2m. This completes the proof 
of the claim. cl 

Proof2. Assume that f  is recursive. Define a function 

dY, m> = (minx)[f(x) > ml* 

Note that f  is a one-to-one function and so is unbounded (i.e., for any constant 
Ic, there exists some x such that f(x) > k). Th ere f ore, g is a recursive function. 
By the recursion theorem, there exists a constant e such that 

b(Y) = !J(Y7 e> = (minx) [f(x) > el* 

Since g is recursive, +e is also recursive. Suppose +e(E) = x0. Then, by the 
definition of g, we know that f(xo) > e. However, by the definition of f, we 

must have f  (x0) < e. This is a contradiction. 0 - 

The above question is closely related to the theory of program-size complex- 
ity, or, Kolmogorov complexity. Namely, define the program-size complexity 
K(x) of a string x E (0, 1}* to be the size of the minimum-size Turing ma- 
chine A4 that prints x on the input E. Then, it is easy to adopt the above 
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proof technique to prove that the function K(z) is nonrecursive. The theory 
of program-size complexity has many interesting applications to computabil- 
ity theory and computational complexity theory. The reader is referred to Li 
and Vitanyi [1997] for further study. 

Exercises 5.5 

1. If we look at the self-reproducing program of Figure 5.5 (and program P4 
of Figure 5.4(b)) more carefully, we can see that it is still not completely 
correct, because all the double quotes in the program are printed as 
single quotes in the output. More precisely, each double-quote in the 
right-hand side of the first assignment statement “ei := l l 0” is stored in 
el in the form of a single quote and so the third statement “write(e&” 
prints the right-hand side of the first statement with each double-quote 
replaced by a single quote. Fix this problem to make the program print 
exactly its own program code. 

2. Write a computer program (in your favorite high-l1 
prints the reversal of its own code. 

3. Write a computer program (in your favorite high-l 
reads an input n and prints its own code n times. 

eve1 language) that 

eve1 language) that 

4. Write a computer program (in your favorite high-level language) that 
reads an input x and outputs 1 if x is exactly its own program code, 
and outputs 0 otherwise. (This is called a self-recognizing progrum.) 

5. Prove that there exists an integer e > 0 such that we = we ‘1 U we+l. - 

6. Prove that for every recursive function f there exists a constant e such 

that 4j(e) = A* 

7. Prove that there exists a recursive function f such that &,e(f(e~~(~) = 
+j(&) for all X. 

8. Prove that there exist two integers m. # n such that W, = {n} and 
wn = {r-n}. [Hint: Note th t a in the proof of the s-m-n theorem, the 
function sh(e, y) satisfies the property s&(e, y) > y.] 

9. (a) Prove that the s-m-n theorem can be improved so that each sk is a 
one-to-one function in the sense that if el # e2 then s&(el, yi, . . . , 

Y~)#S~(e2,Yl,*~~,Yn)fo~allYl,**.,Y~EN. 

(b) Show that for any partial recursive function g and any constant 
n, there exists a constant e > n such that &(z) = g(z,e). 

10. Does there exist an integer m. such that W, = {x] @&z) is defined}? 
Does there exist an integer n such that W, = { ~1 &(n) is undefined}? 
Prove your answers. 
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11. Show that there exist integers m and n such that VVm = VVn = K and 
mEKandn$K. 

12. Use the recursion theorem to prove that the following sets are not re.: 
FIN, REC, REC. 

13. Let f be the function defined in Example 5.40. Define f* to be its 
inverse function: f * (n) = (max x)[f (x) < n]. Prove that f* grows to - 
infinity faster than any recursive function g. That is, for any recursive 
function g, there exists no such that f*(n) > g(n) for all n > no. (The 
function f* is called the busy beaver function, which grows &en faster 
than the Ackermann function.) 

5.6 Undecidable Problems 

In Section 5.4, we used Rice’s theorem to establish many undecidability results 
about partial recursive functions, r.e. sets and Turing machines. For instance, 
the result that EMP is not recursive implies that the problem of determining 
whether a given DTM A! halts on any input is undecidable. The application of 
Rice’s theorem is, however, limited to the problems whose corresponding lan- 
guages are index sets. In this section, we present some undecidability results 
for problems involving Turing machines and grammars whose corresponding 
languages are not index sets. Our main tool is the reducibility technique. We 
first present a few simple examples using reductions from index sets. 

Example 5.41 Show that the following problems are undecidable: 

(a) Given a DTM M and a string y, determine whether M halts on some 
input x which is greater than or equal to y. 

(b) Given two DTM’s Mz and MY, determine whether they are equivalent 

( i.e., whether they compute the same function). 

(c) Given a DTM M, an input y  and a state q; of M, determine whether 
M ever enters state q; in the computation on input y. 

(d) Given a DTM M, determine whether the computation of M( 111) con- 
tains a configuration in which the tape contains a substring 000. 

Proof. (a) We need to show that set Al = ((2, y) 1 MT halts on some input 

2 > y} is not recursive. We reduce the problem EMP to it. We define g(x) = 
(x:0). If x E EMP, then MS halts on some y > 0, and so (x, 0) E Al. If 
x c EMP, then Mx does not halt on any y > 0, aid so (x,0) 4 Al. Therefore, 
g is a reduction function for EMP sm. Al. - 

(b) We need to show that A2 = {(x, y) 1 VVz = VV.} is not recursive. We 
reduce the set EMP to it. Let M,, be a fixed DTM that does not halt on 
any input. Define g(x) = (x,x0). Note th a x E EMP if and only if MT is t 
equivalent to MxO, and so g is a reduction from EMP to AZ. 
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(c) We need to show that A3 = ((2, y, i) 1 A& enters state qi in its 
computation on input y} is not recursive. We reduce the halting problem 

Iil() = {(X,Y) I b(Y) -11 to iti F or any DTM A& we modify A& into a new 
DTM AP as follows: Suppose MX has states ql,q2, . . . , qn, where qn is the 
halting state. Then, AP has states ql, q2,. . . , q,+l, where qn+l is the halt- 
ing state. M’ has all the instructions of Mz plus the following additional 
instructions: 

S’(qn,a) = (q,+l,a, R), for all a E I’. 

It is easy to verify that Max halts on y  if and only if M’ enters state qn in its 
computation on input y. 

We observe that the program code x of M’ can be computed from program 
code ;t= of Mx, since the modification of the code is quite simple. (Indeed, it 
can be proved that this modification is a primitive recursive function.) Thus, 
there exists a recursive function f  such that M’ = Mf(,). Now, g((x, y)) = 

(f (x)1 Y, maxstaqx)) is a reduction for li’o <m AS. 

(d) We need to show that the set A4 of all program codes x for which the 
computation of Mx on input 111 contains 000 in one of its tape congifurations 
is not recursive. We reduce the halting problem K to Ad. For any string 
y  E C*, we let g denote the string that is obtained from y  with each symbol 
a E C replaced by the string Ba. (E.g., if y  = 01100 then g = BOBlBlBOBO.) 
For any DTM Mx, we construct a new DTM M’ as follows: 

(1) M’ erases its input y  and writes down i!BBi? on its tape. (Note: 2 is a 
fixed constant to machine M’.) 

(2) M’ simulates the universal DTM U on the initial configuration (ql, xBx) 
with the modification that, at each move, it skips a blank symbol. That 
is, when U moves right, M’ moves two cells to the right; and when U 
moves left, M’ moves two cells to the left. 

(3) If  the simulation halts, then M’ enters a new state and writes down 
three consecutive O’s and then halts. 

By the Church-Turing Thesis, such a DTM M’ exists and, furthermore, can 
be constructed effectively from a given x. That is, there is a recursive function 
f  such that M’ = Mf(,). We note that if x E 1c then the computation of 
Mfcx) on input y  = 111 halts with 000 on its tape, and if x 4 K then the 
computation of Mf(,) on input 111 never halts and its tape never contains 
three consecutive 0’s. Cl 

The transformations between Turing machines, partial recursive functions 
and grammars as presented in Sections 4.5 and 4.8 can be used to obtain 
undecidability results on grammars from undecidability results on Turing ma- 
chines. We present a few simple examples. 

Example 5.42 Show that the following problems are undecidable: 

(a) Given a grammar G and a string x, determine whether x E L(G). 



268 COMPUTABHJTY THEORY 

(b) Given a grammar G and two strings x and y, determine whether x 3 

Ye 

(c) Given a grammar G and two strings x, y  E L(G), determine whether 
there is a derivation of x that is longer than the shortest derivation of 
y. (The length of a derivation is the number of sentential forms in the 
derivation.) 

(d) Given a grammar G, determine whether L(G) = 8. 

(e) Given two grammars G1 and G 2, determine whether L(G1) C L(G2). - 

(f) Given a grammar G, determine whether L(G) is a context-free language 
(i.e, for a given unrestricted grammar G, determine whether there is an 
equivalent context-free grammar). 

Proof (a) Let Al = {(G,x) 1 x E L(G)}. W e re d uce the halting problem I<* = 
{(AI, x) 1 AI halts on 2) to Al. For any DTM M, let Gh be the grammar 
defined in the proof of Theorem 4.20. Then, the mapping f(M, x) = (Gb, x) 
is a reduction for li’o <m Al. 

(b) Let A2 = {(GX,YJ I x a Yl- 73 e 
G 

mapping f  (Al, x) = (GjM, S, x) 

where S is the starting symbol of GIM, is a reduction for 1’0 <m AZ. 

(c) Let A3 = {(G, x, y) 1 x, y E L(G) and th ere exists a derivation of x that 
is longer than the shortest derivation of y}. We reduce Al to A3 as follows: 
For any grammar Gr = (VI, Cl, Sr , RI) and any string x, we map them to 
grammar G2 = (V2, Cl, S2, R2) and strings x and xa, where a is a symbol 
in Cl, I.4 = V- U {Sz} and R2 contains all grammar rules of RI, plus the 
following three rules: S2 + S1, S2 + x, and S2 + xa. 

Then, x E L(G1) if and only if there is a derivation S2 ~~ x of length 

greater than two. Since the shortest derivation of xa in G2 is of length two, 
we see that x E L(G1) if and only if (G2, x, xa) E As. 

(d) Let A4 = {G I L(G) = 0). The function f(M) = Gk is a reduction 
from EMP to Ad. 

(e) Let A5 = {(Gr, G2) I L(G1) C L(G2)). We can reduce A4 to A5 by the 
function f(G) = (G, Go), w h ere GO;s the grammar with a single rule S -+ S, 
where S is the starting symbol of Go and S $ C. 

(f) Let As = {G I L(G) is context-free}. We observe, from Rice’s theorem, 
that & = {x I VVz is a context-free language} is undecidable. The function 

f(x) = G/M, is a reduction from I?6 to Ag, and so A6 is undecidable Cl 

As we have seen 
and grammars can 

above, many undecidability resul ts about Turing machi 
be proved by simple reductions from problems that h 

.nes 
ave 

been proved undecidable in Section 5.4. For problems involving other compu- 
tational models that are not known to be equivalent to the Turing machine 
model (e.g., context-free grammars), the reductions for their undecidability 
are more difficult. 
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First, we consider context-free grammars. We note that the membership 
problem (given a context-free grammar G and a string X, determine whether 
x E L(G)) and the emptyness problem (given a context-free grammar G, 
determine whether L(G) = 8) for context-free grammars are decidable. The 
following result shows that the totality problem for context-free grammars is 
undecidable. 

* Example 5.43 Show that the problem of determining whether a given 
context-free grammar G over the alphabet {O,l} has L(G) = {O,l}* is un- 
decidable. 

Proof. We reduce the problem EMP to this problem. Let A4 be a DTM. Recall 
that, in Section 5.1, we have defined a coding scheme for a configuration of 
A4. We make a minor modification here. We encode the configuration 

bY 
11101@1@1.. .10im-1110j110i~10imt-11.. . l@-ql, 

Next, we say a string x is a legal computation of A4 if 

x = W-J (al)R a2 (Cr3)R l l ’ (cY,-l)R a, 

(5 2) 

.  

for some even m > 0 (where (c@ denotes the reversal of the string CQ), or if 

x = a() (al)R a2 (a3)R l l l %-n-l %?-A (  > 

R 
(5 3) . 

for some odd m > 0, with the following properties: 

(i) a0 is (the code of) an initial configuration of iU; 

(ii) For each i, 0 < i < m - 1, cq kM ai+l; - - 
. . . 

( > 111 a, is a final configuration. 

In other words, a legal computation here is a computation path of A4 with 
every other configuration reversed. The reason to reverse every other config- 
uration is to get the following claim: 

Cluim. The set of all illegal computations of A4 is a context-free language. 

Proof of the Cluim. For any string x E (0, l}“, we say x is a configurution- 
block (or, simply, a c-block) of x if x is a substring of x of the form lllOyOlll, 
with y  containing no substring 111. A string z E (0, 1}* is not a legal com- 
putation if and only if one of the following holds: 

(a) x is not of the form (5.2) or (5.3) with each a; encoding a configuration. 

(b) The first c-b1 oc k 00 of x is not an initial configuration. 

(c) For some even i, 0 5 i < m., the ith c-block z and the (i + 1)st c-block 
y  of z do not satisfy 2 kM yR. 
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(d) For some odd i, 0 < i < nz, the ith c-block x and the (i + l)st c-block 
y of x do not satisfy ZR FM y. 

(e) x has an odd number of c-blocks and the last c-block x of x is not a final 
configuration. 

(f) x has an even number of c-blocks and the last c-block ~xf of x is not the 
reversal of a final configuration. 

We will show that, for each of the above conditions, the set of strings satisfying 
the condition is context-free and so the set of illegal computations, the union 
of these sets, is also context-free. 

First note that the strings of the form (5.2) are those in 

and hence form a regular set. Similarly, the set of strings of the form (5.3) is 
also a regular set. So, the set S1 of strings satisfying condition (a) is regular. 

For condition (b), we note that the initial configurations are those of the 
form (1110(10+)*110110”111) and form a regular set. (Recall that O3 repre- 
sents the blank B.) So, the set of strings of the form 111OyO111, with y having 
no substring 111, which are not initial configurations is also a regular set. Let 
Rz be a regular expression for this set. Then, the set & of strings satisfying 
condition (b) is Rz(O U l)* and, hence, is regular. 

Next, we construct a PDA A&, to accept strings satisfying condition (c). 
The PDA Ml works like a PDA that recognizes the set {icy 1 X, y E 
{a, b)*, x # yR). We only present a sketch of Ml and leave the details as 
an exercise: 

(1) It nondeterministically skips through an even number of substrings 
1111110 to find the beginning of a configuration u (or, just find the 
beginning of the first configuration u). 

(2) It reads the configuration u and stores its successor configuration z1 in 
the stack. (If u does not have a successor configuration, then Ml rejects 
the input .) 

(3) It reads the next c-block zu of z and compares it with the string v in the 
stack and accepts the input x if w # wR. 

Thus, the set S3 of strings satisfying condition (c) is context-free. 
Condition (d) is similar to condition (c) and we can prove, in a similar way, 

that the set S4 of all strings satisfying (d) is context-free. 
For condition (e), we assume that the final state of M is qh. Then, a 

configuration x is a final configuration if it is in 

(lllO(0 u l)*llOhll(O u l)*lll). 

Therefore, the set of strings of the form 1110y0111, with y having no substring 
111, that do not represent a final configuration is also regular. Let R5 be the 
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regular expression of this set, and Q be the regular expression for the set 
of strings over (0, 1) h aving no substring 111. Then, the set 5’5 of strings 
satisfying condition (e) is 

(ll1OQO111 lllOQOlll)* lllOQOlll Rs. 

Therefore, 5’s is regular. 

Condition (f) is similar to condition (e). We can prove, in a similar way, 
that set S6 of strings satisfying condition (f) is also regular. The above com- 

pletes the proof that the set S of illegal computations of AI is context-free. 

Note that our proof actually shows how to construct a context-free grammar 
G from A4 such that L(G) = S. More precisely, for each j = 1,2,. . . ,6, our 
proof above shows we can construct either a regular expression or a PDA 
for set Sj. From the work of Chapter 3, there are uniform procedures to 
transform regular expressions and PDA’s to equivalent context-free grammars. 
(For conditions (b), (e) and (f), we also need the procedures of Chapter 2 to 
transform a regular expression to the regular expression of its complement.) 
Therefore, we may construct, from IV, context-free grammars Gj such that 
L(Gj) = Sj and we can combine them together to form the desired grammar 

G . 

Finally, we observe that if M does not halt on any string, then there is no 
legal computation and so all strings in {O,l}* are illegal. That is, L(G) = 
{O,l}*. On th e o th er hand, if A4 halts on some string, then there exists at 
least one legal computation, and so L(G) # (0, l}*. Therefore, the above 
construction of grammar G from DTM A4 is a reduction from EMP to the 
given problem. 0 

Corollary 5.44 The following problems about context-free grammars are un- 
decidable: 

(a) Given two context-free grammars G1 and Ga, determine whether L(G1) 

c L(G2). - 

(b) Given two context-free grammars G1 and G2, determine whether L(G1) 
= L(G2). 

Proof. Let Go be a context-free grammar such that L(Go) = (0, 1)“. The 
function f(G) = (Go, G) is a reduction from the problem of determining 

whether L(G) = {O,l}* to both problem (a) and problem (b). cl 

Next, we introduce an undecidable combinatorial word problem, called 
the Post correspondence problem, and use it to prove additional undecidable 
problems about context-free grammars. 
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POST CORRESPONDENCE PROBLEM (PCP): Given a finite set of 
ordered pairs (~1, ~1) , . . . , (zn, yn) of strings over C, determine 

whether there is a finite sequence of integers (il , iz, . . . , im), with 
each ij E { 1, . . . , n}, such that 

For a particular instance {(xl, yl), . . . , (x,, yn)) of the problem PCP, if 
there exists a sequence (il, i2, . . . , im) satisfying (5.4), then we say the string 
XilXiZ l l ’ xi, is a s&&on to this instance. 

An easy way to understand the problem PCP is to treat each pair (xi, yi> 

as a domino with string xi at the top and string yi at the bottom: xi 

R 
. The 

Yi 
question here then is to select, from the given dominoes 

my El, ‘** > El, 
with unlimited supply for each type, some dominoes and arrange them into a 
row so that the top part of the dominoes spells the same word as the bottom 
part of the dominoes. For instance, we can obtain a solution baaaau from the 
following given dominoes 

as follows: 

* Example 5.45 Prove that the problem PCP is undeciduble (with respect to 
some ulphubet C). 

Pro05 Let M be a fixed DTM, with a one-way tupe (i.e., the original one-tape 
DTM defined in Section 4.1) such that the problem of determining whether AI 
halts on a given string x E (0, 1}* is undecidable. (Le., L(M) is a nonrecursive 
set.) We construct a reduction from the halting problem of this fixed DTM 
AI to the problem PCP. That is, for each string x, we need to produce an 
instance p3$ = {(xl, yl), . . . , (x,, y,,-J} such that IV halts on x if and only if 
P, has a solution x. 

Assume that the set of states in AI is & = {al, q2, . . . , qn}, where q1 is the 
initial state and qn is the halting state, and that the set of tape symbols of M 
is I? = {%S2,.“, sk}. Also assume that Qnr = 0. Let Q’ = {&,&, . . .,(m} 

and I?’ = {Sl, S2,. . . , ~lc). Then, we fix the alphabet of our PCP problem as 

The pairs of strings in Px consists of the following groups (for the sake of 
clarity, we show them as dominoes) : 
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(1) [ H . 
[Bql1B* 

for each a E r U { *}. 

(4) 
cqia ---- 

cqza RR and for 
qjFb ’ qjcb 

, for each instruction tY(qi, a) = (qj, b, L) of M 

each c E r. 

(5) H, Fi, El, Ei,foreachaH’. 

(6) IFi , for each a E I?. 

(7) 
Qn+l*l 
El 1 

’ 

4n+l*] El 1 
. 

We need to prove that M halts on x if and only if P, has a solution. First, 
assume that M halts on x. We modify the definition of the configuration 
of M to include all tape symbols in all cells that have ever been visited by 
the tape head in the computation of M on input x. That is, the rightmost 
blank symbols in a configuration are not removed in the representation of 
the configuration. Assume that the computation of M on x consists of the 
following configurations: 

a0 t -  cl!1 t -  l l l I -  a t ,  

where a0 = BxqlB and CQ = y1 l l l ypqnxlx2 l l l zq, where each yi and each zj 
is a single symbol in I?. Define CQ+~ = 2~1~2 l •yPqn~i+l l l l xq, for 1 5 i < q, 

w.+q+1 = YlY2 l l aYpQn+l, and at+q+j = Yl ” ‘Yp+l-jQn+l, for 2 < j  < P + 1. - - 
We claim that if e + q + p + 1 is odd, then 

is a solution to Pr, and if ! + q + p + 1 is even, then 

[a() * a1ikQ * l l l *ae+q+p+1*] 

is a solution to P,. (In the above, we write & to denote the string obtained 
from ai with each symbol a in ar; replaced by the symbol 7i.) 
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To prove this claim, the critical observation is that if we use top strings 
xi’s in -Pz to form a string ak*, 0 5 rE 5 I! + 4 + p, that is, if 

then the corresponding bottom strings must form the string &+I%, that is, 

Similarly, if xilxi2 l l -xit = 6& then yi1yi2 l l l yit = ak+l*. For instance, if 
Ic < I!, then these xi’s must be from groups 2, 3 or 4 and it is easy to see 
that the strings in groups 3 and 4 force the corresponding yi)s to form the 
successor configuration. 

From this observation, we can prove the claim by induction. More precisely, 

we first define a pair of strings 
E 

r to be a partial solution to Px if there exists 

a sequence (il , . . . , it), with each ij E { 1, . . . , n}, such that u = xilxi2 l l l xit, 

v= YilYi2 l l 
l yii and u is a prefix of v. We can then prove by induction that 

for each odd i < e + Q + p, - 

is a partial solution, and for each even i < e + 4 + p, - 

is a partial solution. First, we observe that the first pair 

partial solution. Next, assume that for some even i < e + q + p, 

is a 

is a partial solution. Then, the only way for the top part of the partial 
solution to match the bottom part is to attach a string &+I% to it. From 
the observation we made above, we know that the corresponding bottom part 
must be Q~+Z*, and so 

is also a partial solution. The other case of odd i is similar. 
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So, from the above induction proof, we know that either 

I[ a!0 * l l l 
*  %+q+p* 

I  

I [ q) * l l l 
*  &+g+p *w+q+p+1* 

is a partial solution. Now, we can attach one of the pairs in group 7 to them 
to obtain the desired solution. 

Conversely, assume that Pz has a solution x. We note that it must begin 
with [cue*, since the pair in group 1 is the only one whose top string and 

bottom string begin with the same symbol. The only way to extend this 
partial solution to x is to add erg* to the top part and, from the observation 
above, we know that this will add to the bottom part an extra string 51%. 
Continuing this argument, we can see that the solution must contain prefixes 

of the form 
[a()  *  51% l l l a!j* 

for an even i, or 

for an odd i. Now, suppose M does not halt on 2, then the computation of 
M(z) never enters the state qn, and so these partial solutions do not contain 
qn or in and, hence, do not contain qn+l or &+I. However, the two pairs of 
group 7 are the only ones whose two strings have the same ending symbol, 
and they contain either qn+l or &+I. That is a contradiction. We conclude 
that M must halt on X. 0 

Example 5.46 Prove that the problem of determining whether two given 
context-free grammars Gl and G2 have the property L(G1) CT L(G2) = 8 is 
undecidable. 

Proof. Let A = {(G,G2) I L(6) n L(G2) = 8). We reduce the prob- 
lem PCP to A. Let C be a fixed alphabet with respect to which PCP is 
known to be undecidable. Let $ be a symbol not in C. For any instance 

{(Q, Yl), l l l I (zn, y,J} of PCP, we construct two grammars G1 and G2 over 
the alphabet C U {$} as follows: 

Grammar G1 consists of the following rules: 

S + aSa 1 a%, for all a E C. 

So, L(G1) = {w$wR 1 w E C+}. G rammar G2 consists of the following rules: 

S,-KI$?J~ IX;$yR, for alli= l,...,n. 
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Then, L(G2) = {xi,xi, .**x;m$(yilyiz ..*yim)R 1 i&, . . .,i, E (1,. . .,n}, 
m > 1). 

Now, if the instance {(zl,y&. . . , (zn, yn)} has a solution, then L(G2) 
contains at least a string of the form UI$W~ and so L(G1) n L(G2) # 0. If it 
has no sulution, then L(G2) d oes not contain any string of the form w$wR 
and so L(G1) n L(G2) = 8. Th us, this construction is a reduction from PCP 
to X, and so A is undecidable. cl 

Recall that a context-free grammar G is ambiguous if there exists a string 
2 E L(G) such that there are two distinct leftmost derivations S & x for X. 

L 

Example 5.47 Prove that the problem of determining whether a given 
context-free grammar G is ambiguous is undecidable. 

Proof. We reduce PCP to the ambiguity problem of the context-free gram- 
mars. For each instance { (~1, yl), . . . , (zn, y,>} of PCP over alphabet C, de- 
fine a context-free grammar G that has the following rules: 

S1 -+ x&ba”b 1 xibaib, for all 1 < i < n, - - 
5‘2 + y&baib 1 yibaib, for all 1 < i < n, - - 

where a, b 4 C. 
We observe that if the instance {(xl, yl), . . . , (x,, yn)} of PCP has a solu- 

tion xi1xi2 l l l x:ik, then the string 

. . 
x = x;,x~,..~x~,baakb..~baa2bba2’b 

has two distinct leftmost derivations, one from S1 and the other from S2. 
Conversely, we note that if Si 5 x then it is easy to see that there must 

be a unique derivation from S1 to x, and x must be of the form 

. . . 
xilxi2 •w~x~kba2kb~~~baa2bba21b. (5 5) . 

Similarly, if S2 3 x then there must be a unique derivation from S2 to x and 
z must be of the form 

Yjl Yj2 l ’ 
l yj,baj’b** . baj2 bbajl b .  

So, suppose that x E L(G) h as t wo distinct derivations, then 

two derivations of the form S 3 S1 5 x and S 3 S2 3 x. 
x must be of the form (5.5) and of the form (5.6). Since a, b $ 
true that k = k? and il = j,, . . . , ik = j,. It follows that xi1xi2 

to yilyi2 l l l yik 7 

and is a solution to the instance {(xi, yl), . . . , ( 

(5 6) . 

they must be 

Furthermore, 
C, it must be 
. . xik is equal 

Xnt Yn >I l 

0 
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Exercises 5.6 
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1. For each of the following problems about Turing machines, determine 
whether it is decidable or not: 

( a Given a one-way, one-tape DTM IU (defined in Section 4.1) and 
a string x, determine whether the tape head of IV will ever visit 
the (2n)th cell in the computation of AI on input x, where n = 1x1 
(we call the leftmost cell of the tape the 0th cell, and the one to 
its right the first cell, etc.). 

Given a two-way, one-tape DTM AI (defined in Section 4.3) and 
a string x, determine whether the tape head of IV will ever visit 
the (2n)th cell in the computation of AI on input x, where n = ]zI 
(we call the cell holding the leftmost symbol of II: the first cell, and 
the cell to its right the second cell, etc.). 

(c) Given a two-way, one-tape DTM AI and a string x, determine 
whether the tape head of AI will move left for more than n times 
(not necessarily in consecutive moves) in the computation of A& 
on input 1x3, where n = 1~1. 

(d) Given a two-way, one-tape DTM AI whose tape symbol set is 
I’ = {a, b, B} and a string 2 E {a, b}*, determine whether M will 
ever overwrite a symbol a by a symbol b in its computation on 
input x. 

(e) Given two DTM’s l& and Mz and two strings x1 and ~2, deter- 
mine whether it is true that sometime during the computation of 
AI1 on input xl and the computation of A& on input ~2, the first 
three cells of their tapes contain the same symbols (i.e., whether 
there is a configuration cx of the computation of A&(x1) and a 
configuration ,0 of the computation of A&(Q) such that the first 
three tape symbols of a is the same as those of p>. 

2. For each of the following problems about unrestricted grammars, deter- 
mine whether it is decidable or not: 

( a 

(b 

) Given a grammar G over the alphabet {a, b, c}, determine whether 
L(G) contains a string x of which aau occurs as a substring. 

) Given a grammar G and a string ;x: E L(G), determine whether 
there is a derivation of x that does not contain a sentential form 
in which UAU occurs as a substring, where a is a terminal symbol 

and A is a nonterminal symbol in G. 

(c) Given a grammar G and a string 2 E L(G), determine whether 
there is a derivation of x in which the lengths of the sentential 
forms do not decrease. 

(d) Given a grammar G and a string IX: E L(G), determine whether 
there is a derivation of IX: in which the lengths of the sentential 
forms decrease at most n times, where n = lx]. 
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3. Complete the details of the PDA Ml of Example 5.43. That is, construct 
a PDA A& which accepts the set {my 1 x and y  are two legal configuration 
codes of M, and neg(a: t- y’i)). 

* 4. For each of the following problems about context-free grammars, deter- 
mine whether it is decidable or not: 

(a) Given a context-free grammar G and a DFA M, determine 
whether L(G) C L(M). - 

(b) Given a context-free grammar G and a DFA M, determine 
whether L(M) C L(G). 

(c) Given a context-free grammar G, determine whether L(G) is reg- 

ular. 

(d) Given a context-free grammar G, determine whether the comple- 
ment of L(G) is context-free. 

(e) Given two context-free grammars Gi and G2, determine whether 
L(G1) n L(G2) is context-free. 

* 5. For each of the following variations of PCP, determine whether it is 
decidable or not: 

( > a 

04 

( > C 

(4 

( 1 e 

The problem PCP over the alphabet C = { 1). 

The problem PCP over the alphabet C = (0, 1). 

Given a finite set of ordered pairs (~1, yl), . . . , (x,, yn) of strings 
in C*, determine whether there is an infinite sequence (il, i2, . . . ) 
of integers in { 1, . . . , n) such that xi1 xi2 l l l = yil yiZ l . l . 

Given a finite set of ordered pairs (~1, yl), . . . , (xn, yn) of strings 
in C*, determine whether there exist two sequences of integers (il, 
i2, . ..) i/c) and (jl,j2, l l l J-e), with each element belonging to { 1, 
. . . 7 n), such that zil xi, . l 4 xi, = yjl yj2 l . l yjl. 

The same question as (d) above, except that the two sequences of 
integers must be of the same size, that is, k = !. 

* 6. In this question, we consider the tiling problem. In this problem, a 
colored tile is a square tile of size 1 x 1 whose four sides are colored by 
colors selected from a finite set C. The four sides of a colored tile is 
clearly marked to be the up, down, left and right sides. Two colored 
tiles can be put in the plane next to each other if the two neighboring 
sides have the same color. 

TILING. Given a finite number of types to, tl, . . . , t, of colored 
tiles, determine whether it is possible to cover the first quad- 
rant of the plane by colored tiles of these types (with infinite 
supply of the tiles of each type), starting with a tile of type 
to at the lower left corner (see Figure 5.6). 
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Figure 5.6: The problem TILING (cl,. . . , c4 denote four colors of tile to). 

Show that the problem TILING is undecidable. [Hint: Encode the Turing 
machine configurations by colors so that the colors of each row in the 
first quadrant represents one configuration, and the change of colors 
from one row to the next follows the instructions of a Turing machine.] 



6 
Computational 

Complexity 

6.1 Asymptotic Growth Rate 

In the last two chapters, we have established a computability theory and, 
based on the Church-Turing Thesis, identified recursive functions as the class 

of computable functions. In this chapter, we extend this theory to a com- 
putational complexity theory, in which we study the computation time and 
space required to compute a recursive function by Turing machines. One of 
the goals of this computational complexity theory is to identify the class of 
feasibly solvable problems, that is, the class of functions that can be computed 

by a Turing machine within a reasonable amount of time and using a reason- 
able amount of memory space. To understand what “reasonable” means, we 
first look at a simple example. 

Example 6.1 Suppose we are given three pegs and n disks, with all n disks 
having different size. Initially, the n disks are stacked in decreasing size, from 
bottom to top, in the first peg (see Figure 6. I). The TOWER OF HANOI problem 
is to transfer the entire tower of n disks from the first peg to the second peg, 
moving one disk at a time and never putting a larger disk on top of a smaller 
disk. What is the fastest solution to this problem? Is the fastest solution 
feasible for size n = 64 (the size of the original Tower of Hanoi problem)? 

Solution. Suppose n = 1. Then, it is obvious that one move is all it takes. 

Now, suppose n > 1. Then, we can solve this problem recursively: We first 
move the top n - 1 disks to the third peg. Next, we move the bottom disk 

(the largest disk) to th e second peg. After that, we move the other n - 1 disks 
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Figure 6.1: The Tower of Hanoi problem. 

from the third peg to the second peg. 

Let f(n) be th e number of moves we need to move n disks from one peg 
to another peg by this recursive algorithm. Then, f(n) satisfies the following 

recursive relation: 

f(l) = 1 
f(n) = 2f(n - 1) + 1, n 2 2. 

It follows easily from this recursion that 

f(n) = 2f(n - 1) + 1 = 22f(n - 2) + 2 + 1 
- _ .*. = 2n-lf(l) + 2”-2 + l l l + 1 = 2” - 1. 

In addition, this is the minimum number of moves required to transfer n 
disks from one peg to another. Indeed, to do such a transfer, we must move 
the largest disk from one peg to the other. Before this move, we must first 
move all other disks to the third disk. Also, after the move of the largest disk, 
we must move all other disks to the top of the largest disk. Therefore, the 
minimum number g(n) of moves satisfies the following inequality: 

g(l) =l 

g(n) 2 2g(n - 1) + 1, n > 2. - 

Thus, g(n) > f(n) = 2” - 1. 
Finally, 1% us calculate how much time it takes to solve the problem for 

n = 64. Suppose that we can move one disk from one peg to another peg in 
one second. How long does it take to move the whole tower of 64 disks from 

the first peg to the third one ? A year has either 365 or 366 days, and a day has 

86,400 seconds. Therefore, a year has approximately 31,600,OOO seconds. This 
means that we need about (264 - 1)/(31,600,000) B 584,000,000,000 years 
to solve this problem. Even if we can build a robot to move one thousand 

disks in one second, it would still take 584 million years to solve the problem. 
Thus, we can confidently say that the problem is infeasible. q 

In the above example, we argued that the Tower of Hanoi problem is infea- 
sible for input size n = 64. We note that for small size n = 10, the solution 
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time f( 10) = 1023 is definitely acceptable; however, when the input size grows 
to n = 64, it becomes unmanageable. The reason why this happens is that the 
solution time f(n) = 2” - 1 grows too fast: its value doubles when the input 
value increases by only one. This suggests that we measure the computational 
complexity of an algorithm by the growth rate of its running time. If the run- 
ning time of the fastest algorithm for a problem grows at such a fast rate, 
then this algorithm (and, hence, this problem) is considered infeasible. In the 
following, we present the general notations and techniques for measuring and 
comparing the growth rates of different functions. 

A function f( ) n is said to grout slower than a function g(n) (or, g(n) grows 

faster than f(n)), denoted by f(n) 4 g(n), if 

lm i f( > n 
0 

n+mgo= l 

For example, g(n) = n2 grows faster than f(n) = n since 

1 
lim $ = lim - = 0. 

n+cm n n+oo n 

The relation 4 is a partial ordering: 

Proposition 6.2 If f(n) 4 g(n) and g(n) + h(n), then f(n) 4 h(n). 

PT-oaf By definition, if f(n) -+ g(n) and g(n) 3 h(n), then 

lim -!- - f( > lim -!- = 0. 9( > 
n--m g(n) - n-+m h(n) 

Therefore, 

Iim f( 1 n 

n>mh(n)= 

lim f(n) g(n) .-- 
n-+m g(n) h(n) - 

0 
’ 

This means that f(n) + h(n). Cl 

Two other commonly used notations are big-0 and small-o: We write 

f( ) = o(g(n)) if f(n) 4 g(n), and f(n) = O(g(n)) if for some constant 
Land for almost all n > 0, f(n) 5 Kg(n).’ 

The following sequences of functions appear very often in the study of 
computational complexity: 

Poly-log Sequence: {(logn)i 1 i = 1,2, l . •}.~ 

Polynomial Sequence: {d 1 i = 1,2, + l 0). 

Subexponential Sequence: {nQ”gn)’ 1 i = 1,2, l -0). 

’ “For almost all .n 2 0” means “for all but fi nitely many n 2 0.” 

2 For simplicity, we denote log = log2 for the rest of this chapter. 
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Exponential Sequence: { 2in 1 i = 1,2, l l 0). 

Superexponential Sequence: (an* 1 i = 1,2, l l l }. 
It is easy to check that these sequences satisfy the following properties. We 

leave the formal proof as an exercise to the reader. 

(a) In each sequence, if i < j, then the ith function grows slower than the 
jth function. For instance, n(l”gn)” 3 n(10gn)4. 

(b) For any two sequences, every function in the former sequence grows 
slower than any function in the latter sequence (except for the first 

function of the last sequence). For instance, (log n)64 + ,l” 4 n(l”gnj4 4 
23n -( 2n2 . 

It is interesting to note that these five sequences do not contain all possible 
measurement for growth rates. The following are some examples not in these 
sequences. 

Example 6.3 Show that the function 2dl”gn grows slower than every func- 
tion in the polynomial sequence, but faster than every function in the poly-log 

sequence. 

Proof. Using L’Hopital’s rule: we check that, for anv i > 1, 

lirn (log n>i - lim 
n-boo ~JJ/L& - n-boo 

I Y  - J 

i(log n)i-l(log e)/n 

- - lim 
n-+oo 

- - lim 
n+oo 

2dl”gn/(2nJiogn) 

(2 loge) i (log n)i-1/2 

22/logn 
(210ge)2i i(; - l/2)@ - 1) l . . (l/2) 

2&G 

= 0 
. 

Therefore, (log n)i + 2dl”gn for any i > 1. Also, - 

22/logn 
lim p - - lim 2$G-l”gn = lim 24GG(1-l/iogn) - - 0 . 

n-m0 n n-boo n--boo 

Therefore, 2@Ogn 4 n. 0 

Example 6.4 Suppose f(n) + g(n). Sh ow that there exists a function h(n) 

such that f(n) 4 h(n) -+ g(n). 

Proof. Choose h(n) = J-f&J$$ Then, 

lim f( 1 n 

nLooh(n)= 
=O, and lim n= lim h( 1 

n+00 h-4 n-boo 
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In the following, we 
any k > 1, recall that - 

Define log* n = min{k 

study a function that grows very slowly to infinity. For 

lg 0 (k) n= 0 lg l l logn. 
Y ’ 
k 

1 k > l,log(k) n < 1). - - 

Example 6.5 Show that log* n + log@) n for any constant integer m > 1. - 

Proof. We first prove that for any fixed m > 2 and sufficiently large n, 

log* n < logcn) n. To do so, we note that 2” > zn for n > 4. It follows that - - 

n>4=> 2$logn<n. - - 

Repeatedly applying this inequality, we obtain 

log+‘) n > 4 =3 2i + log@) n < n. - - 

Now, for log* n > 4m, substituting log* n - 2m for i and log@) n for n, we 

get 
2(log* n - 2m) < 2(log* n - 2m) + log(log* n-m) n < logcm) n. - - 

(Note* . log@) (log(‘) n) = log@+“) n and so 9 

logCi-l) log(“) n = log(‘Og* n-m-1) n > 2” > 4.) 
- - 

That is, if n is so large such that log* n > 4m, then 

log* n < 2 log* n - 4m < logcm) n. - - 

Now, we note that for any fixed m > 1, log(“+‘) n 4 log(m) n (see Exercise - 
6). Together, we get log* n 3 log(m) n. 0 

Exercise 6.1 

1. Show that 21nn = o(n) and 210g(2n) = O(n). 

2. Show that (logn)‘” 4 do + 2Q”gn)‘“. 

3. Compare the following three functions using the + notation: 

log n 

2” 7 
n(lOE? n)2 

7 (log n>2”. 

4. Compare 2 log* n with n using the 4 notation. 

5. Suppose that f(n) 4 g(n). Is it t rue that for any increasing function 
h(n) with limn,, h(n) = 00, h(f(n)) 4 h(g(n))? Present a proof or a 
counterexample. 
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6. Prove that log@+‘) 4 log(“) n for any k > 0. - 

7. Denote log** n = min{Ic 1 (log*)% < 1, k - 
log* 12. 

8. Recall the Ackermann function A defined 

(a) Compare the function f(n) = A(n, n) 

(b) Compare the function g(n) = max{k 1 

6.2 Time and Space Complexity 

> 1). Compare log** n with - 

n Exercise 8 of Section 4.8. 

with 22”. 

A(k, Ic) < n} with log* n. - 

Computational complexity of a Turing machine studies the computational 

resources required for a Turing machine to solve a problem. Computation 
time and space are the two most important computational resources for Turing 
machines. Therefore, it is critical to study the class of Turing machines with 
limited running time and/or memory space. 

For an input string X, the running time of a DTM M on II: is the number 
of moves M takes to halt on input X, that is, the number of configurations 
in the computation from the initial configuration with x as the input to a 
halting configuration. We denote this number by Time&r) (if M does not 

halt on X, then TimeM (z) = 00). Based on the asymptotic view of Section 
6.1, we group the inputs of the same length together and consider the running 
time on them as a single function. That is, assume that t(n) > n + 1 for - 
sufficiently large n. 3 Then, we say M has a time bound t(n) if for all inputs 

z with 151 < n, - 
TimeM 5 max{n + 1$(n)}. 

Recall that we defined several different models of Turing machines in Chap- 
ter 4. It is apparent that a single problem may have different running time 
when it is solved using different models of DTM’s. In particular, a multi- 

tape DTM seems to have a lower time bound than an equivalent one-tape 
DTM (cf. Example 4.13). Therefore, when we compare the time complexity 
of two problems, we need to make sure that they are compared within the 
same model; that is, we need to be concerned with the implementation of an 
algorithm in a particular model of DTM’s. Fortunately, the following theorem 
shows that the running time functions of different models of DTM’s do not 
differ too much. 

Theorem 6.6 For any multi-tape DTM M, there exists a two-way, one-tape 
DTM Ml computing the same function such that for all inputs x, we have 
TimeM, (x) 5 c l (TirneM(~))~ for some constant c > 0. 

3 We consider only DTM’s that always read all its input symbols before it halts. Thus, 

we consider only func tions t(n) 2 n + 1 as time boun ds. 
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Proof. If we examine carefully the simulation of multi-tape DTM M by two- 
way, one-tape DTM A& of Theorem 4.13, we can see that each move of M is 

simulated by two passes over the entire tape configuration of 1M. Since the 
size of the tape configuration is bounded by TimeM( each move of M takes 
2Time~(x) + cllc moves to simulate, where k is the number of tapes of M 
and cl is a constant. (The extra cl/c moves come from the adjustment of the 
new tape symbols in each track done in the second pass.) It can be checked 
that the initialization and ending stages take only time linear in the input 
size. Therefore, the total time TimeM, is bounded by c(TimeM(~))~ for 
some constant c > 0. cl 

The above theorem shows that the time complexity functions of equivalent 
DTM’s do not differ too much. For the space complexity, however, we need 
to define the underlying model more carefully. A particular issue is that we 
do not usually count the space occupied by the input as the work space in the 
computation. Therefore, the space complexity of a one-tape DTM is difficult 
to measure since the machine may or may not use the input space for the 
computational purpose. So, in order to avoid this type of problem, we need 
to distinguish between the work tapes and the input/output tapes. We say 
a tape of a DTM M is an input tape if it is a read-only tape used to hold 
the input symbols. The machine M is allowed to read the inputs on this 
tape (more than once if it wants) but not to write over the input or blank 
symbols. We say a tape of a DTM &! is an output tape if it is a write-only 
tape used to print the output symbols. The machine M is only allowed to 
write down the output symbol and then move the tape head to the right to 
the next blank cell. The tape head of an output tape is not allowed to move 
left. All other tapes are called work tapes or storage tapes. (A DTM may not 

have the input tape or the output tape. For instance, a one-tape DTM has 
only one work tape which is used to read inputs, to store temporary data, and 
to write outputs.) 

For any input string x, the memory space that a DTM M uses on x is the 
number of cells on the work tapes which the tape head visits at least once 
during the computation. We let SPUC,M(X) denote this number. 

Similarly to the time complexity, we say a DTM i’U has a space bound s(n) 
if for any input x, 

SpuceM (2) 5 max{l, [s( 1x1)]}-4 

Let us now fix a three-tape DTM model as a standard DTM model for space 
complexity measure. Such a DTM has an input tape and a work tape. It may 

or may not have the third output tape, depending on whether it needs to 

produce outputs or not. We call such a DTM a standard one-worktape DTM, 
or simply a one-worktape DTM. From the above definition, we only measure 

4 We consi d e r only DTM’s that visit at least one cell of the work tapes. 
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the tape cells in the work tape that are visited by the tape head for the space 
bound of such a DTM. The following theorem justifies our restriction to this 
specific model as far as the space complexity is concerned. 

Theorem 6.7 For any multi-tape DTM M, there is a standard one-worktape 
DTM il.42 computing the same function such that SpaceM2 (x) < SpaceM(x) - 
for all x. 

Proof. We can design a one-worktape DTM Mz that simulates M as follows: 
It uses the work tape to encode all work tapes of M, in the manner described 
in Theorem 4.13. For each move of M, Mz reads the symbol currently scanned 

by the input tape head, makes a pass over the work tape to collect the other 
symbols currently scanned by M, and makes another pass over the work tape 
to make changes on the work tape according to the instructions of M. 

This is almost the same as DTM Ml of Theorem 4.13, except that Mz also 
reads an input symbol and moves the input tape head. It is clear that the 
space used by M2 is bounded by the total space used by M. 0 

Using the one-worktape DTM model, the following result is trivial: 

Theorem 6.8 For any one-worktape DTM M and any input x, 

SpaceM (X) < TimeM (x) + 1. - 

We now consider the time and space complexity of a decision problem, 
based on the DTM model and the above defined time and space measures. 
Let f : N + N be an integer function. We say a language has time complexity 
f(n) if it is accepted by a multi-tape DTM with time bound f(n). We say a 
language has space complexity f( ) f t n i i is accepted by a multi-tape DTM with 

space bound f(n). For any function f(n), we define the following complexity 

classes: 

DTIME(f(n)) = {L 1 L has time complexity f(n)}. 

DSPACE(f(n)) = {L 1 L has space complexity f(n)}. 

It is clear that, for any function f(n), DTIME (f (n)) is a subclass of recursive 
sets. This fact also holds, but not so obviously, for DSPACE (f (n)) (see 
Exercise 1 of this section). 

These time and space complexity classes have the following important prop- 

erties. These properties allow us to use the standard asymptotic growth rates 
f(n), such as logn, n 2, 2”) to define complexity classes without specifying the 

coefficients of f(n). 

* Theorem 6 9 (Tape Compression Theorem) For any function s(n) and 
any constant c’> 0, 

DSPACE(s(n)) = DSPACE(c w s(n)). 
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input tape input tape 

0 b a b a a 0 BbabaaB 
4 

work tape work tape 

bBaacabB 
*g\\* . . :b. bBaa cabB 

Figure 6.2: Tape compression. 

Proof. It is clear that we only need to prove the theorem for 0 < c < 1. Let 

A E DSPACE(s(n)). By Th eorem 6.7, we may assume that A is accepted by 

a standard one-worktape DTM M with space bound s(n). We will show that 
A is accepted by another standard one-worktape DTM AP with space bound 

c l s(n). The basic idea is to group together a number of tape cells of M into 
a single cell and simulate the computation of M accordingly. To do this, we 
need to enlarge the character set and state set of &V. 

Let m. be a positive integer such that m > 6/c. We divide cells in the work 
tape of M into groups, each group containing exactly m. cells. Each group of 
cells forms a single tape cell of AP. Thus, if the set of tape symbols of M is 
I’, then the set of tape symbols of AP is I U I’“; that is, each tape symbol of 
AP in the input tape is a symbol a E I, and each tape symbol of AJ’ in the 
work tape is of the form [ai,, ai,, . . . , ui,.,J, where each uik E I. In order to 
simulate machine A& AP records the internal position of the work tape head 
within a group of cells in its state. That is, if the set of states of M is Q, then 
the set of states of M’ is Q’ = Q x {1,2,. . . , nz). A state (4, j) indicates that 
the machine M’ is simulating AJ at state q, with its work tape head scanning 
the jth cell within the current group cell scanned by the work tape head of 

M’. 
With this setting, it is easy to see that each configuration of AP corre- 

sponds to a unique configuration of A,C For instance, Figure 6.2 shows the 

correspondence between two configurations (where ~2 = 4). From this corre- 
spondence between configurations, it is clear how to simulate each move of M 
by AP. We omit the detail of the simulation. 

Furthermore, we note that M’ visits at most [s(n)/mJ +2 cells of the work 
tape (the worst case happens when s(n) = km+2for some K > 1, and M’ 

encodes the middle km cells into k groups). Note that if s(n) >3/c, then - 

In the case of s(n) < 3/ c, we note that M’ visits only one cell of the work 
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tape in the simulation, if the initial internal position of the work tape head 
of AP is at the middle of the group (so that the work tape head of M cannot 
move out of this group in less than m/2 moves). Therefore, the total space 
used by M’ is bounded by max{ 1, c l s(n)}. 0 

* Theorem 6.10 (Linear Speed-Up Theorem) Szsppose limn,, t(n)/n = 00. 
Then, for any constant c > 0, 

DTIME(t(n)) = DTIME(c . t(n)). 

Proof. Again, we only need to prove the theorem for 0 < c < 1. Let A be a 
set accepted by a k-tape DTM M with time bound t(n). We will show that 
A is also accepted by a (Ic + 1)-tape DTM M’ with time bound c l t(n). The 
idea of the proof is to group together a sequnce of moves of M and simulate 
the effect of these moves in a constant number of moves. In order to do this, 
we need to group some tape cells into one, as we did in the tape compression 

theorem. 
We descirbe the new DTM M’ in the following. To simplify our explana- 

tion, we only consider the case of k = 1. The general cases are similar. 

(1) Let m be a positive integer satisfying m > 10/c. We combine m. tape 
cells in the tape of M into a single cell for A!P. Thus, each tape symbol of M’ 

is a member of I’“, where I’ is the set of tape symbols of M. In particular, 
M’ first encodes each group of m, input symbols into one tape symbol and 
puts them in the second tape. After this initialization step, M’ only works 
on the second tape. 

(2) Each state of M’ is a pair of a local configuration and a local counter, 
where a local configuration consists of 3m cells of the tape of M, the head 
position within these 3772 cells, and a state of M, and a Zocal counter is a digit 

in (0, 1, l . l , 9). Thus, each state of M’ is of the form 

where q is a state of M, al, . . . , asm E I’, and j E (0, 1, . . . ,9}. For in- 

stance, (q, 011001; 5) re p resents the state of M’ whose local configuration is 
that shown in Figure 6.3 and its local counter is 5. Note that there are at most 
dm local configurations for some constant d. Therefore, M’ has a constant 
number of states. 

(3) Each simulation step of M’ consists of 10 moves, administered by the 
local counter. That is, in each move, M’ changes its local counter from j to 
j + 1, if 0 < j < 8, and from 9 to 0. 

(4) In the fiit 4 moves (i.e., when the local counter is in (0, 1,2,3}), M’ 

reads the svmbols of the two neighbors of the cell it is scanning now. Let .Q 

denote the cell currently scanned by the tape head, T denote the ryght neighbor 
of g, and e denote the left neighbor of g. M’ reads symbols from these cells 
by a 4-move bee-dance: It moves to its right to read the symbol of cell Y, then 
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011001 

Ltll 4 

Figure 6.3: A local configuration. 

moves left to cell g, then moves left to read the symbol of cell e, and finally 
moves back to the original cell g. After the bee-dance, the local configuration 
of M’ contains all symbols in the three cells of M’ (corresponding to 3m cells 

of ML 

(5) When the local counter of M’ is equal to 4, M’ simulates M on the 
local configuration for as many moves as possible. That is, it simulates M 
on the local configuration until one of the following conditions occurs: (a) M 
halts on the local configuration, (b) M enters a same local configuration the 

second time (thus, M enters an infinite loop), or (c) M tries to move out of 
the 3m cells of the local configuration. In case (a), M’ simply halts. In case 

(b), M’ enters an infinite loop. In case (c), M’ changes its local configuration 
Q to the configuration p right before the tape head of M moves out of the 3m 
cells. Note that the change from a to ,0 takes only one move for M’, since 
this change occurs internally in the local configuration and can be simply 
encoded in the transition function of M’. On the other hand, this change of 
configuration takes at least m moves for M since the tape head of M must 
move from group g to the right end of group r or to the left end of group e. 

(6) When the local counter of M’ is in {5,6,7,8}, M’ does a second bee- 
dance to copy the new symols of its local configuration to the cells e, r and g 
on its tape. 

(7) Finally, when the local counter of M’ is equal to 9, M’ moves its 
tape head to one of its neighbor according to the tape position of its local 
configuration. 

We show, in Figure 6.4, an example of such ten moves, which simulate the 
configuration change of M from (q,OOQlll) to (p, 111000). 

It is clear that the above simulation is correct and sck(M’) = L(M). In 
addition, for x E L(M), M’ uses ten moves to simulate at least m moves of 
M, before it halts. We note that, in the initialization stage, it takes n moves 
to copy the input to the second tape, in the group form, and it takes [n/ml 

moves to reset the tape head at the rightmore input group. Also, in the halting 
stage, M’ halts at the fifth move within that simulation step. Therefore, we 
see that M’ has a time bound of 

<n+F+lO+-+16. e-9 
m m 
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~~ bee-dance ‘2 

‘~ bee-dance 

111000 

r (p,xxooxx ;O) 

Figure 6.4: The ten moves. 

Because limn+W t(n)/n = 00, we have that, for sufficiently large n, 

n+lk + 10 l 

t(n) 
m 

- + 16 < c l t(n). 
m - 

Thus, A E DTIME(c l t(n)). 0 

To get a better understanding of Theorems 6.9 and 6.10, we study some 
examples in the following. 

Example 6.11 Suppose lim,,, tl(n)/n = 00. If tl(n) = tz(n) for st@- 
ciently large n, then DTIME(tl(n)) = DTIME(tz(n)). 

Proof. Suppose t 1 (n) = tz(n) for n > no. Then, for n > no, max{n+l, tl(n)} 

= max{n+ 1, ta(n)}. Al so, for 1 < 12 < no, there exists a constant c > 1 such 

that max{n + 1, tl(n)} 5 c l max(n +?, tz(n)}. Thus, for any n > 1, - 

max{n + l,tl(n)} < - c l max{n + 1, ta(n)}. 
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By Theorem 6.10, DTIME(tl(n)) & DTIME(c . tz(n)) = DTIME(tz(n)). 
Symmetrically, we have DTIME(tz(n)) C DTIME(tl(n)). It follows that - 
DTIME(tl(n)) = DTIME(ta(n)). cl 

Example 6.12 If c > 1, then for any c > 0, DTIME(cn) = DTIME((1 + 

44 l 

Proof. In the proof of Theorem 6.10, choose m > llc/~. Then 

n+n + lO* 
m 

cn + 16 < n + (1 + 10~) . ?- + 16 < (1 + &)n, 
m - m - 

for sufficiently large n. 0 

Now that we have formally defined time and space complexity classes of 
languages, which of these classes are feasible classes? Unfortunately, this ques- 
tion again depends on the specific computational models we use. Although 
we have shown, in Chapter 4, that machines in different models can simulate 
each other so that the class of computable functions is the same for these ma- 

chines, it is conceivable that one type of machine may run faster or use less 
work space than the other type. The empirical studies on these computational 
models, however, indicates that these simulations can often be done within a 
polynomial factor. That is, if one type of machines can accept a language in 
time t(n), the other type of machines can accept it in time (t(n))c for some 
constant c > 0. For instance, Theorem 6.6 shows that one-tape DTM’s can 
simulate multi-tape DTM’s within a time factor of n2. These studies sup- 
port the following extended version of the Church-Turing Thesis, though the 
support is not as strong as that for the Church-Turing Thesis. 

Extended Church-Turing Thesis. A function computable in polynomial 
time in any reasonable computational model using a reasonable time complex- 

ity measure is computable by a deterministic Turing machine in polynomial 
time. 

Now, let us define the following complexity classes: 

P= u DTIME(n”). 

c>o 

EXP = u DTIME(2”“). 

00 

EXPPOLY = u DTIME(2nC). 

c>o 

PSPACE = U DSPACE(nC). 

c>o 
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From the Extended Church-Turing Thesis, we see that these complexity 

classes are model-independent. Among these complexity classes, the class P 
is the most interesting one. We say a DTM M is a polynomial-time DTM if 
M has a time bound t(n) for some polynomial function t(n) = nc. We note 
that the composition of two polynomial functions is still a polynomial func- 
tion. Therefore, if we have two polynomial-time DTM’s Ml and M2, then the 
composition M of these two DTM’s, in the sense that M first simulates Mz 
on the input x and then simulates Ml using the output y of Mz as the input, 
is also a polynomial-time DTM. Therefore, the class P is closed under compo- 
sition (of the polynomial-time machines). In addition, the class P is a robust 
class of languages, closed under the language operations union, intersection 
and complementation (see Exercise 3 of this section). 

Based on the above observations and the empirical studies, people in gen- 
eral agree that the class P represents the class of feasibly solvable languages, 
or simply feasible problems. The following examples show that P is also closed 
under concatenation and the Kleene-star operation. 

Example 6.13 Show that if A, B E P, then AB E P. 

Proof. Assume that A is accepted by a multi-tape DTM Ml with time bound 
pi(n), and B is accepted by a multi-tape DTM M2 with time bound pz(n), 

where p1 and p2 are two polynomial functions. Consider an input x, with 

I I X = n, to the problem AB. For each partition of x into two substrings 

X = 21x2, we check whether x1 E A and x2 e B. We note that checking for 

each partition requires time at most 

PdlXll) + Pz(lX21) + cn <Pi(n) +pz(n) +cn _ 

for some constant c. (The term cn comes from the bookkeepping work to 
set up the partition for the machine to perform simulations on Mu and 
Mz(x,).) Since there are only n + 1 such partitions, the total computation 
time is < (n + l)(pl(n) + pa(n) + cn), which is a polynomial function. 0 - 

Example 6.14 Show that if A E P, then A* E P. 

Proof. Assume that A is accepted by a DTM Ml with time bound pl (n) for 
some polynomial pl. For each input x, with 1x1 =n>O,xfA* ifandonly 

if there is a partition of x into nonempty substrings x = 1~11x2 l l l x~, with 
1 < nz < n, such that xi is in A, for all i = 1,2,. . . , m.. Note that if we try - - 
all such partitions, our algorithm would take an exponential amount of time, 
since there are 2+l such partitions. 

So, how do we solve this problem in polynomial time? We note that x has 
at most n(n + 1)/2 nonempty substrings. Therefore, even though x has an 

exponential number of partitions, some substrings occur in many partitions. 
This observation suggests us to use the technique of dynamic programming to 
attack the problem A*. More precisely, we note that a string x is in A* if and 

only if 
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(a) x E A; or 

(b) There exists a partition II: = ~1~2, where $1 and x2 are nonempty, such 
that ~1 E A and ~2 E A*. 

So, we can build a table T of suffixes y of X, in the increasing order of the 
length of the suffix, indicating whether y E A*, and use this table to determine 
whether ;I: E A*. The following is the algorithm: 

(1) Let T(n + 1) := 1. 

(2) For each i, starting from n down to 1, do the following: 

If,forsomej,i<j<n,substr(z,i,j-i+l) ~AandT(j+l)=l, 

then let T(i) :=j; otherwise, let T(i) := 0. 

(3) Accept x if T(1) = 1. 

We observe that the above algorithm needs to simulate M for O(n2) times. 
Therefore, the total time of simulation and bookkeepping is bounded by 

O(n2(p&) +n)) = O(n3 -p&Q), w ic is h’ h ’ b ounded by a polynomial function 
q(n). We conclude that A* E P. 0 

Similar to class P, PSPACE is a mathematical representation of the class 
of languages which are solvable by machines using a feasible amout of storage 

space. It is, however, not considered a faithful representation of feasibly 
solvable problems, since a TM using a polynomial amount of space may use 
more than a polynomial amount of time. The following example shows that 
a language in PSPACE can be solved using an exponential amount of time. 
Whether this upper bound on time can be reduced is a major open question 
in complexity theory. In particular, it is not known whether PSPACE = P. 

Example 6.15 PSPACE C EXPPOLY. - 

Proof. Suppose that A E PSPACE; that is, A is accepted by a one-worktape 
DTM A4 with space bound nc for some constant c > 0. Let us count how 
many different configurations M can have on an input of length n. First, 
since we are working on a decision problem, we can ignore the output tape of 
the machine A&. Next, there are at most PC possible different tape configu- 
rations in the work tape of A4, where d is the number of tape symbols. (The 
input tape is read-only and so has a unique tape configuration.) For each 
tape configuration, there are nc possible positions of the work tape head. In 
addition, there are n + 2 possible positions of the input tape head, and there 
are 4 possible states for some constant q. Thus, we have obtained an upper 

bound q(n + 2)ncdnc = 0(2~=+’ ) for the number of configurations of M. 
Now, we can construct a new 3-worktape DTM M’ to simulate M as fol- 

lows: M’ uses the first work tape to simulate the work tape of M, and uses the 
second work tape to store the history of the computation of M. That is, M’ 
stores all the configurations M ever had in the second work tape. Initially, all 
work tapes are empty. Then, M’ simulates M one move at a time. After each 
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simulation move, it writes down the current configuration of M on the third 
work tape. It compares this new configuration with each old configuration 

stored in the second work tape to see if it has occurred before. If so, then it 
halts and rejects the input (since this indicates that A.4 has entered an infinite 

loop). Otherwise, it copies the configuration of the third work tape to the 
second work tape and resumes the simulation. 

Note that each configuration is of size O(nc), and there are at most ~(a~““) 
configy;ations in the second work tape. Therefore, each comparison takes 

O(2 
n l C) moves, and the total time used by AZ’ is at most O((2”c+1)2 l c). 

We conclude that A E DTIME(2”c’2). 0 

Exercise 6.2 

1. 

2. 

3. 

4. 

5. 

* 6. 

7. 

8. 

Suppose that s(n) > logn. Prove that if a Turing machine halts on all 

inputs and has a space bound s(n), then it must have a time bound 
An) for a constant c. Use this result to show that, for any s(n), every 
set in DSPACE(s(n)) is a recursive set. 

Show that every finite set of strings belongs to DTIME(n). 

Let A E DTIME(f(n)) and B E DTIME(g(n)). Prove that AU B and 
A n B are in RTIME ( max{ f( n) , g(n)}) . Conclude from these results 
that the complexity classes P, PSPACE, EXP and EXPPOLY are all 
closed under Boolean operations union, intersection and complementa- 
tion. 

In the proof of Theorem 6.10, we can actually use nine moves of M’, 
instead of ten moves, to simulate at least nz moves of M. This can be 
done by merging the fourth and fifth moves into one move. Can you use 

less than nine moves in M’ to do the same job? 

Estimate how many possible local configurations there are in the proof 
of Theorem 6.10. 

Show that every context-free language is in P (i.e., for every context-free 
grammar, there is a polynomial-time parsing algorithm). 

Show that if A and B are in PSPACE, then Al? and A* are also in 

PSPACE. 

Let A, B C l(0 + l)* + 0 such that each string x: in A or B is a binary - 
representation of a natural number. We let n(x) be the natural number 
whose binary representation is X. 

(a) Let A + B = {cc E l(0 + l)* + 0 1 n(x) = n(y) + n(z) for some 
y E A and x E B}. Show that if A, B E PSPACE, then A + B is 

also in PSPACE. 
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(b) Let ASCB = {x E l(O+ l)* +0 1 n(z) = n(y) *n(z) for some y E A 
and x E B}. Show that if A, B E PSPACE then A * B is also in 
PSPA CE. 

* (c) Assume that A, B E P. Is it true that A + B is also in P? Is it 
true that A SC B is also in P? 

6.3 Hierarchy Theorems 

Suppose that two functions f(n) and g(n) satisfy that f(n) + g(n). Then, 
intuitively, Turing machines with the time bound g(n) are more powerful 
than Turing machines with the time bound f(n), in the sense that the 
machines with time bound g(n) can compute some functions or languages 
that are not computable by machines with time bound f(n). That is, 
we expect that DTIME(g(n)) \ DTIME(f(n)) # 8. Likewise, we expect 
DSPACE(g(n)) \ DSPACE(f(n)) $5 8. Th is is, however, not always true. It is 
known that there are some ill-behaved functions f and g satisfying f(n) 4 g(n) 
but DTIME(g(n)) = DTIME(f(n)) (called the gap theorem). 

In this section, we show that this intuitive expectation is indeed correct, 
as long as the functions f and g are well behaved and that g(n) grows faster 
than f(n) log f(n). I n order to describe these results, we first need to define 
two classes of well-behaved functions. We say that a function s(n) is fully 
spuce-constructible if there exists a DTM M such that for sufficiently large 
integers n and any input x with 1x1 = n, Space&z) = s(n). Thus, if s(n) 
is fully space-constructible, then we can simulate this DTM on any input x 
of length n to mark off exactly s(n) cells in the work tapes. We call such a 
DTM a s(n)-space marking machine. 

* Theorem 6.16 (Space Hierarchy Theorem) Let sz(n) be a fully space con- 
structible function. Suppose that liminf,,,, sl(n)/sz(n) = 0 and sl(n) > 
log n. Then, 

- 

DSPACE(s:!(n)) \ DSPACE(sl(n)) # 8. 

Proof. We need to construct a language L which is in DSPACE (s2 (n)) but 
not in DSPACE(sl(n)). Th b e asic tool is a refined, space-bounded version of 
diagonalization. The setup for diagonalization is as follows: 

Since any multi-tape DTM can be simulated by a standard one-worktape 
DTM within the same space, we need only consider all one-worktape DTM’s. 
We enumerate all such DTM’s Mw with space bound q(n) (recall that Mw 
is the DTM whose code is w), and try to construct a new DTM M* which 
has space bound sz(n) and satisfies L(M*) # L(&) for all M,. That is, the 
DTM M* needs to satisfy the following requirements: 

R,: L(M*) # L(NI,), for all w E {O,l}* such that A& has a space 
bound s1 (n) . 

R’: 1M* has the space bound sz(n). 



298 COMPUTATIONAL COMPLEXITY 

To satisfy these requirements, we design the machine M* to simulate, on 
input w, the computation of M, (w) within space s2 (lwl), and accept zu if and 
only if A&, does not accept 20. 

There are several issues in this approach which did not occur before in the 
diagonalization proofs of Section 5.3: 

(1) How do we make sure that A&* works within space bound sz(n)? 

(2) How do we enumerate all DTM’s A&, with space bound s1 (n)? 

(3) Is the space bound s2 (n) large enough for AJ* to simulate all M, with 
space bound s1 (n)? 

(4) What happens if A&, does not halt within space bound q(n)? 

To solve question (1) we note that s2(n) is fully space-constructible, and 
so we can construct M* in such a way that it first reads the input UI, and 
then simulates a s2 (n)-space marking machine to mark off s2 ((w I) cells in the 
work tape. It then begins to simulate Mw on w, using the input u) as both the 
code of Mw and the input u), and using the s2 (1~11) marked cells to simulate 
the work tape of M,. 

For question (2)‘) we observe that the enumeration of DTM’s presented 
in Section 5.1 can be easily modified to enumerate all standard one-worktape 
DTM’s. More precisely, we note that each instruction of a one-worktape DTM 
is of the form 

S(qi 7 aj j ajl) = (qk&.,Dh,Dh’), 

which indicates that if the machine is in state qi, reading a symbol aj from 
the input tape and a symbol ajl from the work tape, then it changes to state 
qk, writes al over the symbol ajl, moves the input tape head in the direction 
Dh, and moves the work tape head in the direction &I. This instruction can 
be encoded by the string 

Then, the whole DTM can be encoded as 

1” code1 code2 l ** cadet 11 

for any nz > 1, if it has t instructions. 
Now, suppose that sl(n) is also a fully space-constructible function, then 

we can also attach a sr(n)-space marking DTM M with Mw to control its 
space usage. However, this is really not necessary, because we need to satisfy 
the requirement R, only for those Mw which do have space bound s1 (n). In 
other words, we can simply simulate M, within space s2 (Iwl), and if Mw visits 
more than s1 (lull) cells, then the requirement R, is automatically satisfied. 

So, this brings us to question (3): C an we satisfy the requirement R, when 
Mw does work within space bound sl(n)? We first note that the set of tape 
symbols for M * is fixed, but the set of tape symbols for Mw varies as u, varies. 
Suppose that M* uses tape symbols 0, 1 and B. Then, all tape symbols of 
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A&, have to be encoded by strings over (0, 1). We recall that, in Section 5.1, 
the universal DTM U uses OliO to encode the ith symbol of A&. A more 

economical way is to use the ith binary string of length [log!] to encode the 

ith symbol of A&,, where t is the number of tape symbols in A&,. Thus, each 
symbol of A&, becomes a string of length [log tl in M*. It means that M* 

needs space [log t]sl (Iwl) t o simulate the tape configuration of A&,. 
In addition, we note that &! uses input u) both as the machine code of 

Mw and the input w and, hence, it cannot directly simulate Mw. Instead, 
M needs to store the current state and the current position of the input tape 

head of Mw in its work tape. This takes [log al + [log nl < 2rlog nl cells, 
where Q is the number of states in Mw. Furthermore, M needs up to [log nl 
cells of scratch space in a separate work tape to compare a tape symbol or a 
state symbol in its work tape (written in the binary form) with a tape symbol 
or, respectively, a state symbol in its input tape (written in the unary form). 
Note that logn < sl(n). Thus, altogether, we need to make sure that - 

We note that, although liminf,,, sl(n)/sz(n) = 0, the above inequality 
does not always hold, since t varies as w varies. This problem is solved by 
the fact that each DTM has an infinite number of machine codes. Indeed, 
for sufficiently large n, each DTM has a code of length n. Now, from the 
assumption of lim infn,, sl(n)/s2(n) = 0, we know that for any integer 
t > 0, there exists an integer n such that [logtlsl(n) 5 sz(n). Consider a 
machine code w’ of length n such that Mwl = Mw. Then, inequality (6.1) 
holds with respect to 20’ and so the simulation of Mw/ by M”, in stage w’, 
can be done in space s2( jw’l), and requirement R,I can be satisfied. Since 
L( Mw ) = L( Mwl), as long as the requirement R,I is satisfied, the requirement 
R, is also satisfied. 

Finally, let us consider question (4). Suppose that Mw does not halt on 

input w and it works within space s1(Iwl). Then, it must eventually enter an 
infinite loop, and some configuration would occur more than once. However, 
we cannot find this infinite loop by checking the history of the computation 
as we did in Example 6.15, because that might take too much space. 

An alternative way is to count the number of moves in the simulation. As 
shown in Example 6.15, if a DTM M works within space bound s(n), then 
it has at most f(s(n)) = q(n + l)s(n)P@) different configurations. So, if M 

runs for more than f(s(n)) moves within space s(n), some configuration must 

have occurred twice and we know that M does not halt. This means that M* 

only needs to use at most log(f(sl(n)) ce s 11 t o write down the number li’ of 

moves taken so far (in another separate tape) in order to determine whether 

Mw has entered an infinite loop or not. We note that q < n, and so - 

log(f(s1(n)) 2 logs1(n) + 2logn + (W)s1(n) 5 (W + 3)s1(4, 

since sl(n) > logn. Now, we can find, for each 20, a code w’ with large Iw’I - 
such that Mwi has exactly the same instructions as Mw and log( f (s1 (Iw’l)) 5 
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sz( Iw’I). For this w’, A4* has enough space to simulate MWj on w’ and to count 
the number of moves of simulation. When it counts more than log(f(sl (lw’l)) 
moves, M* accepts w’. 

In summary, M* uses three work tapes and it works as follows: 

(1) On input w with IwI = n, M* first simulates a space-marking DTM to 
mark off 59(n) cells on each of the three work tapes. It then writes down 

a counter 0 on the third work tape. 

(2) M* then simulates M, on w, using the first work tape as the work tape 
of MW, and the second work tape for the extra scratch space. After each 
move of simulation, it adds one to the counter on the third tape. 

(3) During the simulation, if the machine MW or the counter of the third 
work tape needs more space or if MW halts but rejects the input, then 
M* halts and accepts the input. If M, halts and accepts the input, 
then M* rejects the input. 

The above analysis shows that M* works within space 3 l s2(n) and satisfies 

all requirements R, . The theorem now follows from the tape compressioin 

theorem. Cl 

For time complexity, the hierarchy theorem is a little weaker than the space 
hierarchy theorem. We say a function t(n) is fully time-constructible if there 
exists a DTM M such that for sufficiently large integers n and any input x 

with 1x1 = n, TimeM = t(n). We call such a DTM a t (n)-clock machine. 

Theorem 6.17 (Time Hierarchy Theorem) If tl(n) > n + 1, t&) is fully - 
time-constructible, and 

liminft’(ll) log(tl(n)) - - 0 
7 

n-m0 t2 b-4 

then 
DTIME(ta(n)) \ DTIME(tl(n)) # 8. 

Proof (Sketch). The proof is similar to that of the space hierarchy theorem. 
Namely, we construct a new DTM M* to simulate machine MW on input w for 
at most tz(lwl) moves, and rejects the input if and only if M, accepts w in time 
t2(lwl). To makesure that DTM M* simulates MW for at most t2((ul() moves, 
it simulataneously simulates MW and a tz(n)-clock machine MC and halts if 
either of them halts. The parallel simulation is to be done by dovetailing: It 
simulates MW for one move and then simulates MC for one move. The total 
time used by M* is, thus, bounded by c+(lwl) for some constant c > 0. By 

the linear speed-up theorem, L(M*) is still in DTIME(tz(n)). 
The only thing that needs extra attention is that the DTM M* has a fixed 

number of tapes. However, the DTM MW to be simulated by M* may have 
an arbitrarily large number of tapes. So, M* needs to use a small number of 
tapes to simulate a large number of tapes. This can be done as in Theorem 
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B/B, L B/B, R 

B/B, R B/B, R 

Figure 6.5: (n + a)” is fully time-constructible. 

4.13, where we showed how to simulate a k-tape DTM by a one-tape DTM in 
time O((~&J))~), if the k-tape DTM halts in time tl(n). This simulation can 
be modified to run in time only O(t 1 (n) lo& (n))), if we allow the simulator 
M* to have two tapes. (The second tape can be used to move data around 
more efficiently. The exact simulation is too complicated, and we omit it 
here.) So, if we allow M* to have at least two tapes and if its running time 
t2 (n) grows faster than t 1 (n) lo&(n)), then &!* can simulate at least tl (n) 
moves of A&, and the diagonalization works. Cl 

In order to apply the hierarchy theorems to specific complexity classes, 
we first need to know which functions are fully space or time constructible. 
It turns out that almost all familiar functions, including those in the five 
sequences defined in Section 6.1, are fully time and space constructible. In 
the following, we demonstrate this result on two simple functions. 

Example 6.18 Show that (n + 2)2 is fully time-constructible. 

SoZution. We construct a one-tape DTM M which has a singleton input 
symbol set { 1) and the tape symbol set { 1, B, a}. It works as follows: It moves 
back and forth between the two blanks surrounding the nonblank symbols, 
each time changing one input symbol 1 into symbol a. After the last round in 
which it cannot find any symbol 1, it moves back and forth two more times. 

The complete transition diagram of M is shown in Figure 6.5. Note that a 
complete trip from the blank at one end to the blank of the other end takes 
n + 1 moves. Also note that the total number of trips made by the tape 



(1 ) M’ writes 1 on the work tape and moves its tape head to the right of 
this symbol 1. M’ also moves its tape head of the input tape to the 
leftmost symbol of the input. 

(a ) M’ uses the work tape to simulate the (n+2)2-clock DTM M of Example 
6.18. Meanwhile, the input tape head moves simultaneously from the 
leftmost input symbol toward ri.ht. 

We also note that the machine J4 visits exactly n + 2 tape cells. cl 
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head is n + 3: Each input symbol 1 causes the tape head to move one round; 
it takes one round to find out that there is no more symbol 1 left, and two 
more rounds to finish. Therefore, the total number of moves by A4 is exactly 
(n + l)(n + 3) + 1 = (n + 2)“. (Th e extra one move is taken to move from 
state q6 or q8 to the final state h.) That is, M is a (n + 2)2-clack DTM. 
For instance, if the input is 14, then the computation of A4 is as follows (the 
number k shown in I-’ indicates the number of moves from one configuration 
to the next): 

(qo, 1lllB) l-l (4111111) t-l (q2, llla) t-3 (42,Bllla) t-l (q3,Illa) 

l--l (44,alla) t-3 ( q4, alla!) t--l (a, alla) l--l (q1, alla> t-l (q2, .m) 

t-2 (42,BalU~) t-5 (q 4, UUUUIJ) k5 (41, I&luau) t-l (45, gzuu) 

b4 (95, au&i!) b1 (Q6, aaat$ t-4 (q6, Buaaa) t-l (h, aaaa). 

Example 6.19 Show that [fil is fully space-constructible. 

Solution. We construct a standard one-worktape DTM M’ as follows: 

(3) If the input tape head is scanning a blank symbol when the simulation 
of M halts, then M’ halts; otherwise, M’ moves the head of the input 

tape to the leftmost symbol of the input, adds an extra symbol 1 to the 
work tape, moves the head of the work tape to scan the blank to the 

right of the rightmost symbol 1, and goes back to step (2). 

Suppose M’ halts when the work tape holds k symbols 1, then we know 
that the input length is less than or equal to (lc+2)2 and greater than (Ic+1)2. 
In addition, we observe that the (n +2) 2-clack DTM M of Example 6.18 visits 

exactly m + 2 cells on input lm. Thus, M’ visits exactly [fil cells. 0 

Now we present some applications of the hierarchy theorems. 

Example 6.20 P $ EXP. 

Proof. Note that, for any fixed integer i, ni + 2’Y That is, ni < 2n for 

sufficiently large integers n. Therefore, by the linear speed-up theorem (and 

Example 6.11), DTIME(r-8) C DTIME(2”). Furthermore, if tl(n) = 2” and - 
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t2 b-4 = 22n, then tz(n) = (tl(n))2 and so limn+&$)log(tl(n))/t2(n) = 0. 
It follows that 

P C DTIME(2”) ; DTIME(22n) C EXP. 0 - - 

We have shown in the last section that P C PSPACE, but it is not known - 
whether the two classes are equal. It is interesting to note that we do know 
that PSPACE # EXP, but we do not know whether there exists a language 
in EXP \ PSPACE or in PSPACE \ EXP. 

Example 6.21 EXP # PSPACE. 

Proof. Since, for any constant c > 0, 2Cn < 2n2/2 for sufficiently large 72, 
22 - we have DTIME(2”“) C DTIME(2n / ). By the time hierarchy theorem, we 

have EXP C DTIME(F2i2) $ DTIME(2”‘). 
Now, su;pose, to the contrary, that PSPACE = EXP. We will show that 

DTIME(2n2) C PSPACE, and get a contradiction. 
Let L be ai arbitrary language in DTIME (2n’). Define L’ = {x$~ 1 x E 

L, Ixl+t = lx12}, where $ is a symbol not used in L. Clearly, L’ E DTIME (2n), 
and so, by our assumption, L’ E PSPACE. This means that there exists an 
integer k such that L’ E DSPACE (d). Let A4 be a DTM accepting L’ in 
space bound n Ic. Now, we construct a new DTM A4’ as follows. 

On input z of length n, 1M’ copies x to a work tape and then adds 
n2 - n $‘s. iV’ then simulates A4 on x$~~-~. 

It is easy to see that the first step can be done using only n2 cells. Then, the 
simulation uses n2k cells. So, A4’ has space bound n2’ and L(M’) = L(M) = 
L. Thus, L E PSPACE. Since L is an arbitrary language in DTIME(2n2), 
this shows that DTIME(2n2) C PSPACE, and gives us a contradiction. •I - 

Exercise 6.3 

* 1. Describe the detail of the 3-worktape DTM A&* of Theorem 6.16. In 
particular, describe how IM* works using input zu as both the machine 
code for A&,, and as the input to A&, , while it is stored in the read-only 
input tape. 

* 2. In the proof of Theorem 6.17, we used the dovetailing technique to 
perform the parallel simulation of A&, and AP. Can we use, instead, 
the product Turing machine method of Example 5.9 to perform the 
parallel simulation? [Hint: Note that MW is not a fixed machine, and 
so we cannot build the product machine MW x MC directly.] 

3. (a) Show that [log nl is fully space-constructible. 
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(b) Show that n3 is fully time-constructible. 

4. (a) Show that if t(n) is fully time-constructible, then DTIME(t(n)) C - 
DSPACE(t(n)). 

(b) Show that if s(n) is fully space-constructible and s(n) > log n, then 
DSPACE(s(n)) C DTIME(2’*‘@)) for some constant C > 0. - 

5. Assume that A & B by a reduction function f with time bound 2”. 
Also assume tha; B E DTIME (2n). What can you say about the time 
complexity of set A? 

6. Show that DSPACE(n(log* n)loo) $ DSPACE(nlogn). 

7. Show that EXP : EXPPOLY. 

8. Show that PSPACE $ Uc,o DSPACE(2’“). 

6.4 Nondeterministic Turing Machines 

In Chapters 2 and 3, we have seen that the notion of nondeterministic com- 
putation is useful in the study of regular and context-free languages. In this 
section, we introduce a new model of nondeterministic Turing machines, which 
is critical to the theory of computational complexity. A one-tape nondeter- 
ministic Turing machine (NTM) is like a one-tape DTM, except that at each 
step, the machine may have more than one choice of possible next moves. 
That is, the transition function 8 of a one-tape NTM M = (Q, C, I’, 6, qo) is a 
mapping from Q x I’ to 2Qxrx(R,L), where 2’ denotes the set of all subsets 
of s. 

Since an NTM may have more than one possible next move at each step, a 
configuration may have more than one successor configuration. For instance, 
if an NTM has tape symbol set I’, and an instruction 

&,a) = {(Pl,bl,R),(P:!,b2,L),(P3,b3,R)}, 

then the configuration (q, zcady), where X, y E I’* and c,d E I’, has three - 
successor configurations: (~1, zcbldy), (~2, z&dy), or (~3, zcbsdy). In other 
words, the computation of an NTM is no longer a single path, but is a compu- 
tation tree. Similar to NFA’s and PDA’s, we define that an NTM M accepts 
an input X, if at least one computation path of the computation tree of M 
on II= halts, that is, if the computation tree contains a leaf which is a halting 
configuration. Equivalently, an NTM M accepts (x: if and only if there exists 
a sequence of configurations (~Yo, al, . . . , a,), starting from the initial config- 
uration ~XO = (s, Bd), ending at a halting configuration CY~ = (h, uav), such 
that ai t-~~ ai+l for all i = 0, 1, . . . , nz - 1. Note that an NTM, unlike NFA’s 
and PDA’s, may not halt on some inputs. It means that the computation tree 
of an NTM may be infinite. Nonetheless, we say it accepts the input LC as long 
as the computation tree has a finite path whose leaf is a halting configuration. 
For an NTM M, we let L(M) be the set of all strings accepted by M. 
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a b c B 
S 40, B, L 

qo qo4,L !Il,hL 

Ql 421 c, L 

42 43,aJ 42,cJ 

44, c, L 

q3 43,aJ 42&J 45, B, R 

q4 4414 q2, c, L q5, B, R 

q5 q6,B,R q9,B,R qGB,R 

q6 q6,%R q?,hR q6>C,R 

q7 Q8,CJ q7, c, R (reject) 

q8 qa,a,L Q8AL QSAL 45AR 

q9 (reject) q9AR h,B,R 

Figure 6.6: The transition function of machine AL 

Example 6.22 Let L= {a”lbai2b-•baikbbaj 1 il,...,ik,j >0, ~,.J,- =j 

forsomeAC{1,2,.. - . , k}}. Find an NTM accepting the language L. 

Proof. A string ai1 bai2b . l l baikbbaj is in L if there are a number of a-blocks 
before bb whose total size is equal to the last a-block (after bb). A straight- 
forward deterministic algorithm may have to check this condition over all 
possible subsets of a-blocks, which would take at least 2” moves. 

On the other hand, with a nondeterministic machine, we can just guess a 
subset A C (1,. . ., - k} of a-blocks and then verify that the total size of the 
a-blocks in the subset A is equal to j. More precisely, we first move the tape 
head to the left passing the double-b mark. Then, for each block of symbols 
a, we nondeterministically decide either to keep it as it is or to change each 
symbol a in the block to the symbol c. When we reach the left-end blank, we 
move back toward right and behaves like a deterministic TM that compares 
the number of a’s to the left of double-b with the number of a’s to the right. 
It accepts the input if the two sides have an equal number of a’s. We show the 
transition function of M in Figure 6.6. (For convenience, we actually change, 
in the first round, the double-b into a single b and all other b’s into c’s.) 

Note that this algorithm creates 2” paths in the computation tree, and most 
of them would reject the input. However, the input is considered accepted 
as long as one computation path accepts it. For instance, consider the input 
x= aababaaabaabbaaaa (i.e., il = i4 = 2, i2 = 1, i3 = 3 and j = 4). If we 
select the first and fourth blocks to match with aj, or if we select the second 
and third blocks to match with aj, then these computation paths accept. All 
other 14 paths reject. 

To be more precise, let us examine this computation tree more carefully. 
At first, the computation has a unique path: 
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/ 
0-T 

\ 
a6 

Figure 6.7: The computation tree of M on input X. 

a0 = (s, a2baba3ba2bba4@ I- (qo, a2baba3ba2bba3a) 

P (aI, a2baba3ba2bba4) t (q2, a2baba3baacba4) = al. - 

At this point, al has two successor configurations which lead to two different 
paths in the computation tree: 

~1 t (q3, a2baba3baacba4) F (q2, a2baba2ga2cba4) = a2, - 

al t (q4, a2baba3bac2ba4) P (q2, a2baba2ac4ba4) = CQ. - - 

Similarly, CQ has two successor configurations: 

CQ t (q3, a2babagaca2cba4) F (q2, a2bgca3ca2cba4) = ~4, 

CQ t (44, a2babagc2a2cba4) F (42, a2bgc5a2cba4) = CQ. 

Also, a3 has two successor configurations 

a3 t (q3, a2babagac4ba4) c (q2, a2bgca3c4ba4) = a& 

a3 t (q4, a2babagc5ba4) p (q2, a2bgc8ba4) = CQ. 

Each of CY~, ~25, @, and ~27 then has 
We leave the rest of the computation 

two 
tree 

successor configurations, and so on. 
to the reader. The general str ucture 

of the computation tree is as shown in Figure 6.7. 0 

We make an important observation about the above nondeterministic al- 
gorithm. The algorithm consists of two stages: the guessing stage and the 

verification stage. In the guessing stage, it makes a number of nondetermin- 

istic guesses to create a specific configuration among many possible choices. 
For instance, with the input x defined in the above example, a specific config- 
uration (qs, aac7a2cba4) could be created by guessing that A = { 1,4}. In the - 
verification stage, it verifies deterministically that the configuration obtained 
in the first stage satisfies the condition that there are an equal number of sym- 
bols a to the left and to the right of b. For instance, it accepts the configuration 

( q5, gc7a2 cba4) deterministically. Indeed, many useful nondeterministic al- 

gorithms can be devised using this two-stage construction method. We call 
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such an algorithm a guess-and-verify algorithm. We will see more examples 

of such algorithms in Section 7.1. 
In the above, we have defined one-tape NTM’s. Multi-tape NTM’s can be 

defined in a similar way. That is, a k-tape NTM operates just like a i&tape 
DTM, except that at one step, it may have more than one choice of next 
moves. We leave the detail of the definition to the reader. 

Are NTM’s more powerful than DTM’s? The answer is no, in the sense that 
the class of languages accepted by NTM’s is exactly the class of r.e. languages. 
This result could be considered as another support for the Church-Turing 
Thesis, even though we, in general, do not consider the NTM as a reasoszable 
computatonal model, since there does not seem to be any physical devices 
that can be used to build such a machine. 

Theorem 6.23 Every set accepted by an NTM is an r.e. set. 

Proof. For simplicity, we consider only one-tape NTM’s. The proof for the 
multi-tape NTM’s is similar. 

Assume that A& = (Q, C, I’, 8, ~0) is a one-tape NTM. Note that S is map- 
ping from Q x I’ to 2 QxrxPW . Let Ic be the maximum size of sets S(q, a) 
over all (4, a) E Q x I?; that is, at each move, M has at most Ic choices of 
the next moves. Let r)l,r)z, l l l , r)k be Ic new symbols which are not in I?. We 
construct a three-tape DTM M* to simulate M as follows: 

(1) M* keeps a string y over the alphabet {ql,772,. . . , qk} in the second 

tape. Initially, y = VI. 

(2) M* copies the input II: from the first tape (the input tape) to the third 
tape and simulates M on input z on the third tape. During the simu- 
lation, it moves its tape head of the second tape toward right at each 
move. In other words, when M* is simulating the jth move of M on x:, 
it is also reading the jth symbol of the string y in the second tape. If 
the jth symbol of y is qr, then M follows the rth choice for the next 

move of M (and if M has less than T choices for the next move, it fol- 
lows the first choice). If IyI < j (i.e., the head of the second tape is 
scanning a blank symbol), then go to step (3). The machine M* halts 
if the simulation halts in state h within Iyj moves. 

(3) Increment y of the second tape by one; that is, replace y by the next 
string over {~1,7;72, . . . , qk}, in the lexicographic ordering. Then, go back 

to step (2). 

We check that if there is an accepting computation path of M on x: of length 
m, then this computation path corresponds to a sequence (il, i2, . . . , &J of 

integers in { 1,2, . . . , k}, in the sense that to get this path, the rth move of M 

follows the i,th next-move among all choices. Therefore, M* will halt when 

it reaches the string y = vi1qi2 l l l vi, at the second tape. Conversely, it is 
obvious that M* halts only when it finds an accepting computation path of 
M. Thus, we have L(M) = L(M*). cl 
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Time and Space Complexity of NTM’s. Now, we define the notion of 
time and space complexity of an NTM. Note that the computation of an 
NTM M on an input x may have many computation paths. Among these 
computation paths, which one should we use to measure its time and space 

complexity ? We recall that the basic notion of a nondeterministic machine 
is that it accepts an input as long as at least one of the computation paths 
is an accepting path. So, following this spirit, we define that, if II: E L(M), 
then TimeM (x) is the number of moves in the shortest accepting computation 
path of A4 on x. That is, if the NTM iV is able to find (nondeterministically) 
an accepting path for x in t moves, then TimeM < t. What about the 
inputs x which are not in L(M)? W e note that, in order to determine that 
x $ L(M), we need to examine all computation paths and be sure that all 

of them halt and reject the input. However, if M does not accept x, then 
some computation paths of M on x may be infinite. In that case, M cannot 

determine that x e L(M) within any finite number of moves, as there are 
always some computation paths that are still alive. Therefore, we simply let 
TimeM (x) = 00 if M does not accept x (even if all rejecting paths are finite). 

To define the space complexity of NTM’s, we restrict ourselves to one- 
worktape NTM’s. Assume that M has one input tape and one work tape. If 
x E L(M), then we let SpaceM(x) be the number of tape cells in the work 
tape visited by M in the accepting computation path which uses the least 
amount of space. (Note: The shortest accepting path that defines TimeM 
and the least-space accepting path that defines spcq&x) are not necessarily 

the same path.) If x 4 L(M), then again we let space,(x) = 00. 

We say M has a time bound t(n) if TimeM 5 max(lx( + l,t(lxl)} for 

all x E L(M), and M has a space bound s(n) if SpaceM(x) 5 max{l,s(12))} 
for all x E L(M). Note that the above time and space bounds of an NTM 
M depend only on strings in L(M). For instance, suppose that L(M) is 
finite. Then, there exists a constant to such that TimeM < to for all 

x E L(M). This implies that M has a time bound K(n), where>(n) is the 
constant function such that K(n) = to (even though for sufficiently large n, 
TimeM (x) = 00 for all x of length n, since they are all not in L(M)). 

This definition can be justified as follows: Suppose that TimeM (x) 5 t (1x1) 
for all x E L(M), and that t(n) is a fully time-constructible function. Then, 
we can attach a (deterministic) t( )- 1 k n c oc machine to M and stops the com- 

putation of M(x) after t(lxl) moves (and rejects if M(x) does not halt in 

t(lxl) moves). Now, this new machine M’ accepts the same language as M 

and TimeM/ < t(lxl) f or all x. This shows that our definition of time - 
complexity of NTM’s is reasonable. 

From the above complexity measures for NTM’s, we can define the nonde- 
terministic complexity classes as follows. 

NTIME(t(n)) = {L(M) I M is an NTM with time bound t(n)}. 

NSPACE(s(n)) = {L(M) ( M is an NTM with space bound s(n)}. 
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NP = U NTIME(n”). 
00 

NPSPACE = U NSPACE(n”). 
c>o 

The following results are analogous to those for DTM’s proved in Section 
6.2. We omit the proofs. 

Theorem 6.24 Any multi-tape NTM M can be simulated by one-tape NTM’s 
Mt and MS, with the following properties: 

(a) L(M) = L(Mt) = L(M$). 

(b) For any x E L(M), T ime&& (x) 5 c l (TimeM( for some constant c. 

(c) For any x E L(M), spaceMs (x) < c l SpaceM(x) for some constant c. - 

Theorem 6.25 Suppose limn,, t(n)/n = 00. Then, for any c > 0, 

NTIME(t(n)) = NTIME(c l t(n)). 

Theorem 6.26 For any c > 0 , NSPACE(s(n)) = NSPACE(c. s(n)). 

Note that we did not list any hierarchy theorem for nondeterministic com- 
plexity classes. The reason is that the proofs of hierarchy theorems about non- 
deterministic classes are quite different from those for deterministic classes. 
Indeed, the diagonalization argument does not work well for nondeterministic 
machines. Recall the argument in the proof of Theorem 6.16: We constructed 
a DTM M* such that M* accepts u) if and only if Mr rejects ul. Now, suppose 
that MW is an NTM. Then, in order to make sure that MW rejects w, M* has 
to check all computation paths of M, on w, which would take an exponential 
amount of time even if M* is an NTM. Thus, the straightforward applica- 
tion of diagonalization does not work for nondeterministic machines. In the 
following, we use a nice relation between deterministic and nondeterministic 
space complexity classes to show some weak hierarchy theorems for NSPACE 
classes. 

Theorem 6.27 (S avitch’s Theorem) If s(n) > logn, then - 

NSPACE(s(n)) s DSPACE((s(n))2). 

Proof. Let L = L(M), where M is an NTM with space bound s(n). We note 
that the whole computation tree of M on an input x of length n contains at 
most 2c*s(n) different configurations for some constant c (cf. Example 6.15). 
Therefore, if M accepts x, then it must have an accepting computation path 
of length at most 2 ‘*‘W for some constant c (note that s(n) > log n). We now - 
construct a DTM M* to simulate M to find this computation path in space 

(+-a2* 
We note that the straightforward simulation which checks every branch 

of the computation tree of M(x) does not work, because the tree has height 
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2c’s(n) and so we need 2 ‘*‘W bits to record the current computation path 
under simulation. Instead, we use a divide-and-conquer algorithm to simulate 
A&. To describe this algorithm, let us define some new notations. Let a0 be 
the initial configuration of A4 on X. In order to check whether A4 accepts the 
input, it suffices for hl* to check that, for some acepting configuration CX~, 
A4 can move from a0 to af in 2’44 moves. Let reach(al, ~9, Ic) denote the 
predicate that A4 can move from configuration CY.~ to configuration ~2 within k 
moves. Then, what A4* needs to check is whether reach(ao, af, 2’*‘@)) holds 
for some accepting configuration c~f. 

The critical observation in the divide-and-conquer algorithm for A&* is that, 
for i > 1, - 

reach(al, CQ, 2’) e (3a&each(ctl, ~3, 2i-1) and reuch(a3, a~, 2i-1)]. 

This relation suggests the following recursive algorithm to determine whether 
reuch(al, CQ, 2i): 

(1) If i = 0, then it returns YES if and only if ~1 l- a2 or al = CQ. 

(2) If i > 1, th - en, for each configuration ~3, it recursively calls itself to 
check whether reuch(al, ~3, 2i-1) and reuch(a3, CQ, 2i-1). It returns 
YES if and only if both recursive calls return YES for some a3. 

In order to estimate the space use of this recursive algorithm, let us see 
how we can use a stack to simulate this divide-and-conquer algorithm in a 
nonrecursive way: 

(1) To determine whether reuch(cq, a~, 2’) we need to go through all con- 
figurations CQ, and so we need O(s(n>) cells to store the current ~3. 

(2) To determine whether reuch(cq, CQ, 2i-1) and reuch(a3, a2, 2i-1), we 
need to push into the stack the information of the current setting. That 
is, we need to store the current CQ, CQ, CQ and i in the stack, so that after 
we find out whether reuch(cq, Q, 2’-l) and reach(a3, ~2, 2i-1), we can 
continue the checking with respect to the next CY.~. The space required 
to store the information is also O(s(n)). 

(3) Since we start with i = c-s(n), the depth of the stack is at most c-s(n). 
Thus, the total space we need is O((s(n))2). 

From the above analysis, we know that a DTM &?* can determine whether 
reuch(ao,cuf,2C’S(n)), for any fixed crf, within space O((s(n))2). Since the 
working space for simulation on different accepting configurations at can be 
re-used, the total space needed for the whole algorithm is still O((s(n))2). By 
the tape compression theorem, L(M) E DS.PACE((s(n))2). 0 

Corollary 6.28 PSPACE = ARSPACE. 

Corollary 6.29 NP C PSPACE. - 
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Proof NP C NPSPACE = PSPACE. - 0 

We now apply Savitch’s theorem to get some weak space hierarchy theorems 
for NSPA CE complexity classes (see also Exercise 6 of this section). 

Example 6.30 Show that NSPACE(n) $ NSPACE(n210gn). 

Proof By Savitch’s theorem, NSPACE(n) C DSPACE(n2). By the space - 
hierarchy theorem, 

DSPA CE (n2) $ DSPACE(n210gn). 

Moreover, it is obvious that DSPACE(n2 log n) C NSPACE(n2 log n). There- - 
fore, 

NSPACE(n) $ NSPACE(n2 logn). cl 

Lemma 6.31 Let q(n), sz(n), and f(n) be fully space-constructible func- 
tions with s2(n) > n and f(n) > n. Then, - - 

implies 

NSPACE(sl(n)) C NSPACE(s:!(n)) - 

NSPACJqSl (f(n))) c NSPACJqs2(f (4)). 

Proof. For any L E NSPACE(sl (f(n))), define 

where $ is a symbol not in the alphabet of L. Then, it is obvious that L’ is 
in NSPACE(sl(n)). By our assumption, L’ E NSPACE (s2 (n)). This means 

that there exists an NTM A42 with space bound 52(n) accepting L’. Now, 
construct a two-worktape NTM M3 as follows: 

(1) On input X, MS simulates an f (n)-space marking DTM to create the 
string ~$-f(l~l~-l~l on the second tape. 

(2) MS then simulates M2 using the second tape as the input tape and the 
third tape as the work tape of M2. MS accepts the input x if and only 
if M2 accepts ~$f@l)-l~l. 

It is clear that MS accepts L in space bound s2( f (n)). (Note: Since sz(n) > n, - 
the space used in the second tape is bounded by s2 (f(n)) .) cl 

Example 6.32 Show that NSPACE(n) s NSPACE(n1*5). 

Proof. By way of contradiction, suppose that NSPACE(n5) C NSPACE(n). - 
Choose f(n) = n6 and n4, and apply Lemma 6.31 to the above relation. Then, 
we get 

NSPACE(n’) C NSPACE(n6) C NSPACE(n”). - - 
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NPSPACE 
= PSPACE I I w 

if 

EXP __r--, EXPPOLY 

Figure 6.8: Inclusion relations between complexity classes 

By Savitch’s theorem and the space hierarchy theorem, 

NSPACE(n4) C DSPACE(n’) s DSPACE(n’) C NSPACE(n”). - - 

This is a contradiction. cl 

In Corollary 6.28, we have seen that PSPACE = NPSPACE. From this 
result, it is natural to ask whether the analogous result of P = NP holds. If 
we examine the proof of Savitch’s theorem, we can immediately see that the 
divide-and-conquer algorithm does not apply to polynomial-time NTM’s. In 
fact, we do not know of any subexponential-time DTM’s that can simulate 
polynomial-time NTM’s. On the other hand, we also do not know of any proof 
technique that can separate NP from P. Indeed, the question of whether P 
is equal to NP has remained open since 1970, and is generally considered as 
the most important open question in complexity theory. 

We are going to study the P versus NP question in Chapter 7. Here, 
let us just list the known and unknown relations between deterministic and 
nondeterministic complexity classes. First, we know that P C NP, and NP C 

PSPA CE = NPSPA CE. Next, let co-NP denote the class-of sets A whose 
complements A are in NP. Since the notion of an NTM A4 accepting an 
input IX: and the notion of M rejecting an input II: are not symmetric, the 
nondeterministic time-bounded complexity classes are not known to be closed 
under complementation. In particular, it is not known whether NP = co-NP. 

These relations are summarized in Figure 6.8. In Figure 6.8, A f, B means 

A $ B, A L B means that A C B but it is not known whether A = B, 

A . . . # 
? B means that it is not known whether A = B, and A . . l B means that 

A # B but no inclusion relation between A and B is known. 

Exercise 6.4 

1. Construct multi-tape NTM’s to accept the following languages in time 

t( > n = 27-h: 

(4 Ll = {&ba”2b~~~ba”k 1 iI,&,...,& > 0, k 2 3,i, = i, = it for - 
some 1 < r < s < t < k}. - - 



6.4 Nondeterministic Turing Machines 313 

0 

* 2. (a) 

0 

( ) C 

L2 = (21cx2c l l *cx&2cy 1 Xl,. . .,xm,y E {U,b}‘,(3il,. . .,ik) [l < 
- 

il < l ** < ik < m,  xilxiz . b l xii, = y]}. 
- 

A regular expression r is called a starless regzslar expression if it 
does not contain the symbol * (the Kleene star). Show that the 
problem of determining whether two starless regular expressions ~1 
and ~2 are not equivalent (i.e., whether L(q) # L(Q)) is in NP. 

Show that the problem of determining whether two regular expres- 
sions are not equivalent is in NSPA CE( n) . 

An extended regulczr expression is a regular expression that can use 
an additional intersection operation (denoted by 0). Show that the 
problem of determining whether two extended regular expressions 
are not equivalent is in Uc>0 NSPA CE (2”“). 

* 3. In the proof of Theorem 6.27, the predicate reach(al, CQ, ai) was solved 
by a deterministic recursive algorithm. Convert it to an equivalent non- 
recursive algorithm that uses space 0( (~(n))~). 

4. Show that the complexity class NP is closed under union, intersection, 
concatenation and Kleene closure. 

5. Show that, for any real numbers T > 1 and 0 < 6 < 1, - 

NSPACE(n’) s NSPACE(nr+E). 

* 6. (a) Show that Lemma 6.31 still holds if we replace the conditions 
s2(n) > n and f(n) > n by s2(n) 2 logn and log(f(n)) = 

O(s&z~). [Hint: Note that NTM A& can simulate A42 on input 

Y- x$f(lXl)-lXl without writing down the string y on the second 
tape. Instead, it may simply write down, in the second tape, the 

position k of the input tape head of A& and use k to determine 
what input symbol A4$s tape head is scanning.] 

(b) Show that, f or any real numbers T > 0 and 0 < 6 < 1, 

NSPACE(n’) s NSPACE(n’+‘). 

7. Show that iftl(n), tz(n), and f(n) are fully time-constructible functions 

with tz(n) > n and f(n) > n, then NTIME(tl(n)) E NTIME(tz(n)) 

implies NTf?ME(tl(f(n))) c NTIME(t#(n))). 

8. (a) Show that EXP # NP. 

(b) Show that EXP # Uc>0 DTIME(2nC). 

9. Show that if P = NP, then 

u DTIME(2”=) = u NTIME(2nc). 

c>o 00 
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6.5 Context-Sensitive Languages 

In this section, we study a restricted type of grammars and present a charac- 
terization of the space complexity of the corresponding languages. A context- 
sensitive grammar is a grammar in which the right-hand side of a rule is 
always at least as long as the corresponding left-hand side; that is, for any 
rule a + p in this grammar, we must have lpl > 1~1. A language L is called a 

- context-sensitive language if L - {E) = L(G) for some context-sensitive gram- 
mar G. For instance, the language L(G) of E xample 4.15 is context-sensitive, 
because we can change the rule 5’ + E to S + aBC to get a context-sensitive 

grammar for L(G) - {E). Indeed, ‘t 1 can be proved that the languages of all 
examples and exercises in Section 4.5 are context-sensitive. Their correspond- 

ing context-sensitive grammars can be obtained from simple modifications of 
their unrestricted grammars. We show some examples below. 

Example 6.33 Find a context-sensitive grammar for the language 

L = {a2” I n > 0). - 

Solution 1. Recall the unrestricted grammar G for L given in Example 4.16: 

(1) s + [Ral, 
(3) Ra + aaR, 

(5) R] + Lh, 

(7) LL + [R, 

(9) [Lh + &. 

(2) s + a, 
(4) RI + Ll) 

(6) aL 4 La, 

(8) aLh + Lha, 

It is clear that the only rules that violate the context-sensitive requirement 
that every rule a! + p must have l@l > lcvl are rules (5) and (9). Now, suppose 
we replace them by 

(5’) R] --+ Lh a, and 

(9’) [Lh * aa, 

then it becomes a context-sensitive grammar Gi with L(G1) = {a2n+3 I n 2 

01 . 
Thus, all we have to do now is to modify grammar G1 to always generate 

three less symbols a. This can be achieved by encoding a substring aaaa of 
a sentential form by a single nonterminal symbol Aa. When we move the 
marker R to the right to double each symbol a to aa, we treat A4 as aaaa; 
but, at the end, we only change A4 to a single symbol a. That is, the following 
grammar G2 is context-sensitive and it generates L: 

S ----+ [ RAd] I a I aaaa, 

Ra + aaR, RA4 + aaaaAdR, R] + L] 1 Lha, 

aL ___) La, A4L + LA4, [L + [R, 

dh + &a, A4Lh + Lha, [Lh + aa. Cl 
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Solution 2. A more general technique of converting an unrestricted grammar 
to a context-sensitive grammar is to “hide” the uz~iliary symbols (which will 
eventually become E), such as R, L, [ and ] here, by attaching them to their 
neighboring real symbols (which will eventually become terminal symbols). In 
the following, we use new nonterminal symbols XAY to replace a substring 
XaY in a sentential form of grammar G, where X and Y do not contain the 
symbol a. Whenever it is possible, we attach an auxiliary symbol X to the 
symbol a to its right. Therefore, new symbols XAY and AY are used only 
when Y ends with 1. (T o make the following grammar rules readable, we 

write xAy for xAy to emphasize that X and Y are attached to symbol A.) 

I Fol owing the above idea, we replace rules (1) and (2) of grammar G by 
the following rules: 

(la) s - [RA] 7 I (2a) S __) a. 

For rule (3)) we replace it by the following six rules: 

(3 > a 

(3 > C 

(3 ) e 

a AR] j 
El 

+ [A a 
cl I RA] I 

It can be checked that these rules include all possible boundary cases that 
may happen. 

Similarly, we replace rules (4)-(g) by the following corresponding rules, 
and the resulting grammar is context-sensitive and generates exactly the same 
language as grammar G: 
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Example 6.34 Find a context-sensitive grammar for the language 

L = {an2 1 n > 1). - 

Solution. Following the hint of Exercise 3(a) of Section 4.5, we have the 
following unrestricted grammar for L: 

s+ CR4 I a, 
RA + AaaR, Ra + aR, RI + AL] I Ah, 

aL __) La, AL + LA, [L---, [R, 

a& + Lha, ALh __) Lha, [Lh + &. 

To see that this grammar is correct, we assume that we have a sentential 

form with n copies of A’s and n2 - n copies of a’s. Then, in the next round, 

we move R to the right to add one A and 2n copies of a’s. Therefore, at the 
end of this round, we will have a sentential form with n + 1 copies of A’s and 

( n2 -n)+2n = (n+1)2-(n+1) p co ies of a’s. The following is the derivation 

of string a’: 

S * [ RA] =+ [AaaR] 3 [AaaAL] =+ [AaaLA] 

3 [ LAaaA] 3 [ RAaaA] 3 [AaaRaaA] 3 [Aa4RA] 

3 [Aa4Aa2R] 3 [Aa4Aa2ALh 3 [Aa4Aa2Lha 3 [Lha’ 3 a’. 

We note that only the last rule in this grammar does not have the property 
that the right-hand side is at least as long as the left-hand side. If we replace 
it by the rule 

[Lh + aa, 

then this new grammar is context-sensitive and generates the language 

{ an2+2 1 n > 1). N ow, all we have to do is to modify the grammar so 

that, at each-round, the sentential form has n copies of A’s and n2 - n - 2 

copies of a’s. To do this, we only need to change the initial setting (and we 

still add, in each round, one extra A and two a’s for each copy of A). That 
is, we only change rules of the first line to 

S + [RAA]lala4, 

and our new grammar is context-sensitive and generates the language L. 0 

From Solution 2 of Example 6.33, we can see that almost all examples and 
exercises of unrestricted grammars in Section 4.5 can be converted to equiv- 
alent context-sensitive grammars. Is this true for all unrestricted grammars? 
In the following, we show that context-sensitive languages are exactly those 
acceptable by NTM’s with a linear space bound. Thus, not all unrestricted 
grammars can be converted to equivalent context-sensitive grammars, since 
the unrestricted grammars generate exactly the class of r.e. languages. 
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Theorem 6.35 The class of context-sensitiue languages is exactly the class 
NSPACE(n). 

Proof. First, assume that G is a context-sensitive grammar. We need to 
construct a standard one-worktape NTM M to accept all strings w E L(G) 
in space O(n). Intuitively, the NTM M keeps a sentential form a on its 
work tape, and nondeterministically applies the rules of grammar G to derive 
the next sentential form until it is equal to the input. Since G is context- 
sensitive, the lengths of the sentential forms in a derivation are nondecreasing. 
Therefore, the successful computation of this NTM only uses n cells. 

More formally, the NTM M works on a nonempty input w as follows: 

(1) Write down S on the work tape. Let a be the string S. 

(a> Repeat the following steps until one of the rejecting or accepting condi- 
tions is met: 

(a) Nondeterministically select a grammar rule u + v of G. 

(b) Find the first occurrence of the substring u in the string a currently 
on the work tape, and replace it by v. (If u does not occur in a, 
then this computation rejects.) Let p be the new string on the work 
tape. 

(c) Compare the string ,8 with the input w. If w = ,8, then accept the 
input. If IpI > 1~1, then this computation rejects. Otherwise, let 
Q := ,8 and continue. 

We note that if w E L(G), th en there is a leftmost derivation for w: 

Correspondingly, there is a computation path of M on input w in which the 
strings a written on the work tape at step (2b) are exactly the strings ~0, 

W,***,%?I of the leftmost derivation of w. Furthermore, the sentential forms 

in the leftmost derivation never shrink, and so this computation path never 
rejects at step (2~)) and will eventually accept when c\! = w. 

In addition, it is easy to check that the NTM M works within space bound 
n + c, where c is the maximum length of the right-hand side of any rule in G. 
Note that, in step (2b), where we substitute a string v for a substring u of a, 

if Iv1 = IuI, then th is substitution is simple. If Iv1 > IuI, then we need to move 

the nonblank symbols to the right of a to the right to create extra space for 
v. This can be done by a DTM like the one studied in Example 4.9, which 
does not use extra space. Therefore, M never visits more than n + c cells in 
the work tape. It follows from Theorem 6.26 that L(G) E NSPACE(n).5 

5 Actually, fr om the definition of the space corn 

that the accepting computation path of IM on w 
in rejecting paths is irrelevant. 

plexi ty of an N TM, we only need to verify 

uses space n. The amount of space used 
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Conversely, let L E AKPA GE(n). W e may assume that there is a one- 
tape NTM M1 that accepts L whose accepting computation path does not 
read any symbol beyond the two blanks surrounding the input u). (A one- 
worktape NTM A& which operates within space n can be easily converted to 
an equivalent one-tape NTM A&, using two tracks to simulate the two tapes 
of Mz.) We need to construct a context-sensitive grammar to simulate the 
computation of Ml. 

In Theorems 4.19 and 4.20, we showed how to construct, from a given 
DTM M, an unrestricted grammar G such that L(G) = L(M). It is easy to 
verify that the same construction works for an NTM M. In the following, 
we further convert the grammar corresponding to NTM M, to an equivalent 
context-sensitive grammar. First, for each pair (a, a) E Q x C, we define a 

nontermial symbol q#a. (For the sake of readability, we write q#a for the I 
symbol q#a.) Then, we define a grammar Gr with the following rules: 

(A) For each instruction (p, b, L) E S(q, a) of Ml, G1 has the rules 

(B) For each instruction (p, b, R) E 6(q, a) of Ml, G1 has the rules 

That is, the grammar G1 is just the grammar GM~ of Theorem 4.19 without 
the boundary symbols [ and 1, where rules in group (A) correspond to rules 
in groups (1) and (2) of GM,, and rules in group (B) correspond to rules in 
group (3) of GM~. We note that, since i’& never reads any symbol beyond 
the leftmost blank or the first blank to the right of the input, the boundary 
symbols are unnecessary in our case. In other words, the second type of rules 

in group (3) of GM,, p/J + b pp#B], will never be used. 
In addition, in the proof of Theorem 4.19, the second type of rules in 

!wUP (a), c pi&q1 II + p#c ] (if (p,B, R) E S(q, a)), is to allow the tape 

configurations of the machine &!I to shrink. We eliminate these rules in 
grammar G1 here. Thus, Gr still simulates the computation of A& except 
that its sentential forms keep all trailing blanks we have ever visited. 

From the above analysis, we can see that 

(4, XEY) CL, (P, &i) f i an only if x q#u y 3 2’ p#b y’, d El G1 El 

where y’ retains the trailing blanks. 
Now, we define grammar G2 as follows: It includes all reversals of the rules 

of Gr, plus the following rules: 

S __) B[h#BIT, T+BTIB, 

i-z-l s B ----+Lh, a Lh __) Lh a, 
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for all a E C, where 
generates exactly the 

Lh is a new nonterminal symbol. Then, grammar G2 
nonempty strings u) E L as follows: 

s$Bh#BlL l B$Bw s#B jBWLh&LhWjw. 
cl 

I I W 

Finally, the only rule in this grammar G:! that violates the context-sensitive 
requirement is the rule BLh + &. So, we can convert Gz to an equivalent 
context-sensitive grammar G by the technique of Solution 2 of Example 6.33. 
That is, we can simply attach the leftmost and rightmost blanks to their 
neighboring symbols and make every rule satisfying the context-sensitive re- 
quirement. We leave the details to the reader as an exercise. Cl 

Whether NSPACE(n) = DSPACE( ) n is, like the question of whether 
NP = P, a major open question in complexity theory. (Savitch’s theorem 
only gives a weaker result: NSPA CE (n) C DSPA CE (n2) .) We note, however, 
that, unlike the class NP, the class NSFACE (n) is known to be closed un- 
der complementation. In the following, we prove a more general result that 
all classes NSPACE(s(n)) is closed under complementation, if s(n) is fully 
space-constructible and s(n) 2 logn. 

In order to prove this result, we first define the notion of an NTM computing 
a function. We say that an NTM A4 with a write-only output tape computes 
a partial function f : C* + C*, if the following conditions hold: 

(i) For each x E Domain(f), there exists at least one accepting path of A4 
on input 2. 

(ii) For each x E Domain(f), every accepting path of A4 on input II: has the 
same output y = f(z). 

(iii) For each x # Domain(f), th ere is no accepting path in the computation 
tree of A4 on input z. 

In other words, an NTM A4 is considered as a transducer only if all of its 
accepting paths on an input x have the same output value. 

* Theorem 6.36 For any fully space-constructible function s(n) > logn, 

NSPACE(s(n)) = co-NSPACE(s(n)). 

Proof. Let A4 be a one-worktape NTM with the space bound s(n). Recall 
the predicate read-@, p, Ic) defined in the proof of Savitch’s theorem. In this 
proof, we further explore the concept of reachable configurations. Consider a 
fixed input II: of length n. Let C& be the class of all configurations of A4 on z 
that is of length s(n). That is, 

where j indicates the position of the input 
configuration of the work tape. Note that 

tape head, and ybz - 
each configuration 

is the tape 
in Cz is of 
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length < s(n) + [lognl + [IQ11 + 2. It is easy to see that we can define a 
linear ordering 4 over configurations in CS such that the relation a! 4 /3 can 
be verified by a DTM in space O(s( n)) . 

The construction of the NTM that accepts L(M) is divided into three steps. 
First we observe that the predicate reach(a, ,8, Ic) is acceptable by an NTM 
A41 in space O(s(n) + log Ic), if a and @ are from CZ. The NTM A41 operates 
as follows: 

Muchine Ml. Let a0 = QI. For each i = 0,. . . , k - 2, A41 guesses a 
configuration a’i+l E CZ and verifies that atli = ai+l or CQ kM ai+l. 
(If neither ai = cra+l nor aa kM ai+l holds, then Ml rejects on 
this computation path.) Finally, Ml verifies that cq+1 = p or 
ak-1 kM ,9, and accepts if this holds. 

Apparently, this NTM Ml uses space O(s(n) + log k) and accepts (a!, p, k) 
if and only if reach (a, ,8, Ic) . 

Next, we apply this machine Ml to construct another NTM A& which, on 
any given configuration p, computes the exact number N of configurations in 
CX that are reachable from /3, using space O(s(n)). (Note: M2 is an NTM 
transducer .) 

Let m be the maximum length of an accepting path on input X. Then, 
T-L!= ‘J0(44) To . computer N, Mz computes iteratively the number Nk 
of configurations in CX that are reachable from ,8 in at most k moves, for 
k = 0,. . ., nz + 1. When it finds, at stage k + 1, that Nk = Nk+l, it halts and 
outputs N = &. 

To compute &, we first note that NO = 1, since p is the only configuration 
reachable from p in zero move. Next, for k > 0, &+I can be computed from 
Nk by the following nondeterministic transducer: 

Nondeterministic algorithm for computing Nk+l: 
Initialize the counter &+I to 0. 
For each configuration o E CX, do the following: 

(1) Let ra! be FALSE. 

(2) For each i = 1, . . . , Nk, do the following: 
(a) Guess a configuration yi in CX. 
(b) Verify that (i) yi- 1 3 yi if i > 1, and (ii) reuch(P, yi, k) 

(by simulating machine Ml). (Reject this computation 
path if (i) or (ii) does not hold.) 

(c) Set ra to TRUE, if reuch(yi, a, 1). 

(3) Add one to .&+ i if and only if lrcv = TRUE. 

Note that M2 uses only space O(s(n)), b ecause at each step corresponding 
to configuration CY and integer i, it only needs to keep the following information 
in its work tape: i, k, Nk, the current Nk+l, lrcv, cq yi-1 and yi. Furthermore, 
it can be checked that Mz computes correctly the number N of configurations 
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reachable from ,& Assume that & has been computed correctly. Then, in 
the computation of NI,+l, for each c1:, there exists exactly one nonrejecting 
path in step (2). Indeed, only the path that guesses, in the increasing order, 
the & configurations pi that are reachable from p in k moves survives the 
verifications (i) and (ii). All other paths are rejecting paths. For each Q!, this 
unique nonrejecting path must determine whether reach(P, a, k+ 1) correctly. 
Therefore, the value NI,+i must be correct too. 

In the third step, we construct a third NTM A& for L(M) as follows: 

Muchine A&. First, A& simulates l& to compute the number N of 
reachable configurations from the initial configuration CQ. Then, 
it guesses N configurations 71, . . . , TN, one by one and in the in- 
creasing order as in Mz above, and checks that each is reachable 
from CQ (by machine Ml) and none of them is an accepting con- 
figuration. It accepts if the above are checked; otherwise, it rejects 
this computation path. 

We claim that this machine MS accepts L(M). First, it is easy to see 
that if ~xf @ L(M), th en all reachable configurations from a0 are nonaccepting 
configurations. So, the computation path of MS that guesses correctly all N 
reachable configurations of a0 will accept z. Conversely, if x: E L(M) , then one 
of the reachable configurations from a0 must be an accepting configuration. 
So, a computation path of MS must guess either all reachable configurations 
that include one accepting configuration or guess at least one nonreachable 
configuration. In either case, this computation path must reject. Thus, Ma 
accepts exactly those IX: 4 L(M). 

Finally, the same argument for Mz verifies that MS uses space 0( s( n)) . 
The theorem then follows from the tape compression theorem for NTM’s. 0 

Corollary 6.37 If A is a context-sensitive language, then A is also context- 
sensitive. 

Exercise 6.5 

1. Construct context-sensitive grammars for the languages of Examples 
4.17 and 4.18, and for the languages in Exercises 3(b)-3(i) of Section 
4.5. 

2. Complete the last part of the proof of Theorem 6.35. That is, describe 
how to attach the leftmost and rightmost blanks to their neighboring 
symbols to convert grammar G:! to a context-sensitive grammar. 

3. Show that th .e class of context-sensitive 1 .anguages 
intersection, concatenation, and Kleene closure. 

is closed under union, 

4. Find a recursive language L that is not context-sensitive. 
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* 5. What is wrong if we use the following simpler algorithm to compute IVk 
inthe proof of Theorem 6.36? 

For each k, to compute A& we generate each configuration 
ac E Cz one by one and, for each one, nondeterministically ver- 
ify whether reach (p, a, Ic) (by machine Ml), and increments 
the counter for IVk by one if reach(P, cq Ic) holds. 

* 6. Recall, from Exercise 6 of Section 3.5, the notion of 2-stack PDA’s. Show 
that each language accepted by a 2-stack PDA is a context-sensitive 
language. 
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