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Preface

One of the basic concepts of analysis is that of integration. The
classical theory of integration, perfected in the middle of the
nineteenth century by Cauchy and Riemann, was adequate for
solving many mathematical problems, both in pure and applied
mathematics. However, at the end of the nineteenth century,
mathematicians found it inadequate from a more general point of
view. The deficiencies of this theory can be roughly summed up in
two brief statements. Firstly, the class of functions integrable in
sense of Riemann is relatively small being limited by the require-
ments of continuity, piece-wise continuity or other stringent condi-
tions. Secondly and more seriously, limiting operations often lead
to insurmountable difficulties. Given a sequence of Riemann integ-
rable functionscon verging to some function in a domain, the limit
of the sequence of integrated functions may not be the Riemann
integral of the limit function. In fact, the Riemann integral of
the limit-function may not even exist. This is a major drawback
of the classical theory of integration, apart from the fact that
even relatively simple functions are not integrable in the Riemann
sense. These deficiencies have been removed in the Modern Theory
of Measure and Integration, developed by some of the leading
mathematicians. The origin of this theory lies in the work of
Henri Lebesgue, a French mathematician, who in the early part
of the present century formulated a more meaningful theory of
integration than the classical one by generalizing the concept of
the length of intervals to the measure of sets of real numbers.
The modern theory meets the need of a number of important
branches of mathematics and allied subjects. It helps in the
solution of problems in probability theory, partial differential
equations, hydrodynamics and quantum mechanics. The theory
of integration has undergone a continuous process of evolution
and innovations since the publications of the pioneer work of
H. Lebesgue, Integral, Longueur aire in 1902.
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Today, the theory of ‘Lebesgue measure and integration’ which
has been of tremendous mathematical importance forms the
background of modern mathematical analysis. No mathematician
can afford today to be ignorant of the modern theories of integra-
tion. It is also in the interest of the students of mathematics that
they become acquainted with these ideas early in their studies.
With this idea in mind, a one-semester course of this subject has
been prescribed in various universities at the honours and
post-graduate levels.

There are, of course, a number of books, available on the sub-
ject, which are too concise to be intellegible to the students.
There is hardly any single book which covers the entire syllabus
as prescribed in various universities.

The book is written as a text for the standard one-semester
course that is usually pursued by the honours and post-graduate
students of the various universities in India and abroad with the
hope that it will open a path to the Lebesgue theory to the
students. The aim of this book is to cover a basic course of
Lebesgue measure and integration which flows in a natural moti-
vated and simple way. The authors have taken great pains to give
detailed explanations of reasons of working and of the method,
used together with numerous examples and counter-examples at
different places in the book. The details are explicitly presented
keeping the interest of the students in view. Each topic in the
book has been treated in an easy and lucid style. We believe that
the students will find the book ‘smooth going’ and easy to under-
stand. It would also serve as a reference book for persons study-
ing analysis independently.

The material has been arranged by sections, spread out in
seven chapters. The text opens with a chapter on preliminaries
discussing basic concepts and results which would be taken for
granted later in the book; the reader is assumed to be already
familiar with most of the material. This chapter is followed by
chapters on Infinite Sets, Measurable Sets, Measurable Functions,
Lebesgue Integral, Differentiation and Integration and The Lebes-
gue L7 Spaces. The last chapter, i.c., The Lebesgue L” Spaces,
is presented in order to sharpen the student’s appetite for func-
tional analysis. The book contains many solved and unsolved
problems, remarks and notes at places which would help the
students to increase their knowledge by applying previous results
or by presenting new material. Some of the problems require extra
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effort on the part of students. Hints are also provided for the
solution of several problems. A set of problems graded in a
proper way has been given at the end of each chapter.

We do not claim any originality of the results but we do claim
simplicity and Iucidity of presentation coupled with comprehensi-
veness of the material. The various sources that have inspired the
authors are listed in the bibliography. Yet, the works of Natanson
(1965), Royden (1968) and Chae (1980) have made significant
contribution in making the book useful for the student-readers
and research-scholars. In fact, the genesis of the present text lies
in the classroom notes prepared by the authors for students in
Lebesgue measure and integration at the University of Delhi and
Meerut, University over a period of some ten years—such notes
were developed, revised, written and expanded more times than
one can recall.

We thank in general all our colleagues in the University of
Delhi and Meerut University who have inspired us directly or
indirectly, for taking up this project. Some of them have enligh-
tened us on some topics by holding discussions. One of the au-
thors (P.K. Jain) conveys his heartfelt thanks to his associates in
the Department of Mathematics of the University of Khartoum
(Sudan) and Kuwait University (Kuwait). They tempered the
ideas and results in the book by valuable discussions from time
to time. Above all, we are thankful to the generations of students
who have made valuable contributions in injecting simplicity in
presentation of the material so as to be intelligible to the student
community in general.

We owe special gratitute to Marcel Dekker, Inc., New York,
for permitting us to reproduce ad verbum the English translation
of Henri Lebesgue’s lecture in the book (Appendix JII).

Finally, we thank the publisher for his cooperation in bringing
out the book.

PK JalN
V P Gurra
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Preliminaries

This chapter is to help the reader in reviewing the preliminaries
needed subsequently in this book. It is presumed that the reader has
pursued an elementary course in real analysis. The approach adopted
in this chapter is somewhat different from that used in other chapters.
It is descriptive and the arguments given are directly toward plausi-
bility and understanding rather than rigorous proof. The preliminaries
are divided into seven sections.

1 SET AND SET INCLUSION

A setis any well-defined collection or system of objects. Other
words such as collection, class, and aggregate are used synonymously
for the term set. ‘Well-defined’ means that it is possible to determine
readily whether an object is a member of a given set or not. The
objects that belong to a set are called its elements (or points or members).
If A is a set, then a=4 denotes that a is an element of 4 and the
notion a& A4 denotes the negation of ac 4. For any element @ and a
set A, either a4 or a& A.

Two methods used frequently to describe sets are the ‘tabulation
method’ and the ‘defining-property method’. The first, the tabulation
method, enumerates or lists the individual elements separated by
commas and enclosed in braces. By this method, the set of vowels of
English alphabets is written as {a, e, i, 0, u}. Sets which are difficult to
describe by an enumeration are described by the second method—the
defining-property method. In fact, this method is often more compact
and convenient. A defining property of a set is a property which is
satisfied by each element of that set and by nothing else. The standard
notation for a set so described is { x | } or {x : }. Here x is a dummy
symbol and the space between : and} is filled by a defining property.
The above set, by this method is described as {x : x is a vowel of
English atphabets}.
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Given two sets A and B, if the relation ac 4 implies ac B for all a,
we say that A is a subset of B (or B is a superset of 4, or 4 is con-
tained in B or B contains A). In symbol, it is written as ACB. Two
sets A and B are equal if AC B and BC 4. Generally, a set is com-
pletely determined by its elements but there is a set which has no ele-
ment, and we call it as the empty (or void or null) set and denote it by
¢ (phi). If 4 is any set, each element of ¢ (there are none) is an ele-
ment of A4, and so $C 4. Thus, the empty set is a subset of every set.
Further, if 4 is a subset of BwithA4 # ¢and 4 # B,then Ais a
proper subset of B (or B properly contains 4). In other words, a set
A is a proper subset of B if and only if a= 4 implies a= B, and there
exists at least one b B such that & 4.

Let A4 be a set. Then the collection of all the subsets of 4 is called
the power set of 4 and is denoted by S(A4). For instance, if 4 is a set
containing a, b and ¢ as its elements, there are eight subsets of 4.
Hence, the power set (4) would contain eight elements, each being a
subset of 4. It is obvious that the sets ¢ and 4 are always members
of P(A). In particular, P(4) is always a nonempty set. If 4 is a finite
set containing » (distinct) elements, P(4) has 2 elements and this is
the reason for the name ‘power set’.

Let 4 and B be two sets. Using certain operations on 4 and B, we
can obtain four other sets. One of these sets is called the union of the
two sets; written AU B (sometimes, called the sum and written as
A+ B); it consists of all elements that are in 4 or in B (or in both, an
element that is in both is counted only once). The second is called the
intersection of two sets, written 4N B (sometimes, called the product
and written as A-B); it consists of all elements in 4 as well as in B.
The third one is called the difference of the two sets, written 4— B; it
consists of all those elements of A which are not elements of B. The
fourth one is called the Cartesian product of the two sets; written as
Ax B, it consists of all ordered pairs (a, b) where a4 and bEB.
Two sets A and B are said to be disjoint if 4(\B=¢, otherwise 4
intersects B. If BC A, A— B is called the complement of B with respect
to 4. In case 4 is taken as a universal set*, 4— B is written as B¢ (or
~ B) and simply read as complement of B. If 4=R, the set of all real
numbers, then Q¢ (complement of Q, the set of all rational numbers)
is the set of all irrational numbers. We trust that the reader is familiar
with the basic properties—commutative laws, associative laws, idem-

*All sets under consideration are subsets of a single fixed set known as the uni-
versal set, and in this book it is taken as R, the set of all real numbers, unless
specified otherwise.
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potent laws, distributive laws, DeMorgan’s laws, etc., of complement,
union and intersection. It may be noted that the laws given above do
not hold good for the operation of Cartesian products.

We now extend the definition of the union and intersection of two
sets to collection C of sets. Let C be a collection of sets in P(X). Then
its union and intersection are defined as follows:

UAd={xEX: x4 for some A€}
AeC

and NA={xEX: x4 forall AE()}.
AeC

If C is empty, U4=¢ and N4 =X. A collection C of sets is said to
4elC AeC

be pairwise disjoint if two distinct members of it are mutually disjoint.

A set whose elements are used as names is called an index set. An
index set may be finite or infinite. Suppose for each member « of a
fixed set 4, we have a set A44. Then 4 is the index set and the sets Ay
are called the indexed sets, and the subscript « of 44, i.e. each a4,
is called an index. The collection of A, is called an indexed family of
sets and is denoted by {44}ec4. An index set is usually denoted by 4.
We shall be using this symbol for index set throughout the book.
Let 4 be a set and 4 an index set. Let {4s}eca be an indexed family
of the subsets of 4. Then the union of all the sets 4, is the set {x&4:

xEA4, for some acA}. We denote it by Uz}u. We may define nA;
.1 aE

similarly. It is easy to verify that De Morgan’s laws hold good in’
an indexed family of sets.

2 FUNCTIONS

Let 4 and B denote arbitrary given sets. By a function f: 4 — B,
we mean a rule which assigns to each element a of 4, a unique ele-
ment b of B. If ac A, the corresponding element b in B is called the
f-image of a and is denoted by f(a), i.e. b=f(a). In this case, a is called
the pre-image of b. The set 4 is called the domain of the function f,
and B the codomain of f. The set ByC B consisting of all f-images of
elements of 4 is called the range of f, denoted by f(4). A function f
whose codomain is R is called a real-valued function.

If f and g are two functions defined on the same domain 4 and if
Jf(a)=g(a) for every ac A, the functions f and g are equal and we write
JS=g. Let f be a function of 4 into B. Then f(4)CB. If f(4)=B,fisa
function of 4 onto B, or f: A - Bis an onto function. The function
f:A - B is one-one if for any two elements a; and a; of 4, a; # a>
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implies f(a;) # f(a2). A function which is both one-one and onto is
called one-to-one.

Let A4 be any set. Then f: A — A defined by f(x)=x for all x4
is called the identity function, denoted by I4. An identity function is
one-to-one. A function f is called a constant function if its range con-
sists of only one element. Letf: 4 —> Band g: B - Cbe two func-
tions such that f(a)=b, a4 and be B; and.g(b) =c, where c=C.
Then the function h: 4 — C defined by

h(a)=c=g(b)=2(f(a)), a4

is called the composite function of two functions f and g, denoted
bygof.-Xff: A— B, then Ipof=fand fols=f.let f: A— B be a
function and ECA. The function f o I : E— B is called the restriction
of £ to the set E, denoted by fig; dually, the function fis referred to
as the extension of fiz to the set 4.

Let f: A— B and beB. Then the f-inverse of b, denoted by
S1(b), consists of those elements of A which are mapped onto b by £,
i.e. those elements of 4 which have b as their image. More briefly, if
f:A— B, then

[ B)={xE4 : f(x)=b}.

It is obvious that f~1(b) is a subset of 4. We read f~! as ‘f inverse’. It
is easy to verify that a function f : A — B is one-one if and only if for
each bEB, f-Y(b) is either empty or singleton (set consisting of only
one element). Let f: A — B and B, be a subset of B. Then the inverse
of B; under the function £, denoted by f-1(B), consists of those ele-
ments of 4 which are mapped by f onto an element in B;. More
briefly,

SU(B)={xE4 : f(x)EBy}.

It is easy to prove that a function f: 4 — B is onto if and only if for
every one-empty subset By of B, f~1(B;) is a nonempty set. For a func-
tion f': A - B.which is one-to-one, we note that

f"lof=1,4 and fof‘l=13.

It may also be seen that I;'=1,.

An indexed family of sets {4a.}ac, is a functionf: 4 - P(4),
where the domain of f'is the index set A. Let {4q}sc, be a nonempty
family of nonempty subsets of a set 4. A function f: {4}ecs — 4 is
called a choice function if f(4x) = asE A4, for every acA. The set of
all choice functions defined on {A4q}«ec 4 is called the Cartesian product
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of {Aa}ec, and is denoted by 1{1 {4a}. If {44}ee, be any non-empty
o°E

family of nonempty sets, the axiom of choice states that it is possible
to choose simultaneously an element from each set. In other words,
the axiom of choice states that the Cartesian product of a non-empty
Jfamily of non-empty sets is nonempty. The axiom of choice may also
be stated as ‘there exists a choice function for any nonempty family
of nonempty sets’.

Let S be any set. A binary relation R on a set is defined as a sub-
set of SxS. If Ris arelation on a set S, then for x, y=.S we write
xRy to mean (x, )R and read it as ‘x is related to y under R’. A
relation R defined on a set S is said to be reflexive if xRx for every
x&S; symmetric if xRy implies yRx; and transitive if xRy and yRz
imply xRz. A relation is said to be an equivalence relation if it is
reflexive, symmetric and transitive. Closely associated with the concept
of an equivalence relation is that of the partition of a set. A partition
of a set S is a pairwise disjoint collection of nonempty subsets of S
whose union is S. An equivalence relation in S defines a partition of S
and, conversely, a partition of S yields an equivalence relation in S. Let
R be an equivalence relation in S. Then for each s&S, let

R(s)={xES: xRs}.

The collection {R(s) : S&S} is a partition of S. The members of this
collection are called the equivalence classes and the collection is called
the quotient set of S with respect to R.

3 SUPREMUM AND INFIMUM

A set ACR is said to be bounded below if there is a real number m
such that x = m, for all x& 4. The number m, in this case, is called a
lower bound of A. It is easily seen that if m is a lower bound of 4,
then any number m’ < m is also a lower bound of 4. The set 4 is
said to be bounded above if there is a real number M such that x < M,
for all x€ 4. The number M, in this case, is called an upper bound of
A. Again, it is easily seen that if M is an upper bound of 4, then any
number M’ > M is also an upper bound of 4. The set 4 is bounded
if it is both bounded above and bounded below, i.e., the set 4 is
bounded if 3 a real number k>0 such that | x | < & for all x& 4.
Otherwise 4 is said to be unbounded.(Note that an unbounded set may
be unbounded above, unbounded below or both.)A real number M is
called the least upper bound (or supremum) of a nonempty set 4, if
() x < M for all x&4 and (ii) given any ¢ > 0, however small, there
is a number xo=d4 such that M —e < xo. In other words, M is an
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upper bound of 4 and no other real number less than M is an upper
bound of 4, i.e., the least upper bound of a set is the smallest of all the
upper bounds of 4. We denote the least upper bound of 4 by lub (4)
or sup (4) or sgl‘: x. A real number m is called the greatest lower

bound (or infimum) of a nonempty set 4, if (i) x = m for all x4 and

(ii) given any € > 0, there is a number xo& 4 such that xo < m+e. We

denote the greatest lower bound of 4 by glb (4) or inf (4) or ini; x.
x€

Every non-empty set of real numbers bounded above possesses the
supremum while the one bounded below possesses the infimum. 1t is
obvious that the supremum and infimum, provided they exist, are
determined uniquely. The supremum and the infimum of a set may or
may not belong to the set. For finite sets, the supremum coincides with
the greatest real number of the set and the infimum with the smallest
real number of the set. For an unbounded set 4 having no upper
bound, we write sup (4) = + oo, and for a set 4 having no lower bound,
inf (4)= — wo. The following equalities of supremum and infimum are
obvious

inf (4)=inf x= —sup (—x)= —sup (- 4).
x€4 x€A

Since the least upper bound of a set 4 is a special upper bound, it is
clear that only sets bounded above can have the least upper bound.
However, the empty set ¢ has no least upper bound even though it is
bounded above by any real number.

4 INTERVALS

Let a, bER and a < b. Then the sets {x€R : a < x < b}, denoted
by Ja, ] and {xER : a < x < b}, denoted by [a, b] are, respectively,
called the open interval and the closed interval from g to 5. The sets
{x€ER : a < x < b}, denoted by [a, 4] and {xER :a < x < b},
denoted by ]a, 5] are called semi-open intervals; the former is closed
at left (or at @) and open at right (or at 5) while the later is described
analogously. Obviously, for b < a, all the four intervals defined above
are empty. All these intervals are also bounded.

The set RU{— o0, o0}, denoted by R*is called the extended real
number system. For acR, the sets {x&R : x > a}, denoted by Ja, o],
and {xER : x > a}, denoted by [a, o[, are called, respectively, the
open interval and the closed interval from a to «. It may be noted

‘sup’ and ‘inf” are, respectively, the abbreviations of the Latin words supremum
‘the greatest’ and.infimum ‘the least’.
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that co and — oo are not real numbers. By convention, ]— o0, oo[ is
the entire set R. An interval which has at least one endpoint as co or
— oo is called an unbounded interval.

5 OPEN, CLOSED AND PERFECT SETS

A set NCR is said to be a neighbourhood® of the point xR if 3
an open interval I containing xo such that xocICN. It is obvious
that an open interval is a neighbourhood of each of its points.

A point xo is called an interior point of a set G if there exists a nbd
of xo contained in G. The set of all interior points of the set G is
called the interior of G which is generally denoted by Int (G). The
interior of [a, b] is ]a, b[. The interior of a finite set is empty. In fact,
the interior of a set G is the largest open subset of G. A set G is said
to be open if it is a nbd of each of its points. Thus, every point of an
open set is its interior point, i.e. for an open set G, Int (G)=G.
Evidently, G is open if and only if Int (G)=G. It is easy to verify that
every open interval is an open set. Also, every open set of real numbers
can be expressed as a union of a countable** collection of mutually
disjoint open intervals.

A point xp is a point of closure (adherent point) of F if every nbd
of xo contains at least one point of F. The set of all points of closure
of F is called the closure of F and is generally denoted by F or C(F).
The closure of ]a, & is [a, b]. A set is closed if its complement is an
open set. In fact, the closure of a set F is the smallest closed superset
of F. Evidently, a set Fis closed if and only if F=F. If Fis a non-
empty, closed and bounded set, then the lub and glb of F always
belong to F. Note that every finite set in R is closed.

It must be remarked here that the terms ‘open’ and ‘closed’ are neither
inclusive nor mutually exclusive. For example, each of the void set
and the set R is both open and closed, on the other hand, a semi-open
interval is neither open nor closed. There is a relationship, however,
between open and closed sets. The complement of an open (closed) set
is closed (open). An arbitrary union (intersection) of any number of
open (closed) sets is open (closed). The union (intersection) of a finite
number of closed (open) sets is closed (open). It may be noted that
the intersection of an arbitrary number of open sets may not be an
open set; for example
@ 1 1
ﬂ ] - 7 H "'" [ = {0}

n=1

*The neighbourhood is abbreviated as ‘nbd’ throughout the book.
**For definition of countable collection, see Chapter 1I.
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which is not an open set. Moreover, the union of any number of
closed sets may not be a closed set; for example

o n n+1 1
= [m m]=[—z" 1[
which is not a closed set.

A family C of sets is said to be a cover of a set 4 if 4 is contained
in the union of sets forming C. If each element of C is an open set
then the cover C is said to be an open cover of 4. It is called a finite
cover if C contains only a finite number of sets. A family 9c(C is
said to be a .subcover of ( if it itself is a cover of A. We state and
prove below an important result concerning the cover of a bounded
closed set of real numbers which we shall be using in our subsequent
chapters.

1.1 Theorem (Heine-Borel Theorem). Let F be a bounded closed set
of real numbers. Then each open cover of F has a finite subcover.

Proof. Case 1 Suppose Fis a closed interval, say, [a, b]. Also, let C
be an open cover of [a, b]. Take E to be the set of numbers x < b such
that the interval [a, x] is contained in the union of a finite number of
sets in C. Clearly, E is a non-empty set as a=E and is bounded above
by b. So, it has the least upper bound, say c. Since cE[a, b], there
exists an open set G in C which contains ¢. Since G is open, there is
an € > 0 such that the interval Jc~¢, c+¢[CG. Now c—¢ is not an
upper bound of E, and hence x > ¢— ¢ for some x&E. Since xEE,
[a, x] is contained in the union of a finite number of sets in £. Conse-
quently, the finite collection obtained by adding one more set G to
the finite number of sets, already required to cover [a, x], covers
[a, c+€[. Thus [c, c+€e[C Eif each point of [¢, c+¢[ is less than or
equal to b. Since no point of [¢, c+ €] except ¢ can belong to E, we
must have ¢=5 and b E. Thus [a, 5] can be covered by a collection
consisting of finite number of sets in C. Thus, the result is proved
when F=[a, b].

Case 2 Suppose F is any closed and bounded set of R. Let C be
an open cover of F. F being a bounded set, we enclose Fin a closed
interval [a, b]. Let 9 be the collection obtained by adding F* to C; i.e.
D=CU{F}. Clearly, 9 is an open cover of R as

R=FUFCFU{G: Ge(C}=U{G: GeI}.

and hence of [a, b]. By Case I, there exists a finite subcover £ of 9
which covers [a, 8] and hence F. Since FNFe=¢, £—{F} covers F.
However, £ — {F¢} is a finite subcollection of C.J
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A real number { is a limit (accumulation) point of a set ACR if
every nbd of { contains infinitely many points of 4. It is obvious that
a finite set cannot have a limit point. The set of all limit points of the
set A is known as the derived set of 4, denoted by 4’. It is easy to
verify that: (i) A=4U A4’ and (ii) 4 is closed if and only if 4'C4. A
set ACR is said to be dense (or dense in R) if every point of R is &
point of 4 or a limit point of 4 or, equivalently, if £=R. A set 4 is
said to be nowhere dense (nondense) in R if no nbd in R is contained
in the closure of 4, i.e., if the complement of 4 is dense in R. The set
A is perfect if either A=A’ or A= B, where B is a closed set which is
dense in itself.

6 SEQUENCES AND SERIES

A function f: N — X, where X is any set is called a sequence in X.
Because a sequence is uniquely and completely determined by the
values a,(=f(n)) for nEN, a sequence is usually denoted by {a.}
without explicit reference to f. The value a, is called the nth term of
the sequence {a.}. A sequence {a,} is said to converge to a limit / if for
each € > 0, there exists a natural number N (dependent on ¢€) such
that | a,— 1| < efor n > N. We write lim a,=/. A sequence having

n-»c0
a limit is said to be convergent. It may be noted that if a sequence
has a limit, the limit is unique. Also, every convergent sequence is
bounded but the converse is not necessarily true. For example, {(— 1)}
is a bounded but not a convergent sequence. It is easy to prove that
if {a,} and {b.} are two sequences converging, respectively, to /; and
b, then:

1. The sequence {a,1-b,} converges to /y+-/.
2. The sequence {a,b,} converges to /.
3. The sequence {ka,}, k is constant converges to kl;.

4. The sequence {%} converges to /1/l provided L#0.
n

Further, a sequence {a,} is said to be increasing if a,.; = a, for all
n. By repeated application of this inequality, we may deduce that
an, = a,, whenever ny > np. In particulars, a, = a; for all n, and so
every ihcreasing sequence is bounded below. A decreasing sequence is
defined in a similar way. Sequences which are either increasing or
decreasing are called monotone (monotonic) sequences. A monotone
sequence either tends to a limit or to 4. A monotone sequence
bounded below (above) converges to its infimum (respectively, supre-
mum). A sequence {a,} of real numbers is said to be a Cauchy
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sequence if for each € > 0, there is a positive integer 7o such that

| Gr—am | < € for n, m > ne. It is trivial, from the definition, that a
sequence of real numbers is convergent if and only if it is a Cauchy
sequence.

There are many bounded sequences which are not convergent. For
such sequences, the concepts of limit superior and limit inferior are
introduced. Let {a,} be a sequence. For any increasing sequence
{n1, m, n3, ..., Ny ...} of positive integers, the sequence {an},
(k=1,2,3,...)is called a subsequence of {a,}. It is clear that a
sequence {a,} converges to / if and only if each of its suosequences
converges to /. Though a bounded sequence may not be a convergent
sequence, it has a convergent subsequence. Let {a,} be a sequence of
real numbers and M= sgg an. It is evident that My, ; < Mg. Thus, the

sequence {M;} has a limit; namely, the infimum of the M}’s. This

infimum is defined to be the limit superior or the upper limit of {a,}.

It is denoted by lim sup a, or lim a, or simply lim a,. In other words
n-»co n-»co

lim sup a,= inf sup as.

n-»o k»1 na>k
The limit inferior or the lower limit of the sequence {a,} is defined in
a similar way. Itis denoted by lim inf a, or lim a, or simply lim a,.

n->w n->co

It may be noted that

lim inf @,= sup inf a,.
n-»co k3| n3k

From definition, it is obvious that lim inf @, < lim sup a,,.and a

n-»co

n-»o0
sequence {a,} converges to / and only if lim sup a,= lim inf a,=1

n->o n->»co
The idea of upper and lower limits can also be generalised to
include unbounded sequences. If a sequence {a,} is unbounded above,
then lim a,= co. In case it is bounded below, lim as= — co. Further,

n—»co n-»c

if a sequence {a,} is unbounded below and there is no subsequential
limit, Iim @,=1lim a,=1lim a,= — co. Similarly, for a_sequence which
is unbounded above and has no subsequential limit, im @, =lim q,=
lim Qnp= 0.
An expression Zw;' uy (or simply ¥, u,) where the numbers u, depend
nm=

on the index n=1,2,3,... is called a (number) series. For each n,
let Sp=u;+u2+. . .+un The sequence {S,} is called the sequence of
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partial sums of the series Y, #, and the number S, is called the nth
partial sum of the series Y u,. The series Y u, is convergent if the
limit lim S,=S exists. In this case, we write

n-»co
0
S=w+u+...= Zlu,.,
ne=

and call S, the sum of the series. A series Y », is absolutely conver-
gent if the series ¥ | u, | is convergent. Every absolutely convergent
series is convergent and a convergent series with terms as nonnegative
real numbers is absolutely convergent. A series with arbitrary terms
though being convergent may not be absolutely convergent. The series

— +1
Y., u., where u,.=( 2: (« > 0), is convergent for all « >0 but is

absolutely convergent only for « > 1.

A sequence {f»} of functions, all defined on D is said to converge
pointwise on D if the sequence {f,(x)} of real numbers converges for
each x&D. In other words, a sequence {f,} of functions converges
pointwise to f on D if for each x&D and a given € > 0, there exists a
positive integer N =N(x, ¢) such that

| fux)-f(x) | <e (r=N). (1
In this case, we write lim f(x)=f(x).

It is not always possible to find an N for which (1) holds good for
all x D simultaneously. If for each € > 0, it is possible to find an
N (only dependable on ¢) such that (1) holds for all x&D simultane-
ously, then we say that the sequence {f,} converges to / uniformly on
D. It is trivial that if the sequence is converging uniformly, it would
certainly converge pointwise. The converse of this, however, may not
be true always; for example, the sequence {f,} of functions defined by
fo{x)=x" on [0, 1] converges pointwise to the function f defined on
[0, 1] as f(x) =0(0 < x < 1), f(1)=1. However, the sequence does not
converge to f uniformly on [0, 1].

Just as the convergence of a series of real numbers is defined in
terms of the convergence of the sequence of its partial sums, the con-
vergence of a series of functions is also defined in terms of a sequence
of its partial sums, Accordingly, a series Y u, of real-valued functions
defined on a set D is said to converge pointwise (or simply converge)
to the function f on D if the sequence {f,} of functions converge
pointwise to f on D, where fa=u1+u2+. . .+u,. In this case we write

i}l U, =f or i:“: un(x)=f(x) (x&D). Further, if the sequence {fn}
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converges to f uniformly on D, we say that the series Y u, converges
uniformly to f on D.

7 CONTINUITY AND DIFFERENTIABILITY

Let f be a function defined for all points in a nbd of a point ¢,
except possibly at the point c itself. Then the function f is said to tend
to limit / as x tends (or approaches) to ¢ if for each e > 0,32 § >0
such that

|f(x)-1| <e whenever O0<|x—-c|<3.
Further, f is said to tend to + co as x tends to ¢, written lim f(x)=
+ o0, if for each k& > 0 (however large), 3 a § > 0 such tha: -’c
f(x)>k  whenever | x—c| <8.

Similarly, the function f is said to tend to — oo as x tends to ¢, written
lim f(x)= — oo, if for each k > 0 (however large) there exists a § > 0
X->C

such that
f(x)<-k  whenever | x=-c| <3é.

A function £ is said to tend to a limit / as x tends to ¢ from the left,
called the left-hand limit and written lim . f(x)=1, if for each € > 0,

X=»C-~
there exists a § > 0 such that
[ f(x)-1] <e  whenever c-8<x<c;

and is said to tend to a limit / as x tends to ¢ from the right, called
the right-hand limit and written lir:o S(x)=1, if for each e > 0 there
X=>C

exists a 8 > 0 such that
|f(x)-1] <e  whenever c<x<c+3.
Obviously, lim f(x) exists if and only if both the limits, the left-hand
X-»c

and the right-hand, exist and are equal. It may further be noted that
right-hand and left-hand limits may exist without being equal to each
other. Monotone functions always have right-hand and left-hand
limits.
A function f is said to be continuous at a point c if
Lig J(x)=f(c)-
A function £ is said to be continuous from the left at c if
lim f(x)=f(c);
x->c—0
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and continuous from the right at ¢ if
lim f(x)=f(c).
x->c+0

Further, the function £ is said to be continuous in an interval if it is
continuous at every point of the interval. We cite below a few results
which are used at places in the book.

1. Iff and g are two functions continuous at a point ¢, the func-
tions f+g,f-8g,f-g and -'g-(g # 0) are also continuous at c.
2. A function f defined on an interval 7is continuous at a point
ceI if and only if for every sequence {c,} converging to-c, we
have lim f(ca)=/(c).
n-»co

3. If fis continuous in [a, 5], then f is bounded therein and attains
bounds at least once in [a, b].

4. If a function f is continuous on [a, b] and f(a) f(b) <O, there
exists at least one point c<Ja, 5[ such that f(c) = 0. Consequently,
if a function is continuous on [a, 3], it assumes every value
between its bounds.

5. A function f is continuous if and only if the inverse image of
an open (a closed) set is open (closed).

A function f defined on an interval 7 is said to be umiformly conti-

nuous on 7 if for each e > 0, there exists a 8 > 0 such that

| x2)—~f(x1) | <e  whenever | x1=x2 | <8, x1, x2EL

It may be noted that if a function is uniformly continuous on an
interval I, it is continuous therein but the converse may not be true.
However, if the interval 7 is closed, the converse holds good.

Let f be a function defined on an interval [a, b]. It is said to be
derivable (differentiable) at an interior point ¢ (a < ¢ < b) if

tim JE+R) =10,
e h

or, equivalently

lim f(x)-1(c)

x» X=C

exists. The limit in case it exists, is called the derivative of the func-
tion fat x =c, and is denoted by f'(c). The left-hand limit

tim, 8972

X=bc=0
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denoted by f'(c—0), f'(c —) or Df(c), is called the left-hand derivative;
while the right-hand limit

lim f®=f) ,
x>c40 X—C
denoted by f'(c +0), f'(c+) or Df(c), is called the right-hand derivative
of f at ¢. A function f is derivable at x=c if and only if both Df{(c)
and Df(c) exist and are equal. It may be noted that a function which
is derivable at a point is necessarily continuous thereat, but the con-
verse may not be true. For example, the function f defined by
f(x)=|x | (- © <x < o0) is continuous at x=0 but f'(0) does not
exist. In fact, there exists a function which is continuous at each point
but does not have a derivative at any point, see Appendix II.

A function f is said to be increasing or decreasing in an interval 7
according as f(x2) = f(x1) or f(x2) < f(x1), for all xz = x; and x;, x2E1.
In case the strict inequality holds in the above relations, fis said to
be strictly increasing or strictly decreasing. The function f is said to
be monotone (monotonic) in 7 if it is either increasing or decreasing
therein, and is said to be strictly monotone if it is either strictly
increasing or strictly decreasing.



I

Infinite Sets

The act of counting is undoubtedly one of the oldest human activities.
Even a child who is unable to count can nevertheless determine
whether there are, for example, just as many chairs as persons in the
room. He needs only to have each person take a seat on a chair. By
this act, pairs are formed, each pair consisting of one person and one
chair. One can also say that the chairs and persons are made to
correspond to each other in a one-to-one manner, i.e., in such a way
that precisely one chair corresponds to each person, and exactly one
person corresponds to each chair. The primitive procedure, however,
can be carried over to arbitrary sets too, and then it leads to a con-
cept which corresponds to that of the ‘same number’ of elements in the
case of finite sets. This method of comparison is more powerful since
it can be applied even when the sets to be compared are finite. For
instance, consider the sets

N =set of all natural numbers
and S={x:x=-'11—,neN}.

The method of comparison shows at once that the number of elements
(in some sense) is the same in both the sets because we may arrange
these sets as follows:

N| 1 2 3 4 n
1 1 1 1
s| U 5 3 3 ]

1 EQUIVALENT SETS

1.1 Definition. A set A is said to be equivalent to a set B if 3 afunc-
tion f : A - B which is both one-one and onto.
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In symbol, we write 4~ B. It can easily be verified that the rela-
tion ‘~’ in a family of sets is an equivalence relation. Thus, any two
sets are equivalent if and only if there is a one-to-one correspondence
between them.

1.2 Examples

1. The sets N and E (all even natural numbers) are equivalent

because the function
f:N—>E
defined by
f(n)=2n, neEN

is one-one from W onto E.

2. Let A={1, 2,3, 4} and B={x, y, z, t}. These sets are equivalent
because 3 a function f': A — B defined as

fM=x, f=y, [fB)=z, [fA=t

which is one-one and onto.

3. The sets ]0, 1[ and [0, 1] are equivalent as 3 a function
f:10, 1] - ]0, 1 defined by

( % if x=0

x . 1
f(x)= < 2x_+—1 if x=—n—,n€N

x if x#0, -'ll— , nEN
which is clearly one-one and onto.
4. Let A={1,2,3} and B={x,y}. If we list all the functions
defined from 4 to B, we see that none of them is one-to-one.
Hence A is not equivalent to B, i.e. A~ B.

5. The finite interval] - -;— , -%-[ is equivalent to the set R (set of

all real numbers) since 3 a function f': ] ——g— s %[—> R, defin-

ed by f(x)=tan x, which is one-one and onto.
6. The function
f:I->N
defined by
SO=1, f(n)=2n and f(-n)=2n+1 for nEN
is clearly a one-one function from I onto IN. Hence I ~ N.
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It is often quite hard to exhibit a one-to-one correspondence
between two sets explicitly. It is rather easier to put one set into one-
to-one correspondence with a subset of the other set. The Schroeder-
Bernstein Theorem which is one of the most important and powerful
theorems in set theory is very useful in such situations.

1.3 Theorem. Let ADBDA;and A ~ A, then A~ B.

Proof. Since A~ A,;, 3 a function f : 4 > A4, which is one-to-one.
Furthermore, since 4D B, the restriction of f to B, which we shall
also denote by f, is one-one. This gives that the set B is equivalent
to a subset of 4, i.e., B~ B, where

ADBDA; DB,

and that the function f : B — B, is one-to-one.
Now A;C B, and for similar reasons 44 ~ A2 where

ADBDA1DB1D A,
and the mapping f : 4; —> A42is one-to-one. Consequently, there exist

equivalent sets A4, 4;, A2, . . . and equivalent sets B, By, By, . . . such
that

ADBDA1DBiDA2DBD. .. .
Let
T=ANBNA1NBiNA2NBN. ...
Then
A=(4-B)U(B-A)U(4:-B)U...UT
and B=(B-A)U(41—B)U(B1—4)U ... UT.
Note that (A~ B)~(A1— B1)~(A2— B)~ ...

Specifically, the function
f . An - Bll - An+l - B’l"’l

is one-to-one.
Consider the function g: 4 — B defined by Fig, 2.1.
In other words

f(x) if x€ed;—Bior A-B

gx)= { .
i(x)=x if XEBy— A{n > m) or T.

The function g is obviously one-to-one, Hence A~B.Jj
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Fig. 2.1

1.4 Theorem (Schroeder-Bernstein Theorem). Let A and B be two sets.
If each of them is equivalent to a subset of the other, then A ~B.

Proof. Since A is equivalent to a subset B; of B, 3 a function
f+ A—> By which is one-to-one. Similarly, 3 a function g from B to 4,,
a subset of 4, which is also one-to-one, To each element of B there
corresponds some element of 4; under g. In particular, those elements
of 4, which correspond to elements of the set B, form a set 42. It is
obvious that

ADADA2 and A~A4,.

The sets A and 43 are equivalent because 4~B; and Bi~Az. In
view of Theorem 1.3, it is concluded that A~A4,. Since 4y~ B and the
relation ‘~’ is an equivalence relation, it follows that A~B.}

Note. The Schroeder-Bernstein Theorem has great theoretical and
practical significance. With its help we can prove equivalence with a
minimum of effort for many specific sets. We shall encounter numer-
ous applications of it in this chapter.

Problems

1. Show that the open interval ]0, 1[ is equivalent to the set R+ of
all positive real numbers. [Hint: Consider a fuction f: 10, 1[ > R+
given by
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x fo<x<1/2

fx)= 1
4(1-x)
2. For any two sets X and Y, prove that (X x ¥)~ (¥ x X).
3. Let X be a subset of the Euclidean plane R2 defined by
X={x»0<xy<1}
and I be the closed-open interval defined by
I={(x,»:0<x < 1and y=0}

Show that X~ 1. [Hint: Apply the Schroeder-Bernstein Theorem.]
4. Show that the set R of all real numbers is equivalent to the set
R+ of all positive real numbers. [Hint: Consider the function

f: R = R+ defined by f(x)=¢*.]

if 12<x<1]

2 FINITE AND INFINITE SETS

A set which is either empty or has a one-to-one correspondence
with the set {1, 2, 3, .. ., n}, for some natural number 7, is said to be
finite. A set which is not finite is called an infinite set.

In view of Examples 2 and 4 in 1.2 it can be seen that two finite
sets are equivalent only if they consist of the same number of
elements.

2.1 Theorem. Every set equivalent to a finite (infinite) set is fiinite

(infinite).

Proof. Every set equivalent to a set of n elements, where » is a
natural number, is also a set of » elements. Thus, it follows that every
set equivalent to a finite set is a finite set. This further proves that
every set equivalent to an infinite set is infinite.j]

Problem 5. Give an example of two infimte sets which are not
equivalent. [Hint: The sets R and N.]

3 COUNTABLE SETS

3.1 Definition. An infinite set is said to be denumerable or enumer-
able if it is equivalent to the set N, the set of all natural numbers.

3.2 Definition. A set which is either finite or denumerable is called a
countable set.
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Sometime, denumerable sets are referred to as countably infinite sets.

Remark. There is no general agreement in English usage governing
the meaning attached to the words ‘denumerable’ and ‘countable’.
Both of these terms are used by various authors to mean finite or
equivalent to IN. However, we will follow the convention that ‘denu-
merable’ means only equivalent to N and that ‘countable’ means
finite or equivalent to IN.

If A is a finite set with » elements and f is a one-to-one function
from {1, 2, 3, ..., n} to 4, then by letting f(i)=a; for i=1,2,...,n,
the set 4 can be written as {4z i=1,2, ..., n}. Similarly, if 4 is a
denumerable set, we can write 4 as the indexed set {a;; i€IN}, where
a;#a; if i # j. The process of writing a denumerable set in this form
is callcd enumeration. This leads to

3.3 Theorem. Every countable set is equivalent to a set of natural
numbers.

In the following, we shall make use of Axiom of choice indirectly.

3.4 Theorem. A set is infinite if and only if it contains a denumerable
subset.

Proof. 1t is sufficient to prove that every infinite set contains a denu-
merable set. Let 4 be an infinite set. The set 4 will not exhaust if we
take out one element from it. Let us denote this element by a;. Thus,
the set 4—{a;} is a nonempty set. We again can extract an element,
say az, from A - {a;} leaving behind a non-empty set 4—{a1, as}.
Since the set A is infinite, we could continue this process indefinitely,
and as a result a sequence of elements

1,02, ...sqpy .-

is extracted from the set 4. Let these elements form a set B. Clearly
Bis a denumerable subset of 4.

3.5 Theorem. The family of all finite subsets of a countable set is
countable.

Proof. It is sufficient to prove that the family & of all finite subsets
of N is countable.
In the binary system every natural number x can be uniquely repre-
sented by
S X
X= z' i‘;_%’ .
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where Xy is either 0 or 1. The integers x,, nEN are called the binary
digits of x. For each x&N, only a finite number of the binary digits
can be equal to 1.

For each x&N, define a set

Pr={nEN:x,=1}
The set P, is clearly a finite set and the correspondence x —> Py
defines a function
N>

which is one-to-one. This gives that the family & is countable.j

In Examples 1, 3 and 6 in 1.2 we came across infinite sets which are
equivalent to one of its proper subsets. In the following, we establish
it for all the infinite sets.

3.6 Theorem. Every infinite set is equivalent to one of its proper subsets

Proof. Let E be an infinite set. Let xo=E. Then consider a set F
which is obtained from E by deleting the point xo, i.e. F=E — {xo}.
We will show that E is equivalent to F.

Since E is an infinite set, by Theorem 3.4, it contains a denumer-
able set, say, P={xi1, X2, . . ., X, .. .}. Consider a function f: E - F
given by

X1 if x=xo

J(x) =1 Xis1 if x=x;, iEN

x if otherwise.
Then the function fis one-one and onto. Hence E~F. This proves
the theorem.}j

Remark. Since this property is not possessed by any finite set, some
writers use it even as the definition of an infinite set. Richard Dede-
kind (1831-1916) was the first who used it as the definition for an
infinite set.

3.7 Theorem. A subset of a countable set is countable.

Proof. Let A be a countable set. By definition, 4 is either finite or
denumerable. If 4 is a finite set, then obviously every subset of it is
also finite and so countable. On the other hand, if 4 is denumerable

then A4 can be written as range of a sequence. Let
A={a, a2, a3 ..., an ...} 1)
and let B be a subset of 4.
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If B is an empty set, then B is finite and hence countable. Suppose
B # ¢. Let a,, be the first eclement in the range (1) such that a,, €B.
Further, let a,, be the first element which follows a,, in the range (1)
such that a,, € B, and so on. Thus

B={au,, Qn,, Qns, - - .}
If the set of integers ny, n2, n3, . . . is bounded, B is finite; otherwise
denumerable. Hence in either case the set B is countable.}}

3.8 Theorem. The union of a finite set and a countable set is a count-
able set.

Proof. Let Abe a finite set and B be a countable set. If B is finite,
then obviously 4U B is a finite set and hence countable. On the other
hand, if B is denumerable then there are two possibilities: (i) AN B=¢
and (ii) 4N B+#¢.

Case (i) (when ANB=¢). Let the sets 4 and B, respectively, be
written as

A={ay, a, ..., ap}
B={b, by, ..., by, ...}
This implies
AUB={ay, az, ..., ap, by, b3, . .., b, .. .}.
Define a function f: N - AU B by
a fl<n<p

f(”)={ )
bn—p ifn >p+l.

One can easily see that f is one-one and onto. Hence AU B is denu-
merable and so countable.

Case (ii) (when A B#4). Let C=ANB. Set B*=B-C. It is obvi-
ous that B*is a denumerable set disjoint from 4. In view of case (i),
the set AU B* is countable. Further, 4UB=A4UB*. Hence AU B is a
countable set.]j

3.9 Corollary. The set I+ of all non-negative integers is a countable set.
Proof. Writing I+=IN U {0}, the result follows.Jj
3.10 Theorem. The union of two countable sets is a countable set.

Proof. Let A and B be any two countable sets. Then there are three
possibilities:
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(i) Both the sets are finite.
(ii) One is a finite set and the other is denumerable.
(iii) Both the sets are denumerable.

Cases (i) and (ii) above are disposed of in view of Theorem 3.8.
Assume that both the sets 4 and B are denumerable. Let
A={a, ar, a3, ..., A, ...}

B={by, b3, b3, ..., by, ...}.
Then

AUB={ab bl, a, b2’ as, b39 .o '}'
Now, define a function f: N - 4U B by

Qn+1/2 if nis odd
Sm)=

by2  if niseven.

Clearly f defines a one-to-one correspondence. This proves that A B
is denumerable and hence countable.jj

Remarks. 1. In the proof of Theorem 3.10 it has been assumed that
both the sets are disjoint. If the sets are not disjoint, even then the
result can be proved as done in Theorem 3.8, case (ii).

2. The result can be extended to any finite number of sets.

3.11 Corollary. The set 1 of all integers is countable.

Proof. Writing I= NU{0}UN-, where N~ is the set of all negative
integers, the result follows.}}

Note. For an alternative proof of Corollary 3.11, see Example 6 in 1.2.
3.12 Theorem. If A and B are countable sets, then A x B is countable.

Proof. If A or B isempty, then the result is trivial. Assume that both
A and B are nonempty sets. Since 4 and B are countable, we can
write them as

A={a; icJ}
and B={b: je 2},
where J; and J; are subsets of IN. Define a function f: 4 x B >N by
f(ay, bj)=213), iesi and jeh.
The function f is clearly one-to-one on the sets 4 x B and
C={x:x=23, i, JEN}.
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But CCN and so Cis a countable set, in view of Theorem 3.7. This
proves that 4 x B is a countable set.fj

3.13 Corollary. The set N x N is countable.

3.14 Theorem. The union of a denumerable collection of denumer-
able sets is denumerable.

Proof. Let & be a denumerable collection of denumerable sets. The
collection & may be expressed as
g={Al, A2, A3a ceey Am oo }’
where each of the sets 4;, A2, 43, . . . is denumerable. Since each 4;,
ieN is denumerable, we have
Ai1={a1, a2, a13, a14, . . . , Gt . - . }
A2={a2h 22, G23,Q24; - . . , G2p, - - -}

An={anls Qn2, Qn3; Qnas - - - 5 Qups + « « }

Now, list the elements of U 4; as follows:
ieN
an
ax an
asy a a3
ag a2 axn  au

an1 an-12 Gn-23 ... Qin

In the above, the first row consists of all the elements ap, where
p+q=2. The second row consists of all those ap,, for which p+g=3;
and so on. In this process, an element ay will be removed if it has
been listed already. In this manner, a definite place is given to each
element of the collection &. For example, gy is the jtt element of the
(i +j— 1) row. This proves that the collection & is denumerable.

Alternative proof. Let{4;:icPCN} be a denumerable collection of
denumerable sets. Then each 4; can be written as

Ai={ay : jEQ:CN}.
Assume that 'UP 4; is nonempty, otherwise the result is trivial. If
€
xE4; then x=ay for at least one pair (i, j) with i€ P and jEQ,. Let
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S(x)=(i, j) where i is the smallest positive integer such that x =ay.
This gives a one-one function f: U 4; > NxN. In view of the
iep

Corollary 3.13, the set :Up A; is countable.jj
€.

3.15 Theorem. The set Q of all rational numbers is a denumerable set.

Proof. Let Q+ and Q-, respectively, denote the sets of positive and
negative rational numbers. Then

Q=Q-u{o}uQ+.
Consider a function f: Q+ — N x N given by
r(2)-@.0.

Since p/q is a member of Q* expressed as the ratio of two relatively
prime positive integers, the function f is one-one from Q+ into IN x N.
Thus Q* is equivalent to a subset of IN x IN and hence denumerable.

The sets Q+ and Q- being in one-to-one correspondence, Q- is
also denumerable. Hence it follows, from Theorem 3.10, that the set
Q which is the union of QF, Q- and {0} is denumerable.§j

Note. The assertion that the set Qt is denumerable can also be esta-
blished by observing that the set

Aq={.1_, 23 }
e

is denumerable for each fixed g=IN and
Qt= U 4,
JEN
3.16 Theorem. The set P of all polynomials
p(xX)=ao+aix+ax®+...+auxm )
with integral coefficients is denumerable.
Proof. For each pair of natural numbers (m, n), let P,,, be the set of
polynomials of the form (2) each of degree » in which
lao| + |a| +...+ | an | =m.
Since m and »n are finite, the set P,,, is finite. Also
P={Pmn : m, LN}
= U{Px: k€N x N}.
Hence P, in view of Theorem 3.14 is a denumerable set.§
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3.17 Definition. A real numberis called an algebraic number if it isa
solution of a polynomial equation
p(X)=ao+aix+. . .+ax*=0 (a, # 0)
with integral coefficients.
Remark. The set of all algebraic numbers contains the set of all

rational numbers (e.g. 3/4 is the root of 4x— 3 =0) and many other
numbers besides (the square root of 3 is a root of x2—3=0).

3.18 Definition. A real number which is not “algebraic is called a
transcendental number.

Note. The numbers e and = are the best known transcendenta-
numbers. The numbers e and = were proved to be transcendental, res-
pectively, by Hermite in 1873 and by Lindemann in 1892.

Remark. Every transcendental number is irrational but the converse
is not true.

3.19 Theorem. The set A, of all real algebraic numbers is denumer-
able (countable).

Proof. By Theorem 3.16, the set P of all polynomial equations is
denumerable. We, therefore, can write

P={P(x)=0:icN}.
Let

A;={x : x is a solution of Px)=0},

for a fixed i € N. Since each polynomial of degree n can have at most
n roots, each A4, is finite and therefore

A= U 4,
iEN

being a countable union of countable sets, is countable. Further, since
4 is not finite, it is denumerable.]j
Problems
6. Using the function f: N x N->IN defined by
S, n)=2m(2r4-1) -1,
prove that IN x N is a countable set.
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. Show that every quotient set of a countable set is countable.

Prove that the set of all polynomials with rational coefficients is
countable.

The set of all complex numbers which are algebraic over the
field of rational numbers is countable.

Let f denote a function with domain 4 and range B. Show that
if 4 is countable, then so is B.

Let A4 be a countable set. Then prove that the set of all finite
sequences from A4 is also countable. [Hint: It is sufficient to
prove that the set of all finite sequences of natural numbers is
countable.]

Applying the Schroeder-Bernstein Theorem, show that there are
just as many sets of positive integers as there are real numbers.
Point out in Theorem 3.4, the use of axiom of choice.

The family of all finite subsets of a countable set is countable.
A set E is called isolated if EN E'=¢, where E' denotes the set
of all limit points of E. Prove that every isolated set of R is
countable.

Prove that the continuous image of a countable set is countable.
Let X be a subset of the coordinate plane R? defined by

X={(x»:0<xy<1}
and 7 be the closed-open interval defined by
I={(x,»):0<x<1 and y=0}.

Show that X ~ I. [Hint: Apply the Schroeder-Bernstein

Theorem.]

Let F denote the set of all functions defined on the set I, = {1, 2,
.., n} with range in I,. Prove that F is a denumerable set.

Prove that the set of all finite sequences whose terms are algeb-

raic numbers is countable.

Prove that the set of all straight lines in a plane each of which

passes through (at least) two different points with rational

coordinates is countable.

A point x = (x1, x2, . . . , X,)ER" is said to be a rational point

if each x; (i=1, 2, ..., n) is a rational number. Show that the

set of all rational points in R” is denumerable.

Prove that the set of points of discontinuity of a monotonic

function is countable.

. Prove Theorem 3.15 by using Theorem 3.7 and Problem 11.
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4 UNCOUNTABLE SETS

On the basis of the previous section we may form an opinion that
every set is countable (perhaps!) but in fact it is not so. It has been
shown therein that each of the sets N I, Q and A (the set of all
algebraic numbers) is countable though one represents, loosely speak-
ing, a “higher type of infinity”’ than the previous one because of the
proper inclusive relation NCICQcC 4.

Now the question arises whether the set R of all real numbers
which is a superset of A is also countable? The answer to this question
is no. For, Cantor discovered that the set R is “not” countable—
or, as we phrase it, R is ‘““‘uncountable” or ‘‘uncountably infinite”.
Since, as a geometrical representation, we identified the elements of R
with the points on the real line, this means that the set of all points
on the real line represents, again loosely speaking, a “higher type of
infinity”’ than that of only the integral points or rational points.
Further, one may think that the set of all points on the real line R is
uncountable because R is infinitely long. But surprisingly, we will
show in the following that any open interval in R, no matter how
small it may be, has precisely as many points as on R itself.

4.1 Definition. A set which is not countable is called uncountable.

Note. Since an uncountable set is necessarily an infinite set, we can
call that as nondenumerable set.

4.2 Theorem. The open interval 10, I[ is uncountable.

Proof. Let, if possible, 10, I[ be a countable set. Then the elements
of ]0, 1[ can be written as

{a1, a2, a3, ...}
Expand each a, in the form of an infinite decimal. Let
a= °bub12b13 e bln ce e

= -baubnbr...bom. ..

a.n= ‘bnlbnzbus oo bm; ey

where b’s may have any integral value from O to 9. In representing
the elements by decimals, we avoid the infinite chain of 9’s; for in-
stance, we write 1/2 as .5000 ...and not as .4999... . In this way,
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we guarantee that each element in ]0, 1] has one and only one decimal
representation. Now construct a number

a=.bbbs... b, ...

where each b is an integer from 0 to 8 but by 7 bu1, b2 #~ bxn, b3#bss,
v esbn # buny ...

The above construction shows that the number a belongs to the
interval ]0, 1[ and is different from any one of the numbers a, for it is
different from a; in at least the first digit and so on. This contradicts
our assumption that we can list all the real numbers between 0 and 1.
This completes the proof.Jj

4.3 Theorem. The closed interval A =0, 1] is uncountable.

Proof. Let us assume, on the contrary, that the interval 4 isa
countable set. Then all its points can be arranged in a sequence

X1y X2, + o o5 Xy - o o (3)
We assume, then, that every point x&A4 occurs in the sequence (3).

Divide A4 into three equal parts by means of the points 1/3 and 2/3. It
is clear that the point x; cannot belong to all three subintervals

o2 (53 131

and that at least one of these subintervals fails to contain x;. We
denote this interval by A4, (if there are two such subintervals, then
take either of them). We now divide the interval 4, into three sub-
intervals of equal length and denote by 42, one of the new intervals
which does not contain the point x,. We further divide the segment
4, into three equal intervals and designate by 43 the one interval
which does not contain x3, and so on.
As a result, we obtain an infinite sequence of nested intervals

A1DADADAD. ..
which possesses the property that
XS Ap.

Since the length of the interval 4, is 3-#, it is clear that this length
tends to zero as n — o0. Then, in accordance with a well-known limit
theorem, there exists exactly one point belonging to all the intervals.
Suppose

neAd,, for all n.
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Being a point of the interval 4, the point M must appear in the
sequence (3). However, this is clearly impossible because, for every n,
we have

Xa& A, and NE A, ¥neN.
It gives that
N #£ Xp ¥NEN,

i.e. M isnot a point of the sequence (3). ,This contradicts our assump-
tion and hence [0, 1] is uncountable.]j

Remark. In view of Example 3 in 1.2, either of the Theorems 4.2 and
4.3 can be obtained from the other.

Note. The interval [0, 1] is often designated as the continuum.

4.4 Theorem. Any open interval | a, b is equivalent to any other open
interval ]c, d.

Proof. Let x&la, b. Consider a function f: Ja, [ — Je, d[ given by
d—
f(x)=c+ b—; (x-a).

It is easy to verify that f is one-one and onto. Hence the result follows.|]

4.5 Corollary. Let a and b be any two real numbers with a < b. Then
la, B[ is an uncountable set.

Proof. The result is obtained in view of Theorems 4.2 and 4.4.]]

4.6 Theorem. Any closed interval [a, b] is equivalent to any other
closed interval [c, d).

Proof. It follows by using the same function as in the proof of
Theorem 4.4.]

Using the Schroeder-Bernstein Theorem, we now prove that any
two intervals are equivalent.

4.7 Theorem. Any two intervals are equivalent.

Proof. 1t is enough to prove this result only for the case when one
of the intervals is open and the other interval is closed. A similar argu-
ment will hold if either of these is a semi-open interval.
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Suppose Iy =[a, b] and Iy=]c, d[. Since @ < b, 3 two real numbers
ay and b such that
a<a<b <b.
Similarly, there exist two real numbers c¢; and d; such that
c<a<d<d.
The interval Ja;, by is contained in [a, 5] and the interval [¢;, 4] in
]e, d[. By Theorems 4.5 and 4.6, it may be noted that
]al’ bl[ o~ ]c: d[
and et di] ~ [a, B].
Hence, by the Schroeder-Bernstein Theorem, [a, 5] ~ ]c, 4[]}

Note. The result proved above is true for any two intervals, regard-
less of their lengths.

4.8 Theorem. The set R of all real numbers is uncountable.

Proof. To prove this, it is sufficient to show that J0, 1] ~ R. Consider
the function f : ]0, 1[ - R given by

2x-1 1

% 1f0<x<—§-

fO=1 21 1
T——x lf'i' <x<1
Cleatly, f defines a one-to-one correspondence between ]0, 1[ and R.
This proves that 10, 1[ ~ R. Hence, in view of Theorem 4.2, R is
uncountable.

Geometrical proof. Let ]a, b] be an open interval. We bend Ja, 5]
into a semi-circle and rest this semi-circle tangentially on the real line
R as shown in Fig. 2.2.

C

Fig. 2.2
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Let P be a point of ]a, 5. Then, by joining P with the centre of the
semi-circle and producing it to meet the real line at P’, we can locate
a point on the real line corresponding to each point of ]a, 3[; and
conversely. This establishes a one-to-one correspondence between the
sets ]a, b[ and R. Hence R is uncountable.§

Note. The result can be obtained by setting a one-to-one corres-
pondence between ] —7/2, #/2[ and R, see Example 5 in 1.2.

4.9 Corollary. Any interval is equivalent to the set R.

4.10 Corollary. The set of irrational numbers is uncountable.

Proof. Let, on the contrary, the set of irrational numbers be count-
able. Then the union. of the set of rational numbers and the set of
irrational numbers which is nothing but the set R of real numbers
would be countable. In view of Theorem 4.8, this contradicts our
assumption. Hence the result follows.§

4.11 Theorem® The set of all real transcendental numbers is uncount-
able.

Proof. Let, on the contrary, the set of all real transcendental numbers
be countable. In Theorem 3.19, we have proved that the set of alge-
braic numbers is countable. So, the union of the sets of algebraic
numbers and transcendental numbers which is the set of real numbers
is countable, in view of Theorem 3.10. This contradicts the fact that
the set R of all real numbers is uncountable.§

4.12 Theorem Every subset X of R containing an open interval I is
equivalent to R.

Proof. The proof of this result makes use of the Schroeder-Bernstein
Theorem and the result that 7 is equivalent to R (see Theorem 4.8).

The set X is equivalent to itself and so equivalent to a subset of R.
Also R is equivalent to a subset / of R. So, by the Schroeder-
Bernstein Theorem, the sets X and R are equivalent.]j

Problems
24. Prove that the set of all sequences of natural numbers is
uncountable.

*The result is also valid for complex transcendental numbers.
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25. Let A be the set of all sequences whose elements are the digits 0
and 1. Prove that A4 is uncountable. [Hint: The proof can be
obtained by applying the method known as the Cantor diagonal
process.]

26. Prove that the set of all points of the plane is uncountable.

27. Prove that the family of all subsets of a denumerable set is
uncountable.

28. If f: A—> B and the range of f is uncountable, prove that the
domain of f is uncountable.

5 CARDINALITY OF SETS

Up to now, we have classified sets into finite, denumerable and non-
denumerable sets. In § 4, there are simply all those sets that remain
after the first two classes have been split off, i.e. all sets which are
not countable. One can raise the question whether or not it is possible
to further subdivide the class of uncountable sets. Motivated by the
fact that elements from the set N of natural numbers are used for the
purpose of counting the elements in sets having finite number of
elements, G. Cantor gave this question the following form:

Can the concept of natural numbers be generalised in such a manner
that every set is assigned one of these generalised “numbers” for the
“number of elements” in the set?

Should this be possible, there would result immediately a classification
of infinite sets, too, according to the number of their elements.

Cantor himself tried to define the concept of the power of a set,
finite or infinite, by the aid of an expression: ‘“The power of a given
set A is that general idea which remains with us when thinking of this
set, we abstract from it all properties of its elements as well as from
their order.” He used the symbol 4 to denote the power of the set 4
(the two lines indicate double abstraction). The term cardinal number
is commonly used as synonymous with the term power. More precisely
we have:

Let all the sets be divided into families such that two sets fall into
one family if and only if they are equivalent which is possible since
the relation ~ between the sets is an equivalence relation. To every
such family of sets, we assign some arbitrary symbol and call this
symbol the cardinal number (or the power) of each set of the given
family. If the cardinal number of a set 4 is «, we write

A=«

or card (4) =«.
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The way cradinal number of a set is defined it is obvious that two
cardinal numbers « and f are equal if 3 sets 4 and B with A=o and
B = such that A~B.

The cardinal number of the empty set is defined to be 0 (zero). We
designate the number of elements of a nonempty finite set as the
cardinal number of the finite set, i.e., I as the cardinal number of all
singleton sets; 2 as the cardinal number of all sets which are equivalent
to the set {a, b}; and so on. Thus, we can easily assign a cardinal
number to a finite set from the set of nonnegative integers. We shall
assign Ny (read as aleph nought, being the first letter of the Hebrew
alphabet) to the class of all denumerable sets and as such R is the
cardinal number of any denumerable set. We denote by ¢, the first
letter of the word continuum, the cardinal number of the set [0, 1].

Clearly, the set of cardinal numbers

{0,1,2,3,...,8 ¢}

is a superset of the set of natural numbers and thus we may consider
the set of all cardinal numbers as an extension of the set N. Everyone
is tempted to extend the order relation and the operations of addition
and multiplication of IN to the set of cardinal numbers in a natural
way. This has been discussed in the sections that follow.

6 ORDER RELATION IN CARDINAL NUMBERS

6.1 Definition. Let « and 8 be two cardinal numbers. Let 4 and B
be two sets having cardinal numbers « and B, respectively. We say
o < B or B =« if the set 4 is equivalent to a subset of B.

We write « < B if « < B and « s B. In other words, « < B if the
set A is equivalent to a proper subset of B and A~ B.

Note. The definition given above and other definitions and results
involving cardinal numbers are independent of the specific choice of
the sets 4 and B. In other words, if we select two other sets 4’ and B’
such that A~A4’ and B~B’, then 4’ and B’ serve just as well in
describing the relationship between « and 8 and 4 ~ B.

6.2 Theorem. If o, B and ¥ are cardinal numbers and if o < B and
B<Y,thena<?.

Proof. Let A, B and C be the sets having cardinal numbers «, 8 and
¥, respectively. Since « < B, the set 4 is equivalent to B*, a proper
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subset of B. Similarly B < ¥ implies B is equivalent to C*, a proper
subset of C. From the relations

A~ B* and B~C",
it can easily be obtained that A~C**, a subset of C*. Hence a < 7.§

Remark. Since the asymmetry of the relation ‘<’ in the set of car-
dinal numbers follows trivially from the definition, we conclude, in
view of the transitivity available from Theorem 6.2, that this relation
defines a “linear order” in the set of cardinal numbers.

6.3 Definition. The cardinal number of a finite set is called finite
cardinal number and that of an infinite set is called transfinite cardinal
number.

The cardinal numbers Ro and ¢ are the examples of transfinite
cardinal numbers.

6.4 Theorem. If « is any transfinite cardinal number and B is any
finite cardinal numbers, then o > 8.

Proof. Let A=« and B=p. Since the set 4 is an infinite set and B is
a finite set containing B elements, 4 contains a subset (any subset
containing 8 elements) equivalent to B but 4 is not equivalent to ‘any
subset of B since B is finite. Hence « > B.jj

6.5 Corollary. n < Ro, for any natural number n.

Now the question is whether there is any cardinal number lying
between n and Xo. The answer is in the negative since as a consequence
of Theorem 3.4, we have No as the smallest transfinite cardinal
number.

6.6 Theorem. No < c.

Proof. Since Ny is the smallest transfinite cardinal number, Ro < c.
Further 8o # ¢ because R is the cardinality of a denumerable set and
¢ is the cardinal number of [0, 1] which is an uncountable set. Hence
No<cf

We have, so far, two transfinite cardinal numbers NXo and ¢, and
we know that Xy < ¢. The question now arises: Is there any cardinal
number greater than ¢?’ The answer is in the affirmative as a con-
sequence of the following theorem.
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6.7 Theorem. N, < ¢ < f, where { is the cardinal number of the set F
of all real-valued functions defined on the interval [0, I].

Proof. In view of Theorem 6.6, we are left to prove that ¢ < f. Let
a be any element of [0, 1]. Define a function g, : [0, 1] > R by
pdx)=a, yx€0, 1].

Let A={p, : ac[0, 1]}. Then ACTF and A~[0, 1]. This verifies that
e<ft

We shall now prove that c¢#f. Let, if possible, c=£. Then there is
one-to-one correspondence between [0, 1] and <. Let y<[0, 1], and
let us denote by f, the corresponding element in .

Write f(x) = F(x, y). Clearly F(x, y) is a function of two variables x
and y defined for all x and y in [0, 1]. Further, writing

#x) = Fz, 1)+ +

A+, *€, 1]

we note that ¢ : [0, 1] > R and so 4= ZF. Also, $#f; for any x]0, 1].
Thus, 3 ay&F which has no pre-image in [0, I]. This verifies that
[0, 1]~<F. Hence ¢#{.

This completes the proof.Jj

Again, the natural problem is to find if there is a cardinal number
greater than f. The answer to this is also affirmative. In fact, we can
show, starting from a set of arbitrary cardinal number, that it is
possible to construct a set of greater cardinal number. This has been
shown in the following famous theorem known as Cantor’s Theorem.

6.8 Theorem (Cantor’s Theorem). Let A be any arbitrary set and P(A)
be the power set of A. Then

A< P@A).
Proof. Let B* be the set of all singleton subsets of 4. Then obviously
B*~A4 and B*C P(A). The one-to-one correspondence / between 4 and
B*is
S(x)={x}, forall x€A4.
Thus 4 < P(4). The result will be proved on showing A#P(4). Let,

if possible, A= P.A). Then A~P(A). Let ¢ be a one-to-one corres-
pondence carrying 4 onto P(4). To every ac 4, there corresponds a
definite element of P(4) under the correspondence ¢ which we
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designate by p(a), and every element of P(4) is p(a) for one and only
one acA.

Let us call an element ac= A4 a “bad” element if a is not a member
of the set which is its image, i.e. if a& p(a); and let T be the set of bad
elements. Specifically.

T={a:acA, a§p(a)}.

Note that T is a subset of 4, i.e. T& P(4). Hence, since p is onto, 3J
an element 1 A4 with the property that p(¢)=T.

Is ¢t a “bad” or ““good” element?

If t<T, then by the definition of T, t&p(f) = T, which is untrue.
Thus the assumption 4 ~ P(4) leads to a contradiction. Hence the
result is true.|j

6.9 Corollary. Given a cardinal number, there exists a larger cardinal
number. In other words, there is no largest cardinal number.

7 ADDITION OF CARDINAL NUMBERS

7.1 Definition. Let « and B be two cardinal numbers and let 4 and B
be two disjoint sets with cardinal numbers « and 8, respectively. We
then define «+ B as the cardinal number of 4U B.

Remark. We hasten to point out that «+ B is always defined since it
is always possible to find appropriate sets 4 and B which are disjoint.
In fact, if AN B # ¢, then define

do={a, 0) : ac 4}
and Bo={(b, 1) : b= B}
to get A ~ Ao, B~ Bg and Ay Bo=¢.

Since the relations
AUB=BUA and (4UB)UC=AU(BUC)
hold good for arbitrary sets, we have
a+f=B+a (commutative property)
(@+B)+7=a+(B+7) (associative property).
Further, if « <p and ¥ <39, then a+y < B+38.

Remarks. 1. We cannot always infer from « <p and ¥ <8 that
«+7¥ < B+3. For instance, given any finite cardinal number #, then
n<No and No < Ny, but 7+ No=NRo+No (see Theorem 7.2(a)
and (b)).
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2. The cancellation law may not hold good in cardinal numbers.
Consider for instance the sets 4 and B, respectively, of the even and
odd natural numbers. The cardinality of each of these sets is ¥o and
the cardinality of 4 U B which in fact is the set I is also o. So

Ro+ Xo==No= 0+ No.

If the cancellation law is permissible, we must have Xo=0 which is
not true.

7.2 Theorem

(@) n+Ro=Ry, neEN
(b) Ro+ No==No

(c) No+No+...=Xo

(c) Xo+e=¢

(e) ct+c=c

@) ct+ete+...=c

Proof. The proofs of (a), (b) and (c) are obtained by using Theorems
3.8, 3.10 and 3.14, whereas that of (d) is obtained by using Theorems
3.15, 4.8 and Corollary 4.10. However, we leave the details to the
reader.

To prove (e), consider the disjoint intervals ]0, 1] and ]1, 2[. Each
of these has cardinal number c. Also their union is ]0, 2[, the cardi-
nal number of which is ¢. Hence c+c=c.

The result in (f) can easily be obtained on the lines of (d) by consi-
dering the pairwise disjoint intervals

EAEE AEE I

8 MULTIPLICATION OF CARDINAL NUMBERS

8.1 Definition. Let « and B be two cardinal numbers and let 4 and
Bbe any two sets having cardinal numbers « and B, respectively. Then
the product «-B is defined to be the cardinal number of 4 x B. In

symbol, a-8=AxB.

Note. We can alternatively define «-8 by “adding « to itself B
times”’; this refers to the formation of the sum ‘Zz,i oy, where, the index
(]

set 4 has cardinal number B and «; =« for each icA.
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8.2 Theorem. .The operation of multiplication in the set of cardinal
numbers is commutative, associative and distributive over addition, i.e.
(@) a-B=B-a
(b) (x-B)-7=ea-(B-7)
© «@B+=a-B+a.?

where a, B and ¥ are cardinal numbers.

Proof. Let A, B and C be the sets such that 4=a, B=p and C="7.
We know that

AxB~BxA
and
AX(BxC)y~(AxB)xC,
for the arbitrary sets 4, B and C. These, by definition, imply
a-B=B-a
and
(@ B)-Y=-(B-¥).
This proves (a) and (b).
Further, we have
a-(B+7)=Ax(BUC)
={xB)UAxC)
=AxB+A4AxC
=a-B+a-?.

This proves (c) and completes the proof of the theorem.}j}

Remark. As in the case of addition, the cancellation law does not
hold good for the operation of multiplication also.

8.3 Theorem
(a) n-NXo=Ro, YrEN
(b) NoXo= o
(c) No- Ro-No. . .=No
(d) No:-c=c
(e) ccc=c
@) c-coc...=c

Proof. We prove the result (¢) only and leave the others to the reader.
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Let A=[0, 1[ and B=AxA4A={(x, »): 0<x<1,0<y<1}. In
order to establish (€), we have to prove that the cardinal number of
B is the same as that of 4 for which we need to prove that 4 ~ B. It
is easy to see that 3 a one-one function of A4 into B given by
f(x)=(x, 0). It remains only to show that 3 a one-one function of B
into A since then the result would follow by the Schroeder-Bernstein
Theorem.

For every (x, y)EB, we can write

X=-ai1azas. . ., y= -b;bzbs. .o

where ay, az, . . .; by, by, . . . are all digital numbers. Let us assume
that none of these fractions has recurring 9’s.
Now consider the function ¢ : B - A defined by

o(x, y)= -a1brazb. . .

This is clearly a one-one function of B into 4. Hence the result is
proved.}j

9 EXPONENTIATION OF CARDINAL NUMBERS

9.1 Definition. Let « (# 0) and B (s 0) be any two cardinal numbers.
Let A and B be two sets having cardinal numbers « and B, respec-
tively. We define «f as the cardinal number of the set 4B, the set of
all functions on B with range in 4.

Note. We can proceed from product to exponent in the same way as
we proceeded from sum to product. In other words the definition of
«f, for cardinal numbers « and B, can be given through the concept of
repeated multiplication as well. More precisely, we may define, alter-
natively, «f by “multiplying « by itself B times™; this refers to the
formation of the product igt o;, where the index set 4 has cardinal

number B, and «;=« for each ic 4.

To illustrate the exponentiation of cardinal numbers, we take the
following example.
9.2 Example. Let 4 ={a, b, c} and B={1, 2}. The following functions
of B into A can be defined

{I1,a,2,a} {1,2,20} {(,5), 2 e}
{(l, ), (2, o)}, {{, b), 2, o) {(1, c), (2, b)}
{1,8),2, 08} {(1,0,2,a} {(1,a) (2 )}
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We notice that there are 9 functions of B into 4. In other words, the

set A® consists of 9 elements. So AP = 9. This implies that there are
32 (=3.3) functions of B into 4.

9.3 Theorem. For any cardinal numbers «, Band 7,
(a) oP.a?=abft?
®) @y =a?
© @Byr=orpr
(d) < pifa<<B
) <, ifa<pB.

Proof. (a) Let a=A, B=Band?=C, where BN\C=4¢. Then
BUC=B+7.

So, we have
= (4B0C),  of=(4B) and  o7=(d40).

Since af.a?=4Bx AC, we are left to prove that
ABUC ~ 4B x AC,

Suppose fEABUC corresponds to the ordered pair of functions
(fi5, fic), where fip is the restriction of f'to B and fic is the restriction
of f to C. Evidently (fis, fic) belongs to 45 x A€. Now, we define a
mapping  : ABUC — 4B x AC given by

'/‘(.f) = (ﬁB’ flc)‘
Clearly ¥ is one-to-one between 4BYC and 42 x 4€. Hence

ABUC ~, 4B x AC,

(b) Here, we require to show that

(AB)C ~ ABxC,
To do this, we define a function i on (AZ)€ as follows:

Y(f)=gE4P*C,
where g(y, z)=(f(z)(y)E4 for (y, zZ)B x C. Now ¥ is onto, since if
gEABXC, we define f to be that function on C whose value at z&C is
that function on B which assigns to each y& B, the value g(y, z)EA4.
Then $(f)=g. To see that ¢ is one-one, suppose fi # f2 in (45)C.

Then there is a zZo=C such that f1(zo) # f2(20). Since these two func-
tions on B are different, there must be a yo& B such that

J1(z0)(70) # fo(20)(¥0)
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Thus [$(/)1(vo, z0) # [¥(f2)1(¥0, z0), s0 $(f1) and (f2) are different
functions. Hence ¢ is one-one. This proves that (42)C ~ ABXC_ This

gives the result in (b).

(c) Here, we shall prove that (4 x B)¢ ~ A€ x BC. Let f&(4 x B)C.
Then the values of the functions f are ordered pairs belonging to
A x B. Thus we can write

JS(C)=(2(O), K(CY),

where g(C)e4 and A(C)EB. Therefore, g= A€ and he B€. We have
thus assigned to every function f, a pair of functions (g, A), i.e. an
element of the set A€ x BC. It can be easily verified that this corres-
pondence is one-to-one. Hence

(A x B)® ~ A€ x BC.
Thus (-By=a?-p5.
The proofs of the results in (d) and (e) are left as an exercise.]j
9.4 Theorem. Let A be a set with cardinal number o. Then the cardi-
nal number of the set P(A), the set of all subsets of A, is 2*.
Proof. 1t is sufficient to prove that
P(4)~ {0, I}4,

since the set {0, 1}4 has 2* as its cardinal number. Define a function
@ : P(A4) - {0, 1}4 as follows:

o(E)=ls, for ECA
where { : 4 — {0, 1} is given by
1 if x€E
0 ifx€4ANE.
The function g is clearly one-to-one. Hence P(4) ~ {0, 1}4.]

{s(x)= {

9.5 Corollary. Let « be any cardinal number. Then 2* > a.

Proof. The result follows in view of Theorems 6.6 and 8.3.§
9.6 Corollary. 2¥o > X,.
[Hint: Take « =8 in Corollary 9.5.]

Remark. Given a cardinal number a, there corresponds a set 4 with
cardinal number «. But then the set P(4), the set of all subsets of 4
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has cardinal number 2* (> «). Thus, there is no largest cardinal

number. Consequently, we have a chain of cardinal numbers
1<2<3<...<No<2Mo< 2R

in which there are infinitely may transfinite cardinal numbers.

9.7 Theorem. 2No=¢.

Proof. Let A=1{0, 1}. Then {0, 1N denotes the family of all functions
from N into the set {0, 1}. The result will be proved, if we show that
0, 1N~ o0, 1.

Let f={0, 13No be any element, i.e.
fiN - {0, 1}.
Define a function p: {0, 1}N—>[0, 1] by

Note that f(n) is either. 0 or 1 as such p(f)<][0, 1], yf. The function ¢
is also well defined. Further, any element of [0, 1] has a binary expan-
sion (expansion in the scale of 2) of the form

© bn,

Z ®)

where each b, is either 0 or 1 and we assume that not all b:’s after
a certain term are zero (i.e., the series is non-terminating).

Thus, the correspondence ¢ is one-to-one, since corresponding to
each f={0, 13N, there exists an element of [0, 1]; and conversely, given
an element of [0, 1], it can be expressed in the binary form as in (5)
which corresponds to some f&={0, 1}N. Hence

{0, BN~ [0, 1].
This proves that 280=¢

9.8 Corollary. ctdo=c.
Proof: We have
o= (280)No
=2%0- 8o
=28
=c}
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9.9 Corollary. cc=2¢.
Proof. We have
co= (280
= 28.,‘
=2¢]

Remark. The inequality ¢ < f in Theorem 6.7 can be established in
view of the fact that f=cc and 2¢ > ¢ since

c< 2=¢c=f.

10 CANTOR-LIKE SETS

Cantor-like sets and functions defined on them are quite useful,
particularly for the construction of Counter-examples. One such set
is Cantor’s ternary set or simply the Cantor set, which was exhibited
by G. Cantor (1845-1918) as an illustration of certain curious things
which can occur with point sets on the real line. Some of the proper-
ties of this set, as we would see, defy geometric intution.

The Cantor set, denoted by C, is a subset of the interval [0, 1] which
is left after the removal of a certain specified countable (infinite)
collection of open intervals from [0, I]. To construct the set C, we
proceed as follows.

Let Co denote the interval [0, 1]. Remove from C, in succession:

1. the open interval ]% —g-[ the middle third of the interval in
Co, leaving behind the set

e[ 4Jol3 1}

2. the open mtervals]; g[and ]—;’,- %[ the middle thirds of

the two closed intervals [0, —:l;-] and [-:l,’—, l] in C;, leaving
behind the set

11,72 11..12 71,.[8 .1
C= [0, ';']U [—, —]U [—, -9-]U [—9‘, 1],
. 19 20 25 26
3. the open intervals |57, 27[ ]27’ 27[ ]27’ §7[ and |57, 2—7[
the middle thirds of the four (22) closed intervals in C;, leaving
behind the set



Infinite Sets 45
1 2 1 2 7 2 19
G [0’ 2—’7]U [2—’ "]U [3" 77|V [2 ”‘] 377
20 7 8 25
U[Ei”i]u[s» 37|V 37 1] 2nd
4. continue this process generating a sequence {C,} of sets, where

Cay1 is obtained from C, by removing the (open) middle thirds
of the 2~ disjoint closed intervals of which C, is composed of.

Figure 2.3 depicts Cy, C; and C,.

C 0 1

c 0 H H 1

c;c 0% 3§ % 1 ¥ 31
Fig. 2.3

The points of the interval [0, 1] which are never removed in the pro-
cess constitute the Cantor set C, more precisely, the points common
to all the sets C,, i.e.

L]
C= nl C,.
Each of the sets C, is nonempty, closed and bounded. Also, C,;1CC,
for all #n. Hence the set C is nonempty, closed and bounded.
Let E, denote the set composed of all the open intervals removed
at the ntb stage; for instance

Bl 2

~1|"' ~°|
N|'° |

ol 20[ ]25 26
27’ 27 27 27V 127 77

Thus, it follows that the Cantor set C can also be expressed as the
complement of the union Gn E, with respect to the set [0, 1], i.e.

C=[0, 1]- _f_'j' Ea.
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Note that in forming the Cantor set C, the length of the open inter-
vals removed at different stages are given by

E)=
(E)= —3—,-
(E)=m
and in general, I(E,)= —;—(—g-)n-l. Thus, the sum of the lengths of all

open intervals removed upto the nth stage is given by

S, =‘)_f‘1 KE)

hs

. . 2\n1
> lim S,= lim [1— (?) ]=l.
n—>»c0 n-»oo

Hence the sum of lengths of all intervals removed is the length of the
original interval [0, 1]. As such the set remaining on [0, 1] which, in
fact, is the Cantor set may seem so sparse as to be insignificant.

Intuitively, it may appear that the only points left in the Cantor set
are the endpoints

0,1, = = = = = =

which are denumerable in number. Closer scrutiny reveals that this
impression is wrong, and that the Cantor set is actually nondenumer-
able. The set C has many other remarkable intuitive properties.

We give below a characterization of the Cantor set which is very use-
ful in obtaining many a properties of the set.

10.1 Theorem. Each point x of the Cantor set C can be represented
uniquely by a series of the form

<)
x= Y ay/3",
n=1
where each ay is either 0 or 2; and conversely.

Proof. Just as with decimal representation, every x&[0, 1] has a
representation of the form
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x=Y = 6)

wherea,=0, 1 or 2; and each number thus expressed is in [0, 1].
Representation in this general case, is not always unique, for instance
} has two representations,

1 ®© 2

3 W R

In such situations, for the sake of uniqueness, we shall adopt the one
which is nonrecurring.
The points of E; can be expressed as

__..|. 2 3n,
the points of E3 as
1 2 X Q.
x=-9—+ (0 or —3-)+ 23—3;,
the points of Ej; as
2 2 S G,
27+(°’ R °"'+")+2 3
and in general, the point of E, as
_ 1 n=1 p, X a;
S P Vi VI

where b;=0 or 2 and a;=0, 1 or 2, but a;’s are neither all 0’s nor all
2’s. Thus x€E, if and only if

°°a
x=3 3

where a;= Oor 2 fori < n; a,=1; and-for i > n, a; has no restric-
tion except that these a;’s are neither all 0’s nor all 2’s. Hence, each
point in C can be represented by a series of the form (6).

We now show that there cannot be more than one such representa-
tion, for if

0 [

Zl 3"-21 3n>

where each b, also is either 0 or 2, We shall show that a,= b, for every
n. Let, if possible, a, # bs for some 7. Let N be the smallest natural
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number 7 such that a, # bs. Then | ay—~by| =2 and | @y~ b, | < 2
for every n. Now, we have

lan=ba| }

as—b -
" 3’.» 3N{| aN-bsz— +1 3N

>S5

which is absurd. Hence a,= b, for each n.]

10.2 Theorem. Each point of C is a limit point of C.

Proof. Let xo be any point of C. We may write xo in its ternary
expression as

x=§a1aza3. Y
where a,=0 or 2. The symbol 3 emphasizes that it is the ternary (not

the decimal) representation. We now construct a sequence {x,} of
points as follows:

X1=3a{a205. . . Gp. . .,
X2=302a203. .. Un. - . »

X3=3810203. .. Gpe - . ,

xn=§alaza3. eeBneecey
.

. .

where a, =0 if a,=2 and a;=2, if a,=0. Clearly, {x,} is a sequence of
points in C such that x, # xo for any n. Also, note that lim x,=x,.
n->»o0

Hence xo is a limit point of C.]j
As a consequence of Theorem 10.2 we have the following.

10.3 Corollary. The Cantor set is perfect. (A set is perfect if it is
both closed and dense in itself.)

10.4 Theorem. The Cantor set is uncountable.

Proof. Let, if possible, the Cantor set C be countable. Then, we may
write C as
C={xX1, X2, X3, « ooy Xny <0}
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Write the elements in C in their ternary expansion as

X1= '3011012013 ce s @I coeane
xz-:,‘anazza;g eo o2 c.o s

Xn= 'sa,.la,,za,,s [/ M

where ay=0 or 2. Consider a sequence {a,}, where
dp=

2 if Anp = 0.
Clearly the element
x-éalazag ceceldpgecs

is in C. But x # x, since it differs from x, at least in the nth place.
This is true for each n and as such x should not be in C. Hence the
result is proved by contradiction.

Alternative proof. Let f be a function defined from C into [0, 1] by
S(x)=32aazas ...
where x=3b1b2bs ... is in C and 2a;=b5,. It is easy to verify that the

function f defined above is onto [0, 1]. The set C is uncountable in
view of Problem 28 and Theorem 4.3.§

10.5 Corollary. The cardinal number of the Cantor set is c.

Problem 29. Prove that:

(a) C contains no interior point.

(b) C does not contain any open interval.

(c) Between any two points of C, 3 an open interval which belongs
to the complement of C.

(d) C is nowhere dense.

Note. It should be emphasized that the Cantor set and its properties
are not given to destroy geometric intuition or to instill fear of using
geometric intuition, but rather to guide the use of geometric intuition
in analysis to a supporting role in discovering what to suspect and
how then to prove or disprove the suspected. Hence, the construction
of the Cantor set should be placed, and kept, clearly in mind.
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The idea involved in the characterization of the elements in C as a
ternary expansion may be generalized to generate several such sets,
viz. the Cantor n-ary set. Let us describe it as follows:

Let n be a natural number, and let £ be a natural number such that
0 < k < n—1. The Cantor n-ary set is composed of by the points x
in [0, 1] which has an expansion, called n-ary expansion, of the form

—Zlni

where g, are the natural numbers 0,1, 2, ..., k-1, k+1, ..., (n—1).
One can easily verify that the Cantor n-ary set has several of those
properties satisfied by the Cantor set C. (Verify!)

We further modify the construction of the Cantor set and obtain a
set, called the generalized Cantor set. Let 0 < « < 1 be given Let
{as} be 2 sequence of posntlve real numbers such that 2 ap=a.

Remove from the middle of the interval [0, 1], the open interval of
length a; leaving behind two closed intervals. From the middle of
each of these two intervals, remove an open interval of length aa/2
leaving behind 22 closed intervals. Repeating this process, at the nth

stage, -from the middle of each of the 271 intervals, remove an open
interval of length a,/n leaving behind 2» closed intervals; and so on.
Then the set left after the process is repeated infinitely many times is the
desired set, called the generalized Cantor set and is denoted by C(x).

Problem 30. Prove that the set C(x), 0 < a« < 1,is a nonempty,
closed and uncountable set.
10.6 Definition. Let C be the Cantor set. Then a function f: C > R
defined by
> a
f(x) = n§| 2—"_:1"
where x= 2 —— is called the Cantor function.

Problem 31. Prove that the Cantor function is monotone increasing
and continuous.

11 CONTINUUM HYPOTHESIS

Motivated by the fact that for any finite cardinal number n > 1
there is always a cardinal number between n and 27 and otherwise
also, it is a natural question whether there is any cardinal number y such



Infinite Sets 51

that 8o < p < 280(= ¢). This problem is yet unsolved and is called
Cantor’s continuum problem. However, many important results in
mathematics have been proved by assuming that there is no cardinal
number between No and c. This assumption is called the continuum
hypothesis.

According to this hypothesis, ¢ is the second transfinite cardinal
number.

Generalised Continuum Hypothesis. The assumption that, no matter
what the infinite set 4 is, there is no set with cardinal number p such

that

A< p<P@),

is called the generalised continuum hypothesis (g.c.h). K. Gédel has
proved that the g.c.h. is consistent with generally accepted axioms of
the theory of sets, provided they are themselves consistent.

It can easily be seen that the continuum hypothesis is a particular
case of the g.c.h., namely the case when A is the set of all natural
numbers.

Problems

32. If card (4)=card (C) and card (B)=card (D), show that
card (A4 x B)=card (C x D).

33. Show that R2 has cardinal number c.

34. Show that the set of all sequences of real numbers has cardinal
number c.

35. Show that the set of all continuous real valued functions defined
on the closed interval [0, 1] has power e.

36. Prove that f=2c.

[Hint: There are at least as many such functions as there are
“characteristic functions” defined on the closed unit interval.]

37. Prove Theorem 7.2(f).

38. Prove Theorem 8.3(d) and (e).

39. Show that (i) No®o= ¢ and (ii) Kec=2-.

40. Prove that if « and B are any two cardinal numbers such that
o« < B, then 3 a cardinal number ¥ (¥ > 0) such that B=a+7.
Does the converse hold true? Justify your answer in either case.

4]. Let « be a transfinite cardinal number. Prove that the cardinal
number 2% is simultaneously even and odd, ie., 3 cardinal
numbers ¥ and § such that 2 =2y=28+1.
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42,

45.

46.

47.

48.
49,

50.

SI.

Let « be a cardinal number. Prove that
a= N> atNg=a
and
o=e = ate=a.

[Hint: « > 8o = 3B such that a=No+pB in view of Problem 40.
Then a+Ro=(Ro+B) + Ro=B+No=a.]

. Prove that for any transfinite cardinal number «, a+a=a-a=a.

Let « and B be two transfinite cardinal numbers. Show that
o+pB=a-B=max {«, B}.
Show that for ﬁnitg cardinal numbers m, my, n and n;
m<nm< n =>mm < nn.

Show, by means of examples, that the result is not true in the
case of transfinite cardinal numbers.
Prove that a cardinal number m is finite if and only if

22" 41 #£ 22
Prove that a set of cardinality ¢ has 2 different subsets, each of
cardinality ¢.
Prove that 1+ 22&’ = 22&"
Prove that (i) 1No=1=1e.

i) r+1)No =¢, n>1.
Show that the subset X of R3 defined by

X={(x1, %2, x3): 0 < x; < 1fori=1,2, 3}
has cardinal number c.

IfA=y4d,and 7=c, then prove that at least one of the sets
A, has cardinality .
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Measurable Sets

The length of an interval Z, written /(I), is defined to be the difference
of the endpoints of the interval I. Thus, irrespective of whether an
interval 7 with a and b as its endpoints is closed, open, open-closed
or closed-open, the length /(I) is b—a, where a < b. In case a=b,
the interval [a, b] degenerates to a point and has length zero while an
infinite interval has length infinity. Thus, length is an example of a set
function, i.e., a function which associates an extended real number to
each set in some collection of sets. In the case of length, the domain
is the collection of all intervals. The set function / clearly satisfies the
following:

1. II) = 0, for all intervals I.

2. If {;} is a countable collection of mutually disjoint intervals,
then

i (D 1,)= S K.
i=1 i=]
3. If x is any fixed real number, then

)= (I +x).

In the above, we have said that in the case of length, the domain
is the collection of all intervals. We would now like to extend the
notion of length to more complicated and arbitrary sets than intervals.

1 LENGTH OF SETS
Let O be an open set in R. Then O can be written as a countable

union of mutually disjoint open intervals {/;}, unique except so far as
order is concerned; i.e.,
-]
o= UL
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The length of the open set O is defined by
oQ,
[(0)= ;‘,, i)

The length /(O) is well defined since the sum on the right does not
depend on the order of the terms used in the summing process. Thus,
the length of an open set is the sum of the lengths of the intervals (of
course open and mutually disjoint) comprising O.

It is easy to verify that if Oy and O; are two open sets in R such
that 0;C0O,, then

(01) < I(0).
Hence, for any open set O contained in [a, 5], we have
0<I0)<b-a

Further, let F be a closed set contained in some interval [a, b]. Then
the length of the closed set Fis defined by

I(F)=b—-a—I(F¢),

where Fe=[a, b]— F. It can easily be seen that /(F) > 0.

So far, we have extended the concept of length to open and closed
sets. And since the classes of these sets are too restricted, we would
like to extend the concept of length to a wider class of sets in R, if
possible, to the class of all sets in R. In this regard, we imagine a
function m which assigns to each set E in R, a nonnegative extended
real number, written m(E), called the measure of E (an extension of the
notion of length function), satisfying the following properties:

1. m(E) is defined for all sets E€ P(R).
2. m(I)=I(I), for an interval I.
3. If {E;} is a sequence of disjoint sets, then

m( tlo-jx E ) - iz‘:' m(E)-

(This property is known as countable additivity.)
4. m(E+y)=m(E), where y is any fixed number. (This property is
known as translation invariance.)

Unfortunately, it is impossible to construct a set function which
satisfies all the above four properties (1) to (4). In fact, if the conti-
nuum hypothesis ‘“any uncountable set of all real numbers is equivalent
to the set of all real numbers” is assumed, one cannot construct such
a measure satisfying the properties (1) to (4). As a result one of these
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four properties must be sacrificed or weakened at least. Following
Henri Lebesgue (1875-1941), who made many contributions to measure
theory and integration, it is most useful to retain the last three proper-
ties, i.e., (2) to (4), and to weaken the condition given in (1) so that
m(E) need not be defined for all sets E in R. Still, of course, we shall
be interested in defining m(E) for as many sets as possible.

Weakening property (1) is not the only approach; it is also possible
to replace property (3) of countable additivity by the weaker property
of finite additivity: for each finite sequence {E;} of disjoint sets, we
have m(U E;)= Y m(E;). Another possible alternative to property (3)
is countable subadditivity which is satisfied by the outer measure. Thus
it is convenient to introduce first a set function, the outer measure,
defined for all sets in R and is related to the measure of the set (when
it exists).

2 OUTER MEASURE
All the sets considered in this chapter are contained in R, unless
stated otherwise. We shall be concerned particularly with intervals I
of the form Ja, 5] unless otherwise specified.
Let us consider the family & of all countable collections of open
intervals. For any arbitrary JE<, the sum EJ [(I) is a non-negative
Ie

extended real number. Further, this sum depends only on 4 and not

on the order used in the summing process.
Now, let E be an arbitrary set. Consider the subfamily C of F
consisting of countable collections .J of open intervals {I;} such that

EC LiJI,; ie.
C={9:JETF and J covers E}.

The subfamily C is obviously nonempty. Thus we obtain a well defin-
ed pumber m*(E) in the set of all nonnegative extended real numbers

given by
m*(E)=inf { ¥, II): 9C}.
IES

For a more precise understanding, see Definition 2.1.

2.1 Definition. The Lebesgue outer measure or briefly the outer
measure m*(E) of an arbitrary set E is given by

m*(E)=iaf ¥ I(T),
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where the infimum is taken .over all countable collections {I;} of open
intervals such that EC U I;.
i

Remark. The outer measure m* is a set function which is defined
from the power set (R) into the set of all non-negative extended real
numbers.

2.2 Theorem

(a) m*(4) = 0, for all sets A.

(b) m*(¢)=0.

(¢) If A and B are two sets with AC B, then m*(4) < m*(B).
(This property is known as monotonicity.)

(d) m*(4) =0, for every singleton set A.

(e) The functionm® is translation invariant, i.e., m*(A+x)=m*(4),
for every set A and for every x&R.

Proof. The proofs of (a) and (b) are obvious.
(c) Let {I,} be a countable collection of disjoint open intervals such
that B U I,. Then AC U1, and therefore

m*(A) <.?§ KI).

This inequality is true for any coverings {/,} of B. Hence the result
follows.
(d) Let A={x} be an arbitrary singleton set. Since

1 1
In-]x-‘ —'T, x+7[

is an open covering of 4 for each n&N, and I(I,,)=-;12—, the result

follows in view of (a).
(e) Given any interval 7 with end points a and b, the set I+x
defined by

I+x={y+x:ycI}
is clearly an interval with endpoints @+ x and 4+ x. Moreover,
T+ x)=KI).

Now, let € > 0 be given. Then there is a countable collection {,}
of open intervals such that 4 U(Z,) and satisfies

g I) < m*(4) +e.
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Clearly A +xC U(Zp+ x). Therefore
m*(A+x) < §:| (T, +x)= f;lz(z,.) < m*(d)+e.

Since € > 0 is arbitrary, we have m*(4+x) < m*(4). The reverse
inequality follows by considering 4 =(4+ x)— x and using the above.

To answer affirmatively the question whether m* is a generalization
of the length function defined for the intervals, we prove the following
theorem.

2.3 Theorem. The outer measure of an interval is its length.

Proof. Case 1: Suppose I is a closed finite interval, (say) [a, b]. Since,

for each € > 0, the open interval ]a— —;—, b+—;— [contains [a, b), we
have

m*(I) < I(]a— —;—, b+%[) =b—a+e.
This being true for each € > 0, we must have

m*(I) < b-a=1I(I).
To complete the proof of the result, we need to show that

m*(I) > b-a. ¢))
Let € > 0 be given. Then there exists a countable collection {I,} of
open intervals covering [a, ] such that

m*(l) > LUl <. @

By the Heine-Borel Theorem (cf. I-1.1), any collection of open inter-
vals covering [a, b] contains a finite subcollection which also covers
[a, 8], and since the sum of the lengths of the finite subcollection is
not greater than the sum of the lengths of the original collection, it
suffices to establish the inequality (2) for finite collections {Z,} which
cover [a, b].

Since a<|[a, b] implies that ac U I,,, there must be one of the inter-
vals I, which contains . Let it be Jas, bi[. Then a1 < a < by. If by < b,
then byEla, b), and since by & Jay, by[, there must be an interval ]aa, bo]
in the finite collection {Z,} such that b;&]a, b3[; that is a2 < by < ba.
Continuing in this manner, we get intervals Jay, by[, 1az, b3, . . . from
the collection {,} such that

a;<b,_1<b,, i=1,2,...
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where bo=a. Since {I,;} is a finite collection, this process must termi-
nate with some interval ]ax, [ in the collection which is possible only
when bE]ak, bk[. Thus

% i) > ¥, 1as, b
=(bi—ar) +(bx-1—ar-1)+ . . . +(b1—ay)
=bk—(ak—bk_|)— ve .—(az-b;)-al
> br—ay
> b—a,

since @;—b;-y < 0, b > b and a; < a. This, in view of (2), verifies that
m*(I)>b—a—e.

Hence m*(I) = b-a.
Case 2: Suppose ] is any finite interval. Then given an e > 0, there
exists a closed finite interval JC 7 such that

I(J) > I(I)-e.
Therefore,
D—-e< lN)=m*'() <m*(I) <m*(I)=II)=I1T)
= IN)—-e<m*(I) < KD).

This is true for each € > 0. Hence m*(I) = I(I).

Case 3: Suppose I is an infinite interval. Then given any real
number K > 0, there exists a closed finite interval JCI such that
I(J)=K. Thus m*(I) = m*(J) = I(J)= K, that is m*(I) > K for any arbit-
rary real number K > 0. Hence m*(I)= oo = I(I).]

The next theorem asserts that m* has the property of countable sub-
additivity.
2.4 Theorem. Let {E,} be a countable collection of sets. Then
m*(UE,) < Zn‘, m*(Ey,).
Proof. If m*(E,) = co for some nEN, the inequality holds trivially.
Let us assume that m*(E,) < oo, for each n&N. Then, for each n, and

for a given € > 0, 3 a countable collection {Zy,}; of open intervals such
that E,C U I,,,; satisfying
1

; I(In,)) < m*(Ep) +2-".
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Then
l'{ E C [;,. l‘J In,i.

However, the collection {Z,,;}»,; forms a countable collection of open
intervals, as the countable union of countable sets is countable (c.f.
II-3.14), and covers U E,. Therefore

m(UE,) < %} K(ZInt)
< ; (m*(En)+27")
= g m*(Ey)+e.
But € > 0 being arbitrary, the result follows.Jj
2.5 Corollary. If E is a countable set, then m*(E)=0.

Proof. Since the set E is countable, we may express it as
E={a, az, ..., Qn, . ..}.
Let € > 0 be given. Then enclosing each a; in an open interval I; with
I(I)=2"1, (i=1,2,...) we get
m*(E) < 3 ()= f:' 2e=e.
i=l jo=
Letting € — 0, the result follows.}}

Note. Each of the sets N, I, Q and A (the set of all algebraic numbers)
has outer measure zero since each one of these is countable.

2.6 Corollary. The set [0, 1] is uncountable.

Proof. Assume on the contrary, that the set [0, I] is countable. Then,
in view of Corollary 2.5, m*([0, 1])= 0 and so /[0, 1])=0, by
Theorem 2.3. This is absurd. Hence the set [0, 1] is uncountable.jj

Remark. The result in Corollary 2.6 is true for any interval which
does not degenerate.

As a negation of Corollary 2.5, we have the following.
2.7 Corollary. Any set with the outer measure different from zero is
uncountable.

The converse of Corollary 2.5, that is “a set with outer measure
zero is countable”, is not always true.
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2.8 Example. The Cantor set C is uncountable with outer measure
zero.

Let C, denote the union of the intervals left at the nth stage while
constructing the Cantor set C (cf. II-10). One may note that C, con-
sists of 27 closed intervals, each of length 3-», Therefore

m*(Cy) < 2-377,

by Theorems 2.3 and 2.4. But any point of C must be in one of the
intervals comprising the union C,, for each nEN, and as such CCC,,
for all n&N. Hence

m*(C) < (%)
This being true for each nEN, letting n - oo gives m*(C)=0.

Problem 1. [f m*(4)=0, then m* (AU B)=m"(B). In particular, if
BC A, then m*(B)=0.

Solution. By Theorem 2.4, we have
m*(AU B) < m*(A)+m*(B)=m*(B).
But BC AU B verifies (cf. Theorem 2.2(c))
m*(B) < m*(AU B).
Hence the result follows.jj

2.9 J,and Gs Sets. Although the intersection of any collection
(countable or uncountable) of sets in R is closed and the union of
a finite collection of closed sets is closed, the union of a countable
(infinite) collection of closed sets need not be closed. Similarly, the
intersection of a countable (infinite) collection of open sets need not
be open (cf. I-5). Thus we are motivated to define two new classes of
sets, Fo-sets and Gs-sets, different from those of open sets and closed
sets, and consequently many others.

2.10 Definition. A set which is a countable (finite or infinite) union
of closed sets is called an F,-set.

Note. The class of all F,-sets is denoted by F,. In F,, F stands
for ferme (closed) and ¢ for summe (sum).

2.11 Example. Each of the following is an &,-set:

(i) A closed set.
(ii) A countable set.
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(iii) A countable union of &,-sets.
(iv) An open interval ]a, 5[ since
@ 1 1
]a’ b[-ngl [ a+”—l—’ b——’T]’
and hence an open set.

2.12 Definition. A set which is a countable intersection of open sets
is a Gs-set.

Note. The class of all G»sets is denoted by Gs. In G, G stands for
gebiet (region) and 8 for durchschnitt (intersection).

Remark. The complement of an F,-set is a G»s-set, and conversely.

2.13 Example. Each of the following is a Gsset:

(i) An open set, and, in particular, an open interval.
(ii) A closed interval [a, b) since

oo 1 1
[a, b] = an a--- b+—;[-

(iii) A closed set.
(iv) A countable intersection of Gs-sets.

Remark. Each of the classes &, and @5 of sets is wider than the
classes of open and closed sets.

Note. We can also consider a class Fos of Fos-sets: An Fop-set is
one which is obtained by taking the intersection of a countable collec-
tion of sets each of which is an F,-set. Similarly, we can construct
the classes G0, Foso, G0, e€tc.

We now turn to a result which gives useful relations between the
outer measure of an arbitrary set and the outer measure of open sets
and Ge-sets which contain the set.

2.14 Theorem. Let E be any set. Then:

(a) Given € > O, 3 an open set ODE such that
m*(0) < m*(E)+¢;
and hence m*(E)= inf m*(O), where the infimum is taken over all
open sets ODE.
(b) 3 a@ Go-set GDE such that

m*(E)=m"(G).
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Proof. (a) There exists a countable collection {/,} of open intervals
such that EC |JI, and
n

£ 1) < mE)+e.
Set O = ’QII,,. Clearly O is an open set and
m*(0)=m* ( ,,Q, I.,)
<R m= £ I < m(E+e

(b) Choose e= —:l-, n&N in (a). Then, for each n&N, 3 an open
set 0,DE such that

m*(0,) < m*(E)+ -;—

Define G= ﬁ O,. Clearly, Gis a Gs-set and GDE. Moreover, we
n=1
observe that

m*(E) < m*(G) < m*(0,) < m‘(E)+—'17, nEN.
Hence letting n - oo verifies m*(G)=m*(E).§

Remark. The significance of Theorem 2.14(b) is that any arbitrary
set E can be included in a set which is of relatively simple type, namely
a Gsset, with the same outer measure.

In defining the notion of outer measure of a set E, we have used
the collections {J,} of open intervals that cover E. Now the question
arises whether or not the restriction of the intervals in the collection
being open can be dropped. The answer is yes. In fact, we prove the
following.

2.15 Theorem. The function m* : P(R) - RU{0} (outer measure) is
obtained whether, for all n, we stipulate (i) I, open, (ii) I, closed-open,
(iii) I, open-closed, (iv) I, closed or (v) I, mixtures of various types of
intervals.

Proof. In case (1), we obtain m* by Definition 2 1. Write the corres-
ponding m* as mgo in case (ii), 5. in case (iii), m, in case (iv) and my,
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in case (v). We shall show that each of these equals m*. It is sufficient
to prove that my, =m®, the other cases being similar.
Let E be any set. By definiiton,

ma(E) < m*(E).

To prove the reverse inequality, let € > 0 be given. Then, by the
definition of mm, 3 a sequence {Ja} of intervals (of course J, are mix-
tures of various types of intervals) such that EC UJ, and

n

211(1.) < mip(E)+e

But for a given ¢ > 0 and any J,, there is an open interval I, such
that J.CI, and

I(In)=(1+¢€)l(Jn)
> 1) =L+ €y HU(Ey).

Thus, {I,,} is a sequence of open intervals with EC U I, and satisfies
1+ i L) < mo(E)+e

= )‘51 L) < (1+ mu(E)+(1 +€)e.
This verifies that m*(E) < mu(E).§
Problems

2. Let A be the set of rational numbers between 0 and 1, and {I,}
be a finite collection of open intervals covering 4. Prove that
YiI) = 1.

3. Prove that the outer measure of the generalized Cantor set C(),
O<a<lisl—a.

3 LEBESGUE MEASURE

The outer measure, although defined for all sets in R, does not
satisfy, in general, the countable additivity (Theorem 2.4). In order to
have the property of countable additivity satisfied, we have to restrict
the domain of definition for the function m* to some suitable subset,
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M, of the power set P(R). The members of .5 are called measura-
ble sets which are defined as follows.

3.1 Definition.* A set E is saidto be Lebesgue measurable or briefly
measurable if for each set 4, we have

m*(A)=m*(AN E)+m*(4AN E°). A3)
Remark. The definition of measurability says that the measurable
sets are those (bounded or unbounded) which split every set (measur-

able or not) into two pieces that are additive with respect to the outer
measure.

Since A=(4ANE)U(4 N E°) and m" is subadditive, we always have
m*(4) < m*(AN E)+m* (AN E°).

Thus, in order to establish that E is measurable, we need only to
show, for any set 4, that

m*(4) > m (AN E)+m* (AN E). @

Note. The inequality (4) is often used in practice to show that a
given set E is measurable and the set 4 in reference is called test set
since it is used to test the measurability.

Remark. H. Lebesgue, in his investigation, did not actually use the
definition given above to define measurable sets. Instead, he conside-
red set E in the bounded interval [a, 5] and first defined the interior
(or inner) measure of the set E as

m(E)=b—a—m*(E°).
He, then, called the set E to be measurable if
m,(E)=m*(E).
In other words, E is measurable if
m*(E)=b—a—m*(E"). ©)]
If we let A=[a, b], the equality (5) becomes
m*(4) =m* (AN E)+m (AN E),

which is the same as (3). Thus the actual definition which Lebesgue
used is a special case of (3). Since Lebesgue started with sets contain~
ed in [a, 3], i.e. bounded sets, appropriate modifications had to be

*This definition is due to Carathéodory.
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made for unbounded. sets.. Such modifications, however, are not
needed if Definition 3.1 is used.

3.2 Definition. The set function m : Y —>» R*, obtained by restrict-
ing the set functions m* to the subset . of the domain of definition
PR) of m*; that is, m=m' 4, is called Lebesgue measure function
for the sets in M.

For each E€ M, m(E)=m"(E). The extended real number m(E) is
called the Lebesgue measure or simply measure of the set E.

Having selected the measurable sets by the test given in (3) and the
measure of a measurable set to be the same as its outer measure, we
can deduce the properties of measurable sets from the properties of
outer measure already established, and erect a theory of integration
on this foundation. This is the method originated by Carathéodory.
We shall now show, in the following sections, that the measure m
satisfies all the properties as desired in §1; namely, m is countably
additive (Theorem 4.14), m is invariant under translation (Theorem 6.1),
m is a generalization of the ‘‘length’” (Problem 13) and many others.

4 PROPERTIES OF MEASURABLE SETS

4.1 Theorem
(a) If E is a measurable set, then so is E°.
(b) The sets ¢ and R -are measurable sets.
Proof. The proof is evident from Definition 3.1.Jj

4.2 Theorem If E has the outer measure zero, then E is a measurable
set. Furthermore, every subset of E is measurable.
Proof. Let A be any set. Then
m*(4) > m* (AN E)+m* (4N E°),
since
ANECE = m*(ANE) < m*(E)=0
and ANECA => m*"(ANE) < m*(A).
Hence E is measurable. The other part follows from Problem 1.}

4.3 Corollary. Every countable set is measurable and its measure is
zero.

Proof. It follows from Corollary, 2.5 and Theorem 4.2 ]
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4.4 Corollary. The Cantor set C and all its subsets are measurable,
and each of them has measure zero.

Proof. 1t follows from Example 2.8 and Theorem 4.2.]]
4.5 Theorem. If Ey and E; are measurable sets, then so is E,| E,.

Proof. Using the fact that E; and E; are measurable sets, for any set
A, we have

m*(4)=m"(AN Er)+m"(AN Ej)
=m"(AN E)+m* (AN EIN E2) +m*([AN ETIN E3)
=m*(ANEy)+m* (AN E] N EQ)+m* (4N EiN E3)
=m* (AN E)+m* (AN E2N EY)+m*(AN[E1U E])
2 m(AN[E U E])+m (AN[E1U Ejf),

since AN(EUEy)=[4ANEJU[4NE2NE7]. Hence E, U E; is a measu-
rable set.jj

Problems

4. Prove that the intersection and difference of two measurable
sets are measurable. [Hint: For two sets E; and E, we can
write (Ey N E2)°=E{U E; and Ey— E;=E1N E3]

5. Prove that the symmetric difference of two measurable sets is
measurable. [Hint: The symmetric difference of two sets E; and
E, is given by E\4E;=(E; - E;) U(E2— Ey); apply the result in
Problem 4.]

4.6 Definition. A collection . j of subsets of a set S is called an
algebra (or Boolean algebra) of sets in P(S) if

(a) 4, Be A = AUBE

(b) A= = Ac, thatis S—AS .

By DeMorgan’s law it follows that if (] is an algebra of sets in
P(S), then

(c) 4, BE A = ANBE U,
while, on the other hand, if any collection _J of subsets of S satisfies
(b) and (c), then it also satisfies (a) and hence ] is an algebra of sets
in 2(S).

By induction, it is easy to check that an algebra ] is closed under
any finite union and finite intersection.
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As an immediate consequence of Theorems 4.1 and 4.5, we have the
following result.

4.7 Corollary. The family M of all measurable sets (subsets of R) is
an algebra of sets in P(R). In particular, if {Ey, Ea, ..., E,} is any

finite collection of measurable sets, then so are U" E; and r]nl E;.
fm=1 i==

4.8 Theorem. Let Ey, E,, . . ., E, be a finite sequence of disjoint
measurable sets. Then, for any set A,

m* (4010 Ei)=§ mUnE).

Proof. We prove it by induction on n. For n= 1, the result is trivially
true. Assuming it to be true for (7 — 1) sets, we would have

n—1 n—=1
Adding m*(4 N E,) on both the sides, we get
n=—1 n

m* (A n [il-Jl E,]) +m(ANE,)= §] m*(ANE)

- m* (An[iQ1E,]nE§)+m‘ (An[}_le,]nE,,)
=% m(ANE),
since the sets E; (i=1, 2, . . ., n) are disjoint. But the measurability
of the set E,, by taking 4 r][,ljl E]] as a test set, implies
m (41, El)=m (4010, EINE)+m (ant ) EInE)
Hence
" (A N :E-JlE']) =I:EI m(ANEY

49 Corollary. IfEy, E,, ..., E, is a finite sequence of disjoint
measurable sets, then

m(lg E')=1i-:m(E')°
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Proof. Taking A=R in Theorem 4.8, the result follows in view of
Corollary 4.7.§

Problems

6. If E; and E, are measurable sets such that E; D E; and m(E;) <
0, then m(E; — Ez) = m(E;)— m(E,). [Hint: Express E; as a union
of two disjoint measurable sets E; ~ E; and E;; apply the result
in Corollary 4.9.]

7. If E; and E; are any measurable sets, then prove that

m(E; U Ez) +m(E; N E2) = m(Ey) + m(E).
Solution. Let A be any set. Since E; is a measurable set, we have
m*(4)=m*(4 N Ey)+m*(4 N EY).
Taking A= E; U E, and adding m(E; N Ez) on both sides, we get
m(E;U E) +m(E N E2) = m(Ey) + m([E1U B2l N ET) + m(Ey N Ey).
Since
[(E1U E2) N ETJU[E1N Eo] = E2
is a union of disjoint measurable sets, by Corollary 4.9, we note that
m(lEU E;] N EN) +m(Ey N Ez) = m(E).
Hence the result follows.J

The result in Corollary 4.9 verifies that the measure function m on
M is finitely additive. However, we would extend it to a more gene-
ral situation to the case of countably additive. But before we do so
we prove that the family . is closed under countable union.

4.10 Theorem. A countable union of measurable sets is a measur-
able set.

The proof of Theorem 4.10 requires a result on algebra of sets which
we state and prove below in the form of a lemma.

4.11 Lemma. Let ] be an algebra of subsets of a set S. If {A} is a
sequence of sets in i, then there exists a sequence {B;} of mutually
disjoint sets in _J such that

(-] oo
U Bi= lrUIAi-

=1

Proof. If the sequence {4;} is finite, the result follows trivially. Let
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us assume {4;} to be an infinite sequence. Set By = A4, and for each
nEN, define
n-1
-Bn= An— [lUl Ai]
=4.N4iN4ziN ... N4a

Now, we note the following facts:

(i) B.cJ, for each nEN, since ] is closed under the comple-
mentation and finite intersection of sets in _{.
(ii) B,C A,, for each neN.
(iii) The sets B, are mutually disjoint. Consider B, and B,, to be two
such sets and suppose m < n. Then, because B,,C4.,, we have

anBaCAm an
=AnN[4sNAIN ... NAmN ... NA47-1]
=[dnNdmlN ...
=¢N ...
=4.
(iv) G Bi= G 4;.
=1 i=1
Since B;C 4;, for each i€N, we have

G B, itll A;.

i=1
To prove the reverse inclusion, let xe;j;{p Clearly, x must be in at
least one of the sets 4;’s. Let n be the least value of i such that xe4,.
Then xE B,, and so x& G! B,. Hence
n==

© «©
U 4 U B.
iy =1
This completes the proof of the lemma.
Proof of Theorem 4.10. Let {E;} be a sequence of measurable sets

and let E=‘le E;. To prove E to be a measurable set, by Lemma 4.11,

we may assume, without any loss of generality, that the sets E; are
mutually disjoint.

For each nEN, define F, =30| E,. Since M is an algebra of sets
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and E;, B, .. ., E, are in 9, the sets F, are measurable. Therefore,
for any set 4, we have
m*(A)=m*(ANF,)+m*(ANF;)
=m*(ANF,)+m* (AN E),
since
Fi= [ :‘E,]UEC:)EQ
But, by Theorem 4.8, we observe that

m* (AN Fy)= ,_21 m*(ANE).

i=n

Therefore,
m'(4) > ‘);. m*(A 0 E)+m (AN E°).

This inequality holds for every n&N and since the left-hand side is
independent of n, letting n - oo, we obtain

m*(d) zl):f‘f m* (AN E)+m* (AN E)

=Zm*(ANE)+m* (4N EY),

in view of the countable subadditivity of m®, cf. Theorem 2.4. Hence
E is a measurable set.]

4.12 Definition. An algebra . of sets is called a o-algebra (or
o-Boolean algebra or Borel field) if it is closed under countable union

of sets; that is, G 4,, is in ] whenever the countable collection {4;}
i=]
of sets; is in 1.

Note. It follows, from DeMorgan’s law, that a o-algebra is also
closed under countable intersection of sets.

As an outcome of Theorem 4.10, in view of Corollary 4.7, we have
the following result.

4.13 Corollary. The family M of all measurable sets (subsets of R)
is a o-algebra of sets in P(R).

4.14 Theorem. Let {E;} be an infinite sequence of disjoint measurable
sets. Then
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Proof. By Corollary 4.9, for each n=N, we have

" (igl E‘) - :i-“l m(E).
But

:GiE'D;G. E,, vneN.

Therefore, in view of Theorem 2.2(c) and the measurability of both
the sets in the above inclusion (cf. Definition 4.12), we obtain

m (IUI E;)? izl m(E;).
Since the left-hand side is independent of », letting # - <o, we get
m (‘Ul E,) = 121 m(Ey).

The reverse inequality is readily available from the countable sub-
additivity property of m* (Theorem 2.4).Jj

Remark. The result in Theorem 4,14 verifies that the set function
m: M — R* is countably additive.

Towards the close of this section we would like to examine: How
big could the family % of measurable sets be?

4.15 Theorem. The cardinality of M is 2¢

Proof. Since HUCP(R), it follows that H < 2¢ (cf, [1-9.4). The
reverse inequality is available from the fact that the family P(C), of
all subsets of the Cantor set C, is contained in ¥ (cf. Corollary 4.4)

and that P(C)=2¢, since the set C is uncountable having cardinality
¢ (cf. TI-10.5).

Remark. Though all the sets in °(R) may not be measurable as we
shall see in §8, still we observe that the cardinalities of each of the
families .9 and P(R) of subsets of R is the same. This reveals the
fact, inspite of the inclusion . HC P(R) being proper, that the family
M is very rich; so much so that there are as many measurable sets as

in P(R).
Problems
8. If E,, E; and E; are measurable sets, prove that

- M(Ey) +m(Ep)+m(E3) =m(E\U E2U Es) +m(Ey () Ez)+m(E2( E3)
+m(Ey ( Es)— m(Ey N Ez ( Ey).
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9. Construct a nowhere dense perfect set in the interval [0, 1] whose

.1
measure is - -

10. Find the measure of E, the set of points in J0, 1] such that the
decimal expansion of x&E does not contain the digits 5 and 7.

11. Prove that there are 2¢ measurable sets in every interval.

12. Let E be a measurable set. Prove that

m*(4)=m"(4 N E)+m*(4-[4N E)),
where 4 is any set.

5 BOREL SETS AND THEIR MEASURABILITY
Given any collection C of subsets of a set S, consider the family &
of all s-algebras each of which contains C, and let

A= N{Z-ZeF}.
Then one can verify that _] is the smallest o-algebra (unique) that
contains (, in the sense that _] is a o-algebra containing C and if ¥
is any other o-algebra containing C, then (JCZX. Such a collection ]
is called the o-algebra generated by C.
Since the intersection of a countable collection of open sets in R

need not be open, the collection of all.open sets in R is not a o-algebra.
This motivates us to introduce the following notion.

5.1 Definition. The o-algebra generated by the family of all open
sets in R, denoted by B, is called the class of Borel sets in R. The
sets in P are called Borel sets in R,

5.2 Examples. Each of the open sets, closed sets, Gs-sets, Fo-sets,
Gao-sets, Fos-sets, . . . is a simple type of Borel set.

The class of Borel sets plays an important role in analysis in general,
and in measure theory in particular. We now prove that the Borel sets
are measurable (in sense of Lebesgue).

5.3 Theorem. Every Borel set in R is measurable; that is, BC M.

Proof. We prove the theorem in several steps by using the fact that
M is a o-algebra.
Step 1: The interval Ja, o[ is measurable.
It is enough to show, for any set 4, that
m*(4) = m*(4))+m*(42),
where Ay=AN]a, o] and A2=A4N]~ o, a].
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If m*(A) = o, our assertion is trivially true. Let m*(4) < co. Then,
for each ¢ > 0, 3 a countable collection {I,} of open intervals that
covers A and satisfies

f;l KI,) < m*(d)+e.
Write I,=I,N]a, o[ and I;=1I,N]- o, a]. Then,

I;'.UIZ={Inﬂ]a, w[}U{Inn]_ 0o, a]}
=Inﬂ]-°°, CD[
=1,

and I, NI, = ¢. Therefore,

KL)=UIz) + K(1z)
=m*(I;)+m*(I;).
But
AC[ULIN]a, o= U(ZsN]a, o)= UL,

so that m*(4;) < m*(UIy) < Ym*(I;). Similarly 42CUI; and so
m*(42) < Ym*(I;). Hence,

m*(41)+m*(42) < Y{m*(Il;) +m*(I7)}

=Y I(I) < m*(4d)+e.
Since € > 0 is arbitrary, this verifies the result.
Step 2: The interval 1— o, a] is measurable since
1~ o, d]=]a, o[

Step 3: Theinterval ] - oo, b is measurable since it can be expres-

sed as a countable union of the intervals of the form as in Step 2;
that is,

1-0, 8= § 1- o, b= 11

Step 4:  Since any open interval ]a, 5 can be expressed as

]a’ b[=]_ o0, b[ﬂ]a, W[,
it is measurable.
Step 5: Every open set is measurable. It is so because it can be ex-
pressed as a countable union of open intervals (disjoint).
Hence, in view of Step 5, the o-algebra .9 contains all the open
sets in R. Since B is the smallest o-algebra containing all the open sets,
we conclude that $C 9. This completes the proof of the theorem.Jj
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5.4 Corollary. Each of the sets in R: an open set, a closed set, an
Fs-set and a Gs-set is measurable.

5.5 Corollary. For any arbitrary set E (measurable or not), there
exists a Gy-set G such that ECG and m*(E)=m(G).

Proof. It follows by using Theorem 2.14(b) and the fact that G,-set
is a measurable set.Jj

Note. The set G of Corollary 5.5 is sometimes called an equimeasur-
able superset of E.

Problem 13. Prove that every interval is a measurable set and its
measure is its length.

Solution. 1t follows in view of the fact that an interval is a Borel set
and the outer measure of an interval is its Iength.

Remark. The Borel sets do not exhaust all measurable sets; that is,
the inclusion BC M is proper. This assertion follows from the fact
that the cardinality of 9 is 2¢ (Theorem 4.15) whereas the cardinality*
of B is c. However, there exist examples of sets which are measur-
able sets but not Borel sets.

5.6 Example (Non-Borel measurable set). Let ¢ be the Cantor func-
tion. Define a function ¢ : [0, I] = [0, 2] by

$(x)=x +p(x).
It is obvious that ¢ is a homeomorphism of [0, 1] onto [0, 2]. Let D
be a non-measurable subset** of $(C), where C isthe Cantor set. Then
$-1(D) is a subset of C and hence is a measurable set of measure zero
(cf. Corollary 4.4). However, since $-1(D) is the image under a
homeomorphism of a non-Borel set D (because D is nonmeasurable),
¢~1(D) is not a Borel set.

Note. The first actual example of such a set (non-Borel measurable
set) was constructed by the Russian mathematician M.Ya Sustin
(1894-1919). In fact, Sustin discovered a very important and extensive
class of sets, calling them A-sets, some of which are measurable (in
sense of Lebesgue) but not Borel sets.

*The proof of this fact requires the concepts such as ordinal numbers and
transfinite inductions, and is therefore out of the scope of the present book.
**For the construction of nonmeasurable sets, refer to §8 of this chapter.
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6 FURTHER PROPERTIES OF MEASURABLE SETS

In §1 of this chapter, we had mentioned the “‘translation invariance”
of a measure as one of the desirable properties. This is quite true with
the Lebesgue measure on S} as we establish in the following theorem.

6.1 Theorem. Let E be a measurable set. Then any translate E+y is
measurable, where y is a real number. Furthermore,
nm(E+ y)=m(E).
Proof. Let A be any set. Since E is measurable, we have
m*(4)=m*(ANE)+m*(4 N E°)
= m*(4+y)=m*([4N E]+y) + m* (AN E] +y),

in view of the fact that m* is invariant under translation, cf. Theorem
2.2(e). But one can easily verify that

{[A NE]+y=(4+y) N(E+))
[ANE]+y=(4+y)N(E+).
Hence
m*(4 +y)=m*[A +Y]N[E +y]) +m* (4 + Y] N[E +y)).
Since A4 is arbitrary, replacing 4 with 4 — y, we obtain
m*(A)=m*(ANE+y)+m* (AN Ec+y).

The measurability of E+y follows by taking into account that (E + y)

=F¢+y, and the proof is complete because m* is translation
invariant.Jj

The following two theorems reveal a basic property of Lebesgue
measure that concerns its behaviour for monotone sequence of sets.

6.2 Theorem. Let {E,;} be an infinite decreasing sequence of measur-
able sets; that is, a sequence with ECE; for each i & N. Let
m(E;) < oo for at least one icN. Then
m (ﬁ Ej)= lim m(E,).
j=1 n-»o0
Proof. Let p be the least integer such that m(E,) < co. Then m(E;)< o,
foralli = p. Set E=?"11E, and F;=E;— E;;;. Then the sets F; are
i=
pairwise disjoint, and

©
E,~E=\ F,.
i=p
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Therefore,
m(Eyp—E)= g‘.pm(F: - }j‘. m(Ey— Ey).
But m(Ey)=m(E)+m(E,—E) and m(E)=m(Eys)+m(Ei— Ey),

for alli = p, since EC E, and E;;C E;. Further, using the fact that
m(Ej)< oo, for all i = p, it follows that

m(E,~ E)=m(Ep)— m(E)
and m(E;— Ey1)=m(E)) - m(Ei), ¥ i 2 p.
Hence,

m(Ey) - m(E) = g (m(E) ~ m(Eui1))

= lim p_: (m(E) ~ m(Eps.)
= lim {m(E;)— m(En)
= m(Ep) - nl.i)]?.o m(E,.).

Since m(Ep) < o0, it gives
m(E) = lim m(E,).
n-»0

This proves the result.Jj

6.3 Corollary. Let {E;} be an infinite decreasing sequence of measur-
able sets, and let m(E) < . Then

m( n E,) = lim m(E,).
i=1 n-»o

Remark. The condition m(E;) < oo, for at least one iEN, in Theorem
6.2 (or m(E;) < oo in Corollary 6.3) cannot be dropped.

6.4 Example. Consider the sets E, given by E, =]n, o[, n&N. Then
{E.} is a decreasing sequence of measurable sets such that m(E,)=

for each €N and Fil E,=$. Therefore,
lim m(E,)=c0, while m($)=0.

6.5 Theorem. Let {E;} be aninfinite increasing sequence of measurable
sets; that is, a sequence with E;.1DE; for each icN. Then
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m( °L“J E;) = lim m(E,).
i=1 n—»00

Proof. If m(E,)= oo for some pEN, then the result is trivially true,
since

m(:fjl E,) = m(E,) = o,
and m(E;) = oo, for each n = p. Let m(E;) < o, for each iEN. Set

E= iUl E, Fi=E-E,.

Then the sets F; are pairwise disjoint, and

E—E= lg F,
- m(E—-E)=m(J) F)= & mE)= ¥ m(Bi~E
- m(E)-m(E) = lim 33 {m(Eus)~m(E))
- lim (n(Ey )~ m(ED}
=> m(E)= lim m(E,).

Note. Theorems 6.2 and 6.5 establish that the set function m is
conditionally continuous from above as well as below.

We are always interested, whenever possible, in measurable sets.
However, proving the measurability of a given set is sometimes diffi-
cult in practice. It may be desirable in that situation to apply theorems
about outer measure. A particularly useful result is the following
theorem which, in fact, improves Theorem 6.5.

6.6 Theorem. Let {E;} be an infinite increasing sequence of sets (not
necessarily measurable). Then

m‘( U E,) = lim m*(E,).
()] n-»>o

Proof. For each E,, there exists a Gs-set G; (of course measurable)
such that E;CG; and m(G;) = m*(E;), cf. Corollary 5.5. For each nEN,
define

F.= 0 Gy
im=n
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Clearly {F,} is an increasing sequence of measurable sets. Therefore,
by Theorem 6.5, it follows that

m( 0 F,,) = lim m(F,).
n=1 n-»o
But E;C E;,, implies that E,C G}, for all i > nand as such E,CF,CG,,
for each n=N. Consequently
m*(Ey) < m(F,) < m(Gr)=m"(Ey)

= m*(E,) = m(Fy), v nEN.
Hence lim m*(E,) exists, and

n-»co

lim m*(Ey)= m(U F,

n-»co

Also, we observe that

UF> U E..,

n=|1
and, therefore,

tim m*(Ey) > m( G, £)
n->o0 n=1
The reverse inequality is obvious from the fact that
E,C Gl E,, v nEN

and this completes the proof.}j

In analogy with the limit superior and the limit inferior of a
sequence of real numbers (cf. I-6), let us define the concepts such as
the limit superior and the limit inferior of a sequence of sets.

Let {E;} be any sequence of sets. Define

hmsupE;-— n UE:

=] j=n

l|m1nfE;= U n E;.

n=li=n

If* lim sup E;=lim inf E;, the sequence {E;} of sets is said to be
convergent, and the common limit is written by lim E.

Remark. It is easy to see, from the definition, that lim sup E;is
the set of points which are in infinitely many of the sets E; while

*If no confusion is likely to occur we shall write lim supE;, etc. for li;:-l’ iup E;,
etc.
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lim inf E; is the set of points which are in all but finitely many of the
sets E;. As a consequence of it, we note that lim sup E; O lim inf E;.

One can easily verify the following results.

6.7 Theorem. If {Ey} is a decreasing sequence of sets, then lim E;= \) E;,
and if {E}} is an increasing one, then lim E;= N\ E;.

Note. The assertion in Theorem 6.7 is analogous to the result that a
monotone sequence of real numbers has the limit.

6.8 Theorem If {E;} is a sequence of measurable sets, then the sets
lim sup E, and lim inf E, are also measurable.

Problems 14. Prove the results in Theorems 6.7 and 6.8.

6.9 Theorem. Let {E;} be a sequence of measurable sets. Then

m (lim inf E;) < lim inf m(E;). Further, if m ('D E,) < o for some
=p

PEN, then m (lim sup E;) = lim sup m(E;).

Proof. Set F,= ’ﬁ E;. Then, by definition, we have
=n
lim inf E,= Gl Fo.
n=

But we observe that {F,} is an increasing sequence of measurable sets.
Therefore,

m( Gl F) - Tim m(F,)
- m (lim inf E)= lim m(F,).

Let nEN be fixed. Then F,CE,;; and so m(F,) < m(Esx), for all
keEN. Thus, we have

m(F,) < lin: inf m(E,y)=1lim inf m(E;).
This is true for each n&N. Hence
lim m(F,) < lim inf m(E;),
which verifies
m (lim inf E;) < lim inf m(E;).
The other part follows similarly.j]
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6.10 Corollary. If {E,} is a convergent sequence of measurable sets
and E,,CF for each nEN, where m*(F) < oo, then lim m(E,) exists and
n->»wo
m (lim E,)= lim m(E,).
n—>w n->»o

Problem 15. Prove the second part of Theorem 6.9 and show that the
additional assumption stated therein is necessary.

7 CHARACTERIZATIONS OF MEASURABLE SETS

We now give certain characterizations of the measurability of an
arbitrary set E in R in terms of certain relatively simple types of sets
each of which is a Borel set.

7.1 Theorem. Let E be a given set. Then the following statements are
equivalent:

(a) E is measurable.

(b) Given € > 0, there is an open set ODE such that m'(O-E) < e.
(c) There is a Gy-set GDE such that m*(G—- E)=0.

(d) Given € > 0, there is a closed set FCE such that m*(E—F) < e.
(e) There is a Fy-set FCE such that m*(E— F)=0.

Proof. (a) = (b) : Suppose first that m(E) < oco. By Theorem 2.14(a),
there is an open set ODE such that
m*(0) < m*(E)+e.

This, since both the sets O and E are measurable, verifies (cf.
Problem 6).

m*(0— E)=m*(0)-m*(E) < e.
Consider now the case when m(E) = co. Write the set R of real num-
(-]
bers as a union of disjoint finite intervals; that is, R= Ul I,,. Then, if
n=

E,=ENI,, m(E,) < . We can, thus, find open sets G,D E, such that
m*(On—Ep) < % .
Define O = G O,. Clearly O is an open set such that O D E and satisfies
n=1

O—-E= U Op— U E,C G‘ (On—Ey).

n=1 n=1

Hence

m*(0—E) < 2':;1 m*(On—Ey) < <.
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(b) > (c): Given e=1/n, there is an open set 0,DOFE with
m*(On~E) < 1/n. Define G=  O,. Then G isa Gy-set such that GOE
and "

m* (G- E) < m*(0,—E)< —'17, vneEN.

This on letting n —> oo proves (c).

(c) = (a): Write E=G—(G—E). But the sets G and G—-FE are
measurable since G is a Borel set and G — E is of outer measure zero.
Hence E is measurable, cf. Problem 5.

(a) = (d) : E¢ is measurable and so, in view of (c), there is an open
set ODE* such that m*(O—-E°)<e But O-E°=E-0¢° Taking
F= 0, the assertion (d) follows.

(d) = (e): Given e=1/n, there is -a closed set F,CE with

m*(E— F,) < 1/n. Define F= G F,. Then Fis a F,-set such that FCE
n={
and
m(E-F)s<m*'(E-F,) < %, v nEN.

Hence the result in (¢) follows on letting n - co.
() = (a) : The proof is similar to (c) = (a).
This completes the proof of Theorem 7.1.

Remarks 1. The assertions (b) and (d) in Theorem 7.1 state that the
measurable sets are precisely those which can be approximated closely,
in terms of m*, by open or closed sets; whereas the assertions (c) and (d)
state that any arbitrary measurable set differs from a Borel set, more
precisely from a Gs-set and an &,-set, by a set of measure zero.

2. Condition (b) in Theorem 7.1 is a necessary and sufficient condi-
tion for the measurability of a set E. This should not be confused with
the conclusion of Theorem 2.14(a) which states that for any set E (mea-
surable or not), there is an open set ODE such that m*(0) < m*(E)+e.
In general, since O = EJ (O — E) when ODE, we only have

m*(0) < m*(E)+m*(0 - E),
and we cannot conclude m*(0 — E) < € from m*(0) < m*(E) +e.

3. Similarly the condition (c) in Theorem 7.1 for the measurability

of a set E should not be confused with the conclusion of Theorem

2.14(b).

Problem 16. If E is a measurable set, prove that there exist Borel
sets By and B, such that B;C EC B, and m(B,)=m(E)=m(B;). [Hint:
Use (a), (c) and (e) in Theorem 7.1.]
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Now, we prove a result which shows that a measurable set may be
approximated by a finite number of intervals. It may be noted that
the union of each intervals, in general, neither contains nor is contained
in the set we are approximating.

7.2 Theorem. Let E be a set with m*(E) < . Then E is measurable
if and only if, given € > O, there is a finite union B of open intervals
such that

m*(EAB) < e.
Proof. Suppose E be measurable, and let e > O be given. Then, by
Theorem 7.1(b), there exists an openset ODE with m*(0O- E) < ¢/2.
As m*(E) is finite, so is m*(0). Further, since the open set O can be

expressed as the union of countable (disjoint) open intervals {I;}, there
exists an n=N such that

Y ' )< 5>

i=n+

in view of Theorem 4.14 and the fact that m*(0) < co.
Write B= ,61 I Then

EAB=(E- B)U(B-E)c(0O- B)U(O-E).
Hence

m*(E4B) < m‘(‘a I;) +m*'(0O-E)<e.

Conversely, assume that for a given €« > O, there is a finite union,
B= :':-Jn I, of open intervals with m*(E4B) < e. By Theorem 2.14(a),
there is an open set OO such that

m*(0) < m*(E)+-e. 6)

If we can show that m*(O — E) is arbitrarily small, then by Theorem
7.1, it follows that E is a measurable set.

Write S= ifjl (I, 0). Then SCB and so

S4E=(E-S)U(S- E)C(E-S)U(B~E).
However,
E-S=(ENO)YU(ENB)=E-B
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since ECO. Therefore
SAEC(E-B)U(B—E)=EAB,
and as such m*(S4E) < . However, ECSU(S4E) and so
m*(E) < m*(S)+e. )

Also O - EC(0 - S)U(S4E) gives

m*(0— E) < m*(0)—m*(S)+e.
Hence, in view of (6) and (7), we get

m*(O—-E) < 2e.
This proves the theorem.j

8 NONMEASURABLE SETS

We now turn to the question whether or not there exist sets which
are nonmeasurable in the sense of Lebesgue.

Most of the sets we usually come across in analysis are measurable.
However, there are several examples of nonmeasurable sets given by
G. Vitali (1905), Van Vleck (1905), F. Bernstein (1908) and others.
However, all these examples have been constructed on the assumption
that the axiom of choice of set theory is valid, and it was not clear
until recently whether a nonmeasurable set could be constructed with-
out assuming the validity of the axiom of choice. Recently, Robert
Solovay (1970) has solved this problem by proving that the existence
of nonmeasurable sets cannot be established if the axiom of choice is
disallowed.

In this section, we discuss an example of a nonmeasurable set which
is a slight modification of the one given by Vitali. Before we do so we
need certain preliminaries.

8.1 Definition. If x and y are real numbers in [0, 1], then the sumi
modulo 1, +, of x and y is defined by
. {x +, x+y<1

x+y=
x+y=-1, x+y=1.

8.2 Definition. If E'is a subset of [0, 1[, then the translate modulo 1
of E by y is defined to be the set given by

E-i-y={z:z=x-i—y, xXEE}.

It is easy to verify that:°
@) x, yelo, 1[ = x+y€lo, 1[.
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(ii) The operation + is commutative and associative.
(iii) If we assign to each x€[0, 1[, the angle 2xx, then the sum
modulo 1 corresponds to the addition of angles, and translate
modulo 1 by y corresponds to rotation through an angle of 2zy.

Below we prove that the measure (Lebesgue) is invariant under
translate modulo 1.

8.3 Theorem. Let EC[0,1[ be a measurable set and y< [0, I[ be given.
Then the set E+ y is measurable and m(E-|°-y) =m(E).

Proof. Define
{E1=E'ﬂ[0, -3
E=EN[1-y, I[.

Clearly E; and E; are two disjoint measurable sets such that
Ey{ E>=E. Therefore

m(E) = m(E1) +m(Ez).
Now, E;-i-y=E1 +y and Ey+y=E>+y-1and so Ey+y and Exty
both are measurable sets with
{m(El +y)=m(Ey+) =m(Ey)
m(E2+y)=m(By+y - 1)=m(Ey),
since m is translation invariant (cf. Theorem 6.1). Also

Ety=(E,\UE)+y

=(&E+)U(E+y)
Hence E+y is a measurable set with

m(E+y)=m(Ey +y) +m(Ez+)
= m(E 1) + m(Ez)
=m(E)}

8.4 Theorem. There exists a nonmeasurable set in the interval [0, I[.

Proof. We define an equivalence relation ‘~’ in the set I=[0, 1[ by
saying that x and y in I are equivalent, to be written x~y, if x~y is
rational. Clearly, the relation ~ partitions the set / into mutually
disjoint equivalent classes; that is, any two elements of the same class
differ by a rational number while those of the different classes differ
by an irrational number.
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Construct a set P by choosing exactly one element from each equi-
valence class—this is possible by the axiom of choice. Clearly PC[O, 1].
We shall now show that P is a nonmeasurable set.

Let {r;} be an enumeration of rational numbers in [0, 1[ with ro=0.
Define

Py= P ';' ri.
Then Po=P. We further observe that:

(@) PmNPr=¢, m#n.
(b) liP,.=[0, 1[.

Proof of (a). Let, if possible, y&P,, N P,. Then there exist p,, and p,
in P such that

y’pm‘i'rnt:}’n"i‘rn

> DPm— D is a rational number
> DPm=Dn, by the definition of the set P
=> m=n.

This is a contradiction.

Proof of (b). Let x€[0, 1[. Then x lies in one of the equivalent classes
and as such x is equivalent to an element y (say) of P. Suppose r;
is the rational number by which x differs from y. Then x&P; and
hence [0, 1[C U P, while the reverse inclusion is obviously true.

Now, we tu';'n towards the proof of the nonmeasurability of P.
Assume that P is measurable. Then each P; is measurable, and m(P;)
=m(P), cf. Theorem 8.3. Therefore

m(l‘JP;)= :§ m(P;)

=3 m(P
'f_"_‘{ m(P)
{O if m(P)=0
“lo  ifmP) > 0.
On the other hand
m(EJP;)=m([0, 1p=1.
These lead to contradictory statements. Hence P is a nonmeasurable
set.Jj

If we partition any measurable set with positive measure, instead of
the interval [0, 1[, into equivalent classes and proceed exactly on the
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lines of the proof of Theorem 8.4, we are led to the following result
which reveals the fact that once the axiom of choice is accepted, there
is no dearth of nonmeasurable sets in R.

8.5 Theorem. Every set of positive measure contains a nonmeasurable

set.

Problems

17.

18.

19.

20.

21.
22.

24.

25.

26.

27.
28.

Let E; and E; be measurable sets each having finite measure.
Prove that the following statements are equivalent:

(a) m(E14E)=0.

(b) m(Ey— E2)=0=m(E;- Ey).

(c) m(E)=m(E1N E)=m(E,).

If E; is a measurable set and m*(E1j4E2)=0, then show that E;
is a measurable set.

Using the Heine-Borel theorem, show that every compact set in
R is measurable.

If {E;} is a sequence of sets with m*(E;) =0 for each iEN, then

(-]
prove that UIE is a measurable set and has measure zero.
i=

Show that each Cantor n-ary set* has measure zero.
Prove that the generalized Cantor set* C(x), 0 < a <1, is
measurable and has measure 1 - «.

. For any set E in R and k > 0, let kE= {x: k-1xc E}. Show that

(a) m*(kE)=km*(E).
(b) E is measurable if and only if XE is so.

Prove that the set of all irrational numbers in [0, 1] is measur-
able and find its measure. Is every set of the irrational numbers
measurable? Justify your answer.

Show that a set E is measurable if and only if for each ¢ > 0,
there is an open set O and a closed set F such that FCEC O
and m(O—-F) < e.

Prove or disprove the resuit which states that the union of un-
countably many measurable subsets of [, b] is measurable set.
Work out the details of the proof of Theorem 8.5.

Let E be a measurable set such that EC P, where P is the non-
measurable set constructed in Theorem 8.4. Prove that m(E)=0.

*For the definitions of Cantor n«ary set and generalized Cantor set, refer to II-10.



29.

30.

31.

32.

33.
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Solution. Set E;=E+r,, where {r;} is the enumeration of ra-
tional numbers in [0, 1] and 7o=0. Then, by using the arguments
same as in proof of Theorem 8.4, one can show that {Ej}is a
sequence of disjoint measurable sets such that m(E;)=m(E) and

'G'E,=E. Thus

3, m(E)=m (Ql E ) =m(E) < m(0, I)=1.
Since i;, m(E;) is either O or oo, this verifies m(E)=0.

Show that if A4 is any set with m*(4) > 0, then there is a non-
measurable set E contained in 4.
Giye an example of a sequence {£;} of disjoint sets such that

m‘( l{-jl E’) < i"gl m (B

Give an example of a decreasing sequence {E;} of sets with
m*(E}) < oo such that

Suppose E to be the set of points in ]0, 1[ such that x&E if and
only if the decimal expansion of x does not contain the digit 7.
Show that m(E)=0.

Show that if m*(E)= co and for each ¢ > 0, there are intervals
hL, b, ..., I, such that

m‘(EA [0, 1) <«

then at least one of the intervals I; is finite.



IV

Measurable Functions

With the class ¥ of measurable sets in mind, we introduce a rich
class of functions; namely, the class of measurable functions which
includes the class of continuous functions as a proper subclass
(Theorem 7.1 and Example 7.2). The class of measurable functions
plays a role of central importance in Lebesgue theory of integration.
It will assume a place comparable to that of the class of functions
which are bounded and continuous almost everywhere in the
Riemann theory of integration and of functions of bounded variation
in the instance of Stieltjes integrals. Roughly speaking, a function is
integrable if its behaviour is not too irregular, and if the values
it takes are not too large too often. The second requirement is
equivalent to the existence of the equality of the upper and lower
integrals. We now introduce the notion of measurability which gives
precisely the conditions required for the integrability, given that the
function is not too large. In many cases, it is easier to examine the
measurability of a function than to investigate its upper and lower
integrals directly.

1 DEFINITION
In what follows, we shall make use of the following notations:

E(f = a)={x€E: f(x) = «}
E(f=a)={x€E: f(x)=a}
E(f < 9)={x€E: f(x) < o}
E(f>a)={xcE: f(x) > o}
E(f<a)={x€E:f(x) < a}.
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1.1 Definition. An extended real-valued function* f defined on a
measurable set E is said to be Lebesgue-measurable or, more briefly,
measurable on E, if the set E(f > «) is measurable for all real
numbers «.

Note. The measure of the set E(f > «) may be finite or infinite.

Justification of Definition 1.1. As o varies, the behaviour of the set
E(f > «) describes how the values of the function f are distributed.
Intitutively, it is obvious that the smoother the function f is, the
smaller the variety of the sets will be. For instance, if E=R and f is
continuous on R, the set E(f > «) is always open.

Problem 1. Show that a constant function with a measurable domain
is measurable.

Solution. Letf: E (measurable) - R* be a constant function defined
by f(x)= K, where K is a constant. We clearly note, for any real num-
ber «, that

E fa < K
¢ ifa>K

This implies that E(f > «) is a measurable set since both the sets E
and ¢ are measurable.

B(f > a)={

The following theorem gives various alternatives to the definition
of measurability of a function.

1.2 Theorem. Let f be an extended real-valued function defined on a
measurable set E (of finite or infinite measure). Then the following
Statements are equivalent:

(a) E(f > «) is measurable for all acR.

(b) E(f = a) is measurable for all acR.

(¢) E(f < «) is measurable for all «cR.

(d) E(f < «) is measurable for all acR.

Proof. Since the class S} of all measurable sets in R is a c-algebra
of sets, cf. 1II-4.13, the implications
@) = @) = (c) =@ = (2

*A function whose values are in the set of extended real numbers is called an
extended real-valued function.
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are consequences of the following relations:
a9 fr>e-3)
Ef < «)=E-E(f = «)
B < o)= A B(f<ats)
E(f > a)=E-Kf < 2),

each of which holds good for each real number «.Jj

1.3 Corollary. An extended real-valued function f defined on a measu-
rable set E is measurable if and only if one of the statements (a), (b),
(c) or (d) in Theorem 1.2 holds.

Problem 2. Show that the function ¢ defined on R by
x+35 ifx<-1

$(x)=1 2 f-1<x<0
x2 ifx>0
is a measurable function.
Solution. Let « be any real number. Then
[ ]- 00, &= 3] ifa<0
]- o0, =5[U{0} if a=0
R <®)={ 1-0w,a-5U[0, V] if0<a<?2
]-w,2-5U[-1, Va] f2 < a <4

L ]- o, V] if4<a

Since each of the sets on the right-hand side is measurable, the set
R($ < «)is measurable for all real a. Thus ¢ is a measurable function.

1.4 Theorem. If f is a measurable function defined on E, then the set
E(f=a) is measurable for each extended real number o.

Proof. For a real number «, we have

E(f=e)=E(f > ONES < o).
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Since f is a measurable function, the set E(f=«) is measurable for
each real number «. For a= oo, we have

E(f=<0)= () B> n);

and for a= — o0,
E(f= - 0)= E‘E(f < -n).

Since the countable intersection of measurable sets is again a measur-
able set, the result follows in both the cases, i.e. when a = 4 0.

Remark. The converse of Theorem 1.4 need not be true.
1.5 Example. Let P be a nonmeasurable set in E=]0, I[. Consider
the function f with domain E and defined by
x2 if x&P
-x2  ifxeE-P.

Then, for each real number «, the set E(f=«) consists of at most two
elements and is hence measurable. However, the set E(f > 0)is, in
fact, the set P which is nonmeasurable. Consequently, f is not a mea-
surable function.

f(x)= {

Problem 3. Let the function f: [0, I] — R be defined by

I-‘- fo<x<I
X
fx)=1 5 if x=0

L7 if x=1.
Prove that f is a measurable function.

2 PROPERTIES OF MEASURABLE FUNCTIONS

2.1 Theorem

(a) If f is a measurable function on the set E and E\CE is measur-
able set, then f is a measurable function on E,.

(b) If f is a measurable function on each of the sets in a countable
collection {E;} of disjoint measurable sets, then f is measurable

o0
on U E;
n=1
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(c¢) If f and g are measurable functions on a common domain E, then
the set

A(f, g)={x€E: f(x) < g(x)}
is measurable.

Proof. (a)for each real «, we have
E(f > ©)=E(f > a)N E;.
The result follows as the set on the right-hand side is measurable.

(b) Write E=:G|E" Clearly, E is a measurable set, cf. II[-4.10. The

result now follows, since for each real « we have

E(f > «)= Ql E(f> a).

(c) Define for each rational number r,
A,={x€E: f(x) < r < g(x)}
The result now follows by observing that
A4,={x€E: f(x) < r}N{xEE: g(x) > r}
and

A(f, 8)= yAr={x€E fx) < gx)}
Problems

4. If f and g are measurable functions on a common domain E,
show that each of the sets {x&E:f(x) < g(x)} and {xEE:
J(x) =g(x)} are measurable. [Hint : Use Theorem 2.1(c).]

5. Letf be a function defined on E;UE;, where E; and E, are
measurable sets. Show that the function f is measurable on
E1UE; if and only if f1g, and fig,; that is, its restrictions to E;
and E; are measurable.

Solution. Write f1=f1g,, f2=/fig, and E=E; E,. Let « be any
number. If f is measurable on E, then the set E(f > «) is
measurable for each real «. Also, one can observe that

E(fi > «)=E(f > «)N E\.

Since both the sets on the right-hand side are measurable, the
set E(f; > «) is measurable. Hence f} is a measurable function
on E;. Similarly, one can prove that f> is a measurable function
on E,.
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Conversely, if f; and £, are measurable functions, then that f
is so follows from the relation

E(f > «)=E(f1 > «)UEA(f2 > ).

6. Let f be a measurable function with measurable domain E.
Show that f is measurable if and only if the function g defined
by g(x) =f(x), for x&F and g(x)=0, for x&E is measurable.
[Hint: Take E; = E and E>= E° in Problem 5.]

2.2 Theorem. Let f be a function defined on a measurable set E. Then
f is measurable if and only if, for any open set G in R, the inverse
image f~Y(G) is a measurable set.

Proof. First assume that £ is a measurable function. Let G be an
arbitrary open set in R. Then it can be written as a countable union
of disjoint open intervals. Suppose

G= G Im

n=1

where I, =]ay,, b,[. Therefore

fG)= ’gl{er : f)EL}

=n§l[E( f> a)NE(f < ba)l.

The measurability of f implies that the set f~1(G) is a measurable set.

Conversely, assume that the set f~1(G) is measurable for any
arbitrary open set G' in R, in particular for G=]«, o[, « being any
real number. But, for G=]«, o[, we observe that

JUO)=E(f > «).

Hence f is a measurable function.]j

Problems

7. Let f be a function defined on a measurable set E. Show that f
is measurable if and only if the set E(f > r) is measurable for
each rational number r.

8. Let D be a dense set of real numbers. Let f be an extended
real-valued function on R such that R(f > «) is measurable for
each acD. Then f is measurable.
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10.

11.

Solution. Let « be any real number. Since D is dense in R,
«ED. This implies that 3 a decreasing sequence {«,} in D con-
verging to «. Thus

R(f > o)= EJIR(f > o).

Since R(f/" > «,) is measurable for each n, the set R(f/ > «) is
measurable. Hence the function f is measurable.

Let f be an extended real-valued function with measurable
domain D and let

Dy={x&D: f(x)=w} and Dy={x&D: f(x)=— o).

Show that f is measurable if and only if D, and D, are measur-
able sets and the restriction of f to D — (D1 U D,) is measurable.

Solution. Let f be a measurable function. Write

Dy={x€D : f(x)= 0} = "F_]' (x€D: f(x) > n)
and
D:={x€D: f(x)= — o} = ”61 (x€D : f(x)< —n}.

Note that D; and D, are measurable sets. Hence D;U D, is also
a measurable set. In view of Theorem 2.1(a), f is measurable on
D —(D1U Dy). The other part is obvious.

Show that any function defined on a set of measure zero is
measurable.

Show that any function f: E — R* defined on a measurable set
E is measurable if and only if the following conditions are
satisfied:

(a) The sets f-1{oco} and f-1{ — c0} are measurable.

(b) For each Borel set B, f~1(B) is measurable.

3 STEP FUNCTION

3.1 Definition. A function p : [a, 5] = R is said to be a step function
if 3 a partition

{a=xo<x < x2<...< x,=b}

of the interval [a, b] such that in every subinterval ]Jx;—1, x;[, the func-
tion p is constant, i.e.

P(x)=cb v xe]xt—h xi[9 i=1, 2’ e n.
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Note. A step function is one which is defined in a closed interval
assuming only a finite number of values. Each of these values is
assumed by the step function in an open subinterval. We can disregard
the values of the function at the partitioning points x; or assign values
to the function thereat arbitrarily, since these are finite in number
and as such form a set of measure zero (finite sets or more generally
sets of measure zero, if omitted, do not matter in our consideration®).

3.2 Examples
1. A function f: [a, b] - R defined by
«a fas<x<e

e
B if ¢ <x < bs
where « and 8 are constants, is a step function.
2. The Signum function S defined by

1 ifx>0
S(x)= 0 ifx=0
-1 ifx<O

is a step function.
3. The greatest integer function f defined, on any open interval, by
f(x)=[x] is a step function.
4. A function f: R — [0, 1[ defined by
S(x)=x-[x]
is a step function.

As an immediate consequence of Problem 1 and Theorem 2.1(b),
we have the following corollary.

3.3 Corollary. A step function is a measurable function.
4 OPERATIONS ON MEASURABLE FUNCTIONS

4.1 Theorem. Let f and g be measurable functions on E, and ¢ be a
constant. Then each of the following functions is measurable on E:

(@ ftc
®) o
(c) f+zg

*The Lebesgue integral of a function over a set of measure zero is zero, cf. V-4.3.
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@ f-¢

© 1Ifl

) r?

) fz

(h) f+g (g vanishes nowhere on E).

Proof. Leta be an arbitrary real number.
(a) Since f is measurable and
E(f+e > a)=E(f > atc),
the function f+ ¢ is measurable.
(b) Assume that c#0 since in case ¢ =0 the measurability of the

function ¢f follows from Problem 1. The measurability of ¢f for c#0
follows from the obvious relation

E(f>alc) ifc>0

B> - |
E(f<afc) ife<O.

(¢) Consider the set
E(f+g > a)={x€E: f(x) > a—g(x)}.

Since g is a measurable function, « — g is measurable in view of (a)

and (b). Hence f+g is measurable in view of Theorem 2.1(c).
(d) It is obvious in view of (b) and (c), since

f-g=f+(-g).
(e) Observe that
E ifa<O
E(|fi> ¢)-i )
Ef>a)UEf<-a) ifaz=0.

Both the sets on the right-hand side are measurable and hence | f | is
measurable.
(f) From the relation

E ifa<O
E(|f] >4/ ifa >0

and using (e), it follows that f2 is a measurable function.
(g) This follows from the identity

fe=g [(+8P-(-gP
in view of (b), (c), (d) and (f) above.

ch=>a)={
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(h) In view of the identity
f 1

raRr3
and (g) above, it is sufficient to prove that 1/g, where g£0 on E, is

measurable. We note that
[ E(g > 0) ifa=0

E(—f?> a)=< E g<-:T)nE(g<0) ifa>0

| Hg > 0)UEg < ONE(g <-:?) ifa < 0.

This proves that in either case. 1/g is a measurable function. The
proof of the theorem is now complete.

Note. The results in Theorem 4.1 hold good for extended real-valued
functions except that f+g is not defined when f=o0 and g=-o0 or
vice-versa, for then

E(f+g > )= U [E(f > r)NBg > a-r)]

ULE(f= o) - E(g= —~ )]
U[E(g =) - E(f= — )]

a measurable set.

Remark. The converse of Theorem 4.1(a) may not be true.

4.2 Example. Let P be a non-measurable subset of E=[0, 1[. Define
a functionf: E > R by
1 if x&P

fexy= { -1 if x& P.

The function fis not measurable, since E(f > 0) (=P) is a non-
measurable set. But | | is measurable as the set

ife <1

E
E(lfl>¢)={ )
¢ ifa>1

is measurable.

Problems
12. Are the results of (c) and (d) in Theorem 4.1 true for an infinite
number of measurable functions? Explain.
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13. If f is measurable, prove that any positive integral power of f is
also measurable.

4.3 Definition. Let f; and f2 be real-valued functions with common
domain E. Then the functionsf*=max (f;,f2) and £, =min (f1, f2)
are defined to be the real-valued functions on E, where values at any
point x&E are given by

S*(x)=max (fi(x), f(x))
and

Ju(x)=min (fi(x), f2(x)),
respectively.

4.4 Theorem. If fi and f> are measurable functions, then the functions
S and f, are measurable.

Proof. Let « be any real number. We note that
E(f* > «)=E(f; > ) UE(f2 > @)

E(f, > 9=Efi > YN E(f2 > a).

Since f1 and f, are measurable functions, the sets E(f; > «) and
E(f> > o) are measurable. Also, the union and intersection of two
measurable sets are again measurable sets. This proves that /* and £,
are measurable functions.j}

4.5 Definition. Let f be a real-valued function. Then its positive part,
written f+, and its negative part, written f-, are defined to be the non-
negative functions given by

Sft=max (f, 0)
and S~=max (f, 0),
respectively.
We observe that
f=ft-1-
and | f] =41~

4.6 Theorem. A function is measurable if and only if both its positive
and negative parts are measurable functions.
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Problem 14. Work out the details of the proof of Theorem 4.6.

Let { fi} be a sequence of functions defined on a common domain
E. Then the function max ( f3, f2, . . ., fx) and min (f, f2, . - ., f»), forany
finite n, can be defined similarly as in Definition 4.3. Also, in the case
when 7 is infinite, the functions sup £, and inf f, could be compos-

ed of likewise. We shall denote by sup f,, thefunction whose value at

x€E is the supremum of {fi(x), f2(x), ...}. We further denote by
lim sup, f,, the function whose value at x is lim sup, f,(x). Similar
notational agreements apply to inf £, and lim inf;, f,. We may note that

lim sup, f, = inf ( sup f) (€))
inf f= —sup (=fa) ¥}
lim inf, /, = - lim sup, (—f») =sup ( gf Jie). 3)

Note. We may be using frequently the notations im and lim in place
of lim sup and lim inf, respectively.

4.7 Theorem. Let {f,} be a sequence of measurable functions (with the
same domain E of definition). Then the functions max{f, f2, . . ., fu}s
min {fi, 2, « - > [u}s SUD fus inf fu, lim supn fn and lim infy f, are all

measurable.

Proof. In view of Egs. (1)-(3), it will suffice to prove that max {f;,
f2 - « ., f} and sup f, are measurable functions.’

Let A=max {f1, f2 - - ., fa}. We note that
BEh> o) =IQIE( fi> a).

Measurability of each f; implies that the function 4 is measurable.
Similarly, by writing g as sup f, and observing that

Hg > =)= [ B(fi> ),

the measurability of the function g follows.|]
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4.8 Corollary. If { fa} is a sequence of measurable functions converg-
ing to f on E, then f is a measurable function.

Proof. Since f, — f, we have
Tim /o= lim f,=f.
In view of Theorem 4.7, f is a measurable function.j

4.9 Corollary. The set of points on which a sequence { f»} of measur-
able functions converges is measurable.

Proof. The required set
{x : Tim f(x)~-lim fo(x)=0}

is, clearly, measurable.|j

Note. We may conclude that all operations of analysis, including
limit operations, when applied to measurable functions lead to a
measurable function.

Problem 15. Does there exist a nonmeasurable function on [a, 5]?
Justify your answer.

5 CHARACTERISTIC FUNCTION

5.1 Definition. Let E be a given set. If 4 is a subset of E, then the
characteristic fanction X, of A4 is a real-valued function defined on
E by

1 if x4

XA(x)= {
0 ifx&A.

Note. The characteristic function X4 of the set 4 is also called the
indicator function of 4.

A few simple properties of a characteristic function are given in the
following theorem, the proof of which is straightforward and hence
omitted.

5.2 Theorem. Let A and B be subsets of E. Then:

(@) X,=0 and Xg=1.
(b) ACB = X4 < Xs.
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(©) Xaur=X4+XB~Xuns.
(d) x4nB=Xa'XB.
(e) Xat=1-X4.

) x4= i X4,, where A= U A, and the sequence {A,} consists of

disjoint subsets of E.

(8) X4-B=X4—Xunp.

(h) X4x5=X4Xp. (The set B can be considered to be a subset of
some other set F.)

We define the measurability of a function f over a set E, provided
the domain set £ is measurable. If E is a nonmeasurable set, the
function f is nonmeasurable. But it does not mean that if E-is a
measurable set, the function f is always measurable. In fact, we prove
the following theorem.

5.3 Theorem. Let E be a measurable set. Then the set ACE and its
characteristic function X4 are simultaneously measurable or non-
measurable.

Proof. Let « be any real number. Then

¢ ifa>1
EX4>o)=14d if0<a<]l
E ifa<O.

If 4 is a measurable set, then the set E(X4 > «) is measurable for
each real number « and hence X4 is a measurable function., On the
other hand, if X4 is a measurable function, the set 4 turns out to be
measurable by choosing an « such that 0 <« < 1. |}

Remark. Theorem 5.3 asserts that the characteristic function of non-
measurable sets are nonmeasurable even though the domain set is
measurable.

6 SIMPLE FUNCTION

A very useful concept in the theory of measurable functions is that
of a simple function. A function is said to be a simple function if it
assumes only a finite number of values, each of them being finite. We
put more precisely as follows.

6.1 Definition. A function f: E— R is said to be a simple function
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if there is a finite disjoint class {E;, E3,..., E,} of measurable
sets with ;Q' E;=F and a finite set {ay, a3, ..., a,} of real numbers
such that

fX)=a, xE E,1 <i<n

Let f be a simple function as described above. Then, we have

f(x)= ;‘:i aXE(x)

where Xz, is the characteristic function of the measurable set E;.
Clearly, the sets E;={xEE: f(x)=aj}, i=1, 2, ..., n form a partition
of E. If is easy to verify that a simple function is always measurable.

6.2 Examples

1. Each step function is a simple function.
2. Each characteristic function of a measurable set is a simple

function.

3. Any linear combination of the form :i; aXg, represents a simple

function defined on the set E= iL'jl E,;. (The sets Es are meas

urable but not necessarily disjoint.)

Note. The representation of the function ¢ described in Example 3
above is not unique. On the other hand, if p is a simple function de-
fined on a set E and the set {a1, a2, .. ., an} its range, then

o= § axa, @

where 4;={xEE : p(x)=a;}, i=1, 2, .. ., m. This representation of ¢
is called the canonical representation and it is characterized by the
fact that the 4;’s are disjoint and the a,’s distinct and nonzero.

Problem 16. Prove that the product of two simple functions and
any finite linear combination of simple functions are again simple

functions.
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7 CONTINUOUS FUNCTION

7.1 Theorem. A continuous function defined on a measurable set is
measurable.

Proof. Let f be a function defined and continuous on E (measurable).
Let « be any arbitrary real number. Consider the set

A={x€E: f(x) <a}.

Let xo be a limit point of 4. Then, 3 a sequence {x,} of points in 4
with x, ~> xo. Therefore,

J(xn) < a, wn.
By the continuity of f at xo, we have
S(x0) < «

and, as such, xo=A4. Hence the set A4 is closed and, therefore, measur-
able. This proves that fis a measurable function. [i

Remark. The converse of Theorem 7.1 may not be true; more preci-
sely, a measurable function need not be continuous.

7.2 Example. Consider a function f: R — {0, 1} given by

1 fos<x<l1
-]

0 otherwise.

Clearly, the function f is measurable but not continuous. The point at
x =0 is a point of discontinuity of f.

7.3 Theorem. If p is a measurable function on a set E (measurable)
and f a function defined and continuous on the range of p, then fo p is
a measurable function on E.

Proof. Let o be an arbitrary real number. Then
E(fop > 2)={xEE : p(x)EG},

where G={u: f(u) > «}. But G is an open set since f is continuous.
Hence, in view of Theorem 2.2, the set E(fo ¢ > «) is measurable.
This proves that f o ¢ is a measurable function. [
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Remark. The result in Theorem 7.3 may not be true in reverse order;
that is, a measurable function of a continuous function need not be
measurable.

7.4 Example. Consider the Cantor ternary set C, and the increasing
and continuous Cantor function f defined on [0, I]. Let g be defined
on [0, 1] by g(x)=f(x)+x. The function g so defined is clearly
strictly increasing and continuous on [0, 1]. Hence g1 exists with
domain [0, 2] and range [0, 1]. Moreover, g~! is continuous, and,
therefore, measurable on its domain.

Let D denote the image of Cantor set C under the function g.
Then DC]O0, 2]. Since [0, 2] — C is an open set, it is a countable union
of disjoint open intervals {]a;, 5{}. On each such interval, the Cantor
function f has a constant value, say, «;. Therefore

g(Qas, b) =lai+m1, b+
and m(lai, b)) =m(la; +x;, b+ ).
This further gives that
m([0, 2]~ D)=m([0, 1]-C).
Hence, m(D)=1. This implies that ¢ maps a set of measure zero
(Cantor set C) onto a set having a nonzero measure.

Now, suppose F denotes a nonmeasurable subset of D. Denote by
h the characteristic function of F. Clearly, 4 is a nonmeasurable
function.

Define a function ¢ on [0, I] by p =4 o g and having range consist-
ing of two numbers 0 and 1. If p(x) =1, then g(x)&F which implies
x€C since FCD. Therefore {x : p(x) =1}CC and hence of measure
zero. This implies ¢ is equal to zero function almost everywhere.
Accordingly, by Theorem 8.6, ¢ is a measurable function on [0, 1].

Thus, the function A=p o g~! is an example of a nonmeasurable
function that is a measurable function of a continuous function.

7.5 Corollary. If f is a measurable function, then so are |f|, |f|P
(p > 0), exp (¢f), f*and f .

Proof. It follows from Theorem 7.3 as each of the functions
(D= 1t],]2 |7 (p > 0), exp (ct), t* and ¢~ is a continuous function. [

Note. Some of the results in Corollary 7.5 are obtained independent-
ly in § 4.

Problem 17. Show by an example that a measurable function of a
measurable function may not be measurable.
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7.6 Theorem. Let f and g be real-valued functions defined and measu-
rable on R. Then the real-valued function

h(x)=F(f(x), g(x)), xER
defined and continuous on the Euclidean plane R2 s measurable.

Proof. Let « be an arbitrary real number. Consider the set
Gu={(u, 9): F(u, v) > a}, u=f(x) and o=g(x).

Obviously, G, is an open subset of R? and hence can be expressed as
a countable union of open sets I, that is,

Ga = ':j Im
n=1

where I,={(u, v): an < u < bp, cx < v < dp}
={(f(x), g(x)) : an < f(x) < bn, cn < g(x) < dp}.
Now
{x:(/(x), gNEL}={x:an < f(x) < ba}N{x: cn < g(x) < dp}.
Since the functions f and g are measurable, the set

{x: (f(x), gx)HEl}

is measurable. Further, we note that

{x: h(x) > a}={x : (f(x), g(x))EG.}
= 0 tx: (79, gGNEL.
Hence, £ is a measurable function. |}

7.7 Corollary. If f and g are measurable functions, then so aref+g
and fg.

Note. The results in Corollary 7.7 are already obtained independent-
ly in § 4.

8 SETS OF MEASURE ZERO
Sets of measure zero are just the sets that are negligible in the theory
of Lebesgue integration.

8.1 Definition. A property & is said to hold good almest everywhere
(abbreviated a.e.) on a set S if the set of points of S where &P fails to
hold has measure zero.

8.2 Examples
1. If a function f defined on a setE is discontinuous on a subset of E
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whose measure is zero and is continuous elsewhere on E, then we say
that the function f is continuous a.e. on E.
2. Let f be a function defined on R by
0 if x is irrational

f(x)= .
1 if x is rational.
Then f(x)=0 a.e. This can equivalently be written as f=0 p.p. (presque
parpout).
8.3 Definition. Two functions f and g defined on the same domain E

are said to be equivalent on E, written f~g on E, if f=g a.e. on E; i.e.,
f(x)=g(x) for all x&E - E,, where E;CE with m(E;)=0.

8.4 Theorem. Letf andg be two equivalent functions defined on a
set E. If f and g are continuous on E, then they coincide throughout

E.

Proof. Suppose xo=E be a point such that f(xo)#g(xo). Then, since
f— g is continuous at xo, 3 a neighbourhood N,, of xo in which f— g is
nonzero. However, the measure of N,, is positive and so

m{x : f(x)#g(x)} > 0.
Thus, fand g cannot be equivalent. This is in contradiction with the
hypothesis. Hence the result follows. |

Remark. Two continuous functions cannot be equivalent if they
differ even at a single point of the domain. However, discontinuous
functions can obviously be equivalent without being identical.

8.5 Example. The function f defined in Example 2 in 8.2 is equiva-
lent to the function g=0.

8.6 Theorem. Letfandg be two functions defined on a common
domain E such that f=g a.e. and g is measurable. Then f is measurable.

Proof. Let Ei={xcE:f(x)=g(x)} and E;={xEE:f(x)#g(x)}.
Then E=E;U E; and m(E)=0. _
Let « be any arbitrary real number. Consider the set

A={x€E: f(x) > a}.
Since 4 N E2C B, it follows that m*(4 N Ez)=0. Also,
ANE ={xEE: g(x) > «} N Ey,
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whence 4 N E; is measurable.
The measurability of f follows from the relatiogp

A=(ANEYUMANE). I

8.7 Theorem. If a function f defined on E is continuous a.e., then f is
measurable on E.

Proof. It runs on the lines of proof of Theorem 7.1 and hence left
to the reader. |

Since the behaviour of measurable functions on sets of measure
zero is often unimportant, it is natural to introduce the following
generalization of the ordinary notion of convergence of a sequence of
functions.

8.8 Definition. A sequence {f,} of functions defined on E is said to
converge a.e. to a function f if

lim fi(x)=1(x),
for all x&E — E;, where E;CE with m(E;)=0.

8.9 Example. The sequence {f,} given by fu(x)=(- 1), x&[0, 1]
converges a.e. to the function f=0, in fact, everywhere except at
point x=1.

8.10 Theorem. If a sequence {f,} of measurable functions converges
a.e. to the function f, then f is measurable.

Proof. Tt follows from Corollary 4.8 and Definition 8.8. |j

Problems

18. Let f be a measurable function. Then inf {«: f < «a.e.} is called
the essential supremum of f, denoted by esssup f, and sup {«:f>«
a.e.} the essential infimum of f, denoted by ess inf f. Prove
that f < esssupf a.e. and ess sup f=—ess inf (—f). Also
prove that if f and g are any two measurable functions, then
ess sup (f+g) < ess sup f+ ess sup g and give an example of
strict inequality. [Hint: For inequality, take f=X;—1,0;— X0, 1
and g= ~f. Then inequality reads : 2 > 0.]

19. Let f=g a.e., where g is a measurable and f a continuous func-
tion. Then show that

ess sup f=ess sup g=sup f.
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9. BOREL MEASURABLE FUNCTION
In analogy with Definition 1.1, we define the Borel measurable
function as follows.

9.1 Definition. A function f defined on a set E is said to be a Borel
measurable function, or more precisely, Borel function on E if the set
E(f > «) is a Borel set for all real numbers .

As an immediate consequence of the definition, we note that every
Borel measurable function is Lebesgue measurable. Now.the question
arises: Is every Lebesgue measurable function Borel measurable? The
answer is no.

9.2 Example. The characteristic function of a set which is Lebesgue
measurable and non-Borelis Lebesgue measurable but not a Borel
measurable function. (A Lebesgue non-Borel measurable set is given in
Example II1-5.6.)

Remark. If we replace a Lebesgue measurable set by a Borel set
and Lebesgue measurable function by Borel measurable function in
Theorems 1.2, 4.1, 4.4 and 4.7, the results hold good. In fact, one can
prove the following results.

9.3 Theorem. Let f be an extended real-valued function defined on E.
Then the following statements are equivalent:

(a) E(f > &) is a Borel set for all «cR.

(b) E(f = «) is a Borel set for all acR.

(c) E(f < «)is a Borel set for all t€R.

(d) E(f < «) is a Borel set for allc.&R.

9.4 Theorem. Let f and g be Borel measurable functions on E, and
let ¢ be any constant. Then each of the following functions is Borel
measurable on E:

@ fte
® o
© f+g
@ f-g
e |1l
® r

®

(h) f+g(gvanishes nowhere in E).
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9.5 Theorem. Iff andf2 are Borel measurable functions, then the
Sfunctions f* and f, are Borel measurable.

9.6 Theorem. Let {f»} be a sequence of Borel measurable functions
(with the same domain E of definition). Then the functions max { f1, f2,
IS a,ﬁl}’ min {.fls fz, L af;l}s supfm Tfﬁl’ Iim supﬂﬁl’ andlim inf"f;l

are all Borel measurable.

Remark. Theorem 8.6 cannot be extended to Borel measurable
functions.

9.7 Example. In Example III-5.6, we note that 3 sets of measure zero
which are not Borel-measurable. Let E be one such set, i.e., m(E)=0
and E not a Borel measurable set. Define

g8=XE and f=0.

Clearly f is a Borel measurable function while g is not even though
f=ga.e.

9.8 Theorem. A continuous function is Borel measurable. The
converse may not be true.

Proof. As it runs on the lines of proof of Theorem 7.1, it is left to
the reader.j

In Theorem 2.2, it is proved that inverse image of an open set G
under a measurable function is 2 measurable set. If we take the set G
simply to be a measurable set, t::en f~1(G), where f remains a measur-
able function, need not be a measurable set.

9.9 Example. Let p be a Cantor function and P be a nonmeasur-
able set in [0, 1]. Then 4 =p(P) lies in C, the Cantor set, and has a
measure 0. So 4 is measurable. However, p is one-one and onto, so
p~1(4) =P, a nonmeasurable set.

However, if f is a Borel measurable function and G a Borel set,
we have the following.

9.10 Theorem. If f is a Borel measurable function and B a Borel set,
then f-Y(B) is a Borel set.

Proof. 1t is left to the reader as an exercise.]j

9.11 Theorem. If f and g are Borel measurable functions, so is fog.
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Proof. Leta be an arbitrary real number. Then
{x: (fog)x) > a}={x:f(g(x)) > «}
={x: g(x)E4]=g"1(4),
where 4 ={u: f(u) > «}. The set 4 is, clearly, a Borel set since f is a

Borel function. Therefore g-1(4) is a Borel set, cf. Theorem 9.10.
Hence f'o g is a Borel function as the set {x: (f0g)(x) > «} is Borel}j

Remark. Compare Theorem 9.11 with Problem 17.

9.12 Theorem. Iff is a Borel measurable function and g a Lebesgue-
measurable function then fo g is a Lebesgue measurable function. In
other words, a Borel measurable function of a Lebesgue measurable
Sfunction is a Lebesgue measurable function.

Proof. It is enough to establish: ““If f is a Lebesgue measurable fun-
tion and B a Borel set, then f-1(B) is a Lebesgue measurable set.”
For this recall

f"(liJA:)= U,f"(A:)
and
S 49)=("Y(A)).
Thus, the class of sets whose inverse images under /' are measurable

forms a o-algebra. But this class clearly contains the intervals. Hence
it must contain all the Borel sets.|j

Remark. The result in Theorem 9.12 is stronger than that in
Theorem 7.3.

Problems
20. Show that to every measurable function f there corresponds a
Borel measurable function g such that g=1a.e.
21. If fis an increasing function on R, then prove that fis a Borel
measurable function.
22. Prove Theorem 9.8.
23. Prove Theorem 9.10.

10 SEQUENCE OF FUNCTIONS

10.1 Theorem. Let E be a measurable set with m(E) < oo, and {f,} a
sequence of measurable functions defined on E. Let fbe a measurable
(real-valued) function such that fi(x) — f(x) for each xS E. Then given
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€ > 0and 8 > 0, there is a measurable set ACE withm(A) < 8 and
an integer N such that

[ fl¥)=1%) | <e,
for all x€E—A and alln > N.

Proof. Consider the sets

Gu={x:xEE, | fd(x)—f(x) | = €}.
Since the functions f, and f are measurable, the sets G, are measurable.
Define

Ek= Gk‘,Gn
={x: x&G, for some 7 > k}
={x: XEE, | fu(x)-f(x) | = € for some n > k}.
We observe that Ex1C Ex, and for each xS E, there must be some set

E;, such that x& E;. On the contrary, if we assume that x&E}, for all
k, then for any given fixed k, we must have

| flx)=f(x| =e forsomen = k.
This would lead to f,(x) #> f(x). Thus, {E} is a decreasing sequence
of measurable sets for whic:hﬁl E;.=¢. Therefore, in view of ‘corollary

II1-6.3, we have
lim m(E,)=0.
n-»w
Hence, given a 8 > 0, 3 an integer N such that m(E;) < 8, for some
k = N. In particular, m(Ey) < 9, i.e.,
m{x: x€E, | f(x)~f(x) | = e forsomen > N} < 8.
If we write A =Ey, then m(4) < & and
E-A={x: x€E, | fi(x)-f(x) | < eforalln > N}.
In other words,
| f(x)—f(*) | <€ wn= N and for x€E- A}

A trivial modification of Theorem 10.1 is the following result.

10.2 Theorem. Let E be a measurable set with m(E) < o« and {f,}
a sequence of measurable functions converging a.e. to areal-valued func-
tion f defined on E. Then, given €« > 0 and 8 > 0, there is a set ACE
with m(A) < 8 and an integer N such that

| fuX)-f3) | <,
Jor all x€E—~ A and alin > N,
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Proof. Let F be the set of points of E for which f,#>f. Then m(F)
=0 and f,(x) - f(x)for all x€ E— F= E; (say). Applying Theorem 10.1
for the set Ej, we get a set 4;CE; with m(4;) < & and an integer N
such that

| fux)=S(x) | <e, “
for all > N and x€EE;—A;. The result now follows by taking
A=A;UFsince m(F)=0 and E-A=E;~ 4]}

Problem 24. Show by an example that the condition m(E) < oo in
Theorem 10.1 cannot be relaxed.

Solution. Suppose E={x: x > 0}. Then m(E)= co. Define a sequence
{fn} of functions f,, : E - R by
0 ifo<x<n
X)=
1) { 1 if x> n.

The sequence { f,} is, clearly, a sequence of measurable functions
converging to f = 0. If we take e=1 and a (0 < 8 < 1), there may
not exist any set AC E with m(4) < 8 and an integer N satisfying the
inequality (4).

Let us recall that the concept of uniform convergence of a sequence
of functions is stronger than that of point-wise convergence. Uniform
convergence implies point-wise convergence but not vice versa. Con-
sider, for instance, a sequence {f,} of functions defined on [0, 1] by
Ja(x)=x"(0 < x < 1). Then {f,} converges pointwise to the zero func-
tion on [0, 1]. The convergence is not uniform. However, {f,} con-
verges to zero function uniformly on the closed intervals [0, 1 —¢],
for each € > 0. In other words, to each given ¢ > 0, 3 aset 4AC[0, 1]
with m(A4) < e such that {f,} converges uniformly to zero function
on the set [0, 1]- 4.

This motivates the introduction of the concept of almost uniform
convergence.

10.3 Definition. A sequence {f,} of measurable functions is said to
converge almost uniformly to a measurable function /' defined on a
measurable set E if for each ¢ > 0, 3 a measurable set ACE with
m(A4) < e such that {f,} converges to f uniformly on E— 4.

Remark. Let f, — f almost uniformly. Then for each positive integer
n, 3 E, such that m(E,) < 1/n and f, > f uniformly on E-E,. Let

A=”§1(E— E,). Then m(E—-A)=0 and for each xE 4, £, (x) > f(x).
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Hence almost uniform convergence implies convergence almost
everywhere.
Towards its converse, we prove the following result.

10.4 Theorem (Egoroff’s Theorem). Let E be a measurable set with
m(E) < oo and {f,} a sequence of measurable functions which converge
tof a.e. on E. Then, given ', > 0, there is a set ACE with m(4) <
such that the sequence { f,} converges to f uniformly on E— A.

Proof. Applying Theorem 10.2 with e=1, 3="1/2, we get a measur-
able set A E with m(4;) < 8 and a positive integer Ny, such that
| fuX)-fG) | < 1,
for all n > Ny and x€ Ej(= E— A;). Again, takinge=1/2and §=1/22,
we get another measurable set 42 E; with m(4,) < 8 and a positive
integer N3 such that
[fi(x)-f(x) | < 1/2,

for all » = N, and x€ Ex(= E;— A,); and so on. At the n'h stage, we
get a measurable set A,C E,_; with m(4,) < 8 and a positive integer
N, such that

1
| ) =13 | < =
for all n > N, and xE E,(= E,—1— Ay). Setting

4= 4
we note that
md) < 3. m(d) < 35 3=
Also,

E-A=E- 9 An
= Q(E—An)= nn(En—l —An)
= r"]E,,.
Let x& E— A. Then x& E, for all n and so

A0 < = v >N
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Choosing 7 such that —'ll—< €, we get

| fux)=Sf(x) | < &
for all x€E—~Adand n > N,=NJ

Remark. Theorem 10.4 is no longer true if E is of infinite measure.
A counter-example is obtained by taking E=R and f,= Xfg,n+13, fOr
each n.

Note. One should not confuse the term ‘almost uniform convergence
with ‘uniformly convergent almost everywhere’.

11 THE STRUCTURE OF MEASURABLE FUNCTIONS

While studying the properties of a complicated function, it becomes
a natural temptation to represent it, if possible, exactly or approxi-
mately in terms of comparatively simpler functions of similar nature.
In this connection we establish some results approximating measur-
able functions in terms of other known functions which are simpler in
nature, viz., simple functions and continuous functions.

11.1 Theorem. Let f be a measurable function defined on a set E.
Then there exists a sequence {f,} of simple functions which converges
(pointwise) to f on E. In case f = 0, the sequence { f»} can be chosen
such that 0 < fn < fa+1, YnEN.

Proof. Suppose first that £ is nonnegative on E. Consider a finite
collection of subsets of E defined by
fora=1, 2,22 ...,22and
E,, 1422 ={xcE :f(x) > 2"}.
Define a sequence { f,} of functions as

fum l+2“'( 1) »

Epa= {er‘

It is easy to verify that each f, is a simple function and the sequence
{fx} is an increasing one which converges to f on E.

In the general case, apply the preceding construction to the non-
negative measurable functions

g=f* and h=f-
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and obtain sequences {g,} and {A,}, respectively. Since
.f =g- hs
we obtain a sequence { f,} given by
Ju=8n—hn,
of simple functions with the required property.j
11.2 Theorem (Lusin Theorem). Let f be a measurable function defined

on E. Then for each ¢« >0, 3 a closed set FCE with m(E-F) < ¢
such that f is continuous on F.

Proof. First, suppose f to be a simple function and let {a;, a,...,
am} be the set of non-zero values of f. Then,

m
f = iz' afbe

the sets E; being measurable and disjoint. Write E,,,, =E—,"I:J| E; and

let € > 0 be given. Then, corresponding to each E, i=1, 2, ..., m+1
we can find a closed set F;C E; with m(E;— F}) < ¢, cf. III-7.1. Let

F=:U1 B
Clearly, the set Fis closed, FCE and satisfies
m4-1
m(E-F)= ;}lm(E —-F) < (m+1)e

The sets F;, i=1,2,...,(m+1), being disjoint and the function
f having a constant value on each Fj, it follows that f is continuous
on F.

Now, let f be any measurable function defined on E. Then, by
Theorem 11.1, there exists a sequence {f,} of simple functions con-
verging to f. Thus, in view of the above, given an € > 0 and for each
n, there exists a measurable set 4,C Esuch that f, is continuous on 4,
and m(E— As) < €/2". Set

A=NA,
n
Then, each £, is continuous on F and F is a measurable set satisfying

m(E-F)=m(U[E-4,]) < Z 2—‘,;=e.
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Corresponding to each positive integer p, define
By=AN{x:p-1<|x]| <p}
Clearly, each B, is a measurable set and 4= U B,. By Egoroff’s

14

Theorem, to each p there corresponds a measurable set C,C B, such
that m(B, — C,) < /27 and { f,} converges uniformly on C,. Further, in
view of III-7.1, there exists closed sets F,CC, such that m(C,— F,) <
¢/27. This implies that F,CB, withm(B,~F,) < €/2-! and {f}
converges to f uniformly on F,. Hence f is continuous on each Fj.

Let F= UF,. Then F is closed [For each positive integer n, if

14

F, is a closed set such that F,C{x: n—1 < | x | < n}, then F= tJ,F,,

is a closed set]. Moreover, f is continuous on F because of the cons-
truction of F (it may be noted that what is true in the instance of
U F, is not true of unions of closed sets in general). Finally, we observe
14

m(E—F)=m(E—- A)+m(A-F)
< e+m(|’,,JB,,- %'Fp)

< e+m(U[B,— Fp])
P

=€ +Epm(3p‘ F)

€
<€+ ;-Z?i = 3e.
This completes the proof of the theorem.]j

11.3. Theorem. Let f be a measurable function defined on E. Then for
each € > 0, 3 a continuous function g defined on R such that m(x&SE:
S(x) # g(x))< e. Further, if | f(x) | < M on E, then g may be chosen
so that | g(x) | < M on R.

Proof. By the Lusin Theorem, for each ¢ > 0, there exists a closed
set FCE such that m(E— F) < e and f is continuous on F. Using the
result: “Let £ be a continuous function defined on a closed set F. Then
there exists a continuous function g defined on R such that glz=£.
Moreover, if f is bounded, g can be constructed so that it attains a
maximum equal to that of > studied in real analysis, the required
function g exists on R which is continuous on R and satisfies gir=1.
Therefore the set

A={x€E: f(x) # g(x)}CE-F.



Measurable Function 117

Clearly, the set A is measurable since f and g both are measurable
functions and m(4) < e.
Finally, the boundedness of g follows directly from its construction.]

11.4 Theorem (Fréchet Theorem). Let f be a measurable function
defined on E. Then there exists a sequence {g,} of continuous functions
on R suchthat g, — f a.e. on E.

Proof. By Theorem 11.3, for each n there exists a continuous func-
tion g, such that the set 4,={xEE: f(x) # g,(x)} has a measure less

than 2-», Hence, for each m, the set °L°J A, is measurable and

n=m

m( U A,,) <Y md,) < B2-n=2m,

n=m n=m

Define
A = ﬁl G An- *
Then, A is a measurable set and in view of III-6.3, its measure is given
by
m(4)= lim m(a A,,) =0.
Mm->00 n=m
Let x& EN 4. Then, since x& 4,
X8 G Ay, for some p
n=p
and as such x& 4, for all n > p. This verifies that
glx)=f(x), wn=p.
Hence

n’% &a(x)=f(x), x€ENA-.

The proof will now be complete if

m(A4°(\ E) =m(E).
But it follows trivially since m(4)=0.]]

12. CONVERGENCE IN MEASURE

The notions of pointwise convergence and uniform convergence are
known from a basic course in Analysis. Pointwise convergence is more
general than uniform convergence. An even more general notion than
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that of pointwise convergence; namely, convergence almost everywhere
is introduced in §8. But the concept of convergence almost every-
where is not very different in the sense that it remains the same concept
as that of pointwise convergence except that it is now on a reduced
domain of definition. Moreover, these concepts—pointwise convergence
and convergence a.e.—reduce to the convergence of a numerical
sequence at individual points of the domain. In the theory of measure
and integration as well as in its application, other notions of conver-
gence which no longer reduce directly to the convergence of numerical
sequences are very important; for instance, the notion of  the conver-
gence in the mean (cf. VII-5) and that of convergence in measure. The
notion of convergence in measure was introduced by F. Riesz and E.
Fischer in 1906-1907. Sometimes, it is also called approximate
convergence.

12.1 Definition. A sequence {f,} of measurable functions is said to
converge in measure® to a measurable function f on a set E, written

f,.-’;fon E, if for each 8 >0 and ¢ > 0, there exists a positive
integer N such that

m({xE€E: | fux)-f(x) | =2 €}) <83, vyn>N.

In fact, the concept f, 5 f on E means that for all sufficiently large
values of n, the functions £, in the sequence {f,} differ from the limit
function £ by a small quantity (less than ¢) with the exception of a set
of points whose measure is arbitrary small (less than 8). The set in
which the function f, differs from f by more than or equal to e depends
in general on n but its measure remains small for all sufficiently large
values of n (n > N). Definition 12.1 can equivalently be formulated as
follows.

12.2 Definition. A sequence {f,} of measurable functions is said to
converge in measure to a measurable function f on E, if

..li‘i m({xEE: | fx)~f(x) | = =0,

for each € > 0.

We first establish that the limit function of a sequence which con-
verges in measure exists uniquely almost everywhere.

12.3 Theorem. If a sequence {f.} converges in measure to f, then it

*It is also called asymptotic convergence.
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converges in measure to every function g which is equivalent to the
Sunction f.
Proof. For each € > 0, we observe that
{x: | fulx)—8(x) | = §C{x: f(x) # gEPRU{x: | fulx)=f(x) | > e},
and since m({x: f(x) # g(x)}) =0, we infer that
m({x: | fu(x)~g(x) | = €}) <m{x: | fu(x)-f(x) | = €}).
This proves the result.jj

12.4 Theorem. If a sequence { f,} converges in measure to f, then the
limit function f is unique a.e.

Proof. Let g be another function such that f;, —> g. Since
I f-g| < |f-fal + | fa-8],

we observe, for each ¢ > 0, that

{x: | f(x)-g(x) | = €} { x| f@x) =) | = %}

Uds 15-e 1 > 5}

Since, by a proper choice of €, the measure of both the sets on the
right can be made arbitrarily small, we have

m({x: | f(x)~g(x) | = €})=0.
This implies f~ g.}
A relation between pointwise convergence and convergence in
measure is given as follows.

12.5 Theorem. Let {f,} be a sequence of measurable functions which

converge to f a.e. on E. Then f, —m>f onE.
Proof. Let us consider, for each n&N and ¢ > 0, the sets

Si(€)={xEE: | fx)-f(x) | = ¢}.
Let 8 > 0 be any arbitrary number. Then, by Theorem 10.2, there
exists a measurable set ACE with m(4) < & and a positive integer N
such that

| faX)=fx) | <&,
for all x&E~ 4 and n > N. Thus
Sie)c4, vn=N



120 Lebesgue Measure and Integration

= m(Sq(e)) < m(4) < 8, vn = N.
This proves the result.Jj

Remark. The converse of Theorem 12.5 need not be true. In other
words, convergence in measure is more general than convergence
almost everywhere. In fact, there are sequences of measurable (even
continuous) functions that converge in measure but fail to converge
at any point.

12.6 Example. Consider the interval [0, 1]. For each n&N, divide
[0, 1] into n sub-intervals:

o) [ - I

Write
Ep= [k 1 k] 1,2,...,n.
Enumerate all these intervals as follows:
[01]

i.e., Eu, Ezl, Ezz, Esl, Ezz, E33, cees
Let {E,} designate the above sequence of intervals. Define
Ja=Xg, -
We clearly note that the sequence {f,} converges in measure to the

zero function since m(E,) — 0 as n — oo,
On the other hand, for each € > 0, we observe that

{x x€[0, l]’ 'f't(x)l e} =E,, vn.
Then, for each x&[0, 1], fu(x)=1 for infinitely many values of n.
Hence f,(x) »> 0 for any x<][0, 1].
Although the converse of Theorem 12.5 is not true, we, however,
prove the following.
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12.7 Theorem (Riesz Theorem). If a sequences {f,} comverges in
measure tof on E, then 3 a subsequence { fn.} of {fx} which converges
tofa.e.onE.

Proof. Let us consider two sequences {¢,} and {8,} of positive real
[
numbers such that ¢, —>0 asn—> o0 and X 8, < co. We now choose

n=1
an increasing (strictly) sequence {n} of positive integers as follows.
Let n; be a positive integer such that

m({xEE, | fa,(x)—f(%) | = e1} < 31
Such a number »; must exist since, in view of f,,—'"» f, for a given
e; > 0 and 8; = 0, 3 a positive integer ny such that
m({xEE, | f(x)-f(x) | = &}) <8,

for all n > my, in particular, for n=n;. Similarly, let n» be a positive
number such that

m({x: x€E, | fu(¥)~f(x) | Z &) < &,

and that 72 > ny; and so on. In general, we get the number n; such
that

m({x: xEE, | fa ()= f(x) | = ex}) < &,

and that ;. > n;—;. We shall now prove that the subsequence {fn,}
converges to f a.e.

Define
4e= U (5 2€E, | ful®) ) | > e}, kEN
and
4= () 4

Clearly, {4s} is a decreasing sequence of measurable sets. Therefore,
in view of III-6.3, we have

m(A)= lim m(Ax).
k-»c0
But
m(Ar) < i 8;—> 0 as k- oo.
-

Hence, m(A4)=0. It remains to be verified that the sequence {f5,} con-
verges to f on E— A.
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Let xo€E - A. Then xogE Ay, for some positive integer ko. In other
words,

X&EXEE: | fu(x)-f*X) | = a}, k2 ko
This gives
| fm(x0)—f(x0) | < € Kk =Ko
But ez —> 0 as k—>o0. Hence
Km fu(x0) =(x0)-

This completes the proof.Jj

12.8 Theorem. Let f, —> f and g => g on E. Then:

@) futgn—>f+g.

(b) of, > aof, « is areal number.
© f& =% fo > f-and | fu| > 1S .
Further, if m(E) < o, then:
@ fi> 12
© foga—>S8
Proof. (a) It follows from the relation
{xEE: | (fat+gn)x)—-(f+8)x) | = ¢}

c e 110~ | 35}

U {xEE: | gn(x)—g(x) | = -%} .
(b) In case.a =0, it follows obviously. Let « # 0. Then

(B | @)@ -@E) | ¢
-dreE 101 1 = 157}

and the result follows.
(c) This follows from the relations

I =FH < famS s
[fa=f"| < |faf]
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and

Ll =11 < |fa=ST.

(d) From Definition 12.1, it is obvious that the limit function is
finite valued almost everywhere. Therefore, for € > 0, there exists a
set 4 and k > 0 such that m(4) < ¢/2 and | f | < k on Ac. Write

Es={x: | fa®)-f(x) | = 8}
Then, on (4 U Es), we have
[ fa=f21 = | fatf N fa=f
< (@+2k)8
<e
for an appropriate 8 > 0. Also m(Es) < /2 for all large n. So, for all
large n, it follows that

m({x: | fi0)-fAx) | = P <e
giving the result.
(e) From the identity

1
S &= T[(fn‘l'gn)z = (fa—8a),
the result follows.|]

Remark. The condition m(E) < oo in (d) and (e) in Theorem 12.8 is
essential.

12.9 Example. Take E=]0, oo[. Consider, for each n, f,(x)=x, x&E.
Then, f(x)=x. Let g«(x)=cn, where {c,} is a sequence of positive real
numbers such that ¢, - 0 as n — co.

Here m(E)= oo, and we note that
m({x: | fu(x)gn(x) —f(X)g(x) | = €})
=m({x: | x| Z )=, yn

This shows that f,-g, 5 f-gonkE.

12.10 Definition. A sequence {f,} of measurable functions is said to
be a Cauchy sequence in measure or fundamental in measure if given
an e > 0 there exists a positive integer N such that

m({x: | fu(x)=fo(x) | = €}) <6,
forallm,p = N.
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12.11 Theorem. If a sequence {f,} converges in measure to f, then
{fn} is a Cauchy sequence in measure.

Proof. It follows obviously from the relation
@ 1550 | > acfs L0109 | > 5}

Ude 1500-fe) 1 = 51

12.12 Theorem. If {f,} is a sequence of measurable functions which
is fundamental in measure, then there exists a measurable function f
such that {f,} converges in measure to f.

Proof. Since {f»} is fundamental in measure, for every positive
integer k, we may find an integer n; such thatif n > n, and p > g,
then

m(fs 170501 > %) < .

and assume that nx41 > ;. for each k. This gives a sequence {fm}, an
infinite subseqence of {/x}.

1
Let Bem{i | ) =fru®) | > 2}
Then for each x & ‘Gk E;, we have

| ) ~Fui) | < B L fnl) i) | < 5.
for j=i=k. Hence the sequence {fn,} is a uniformly Cauchy sequence in
J E )f Since
i=k
] 0 1
m( 0 B) < 5mE) < 3=

the sequence { fn,} is an almost uniformly Cauchy sequence and hence
a Cauchy sequence a.e.
Let us write

S()= lim fu(x),
for every x for which the limit exists. We observe, for every ¢ > 0, that
{x: [ fa(x)-fx) | = e}c{ % | foX) =fr®) | = %}
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U -0 1 > 5}

The measure of the first term on the right is by hypothesis arbitrarily
small if n and #», are sufficiently large, and the measure of the second
term also tends to 0 as k — oo, in view of the fact that almost uniform
convergence implies convergence in measure; see Problem 27.]}

Problems

25.

26.

27.

28.

29.

Let the function f be finite valued and measurable on a set E.
Then prove that:

(@) | fl*(z = 0) is measurable.
(b) | fI*(x < 0) is measurable if f(x) 7 0 on E.

[Hint: The function p(z)= | z|* (x = 0) is continuous for all z,
andso | f(x) |* is defined for all x€ E and is measurable. Further,
if « < 0, the function | f|* is defined and continuous on the
open set z # 0; so if f(x) # 0, the power | f(x) |* is defined and
measurable on E.]

Show that, for every aER* and measurable functions f, g:
E — R*, the functions 4, k: E — R* defined by

if x&D
h(x)= {

Jf(x)+g(x) if x€E-D

and
{ a if x&D
X)=

flx)g(x) ifxESE-D,
where D={f"Yo)Ng ! (~ o}pU{f(~©)Ng™ (o)}
are measurable.
Prove that almost uniform convergence implies convergence in

measure.
Let F'(x) exist for every x in [a, ] and

fx)=F(x) (a<x<b)
Prove that fis a measurable function. [Hint: Define F(x)=F(b)
for x > b. Let f,.(x)=n[ F(x+ —;—)-F(x)](a < x < b,neN),

Then each f, is measurable and £, — f on [a, 5].]
Show that an increasing function is a Borel function.
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30.

31.
32.

33.

Lebesgue Measure and Integration

Prove that an increasing function of a measurable function is a

measurable function.

Show that lim lim (cos p! nx)% defines a measurable function.
p>®o g->x

Prove that every subsequence of a Cauchy sequence in measure
is again a Cauchy sequence in measure.

Is the supremum of an arbitrary family of measurable functions
measurable? Justify.
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Lebesgue Integral

The theory of Riemann integration though very useful and adequate
for solving many mathematical problems, both pure and applied, is
not free from defects. It does not meet the needs of a number of
important branches of mathematics and physics of comparatively
recent development. First of all, the Riemann integral of a function
is defined on a closed interval and cannot be defined on an arbitrary
set. Investigations in probapility theory, partial differential equations,
hydromechanics and quantum mechanics often pose problems which
require integration over sets. Second and more important is the fact
that the Riemann integrability depends upon the continuity of the func-
tion. Of course, there are functions which are discontinuous and yet
Riemann-integrable, but these functions are continuous almost
everywhere, cf. Theorem 1.1. Again, given a sequence of Riemann-
integrable functions converging to some function in a domain, the
limit of the sequence of integrated functions may not be the Riemann
integral of the limit function. In fact, the Riemann integral of the
limit function may not even exist. This is a major drawback of the
Riemann theory of integration, apart from the fact that even rela-
tively simple functions are not integrable in the sense of Riemann
integration. H. Lebesgue in his classical work, introduced the concept
of an integral, known after his name the Lebesgue integral, based on
the measure theory that generalizes the Riemann integral. It has the
advantage that it takes care of both bounded and unbounded func-
tions and simultaneously allows their domains to be more general sets
and thereby enlarges the class of functions for which the Lebesgue
integral is defined. Also, it gives more powerful and useful convergence
theorems relating to the interchange of the limit and integral valid
under less restrictive conditions required for the Riemann integral,
cf. Theorems 4.1, 5.5, and 6.6.
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1 RIEMANN INTEGRAL

The classical definition of an integral, given first by Cauchy and
later developed by Riemann, runs as follows.

Let f be a bounded real-valued function defined on the interval
[a, 6] and let

P={a=xp< X1 < X2...< Xp=b}

be a partition (or subdivision) of [a, b]. For each partition P of [a, 5],
consider the sums

S®)= 3 (= xr-)M,

and s(P)= ?;‘,l (xi = xi-1)my,

where M;=sup {f(x) : xE]xi_1, x;]} and m;=inf {f(x) : xE]x:i-1, ]},
fori=1,2,...,n.
The upper Riemann integral of f over [a, b] is defined by

o
QI J(x) dx=inf S(P)
and the lower Riemann integral of f over [a, b] is defined by
b
R [ JS(x) dx =sup s(P),
a

where the supremum and infimum are taken over all possible parti-
tions P of [a, b]. If

[ rma-2 [ e

we say that the Riemann integral of f over [a, 5] exists and denote it
b
by .‘RI f(x) dx. It may be noted that in order that the functionf

be Riemann integrable, it is necessary for it to be bounded.

Let us try to look at the definition of the Riemann integral of a
bounded function through a slightly different angle; namely, through
step functions, as below.

Let ¢ be a step function (cf. IV, § 4) defined on the closed interval
[@, ). Then

P(x)=cy Xa<x<x (=1,2,...,n)

where {a=xo0 < x; < X2... < x,=>b}is a partition of [a, b]. Define
the elementary integral of ¢ over [a, b] as
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I " W) dx= £ con=1-0).

The elementary integral of ¢ is defined since the representation of
is unique and the sum is finite. Keeping this in mind we observe that

™ 5
®[ W ax=inf [ 40
for all step functions ¥ = f. Similarly
gzj: ﬂx)dx=suij b(x) dx

for all step functions ¢ < f.

Note. While defining the elementary integral of a step function ,

there was nothing in mind in regard to ‘in what sense’ it was defined.

Rather, it was simply the name given to the sum X c¢;(x;— xi—1).
i

However, now one can easily verify that the elementary integral of a
step function is nothing but the Riemann integral of the function.

It may be observed that the definition of the Riemann integral
involves the approximation of the integrand by step functions over
the partitions of the domain of the integrand. If the bounded
function f defined over [a, 5] is not too discontinuous, the Riemann
integral of f is the limit of the integrals of step functions which
approximate f. However, when the oscillations of f cannot be kept
sufficiently small on the subdivisions, the Riemann integral fails
to exist. Consider, for instance, the function 1 : [0, 1] - R given by

3 if x is rational
J(x)= {

4 if x is irrational.

For such a function, the oscillations in any partition of [0, 1] cannot
be made less than 1, and the lower and the upper Riemann integrals
take the values 3 and 4, respectively. Thus, f fails to be Riemann

integrable. In fact, Lebesgue gave the following characterization of
the Riemann integrable functions in terms of their discontinuities.

1.1 Theorem. A bounded function is Riemann integrable if and only
if it is continuous almost everywhere.

Proof. For the proof, refer to Appendix I.
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2 LEBESGUE INTEGRAL OF A BOUNDED FUNCTION

We have seen that given a class of functions—the step functions
defined on [a, b]—for which the integral (elementary integral) has
been defined, the integral then can be extended to those functions on
[a, b] which admit arbitrary close upper and lower approximations
by functions of the class in question. The resulting Riemann-integ-
rable functions have all the properties we may reasonably expect. The
same sort of thing may be done, starting from any class of functions
in which an ‘elementary integral’ is defined. If the class with which
we start is relatively complicated, the class of integrable functions so
obtained is relatively large and adequate for a resonable theory of
integration. If on the other hand, the initial class is simple, the result-
ing ““integrable” functions may be inadequate, and the process must
be repeated. Thus, in order to obtain a class of integrable functions
wider than that of Riemann integrable functions, we replace the class
of step functions by a larger class of functions known as simple func-
tions (cf. IV § 6).

Let ¢ be a simple function (measurable) with its canonical repre-
sentation given by

n
= X aX4,
P iﬂlai y
where the sets 4;={x: p(x) =a;} are disjoint and measurable, and

numbers a; (i=1, 2, ... n) are distinct and non-zero. Assume that ¢
vanishes outside a set of finite measure. Then, we define the ‘‘elemen-

tary integral” of p by
[ o2 dx= % amtap.
We sometimes abbreviate the expression for the elementary integral

of p by |p. If E is a measurable set, we define the integral of ¢ over

E by
o[
E

The elementary integral of a simple function has been defined through
its canonical representation. However, we prove that the elementary
integral is independent of the choice of the representation of the
simple function.

2.1 Lemma. Letp= ‘Z"’la,x&, where each E; is a measurable set
of finite measure and E;N\ E;= ¢ for i+j. Then
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I [ =:§1 am(Ey).

Proof. Clearly, p is a simple function defined on ‘L'J'l E;. Let a be an

element in the range of p. Then the canonical representation of p is
given by

p= X aXg,,
a
where a varies over the range of p and the set 4, is given by

A,={x:p(x)=a}= U E,.

Observe, in view of the additivity of /m, that
am(4,)= X am(E)).
a‘-a

Hence
[ o= Zamiae
=X Z am(E)

= Zam(E) i

Note. In view of Lemma 2.1, we can write the elementary integral
for a simple function even when. its representation is not canonical.

2.2 Theorem. Let p and  be simple functions which vanish outside a
set of finite measure. Then:

(a) I ay+b-la=a'[p+b I ¥, for all reals a and b.
) Ife=dae., thenjp 2[:#.
Proof. (a) Let {4,} and.{Bj} be the sets occurring in the canonical

representations of p and . Let 4o and By be the sets where p and ¥,
respectively, vanish Then

m n
adp+bf= a‘Z'l X4, + bjzl BjXs,

m n
= ‘2_.'0 ]f; (a4 bBj)X 4B,
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Since the collection of sets obtained by taking all the intersection
AiNBy (i=0, 1, 2,...,m;j=0,1,2,...,n)forms a finite disjoint
collection of measurable sets, by Lemma 2.1, we get

[ap+86= £ £ (@urvop) main3)

= 3'7 Zl",'oaa,m(A,nB,)+ P 2 bﬁ;m(A,ﬂB,)

i=0 j=

i=0

=z aoy m(A,n [,EJO Bj]) + j{obﬁjm(['yo 4; ] N B,)

=a i'§' am(4;)+b jz"l Bm(B;)

=ajp+bj A

in view of the fact that
Ain[ 0 Bj]=Ab i’O’ 19 29‘
J=0

[‘GoAg]nBﬁB,, j=0,1,2,....n

and that ag=0=f,.
(b) Taking @a=1 and b= -1 in (a), we get

Ip-f ¢=I (p-9¥)

Since p— ¢ = O a.e. is a simple function, by the definition of the
elementary integral, we have

f (-4 =20
and the result follows. [j

Letf: E — R be a bounded function and E a measurable set with
m(E) < . In analogy with the Riemann integral, we consider the

numbers
I $ and supf 2,
»f

where § and p range over the set of all simple functions defined on
the set E. These two numbers do exist and are, respectively, called

the upper Lebesgue integral, witten _f° I fx) dx, and the lower
Lebesgue integral, written _[,’I JS(x) dx.
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Justification. Since f is a bounded function on E, there exist real
numbers « and 8 such that

A {a=inf {f(x) : x€E}
B=sup {f(x) : x€E}.

Then the constants « and B, regarded as constant functions, are simple
functions on E satisfying « < f < 8.
Consider the set

L(f)={p : p is a simple function defined on E and p < f}.
For any p< L(f), we have ¢ < f < B. This gives

L p < IE B=Bm(E).

Thus, the set {J. LP pEL(Sf )} is a non empty subset of real numbers

since at least « is a member of it, and it has an upper bound, fm(E),

in R. Hence, it has the supremum, su;; J.E p. Similarly, by considering
P

the set
U(f)={¢: ¢ is a simple function defined on E and ¢ > f},

we obtain that the set { I . $:ycU(f )}» is a nonempty subset of real

numbers and has the infimum, inf I .
>r)E

It is quite clear that every bounded function defined on a set of
finite measure possesses both lower and upper Lebesgue integrals: It
is natural to enquire whether the upper and lower Lebesgue integrals
of f are equal. The answer is certainly in the affirmative when fis a
simple function.

2.3 Theorem. Letf: E—~ R be a simple function. Then

of s@yas=[ - [ soran
Proof. f being a simple function, f€L(f) and f&U(f). Hence
L_fs .L’LE f) dx < .UJ'Ef(x)dx < IEf,

and the result follows. [

2.4 Definition. A bounded function f defined on a set E of finite
measure is said to be Lebesgue integrable over E, if



134 Lebesgue Measure and Integration

£f syt [ s an
The common value is called the Lebesgue integral of f over E, written
r| 1@ e

Remark. Every simple function is Lebesgue integrable and its
Lebesgue integral is nothing but the same as the elementary integral
of f.

Note. Since we deal mostly with Lebesgue integrals, we shall write

.L S(x) dx for j . Jf(x) dx. We sometimes write the integral simply

as J'E f. In the special case, when E=[g, b], the integral (o5]
. b ’
f is traditionally denoted by I f. If fis a bounded measur-
a
able function which vanishes outside a set E of finite measure, we

write I f for L_ f. Observe that I . f =I f-Xg. However, for Riemann

b
integral, we use the notation 92[ f(x) dx in order to distinguish it
from the Lebesgue integral.

Next, we show the important role played by measurable functions.

We shall prove that every bounded measurable function defined on a
set whose measure is finite is Lebesgue integrable.

2.5 Theorem. A bounded function f defined on a measurable set E of
finite measure is Lebesgue integrable if and only if f is measurable.

Proof. Let f be Lebesgue integrable over E. Then
inf - I =1 (say),
inf j ) dx sup |, ¢(x) dx=1I (say)

for all simple functions ¢ and .

Given an integer n, 3 simple functions g, and ¥, such that
pn(x) < f(%) < fa(x) satisfying
1

L ) dx < T+

1
and I L PR dx > T-o
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This gives
1
L Pn(x) dx~ f g Prl¥) dx < - )
Define the functions

'l" = inf lp' a-nd ?‘ = sup P,,.

Since for each #, p, and ¥, are measurable functions, the functions ¢*
and y* are measurable (cf. IV-4.7) and ¢*(x) < f(x) < ¢*(x). Now,
consider the sets

A={x: p*(x) < $*(x)},
A,={x: P'(x) < sl-'(x)--:—},
Bun={ i) < on- L}
We note that:

@@ 4= 4,
v=1

(b) 4,C4¢; s Vn.
(c) ”‘(40, n) < D/n; fOl' ifm(Ao, n) > 0/”, then

J,, ey dx- [ ,,, P de= | o Jbor et
> m(de,)
>,

which contradicts (1).

Since n is arbitrary, we, in view of (b) and (c) above, have m(4,) =0
and hence m(4)=0. This proves that p* > ¢* a.e. Butp*® < y*.
Hence p*=4*=f a.e., and since each of the functions ¢* and ¢* is
measurable, the function f is measurable.

On the other hand, assume that /' is a measurable function on E.
Suppose f is bounded by M. Then

-M <f(x) QM, VxEE°
Divide the interval [ - M, M] into 2n equal parts and consider the sets

E,‘={er: %‘”—k > 1) > -%l-(k—l)}, —n<k<n
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Clearly, {E,: —n < k < n} is a countable collection of pairwise
disjoint measurable sets such that E= J E. Therefore,

m(E)= 3%, m(Ep).
For each #, if we define simple functions ¢, and ¢, as

¢,,(x)=£ i K5, ()

and p)=2 $ (6= 1s, ()
then they satisfy p.(x) < f(x) Pn(x). Thus,
J»J W) dx < I iy as = L $ iom(Ey

sup [ p(x) dx > j ¢,(x>dx=-"5kf: (e~ Tym(Ey)
- inf j ) s —sup o [ ) ax <5 § m(B)= LmiE).

Since 7 is arbitrary, we have
0 < inf I ¥(x) dx - sup J p(%) dx < 0.
¥>fJE ¢<fJE
Hence f is Lebesgue integrable on EJ}

Remark. The connection between integrability and measurability
provides the major justification for introducing the ideas of measura-
ble sets and measurable functions in the preceding chapters,

3 COMPARISON OF RIEMANN INTEGRAL AND

LEBESGUE INTEGRAL

In this section, we undertake to establish that the Lebesgue integral
is a generalization of the Riemann integral.

3.1 Theorem. Let f be a bounded function defined on [a, b). If f is
Riemann integrable over [a, b), then it is Lebesgue integrable and

b b
.ch ) dx=J f0) dx.
Proof.. Since fis Riemann integrable over [a, 5], we have
b b b
inf I P1(x) dx =sup I p1(x) dx=.¢RI f(x) dx,
>fla nsfla a
where p3 and 4 vary over all step functions defined on [a, b].
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But every step function is a simple function. Therefore,
b b
sup j p1(x) dx < sup I p(x)dx
nsfla ¢<f Ja

infralq(x)dx>infr¢(x)dx
wafla /t>f a ?

where p and ¢ vary over all the simple functions defined on [a, b].
Thus, in view of the above relations, we have '

ﬂlrf(x)dx <sp [ ax<inf [ sy ax <R[ sy ax
a \9<f a \$>f a = a
- supr p(x)dx=infr a/:(x)dx=.<Rr %) dx
¢<f Ja $>fJa a
- j:f(x)dx=szj';f(x)dx.l

Remark. Though all bounded measurable functions are Lebesgue
integrable, there are functions of this kind which are not Riemann
integrable.

3.2 Example. Consider the Dirichlet function f : [0, I] — R defined
by

1  if x is rational
Jx)= N

0  if x is irrational.
The function f is clearly bounded and measurable on [0, 1] and hence
Lebesgue integrable. Also j : f(x)=0. However, f is not Riemann inte-
grable since

1
gzjof(x)dx=1 and Q.I:f(x)dxxo.

Note. We have observed that a bounded function defined on an
interval may be Lebesgue integrable without being Riemann integra-
ble (cf. Example 3.2). On the other hand, if a function is Riemann
integrable, then it is Lebesgue integrable too (cf. Theorem 3.1) and
the two integrals are equal. Thus the class of Lebesgue integrable
functions is wider than that of Riemann integrable functions. How-
ever, the situation is entirely different in the case of improper Riemann
integrals. There do exist improper Riemann integrable functions which
are not Lebesgue integrable (see § 7).
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Problem 1. Prove that a Riemann integrable function defined on
[a, b] is measurable.

4 PROPERTIES OF THE LEBESGUE INTEGRAL FOR
BOUNDED MEASURABLE FUNCTIONS

4.1 Theorem. Let f and g be bounded measurable functions defined
on a set E of finite measure. Then:

(a) J.B af=a Ixf’ Jor all real numbers a.

® [ rro=[ r+[ e
(c) Iff=ga.e.,then

Jor-J.e

d) ¥f<ga.e.,then

<l
[or<fn

@©) Ife <f(x) <B, then
amB) < [ 1) dx < o).

(f) If E, and E, are disjoint measurable subsets of E,
then

I&U& r= I&f.l-jzg f

Proof. (a) The result is trivially true when a=0. Assume that g # 0.
If ¢ is a simple function then so is ayf; and conversely. Hence for ¢ > 0

Laf- Jnf [ apea jof ¢=aI f;
and fora< 0
[, b-ozp ],

I E a$>af
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(b) If ¥, and iy are simple functions such that ¢; > fand ¢» > g,
then ¢; +2 is a simple function and 5+ ¢, = f+g. Hence

[Loro<[, wrm=|, e[ w

> [ o< it [ s it [Ln=[ s+ e

Similarly, if 1 <fand g2 < g are simple functions, then p;+p2 is a
simple function with ¢;+p, <f+g, and so

[Lor+o> [, Girea=[ ot
which gives
[Loro= [, r+] e

Hence the result follows.
(c) It is sufficient to show that

[,o-0-0

Since /- g=0 a.e., it follows that if ¢ > f—g, then > 0 a.e. There-
fore, in view of Theorem 2.2 (b), we have

[REL
E
= L (f-g)=0.
Similarly, one can prove that
L (f-8) <0.

This proves the result.
(d) It is similar to that of (c).
(e) It follows from (d) and the fact that

Ls 1=m(E).

(f) It is an immediate consequence of (b) and the fact that
XE,uE:= XE, +XE, since Ey and E; are disjoint sets ]

We derive certain simple results from Theorem 4.1 in the form of
corollaries.
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4.2 Corollary. Iff(x) > 0 on E, then j S dx > 0; and iff(x)<0

on E, then JE f(x)dx < 0.

4.3 Corollary. If m(E)=0, then J.E f=0.

4.4 Corollary. If f(x)=k a.e. on E, then L Sf=km(E). In particular,

iff=0 a.e. on E, then IE f=0;and if f=1 a.e. on E, then
[, r=m®.

Remarks. 1. The converse of Theorem 4.1 (c) and Corollary 4.4
need not be true (cf. Problems 2 and 3).

2. The result in Theorem 4.1 (c) indicates one of the great advan-
tages of the Lebesgue integral over the Riemann integral. If fis a
bounded measurable function on [a, 5] (and hence Lebesgue integrable
over [a, b)), then changing the values of the function f on a set of mea-
sure zero has no effect either on the Lebesgue integrability of or on
the value of its integral over [a, 5]. On the other hand, changing the
values of a Riemann integrable function on a set of measure zero
may even destroy the Riemann integrability of the function.

4.5 Example. Consider the function f defined by f(x)=1, (0 < x<1).
Then the characteristic function X, of the set 4, where 4 is the
set of all irrationals in [0, 1], can be regarded as a function obtained
by changing the values of f on a set of measure zero in [0, 1]; namely,
on the rational points where it takes value zero. Now, one can easily
observe that f is Riemann integrable in [0, 1] while X4 is not.

Problem 2. Show by an example that the converse of Theorem 4.1(c)
need not be true.

Solution. Let the functions f:[~1,1] > Randg:[—1,1] > R be
defined by
2 if x<0
fx)= { .
0 ifx>0
and

g(x)=1, vXx.
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I 1f‘(x) dx=2=r_§(x) dr.

But f+# g ae. In other words, they are not equal even for a single
pointin[-1, 1].-

Problem 3. Show by an example that the converse of Corollary 4.4
need not be true.

Solution. Consider the function 1 : [—1, 1] > R defined by
1 ifx=0

poef
-1 if x<O.

Then
[ rwa=[ mmat[ s as=o.
-1 -1 0
Butf# 0ae.on[-1, 1].

In fact, towards the converse of Corollary 4.4, we prove the
following.

4.6 Theorem. If IE f=0and f(x) =0 on E, then f=0 a.e.
Proof. Suppose ACE is theset on which f{x) > 0. Then
A={x€E: f(x) >0}
-0 {er : () >—'ll-}

Now it is enough to prove that the measure of each of the sets in the
union is zero. Let, if possible, there be a natural number N such that

m({er : f)> %}) =A(# 0).
Write
Ey -{xEE Sf(x) > 7{,—},
B ={xEE fx) < —Iﬁ}
Thus E, and E; are two measurable disjoint sets such that E=E;( E.

Therefore
J E f=j& f+f&f.



142 Lebesgue Measure and Integration

But
1 A
J‘Elf > -I—V—M(El) = N >0.

Consequently, I - f>0 which contradicts the hypothesis that

[, oo
E
This completes the proof of the theorem.j

We now proceed to prove a result concerning the interchange of
the limit and integral operations of a convergent sequence of bounded
measurable functions.

4.7 Theorem (Bounded Convergence Theorem). Let {f,} be a sequence
of measurable functions defined on a set E of finite measure. Suppose
there is a real number M such that |f(x)| < M, for all x and all n.
Iff(x)= ﬁm Ju(x) for each xE, then

n=>c0

Jsf-__ ;lxl-?;ojs S

Proof. Since the function £ is the limit of a sequence of measurable
functions, it is measurable (cf. IV-4.8) and hence Lebesgue integrable.
Further, by Theorem IV-10.1, for a given e > 0, there is a measura-
ble set ACE with m(A4) < ¢/[4M and a positive integer N such that

|0)=f9) | < gy’

for-all n > N and x&E- A. Also,
|fdx)| <M, v nEN and x€E

=> | f(x) | <M, x€E
= | fu(x) =f(x) | <2M, xEE and, in particular, for x& 4.
Therefore
[ o[- [ 1)
<[ 15-11

=[, hpV] e r

< me—-E)m(E-A)+2Mm(A)
<e vn = N.
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Hence lim f f,.-[ Ve |
n»>o JE E
A slightly improved form of Theorem 4.7 is the following.

4.8 Theorem. Let {f,} be a sequence of measurable functions defined
on a set E of finite measure, and suppose that | f(x)| <M for all n
and all x in E. If f; > f a.e. on E, then f is integrable and

I P 3-’2. f g I
Remark. The results ifi Theorems 4.7 and 4.8 need not be-true in.case
of Riemann integrals.

4.9 Example. Let {r;} be an enumeration of all rational numbers in
[a, B]. Write S,={r;:i=1, 2, 3,...,n}, nEN. Define, for eace neN,
the function f,, : [a, ] - R by

1 if xE8,

0 ifx&S,

We note that f, is discontinuous only at » points in [a, b]; namely, the
points of S,. Therefore f, is Riemann integrable over [a, 5], and we
have

Su(x)= {

R r fu(x) dx=0, ynEN.

Further, we observe that f, — f on [a, b], where the limit function f
is given by
7 { 1 if x is rational
X)=
0 if x is irrational,

which is not Riemann integrable although f is Lebesgue integrable,
cf. Example 3.2.

We find from Example 4.9 that the result in Theorem 4.8 does not
hold good for Riemann integral simply because the limit function of
a convergent sequence for Riemann integrable functions can be a
function which is not Riemann integrable. However, we prove the
following.

4.10 Theorem. Let {f,} be a sequence of Riemann integrable func-
tions defined on [a, b] such that | f(x)| < M, for all n and x<[a, b].
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If {fx} converges a.e. to a Riemann integrable function f defined on
[a, b], then

.‘Rﬁf(x)dx= "nggzj':ﬁ.(x)dx.

Proof. It follows in view of Theorems 3.1 and 4.8}

5 INTEGRAL OF NONNEGATIVE MEASURABLE

FUNCTIONS

In this section, we generalize the definition of the Lebesgue integral
to include unbounded functions, particularly nonnegative functions
(measurable) defined on sets of finite or infinite measure.

5.1 Definition. If f is a nonnegative measurable function defined on a
set E (measurable), we define

f= h,
[ -],

where 4 is a bounded measurable function such that m({x& E : h(x)+#0})
is finite.

5.2 Theorem. Let f and g be nonnegative measurable functions defined
on a set E, Then:

(a) ch=cj.£f, c>0.
o fsom [, [,
(¢ Iff < ga.e., then L'fs L_g

Proof. (a) By Definition 5.1, we have

= h=csup [ k= I ]
Joor= s [ ermcap [ hme], 5

(b) Let & and k be bounded and measurable functions such that
h < f, k < g and vanish outside sets of finite measure, i.c.

{m({er: h(x)#0}) < o
m({xeE : k(x)#0}) < .
Then, we have 2+ k < f+g, and so

Lh+ Lk= L(h-i-k) < IE(f+g)
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= supj h-+ sup ksj (f+2).
h<fJE k<g JE E
This gives
[+ ] e<], oo
E E E

To prove the reverse inequality, let ¥ be a bounded measurable
function which vanishes outside a set of finite measure and satisfies
¢ < f+g. Define functions % and k by setting

{h(x) =min (f(x), $(x))
k(x) = (x) — h(x).

Now, we claim that 4(x) < f(x) and k(Jb < g(x). The first assertion
is obvious from the definition. In order to establish the second relation

we note that
h(x) +k(x) =(x) <f(x)+g(x).

If A(x)=1(x), then k(x)=0 and hence k(x) < g(x) since g is nonnega-
tive; if A(x)=f(x), then obviously k(x) < g(x).

Since & and k are bounded by the bounds of i, and also vanish
where ¢ vanishes, we have

J.E = fz (h+k)= Ish+ JEk

<IEf+ J'Bg
= &il}ngs < .[sf+ L‘g'
Hence
[+ ],e=], o

This completes the proof of (b).
(c) It follows directly in view of Definition 5.1 and Theorem

4.1 ()]
Problem 4. Let f be a nonnegative measurable function. Show that
f=0a.c. on E if and only if L‘f= 0.
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5.3 Theorem (Fatou’s Lemma). Let {f,} be a sequence of nonnegative
measurable functions and f, — f a.e. on E. Then

Isfg,};—l?;jxfm

Proof. We may assume, without any loss of generality, that the
sequence { f»} converges to f everywhere on E since the integrals over
sets of measure zero are zero.

Let 4 be a bounded measurable function such that 4 < f'and vanishes
outside a set of finite measure, viz.

m({x€E : h(x)#0}) < .
Let us denote this set by E'. Define a sequence {4,} of functions By
setting
hn(x) =min {h(x), fu(x)}-

Then each 4, is clearly bounded by the bounds of 4 and vanishes outsidk
E'. Moreover, we note that

lim A,(x)= lim min {A(x), fx(x)}
=min {k(x), f(x)}
=h(x), xE€E'.

Thus {A,} is a uniformly bounded sequence of measurable functions such
that 4, — & on E'. Therefore, by the Bounded Convergence Theorem
(cf. Theorem 4.7), we have

tim| A= &
n->o J E/ E¢
- Ih=j h=limj h<tim| £
= Je S5leT Tl

Hence, taking the supremum over all 4 < f, we get
<li
Jor<im, 8

Remark. Theorem 5.3 need not hold good, even in the presence of
uniform convergence, unless the functions f, are nonnegative,

5.4 Example. Let the functions f,: [0, I] > R be given by
R | 2
Filn)= {"‘ oy sxsy

0 if otherwise.
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Then f(x)= lim f,(x)=0 a.e. on [0, 1], and
n—>o

1
tim [ fimyan= -1,
l'
while L Sf(x)dx=0.

Problem 5. Show that the strict inequality exists in Theorem 5.3.

Solution. Consider a sequence { f,} of functions defined on R, where

1 fn<x<n+l
fol)= . ,

0 if otherwise.
We note that

lim f(x)=0,
n->c0
and so f=0. Therefore -[R f=0.

If we write Ey=[n, n+1[ and E,=R —[n, n+ 1], then

IRﬁ= L‘: Jut Is-f"= L

Hence
-[Rf<.;h—.—fjnﬁ"

Note For another example which ascertains that the strict inequality
exists in Theorem 5.3, see Problem 19,

The conclusion of Theorem 5.3 is weak as it only asserts that
j < h_m_J S In order to get equality between | f and EI Jns We
n->o0 n-»co

should pose some more conditions on the sequence { f,}. In fact, we
prove the following.

5.5 Theorem (Monotone Convergence Theorem). Let {f,} be an
increasing sequence of nonnegative measurable functions, and let

Sf= lim f,. Then,

[£=1m 1.
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Proof By Theorem 5.3, we have
If < lim Iﬂ..
n—>o
Since for each n, f, < fand so I o< I f, cf. Theorem 5.2 (c). This
implies
m[n<|s
n->wo
and hence the result follows.jj
5.6 Corollary. Let {u,} be a sequence of nommegative measurable
Sfunctions, and let f= il Uy. Then
n=
]
Jrm £ ]
Proof. Setting fp= 12'."1 4;, we get a sequence { f»} satisfying the hypo-

thesis of Theorem $5.5. Since lim f,= f:lu,. =f, we have
n-» n=
Jf = lim Ifn

=nli_£2!§u,.

In view of Theorm 5.2 (b), we may write

[ 5 =5 [u

- £ [

5.7 Corollary. Let {E;} be a sequence of disjoint measurable sets and
E= l{E, If f is a nonnegative measurable function defined on E, then,

[or=%l.7

Proof. Set fi=f-Xg. Clearly, each f; is a nonnggative measurable
function. Also

Hence

f.x8=f."li,81
=f(Xg, +Xg, ++--+Xg, ++°)
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= ); fXg,
=; fi
Therefore, using Corollary 5.6, we obtain

[tam 5 [5= B2
- Jr=%[, 78

Problem 6. _ Show that Theorem 5.5 need not hold good for a decreas-
ing sequence of functions.

Solution. Consider a sequence {f,} of functions each defined on R,
where

0 ifx<n
oo |

1 if x=n.

Clearly, {f.} is a decreasing sequence of nonnegative measurable
functions and converging to zero function, f. Thus

I‘; F¥) dx=0.

But
[0 sma= " sremars [T reoa
- fim |~ fux) dx=co.

Problem 7. Prove that if { f,} is a sequence of nonnegative measurable
functions defined on E, then

L%’:}ﬁ’ s%m;_hf,.

Solution. Corresponding to each positive integer #», define
h,=inf {f,: v = n}. Bach A, is measurable. Since 4, < f,, for » = n we
have

I hns“. fm fOl'v?n
E B

- Ih..slim fo  wnEN.
E e dE
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One may verify that {4,} is an increasing sequence which converges
to the limit function (= lim f,). Therefore, in view of Theorem 5.5,
n—>oco

we have
lim f,,=j halimJ h,.~<1imJ' fon
Eise E mw]E wd E

Remark. The result in Problem 7 is a generalization of Fatou’s
Lemma (cf. Theorem 5.3).

Unlike the convention in the case of the Riemann integral, we now
acknowledge oo as a possible value for a Lebesgue integral. It is
necessary to distinguish Lebesgue integrals having finite and infinite
values.

5.8 Definition. A nonnegative measurable function f defined on a set
E (measurable) is said to be integrable (or summable) if

IB f< oo.

Note. Every nonnegative measurable function has an integral
(Lebesgue) but only functions having finite integrals are called inte-
grable (or summable).

5.9 Theorem. Let fand g be nonnegative measurable functions. If
f> g on E and fisintegrable over E, then g is also integrable over
E and

IE(f—g)= jEf—ng-
Proof. By Theorem 5.2 (b), we have
[, r=],0-ero-[,0-0+] & @
since the functions f—g and g are nonnegative and measurable.
Further, f being integrable over E, L Jf < co. Therefore, each integ-
ral on the right of (2) is finite. In particular,

J’Eg< 0.

This verifies that g is an integrable function over E. The second part
of the theorem is now obvious.|j
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5.10 Theorem. Letf be a nonnegative function which is integrable
over a set E. Then given e > 0 there is a 8 > 0 such that for every
set ACE with m(A) < 8, we have

[r<e

Proof. The result is trivially true if f is a bounded function on E
since in that case | f(x) | < M, yxEE, for some number M and thus
given ¢ > 0, one can determine a 8(=¢/M) > 0 for which

J; < Mm(4) <e.

Assume that f is an unbounded function on E. Consider now a
sequence {f,} of functions defined on E, where

{f(x) iffx)<n
if f(x) > n.

Observe that {f,} is an increasing sequence of bounded functions such
that f, >f on E. Then, by the Monotone Convergence Theorem,
given ¢ > 0, there is an integer N such that

€
L > L_ f-=
Therefore, by Theorem 5.9, we have

[,or-to=|, r-[, <y

since f is an integrable function.

Julx)=

€
Choose 3 < N If m(4) < 8, then

[ 7= -tw+[ 1w
<[, -+ N-may

€ €
< "E' + N . 2‘_N'= E.I
Note. The technique used in the proof of Theorem 5.10 helps us to
evaluate the Lebesgue integral of nonnegative functions, bounded or
unbounded, see Problems 8 and 9.
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Problem 8. Evaluate the integral (Lebesgue) of the function
f: [0, 1] R defined by

— fo<x<1
f(x)= *
0 if x=0.

Solution. Here f is an unbounded nonnegative measurable function
defined on [0, I]. Define a sequence {f,} of functions on [0, 1], where

) ffx)<n
Flx)= ,
n if f(x) >n.
In other words,
1 . 1
5= if x = =3
Sulx)= vx ';
n if x< s

Clearly, as in proof of Theorem 5.10, we observe that { f;} is an in-
creasing sequence of nonnegative measurable function such that f,—f
on [0, 1]. Therefore, by the Monotone Convergence Theorem, we get

Jor=timf e [} e [ ]

mlmta
=-3—0
2

Hence, by Definition 5.8, £ is integrable over [0, 1], and the value of
its integral is 3/2.

Remark. We note that the integral
LI |
—d.

J o¥Vx *
regarded as a Riemann integral is an improper integral, whereas,
regarded as a Lebesgue integral, it is perfectly propsr, even though
the integrand is unbounded. Also, observe that the value of the integ-
ral in each case is the same, i.e. 3/2.
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Problem 9. Evaluate the integral (Lebesgue) of the function:
/2 [0, I] > R defined by

fo<x<1

®|=

Sfx)=
0 if x=0,

and show thatf is not Lebesgue integrable on [0, I].

Solution. The solution runs on the lines of that of Problem 8. In this
1 '
casejo f=oo. Hence fis not integrable (Lebesgue) over [0, I].

Note. Problem 9 provides an example of an unbounded nonnegative
measurable function which is not integrable (Lebesgue) over [0, 1],
whereas, the function considered in Problem 8, although an unbound-
ed nonnegative measurable function, is integrable over {0, 1].

Problem 10. Let f be a nonnegative integrable function. Show that
the function F defined by

F)= f T
is continuous on R.

Solution. In view of Theorem 5.10, given an € > 0 thereis ad > 0
such that for every set ACR with m(4) < 8, we have

IJ‘Af|<€.

If xo=R, then for every xR with | x—xo | < 3, we have

I:. f(@) ldt <e

<e

- ”"_wf(t)d:-ffwf(t)dt
= | F(x)—F(x0) | <.

Hence F is continuous at xo. Since xo=R is arbitrary, Fis continuous
on R.

Problem 11. Let {f,} be a sequence of nonnegative measurable
functions which converge tof, and suppose f, < f for each n. Show
that
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j f=lim I fo
n-»co
Solution. Since f, < f, in view of Theorem 5.2(c), we have

If}. ij, vrEN

and hence
1im | £, sjf.
n->c0o,
The result follows by using Fatou’s Lemma (cf. Theorem 5.3).

6 GENERAL LEBESGUE INTEGRAL

We now undertake to extend the definition of the Lebesgue integral
to include the most general possible functions (measurable) that take
both positive and negative values. To tackle such functions, we show
that a measurable function can be written as the difference of two
nonnegative measurable functions.

Let us recall that if f is a real-valued function defined on a set E,
its positive and negative parts are defined as
Sf*=max (£, 0)
and Sf~=max (-, 0),
and that £ is measurable if and only if both f+ and - are measurable,
cf. IV-4.6.

One can easily verify that
f=rr=f-
and
If] =fr+f-

6.1 Definition. A measurable function f is said to be integrable over
E if f+ and f- both are integrable over E. In this case, we define

Jor=for=Li

6.2 Theorem. A functionfis integrable over E if and only if | f | is
integrable over E.

Proof. If f is integrable over E, it follows that f/*+ and f- both are
integrable over E. By Theorem 5.2 (b), we have

[jrr=[ e+ [ s
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Hence the function | | is integrable over E. Conversely, if I LI ls

finite, then so.are L f*and f _ f~ and, hence, the result follows ]

Remark. Lebesgue integration is absolute integration in the sense
that f is Lebesgue integrable if and only if | | is so. In other words,
the Lebesgue integral integrates only those functions whose absolute
value functions are also integrable. However, this is not always true
in the case of Riemann integrals.

6.3 Example. Consider a function f: [0, 1] — R given by
1 if x is rational
fx)= S
-1 if x is irrational.
Observe that | | =1 on [0, 1] and hence Riemann integrable while f
is not.

Problem 12. Show that the function f: [0, oo[ - R defined by

s_i:_:_c ifx#0
f(x)=
0 if x=0

is not Lebesgue integrable over [0, oo[.

Solution. In view of Theorem 6.2, it is sufficient to prove that

J‘“ sian
=00
[} X
For this, consider the integral
fm|sinx|dx_2n .[kw | sin x| dx
0 x k=1 J (k—D)m x
- rlsm{z+(k l)ﬂ}l
k=1 z+(k-Drm
> §, [[ Lot tem |,
1
1 .
=7:§1 -E-J.::Ismzl dz
a2
=k§k_’.r.
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Thus
. (7 |sinx]| & 2
,!_I:EL x dx}kgz;—oo
= ID.M.dx-w,
0 X

6.4 Theorem. Let f be a measurable function over a set E. If there is
an integrable function g such that | f | < g, then f isintegrable over E.
Proof. Fromf+ < g, it follows that IE fr< f Eg, and so f* is inte-
grable on E. Similarly /- < g implies the integrability of /-, Hence f
is integrable over E.}j

6.5 Theorem. Let f and g be integrable functions over E. Then:
(8) The function of cf (c is finite) is integrable over E, and
J’E ef=c . f
(b) The function f+g is integrable over E, and

[jrro=[ s+ e

©) Iff < ga.e., then fEf sjsg-
(d) If E, and E; are disjoint measurable sets'in E, then

Jes =[5 ] 0
Proof. (a) If ¢ = 0, then

() =cf* (f)y=cf
and if ¢ < 0, then

@Nt=(=c)f~ (f)y=(-c)f*
The result now follows since the integrability of / implies that of f*
and f-; and conversely.

(b) We first prove that if /; and /> are nonnegative functions with
f=f1—f2, then

[,r=[.5-[ A ®
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Since f=f*~—f-, it follows that

fr=f=fi-fa
= frfa=fitf.
This, by Theorem 5.2(b), gives
IEf++JEﬁ= J‘Eﬁ +IEf-.

Hence, by Theorem 5.9, we have

Jor=Lr=lsl -]

This establishes (3) above.
Now, if fand g are integrable, then so are f*++g+ and f~+¢~, and

f+eg=(ft*+g")-(f~+g)
Therefore

L(f+g)= Lf++Lg+—Lf‘-Lg‘

“Jitle

Alternative Proof. (b) Since fand g are integrable, | f|and | g |
are integrable (cf. Theorem 6.2), and so | f| + | g | is integrable over
E (cf. Theorem 5.2 (b) and Definition 5.8). Hence, from the fact that
|fl +1g]|=1f+g]|, we conclude that f+g is integrable (cf.
Theorems 5.9 and 6.2). Further, we have

[, r+o=[ Ur-rre-e)
-[ o er-[ e

o S Kl Vs K

- I Ef+ I 2
(c) We note that f < g a.e. implies g—f = 0 a.e. Therefore

L(g-f)?O.
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Hence,

[,e=[.en+[ 7

>[ .
by using part (b).

) f= f F-Xewes

Ey\UEs

=jf‘xs; +Jf'xx._

el

Note. Observe that f+g is not defined at points where f=c and
&= — o or where /= — oo and g= 0. However, the set of such points
must have measure zero, since f and g are integrable functions. As
such the integrability and the value of f+g are independent of the
choice of the values in these ambiguous cases.

Problem 13. If f is an integrable function such that f=0 a.e., then
show that I f=0. [Hint: Apply Problem 4 to functions f+ and f-.]

Problem 14. If f is an integrable function, then prove that
J1]<fun.

When does equality occur?

Solution. Since |f| —f >0and | f| +f = 0, we have

[ir12[r s Jir1>- ]z

[uri=ifr1.

Further if [ £ 0, then [ 17| = [ giving [0.7] ~1)=0 s0 that,

in view of Problem 4, | | =f a.e.; ifjfso, thenf If]= I (-1

which, again in view of Problem 4, gives | f | = —f a.e. Hence equality
occurs when either f > 0 a.e. or f < 0 a.e.

Thus,
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Problem 15. Show that if f and g are measurable functions such that
|f] < | g| a.e. and g is integrable, then f is integrable.

Solution. Without any loss of generality, we may assume | f| < | g |
as we can redefine f, if necessary, on a set of measure zero. This gives

St < | g| verifying If"' < I | g| < . Hence f+ is integrable.
Similarly, £~ is also integrable.

Problem 16. Iff is an integrable function, then show that £ is finite-
valued a.e.

Solution. Let E be a measurable set of R. The integrability of f on E

implies integrability of | £ | on E. Hence J. R | £ is finite.

Let, if possible, | f| = oo on a set ACE with m(4) > 0. Then
[jir1>], 11> mma, wmen

since | f| > n on A for all n. However, n being arbitrary we have

[171 ==
This contradicts the fact that j _ 1| is finite. Thus m{4)=0. Henoo

is finite-valued a.e.
Problem 17. Let f be a measurable function and g an integrable

function, and o, B real numbers such that « < f < B a.e. Then, 3
a real number ¥ with « < ¥ < B such that

[rie1=7[1e1.

Solution. Since [fg| < |B| |g| <(|«|+|B]|)|g|ae and
g is integrable, the function fg is integrable (cf. Problem 15). Also

clg|<flgl<Blglae
and so

aflgISJflgléﬂflglo

¥ J'|g| —0, then g=0 a.e. and the result is trivial. IfJ.]gl #£0,
by taking ¥ to be a real number given by
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=(Jrien)/(1e1)

It is the restriction to nonnegative functions in Fatou’s Lemma and
Monotone Convergence Theorem that ensures the integrability of
lim f,,. If it is desired to relax the condition of nonnegativeness of the
functions, some other conditions are to be imposed. One such concerns
the notion of dominant function of the sequence.

we get the result.

6.6 Theorem (Lebesgue Dominated Convergence Theorem). Let g be
an integrable function on E and let {f,} be a sequence of measurable
Junctions such that | f» | < g on E and lim f,=f a.e. on E. Then

n->o

[jr=mm [ 5 @

n->coo
Proof. Clearly each f, is integrable over E (cf. Theorem 6.4). Further,
it follows from lim f,=f a.e. on E and | f, | < g a.e. on E that
n->»o

| f| < g a.e. on E. Hence f is integrable over E. Consider a sequence
{ha} of functions defined by k,=1,+g. Clearly, 4, is a nonnegative and
integrable function for each n. Therefore, by Fatou’s Lemma, we get

[rro< lim j (futg)

=> f<11m f;.

n—)eo

Similarly, consider a sequence {k,} defined by k, =g — f», and observe
that k, is a nonnegative and integrable function for each ». So, again
by Fatou’s Lemma, we have

[,e-n<tm| @

n-»o
- Pmf 5
Hence the theorem follows.Jj

6.7 Corollary. Let {u,} be a sequence of integrable functions on E
such that ﬁl U, converges a.e. on E. Let g be a function which is
ne=
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integrable on E and satisfy | ‘Zu:lu,l < g a.e. on E for eachn. Then i Up
is integrable on E and

JuFiomm & [

Proof. Let :2'.:1 u;=f,. Applying Theorem 6.6 for, the sequence {fy},
we get

Z"—Z 2B

E n=1

6.8 Corollary. Iffis integrable over.E and {E}} is a sequence of dis-
Joint measurable sets such that U E,=E, then

Jr-E LA

Proof. Since {Ej} is a sequence of disjoint measurable sets, we may
write
0
f= Z:l S X5
The function f- Xg,, is integrable over Esince | fXg | < |f] and | /]
is integrable over E. Moreover,
n
%7 x| <151, wmeN.
Thus the conditions of Corollary 6.7 are satisfied, and, hence,

jf=f fXB.
='§‘L_f'xm=gj'&f.l

Note. The result in Corollary 6.8 concerns a sequence of .integrals,
rather than a sequence of functions, based on a decomposition of the
domain of an integrable function. This, in fact, extends the result in
Theorem 6.5 (d) to any countable collection.of disjoint measurable
sets.

Remark. The condition of integrability of f on E in Corollary 6.8
cannot be relaxed.
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6.9 Example. Let E,=[n—1/n, n] and E= ‘Gl E, Define a function
f: E-> R given by

fx)=(-1yn, xE€E, ynEN.
Clearly,

[ 7= [ £xee= (- 1ynmiEsy
=(- 1y, vrnEN
= ng E, f= gl(-l)“.
On the other hand

[171=w
= fis not integrable on E.

If we replace the function g in Theorem 6.6 by certain appropriate
gu's, we get the following generalization of the theorem.

6.10 Theorem. Let {g,} be a sequence of integrable functions which
converge a.e. to an integrable function g. Let {f,} be a sequence of
measurable functions such that | f | < ga and {f»} converge to f a.e. If

Ig=n1_ig.[gm
then
[ 7= m [ 1.

Proof. It follows on the lines of the proof of Theorem 6.6 by using
Fatou’s Lemma for the sequences {g,—f»} and {g,+7.}.11

6.11 Corollary. Let {f,} be a sequence of integrable functions such
that fy—> f a.e. with f integrable. Then L | f=fa | -0 if and only if

[jim1[ 101,
Proof. Suppose first that

[ [
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Then, since | fo~f| < |fa| + | f| and
tm [(1£:] + 17D=2[ 171 <,
we have
[17-f1 >0,
in view of Theorem 6.10. The other part follows trivially.Jj

Remark. Theorem 6.6 is false without the assumption that an integ-
rable function g exists. First, a sequence of integrable functions,
although convergent everywhere, can have a nonintegrable limit func-
tion and, secondly, even if the limit function is integrable, relation (4)
may be false. In this direction, we now work out some examples.

6.12 Examples
1. Let fy(x)=nx", 0 < x < 1. Then lim £,=0 a.e. and
n->o0

.t .. N .. n
Jim , eyt tm [ o = fim e
1
- lim jlﬁ. £ I lim £,
n>c0 JO 0 n->o0
2. Let fi(x)=n%x", 0 < x < 1. Then lim £,=0 a.e. and
n->c0

tim [, iy = fm [, s

. n
lim Sy =
1
- lim f,,=oo;é0==fhmf;,
n-»o0 J

.
. . w
n sin nx 1f0<x<7

Su(x) =1

0 if — <x<m
\ n

Then lim f,(x)=0, vx<][0, =] and
n->00
mfo Fil%) dx= nm,n_I:sinnxdx=2

> Imf e [ ima e
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Note. In Examples 1 and 3 in 6.12, none of the sequences is mono-
tone or bounded almost everywhere.

Remark. Theorem 6.6 shows that the interchange of limit and integ-
ral operations in the case of Lebesgue integrals is possible under much
less restrictive conditions than in that of Riemann integrals. The
functions in the sequence need not be bounded. Moreover, uniform
convergence is not required. Consider, for instance, the example which
follows. This feature, among others, tend to make the Lebesgue
integral a more useful concept than Riemann integral.

6.13 Example. Consider a sequence {f,} of functions, each defined on
[0, 2], where

Ny % <x
fax)=

N

2
n

0 if otherwise.
Then

S(x)= ,.:hf. Sux)=0,  vx&[0,2].
Also, we note that

| fa(x) | <g(x), wx€I0,2]
where

j-i- Fo<x<2
g(x)=
0 if x=0.

Since g is integrable over [0, 2], the hypothesis of Theorem 6.6 is
satisfied. However, one may observe that the sequence { f,} does not
converge uniformly on [0, 2].

Remark. The existence of an integrable ‘dominant function’ g in
Theorem 6.6 is sufficient but not necessary for the interchange of the
limit and integral operations.

6.14 Example. Let

1 . 1 1
? if n—7 <X < n+7
Ja(x)=

0 if otherwise.
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Then f(x) - 0 as n — oo for all x, and
J:f,.(x) dx=log (g:ti) - 0asn—> oo.

Thus the result of Theorem 6.6 is true. But, if | f(x) | < g(x), 'vx,
then g(x) = 1/x, and hence no integrable dominant function exists.

7 IMPROPER INTEGRALS

We have seen in § 3 that if £ isa Riemann integrable function overa
finite interval, then it is so in the Lebesgue sense too, and the two
integrals coincide. However, this is not the case with improper Riemann
integrals® and the possible corresponding results for “‘improper” Lebes-
gue integrals. As an illustration, we give below a few examples.

7.1 Examples
1. Let E=[0, oof. Define f: E > R by

f(x)s('lky‘ N xelk-1,4,

for k=1, 2, .... One may easily verify, by using Lebnitz’s test for
alternating series, that

k
IimR| f
k> [V}
is finite. But, on the other hand, .’.E Jfdoes not exist, since L |1

fails to exist on account of

= 1
Jo 115 e
2. Letf: [0, oo = R be given by

Sit;x if x # 0.
f(x)=
0 if x = 0.
Then
@ m
RL f=7

*A Riemann integral may be improper because either the function to be integ-
rated is unbounded on a point (or points) in the interval of integration or the
interval of integration itself is unbounded.



166 Lebesgue Measure and Integration
On the other hand, fis not Lebesgue integrable on [0, oof since
[ ==
3. Suppose that —1 < a < 0 and let f: [0, I] - R be defined by
) {x‘ if0<x<1
xX) =
4 0 if x =0.
For each n, define f,: [0, I]—> R by

xs if—'ll-sxsl
So(x)= ’
0 if0<x<—n-

Observe that {f,} is an increasing sequence of functions such that
Jfa—f, and

1 1 1
Jormaili-n)  wen

1 1
= Io n < a+ i vneN.
Therefore, it follows, by the Monotone Convergence Theorem, that

1

L f exists and

1 im 1 1

.[o f= n-> .[o f.=a+ r
On the other hand, since f is unbounded, it is not Riemann integrable
1

over [0, 1] although the improper integral R .[o f does exist and can

easily be seen to be equal to art
4. Let E=[0,1]. Define f: E—R" by

7 {oo if x is rational
X)=

1 if x is irrational.
One can easily observe that

' 1
.[ o /=1
while the improper Riemann integral ® J: Jf does not exist.
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5. Letf: [0, o[ = R be defined by
1 if x is irrational
0  if xis rational.

Then f is neither Lebesgue integrable nor does its improper Riemann
integral exist.

o}

However, using the Monotone Convergence Theorem, we can extend
Theorem 3.1 to the Riemann improper integrals of nonnegative
functions.

Problem 18. What happens in Example 3 in 7.1 when a < —1?

7.2 Theorem. Let f be a nonnegative function defined on [a, b] such
that fis Riemann integrable over every subinterval [a+e, b), e > 0. If
the improper Riemann integral

um.qzr f

>0 a+te

exists and is finite, then f is Lebesgue integrable over [a, b], and
b b
j f=1lm @ j f.
a >0 a+te
Proof. In view of Theorem 3.1, we note that
b b
I =2 A e>0.
a+e a+te

The result then follows by using the Monotone Convergence Theorem
on letting e —> 0.

Remark. The result in Theorem 7.2 can be extended to an unbound-
ed interval (see Problem 24).

7.3 Corollary. If f is a function defined on an interval (bounded or
unbounded) such that the improper Riemann integral of | f| exists, the
improper Riemann integral and the Lebesgue integral of f both exist and
the two integrals are equal.

Problems

19. Prove the Monotone Convergence Theorem and Lebesgue
Dominated Convergence Theorem replacing ‘almost everywhere
convergence’ by ‘convergence in measure’.
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20

21.

22

23.
24,

27.
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Considering the sequence { f»} defined by

nx ifo<x< -:z-
f l(x) = 1
show that strict inequality holds in Theorem 5.3.
Let {f,} be a sequence of measurable functions such that

|fa]l <g ae. on E, where g is an integrable function on E.
Prove that

I nmﬁ,slimjf,.sfn?f f;,sf Tm £,
E 5o oo JE n>o0 JE E n-oo
Let {fa} be a sequence of nonnegative functions on R such that

Jfa—>f a.e. and suppose If,,-—> If< 0. Then, for each
measurable set E, prove that

I E Iu> I E 4
Prove Theorem 6.10.
If f is nonnegative and improper Riemann integrable on [0, oo,

prove that f is Lebesgue integrable.

. Let f be a nonnegative measurable function. Show that

I Sf=sup I p, where supremum is taken over all simple functions

p, 0 < ¢ < f. [Hint: Use Theorem IV-11.1.]
Under the hypothesis of Theorem 6.6, show that

lim [ 1] =o.

[Hint: | fa—f | < 2g, for each n and Theorem 6.6 applied to
(fa—f) gives the result.]

Prove for each of the functions f: [0, I] - R defined as below,
that the improper Riemann integral exists while the Lebesgue
integral does not:

1 . 1 .

—x- sm—; if x # 0

(@) f(x)=1

(b) f(x)=+




Vi

Differentiation and Integration

In Riemann theory of integration it is known that differentiation and
integration are inverse operations of each other in the following
sense:

1. If £ is a Riemann integrable function over [a, 5], then its
indefinite integral

Fx)=R j " fodi

defines a continuous function on [a, b]. Furthermore, if f is continu-
ous at a point xo[a, b], then F is differentiable there at, and
F'(x0) =f(xo).

2. If f is Riemann integrable over [a, ] and if there is a differen-
tiable function F on [a, b] such that F'(x) =f{(x) for xE[a, b], then

R I: [(t) dt=F(x)- F(a), vx&[a, b].

(This result is usually referred to as the Fundamental Theorem of
Calculus.)

The present chapter deals with similar types of interrelation between
differentiation and Lebesgue integration.

1 DINI DERIVATIVES

In discussing the differentiation of an indefinite Lebesgue integral
we shall have to take explicit care of the fact that a continuous func-
tion does not necessarily possess a unique derivative everywhere. By
various ingenious methods, it is possible to construct nowhere diffe-
rentiable continuous functions (cf. Appendix II).

For a function f which fails to possess a derivative in the ordinary
sense, i.e., when the increment ratio
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Jlx+h) —ftx)
h

does not tend to a unique limit as | 2 | - 0, we make use of the
following four quantities known as Dini derivatives:

DH(x)= Im fﬁ*”’—f(x) (upper right derivative)

h->0+

D,f(x)= lim f(—'x—-t")—fw (lower right derivative)
0T

Df(x)= ng_ f—‘(—x—% (upper left derivative)

D_f(x)=lim TERZIE  (1oyer eft derivative).
F>0—
We may easily prove, by using the definition, that:
1. The Dini derivatives always exist (finite or infinite) for any
function £, and satisfy

D¥f(x) = D+f(x),  DY(x) = D-f(x)

2. If D_f(x)=Df(x), then the common value, written Df(x), is
just the left-hand derivative of f at x; and similarly, if D,f(x)=D*f(x),
then the common value, written Df(x), is just the right-hand deriva-
tive of f at x. In general, Df(x) < Df(x) and if f has the derivative at
x, then Df(x)=Df(x); and conversely. Thus, the function f is differenti-
able at a point if and only if all four Dini derivatives thereat are
identical and different from 4- co.

3. Df(x)= - D(~f(x)).
) {D(f+g)(x) < Df(x)+ Dg(x)
' D(f+£)(x) > Df(x)+Dg(x).

Now, we give examples of functions along with their Dini
derivatives.

1.1 Examples
1. Let f: R > R be defined by f(x)=| x |. Then Df(0)= D,f(0)=1
and D_f(0)=Df(0)= —1. As such Df(0)= -1and Df(0)=1.
Consequently, f is not differentiable at x=0.
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2. Let f: R - R be defined by
x sin (L) fx>0
x
Sx)=<4 0 if x=0
L x sin (—Jl?)+4x ifx<O.
Then D*(0)=1, D.f(0)= ~1, D-f(0)=5 and D_f(0)=3.
3. Letf: R — R be defined by
. {1 .
f(x)-{ x sin (—x-) ifx#£0
0 if x=0.
Then D*f(0)=Df(0)=1 and D, f(0)=D_f(0)= —1.
4. Letf: R —> R be defined by
x {1+sin (log x)} if x >0
fx)=40 if x=0

x+4/-xsinZ(ogx) ifx<O.
Then D+(0) =2, D.f(0)=0, Df(0)=1 and D_f(g)= — c0.
5. Let f: [0, 1] - R be defined by
0  if x is rationals
f= { 1 if x is irrational.

Then D f(x)= 00, D_f(x)= — o0 and D,f(x)=0=Df(x), if x is

rational; D*f(x) =0=D_f(x), D~f(x)=co and D,f(x)= — oo, if

x is irrational.

Next, we establish the measurability of lower and upper derivatives

of a function.

1.2 Theorem. If f is any function on aninterval I, then Df and D f
are measurabe functions.

Proof. It is sufficient to prove that the set J(Df > «) is measurable

for any real number «. Consider, for a real number «, the set
A={x€l, Df(x) > a}.

Corresponding to each pair of positive integers m and n, we denote

by Am. the union of all intervals [x;, x] which are subsets-of I and

have the properties
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fo)=flx) 1

1
X2 — —
| X2—x1| < and Yo— %1

Clearly, the set A,,, is measurable and so is the set olj F]o Apap.

ne=1 m=1
Let ccA4. Then 3 an integer no such that Df(c) > a+(1/no).
Therefore, corresponding to each value of m, there exists a point x*
of I satisfying
A 1
no

. 1
o<|x —c|<7 and P

Then c& t} ?] Amn, as the closed interval [c, x*] is, contained in

n=1 m=1

Amn,, Whence cE A4y, for each m. This further concludes that

AC U N Apn

n=1 m=1

To get the reverse inequality, let c& U n Apn. Then there is an

n=1 m=1

ng such that ce n‘Amno’ whence cE Ay, for all m. This gives, corres-

ponding to each m, an interval [x;, x2] such that x; < ¢ < x»,

|x2—x||<-rl7 and f,g‘;i;_fx‘(f_l) >a+7l°-. (€8]

Suppose x; < ¢ < x2. Then, in view of (1), at least one of the
following two must be true'

@ LE=S
L1t

®) % —c
Further, by (1) we see that 1f x2= ¢, then (a) is true; and if x; = ¢, then
(b) is true. In either case, there exists a number x in I for which

@) .,y L
no

>¢+
no

>+

1
0<|x—c[<7 and
so that Df(c) = a+n—lo— > a. Thus c€ 4. Hence

U N AmCA,

n=1 m=1
and so A is a measurable set. This proves that Df is a measurable
function. Similarly, it can be proved that Df is alsoa measurable
function.jj
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1.3 Corollary. If fis a differentiable function on an interval I, then f'
is measurable on I.

Problems

1. Letf: Ja, b - R be a bounded nondecreasing function. Then
show that the set {x&]a, b[: D*f(x)= oo} is of measure zero.

2. Let f: ]a, b = R be a bounded nondecreasing function and let
0<a<pB.If Ae={x:D_f(x) < «} and Bg = {x : D*f(x) > B}, then
show that m(4. N Bs)=0.

3. Evaluate the Dini derivatives at x =0 of the function given by

[ ax sin2 (—!-)+bx cos? (—-I-) ifx>0
x x
Sx)= J 0 ifx=0
a'x sin2 (—1-) +b'x cos? (—1-) ifx <0,
L x x

where a < b and a' < b'.
4. Give an example of the functions f and g for which

D¥(f+g) # D*f+ Dtg.
[Hint: Consider f(0)=0, f(x)= x for x&€ Q, f(x) = —x for
x&Q;and g= —f]
2 DIFFERENTIATION OF MONOTONE FUNCTIONS

2.1 Definition. Let ECR. A collection 4 of intervals is said to be a
Vitali cover of the set E if for each x&E and each ¢ > 0, there exists
an interval /& J with x&7I and I(I) < e.

2.2 Example. Let {r,} be the enumeration of the rationals in [a, 5).
Then the collection {Z,,;} where I,,;= [r,. - T!’ r,.+%], n, ieN forms
a Vitali cover of [a, 5].

2.3 Lemma (Vitali’s Covering Theorem). Let E be a set of finite
outer measure and 9 a collection of intervals which cover E in the sense

of Vitali. Then given € >0, there is a finite disjoint collection
{Li, &, . . ., In} of intervals in 9 such that

N
m‘(E— 1U1 h ) <
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Proof. We may assume, without any loss of generality, that each
interval in 4 is closed; for otherwise we replace each interval by its
closure and observe that the set of the endpoints of 1), Ly, . . ., Iy
has measure zero.

Let O be an open set such that 0D E and m*(0) < m*(E)+1 < o
(cf. III-2.14). Since 4 is a Vitali cover of E, we may assume that each
interval in J is contained in O; otherwise we could discard from .4
all those intervals which extend beyond O and the remaining inter-
vals in 4 still form a Vitali cover of E; for if xEE, then for some
€ > 0 there is a neighbourhood N(x, 2¢)CO and there is an interval
I€ 9 such that x&1, I(I) < e, and hence ICO.

We now choose, by the method of induction, a sequence {I,} of
disjoint intervals from .4 as follows. Let I; be an arbitrary interval of
the family . and let 1, be the least upper bound of the lengths of the
intervals in .4 which do not have any point in common with Z;. Note
that m; < oo since My < m(0) < 0. We then choose I, an interval

from g which is disjoint from I;, such that /(L) > %‘01. Let 12 be the

least upper bound of the lengths of the intervals in 4 which do not
have any point in common with either I; or I, and note that 1, < o0,
Choose I, an interval from § which is disjoint from 7; U I2, such that
I(I3) > /2. In general, having already choosen n disjoint intervals
I,Db,... I, we denote by 1, (< o) the least upper bound of the
lengths of the intervals in 4 which do not have any point in

common with‘L':l! I, and choose I, to be an interval from 4 such
that it is disjoint from the preceding intervals and /([p+1) > M./2. If
for some n, the set :Unl I; contains almost every point of the set E,

the lemma is proved; otherwise we get an infinite sequence {I,} of
intervals from .J such that

LNh=¢, i#j
1(1,.+,)>712"-s e < o0,n=123, ...

Observe that {",} is a monotonic decreasing sequence of nonnegative
real numbers.

Since ‘Gl 1,C O, we have
n=

i; KI,) < m(0) < oo.
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Thus, for a given € > 0, there is an integer N such that

i I(Iu) < ‘-;"
n=N+1
Write
N
J=E- U L.

n=1
The lemma will be proved if we establish that m*(J) < e. Let x&J.
N N
Then x& Ul I,. Since Ul I, is a closed set not containing x, we can
find an interval 7 in 4 such that x&7 and /(I) so small that I does not
meet any of the intervals Iy, b, . . ., Iy, i.e.
INL=¢, i=1,2,...,N.
Thus, we may have
(D) <2< 2l(Ins).
If the interval I does not meet with Iy, also, we should have
(D < "w4a1.
If I did not have any point in common with any of the intervals in
the sequence {/,}, then we should have
<m, wn
which is impossible since
Na < 2l(Ip41) - 0 asn - 0.

As such, 7 must meet at least one of the intervals in the sequence
{I}. Let Mo be thc smallest integer such that I meets I,,. Clearly,
no> N and I(I) < Mpy-y < 2I(I,,). Since x€I and I has a point in
common with I, it follows that the distance of x from the midpoint

of Iy s at most (I)+51(In) < -2-1(1,,,). Thus, if Jy, is an interval

concentric with In, such that I(Jn,)=5I(In,), we find that XxEJpn,. In
other words, for every x€J, 3 an n > N+1 such that x&J, and
I(J,)=5I(1,), and as such

JC U Ja
n=N+1

= m) < n-gﬂ 1

=5 n=§+l )<e
This completes the proof of the lemma.Jj
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As an application of Theorem 2.3, we have the following significant
result which generalizes the result: ‘7%e union of a countable collection
of intervals is a measurable set’.

2.4 Corollary. The union of any collection of intervals is a measurable
set.

Proof. Let {f : A\&A} be a collection of intervals and let
E= U I.

Ae4
Denote by 4 the collection of all closed intervals J such that JChK
for at least one AcA. Then 4 is a Vitali cover of E, and it follows
that for each e > 0, there exists a finite collection {J1, J3, . . ., Ja} of
disjoint intervals in 4 such that

m‘(E— iU"l Ji)<e
- m‘(E— :Gx J,)=o.
But J;CE, for all i. Therefore
E=[u i u[z- 0 a)
=i i=1
Hence the measurability of E follows from that of 'G| Ji and
£- 54

2.5 Theorem (Lebesgue’s Theorem). Let f be an increasing real-valued
Junction defined on [a, b]. Then f is differentiable a.e. and the deriva-
tive f' is measurable. Furthermore,

[ " 1) dx < 70) 1@, %)

Proof. Let us first prove that the points of the open interval ]a, 5[
at which not all the four Dini derivatives are equal form a set of
measure zero. Since
D.f(x) < D*f(x) and  D_f(x) < Df(x),

it is sufficient to show that each of the following four sets of points
of ]a, [ is of measure zero:

A={xE]a, b, D_f(x) < D*f(x)}

B={x€El]a, bl, D+f(x) < Df(x)}
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C={x€]a, b, D_f(x) < Df(x)}
D ={x€E]a, b, D.f(x) < D*(x)}.
We establish the result only for the set 4, and the result in respect of

the sets B, C and D can be proved similarly.
Define, for given rationals, ¥ and » with u < », the set

Ayyo={xE]a, B[: D_f(x) < u < v < DHf(x)}.

Clearly, A is the union of a countable family {4, ,} of sets, where u
and » vary over all rationals. Thus, in order to show m*(4)=0, it is
sufficient to establish m*(4,,.)=0.
Let m*(Au,0)=«. Then given an € > 0, 3 an open set 0D 4,,, such
that
m(0) < a+te.

Let x be any arbitrary point of 4,,,, since D_f(x) < u, there is an
arbitrary small interval (intervals) [x — 4, x]CO such that

SX)=f(x—h) < uh.
This way we obtain a Vitali cover J of 4, ,. By Lemma 2.3, thereis a
finite subcollection {I}, Iy, . . ., In} of disjoint intervals in .4 such that
N
m.(Au.v_ iUlI‘ <e

Write I;=[x;—h, x)}, i=1,2, ..., N. Then summing over these N
intervals, we have

$. U= <u 3 b
< m(0)
< u(x+e).
Let y be an arbitrary point of the set

E-A.,.n[‘ﬁl Int (n)].

Since D*f(y) > v, there is a small interval, and hence intervals of the
form [y, y+k]CI,, for some i=1, 2, . . ., N such that

JO+k)—-f(y) > vk.
This way we obtain a Vitali cover (J* of E. Again, by Lemma 2.3,
there is a finite subcollection {J/3, J2, . . ., Ju} of disjoint intervals in
J* such that

M
m‘(E - U J,) <e.
Jj=1



178 Lebesgue Measure and Integration
Since one can easily verify that m*(E) > «—e, it follows that
M
m* (En[ Ul J,]) > a—2e,
J—

If we write Jy=[y;, y;+K&5),j=1, 2, . . ., M, then summing over these
M intervals, we obtain

LU0 +)~f0 > 0 3 Jo

> oo —2¢).
But each Jj is contained in some J;. Thus, for a fixed i, if we sum over
those j for which J;C I, we get
YU+ k) =f)] < fCxe) —f(xi—hy),

since f'is an increasing function. Therefore, summing the right-hand
side of the above overi=1, 2, ..., N, we obtain

2 ) -1a-hl > 3 L0s+k)~f0)]

= u(x+€) > oo — 2e).
Since this is true for each ¢ > 0, we must have ux > va. But u < .
This implies that « =0, and so m*(4)=0.
We have thus established that
f(x+hz—f(x)

g(x)= lhl_lg

is defined a.e. in [a, 8], and that f is differentiable wherever g is finite.
Write

. 7 x+i) 1)

n

and set f(x) =£(b) for x = b. Then we note that {g,} is a sequence of
nonnegative functions, since f is increasing, such that g, > g a.e.
Moreover, g is measurable. Hence, by Fatou’s Lemma, we have

b L
fo<mm[ s
-t [[[1ro) o] o

=”]-__2;[ n j:+llnf_n!:+lln f]
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- %[f(b) —n J‘a+llu f]

a
< f(®)-f(a)
< oo.
This verifies that g is integrable and hence finite a.e. in [a, 5]. Conse-
quently f is differentiable a.e. and g =" a.e. |

Remark. Strict inequality holds in Theorem 2.5.

2.6 Examples
1. Consider the function 1 : [0, 1] — R given by

. 1
S’ 7
0 if 0 .x<2

1 1f-2—<x<l.

f(x)=

Then f'(x)=0 a.e. on. [0, 1]; and

[, 7-0<1=0-s0)

2. The Cantor function ¢ satisfies the hypothesis on [0, 1] and in
addition ¥'(0)=0 a.e. on [0, 1]. Thus

[ ¥=0<1=9)-40.

We know that equality, in the case of the Riemann integral, holds
in (2) if f' is continuous in [a, b]. However, we shall obtain equality
in the case of the Lebesgue integral under conditions less restrictive
than that a continuity of f*, but of course stronger than the hypothesis
of this theorem, cf. Theorem 4.5.

Problem 5. Show by an example that the condition ‘f isan increasing
function in Theorem 2.5’ is necessary.

3 FUNCTIONS OF BOUNDED VARIATION

In this section, we introduce functions of bounded variation. The
reason for introducing such functions here is that they are related to
the derivatives of Lebesgue integrals. These functions are essentially
the differences of monotone functions (cf. Theorem 3.2); and we, in
fact, extend the Lebesgue Theorem on differentiability of monotone
functions (cf. Theorem 2.5) to the class of functions of bounded
variation in § 4 which is larger than that of monotone functions.
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3.1 Definition. A function f defined on an interval [a, 5] is said to
be of bounded variation if there is = constant X > 0 such that for
every partition

P=fa=xo<x% <...<X%<...<x=b}
of [a, b], we have

317~ flxi) | < K.

In fact, the variation of a function f defined on [a, 5] with respect
to a partition P of [a, B] is given by

VS P)= 3 1G-S |
and the total variation of f on [a, 5] by
Tf)=sup Va(/, P).

The total variation T2(f) may be finite or infinite. It follows from
Definition 3.1 that fis of bounded variation on [a, 5] if and only if

TYf) < co.
Further, let f be defined on R. Define
TZ(f)= lim T2 (f).
a-»o0

f TZ.(f) < oo, then f is said to be of bounded variation on R.

We now give a few simple observations with regard to the functions
of bounded variation.

(a) A bounded monotone function is a function of bounded variation
and

TA )= | fB)-f@) | -

(b)-A function of -bounded variation is necessarily bounded, but
not conversely.

Let x<]a, b] be arbitrary. Then

| fx)-f@) | + |f®B)-f(x) | < Ta(f)
= | f(¥) | < f(@)+T2(S)-
For the converse, consider a function f: [0, 1] > R given by
r x sin (-"—) if x#0

ﬂx)‘i o 6
0 if x=0.
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The function fis clearly bounded. To show that f is not of bounded
. . i 2 2 2 2

variation, consider a partltlon{ s F T e 2T+1’°} of

[0, 1], » being a positive integer. For this partition, we have

10-f (F)A(3) -7 (F) 1+ - +17 (527) 7O 1

-sHFE) -+ (z1)

1 1 1
=4( tytgt- 2n+l)

Since 22%_'_1 is divergent, its partial sum (—3-+—5—+-%-+ e +

2”{'_ I) is not bounded above. Hence T3(f) = co.

(c) A function of bounded variation need not be continuous.

Consider the function f: [0, 2] > R defined by f(x)=[x], where
[x] denotes the greatest integer not greater than x. Here f is a func-
tion of bounded variation but not continuous in [0, 2].

(d) A continuous function need not be of bounded variation.

The function f defined in (3) is continuous on [0, 1] but not of
bounded variation.

() If f and g are two functions of bounded variation on [a, b] and
A is a constant, then \f and f+g are functions of bounded variation on
[a, b]. Furthermore,

Tif+8) < To(f) +Ti(g)

and

Ta) =2 | Ta(f).

Let P={a=x0 < X1 < ...< X,=b} be a partition of [a, 5]
Then

33 1 7+ £0) ~Fxi) = 8xi) |
i=

<E S ~ftren) | +3 | 8o~ 80 | -

Taking suprema on both the sides over all partitions P of [a, 5], and
noting that

sup {x+y: x4 and y=B} < sup {x : x&A4}+sup {y : yEB},
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we immediately get To(f+g) < To(f)+ T2(g). This also verifies that
f+g is a function of bounded variation.
The other part is an immediate consequence of the definition of

T3(f).

Remark. The set of all functions of bounded variation on a given in-
terval [a, b], denoted by BV [a, b], forms a linear space unlike the set
of all monotone functions. In fact, the sum of two monotone functions
need not be monotone, e.g. f(x)=sin x+2x and g(x)=sin x—2x
defined on [- 7, 7).

(f) If f is a function of bounded variation on [a, b) and ¢ is a point
of [a, b, then f is of bounded variation on [a, c[ and [c, b] both, and
conversely. Furthermore,

T =T )+ T(f)-

(g) f is a function of bounded variation on [a, b], then the function
or: [a, B] - R definedby v (x)=Ta (f) is known as the variation
function. It may easily be verified that v is an increasing function.

3.2 Theorem (Jordan Decomposition Theorem). A function f defined
on [a, b] is of bounded variation if and only if it can be expressed as a
difference of two monotone increasing functions (real-valued) on [a, b].

Proof. Let f be of bounded variation on [a, b]. Define g and % by
1
=7 (r+f)

1
k== @r-f),
so that f=g—h.
Now, if x1, x2 is any pair of points in [a, b] with x2 > x;, then

£032)~ £(x1) = - () = oy (e} -+ {fx2) — )]

h(x2) —~ h(x1) = —;— [or(x2) = op(x1)} ~ {F(x2) = (x1)}].

But, f being of bounded variation on [a, 5], in particular on [x;, x2],
we have
[ fx2)=f(x1) | < Tl(f) = vp(x2) — (1)

Hence g(x2) > g(x1) and h(x2) > h(xy) verifying that g and 4 both are
monotone increasing (real-valued) functions.
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Conversely, if f=g—h, where g and 4 are monotone increasing
functions, then for any partition P of [a, b], we have

B 1 A =Fen) | < 3, [86e) - gxa-nl+ 3 e ~ o]
=g(b) - g(a) +h(b) - h(a)
> To(f) < oo.
Hence f is a function of bounded variation. ||

3.3 Corollary. If f is a function of bounded variation on [a, b], then '
exists a.e. on [a, b].

Proof. 1t follows from Theorems 2.5 and 3.2. |}

3.4 Corollary. Iff is a function of bounded variation, then it is
measurable.

Proof. By Corollary 3.3, f is continuous a.e: in [a, 5] and the result
follows by Theorem IV-8.7. f§

Note. The functions g and 4 in the decomposition of f are called,
respectively, the positive and the negative variation functions of f on
[a, b]. Also, observe that

71(x) = g(x) + h(x), xE[a, b].
The positive and the negative variation functions of f are, respectively,
denoted by P;(f) and N;(f). Thus, the positive and the negative varia-
tions of f on [a, b] are, respectively, given by P:( f) and Nf,’( f).
Also

Ta(f)=Pa(f)+Na(f)-
3.5 Theorem. Let f be a function of bounded variation on [a, b].

Then f is continuous at a point in [a, b] if and only if its variation
Sfunction vy is so.

Proof. Let f be continuous at a point x* in [a, 5]. Then for each
e > 0, there exists a 8§ > 0 such that

| f)-F(x") | <=, for |x—x*| < 8.

By the definition of T2(f), 3 & partition
P={xX"=xo< x1 <% <...<Xp=b}
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of [x*, b] such that

£ 1) ~faen) | > Tl -5

Assume that the first interval, i.e. [xo, X;] in P is of length less than
8, otherwise it could be made so by introducing an additional point
between xo and xi1, which of course would not decrease the sum on
the right of the above and, as such, the above inequality would still
remain valid. Therefore,

Tf) =5 < | Ax ~fw0) 1+ [ A0x) =) |

<5 +T5()
= () -Ta(f) < ¢
=> THf)<e
In other words,
y(x)-y(x*)<e, O0<x—x*<?d
= x—yg-'l-o Vj‘(x) = W(x‘)-
Similarly

lm odx) =),

Hence, 7 is continuous at x*.
Conversely, if the variation function  is continuous at a point x*
in [a, b], to each ¢ > 0, 3 a 8 > 0 such that

| o X)—2(x*) | <e,  for|x—-x*| <38.
The result now follows from the fact that
[fx)=fx") | < | o(x)—o5(x") |
3.6 Corollary. A continuous function is of bounded variation if and

only if it can be expressed as a difference of two continuous monotone
increasing functions.

Proof. It follows from Theorems 3.2 and 3.5. |}

Remark. If f is a continuous function of bounded variation, it may
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also be expressed as the difference of two monotone increasing func-
tions which have discontinuities (even countably many), e.g.

f=(g+k)-(h+k),

where k is an increasing function having discontinuities.

Problems
6. Show that the function f: [0, 1] - R defined by

xsin(5)  Ho<x<1
S(x)= ¥
0 if x=0.
is of bounded variation if « > B8 but not if « < B.
7. Letfbe defined by f(0)=0 and f{x)=x? sin (%) for x#0. Is

f of bounded variation on [~ 1, 1]?
8. Show that the function £ : [0, 1] - R defined by

{xcos(’-'ﬁ) ifo<x<1

f)= 2

0 if x=0
is continuous but not of bounded variation on [0, 1].

9. Show that a step function defined on [a, 5] is of bounded varia-
tion on [a, 5].

10. Let {f.} be a sequence of functions defined on [g, b]. If f, > f
on [a, b], then T2f) siang(j;,).

n—->

11. Let f be a function of bounded variation. Prove that the set of
points of discontinuity of f is countable.

4 DIFFERENTIATION OF AN INTEGRAL
If f is an integrable function on an interval [a, 8], then f is integr-
able on any interval [a, x]C[a, b]. The function F given by

Fo= [ 1) e+,
where ¢ is a constant, called the indefinite integral of f.
4.1 Theorem. Let fbe an integrable function on [a, b). Then the

indefinite integral of f is a continuous function of bounded variation on
[a, B].
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Proof. Let x, be any point in [a, b]. Then
| PR = | [ s

<1 1wial

But £ being integrable, the function | f | is integrable over [a, 5], (cf.
V-6.2). Therefore, given ¢ > 0, there is a 8 > 0 such that for every
measurable set 4C[a, b] with m(4) < 8, we have (cf. V-5.10)

[ 1<
A
In particular
U" LA | dtl < ¢ for | x—x0 | <3,
X0

Hence | F(x)— F(xo) | < €, whenever | x—xo | < 3. This proves the
continuity of F at xo, and hence in [a, 5].
In order to establish that F is a function of bounded variation, let

P=fa=x0< X1 < X2...< Xp=b}
be a partition of [a, b]. Then

51 =R | =51 [7 s
<Ef ol

b
[ 1701 ar

- 725 [170) | dt < .

Hence the result follows. |}

4.2 Theorem. Let f be an integrable function on [a, b]. If
[[roa-o,

for all x€la, b), then f=0 a.e. in [a, b].

Proof. Let if possible, f#0 a.e. in [a, b]. Suppose f(t) > O on a set

E of positive measure. Then there exists a closed set F C E with
m(F) > 0. Put A=]a, b[— F. Then A is an open set and we have
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b
o=[roa=[, roa-[ roa+| soa

- Lf(t)d-—Lf(t)dt.
But f(r) > 0 on F with m(F) > 0 implies

L S(t) dt£0
Therefore

L Ab) dt#0.

Now, A4 being an open set, it can be expressed as a union of count-
able collection {]as, b} of disjoint: open intervals. Thus

b.
0 Lf(t) -5 [ 10 &
= I " f(®) dt#0  for somen

- cither j “ RO dit#£0  or J' " A(6) dt 0.

In either case, we see that if f is positive on a set of positive measure,
then for some xE[a, b] we have

j :f(t) dt£0.

Similar assertion is obtained if f is negative on a set of positive mea-
sure. Hence the result follows by contradiction. |

4.3 Theorem. Let f be.a bounded and measurable function defined
on [a, bl. If
F)= [ 10) ar+ v
a
then F'(x)=f(x) a.e. in [a, b].
Proof. Since f is bounded and measurable, it is integrable (cf. IV-
2.1). Therefore, in view of Theorem 4.1, F is a continuous function of

bounded variation on [4, ] and hence F’ exists a.e. in [a, b],
cf. Corollary 3.3. Let | f| < K. Set

F)m F(x+h) F()
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with h=-. Then

oy=5 [ 1y a
= |fal < K.

Also, f, > F' a.e. If c€[a, b] is arbitrary, then the Bounded Conver-
gence Theorem (cf. V-4.7) implies that

j‘ F'(%) dx= lim I fux) dx
- lim 2 j [F(x+ )~ F(o)] dx
>0 a
lim 1 c+h dx 1 faotk dx
a4 moac- o]
But F being a continuous function, we note that
. 1 [eth dx= lim 1 ct+h dx
lim j F(x) dx= MT.‘R.L F(%)
.1
= h,._?i,'i{F(c"'o")’ o<l

>0 -’—l.
=F(c);
and similarly

.1 farh
hkg—,;-ja F(x) dx=F(a).

[ Poyts=F0-F@)= [ 1)

- j [P~ f)=0.

This is true for all ¢ in [, b]. Hencé, by Theorem 4.2, we have F'=f

a.ch

Note that in Theorem 4.3, the function considered is bounded and
measurable. We extend it, in the following theorem, to any measur-
able function which of course is integrable.

4.4 Theorem. Let f be an integrable function on [a, b), and suppose

F(x)= I " f(t) dt+F(a).
Then F'(x)=f(%) a.e. in [a, b].
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Proof. We may assume, without any loss of generality, that f = 0.
Define a sequence {f,} of functions f;: [a, b] — R, where
fx) if f(x) <m,
flx)= ,
n if f(x) > n.

Clearly, each f, is a bounded and measurable function and so, by
Theorem 4.3, we have

d X
b L Ja=fa(x) a.e.
Also, f—f, = 0for all n, and, therefore, the function G, defined by

6= -1

is an increasing function of x, which must have a derivative almost
everywhere, cf. Theorem 2.5; and this derivative would, clearly, be
nonnegative. Thus, from the relation

F)= [ 70 dt+ F@)= G+ [ fu ) dr+ o),
it follows that
F'(x)=Gn(x)+1x(x) a.e.

= fu(x)a.e, yn.
Since # is arbitrary, we have

F(x) > f(x) a.c.
- J"’ Fx)dx > I Zf(x)dx=F(b)—F(a).
Consequently, in view of Theorem 2.5, we get
[[Peyae-re)-ra
= K f(x)dx

- [ wew-rena=o.

Since F'(x) —f(x) = 0, this gives that F'(x)—f(x)=0 a.e., and so F'(x)
=f(x) a.c.}
Remarks

1. An indefinite integral need not be differentiable everywhere, and
even if it is differentiable, it need not follow that F’=f everywhere,
cf. Examples 1 and 2 in 4.5.
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2. The condition F’' =f a.e. is not sufficient to ensure that F is an
indefinite integral of f. Consider for instance examples in 2.6.
4.5 Examples

1. Consider the function f: [0, 2] - R given by
1 if 0<x<1

f(x)={
2 if 1<x<g2

x x fo<x<l1,
F(x)aj°f(t)dt= 2x-1 ifl<x<2
- 1 X & &

Here F defines a function which is continuous but not differen-
tiable in [0, 2]. In fact, Fis not differentiable at x=1.
2. Consider the function f: [0, 1] — R given by

,

1 .

— if x=p/q
fx=q 1

0 if otherwise.

\

Then

F(x)= : f(8) dt=0.

Here F defines a function differentiable in [0, 1]. However,
F(x) # f(x) for x=p/q in [0, 1].

Problems

12. If f is the greatest integer function and F(x)= I:ﬂt) dt, determine

F on [0, 5] and verify that F'(x)=f(x) a.e. in [0, 5].
13. Let

) 1 if x is rational
f(x)=
0 if x is irrational,
If F is as in Problem 12, then verify that F'(x) =f(x) a.e. in [0, 1].
5§ LEBESGUE SETS
In this section, we obtain interesting properties of integrable func-

tion which of course will not be used in the book but are of importance
in applications.
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5.1 Definition. Let f be an integrable function on [a 4]. A point x in
[a, b] is said to be a Lebesgue point of f if

L] [xh
tim [ S =7) | de=o.

5.2 Theorem. Let x be a Lebesgue point of the function f. Then the
indefinite integral

F)= [ fte) e+ FG@)
is differentiable at the point x, and F'(x)=f(x).
Proof. Since x is a Lebesgue point of f, by Definition 5.1, we have
. [x+h
tim [~ f0-s) | @t =0.
It is easy to show that
k) — Fi 1 [x+k
FetBI® oy 10 s
- 1 [x+k
- PR sy | < [ s an
This proves the theorem.}j
Remark. The converse of Theorem 5.2 may not be true in general.

5.3 Theorem. Every point of continuity of an integrable function f is
a Lebesgue point of f.

Proof. Let f be continuous at x,. Then, for every e > 0, there is a
8 > Osuch that

[f()- fx)) | <e, for|t—xo]| <.
For | | < 8, we have
1 [*+k
+ vo-rn <
and the theorem is proved.}

5.4 Definition. The set of all Lebesgue points in [a, 8] of f is called
the Lebesgue set of the function f.
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6 ABSOLUTELY CONTINUOUS FUNCTIONS

We now introduce a special class of functions of bounded variation,
namely, the class of absolutely continuous functions. This class is
important for a number of applications and helps to obtain results
already proved under less stringent conditions. In particular, as we
shall see in the next section, it characterises the class of indefinite
integrals.

6.1 Definition. A real-valued function f defined on an interval [a, 5]
is absolutely continuous on [a, 3], if for each € > 0 there exists a §>0
such that

3 DSl <«
for every finite pairwise disjoint collection {Jx;, x} [: i=1,2, ..., n} of
open intervals in [a, b] with Z”‘1 |x" x| < e
i=

Remarks

1. Every absolutely continuous function is uniformly conti-
nuous, as may be seen by choosing a single interval ]x, x' [C[a, &].
However, a uniformly continuous function need not be absolutely
continuous; for example, the Cantor function is uniformly continuous
in [0, 1] but not absolutely continuous. The function f in Problem 6
for a=pB=1)is also an example of a continuous function which is
absolutely continuous.

2. In Definition 6.1, we may replace “finite’ with ‘countably infinite’.
In fact, suppose that given any € > O, there is a 8 > 0 such that

S f-fe | < € <o

for any finite collection {]x;, xi[} of pairwise disjoint intervals of total
length less than 8. Consider any countably infinite collection of
pairwise disjoint intervals ]y;, yi[Cla, 8] of total length less than 8.
Then, obviously

% 0D | < ¢,
for every n. Hence, letting n — o0, we get
$0D-fo)l <€ <.

6.2 Theorem. If f is absolutely continuous on la, b, then f is of
bounded variation on [a, b].
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Proof. For e=1, there is a § > 0 such that for every finite collection
{xs, xil, i=1, 2, ..., n} of pairwise disjoint intervals in [a, 5] with
f"f“r |xi=xi| < 8, we have

3 A0 =fe) | < 1.

Select a natural number

b-a
N>—7%"

Divide [a, 5] by means of points
c=cp<c1<c...<cn=b

such that ¢;—c¢;_1 < §, for j=1, 2, ..., N. Therefore, for every finite
collection {]x;, xi[} of pairwise disjoint subintervals in [¢;_1, ¢j], we
have

;If(xi)-f(x:) <1
= T (f)<L,j=12...,N.
Hence

)= BILN SN < o,

and this proves that f is a function of bounded variation.]]

Note The result in Theorem 6.2 does not hold good when a or b is
allowed to be infinite.

6.3 Corollary. If fis an absolutely continuous function, it has a deri-
vative almost everywhere.

Proof. It follows from Theorem 6.2 and Corollary 3.3.]

Remark. The converse of Theorem 6.2.need not be true. There are
functions of bounded variation which are not absolutely continuous;
one such function is the Cantor function, cf. IT-10.6.

6.4 Theorem. Letf be a function of bounded variation on[a, b). Then
[ is absolutely continuous on [a, b] if and only if the variation function
oy, given by y(x)= T5(f), is absolutely continuous on [a, b].
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Proof. The absolute continuity of s clearly implies that of f since
| SO =f(xi-1) | < vp(x0) = op(x,-1) fOr @ < X1 < X1 < b.

On the other hand, assume f to be absolutely continuous. Then
given an ¢ > 0, there exists a § > 0 such that, for any finite collection
C={x,xi[,i=1,2,...,n} of pairwise disjoint intervals in [a, 5] with

n
‘Z‘ | X —x; | <8, we have

n
1§ [ fGe)=f(a) | <e.
For each i, let
Pi={x,=ab<dl<dr<...<ah=x/}

be a partition of [x;, x;]. Since
n m; i i n
L Xl d-dat] = E | x-nl <5,
we have
n m i i
% EI@-fa-n < e

Fixing the collection C but varying the partitions P; of each [x;, xi],
we have, upon taking the supremum over all such partitions P;,

i:: TY(f) <e

= ;-:1 o(xi)— (%) < e.

This proves zris absolutely continuous.fj

6.5 Theorem. If f and g are absolutely continuous functions on [a, b]
and ) is any constant, then so are the functions: (i) f+g; (ii) X,
(#ii) f&; and (iv) f]g(g # 0).

Proof. The proof is an immediate consequence of Definition 6.1 and
the obvious properties of absolute value.j

Note. From Theorems 6.2 and 6.5 together with the remark that
follows Theorem 6.2, we note that the set of all absolutely continuous
functions on [a, b] is a proper subspace of BV]a, b], the linear space
of all functions of bounded variation on [a, 5].
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6.6 Theorem. If f is absolutely continuous on[a, b] and f' =0 a.e., then
[ is a constant function.

Proof. Let cE[a, b] be arbitrary. Then it is enough to prove that

f(©)=f(a). Let E={x<]a, c]: f'(x)=0}. Then EC[q, c].

Let € and 7 be arbitrary positive numbers. Then, each x&E is the
left endpoint of an arbitrary small interval [x, x +A]C[a, c] such that

| fx+B)-f(x) | <nh (B> 0).

Thus, the set of all such intervals forms a Vitali cover of E. From
among these intervals, by Lemma 2.3, we can choose a finite collection
{Ix;, yi}: i=1,2,..., N} of pairwise disjoint intervals which covers all
of E except for a set of measure less than 8, where & > 0 is the number
corresponding to « > 0 in the definition of the absolute continutiy
of f. If we label x; so that x; < X1, we have

=asx1<ys<x2<y:...<YyN<C=XNsl.

Also, the complement of the union of these intervals is again the union
of a finite number of disjoint intervals {ly;, xi+1[:i=0, 1,..., N}. Their
combined length is not greater than §, i.e.

ﬁ:ol Xa—yi | <8
Now, we note that
N
% 1 f0d=fo) | <1 % i- )
< N(c~-a),
by the way the intervals {[x;, y;]} were constructed; and
é,l fxe) =f) | < e,
by the absolute continuity of f. Hence
N
| fO-F@) | = | 5 ) -f0il+ % L0 ~fGl |

< e+(b-a).

Since € and 7 are arbitrary positive numbers, the result follows by
letting e >0 and 7 — 0.§

6.7 Corollary. If the derivatives of two absolutely continuous functions
are equivalent, then the functions differ by a constant.
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Problems

14.

15

16.

17.

18.

19.

20.

21.

22.

Let f be defined by f(0)=0 and f(x)= x2sin (1/x) for 0 < x < 1.
Then prove that £ is an absolutely continuous function.

Work out an example of a function which is continuous and
monotone but not absolutely continuous.

Show that if £ is nonnegative and absolutely continuous function
on [a, b], then so is f7 forp > 1.

Let f and g be absolutely continuous functions on [a, 5]. Is fog
so? Justify.

Let f be defined on [0, 1]. Show that f need not be absolutely
continuous on [0, 1] even if f is so on [e, 1] for every ¢ > 0 and
continuous at 0.

Show that an absolutely continuous function f defined on [a, b]
transforms:

(a) sets of measure zero into sets of measure zero; and

(b) measurable sets into measurable sets.

A function f is said to be Lipschitzian (or to satisfy a Lipschitz
condition) on [a, b] if there is a constant K such that

| fx)=-f® | <K|x-1t]|, for all x, t€]a, b].

Show that if £ is Lipschitzian on [a, b], it is absolutely continu-
ous on [a, b].

[Hint: With e > 0 given, take 8= ¢/K in Definition 6.1.)

A monotone function f on [a, b] is called singular if f'=0 a.e.
Show that any monotone increasing function is the sum of an
absolutely continuous function and a singular function.

Let f be absolutely continuous on [a, b]. Show that

2= ir1 e p=[ur

7 INTEGRAL OF THE DERIVATIVE
We first give a result which is more precise than that in Theorem 4.1
in regard to an indefinite integral of an integrable function.

7.1 Theorem. Let fbe an integrable function on [a, b]. Then the
indefinite integral F of f is absolutely continuous on [a, b).

Proof. Let € > 0 be given. Then there is a 8§ > 0 such that for every
measurable set 4Cl[a, b] with m(4) < 8, we have (cf. V-5.10)

[, 1r1<a



Differentiation and Integration 197
since the integrability of f implies that of | f| . Thus, for any finite
collection {Jx;, xi[: i=1,2,...N} of pairwise disjoint open intervals

N
in [a, b] with '21 (x/ —x;) < &, we have

N x} N X}
I ) f(t)dtlsigjxl (/) dt < e

=> ‘Z_‘,’i | F(xt)—F(x;) | <e.
Hence, it follows that F is an absolutely continuous function.]]
We now prove the converse of Theorem 7.1.
7.2 Theorem. If F is an absolutely continuous function on [a, b), then
F is an indefinite integral of its derivative, more precisely:
Fx)= J' "oy,

where f= F' and C is a constant.
Alternatively, we may state the theorem as: If F is absolutely conti-
nuous function on [a, b), then F' is integrable over [a, b], and

r F'(f) dt = F(x) — F(a)-

Proof. The function F, being absolutely continuous, is of bounded
variation, and so we may write
F=F1-F,,

where F; and F, are monotone increasing functions. Also, F' exists
a.e. on [a, b] and

F'=F{-F;
=> |F'| <|Fi| + | Fl.
This, in view of Theorem 2.5, gives
b b b
[iri<[imi+[1m
< Fi(b)— Fy(a) + Fy(b) - Fx(a)
<

=> F' is integrable over [a, b].
Write

G(x) = j " Py,
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Then, by Theorem 7.1, G is an absolutely continuous function on
[a, 5] and so is the function H= F- G. But, it may be noted, in view
of Theorem 4.4, that

H=F-G'=0a.e.

It follows from Corollary 6.7 that H is a constant function (say) 4.
Hence

F()= j ") di+ A
Taking x=a, we get A= F(a). This establishes the result.}]
It follows from Theorems 7.1 and 7.2 that: 4 function f is absolutely
continuous on [a, b] if and only if it is an indefinite integral of an

integrable function on [a, b].

Remark. If the restriction that F is absolutely continuous is removed,
then F’ need not be integrable (Lebesgue) even.

7.3 Example. Let F: [0, 1] - R be a function defined by

x2 sin (-;";) ifx#£0

F(x)=
0 if x=0.

The derivative F’ exists on [0, 1] while F' is not integrable on [0, 1].
In fact,

11 T
Jox oo () 1d5= -
Note. The class of absolutely continuous functions over [a, 5] is
identical with the class of functions obtained by integrating Lebesgue
integrable functions over [a, b] except that the corresponding functions
in two classes differ at the most by a constant.

As an application of Theorems 7.1 and 7.2, we prove a result on
integration by parts which is similar to that for the Riemann integral.

7.4 Theorem. Let f and g be integrable functions over [a, b]. Suppose

5= [ ) de+ Fa
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and
6= " et e+ Gta),
for all xEg, 5]. Then
I " Ft)e(t) dt + [ " F)G(t) de = F(b)G(b) — F(a)G(a).

Proof. By Theorem7.l, F and G are both absolutely continuous
functions on [a, 5] and hence so is FG, by Theorem 6.5. Using
Theorem 7.2, we have

j " (FGY = (FGY®) - (FGXa)

= F(b)G(b) - F(a)G(a).
Also, by Theorem 4.4, F' =fa.e. and G' =g a.e. in [a, b], and therefore
(FGY =FG' + F'G=Fg+fG a.c. in [a, b].
Hence

[} Foewar+ [ ro60 = roy6® - Faa

7.5 Corollary. If f and g are absolutely continuous functions on [a, b],
then

[} roew a+ [ roena=roee)-fago.

Proof. Since f and g are absolutely continuous, f’ and g’ are integr-
able over [a, b]. Also

fey=| r@ydresa
and

g(x)= J' " g(0)di+4(a)
The result now follows from Theorem 7.4.]]
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The Lebesgue L’ Spaces

Many of the classical spaces in analysis consist of measurable func-
tions and most of the important norms on such spaces have been
defined by integrals. The Lebesgue LP-spaces are among such impor-
tant classes. A complete understanding of these spaces needs a
thorough understanding of the Lebesgue theory of measure and integ-
ration which we have developed in the preceding chapters. We are now
fully prepared to introduce the L” spaces. These spaces have remark-
able properties and are of enormous importance in analysis as well as
its applications.

1 NOTION OF BANACH SPACES

Let X be a linear space® over a field of real or complex numbers.
A norm on X is a real-valued function |-|| on X which has the
properties:

L |« =0
and x| = 0 <> x=0, vxeXx
2. |lx+yll < Il +1Ix, vx, yEX
3. flexfl= | a | lixll, vxEX and «ER (or C).

1.1 Definition. A linear space X equipped with a norm ||-|| on it is
called a normed linear space or simply a normed space.

The normed sapce just defined is demoted by (X, ||-[). If no
confusion is likely to occur, we may denote it simply by X.

A norm ||-|| on X defines a metric 4 on X given by

d(x, y)=|x =yl

*For the definition of linear spaces and their basic properties, one may refer to
any standard book on Linear Algebra.
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It is simple to verify, from properties (1)-(3) of the norm, that 4 does
define a metric on X. The metric d thus defined is called the metric
induced by the norm.

The notion of convergence for sequences and the related concepts
in normed spaces follow readily from the corresponding definitions
in metric spaces and the fact that now we have

d(x, y)=lx-yl.

1.2 Definition. A sequence {x,} in a normed space X is said to
converge to an element xEX if given an € > 0, there is an N such that

I, = x| <€,  wyn>N.
We write x, > x or lim x,=x.
n->o0

1.3 Definition. A sequence {x,} in a normed space X is a Cauchy
sequence if given an € > 0, there is an N such that

|Xn—Xmll <€,  wn,m>N.

One may verify that each convergent sequence in a normed space
is a Cauchy sequence but the converse may not be true.

1.4 Definition. A normed spaceis said to be complete if every Cauchy
sequence in it is convergent, i.e. if for every Cauchy sequence {x,} in
X, there is an element x in X such that x, - x.

1.5 Definition. A complete normed linear space is called a Banach
space.

1.6 Examples

1. The space Q of all rational numbers with the norm |-|| defined
by |lxl= | x | , x€Q is a normed space, but not a Banach
space.

2. The spaces R and C (the real numbers and the complex numbers)
are Banach spaces with the norm ||-|| given by ||x]|l= | x | , x€R
(or C).

3. Let p, 1 <p< oo, be a real number. Denote by [” the
space of all sequences x=(xj, X2, x3,...) of scalars such that

on

):ll x|’ < co. The space ! is a Banach space with the norm

defined by
o0 1lp
belo= (£, %) -
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4. The space /° of all bounded sequences x=(x;, x2, x3,...) of
scalars is a Banach space under the norm given by

lbelleo = sup [ % | .

5. The space Pla, b] of all polynomials defined on [a, 5] is a normed
space under the norm given by
Ixll= max | x(¢) | .
t€la, b]

But PJa, b] is not a Banach space.
6. The space C [a, b] of all continuous functions defined on [a, 3]
is a Banach space under the norm given by

llxfl="max | x(7)|.

t€[a, b]

Sequences were available to us even in the metric spaces (general).
In a normed space, we may proceed an important step further and use
the series as follows.

Let {xx} be a sequence in a normed space X. Then we can associate

with {xi}, the sequence {s,} of partial sums given by s,= kz:} xk. And
1

(-]
we can discuss the behaviour of the series ;: X in regard to its con-
=1

vergence or non-convergence accordingly as the sequence {s,} of its
partial sums is so.

1.7 Definition. A sequence {x;} in a normed space X is said to be
summable to the sum s if the sequence {s,} of the partial sums of the
series Y x converges to s in X, i.e.

[3

llsx—s|| >0 as n—> o
or

||k§i Xg—5| >0 as n-—>o0.
If this is the case, we write
s= kglxk.
The sequence {xx} is said to be absolutely summable if
l§1 [lxll < .
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Note. We know that for a sequence of real numbers absolute sum-
mability implies summability. But this is not true in general for
sequences in normed spaces. However, we prove the following.

1.8 Theorem. A normed space X is complete if and only if every abso-
lutely summable sequence is summable.

Proof. Assume that X is a complete normed space. Let {x,} be an
absolutely summable sequence in X. Then

n§ [leall =M < o0«
Thus, for each ¢ > 0, there is an N such that

n§l [Ixall < e.
Let s,= ?jl x;. be the partial sums of the series f_‘, X». Then, we have

n
lsn=smll=1 ¥ Xl
k=m+1

n
<, X Il

=m-+

[
< x| < €
<3 lwd<e

for n = m > N. Thus {s,} is a Cauchy sequence in X and must con-
verge to some element (say) s in X, since X is complete. Hence {x,} is
summable in X.

Conversely, suppose each absolutely summable sequence in X is
summable in X. Let {x,} be a Cauchy sequence in X. Then, for each k%,
there is an integer n; such that

1
(18 — Xmll < > vn, m > n.

We may choose n; such that 7.1 > ni. Then {xn,} is a subsequence of
{xu}. Set

I1=Xn,
Y2=2Xny— Xny

Y= X = Xnp—
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We note that
k
1. ‘g‘ Yi=Xn,
1
2 Il < 5z k> 1
and as such

00
2 el < Iyl + &2“" =yl +1 < co.

Thus, the sequence {yx) is absolutely summable and hence summable
to some element (say) x in X. It remains to prove that lim x,=x.
n-»oo

Since {x,} is a Cauchy sequence, given an € >0, there is an N such
that

llxn—xmll<-;-’ vn, m > N.
Further, since x», — X, there is a K such that
il X -xl]<—§—’ vk =K.

Choose k so large that k > K and n, > N. Hence
1 Xn=% || <l Xn=Xne ||+l Xne = ||
<e vn>N
= Xn > x4

1.9 Definition. Let X be a normed space over a field R (or C). A
mapping f: X - R (or C) is called a linear functional on X if
Sfax+By) =of(x)+Bf(y), for all x, yEX and «, BER (or C).

1.10 Definition. A linear functional f on a normed space X is said to
be bounded if there is a constant X > 0 such that
[fx)|<Klxl, vxEX. )

The smallest constant K for which (1) holds is called the norm of
J, written || f£|l. In fact, we have

||f1l=sup I—"f—g’%-:x;e 0 and xEX},
or equivalently

Ifll=sup { | f(x) | : xEX and || x||=1}.
Also, we note that

/@I <IfNIxl, wvxEX.
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2 THE CLASSES L’

If f is a measurable function on E, then | f|” is so for each p,
0 < p < . Designate by L°(E), the class of all p-integrable functions
over E, i.e.,

@ ={s: | 177 < o}

2.1 Examples
1. Let E=[0, 16] and f: E—> R be a function defined by
f(x)=(x)"14. Then fE€ LY(E) but & LYE).
2. Let E= [0, —%—] and the function f: E — R be definéd by

-1
J(x)= [x log? ('314:—)] . Then fE LY(E).
3. Let E=]0, o[ and the function f:E — R be defined by
f(x)=(1+x)-12. Then fEL"(E) for each p, 2 < p < co.

It is easy to verify that L”(E) is a linear space over R. Indeed, we
observe that:

1. f, gELX(E) = f+g&L(E), since
|f+gl” <2° max {|f)’, | &I’}
<2°0/P+1g1D.
2. fEL’(E) and R = of €L°(E).
Furthermore, if f& L°(E), then the inequalities
{ 0<sf*<ifl

0<f-<I|f|
imply that f+, f- and | f | are also in L”(E).

In order to define L*(E), let f be a real-valued and measurable
function on a set E with m(E) > 0. A real number M is said to be an
essential bound for the function f'if

| f(x)| < M a.e.on E.

A function £ is said to be essentially bounded if it has an essential
bound. In other words, a function f defined on E is essentially bound-
ed if it is bounded except possibly on a set of measure zero. The
essential supremum of f on E is defined by

ess sup | f(x) |=inf {M: | f(x)| < M a.e. on E},
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or equivalently
ess sup | f(x) |=inf {M : m({x€E: | f(x)| > M})=0}.

If £ does not have any essential bound, then its essential supremum is
defined to be co.

Let us designate by L*(E) the class of all those measurable func-
tions defined on E which are essentially bounded on E, i.e.

L (E)={f : ess sup | f| < o0}.
It is not difficult again to verify that L”(E) is a linear space over R.

2.2 Examples

1. Every bounded function on E is in L(E).
2. The function f: [a, b] - R given by
1 if x is irrational
-}

is in L*[a, b].
Let us now define a function || - ||, : L°(E) > R,0< p < 0, as
follows:

0 if x is rational

irt=([, 177)" 0<r<w
I1.f lloo = €58 sUP | £1.

Note. We shall establish in §4 that if 1 <p < oo, then |||, defines
a norm on L7(E), 1<p<o.In case 1 <p < oo, |||, is called a
p-norm on L?(E).

A relationship between |||, (I <p < ) and ||-|l will soon be
established in Theorem 2.4 which, in fact, would also justify the

notation L”(E) for the class of essentially bounded functions on E.
Before, we do so let us prove some results in the form of a lemma.

2.3 Lemma. LetfeL”(E). Then:
@ [f®)|<Ifl a.e. on E.
(6) 11 flko=sup {M : m({x€E: | f(x)| > M})+ O}

Proof. (a) Let N=|f|l». Note that
{x€E: | fx)|="}= El {xEE: | fix)]| > ﬂ+%}-

Since the union of a countable collection of sets of measure zero has
measure zero, we have

m{x€E: | fx)| Z1flle})=0
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= | f(x)] < I fllo a.e. on E.
(b) It is obvious from the definition of || £ [|co.]]

2.4 Theorem. Let E be a measurable set with m(E) < co. Then
L®(EYCL?(E) for each p with 1 < p < . Furthermore, if f&L”(E),
then

I f llo= Tim || £1l,-
Dp-»oo

Proof. Let fEL"(E) and " =||f ||lo. Then
|f(¥)IP<"?ae. onE

- [, 170 <mee)

Therefore, f&L?(E) and consequently L”(E)CL?(E). Furthermore,
we note that

W f llp < [m(E)Je.

Since [m(E)]i? — 1 as p — oo, we obtain
lim sup || fll, <™.
p>®
On the other hand, let | f(x)| = « on a set F with m(F) >0. Then

£l > afm(F)1te
> tim inf | £ >

This verifies that (cf. Lemma 2.3)
sup {a: m({x€E : | f(x)|=a}) #0} < li:g inf||f .
Hence, the result follows from

7 < lim inf || f]|, < lim sup || f],, <.
p>o0 p>00

2.5 Corollary. L”(E)C r]l L*(E), and the norm on L*(E) is equal to
P>
the limit of || f ||, as p = oo provided m(E) < co.

Remark. The result in Theorem 2.4 need not be true if m(E)= co.

2.6 Example. Consider the function f: R - R given by f(x)=C
(C+#0) for all x. Clearly f&L”(R) while f&L(R) for any p with
0<p< 0.

Most of the results for the spaces L?(E) we prove in the remaining
sections hold good for any measurable set E with m(E) < co. How
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ever, for the sake of simplicity, we take £ =[a, b). We shall denote by
L? the space L[a, b] unless specified otherwise.

3 THE HOLDER AND MINKOWSKI INEQUALITIES

In the study of L? spaces, an essential role is played by another
space L’ whose exponent g is associated with p by the relation
1

-;+ —;—= 1, where p and g are nonnegative extended real numbers.

Two such numbers p and g are termed as (mutually) conjugate
numbers. We adhere to the convention 1/00 =0 so that 1 and oo are
conjugate exponents (numbers). It is clear that g=p(p—-1)"1>1. If
p=2, then g=2. But if p # 2, then g # 2.

Before establishing that ||-||, defines a norm on L?, we shall prove
some important inequalities which are immensely useful in doing so.
In fact, Riesz’s main tools in the study of L” spaces were the inequa-
lities we shall obtain in Theorems 3.2 and 3.3. To obtain these inequa-
lities, we will require the following inequality which isa generalization
of the inequality between arithmetic and geometric means.

3.1 Lemma. Let0 <A< 1. Then

oAB1-H < da4-(1 = Q)8
holds good for every pair of nonnegative real numbers . and B with
equality only if « =B.

Proof. The inequality is trivial if either & =0 or B=0. Hence, assume
that « >0and B> 0. Consider the function p defined for a non-
negative real number ¢ by

p(O=(1-2)+M-1
Then, ¢'(f) =A(1 —£*-1), and so ¢ =1 is the only possible point for the
extrema of p. It is verified that p attains its maximum at 7= 1. Thus

p(t) = p(1)=0
> 1-A+A > 12,

Setting 7=a/B, the inequality follows. The equality holds good only
for =1 which is obtained only if a =8.]j

3.2 Theorem (Riesz-Holder Inequality). Let p and q be nonnegative
extended real numbers such that —11;“'- -%—= 1. IffeL? and geL% then
f-geL and

[1re1<is e e



The Lebesgue L? Spaces 209

Equality holds if and only if, for some nonzero constants A and B, we
have A | f\P=B | glt a.e.

Proof. When p=1, then g= o0, and the inequality is available trivi-
ally in this case. Indeed, if || g ||lo =M, then | g| < M a.e., and so

[ fgl<M|f]ae.
Thus fg&L!, and by integrating, we get

flfglst 1< 17Tl g lo-

Now, assume that 1 < p < oo and consequently 1 < g < oo. The in-
equality is trivial if either f=0 a.e. or g=0 a.e. So assume f # 0 a.e.
and g # 0 a.e. This gives that || f|), > 0 and || g || > 0. Now, applying
Lemma 3.1 with

1

A=—

p

(R

L ()

|fe@) | 1 [f0P 1 |g@f @

Ifl gl =2 AF1P g (I8l
This gives that fg L', and by integrating, we find that

!Ifgl 11

< —+ —=1.
Ifl gl =P " q

we obtain

Hence

j 1721 < IFlp g N 6)

Equality in (2) would occur if « =8, and, consequently, in (3) if a=p8
holds a.e. In other words, if

gz |A)P=I£17 | g 1o

Note. The inequality (3) is homogeneous, i.e., it holds for af and
bg with a, bR whenever it is so for f and g.
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The Riesz-Holder inequality implies that if fEL” and geL?,
(1/p)+(1/g)=1 then fg& L1, It is not true in general that the product
of two integrable functions is also an integrable function. In fact, we
have the following.

Remark. The condition that p and g are mutually conjugate expo-
nents cannot be dropped in Theorem 3.2, see Problem 3. For the
converse of Theorem 3.2, see Problem 14.

3.3 Theorem (Riesz-Minkowski Inequality). Let I <p < . Then
Jor every pair f, gEL, the following inequality holds:
If+gl <Ufllo+ 1l & llp-
Proof. The case for p=1 is straightforward. If p= o0, we note that
{ | f1<1fllo ae.

lgl<iglle ae.
> | f+Egl <Ifllo+12llo ae,

and hence the result follows in this case also. Thus, we now assume
that 1 <p < oo.
Since L? is a linear space, f+g&L”. Also, we have

[1r+el <[ ireeb-tin+ 1r+ebt1g1.

Let I < g < o be such that %—+ -—;—=I. Then, since (p—1)g=p,

observe that
[Cregie={17+ep

and therefore | f+ g |P-1€ L’ As such, by Theorem 3.2, both

[f+gltlfl  and  |f+glrt|g]
belong to L!, and the Riesz-Hélder Inequality leads to

[Lr+elt 11< 17 1C 4D e

and

j |F+glt gl <lgl 1| f+21) fle
But

1C1r+g e[ 1+ k00 ~Qurg e,
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since (p— 1)g=p. Hence

I [f+elP < (1 N+l g o)1+ lp)Pha.

If || f+ g |l is nonzero finite, the result follows by dividing both sides
by || f+g 5" In case || f+g |l,=0, there is nothing to prove while in
case || f+gll,=o0, we either have || f|l,= 0 or | g|,= o0 in view of
the relation | f+g|<|f|+|g|, and the result is obviously true

again.Jj

Remark. Equality holds in Theorem 3.3 if and only if one of the
functions f and g is a multiple of the other.

Note. For the special case p=g=2, the inequality in Theorem 3.2 is
known as the Cauchy Schwarz Inequality. Cauchy (1821) first proved
the inequality (Cauchy’s inequality) for square summable sequences.
Indeed, if {a,} and {b,} are sequences of numbers (real or complex)

such that f}l |as 2 < ooandf:l | ba|2 < o, then

.i‘: | anbn| < ( 'g;l | a, |2 )112( ,i:‘;l b, l,)m.

This inequality was generalized to integrals by A. Schwarz (1885).
However, the same generalization had already been obtained by a
Russian mathematician Victor Bunyakovsky (1859) which remained
unnoticed by Western mathematicians. O. Hélder (1989) extended
Cauchy’s inequality for the general values of p and g by establishing,

for sequences {a,} and {b,) with i | ax|? < o0 and f_‘,l | b |2 < o0,
nm=] n=
that

g la,,b,,l < ( :gl | a |p)llp ( gl lbn I‘)m

where (1/p)+(1/q)= 1. The latter inequality is then generalized to the
case of integrals by F. Riesz (1910).

Likewise, the inequality in Theorem 3.3 was first proved for finite
sums of numbers by a German mathematician Hermann Minkowski
(1896) and then generalized to the case of integrals of functions by
F. Riesz (1910).

In view of the above observations, it is more appropriate to name
the inequalities in Theorems 3.2 and 3.3, the Riesz-Hélder Inequality
and the Riesz-Minkowski Inequality respectively, However, these are
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popularly known as the Holder Inequality and the Minkowski
Inequality.

Remark. The inequalities in Theorems 3.2 and 3.3, for0<p < 1,
need not be true. In fact, for 0 < p < 1, we prove the following.

3.4 Theorem (Riesz-Holder Inequality for 0 <p <1). LetO<p<l1
and q be the conjugate exponent of p. If fEL? and g L2, then

Ilfgl > (j |f|p)""0 ek )llc’

Jlgl4¢0.

Proof. First note that ¢ < 0 since p < 1 and (1/p)+(1/g)=1. Set
1
= d —_— e
P q9 0@
Then P > 1, Q > 1 and (1/P)+(1/Q)=1.
Further, setting
|fg|=FF and |gl¢=G@
so that | f|P=FG, we find that FEI” and GELQ. Thus, the Riesz-
Holder Inequality in Theorem 3.2, is applicable to the functions F and

G giving

provided

j' FG < | Fl || Glig

- Jire<([ e (free)™
i [uar>([ure)”(f1ex)"

Note. The condition f | gl¢# 0in Theorem 3.4 is necessary since
g<o.

3.5 Theorem (Riesz-Minkowski Inequality for 0 <p <1). Let
0<p<1andf, g bein L? such that f > 0 and g > 0. Then

If+gllp =11 llp+1l & llp-
Proof. Observe that

Grap=[frears [srrep
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Now following exactly on the lines of the proof of Theorem 3.3, by
using the Riesz-Holder Inequality for 0 <p <1, the result is
proved.Jj

Remark. Strict inequality in Theorem 3.5 holds good.

3.6 Example. Take f=Xpo,1;21 and g=Xy2, 1. Clearly f, g&L"[0, 1]
for any p, 0 < p < 1. Observe that || f+g|,=1, while

I £llp+1 g llp =21/ +2-1p=21-0ip) < [

4 IL? BANACH SPACES
We are now prepared to show that |||, defines a norm on L. In
fact, for 1 < p < oo, the function ||-||, : L? — R satisfies the following

conditions:

L (fll,=0
2. |fllp=0 if and only if f=0 a.e.
3. lafllp=]a ! lI.fllp is a real number

4. [|f+glls <ISlp+llgllp-

Conditions (1) and-(3) are immediate from the definition of ||-||,; the
condition (2) follows from Problem 4 in Chapter V, while condition
(4) is available from the Riesz-Minkowski Inequality.

Unfortunately the definition of ||-|| on L” fails to satisfy the norm
requirement that || f|,=0 = f=0. As such, |-||, is not a norm on L?.
However, to avoid this difficulty, we do not distinguish between equi-
valent functions, i.e. the functions that are equal almost everywhere.
In that situation, we regard the space L” consisting of equivalence
classes of functions; for example, 0 will represent the class of functions
each of which is equivalent to zero. Thus |- ||, now defines 2 norm on
L?, regarded as the space of equivalence classes, and therefore, L?
becomes a normed space. If one refers to L” as a normed space, it is

in reality the space of equivalence classes f of functions. But this

should not pose any problem since, for any f& L?, the norm is given by
1/ lo=11 s

where g is any function in the equivalence class £, and this definition

does not depend on the choice of the function g in the class f. In
actual practice, the equivalence classes are relegated to the background,
and the elements of L° are thought of as functions, where any two
functions are regarded identical if they are equivalent.
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The norm |- ||, on L? induces in a natural way a metric d on it given
by
alf, &) =lr-glp.

4.1 Theorem (Riesz-Fischer Theorem). The normed spaces L
1 < p < o, are complete.

Proof. To prove the result for the case p= 0, let {/,} be a Cauchy
sequence in L%, Then
lﬂl(x) _fm(x) l < "f;l _fm "eo,
exoept on a set An,mC[a, b] With m(An,m)= 0- If A= U An,m N then
nm

m(A) =0 and

| fa(%) =) | < || for =S om lloos
for all n and m, and for all x[a, 5] — 4. Therefore, it follows that
{fn} converges uniformly to a bounded limit f outside 4 and the
result is proved by observing the fact that the convergence in L* is
equivalent to uniform convergence outside a set of measure zero. Now,
assume 1 < p < 0. It is enough to show that each absolutely summ-
able sequence in L” is summable in L? to some element in L?
(cf. Theorem 1.8).
Let {f»} be a sequence in L’ with

“Z=‘1 I fnllp=M < co.
Define a sequence {g,} of functions, where
gx)= ¥ | fil0)l

Observe, for each x that {g,(x)} is an increasing sequence of
(extended) real numbers and as such must converge to an extended
real number g(x) (say), i.e., g.(x) > g(x), for each x € [a, b]. Since
the functions g, are measurable, the function g is so. Also, in view of
Riesz-Minkowski Inequality (cf. Theorem 3.3), we note that

el =1 35, 11l
< 3 Iy < M

- J' gl < MP(6~a).
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Therefore, since g, = 0, by Fatou’s Lemma, we have
_[ 2 < Me(b—a).

This verifies that g? is integrable, and hence g(x) is finite a.e. on [a, 3].
Thus, we find that, for each x for which .g(x) is finite, the sequence
{fu(x)} is an absolutely summable sequence of real numbers, and
therefore must be summable to a real number (say) s(x). Let us set

s(x)=0,
for those x where g(x)= c0.Then the function s so defined is the limit
a.e. of the partial sums

sw(¥)= 3 filx),
i.e., Su(x) > s(x) a.e. Hence s is a measurable function. Further
[3) | < 3 1 uo) |
=gu(x)
< g(x),
which implies | s(x) | < g(x). Therefore, s € L’ since g & L?, and
| 5402) = sC0) P < 22z (X))

But 2°8” is an integrable function and | sa(x)—s(x) -0 a.e. So, by
the Lebesgue Dominated Convergence Theorem (cf. V-6.6), we have

=> [lsn—sllp = O.

Hence the sequence {f,} is summable in L’ and has the sum s in L’.
This proves the theorem completely.]j
Remark. 1t is worthwhile to point out that the space Cla, 4] is a
normed space under the norm ||-[|, but not a Banach space. However,
it can be noted that the completion of Cl[a, 5] under ||-||, is L°[a, 8],
for each p with 1 < p < o (cf. Theorem 6.4).

Though ||-||, does not define a norm on L? for 0 < p < 1 since the
inequality in Theorem 3.3 is reversed in this case (cf. Theorem 3.5),
we still have the following.

4.2 Theorem. If 0 < p < 1, then L’ is a complete metric space with
metric P defined by

P(f, )=If-¢glh, VvSfgeL.
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5 CONVERGENCE IN THE MEAN

We have already dealt with several notions of the convergence of a
sequence of real-valued functions; namely, pointwise convergence,
convergence almost everywhere, uniform convergence, almost uniform
convergence and convergence in measure. However, the concept of the
norm permits us to formulate another type of convergence in the
spaces L’, 1 < p < oo, with the aid of almost the same expression as
used in the case of real numbers. More precisely, we have the
following.

5.1 Definition. A sequence {f,} of functionsin L”, 1 < p < o0, is
said to converge to f € L” in the norm of L? if for each e > 0, there
exists a positive integer N such that || f,—~fll,— 0. This type of con-
vergence is usually referred to as convergence in the mean of order p
when 1 < p < oo and nearly uniform convergence when p = co.

As usual, one may define a p-mean Cauchy sequences of functions
in L”.

5.2 Theorem. Let {f,} beasequencein L’ which converges in the mean
of order p to f in L, Then:

(a) If the sequence { fn} converges in the mean of order p to g, then

f=ga.e.

(b) The sequence {f,} is a p-mean Cauchy sequence.

(o) lim || fallp=\flp, in particular the sequence {f,} is bounded with
p->00

respect to the norm ||-||.

Remark. The converse of (b) is true, since L’ is a complete normed
space, while that of (c) need not be true (cf. Example 2 in 5.3).

In general, convergence in the mean implies nor is implied by the
pointwise convergence (or convergence almost everywhere).

5.3 Examples
1. For each n € N, consider the function f,: 0, 1[ = R given by

. 1
n if 0<x<—n-

£ = 1
0 if 7; <x<l.

It can easily be verified that lim fx(x)=0 for each x € J0, 1[
n-»o

while || fll, = o0 as # = oo for p > 1.
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2. For each n €N, consider the function f,: R — R given by
Ju=Xns n+1). Note that f,(x) >0 as n - oo for each x € R. On
the other hand

HELR), 1<p<w
= Ifll,=1, wvnEN
= I fallp#»0  asn—> oo for any p, 1<p<co.

3. Consider the sequence { f, } of functions as defined in IV-12.6.
Observe that

[Ifllp—>0 as n—> .

Hence {f,} converges in the mean of order p to zero. But {f3}
does not converge for any x & [0, 1].

Towards the relationship between vointwise convergence and
convergence in the mean of order p, we prove that the following
results.

5.4 Theorem. Let {f,} be a sequence in L?, 1 < p < o, such that
fo>fae andthatf € L. If Lf': . fllp= Il llp, then '1'_1_3 fa=fllp=0.

Proof. We assume, without any loss of generality, that each f, = 0
a.e. so that fis also so since the result in the general case follows by
considering f=f*+—f-.
For any pair of nonnegative real numbers @ and b, we have
la=bjp <2°(lap+|bl), 1<p<o.
Taking a=f, and b=f, we get
2'( falp+| f1) = |fa—flP = O ace.
Thus, using Fatou’s Lemma and the hypothesis, we get
2 1= [ lm 270s 417 )1 AP
< tim inf [ 270 Al+1 1)~ a1 V]
=2 im [ fup+20t [ 17+ im i (- [15-r¥)
n-»00 n-»0

=2 [ 1fp- tmsup [1fu-1P.
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Since I| [P < oo, it follows that

tim sup [ 13- fIP <0.

Therefore

lim supI | fa=flP= hm.”:nfj’ [fa=flr=0,
so that - "

lim I |fa=flP=0.
Hence o

Lim || fo—f1lp= 08

5.5 Theorem. Let {f,} be a sequence in L°, 1 <p< o, with
|lfa=Fllp = 0 as n — co. Then, there is a subsequence { fn.} of {fa} such
that fn, - f a.e.

Proof. Since the convergence in the mean of order p, 1 <p < o0,
implies the convergence in measure (see Problem 7), the result follows
in view of IV-12.7.

6 PROPERTIES OF L” SPACES

6.1 Theorem. Let0 < q<p < . Then L° C L’, and there exists a
constant K > 0 such that

Ifle < Kilfll,, vfeEl’

Proof. Clearly, the result holds good for each (0 < ¢ < co when

Y
p=co. Thus, assume that 0 < g < p < o0.Letf € L*. Then fac L4
Set A=p/q. Clearly A > 1 and choose p such that (1/A)+ (1/»)=1. Then

0= 1r1e1

<( j I l"’)m(j: 1)
= ([} 1r¥) @-ae.

Thus f € L? which proves that L? C L% Further, if we set K¢ =b—a,
then

1flle < KISl
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Remark. The result in Theorem 6.1 holds good for any measurable
set E with m(E) < . However, in case m(E)=co, the result
L?(E) C L'(E), for 0 < g < p, need not be true.

6.2 Example. Take E=]1, oof and define a functionf: E—> R by
f)=x1, 1<g¢<w,
Clearly f € L°(E) if p > q while f & L(E).

6.3 Theorem. Let 0 < g<p < w.Iff€ L? N L?, thenf € L' for all
g<r<p.

Proof. Foreachr,q<r<p,wecanfindat, 0 <t <1, such-that
r=tqg+(1-1)p.
Now

feEPNL*>feI’andfec L?
=> | flP1-9 & LMa-9 and | f |9 & L,

Moreover, we note that 1/¢ > 1 and the exponents 1/¢and 1/(1 —¢) are
congugate to each other. Therefore, by Riesz-Hélder inequality
(cf. Theorem 3.2), we have

[flr=|fla| fl0-2° € L1,
which verifies that f& L™}

The following theorem will be of considerable value as we continue
our investigation on the properties of Lebesgue integrable functions.

6.4 Theorem, Let f € L°,1 < p < o and € > 0. Then there exists:

(a) A step function § such that || f~¢llp < e.
b) A continuous function g suchthat | f-g |, < e.

6.5 Corollary. (@) The space Cla, b] of all continuous functions
f:la, b] = R is dense in L? for each p(1 < p < ) and

(b) The family of all step functions defined on [a, b] is dense in L¥
for each p(I < p < ).

Remark. If we replace the interval [a, b] by an infinite interval or
more generally by any measurable set E with m(E)= oo, then a func-
tion £ € L? may not be approximated by a continuous function. Note,
for instance, that a constant function on R is continuous but not
integrable. As such, the space C(E) of continuous functions on E need
not even be a subset of LY(E) or L?(E), while for approximation of f
by step functions we have Theorem 6.6.



220 Lebesgue Measure and Integration

6.6 Theorem. Let feL” (R),1 <p < o and € > 0. Then there
exists a step function p on R such that | f—p|, < e.

6.7 Corollary. The set of all step functions on R is dense in LP(R)
Sor eachp,1 < p < .

6.8 Theorem. For 1 < p < o, the space L” is separable.

Proof. Consider the collection R of all step functions having dis-
continuities only at rational points in [a, b] and assuming only ratio-
nal values. Clearly R is a countable set. But each step function can
be approximated by a step function in R with respect to the norm
I, and also the family of all step functions is dense in L?
(cf. Theorem 6.4). Thus, the countable family Q is dense in L. Hence
L’ is a separable space.}]

Remark. The situation is different when p = co.

6.9 Theorem. L% is not a separable space.

Proof. We note that

|| Xta,c1— tXa,a1 llo =1, c#d
= S lﬂ(x[a.cl) n Sllz(x[md]) =p, c#d
where

S112(Xta,c)) = {FEL™: || f~ Xtase llo < $}-
Let & be any arbitrary set which is dense in L™, Then, for each ¢
with @ < ¢ < b, there is a function f, &% such that

1
" X[a,c] "fc "oo < —2—’

since Xa,a&EL™. As such f; # f4 for ¢ # d. Hence & must be un-

countable. This proves that L” is not a separable space.]j

6.10 Corollary. No family of continuous functions is dense in L”.
However, we have the following.

6.11 Theorem. The family of step functions is dense in L.
7 BOUNDED LINEAR FUNCTIONALS ON L? SPACES

Let p and ¢ be two conjugate exponents. If gL 1 < g < oo, it
follows from the Riesz-Holder Inequality (cf. Theorem 3.2) that
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f-gE€ L for each fELP. As such, for a fixed gL’ one can define a
function F,: L* — R by

F(f)= Ifg-
Clearly, F, is a linear functional on the Banach space L”. In fact, we
now prove that it is bounded also.

7.1 Theorem. Letpandq (I <p,q < ®©) be two conjugate expo-
nents and g L% Then the linear functional defined by

Fn=fe

is a bounded linear functional on L” such that || Fy ||=|| g |l

Proof. First consider the case when p=co and ¢g=1. Observe, by
the Riesz-Hélder Inequality (cf. Theorem 3.2), that
IR <lglhlflle, vSfEL.
Thus, it follows that Fg is a bounded linear functional on L? and that
| Fell <l gl
To prove the reverse inequality, let*
S=sgng.
Clearly, f&L” and satisfies || f || = 1. Therefore

Fx(f)=jfg=jlgl Ty

=> | Fgli=Il g lls

Let us now consider the case when J< p < o0. Again, by the
Riesz-Holder Inequality,

| F() I <lglelfllss wSfEL.
Therefore, Fy is a linear functional on L” and satisfies || Fp || < || & llo-
Faurther, to obtain the reverse inequality, let
f=lglotsgng.
Clearly, f is a measurable function and |f|p=| g |P¢D=| g |¢. This
verifies that f&eL?. Also, since
f-g=(lgletsgng)-g=|gls,

1 if gkx)=20

's‘“‘(")={-1 if #(x) <o.
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we note that
FLN=[re=[1g1e
=([rer)*([rew)”
() (1619
=111l & llg
= N Fell =1l gl

Hence the proof is complete.]]

We are interested to know if the converse of Theorem 7.1 is true in
the sense that every bounded linear functional on I? is representable
as in Theorem 7.1. For this, we prove the following.

7.2 Theorem (Riesz Representation Theorem. Let F be a bounded
linear functional on L?, 1 < p < co. Then there is a function g in L?
such that

F(f)= f fo,
and that || F ||= g [l

The proof of Theorem 7.2 needs the following lemma.

7.3 Lemma. Let g be anintegrable function on [a, b] and K be a con-
stant such that

I[ 1 < &1
Jor all bounded measurable functions f. Then gL% and || g ||, < K.

Proof. First we consider the case when p=1 and g=co. Let ¢ > 0
be given, and let

E={x€la, b]: | g(x) | > K+eb.

Set f=(sgn g)Xg. Then f is a bounded measurable function such that
| £ |l =m(E). Therefore

Km(B)=K £l > | [fe
=1[ stsgn gyxe|
- L|g| > (K+em(E)
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= m(E)=0, since ¢ > 0 is arbitrary.
Hence || g |lo < K.
Let us now assume that 1 < p < 0. Define a sequence {gs} of
bounded measurable functions, where
gx) iflgx)|<n

0 if | g(x)| > n.

If we get f,=| g |97 sgn g,, then each f, is a bounded measurable
function such that

Il 2 lo=Cll g “q)qlp and | &n lq=f;l'gn=f;l'g’
Therefore

&n(x)= {

(1l o le= j fug < Kl falp=K( || gn )P

> (Il gn llgyo?r < K
=> (Il g llg < K, since g~g/p=1
= Ilg,, e < Ka.

But | g, |2 -> | g |2 a.e. Thus, by Fatou’s Lemma, we have
Ilgl" < liminfj.lg,,l'l <Ko
n-p0
Hence, gcL%nd | g ||, < K.

Proof of Theorem 7.2. We shall obtain the proof of this theorem in
four stages.

Stage 1. Suppose f=X;, tE|a, b)], where X, denotes the characteris-
tic function of the interval [a, 7].

Set ()= F(X,). Clearly, ¢ defines a real-valued function on [a, 5].
We first show that ¢ is an absolutely continuous function. Let
{Ix:, xi[} be any finite collection of non-overlapping subintervals of
fa, b] such that 2'_‘, Ixi—x;| < & If we set.

f= 3y — X)) sgn {p(xi) = p(x)},

then (Il fli)P < 8,
and so
%19 =p() | =F(f)

<IFI-1flp
< || F| -8,
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Thus ‘2 | p(x)—p(x1) | < e, for any finite collection of intervals of
total length less than 8 (,

nuous on [a, b).
By Theorem VI-7.2, there is an integrable function g on [a, 5] such
that

ﬁ, and as such ¢ is absolutely conti-

p()= jo & wvicl, b
Therefore
Fix) = j g

Stage 2. Suppose f is a step function. Since every step function
on [a, b] can be expressed as a linear combination of the form Y cXy;
with the exception of a finite number of points and F is a linear
functional, we have

F()=[er-

Stage 3. Suppose f is a bounded measurable function on [a, ).
By Theorem IV-11.1, there is a sequence {§),} of step functions such
that ¢, — f a.e. Since the sequence { | f~x |P} is uniformly bounded
and f-¢,—0 a.e., the Bounded Convergence Theorem gives
f=¥allp— 0 as n —> oo, and therefore

| F(f)=Fgn) | =1 F(f =) |
S NFNIS=dalle
= F(f)= lim F($)

-tz [

But, since | ga | < 7| g |, where 7 is the uniform bound of {{s}, by
Lebesgue Dominated Convergence Theorem, we have

jfg= nli,m;fgvﬁ,..

Hence j Jg=F(f), for each bounded ineasurable function f. Further-

more, since | F(f) | < || F||-||fllp, we have gELe and || g llg < || F |,
in view of Lemma 7.3.
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Stage 4. Finally, suppose fEL? is any arbitrary function. Let
€ > 0 be given. Then, by Theorem 6.4, there is a step function  such
that || f—4¢ ||, < e. Since ¢ is bounded, we have

Fh)= [¥e.
Therefore

| P~ [fe1=1 R~ Febr+ [ he= [ e

<l F(f-¢)|+|j(¢—f)g|

SUFUNS=¢ lp+1l & llo-llf~ ¢ lp
< (HFU+1l & ig)e-

Since ¢ > 0 is arbitrary, letting ¢ - 0,
Fn- [ e
The equality || F || =|| g ||, follows from Theorem 7.1.]}

Problems
1. Forp,1 < p < o0, Prove that

(a) g€Lfand |f| < | g| = feL”

(b) £, gEL’, > fgL™

2. If feL” and gL’ where p, ¢ > 0, then show that fgcL’,
for a suitable r. [Hint: Set p’ =pA and g’ =gA where 1/p+1/g=A.
Apply the Riesz-Holder Inequality for functions | f 'A< L’ and
| g MreL”]

3. LetfeL! such that f is not equivalent to any bounded function.
Show that there is a g L! such that fgé& Lt

4. If fis continuous on [a, b], show that

lim || fll,= sup |f(8)].
p-»oo tela,b)

5. Prove Theorem 4.2.

6. Work out the details of the proof of Theorem 5.2.

7. Let {fa} be in L? 1 < p < co. Show that if lim || fa—f|,=0
n->w

holds in L?, then f,, 5 f
8. Let p and g be conjugate exponents and letf, — fin L” and
gn —> g in L% Prove that f,g, — fgin L.
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9.

10.
11.

12.

13.

14.

15.

16.

17.

Lebesgue Measure and Integration

Let { f,} be a sequence of functions in L* . Prove that {f,} con-
verges to f in L” if and only if there is a set E of measure zero
such that { f,} converges to f uniformly on [a, 5] - E.
Prove Theorems 6.4 and 6.6.
Prove Corollary 6.10 [Hint: Apply the method of contradiction
and use Theorem 6.9] .
Letf > 0 be such that f €L”. p > 0, and let f,=min (f, n).
Show that f,&L” and lim || f—ful,=0.

n-»co

A sequence { f,} in L” is said to converge weakly to f in L? if, for
every function gL with I/p+1/g=1.

lim g, [

Prove that if { f,} converges in the mean of order p to f in L7,
1 < p < o, it also converges weakly to fin L?.

Let f be a real-valued measurable function on [q, 5], 1 < p<o©
and (1/p)+(1/¢)=1. Then show that

b
17 1,=sup [ fe.

where supremum is taken over all real-valued functions g with
b
lgle<1 and [ fg< .

Let { f} be a sequence of functions in L°, 1 < p < o, which
converge a.e. to a function fin L” and suppose there is a constant
K such that || f5 |, < K for all n. Prove that for each function

gin L?
I Jg=lim ang-
n->wo

Discuss if the result is true for p=1.

Let || fx—fllp—= 0 as n—> oo, where { f3} is a sequence in L”,
and feL?, (1 < p < ). Suppose {g,} is a sequence of measur-
able functions such that | g, | < M for some constant M, for
all n and g, - g a.e. Show that || gnfa—gf llp > 0 as n = 0.

A continuous function f: R — R is said to have compact support
if there is a compact set KR such that f(x) =0 whenever x& K.
The class of all such functions on R is denoted by C(R).
Further, if E is a measurable set in R, define the class C.(F)
={fXe: fECL(R)}. Prove that
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(a) C{R)CL’(R) and C.(E)CC(E)NL"(E), where C(E)is the
class of functions defined and continuous on E.

(b) C{E)=C(E), if E is compact and, in particular, CJa, b]
=Cla, b];.

(c) C(E)is dense in L°(E) for 1 < p < .

18. Let CZ(R) be the space of infinitely differentiable functions on

R with compact support and let C(E)={fXz: fECZ(R)}, E
being a measurable set in R. Prove that C(E) is dense in L?(E)
ifl <p< oo,

19. Prove Theorem 6.11.
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Existence of Riemann Integral

We give here a criterion for a bounded real-valued function defined
on the interval [q, 4] to be Riemann integrable therein. Before doing
so, we first introduce the rudiments of the Riemann theory of inte-
gration.

Let f be a real-valued function defined on a bounded interval 7. We
define the oscillation of fover I, denoted by w(), as
w(l) = lub f(x) — gIb f(x).
x€I xel
Define the oscillation of f at c1, denoted by w(c), as
w(c) =glb w(J),

where J ranges over all bounded open subintervals of 7 containing c.
Clearly w(J) = 0 for any J and as such w(c) > 0 for all cE1.

Proposition 1. A bounded function f: [a, 5] —> R is continuous at a
point ¢ if and only if w(c)=0.

Proof. Itis easy to verify that the oscillation of f over J is the
supremum of the set of numbers | f(x;) —f(x2) |, where x; and x; are
any two points of J. Let f be continuous at ¢. Then given an ¢ > 0,
there exists a bounded open interval J containing ¢ such that
| fx)=fle) | < €2, vxEJ.
In particular, if x; and x, are any two points of J,
[ f(x1)=flx2) | < | f(%1)—fla) | +]| fx2)-fla) |

<e
= wlJ) < e
Hence w(c)=0.
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On the other hand, let w(c)=0. Given an ¢ > 0, there exists a
bounded open interval J containing ¢ such that w(J) < e. This, fur-
ther, implies

[ )= | <& ¥ X1, 2EJ.
In particular,
[fG)-fle)| <, vxEJS
Hence f is continuous at c. [

Proposition 2. Let f be a bounded function defined on [a, 4]. Then f
is Riemann integrable if and only if, for each ¢ > 0 there exists a
partition P of [a, b] such that

S(P)-5(P) < e.
Proof. The proof is left to the reader. |

Proposition 3. If w(x) < A for each xE[a, b], then there exists a
partition P of [a, b] such that

S(P)-s(P) < Mb-a).
‘Proof. For each xEla, b], there is a bounded open interval J,
containing x such that w(J,) < A. Since [a, 8] is closed and bounded,
by the Heine-Borel Theorem, a finite number of intervals J, will
cover [a, b]. Let P be the set of the end points of these J,. Let

L, b, ..., I, be the component intervals of P. Then w(;) < A, for all
i=1,2,..., n Hence

S(P)- s(P)= ?::l (M= m) (xi—%i1)

= Z} w(ly) (x;— Xi-1)
=
< Mb-a), Ii=)xi—1, x:[. B
Now the main result is as follows.

Theorem. A bounded function defined on [a, 5] is Riemann integra-
ble if and only if it is continuous almost everywhere.

Proof. Let f be Riemann integrable over [a, b] and
E={x€&][a, b]: w(x)=0}.
We shall show that m(E)=0. Observe that

E= Q.E""
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where
E,na{xe[a, bl : w(x) = -r!n_}

It is enough to show that m(E,)=0 for each m.
Fix m. Since f is Riemann integrable over [a, 5], there exists in view
of Proposition 2 a partition P of [a, b] such that

SP)-s5(P) < 5 )

Thus

F::' w(I)) (x111= %)= ?:_:,(M 1= my) (X1~ Xi)
=S(P)~s(P)
<5 0)
Now, Ep=EnU En, where Ep, is the set of points of E, that are
points of the partitition P and Ef=E— Ej. Obviously, E\C ’Q Jio

where Ji’s are open intervals such that the sum of their lengths does
not exceed ¢/2. Further, if x&En, then x belongs to some I;.Hence

W) > wix) > =
m
If we denote by 7, I, . . . I;, those of the intervals ; of P each of
which contains a point of Ey, then, in view of (2), the sum of lengths
of I(j=1, 2,...r) does not exceed ¢/2. Since E.c () Ji and
k=1

EnC kO:I"" it follows that E,, is of measure zero.

To prove the converse, suppose that / is continuous a.e. in {a, 5].

Since m(Em)=0 for each m, EnC 'Gl I, where each I is an open
interval of [a, 5] and*

B < sommr

It is clear that E, is a closed set in R and hence in [g, 4]. Therefore,
by the Heine-Borel Theorem, there is a finite number of intervals
Ly, Ly, . . -5 I;, which covers E,,. Observe that

[a’ b] -kgl Ilk

*We may assume that w([a, 5]) > 0.



Appendix I 231
can be expressed as a union of closed intervals Ji, Ja, . . ., Jp. Thus
r D
=0 Ju( £ )

Since no interval Ji(i=1, 2, . . ., p) contains a point of E,, there exists,
by Proposition 3, a partition P; of J; such that

s -s(p) < 2.
Set P=PyUP;:U ... UP,. Clearly Pisa partition of [a, b]. Hence
S(B)=5(P)= ¥ (SP)— PO+ 3. (My—my) (54~ 1)

< 3 B 10D+ Wl (o= 31)

b- r
- W, BD X (o = %,1)

b-a €
m T Dy

<

<

<e

by a suitable choice of m for each ¢ > 0. Hence, by Proposition 2, f
is Riemann integrable over [a, 5]. |}
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Nowhere Differentiable
Continuous Functions

We give here functions which are conunuous on R but nowhere diffe~
rentiable.

Example 1 (Van der Waerden). Let F: R — R be a function defi-
ned by

x
Foy= § 249, W
where
Jo(x)=distance from x to the nearest integer
Ji(x) =fo(10%x), k=0, 1, 2, . ..
We observe that:

() Eachfx is a continuous function on R..
(b) Fis continuous on R.

Since

,B Ju(x) < go 2.110,‘ (xER)

=—;— < 00>
by the Weierstrass M-test, the series (1) converges uniformly on R.
Therefore, it follows that F is continuous on R because it is the
uniform limit of continuous functions.

(c) F is nowhere differentiable
Let a=R be any point. It is enough to show that F'(a) does not exist.
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Suppose a=ap-ayazas. . . a, . . . For nEN, let
Xn=00-A10203 . - . An-1bpGp,1 . . .,
where b, = au,1 if an#4 or 9 and b,=a,1 if a,=4 or 9.
Therefore
Xp—a=+10""

= lim x,=a.
n=»co

Thus, for any nEN, we note that
Jilxn) —fi(a) = L 10k—n (k=0,1,2,..(n-1)
Ji(xn)=fi(a)=0 k= n

Hence

F(x,.) F(a) ;‘ fk(x.() —fk(a))
0 x,. a
n—1 :|:10k-n
= & 10Kz 107
n—1

= E‘oil'

This verifies that
i [ o) =210

x.-a

does not exist.

Example 2 (Weierstrass). Let F: R — R be a function defined by

Foy=F, 252%, GeR). @

Since the series (2) is uniformly convergent on R and each term in
the series is a continuous function on R, it follows that the function
F is continuous on R. On the other hand, observe that the series

- ﬁb (%-)' sin 3#x,
obtained by differentiating the series (2) term by term, is divergent
when x is not a multiple of ». This indicates that F is nowhere diffe-
rentiable.
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Note. One can construct several examples on the lines of Examples 1
and 2 above. For instance, in Example 1, one may replace the
function F by the function defined by

Fo-3 8D, ew)

where
JSo(x) = distance from x to the nearest integer
Si(x)=fo(u*x), k=0,1,2,...;

while in Example 2, replace the function F by the function defined by

F(x) -"i:o b* cos (a™rx),

where a is an odd natural number and b a real number such that

0<b<1 and ab > l+%—'—'~

At this stage, we may point out that most of the continuous func-
tions are nowhere differentiable. This is justified by the Baire category
theorem: “The set R is not of the first category.”* (The proof of this
theorem is beyond the scope of this book.)

*A set which is the union of a denumerable number of nowhere dense sets is
called a set of the first category.



Appendix III

The Development of the Notion
of the Integral’

Gentlemen:

Foregoing technical developments, we are going to examine as a
whole the successive modifications and enrichments of the notion of
the integral and the appearance of other concepts used in recent
research concerning functions of real variables.

Before Cauchy, there was no definition of the integral in the actual
sense of the word ‘‘definition’’. One was limited to saying which areas
it was necessary to add or subtract to obtain the integral.

For Cauchy a definition was necessary, because with him appeared
the concern for rigour which is characteristic of modern mathematics.
Cauchy defined continuous functions and the integrals of these func-
tions in nearly the same way as we do now. To arrive at the integral
of f(x), it sufficed for him to form the sums (see Figure IIL.1).

S=Y f€) Xi41—~x1) 1)

which surveyors and mathematicians have used for centuries for
approximating areas, and to deduce from this the integral

j:f(x)dx

by passage to the limit.
Although this passage was obviously legitimate to those starting
with a notion of area, Cauchy had to prove that the sum § actually

*This is the English translation of Henri Lebesgue’s lecture delivered in a
conference La Societe Mathematique at Copenhagen on May 8, 1926 and which
is included as an appendix in the book Soo Bong Chae, Lebesgue Integration,
Marcel Dekker, New York, No. 58 (1980). We wish to acknowledge our thanks
to Marcel Dekker, for permitting us to include the same in this book.
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tended toward a limit under the conditions which he considered. An
analogous necessity is imposed each time one replaces an experimen-
tal notion with a purely logical definition. It should be added that the
interest of the defined object is no longer evident; it can only result
from the study of the properties of this object.

+.
fIZ;) y=fix)
+ +

Fig. III.1.

This is the price of logical progress. What Cauchy did is consider-
able enough to have a philosophical meaning. It is often said that
Descartes reduced geometry to algebra. I would say more readily
that, by employing coordinates, he reduced all geometries to that of
the straight line and that this geometry, in giving us the notions of
continuity and irrational number, has permitted algebra to attain its
actual scope.

In order that the reduction of all geometries to the geometry of
the straight line be achieved, it was necessary to eliminate a certain
number of notions related to geometries of higher dimensions such as
length of a curve, area of a surface, and volume of a body. Precisely
here lies the progress which Cauchy realized. After him, it sufficed
that arithmeticians construct the linear continuum with the aid of
natural numbers to accomplish the arithmetization of the science.

And now, should we limit ourselves to doing analysis? No. Indeed,
all that we will do can be translated into arithmetical language, but
if one were to refuse to have direct, geometric, intuitive insights,
if one were reduced to pure logic which does not permit a choice
among every thing that is exact, one would hardly think of many
questions, and certain notions, the majority of those notions which we
are going to examine today, for example, would escape us completely.

For a long time, certain discontinuous functions were integrated;
Cauchy’s definition still applied to these integrals, but it was natural
to investigate, as Riemann did, the exact scope of this definition.
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If f; and f; designate the lower and upper bounds of f(x) on
(x4, xi41), then S lies between

§ =Y [a(xm - X;) and S =Y Filxi1—x)
Riemann showed that it suffices that

§-8=Y(fi—fi) (1= x)

tends toward zero for a particular sequence of partititions of (a, b)
into smaller and smaller intervals (x;, x;.:) in order for Cauchy’s
definition to apply. Darboux added that the usual passages to the
limit by S and S always give two definite numbers

ﬁf(x) d I:f(x) dx

These numbers are in general different and are equal only when the
Cauchy-Riemann integral exists.

From the logical point of view, these are very natural definitions,
are they not? Nevertheless, one could say that they are use less in the
practical sense. Riemann’s definition, in particular, has the disadvan-
tage that it applies only rarely and, in a sense, by chance.

Indeed, it is evident that partitioning of (a, b) into smaller and
smaller intervals (x;, X;+1) makes the differences f;— f; smaller and
smaller if f(x) is continuous, and by virtue of this continuous process
it is clear that this partitioning causes S — S to tend toward zero if
there are only a few points of discontinuity. However, there is no
reason to hope that the case will be the same for a function disconti-
nuous_everywhere. So, in effect, taking smaller and smaller intervals
(xi, x141), that is to say, values of f(x) related to values of x which
come closer and closer together, in no way guarantees that one takes
values of f(x) whose differences become less and less.

Let us proceed according to the goal to be attained: to gather or
group values of f(x) which differ by little, It is clear, then, that we
must partition not (a, b), but rather the interval (f,f) bounded by
the lower and upper bounds of f(x) on (a, b). We do this with the
aid of numbers y; differing among themselves by less than ¢; we are
led, for example, to consider values of f(x) defined by

< f(x) < yin
The corresponding values of x form a set Ej; in the case of Fig. II1.2,
this set E; is made up of four intervals. With a certain continuous
function f(x), it might be formed by an infinite number of intervals.
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With an arbitrary function, it might be very complicated. But, no
matter—it is this set E; which plays the role analogous to that of the
interval (x;, x;41) in the definition of the integral of continuous func-
tions, since it makes known to us the values of x which give to
Jf(x) values differing very little.

Fig. IIL.2.

If u; is any number chosen between y; and yy,4,

Vi <M< Y

the values of f(x) for the points of E; differ from =; by less than e.
The number »; will play the role which was assumed by f(¢;) in (1);
as for the role of the length or measure x;.3—x; of the interval
(x1, xi-1), this will be played by a measure m(E;), which we will
assign to the set E; in a moment. We form in this manner the sum

S= Y m(E) )

But first let us look at what we have just done and, in order to under-
stand it better, repeat it in other terms.

The geometers of the seventeenth century considered the integral
of f(x)—the word “integral” had not yet been invented, but that is
hardly important—as the sum of an infinity of indivisibles,! each of
which is an ordinate, positive or negative, of f(x). Very welll We
have simply grouped the indivisibles of comparable size; we have,
as one says in algebra, made the collection or reduction of similar
terms. It may again be said that, with Riemann’s procedure, one

iIn the context of areas, indivisibles are ‘“infinitely narrow” rectangles of
“infinitesimal” area. Leibniz used the symbol dx to denote the ““width” of an
indivisible, so that the ““area” of an indivisible of length y was given by the pro-

duct y dx. He then introduced the symbol I ydx for the “sum” or “integral™
of the areas of the indivisibles which gives the area of a given region.
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attempted to sum the indivisibles by taking them in the order in which
they were furnished by the variation of x. One operated as did a mer-
chant without a method who counted coins and bills randomly in the
order in which they fell into his hand, while we operate like the
methodical merchant who says

I have m(Ej) pennies worth 1-m(Ej).
I have m(E3) nickels worth 5-m(E3).
I have m(E3) dimes worth 10-m(E3).
etc., and thus I have altogether
S=1-m(E1)+5-m(Ez)+10-m(E3)+ , . .

The two procedures will certainly lead the merchant to the same
result because, as rich as he might be, he has only a finite number
of bills to count; but for us who have to sum an infinity of indivisi-
bles, the difference between the two methods of adding is capital.

Let us now occupy ourselves with the definition of the number
m(E;) attached to E;. The analogy between this measure and a length,
or the same with a number of bills, leads us naturally to say that, in
the example in Fig. IIL.2, m(E;) will be the sum of the lengths of the
four intervals constituting E;, and that, in an example in which E; is
formed from an infinity of intervals, m(E;) will be the sum of the
lengths of all these intervals. In the general case, it leads us to pro-
ceed as follows: We enclose E; in a finite or countably infinite number
of intervals, and let Iy, L. . . . be the lengths of these intervals. We
certainly want

m(E) < h+h+ ...

If we look for the greatest lower bound of the second member for
all possible systems of intervals which can serve to cover E;, this will
be anupper bound for m(E;). For this reason we denote it by m(E)
and we have

m(E) < m(E) (©)
If C is the set of points of (a4, b) not included in E;, we have
similarly
m(C) < m(C)
Now, we obviously wish to have
m(E)+m(C)=m((a, b))=b~a
Therefore we must have
m(E) = b-a~m(C) @
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The inequalities (3) and (4) give then the upper and lower bounds of
m(E;). One can easily see that these two inequalities are never contra-
dictory. When the lower and upper bounds of E; are equal. m(E;) is
defined, and we say then that E; is measurable.2

A function f(x) for which the sets E; are measurable for all y; is
called measurable. For such a function, formula (2) defines a sum
S. One can easily prove that, when one varies the choice of y; in such
a way that e tends toward zero, the sum § approaches a definite limit
which is by definition

j: J(x) dx.3

This first extension of the notion of integral led to many others.
Let us suppose that it is a question of integrating a function f(x, y)
in two variables. We proceed exactly as before. We assign to it sets
E; which are now points in the plane and no longer the points on a
line. To these sets we must now attribute a plane measure; this mea-
sure is deduced from the area of the rectangles

a<x<P Y<y<?

entirely in the same manner as linear measure is deduced from the
length of intervals. With the measure defined, formula (2) will give
the sum S, from which the integral is deduced by passage to the limit.

The definition which we have considered thus extends itself imme-
diately to functions of several variables. Here is another extension
which applies equally well whatever the number of variables, but
which I state only in the case where it is a question of integrating
f(x) on (a, b).

I have said that it is a matter of forming the sum of indivisibles
represented by the various ordinates of the points x, y=f(x). A
moment ago, we grouped these indivisibles according to their size. Let

*The method of defining the measure of sets used here is that of C. Jordan
(Cours d’Analyse de I'Ecole Polytechnique, Vol. 1) but with this modification
essential to our aim; that we enclose the set Ei to be measured in intervals which
may be infinite in number, whereas Jordan always used only a finite number of
intervals. This use of a countable infinity in place of integers is suggested by the
endeavors of Borel who, moreover, himself used this idea in particular for a defl-
nition of measure (Lecons sur la théorie des fonctions).

3Comptes Rendus Acad. Sci. Paris, 129, 1909. Definitions equivalent to that
of the text were proposed by various authors. The most interesting are due to
W.H. Young (Philos. Trans. Roy. Soc. London, 204, 1905, Proc, London Math,
Soc,, 1910). See also, for example, the notes by Borel and by F, Riesz (Comptes
Rendus Acad. Sci. Paris, 154, 1912),
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us now restrict ourselves to grouping them according to their sign;
we will have to consider the plane set E, of those points, the ordi-
nates of which are positive, and the set E, of points with negative
ordinates. For the simple case in which f(x )is continuous, before
Cauchy, as I recalled in the beginning, one wrote

ﬁ: JS(x) dx=area (E,) —area (E,)
This leads us to write
[ 760 ds=mai-maz

m; designating a plane measure. This new definition is equivalent to
the preceding one. It brings us back to the intuitive method before
Cauchy, but the definition of measure has given it a solid logical
foundation.

We thus know two ways of defining the integral of a function of
one or more variables, and thit we know without having to consider
the more or less complicated form of the domain of integration,
because the domain D intervenes only as follows: The sets E; of our
first definition and the sets E,, E, of the second are formed by taking
values of the function f only on the points of D.

Since the choice of the domain of integration D enters only in the
formation of the sets Ej, or E, and E,, it is clear that we could just
as well agree to form these sets E;, E,, E, by taking into considera-
tion only the values assumed by f on the points of a given set E, and
we will have hence defined the integral of f extended to the set E.

In order to make precise the scope of this new extension of the
notion of integral, let us recall that our definitions require that f be
measurable, that is to say, that the sets E; be measurable for the first
definition, and that E, and E, be measurable for the second, and, in
view of this, E must also be measurable. We thus know how to define
the integral extended to a measurable set of a measurable and boun-
ded function on this set. I have, in effect, implicitly supposed thus far
that we are dealing with bounded functions.

What would have to be changed in the first manner of definition if
the function f to be integrated were not bounded? The interval (£ 7)
would no longer be finite; an infinity of numbers y; would be needed
to divide it into intervals of length at most equal to ¢, so there would
be an infinity of sets E; and the sum S of formula (2) would now be
a series. In order not to be stopped at the outset, we must assume
that the series S is convergent for the first choice of the numbers y;
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that we would make; but, if S exists for one choice of y;, it exists for
all choices of y;, and the definition of the integral applies without
modification.

The name of summable functions has been given to all functions
which can be integrated by the indicated procedures, that is to say,
to all measurable functions for which the sums S have a meaning,
Every bounded measurable function is summable; and as no one has
up to now succeeded in naming a nonmeasurable function, one could
say that, up to now, practically every bounded function has an integ-
ral. On the contrary, there exists very simple unbounded functions
which are not summable. Thus, one must not be astonished that our
notion of integral still reveals itself insufficient in certain questions.

We have just extended the notion of integral to unbounded func-
tions by starting with the first of our definitions; the second leads to
the same result. But for this it is necessary to enlarge the notion of
measure in such a way that it applies not only to bounded sets, which
we thus far considered solely, but also to sets of points extending to
infinity. I mention this second method of proceeding only because it
is also related to another extension of the definite integral in which
the interval, the domain, the set on which the integral is extended,
is no longer presumed finite, as we have done up to now, but may go
to infinity.

I limit myself to just an indication, because I will not be consider-
ing “in what follows this extension of the integral concept. It is for the
same reason that I am content with mentioning briefly the research,
still very original, undertaken by a young man killed in the war,
R. Gateaux, who intended to define the operation of integration for
functions of infinitely many variations. This research, which was
continued by Paul Levy and by Norbert Wiener, is not without rela-
tion to the axiomatic studies undertaken by M. Fréchet and by P.J.
Daniell with the aim of extending the notion of integral to abstract
sets.4 Fréchet and Daniell proposed furthermore to apply to abstract
sets not only the definitions of which I have spoken thus far, but also
a further extension of the definite integral, to which we shall be led

soon by the notion of indefinite integral, which we are now going to
examine.

‘R. Gateaux, Bull. Soc. Math. France, 1919; P. Lévy, Lecons d’analyse fonctio-
nelle, 1922; N. Wiener, Proc. London Math. Soc., 1922; M. Fréchet, Bull. Soc.
‘Math. France, 1915; P.J. Daniell, Ann. of Math., 1918 and 1919.
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One ordinarily calls the indefinite integral of a function f(x) the
function F(x) defined by

F)=C+ [ 1) s )

We do not adhere to this name but give rather to the words *indefi-
nite integral” their original meaning. Originally, the two names ‘‘defi-
nite integral” and ‘‘indefinite integral” applied to the same expres-

b
sion I f(x) dx. But the integral was called ‘‘definite’” when it was a

question of a given, determined; or defined interval (a, b); and the
integral was ““indefinite’’ when (a, b) was variable, undetermined. un-
defined, or, if one wishes, indefinite.

It is, in short, by a veritable abuse of language that one calls F(x)
the indefinite integral of f(x). If we remark in addition that when

b
one studies F(x) it is always to obtain properties of f f(x) dx, that

b
it is actually J f(x) dx which one studies through F(x), one will be led
to say: I call the indefinite integral of f(x) the function

o(a, b)= [ 03 dx= o)~ FG@ (5)

There are between an indefinite integral and the corresponding
definite integral the same relations and same differences as between a
function and a particular value taken on by this function. Further-
more, if we represent by D the interval (a, b) of integration, we may
say that the indefinite integral is a function, the argument of which
is the domain D,

¥(D)=p(a, b)

From these reflections it clearly results that, relative to a function
of two variables f(x, ), one must not take for the indefinite integral,
as is sometimes done, the function

x [y
Fx, D)=+ e+ [ s v ady ®
If one limits oneself to considering rectangular domains

as<x<b c<y<d

one must take for the indefinite integral the function of four vari-
ables

#(a, b; c, d)=F(b, d)+ F(a, c)— F(a, d)- F(b, c) ™
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But if one wishes to consider all the domains of integration, since the
most general domain cannot be determined by a finite number of
parameters, however large the number, it becomes necessary to give
up ordinary functions to represent the correspondence between a
domain D and the integral extended to this domain and to study
directly the function

w0y [[ 105 dxay

for which the argument D is a domain. It is this function which we
will call the indefinite integral of f(x, y). Or rather, since we have
also defined the integral of f extended to a measurable set E, we will
consider the indefinite integral as a set function which will have been
defined for all measurable sets.’

In all that has been said up to now, there are, to be sure, only
questions of language or of naming; but those questions would not
have been asked if we had not acquired a new concept. It is for this
reason that one should not be surprised that the new language has
allowed one to give all possible meaning to facts perceived first of all
in the case of the function F(x) of formula (5). One has succeeded, in
particular, in characterizing set functions which are indefinite integ-
rals by two properties: complete additively and absolute continuity.6

When a set function possesses these two properties, it is the indefi-
nite integral of a function f which depends on 1, 2, 3, ... variables
according to whether the sets E are formed with the aid of the points
on a line, in a plane, in ordinary space, etc. In order to have a uni-
form language and notation, let us say that f is a point function, f(P);
We write

uE)= [ 12y amee) ®

The function f(P) is entirely determined by ¥(E) to the extent that
one can arbitrarily modify f on the points of an arbitrary set of
measure zero without its ceasing to have {(E) for an indefinite integral.
And one can obtain f(P) starting with $(E), except on points of a set
of measure zero, by the following procedure.

SAnn. Sci. del’ Ecole Normale Supérieure, 1910.

SThese terms are due respectively to de la Vallee-Poussin (Integrales de Lebes-
gue, fonctions d’ensemble, classef de Baire, Paris, 1916) and G. Vitali (R. Acc.
Sei. Torino, 1908). A function of a measurable set is absolutely continuous if,
when E varies in such a way that m(E) tends toward zero, ¥(E) also tends toward
zero. “‘Complete additivity” is a synonym for ““countable additivity”.
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Let P be the point at which we wish to calculate f; we take for the
domain of integration 4 an interval with center P, or a circle with
center P, or a sphere with centre P—according to whether we are
dealing with the case of the line, plane, or space—and we form the
ratio (4)/m(4). Then, let 4 tend to zero and we have

$(4)
lim @y~ /&) ©®)

This result evidently gencrallzes the classical theorem according to
which, f(x) is continuous, the function F(x) of formula (5) admits f
as its derivative; our procedure of calculating f(P) isindeed, in effect,
a sort of differentiation of the set function y(E).

This manner of differentiation was considered quite a long time
ago. Cauchy? calls “coexistent quantities” those quantities determined
at the same time, that is, by the same conditions. If, for example, one
has a nonhomogeneous body, nonhomogeneous in composition and
density, and if one considers a domain. D of this body, the volume of
D, the mass of D, the quantity of heat necessary to elevate by one
degree the temperature of D supposed isolated, all are coexistent
quantities. These are functions V(D), M(D), Q(D) of the domain.

It is not by happy chance that we arrive here at functions of
domains. If one reflects on it, one quickly sees that every magnitude
of physics is related not to a point, but to an extended body, that it
is a function of a domain, at least insofar that it is a maiter of
directly measurable magnitudes. The body to be considered will not,
however, always be a body of our customary space; it could be a
body in a purely mathematically conceived space if, in the determina-
tion of the envisaged magnitude, there intervene nonspatial variables
such as time, temperature, etc. But this is of little importance; directly
measurable magnitude—mass, quantity of heat, quantity of electricity,
for example—are functions of'a domain and not functions of a point.

Physics meanwhile also considers magnitudes associated with points,
such as speed, tension, density, specific heat; but these are derived
magnitudes which one defines accurately most often by the ratio or
the limit of the ratio of two coexistent quantities:

Density=—‘1,\: {aus; oS Specific heat = ———anﬁ:sf; heat

that is to say, by taking the derivative of a magnitude with respect to
a coexistent quantity.

*Exercices d’analyse et de physique mathematique, Vol. 2, Paris, 1840-1847, pp.
188-229.
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Thus physics, and consequently geometry, leads to the consideration
of functions of a domain and their differentiation just as does analysis
of functions of real variables. Similarly the functions of a domain
have, in physics, a somewhat more primordial role than point func-
tions. Why then do physicists not speak of these functions? Because
mathematicians have not yet studied them and because algebra has
notation neither for the domains, nor for the functions of domains.
Thus one sees the physicist limit himself to considering special domains
depending only on certain parameters, in such a way that the domain
function to be considered is reduced to a function of parameters.
This is, moreover, exactly what a mathematician does when, instead
of considering the definite integral of f(x, y) in all of its generaiity, he
limits himself to considering the functions F(X, Y), p(a, b; ¢, d) of
formulas (6) and (7).

We remark furthermore that formula (8) establishes a connection
between the set functions (E), which are indefinite integrals, and
point functions f(P), which are dependent upon algebra. This formula
(8) thus furnishes a sort of notation for certain set functions. But
when one examines the two conditions required for a function to be
an indefinite integral, one cannot doubt that physical quantities are
among the class of functions susceptible to the notation.

These reflections on the nature of physical quantities may have
allowed you to understand more precisely the interest and the impor-
tance of the notions which we have encountered. They show, in
particular, that the operation of differentiation which appears in for-
mula (9) is not the only one to be considered, that one can always
consider the differentation of a function J(E) with respect to a
coexistent function p(E), whether or not it is the measure m(E).

One question now quickly comes to mind: Can one also replace the
function m(E) with a given function p(E) in the definition of the in-
tergral? In this there is no difficulty. We will first replace formula (2)
by

8= up(E))
if first the sets E; belong to the family of those sets for which the
function p(E) is defined, that is, the function to be integrated must
be measurable with respect to p(E) in order for the series s to be
convergent, that is, £ must be summable with respect to p(E). This
being presumed, the definition of the integral of f(p) with respect to
p(E),

[r®rapiy
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is obtained as before if the function p(E) and possesses a certain
property which one expresses in saying that p(E) must be of bounded
variation.8

We have just arrived at a new and very considerable extension of
the notion of integral in taking the formal point of view of the mathe-
matician; the point of view of the physicist leads even more naturally
to the same result, at least for continuous functions f(P). One could
similarly say that the physicists have always considered only integra-
tions with respect to domain functions.

Suppose, for example, that one wishes to calculate the quantity of
heat p(D) necessary to elevate by one degree the temperature of a
body D of which we spoke above. One must divide D into small partial
bodies Dy, D, ... of masses M(D;), M(D), . .., choose from each a
point Py, P, ... and choose for an approximate value of p(D) the sum

FPYM(Ds) +f(PY)MDs) +. . .

f(P) designating the specific heat at P. This is to say that we are
calculating p(D) by the formula

o0)= [, 12) M.

In its general form the new integral was defined only in 1913 by
Radon; it was, meanwhile, known since 1894 for the particular case of
a continuous function of a single variable. But its first inventor,
Stieltjés, was led to it by research in analysis and arithmetic, and he
presented it in a purely analytical form which masked its physical
significance so much that it required much effort to understand and

8p(E)’is said to be of bounded variation if, in whichever manner one partitions
E into a countably infinite number of pairwise disjoint sets E, E;, . . . , the series
Z | p(E) | is convergent.

The notion of functions of bounded variation was first introduced by C. Jordan
for functions of one variable.

The only set functions p(E) to be considered in these theories are additive func-
tions, that is, those for which one has

P(Ey+Est. . )=p(ED+p(E+. ..
E,, E, ... being pairwise disjoint. If the additivity is complete, that is, if the
sequence Ey, E,, . .. can be chosen arbitrarily, p(E) is necessarily of bounded
variation. In effect, the order of the sets being unimportant, the series
P(E)+p(E5)+. . . must remain convergent whatever the order; that is, the series
2 | p(E)) | Is convergent.

No attempts have beer made up to now to get rid of the condition that p(E) be
of bounded variation. One ought to remark besides that if p(E) were not of
bounded variation, one could find a continuous function f(p) for which, neverthe-
Ises, our definition of integral would not apply.
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recognize what is now evident. The history of these efforts cites the
names of F. Riesz, H. Lebesgue, W.H. Young, M. Fréchet, C. de la
Vallée-Poussin; it shows that we competed in ingenuity and in perspi-
cacity, but also in blindness.?

And yet, mathematicians always considered Stieltjes-Radon in-

tegrals. The curvilinear integral I . f(x, y)dx is one of these integrals,

relative to a function defined in terms of the length of the projection

onto the x axis of a arcs of C; the integral I L f(x, y, 2)dxdy in-

volves in the same way a set function defined in terms of areas of S
projected onto the xy plane.
In truth, these integrals most often present themselves in groups

I c S(x, y)dx +g(x, y)dy

j S, 3, D dy+g(x, 3, )y de+h, 3, 2) d

If one thinks also of integrals considered for the definition of lengths
of curves or areas of surfaces,

j _ @ adprdye f I , [(dx )+ (dy doy + (dz oyl

one will be led to say that it is also convenient to study modes of
integration in which there appear several set functions p,(E), paE),
.... This study remains entirely for the future, although Hellinger
and Toeplitz have utilized certain summations with respect to several
set functions.!0

We have thus for considered integration, definite or indefinite, as
an operation furnishing a number, defined or variable, by a sort of
generalized addition. We are placed with the point of view of quadra-
tures. But one may also consider the integration of a continuous
function as furnishing a function, just like the most simple of integra-
tions of differential equations. It is this point of view of primitive
functions which we will now consider.

Finding the primitive function F(x) of a given function f(x) is
finding the function, determined to an additive constant, when it exists,

). Radon, Sitz, Kais. Ak. Wiss. Vienna, Vol. 122, Section Ila, 1913; T.J.
Stieltjes, Ann. Fac. Sci. Toulouse, 1894; F. Riesz, Comptes Rendus Acad. Sci.
Paris, 1909; H. Lebesgue, ibid., 1910; W.H. Young, Proc. London Math. Soc.,
1913; M. Fréchet, Nouv. Ann. des Math., 1909; de la Vallée-Poussin, op. cit.

1°See, for example, J. reine angew. Math., 144, 1914, pp. 212-238.
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which admits f(x) as its derivative. It is this problem that we are
going to study.

But first we remark that the preceding reflections lead to formulat-
ing the problem in a much more general fashion: Given a function
S(P) which is the derivative with respect to a known function p(E) of
an unknown function $(E), find the primitive function $(E) of f(P).

If, for example, we are dealing with a continuous function f(x) and
if m(E) is the measure, the primitive function would no longer be the

function F(x) of formula (5), but the indefinite integral L_ f(x) dx.

I can only mention this general problem which has not been
studied; I am content with remarking that the Stieltjes integral would
be very insufficient for resolving it. This integral has, in effect, only
been defined for the hypothesis that p(E) is of bounded variation, and
one may certainly speak of differentiation with respect to a ‘function
P(E) with is not of bounded variation.

The theory of summable functions furnishes the following result
related to the case in which p(E) is the measure m(E): When the
derivative f(P) is summable, the antiderivative of f is one of its primi-
tive functions. I say one of its primitive functions because one still
does not know very well now this general problem of primitive
functions must be posed in order for it to be determined.!!

Let us leave aside thses questions, which I speak of only in order to
show how much there remains to be done, and let us show how much
has been done in the search for the primitive function F(x) of f(x),
thanks above all to Arnaud Denjoy.

I have just said that, when f(x) is summable, integration furnishes
F(x) by formula (5). Suppose that, on (g, b), f(x) fails to be summable
only at a single point ¢. Then integration gives us F(x) on (@, c—¢)
for arbitrarily small € and hence on the whole interval (a, ¢); it also
gives F(x) on (c+e, b) and hence completely on (¢, b). And taking
into account the continuity of F(x) at the point ¢, we have F(x) on
the whole interval (a, b). By such considerations of continuity,!? one
sees that, if one knows F(x) on every interval which contains no point
of a set E in its interior or at its extremeties, one can deduce F(x) by
an operation which I shall designate by 4 on every interval adjacent
to E, that is, on every interval having its end points in £ but" having
no points of E in its interior.

ugee on this subject the notes of Fubini and Vitali, appearing 1915-1916, in
Atti Rend. R. Ace. Linced.

1]t is the introduction of these conditions of continuity which very considerably
differentiates the problem of primitive functions from that of quadratures.
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Suppose now that one knows F(x) on intervals («, 8) adjacent to a
set E, that the sum Y [F(B)— F(«)] is convergent, and thatf(x) is
summable on E.13 Then it suffices to say that the primitive function
must result from the contribution of E and the intervals adjacent to E
in order to be led to the formula

Foy-Fa)={[ | s+ E1F )~ Feol},

the braces of the second member indicating that one must utilize there
only points between a and x. From this formula there results the
determination of F(x), thanks to an operation with I will designate
by B.

The preceding results mark the extreme points which I reached in
my thesis, and I must say that I indicated them only somewhat by
chance, because I did not at all suspect the importance given to them
by Denjoy. Relying on Baire’s results, Denjoy shows that, if f(x)is a
derivative function on (a, b), then

(1) The points for which f(x) is not summable form a set E; which
is not densein (a, b); an operation O; of type 4 determine F(x) on
intervals adjacent to Ej.

(2) Next, there exists a set E; formed from point of E; and not
dense in Ej, on the adjacent intervals of which one can calculate F(x)
by an operation O; of type B.

(3) Next, there exists a set E; formed from points of E, and not
dense in E,, on the adjacent intervals of which one can calculate F(x)
by an operation Os of type B, ... .

If it turns out that after an infinite sequence of operation O;,
0., ..., one has not yet found F(x) on the entire interval (a, b), the
points of (a, b) which are not interior points of intervals on which
one has defined F(x) form a set E,, and an operation of type A4, the
operation O,, furnishes F on intervals adjacent to E,. One considers
next, if it is necessary, operations 0,41, O.+2, - . . of type B, followed
by an operation O, of type 4, followed by operations of type B, etc.

And Denjoy, using now classical arguments of Cantor and Bendixson,
proves that this procedure will finally give us F(x) on the entire inter-
val (a, b) after a finite or countably infinite number of operations.

13[t js convenient to remark that these hypotheses are not contradictory, the
same as if E is assumed to be the set of points on which f(x) is not summable in
an interval (a, b) considered. For the determination of points of nonsummability
on (a, b) it is necessary, in effect, to take into account all points of (a, b), whether
they belong to E or not; whereas summability on E is a condition occurring only
on the points of E.
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This operative procedure, certainly complicated, but just as natural,
in principal, as those previously envisaged, was called by Denjoy
“‘totalization™.

Totalization solves entirely the problem of finding the primitive
function F(x) of a given function f(x); it permits at the same time the
determination of F(x) knowing only a derived number f of F(x)
and no longer its derivative. I shall not dwell on these beautiful
results; the most important fact for us is that totalization, by a long
detour, furnishes us ‘with a new extension of the concept of definite
integral. Every time, in effect, that totalization applies to a function
f(x) and gives a corresponding function F(x), we can attach to f(x) an
integral, thanks to formulas (5) and (5').15

Gentlmen, I end now and thank you for your courteous attention;
but a word of conclusion is necessary. This is, if you will, that a
generalization made not for the vain pleasure of generalizing, but
rather for the solution of problems previously posed, is always a
fruitful generalization. The diverse applications which have already
taken the concepts which we have just examined prove this super-
abundantly.

UDini’s derivative.

BThe detailed memoirs of Denjoy appeared from 1915 to 1917 in the Journal de
Math., in the Bull. Soc. Math. France, and in the Ann. Sci. de I’E’cole Normale
Superieure.






10.
11.
12.
13.

14.

15.

16.

Bibliography

. Barra, G.De. ‘Introduction to Measure Theory’, Van Nostrand

Reinhold Company, New York (1974),

. Burrill, C.W. and Knudsen, J.R. ‘Real Variables’, Holt Rinehart

and Winston, Inc., New York (1969).

. Chae, Soo Bang. ‘Lebesgue Interation’, Monographs and Text-

books in Pure and Applied Mathematics No. 58, Marcel Dek-
ker, Inc., New York (1980).

Goldberg, R.R., ‘Methods of Real Analysis’, Oxford & IBH
Publishing Company, New Delhi (1973).

. Haaser, N.B. and Sullivan, J.A. ‘Real Analysis’, Van Nostrand

Reinhold Company, New York (1971).

Halmos, P.R. ‘Measure Theory’, Van Nostrand, Princeton, New
Jersey (1950).

Hu, S.T. ‘Elements of Real Analysis’, Holden-Day, Inc., San
Francisco (1967).

McShane, E.J. and Botts, T.A. ‘Real Analysis’, D. Van Nostr-
and Co. Princeton, New Jersey (1959).

Mukherjea, A. and Pothoven, K. ‘Real and Functional Analy-
sis’, Plenum Press, New York (1978).

Natanson, L.P. ‘Theory of Functions of a Real Variable Vol. I,
Frederik Ungar Pub. Company, New York (1965).

Randolph, J.F. ‘Basic Real and Abstract Analysis’, Academic
Press, New York (1968).

Royden, H.L. ‘Real Analysis (2nd ed.)’, The Macmillan Com-
pany, New York (1968).

Saxena, S.C., and Shah, S.M. ‘Introduction to Real Variable
Theory’, Printice-Hall of India Private Limited, New York (1980).
Spiegal, M.R. ‘Schaum’s Outline of Theory and Problems of
Real Variables’, Schaum’s Outline Series, McGraw-Hill Book
Company, New York (1969).

Taylor, A.E. ‘General Theory of Functions and Integration’,
Blaisdell Pub. Company, New York (1965).

Wheeden, R.L., and Zygmund, A. ‘Measure and Integral’,
Marcel Dekker, Inc., New York (1977).



List of Symbols and Notations

(S belongs to

& does not belong to

C is a subset of, is contained in

D contains

U union

n intersection

¢ empty set

E| there exists

[ | Q.E.D.

v for all

N set of natural numbers

I set of integers

Q set of rational numbers

R set of real numbers, real number system -

I+ set of nonnegative integers

N- set of negative integers

Q+ set of positive rational numbers

Q- set of negative rational numbers

R’ set of extended real numbers, extended real number
system

R» n-dimensional Buclidean space

A-B the set of all points in 4 which are not in B

AxB cartesian product of 4 and B

A4B symmetric difference of 4 and B

A~B A is equivalent to B

A~+B A is not equivalent to B

Ac the complement of 4

48 the set of functions on B with range in 4

A the derived set of 4

int (4) interior of A

P(4) power set of A4, set of subsets of 4

X4 characteristic function of 4



c(A)or A
A or card (4)
Ro

(4

C

@

G }

M

B
f:4A—->B
f1:B>4
f(4)

J1a

gof: A —> B
SUb)
S-1(B)
Vs
f_

S~g

f=g

)

x+y

xRy

Aty

1(¢))

m(E)
m*(E)
m(E)
Df(x)
D.f(x)
Df(x)
D_f(x)
BV]a, b]
o

To(f)

Cla, b]

-1

X 11D
L¥(E)
L>(E)

List of Symbols and Notations 255

closure of 4

cardinal number of 4

aleph nought

cardinal number of the continuum
cantor set

generalized cantor set

special Borel sets

family of measurable sets

class of Borel sets

function (or mapping) with domain 4 and range in B
inverse function (or mapping)
image of 4 under the function f
the restriction of f to 4
composition of mappings

inverse image of b

inverse image of B

positive part of the function f
negative part of the function f
fis equivalent to g
fisequalto g

greatest integer not greater than x
sum modulo 1 of x and y

X is related to y

translate modulo I of 4 by y

length of the interval /

measure of E

outer measure of E

inner measure of E

upper right derivative

lower right derivative

upper left derivative

lower left derlvative

space of the functions of bounded variation on [a, 5]
variation function
total variation of f on [a, 5]

space of continuous functions on [a, 5]
norm
normed space X'

class of p-integrable functions over E
class of measurable essentially bounded functions on E



Index

Absolutely
continuous function, 192
convergent sequence, 11
summable sequence, 202
summable series,
Accumulation point, 9
Addition of cardinal numbers, 37
Adherent point, 7
Aggregate, 1
Algebra of sets, 66
Algebraic number, 26
Almost
everywhere (a.e.), 105
uniform convergence, 112
Asymptotic convergence, 118
Axiom of choice, 20

Baire category theorem, 234
Banach space, 200, 201, 213
Boolean
algebra, 66
c-algebra, 70
Borel
field, 70
function, 108
measurable function, 108
set, 72
Bounded
above, 5
below, 5
convergence theorem, 142
linear functional, 204, 220
set 5,
variation function, 179

Canonical representation, 102, 130
Cantor
continyum problem, 51
function, £9

like sets, 44

n-ary sets, 50

set, 44

ternary set, 44

theorem, 36
Cardinal number, 33
Cartesian product, 2, 4
Cauchy

inequality, 211

Schwarz inequality, 211

sequence, 9

sequence in measure, 123
Characteristic function, 51, 100
Choice function, 4
Closed

at left, 6

interval, 6

set, 7
Closure, 7
Codomain, 3
Collection, 1
Compact support, 226
Complement, 2
Complete normed space, 201
Composite function, 4
Conditionally continuous function, 77
Conjugate exponents (numbers), 208
Constant function, 4
Continuous function, 12, 103, 112, 113
Continuum, 30

hypothesis, 50
Convergence

absolute, 11

almost everywhere, 9

almost uniformly,

in the mean, 216

in the mean of order p, 216

in measure, 117, 118



in the norm, 216
pointwise, 11
uniform, 11
Convergent
‘sequence ,9, 78
series, 10
Countable
additivity, 54
set, 19
subadditivity, 58
Countably infinite set, 20
Cover, 8

Decreasing sequence, 9
Dense set, 9
Denumerable set, 19
Derivatives, 13
Derived set, 9
Difference, 2
Differentiation,

of an integral, 185

of monotone functions, 173
Dini Derivatives, 169, 170
Disjoint, 2
Domain, 3

Egoroff’s theorem, 113
Elements, 1
Elementary integral, 128
Empty set, 2
Enumerable set, 19
Enumeration, 20
Equimeasurable set, 74
Equivalence

classes, 5

relation, 5
Equivalent

functions, 213

sets, 15
Essential

bound, 205

supremum (ess sup), 107,.205

infimum (ess inf), 107

Essentially bounded function, 205
Exponentiation of cardinal numbers, 40

Extended
real number of system, 6
real valued function, 89
Extension of a function, 146

Index

Fatou’s lemma, 146

f-image, 3

Finite
cardinal number, 35
cover, 8
set, 19

F. Riesz theorem, 121

First category, 234

Fréchet theorem, 117

g (-4 m’ 60

53 o8-Set, 61

Foso-set, 61

Function, 3
absolutely continuous, 192
Borel, 108
bounded variation, 179, 180
Cantor, 50
characteristic, 51, 100
choice, 4
composite, 4
continuous, 12, 103, 112, 113
decreasing, 14
derivable, 13
differentiable, 13
essentially bounded, 205
identity, 4
increasing, 14
indicator, 100
infinitely differentiable, 227
integrable, 150
measurable, 88, 89
monotone, 14
negative variation, 183

nowhere differentiable, 169, 232

positive variation, 183
simple, 101

step, 94

strictly decreasing, 14
strictly increasing, 14

variation, 182

257

Fundamental sequence in measure, 123
Fundamental theorem of calculus, 169

Generalised
cantor set, 50
continuum hypothesis, 51
G -set, 61
Goo-set, 61
Gaov-set, 61



258 Index

Greatest lower bound (glb), 61 interval, 53
Heine-Borel theorem, 8 open set, 54
Hélder’s inequality, 208 sets, 53
Limit

Identity function, 4 inferior (lower), 10,78
Improper integrals, 165 point, 9
Increasing sequence, 9 _ superior (upper), 10, 78
Indefinite integral, 185 Linear functional, 204
Index, 3 Lipschitz condition, 196

set, 3 Lower
Indexed set, 3 bound, 5
Indicator function, 100 left derivative, 170
Infimum (inf), 6 limit, 10
Infinite set, 19 right-derivative, 170
Infinitely differentiable function, 227 Leo-spaces, 206
Inner (interior) measure, 64 -spaces, 205
Integrable function, 133, 150 J-spaces: 202
Integral of the derivative, 196 Ir-spaces, 201
Integration by parts, 198 Lusin’ theorem, 115
Interior

point, 7 Measurable

set, 7 function, 88, 89
Intersection of sets, 2 set, 64
Interval, 6 Measure, 65
Isolated set, 27 Membem, 1

Metric induced by norm, 201

Jordan decomposition theorem, 182 Minkowski’s inequality, 208

Least upper bound (lub), 5 Monotone

Lebesgue convergence theorem, 147
dominated convergence theorem, 160 function, 14
inner measure, 64 sequence, 9
integrable function, 133 Monotonicity, 56
integral, 127, 130, 134, 144, 154 Multiplication of cardinal numbers, 38
lower integral, 132
measure, 65 Nearly uniform convergence, 216
measure function, 65 Negative
measurable function, 89 part of a function, 98
measurable set, 64 variation of a function, 183
outer measure, 55 Neighbourhood (nbd), 7
point, 191 Nested interval property, 29
set, 190, 191 Non Borel measurable
upper integral, 132 function, 108

Lebesgue’s theorem, 176 set, 74

Left hand Nondense set, 9
derivative, 14 Nondenumerable set, 28
limit, 12 Nonmeasurable

Length of function, 101

closed set, 54 set, 83



Norm, 200, 204

Normed
linear space, 200
space, 200

Nowhere dense set, 9

Nowhere differentiable continuous
function, 169, 232

Null set, 2

One-~one, 3
One-to-one, 4
Onto, 3
Open
at right, 6
cover, 8
interval, 6
set, 7
Operation on sets, 2
Oscillation, 228.
Outer measure, 55

Pairwise disjoint, 3
Partition, 5
Perfect set, 48
p-mean Cauchy sequence, 216
Point, 1
of closure, 7
Pointwise convergenee, 11
Positive
part of a function, 98
variation of a function, 183
Power set, 2
Pre-image, 3
Presque parpout, 106
Product, 2
Proper subset, 2

Quotient set, 5

Range, 3
Rational point, 27
Real valued function, 3
Reflexive, 5
Relation, 5
Restriction of a function, 4
Riemann integral, 128
Riesz

theorem, 121

Fisher theorem, 214
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Héolder inequality 208, 212

Minkowski’s inequality, 210, 212

representation theorem, 222
Right-hand

derivative, 14

limit, 12

Schroder-Bernstein, theorem, 18
Semi
closed interval, 6
open interval, 6
Separable space, 220
Sequence, 9
Cauchy, 9
decreasing, 9
increasing, 9
monotone, 9
Series, 9, 10
Set, 1
Borel, 72
closed, 7
dense, 9
o, 60
45,61
isolated, 27
Lebesgue, 190, 191
measurable, 64
non-measurable, 83
nowhere dense, 9
open, 7
perfect, 48
Set function, 53
Set of
first category, 234
measure zero, 105
Sgn x, 221
o-algebra, 70
Simple function, 101
Singular function, 196
Step function, 94
Strictly
decreasing, 14
increasing, 14
Subcover, 8
Subset, 2
Subsequence, 10
Subspace, 194
Sum, 2
modulo 1, 83
Summable
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function, 150

sequence, 202
Super set, 2
Supermum, 5
Symmetric, 5

difference, 66
Total volume of a function, 180
Transcendental number, 26
Transfinite cardinal number, 35
Transitive, 5
Translate modulo, 1, 83
Translation invariance, 54

Unbounded

above, 10

below, 10

function,

interval, 7

set, 5
Uncountable set, 28
Uncountably infinite set, 28

Uniform
continuous, 13
convergence almost, 112
Union, 2
Upper
bound, 5§
left derivative, 170
limit, 10
right derivative, 170

Variation
function, 182
‘bounded, 179
negative, 183
positive, 183
total, 180
Vitali
cover, 173
covering theorem, 173
Void set, 2

Weakly convergent, 226
Well defined, 1
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