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Preface 

One of the basic concepts of analysis is that of integration. The 
classical theory of integration, perfected in the middle of the 
nineteenth century by Cauchy and Riemann, was adequate for 
solving many mathematical problems, both in pure and applied 
mathematics. However, at the end of the nineteenth century, 
mathematicians foundit inadequatefrom a more general point of 
view •. The deficiencies of this theory can be roughly summed up in 
two brief statements. Firstly, the class of functions integrable in 
sense of Riemann is relatively small being limited by the require­
ments of continuity, piece-wise continuity or other stringent condi­
tions. Secondlyand more seriously, limiting operations often lead 
to insurmountable difficulties. Given a sequence of Riemann integ­
rable functionscon verging to some function in a domain, the limit 
of the sequence of integrated functions may not be the Riemann 
integral of the limit function. In fact, the Riemann integral of 
the limit-function may not even exist. This is a major drawback 
of the classical theory of integration, apart from the fact that 
even relatively simple functions are not integrable in the Riemann 
sense. These deficiencies have been removed in the Modern Theory 
of Measure and Integration, developed by some of the leading 
mathematicians. The origin of this theory lies in the work of 
Henri Lebesgue, a French mathematician, who in the early part 
of the present century formulated a more meaningful theory of 
integration than the classical one by generalizing the concept of 
the length of intervals to the measure of sets of real numbers. 
The modern theory meets the need of a number of important 
branches of mathematics and allied subjects. It helps in the 
solution of problems in probability theory, partial differential 
equations, hydrodynamics and. quantum mechanics. The theory 
of integration has undergone a continuous process of evolution 
and innovations since the publications of the pioneer work of 
H. Lebesgue, Integral, Loniueur aire in 1902. 
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Today, the theory of 'Lebesgue measure and integration' which 
has been of tremendous mathematical importance forms the 
background of modem mathematical analysis. No mathematician 
can afford today to be ignorant of the modern theories of integra­
tion. It is also in the interest of the students of mathematics that 
they become acquainted with these ideas early in their studies. 
With this idea in mind, a one-semester course of this subject has 
been prescribed in various universities at the honours and 
post-graduate levels. 

There are, of course, a number of books, available on the sub­
ject, which are too concise to be intellegible to the students. 
There is hardly any single book which covers the entire syllabus 
as prescribed in various universities. 

The book is written as a text for the standard one-semester 
course that is usually pursued by the honours and post-graduate 
students of the various universities in India and abroad with the 
hope that it will open a path to the Lebesgue theory to the 
students. The aim of this book is to cover a basic course of 
Lebesgue measure and integration which flows in a natural' moti­
vated and simple way. The authors have taken great pains to give 
detailed explanations of reasons of working and of the method, 
used together with numerous examples and counter-examples at 
different places in the book. The details are explicitly presented 
keeping the interest of the students in view. Each topic in the' 
book has been treated in an easy and lucid style. We believe that 
thestudentswillfind the book 'smooth going' and easy to under­
stand. It would also serve as a reference book for persons study­
ing analysis independently. 

The material has been arranged by sections, spread out in 
seven chapters. The text opens with a chapter on preliminaries 
discussing basic concepts and results which would be taken for 
granted later in the book; the reader is assumed to be already 
familiar with most of the material. This chapter is followed by 
chapters on Infinite Sets, Measurable Sets, Measurable Functions, 
Lebesgue Integral, Differentiation and Integration and The Lebes­
gue L 11 Spaces. The last chapter, i.e., The Lebesgue L' Spaces, 
is presented in order to sharpen the student's appetite for func­
tional analysis. The book contains many solved and unsolved 
problems, remarks and notes at places which would help the 
students to increase their knowledge by applying previous results 
or by presenting new material. Some of the problems require extra 



Preface v 

eft"ort on the part of students. Hints are also provided for the 
solution of several problems. A set of problems graded in a 
proper way has been given at the end of each chapter. 

We do not claim any originality of the results but we do claim 
simplicity and lucidity of presentation coupled with comprehensi­
veness of the material. The various. sources that have inspired the 
authorsarelistedinthebibliography. Yet, the works of Natanson 
(1965), Royden (1968) and Chae (1980) have made significant 
contribution in making the book useful for the student-readers 
and research-scholars. In fact, the genesis of the present text lies 
in the classroom notes prepared by the authors for students in 
Lebesgue measure and integration at the University of Delhi and 
Meerut, University over a period of some ten years-such notes 
were developed, revised, written and expanded more times than 
one can recall. 

We thank in general all our colleagues in the University of 
Delhi and Meerut University who have inspired us directly or 
indirectly, for taking up this project. Some of them have enligh­
tened us on some topics by holding discussions. One of the au­
thors (P.K. Jain) conveys his heartfelt thanks to his associates in 
the Department of Mathematics of the University of Khartoum 
(Sudan) and Kuwait University (Kuwait). They tempered the 
ideas and results in the book by valuable discussions from time 
to time. Above all, we are thankful to the generations of students 
who have made valuable contributions in injecting simplicity in 
presentation of the material so as to be intelligible to the student 
community in general. 

We owe special gratitute to Marcel Dekker, Inc., New York, 
for permitting us to reproduce ad verbum the English translation 
of Henri Lebesgue's lecture in the book (Appendix Jll). 

Finally, we thank the publisher for his cooperation in bringing 
out the book. 

PK JAIN 

VP GUPTA 
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Preliminaries 

This chapter is to help the reader in reviewing the preliminaries 
needed subsequently in this book. It is presumed that the reader has 
pursued an elementary course in real analysis. The approach adopted 
in this chapter is somewhat different from that used in other chapters. 
It is descriptive and the arguments given are directly toward plausi­
bility and understanding rather than rigorous proof. The preliminaries 
are divided into seven sections. 

1 SET AND SET INCLUSION 
A set is any well-defined collection or system of objects. Other 

words such as collection, class, and aggregate are used synonymously 
for the term set. 'Well-defined' means that it is possible to determine 
readily whether an object is a member of a given set or not. The 
objects that belong to a set are called its elements (or points or memlN!n). 
If A. is a set, then aEA. denotes that a is an element of A. and the 
notion a~A. denotes the negation of aEA.. For any element a and a 
set A., either aEA. or a~A.. 

Two methods used frequently to describe sets are the 'tabulation 
method' and the 'defining-property method'. The first, the tabulation 
method, enumerates or lists the individual elements separated by 
commas and enclosed in braces. By this method, the set of vowels of 
English alphabets is written as {a, e, i, o, u}. Sets which are difficult to 
describe by an enumeration are described by the second method-the 
defining-property method. In fact, this method is often more compact 
and convenient. A defining property of a set is a property which is 
satisfied by each element of that set and by nothing else. The standard 
notation for a set so described is { x I } or {x: }. Here xis a dummy 
symbol and the space between : and} is filled by a defining property. 
The above set, by this method is described as {x : x is a vowel of 
English GPhabets}. 
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Given two sets A and B, if the relation aEA. implies aEB for all a, 
we say that A is a subset of B (or Bis a superset of A, or A is con­
tained in B or B contains A.). In symbol, it is written as AcB. Two 
sets A and B are equal if AcB and BcA. Generally, a set is com­
pletely determined by its elements but there is a set which bas no ele­
ment, and we call it as the empty (or void or null) set and denote it by 
4' (phi). If A is any set, each element of 4' (there are none) is an ele­
ment of A, and so 4'CA. Thus, the empty set is a subset of every set. 
Further, if A is a subset of B with A ::;. 4' and A =F B, then A is a 
proper subset of B (or B properly contains A). In other words, a set 
A is a proper subset of B if and only if aEA implies aEB, and there 
exists at least one bEB such that b~A. 

Let A be a set. Then the collection of all the subsets of A is called 
the power set of A and is denoted by Ef'(A). For instance, if A is a set 
containing a, b and c as its elements, there are eight subsets of A. 
Hence, the power set Ef'(A) would contain eight elements, each being a 
subset of A. It is obvious that the sets 4' and A are always members 
of Ef'(A). In particular, .fP(A) is always a nonempty set. If A is a finite 
set containing n (distinct) elements, .fP(A) bas 2n elements and this is 
the reason for the name 'power set'. 

Let A and B be two sets. Using certain operations on A and B, we 
can obtain four other sets. One of these sets is called the union of the 
two sets; written AU B {sometimes, called the sum and written as 
A+ B); it consists of all elements that are in A or in B (or in both, an 
element that is in both is counted only once). The second is called the 
intersection of two sets, written An B (sometimes, called the product 
and written as A·B); it consists of all elements in A as well as in B. 
The third one is called the dHl"erence of the two sets, written A- B; it 
consists of all those elements of A which are not elements of B. The 
fourth one is called the Cartesian product of the two sets; written as 
Ax B, it consists of all ordered pairs (a, b) where aEA and bEB. 
Two sets A and B are said to be disjoint if An B = t/J, otherwise A 
intersects B. If BcA, A - B is called the complement of B with respect 
to A. In case A is taken as a universal set*, A-Bis written as JJc (or 
,...., B) and simply read as complement of B. If A= R, the set of all real 
numbers, then~ (complement of Q., the set of all rational numbers) 
is the set of all irrational numbers. We trust that the reader is familiar 
with the basic properties-commutative laws, associative laws, idem-

•All sets under consideration are subsets of a single fixed set known as the uni­
versal set, and in this book it is taken as R, the set of all real numbers, unless 
specified otherwise. 
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potent Jaws, distributive laws, DeMorgan's Jaws, etc., of complement, 
union and intersection. It may be noted that the laws given above do 
not hold good for the operation of Cartesian products. 

We now extend the definition of the unic;>n and intersection of two 
sets to collection C of sets. Let C be a collection of sets in .fP(X). Then 
its union and intersection are defined as follows: 

and 

U A. ... {xEX: xEA. for some A.EC} 
AeC 

nA. = {xEX: xEA. for all A.EC} . 
.4eC 

If C is empty, U A.= tf> and n A. = X. A collection C of sets is said to 
.4eC .4e;C 

be pairwise disjoint if two distinct members of it are mutually disjoint. 
A set whose elements are used as names is called an index set. An 

index set may be finite or infinite. Suppose for each member ot of a 
fixed set A., we have a set A.,,,. Then A. is the index set and the sets A.,,, 
are called the Indexed sets, and the subscript ot of A.,,,, i.e. each «EA., 
is called an Index. The collection of A.,,, is called an indexed family of 
sets and is denoted by {A.,,,},,,eA· An index set is usually denoted by A. 
We s'ball be using this symbol for index set throughout the book. 
Let A. be a set and A an index set. Let {A.,,,},,,e.11 be an indexed family 
of the subsets of A.. Then the union of all the sets A.. is the set {xEA: 
xE..411 for some a.EA}. We denote it by UA,,,. We may define nA.,,, 

flE.11 flE.11 
similarly. It is easy to verify that De Morgan's laws hold good in· 
an indexed family of sets. 

2 FUNCilONS 
Let A. and B denote arbitrary given sets. By a function f: A - B, 

we mean a rule which assigns to each element a of A., a unique ele­
ment b of B. If aEA, the corresponding element b in B is called the 
j-image of a and is denoted by /(a), i.e. b=f(a). In this case, a is called 
the pre-image of b. The set A. is called the domain of the function /, 
and B the codomain of f. The set B1 CB consisting of all f-images of 
elements of A is called the range of/, denoted by f(A.). A function f 
whose codomain is R is called a real-valued function. 

J.f f and g are two functions defined on the same domain A. and if 
f(a)=g(a) for every aEA, the functionsf and g are equal and we write 
f=g. Letfbe a function of A. into B. Thenf(A.)cB. J.f f(A.)= B,f is a 
function of A. onto B., or f: A. ~ B is an onto function. The function 
f: A. -+ B is one-one if for any two elements a1 and a2 of A, a1 ::/= a.z 



4 Lebesgue Measure and Integration 

implies/(ai) #= f(a2). A function which is both one-one and onto is 
called one-to-one. 

Let A be any set. Then/: A-+ A defined by f(x)=x for all xEA 
is called the identity function, denoted by l.11.. An identity function is 
one-to-one. A function/ is called a constant function if its range con­
sists of only one element. Let/: A -+ Band g: B -+ C be two func­
tions such that f(a)=b, aEA and bEB; and.g(b)-=c, where cEC. 
Then the function h: A -+ C defined by 

h(a)=c=g(b)=g(f(a)), aEA 

is called the composite function of two functions f and g, denoted 
by g of. 'Jf f: A -+ B, then IBof = f and/ ol.11. =/. Let f: A -+ B be a 
function and Ee.A. The function/ o 18 : E-+ B is called the restriction 
of/to the set E, denoted by fiB; dually, the function /is referred to 
as the extension of/1B to the set A. 

Let/: A-+ Band bEB. Then the /-inverse of b, denoted by 
J-l(b), consists of those elements of A which are mapped onto b by f, 
i.e. those elements of A which have b as their image. More briefly, if 
I : A -+ B, then 

1-1(b)={xEA :.ftx)•b}. 

It is obvious that 1-•(b) is a subset of A. We read/-i as :finverse'. It 
is easy to verify that a function f: A -+ B is one-one if and only if for 
each bEB, f- 1(b) is either empty or siligleton (set consisting of only 
one element). Let/: A-+ Band B1 be a subset of B. Then the inverse 
of Bi under the function/, denoted by /-1(B), consists of those ele­
ments of A which are mapped by f onto an element in Bi. More 
briefly, 

J-1(B1) = {xE.A : .ftx)EBi}. 

It is easy to prove that a function f: A -+ B is onto if and only if for 
every one-empty subset Bi of B,f-1(Bi) is a nonempty set. For a func­
tion/: A -+ B. which is one-to-one, we note that 

f- 1 0/=l.11. and f of-1 = IB. 

It may also be seen that 1i1 = l.11.. 
An indexed family of sets {Aac}ace.11 is a function/: A -+ .fP(A), 

where the domain of /is the index set A. Let {Aac}ace.11 be a nonempty 
family of nonempty subsets of a set A. A function/: {A11}ace.11-+ A is 
called a choice function if/(Aac)=Oar.E.A11, for every ar.EA. The set of 
all choice functions defined on {Aac}acelf is called the Cartesian product 
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of {Acx}cxe11 and is denoted by fl {Acz}. If {Acx}cxe 11 be any non-empty 
cxeA 

family of nonempty sets, the axiom of choice states that it is possible 
to choose simultaneously an element from each set. In other words, 
the axiom of choice states that the Cartesian product of a non-empty 
family of non-empty sets is nonempty. The axiom of choice may also 
be stated as 'there exists a choice function for any nonempty family 
of nonempty sets'. 

Let S be any set. A binary relation R on a set is defined as a sub­
set of S x S. If R is a relation on a set S, then for x, yES we write 
xRy to mean (x, y)ER and read it as 'xis related to y under R'. A 
relation R defined on a set S is said to be reftexive if xRx for every 
xES; symmetric if xRy implies yRx; and transitive if xRy and yRz 
imply xRz. A relation is said to be an equivalence relation if it is 
reflexive, symmetric and transitive. Closely associated with the concept 
of an equivalence relation is that of the partition of a set. A partition 
of a set S is a pairwise disjoint collection of nonempty subsets of S 
whose union is S. An equivalence relation in S defines a partition of S 
and, conversely, a partition of S yields an equivalence relation in S. Let 
R be an equivalence relation in S. Then for each sES, let 

R(s)={xES: xRs}. 

The collection {R(s): sES} is a partition of S. The members of this 
collection are called the equivalence classes and the collection is called 
the quotient set of S with respect to R. 

3 SUPREMUM AND INFIMUM 
A set AcR is said to be bounded below if there is a real number m 

such that x ~ m, for all xEA. The number m, in this case, is called a 
lower bound of A. It is easily seen that if m is a lower bound of A, 
then any number m' ~ m is also a lower bound of A. The set A is 
said to be bounded above if there is a real number M such that x ~ M, 
for all xEA. The number M, in this case, is called an upper bound of 
A. Again, it is easily seen that if M is an upper bound of A, then any 
number M' ~ M is also an upper bound of A. The set A is bounded 
if it is both bounded above and bounded below, i.e., the set A is 
bounded if 3 a real number k>O such that I x I ~ k for all xEA. 
Otherwise A is said to be unbounded.(Note that an unbounded set may 
be unbounded above, unbounded below or both.)A real number M is 
called the least upper bound (or supremum) of a nonempty set A, if 
(i) x ~ M for all xEA and (ii) given any E > 0, however small, there 
is a number xoEA such that M - e < xo. In other words, M is an 
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upper bound of A and no other real number less than M is an upper 
bound of A, i.e., the least upper bound of a set is the smallest of all the 
upper bounds of A. We denote the least upper bound of A by lub (A) 
or sup (A} or sup x. A real number m is called the greatest lower 

xeA 

bound (or infimum} of a nonempty set A, if (i) x ;;::: m for all xEA and 
(ii) given any E > 0, there is a number xoEA such that xo < m+E. We 
denote the greatest lower bound of A by glb (A.} or inf {A.} or inf x. 

xeA 

Every non-empty set of real numbers hounded above possesses the 
supremum while the one bounded below possesses the infimum. It is 
obvious that the supremum and infimum, provided they exist, are 
determined uniquely. The supremum and the infimum of a set may or 
may not belong to the set. For finite sets, the supremum coincides with 
the greatest real number of the set and the infimum with the smallest 
real number of the set. For an unbounded set A having no upper 
bound, we write sup (A.} ... + oo, and for a set A having no lower bound, 
inf {A.)= - l.Xl. The following equalities of supremum and infimum are 
obvious 

inf(A.)=infx= -sup(-x}= -sup(-A.}. 
xeA xeA 

Since the least upper bound of a set A is a special upper bound, it is 
clear that only sets bounded above can have the least upper bound. 
However, the empty set</> has no least upper bound even though it is 
bounded above by any real number. 

4 INTERVALS 
Let a, bER and a < b. Then the sets {xER : a < x < h}, denoted 

by ]a, b[ and {xER : a ~ x ~ b}, denoted by [a, bl are, respectively, 
called the open interval and the closed interval from a to b. The sets 
{xER : a ~ x < h}, denoted by [a, b[ and {xER : a < x ~ b}, 
denoted by ]a, b] are called semi-open intervals; the former is closed 
at left (or at a} and open at right (or at b} while the later is described 
analogously. Obviously, for b < a, all the four intervals defined above 
are empty. All these intervals are also bounded. 

The set RU { - oo, oo }, denoted by R • is called the extended real 
number system. For aER, the sets {xER: x > a}, denoted by ]a, oo[, 
and {xER : x ;;::: a}, denoted by [a, oo[, are called, respectively, the 
open interval and the closed interval from a to co. It may be noted 

'sup' and 'inf' are, respectively, the abbreviations of the Latin words supremum 
'the greatest' and.infimum 'the least'. 
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that co and - co are not real numbers. By convention, ]- co, co[ is 
the entire set R. An interval which has at least one endpoint as co or 
- co is called an unbounded Interval. 

5 OPEN, CLOSED AND PERFECT SETS 
A set Nc'R. is said to be a neighbourhood* of the point xoER if 3 

an open interval I containing Xo such that XoElcN. It is obvious 
that an open interval is a neighbourhood of each of its points. 

A point xo is called an interior point of a set G if there exists a nbd 
of xo contained in G. The set of all interior points of the set G is 
called the interior of G which is generally denoted by Int (G). The 
interior of [a, b} is ]a, b[. The interior of a finite set is empty. In fact, 
the interior of a set G is the largest open subset of G. A set G is said 
to be open if it is a nbd of each of its points. Thus, every point of an 
open set is its interior point, i.e. for an open set G, Int (G) = G. 
Evidently, G is open if and only if Int (G) = G. It is easy to verify that 
every open interval is an open set. Also, every open set of real numbers 
can be expressed as a union of a countable•• collection of mutually 
disjoint open intervals. 

A point x0 is a point of closure (adherent point) of F if every nbd 
of xo contains at least one point of F. The set of all points of closure 
of Fis called the closure of F and is generally denoted by F or C(F). 
The closure of ]a, b[ is [a, b]. A set is closed if its complement is an 
open set. In fact, the closure of a set Fis the smallest closed superset 
of F. Evidently, a set Fis closed if and only if F= F. If Fis a non­
empty, closed and bounded set, then the lub and glb of F always 
belong to F. Note that every finite set in R is closed. 

It must be remarked here that the terms 'open' and 'closed' are neither 
inclusive nor mutually exclusive. For example, each of the void set 
and the set R is both open and closed, on the other hand, a semi-open 
interval is neither open nor closed. There is a relationship, however, 
between open and closed sets. The complement of an open (closed) set 
is closed (open). An arbitrary union (intersection) of any number of 
open (closed) sets is open (closed). The union (intersection) of a finite 
number of closed (open) sets is closed (open). It may be noted that 
the intersection of an arbitrary number of open sets may not be an 
open set; for example 

"°] 1 1[ n --, - ={O} 
n-1 n n 

*The neighbourhood is abbreviated as 'nbd' throughout the book. 
**For definition of countable collection, see Chapter II. 
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which is not an open set. Moreover, the union of any number of 
closed sets may not be a closed set; for example 

ngl [ n ~ I ' = 1 ~ ] = [ ~ ' l [ 

which is not a closed set. 
A family C of sets is said to be a cover of a set A if A is contained 

in the union of sets forming C. If each element of C is an open set 
then the cover C is said to be an open cover of A. It is called a finite 
cover if C contains only a finite number of sets. A family 9JcC is 
said to be a .subcover of C if it itself is a cover of A. We state and 
prove below an important result concerning the cover of a bounded 
closed set of real numbers which we shall be using in our subsequent 
chapters. 

1.1 Theorem (Heine-Borel Theorem). Let F be a bounded closed set 
of real numbers. Then each open cover of F has a.finite subcover. 

Proof. Case I Suppose Fis a closed interval, say, [a, b]. Also, let C 
be an open cover of [a, b}. Take E to be the set of numbers x ~ b such 
that the interval [a, x] is contained in the union of a finite number of 
sets in C. Clearly, Eis a non-empty set as aEE and is bounded above 
by b. So, it has the least upper bound, say c. Since cE[a, b], there 
exists an open set G in C which contains c. Since G is open, there is 
an E > 0 such that the interval ]c-e, c+E[CG. Now c-E is not an 
upper bound of E, and hence x > c- E for some xeE. Since xEE, 
[a, x] is contained in the union of a finite number of sets in C. Conse­
quently, the finite collection obtained by adding one more set G to 
the finite number of sets, already required to cover [a, x], covers 
[a, c+E[. Thus [c, c+E[CEif each point of[c, c+E[ is less than or 
equal to b. Since no point of [c, c + E[ except c can belong to E, we 
must have c = b and bEE. Thus [a, bl can be covered by a collection 
consisting of finite number of sets in C. Thus, the result is proved 
when F= [a, bJ. 

Case 2 Suppose Fis any closed and bounded set of R.. Let C be 
an open cover of F. F being a bounded set, we enclose Fin a closed 
interval [a, bJ. Let g) be the collection obtained by adding pc to C; i.e. 
9J= CU{P}. Clearly, g) is an open cover of Ras 

R=FUP~P:U{G: GEC}= U{G: GE$}. 

and hence of [a, bJ. By Case 1, there exists a finite subcover e of 9J 
which covers [a, b] and hence F. Since FnP=tfo, e-{P:} covers F. 
However, e- {P:} is a finite subcollection of C -I 
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A real number C is a limit (accumulation) point of a set AcR if 
every nbd of C contains infinitely many points of A. It is obvious that 
a finite set cannot have a limit point. The set of all limit points of the 
set A is known as the derived set of A, denoted by A'. It is easy to 
verify that: (i) A= .AU A' and (ii) A is closed if and only if A' c.A. A 
set AcR is said to be dense (or dense in R) if every point of Risa 
point of A or a limit point of A or, equivalently, if A= R. A set A is 
said to be nowhere dense (nondense) in R if no nbd in R is contained 
in the closure of .A, i.e., if the complement of A is dense in R. The set 
A is perfect if either A= A' or A= B, where B is a closed set which is 
dense in itself. 

6 SEQUENCES AND SERIES 
A function f: N ~ X, where Xis any set is called a sequence in X. 

Because a sequence is uniquely and completely determined by the 
values an( =f(n)) for nEN, a sequence is usually denoted by {a,,} 
without explicit reference to f. The value a,, is called the nth term of 
the sequence {a,,}. A sequence {a,,} is said to converge to a limit l if for 
each,;> 0, there exists a natural number N (dependent on ,;) such 
that I a,, -1 I < ,; for n > N. We write Jim a,,= 1. A sequence having 

n+oo 

a limit is said to be convergent. It may be noted that if a sequence 
has a limit, the limit is unique. Also, every convergent sequence is 
bounded but the converse is not necessarily true. For example, {( - l)"} 
is a bounded but not a convergent sequence. It is easy to prove that 
if {a,,} and {b,,} are two sequences converging, respectively, to 11 and 
h, then: 

1. The sequence {a,,±bn} converges to 11±/2. 
2. The sequence {a,,b,,} converges to lil2• 

3. The sequence {ka,,}, k is constant converges to kl1• 

4. The sequence{::} converges to 11//2provided12::;i:O. 

Further, a sequence {a,,} is said to be increasing if a,,+1 ;;;ii a,, for all 
n. By repeated application of this inequality, we may deduce that 
a,,1 ;;;ii a,,1 whenever n1 > n2. In particulars, a,, ;;;ii a1 for all n, and so 
every increasing sequence is bounded below. A decreasing sequence is 
defined in a similar way. Sequences which are either increasing or 
decreasing are called monotone (monotonic) sequences. A monotone 
sequence either tends to a limit or to ±co. A monotone sequence 
bounded below (above) converges to its infimum (respectively, supre­
mum). A sequence {a,.} of real numbers is said to be a Cauchy 
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sequence if for each E > 0, there is a positive integer no such that 
I an - am I < E for n, m > no. It is trivial, from the definition, that a 

sequence of real numbers is convergent if and only if it is a Cauchy 
sequence. 

There are many bounded sequences which are not convergent. For 
such sequences, the concepts of limit superior and Umit inferior are 
introduced. Let {an} be a sequence. For any increasing sequence 
{ni. n2. n3, ••. , nm, ••• } of positive integers, the sequence {an.,}, 
(k= 1, 2, 3, ... ) is called a subsequence of {an}. It is clear that a 
sequence {an} converges to 1 if and only if each of its suosequences 
converges to 1. Though a bounded sequence may not be a convergent 
sequence, it has a convergent subsequence. Let {an} be a sequence of 
real numbers and Mk= sup an. It is evident that Mk+l ~ Mk. Thus, the 

n>k 
sequence {Mk} has a limit; namely, the infimum of the Mk's. This 
infimum is defined to be the limit superior or the upper limit of {an}. 
It is denoted by lim sup an or lim an or simply lim an. In other words 

n-+ao n-+m 

lim sup Dn = inf sup Dn. 
n+oo k>I n>k 

The limit inferior or the lower limit of the sequence {an} is defined in 
a similar way. It is denoted by lim inf an or lim Dn or simply lim Dn· 

It may be noted that 

lim inf a,.= sup inf an. 
n+oo k>I n>k 

From definition, it is obvious that lim inf a,, ~ lim sup an,· and a 
n-+oo n+oo 

sequence { Dn} converges to 1 and only if lim sup an= lim inf an= 1. 
n-+ao n-+ao 

The idea of upper and lower limits can also be generalised to 
include unbounded sequences. If a sequence {an} is unbounded above, 
then lim a,.= oo. In case it is bounded below, lim Dn= - oo. Further, 

n-+ao n-+ao 

if a sequence {a,.} is unbounded below and there is no subsequential 
limit, lim Dn = lim On= lim a,.= - oo. Similarly, for a sequence which 
is unbounded above and has no subsequential limit, lim an= lim an= 

lim an= oo. 
00 

An expression 'E u,. (or simply~ Un) where the numbers u,. depend 
n-1 

on the index n= 1, 2, 3, ... is called a (number) series. For each n, 
let Sn= u1 + u2 + ... + u,.. The sequence {Sn} is called the sequence of 
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partial sums of the series l: Un and the number Sn is called the nth 
partial sum of the series I:, Un· The series E Un is convergent if the 
limit Jim Sn = S exists. In this case, we write 

GO 

S=u1+u2+ •• • =I: Un, 
n-1 

and call S, the sum of the series. A series I: Un is absolutely conver­
gent if the series I: I Un I is convergent. Every absolutely conver8ent 
series is convergent and a convergent series with terms as nonnegative 
real numbers is absolutely convergent. A series with arbitrary terms 
though being convergent may not be absolutely convergent. The series 

(- l)"H l: Un, where Un= n"- {at > 0), is convergent for all at > 0 but is 

absolutely convergent only for at > 1. 
A sequence {/n} of functions, all defined on D is said to converge 

pointwise on D if the sequence {/n{x)} of real numbers converges for 
each xED. In other words, a sequence {/n} of functions converges 
pointwise to f on D if for each xED and a given E > 0, there exists a 
positive integer N """N(x, E} such that 

I fn(x)-f(x) I < E (n ;;;ii N). (I) 

In this case, we write Jim /n(x)=/(x). 
n-+oo 

It is not always possible to :find an N for which (1) holds good for 
all xED simultaneously. If for each E > 0, it is possible to find an 
N (only dependable on E) such that (1) holds for all xED simultane­
ously, then we say that the sequence {/.} converges to f uniformly on 
D. It is trivial that if the sequence is converging uniformly, it would 
certainly converge pointwise. The converse of this, however, may not 
be true always; for example, the sequence {/n} of functions defined by 
f,,(,x)=xn on [O, l] converges pointwise to the function/defined on 
[O, 1] as /(x)=O(O ~ x < 1),/(1)= 1. However, the sequence does not 
converge to/uniformly on [O, l]. 

Just as the convergence of a series of real numbers is defined in 
terms of the convergence of the sequence of its partial sums, the con­
vergence of a series of functions is also defined in terms of a sequence 
of its partial sums. Accordingly, a series E Un of real-valued functions 
defined on a set Dis said to converge pointwise (or simply converge) 
to the function f on D if the sequence {/n} of functions converge 
pointwise to f on D, where In= ui + u2 + ... +Un· In this case we write 
ClO GO l1 Un=/ or f.;1 Un(x)=f(x) {xED). Further, if the sequence {/n} 
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converges to f uniformly on D, we say that the series 'E Un converges 
uniformly to/on D. 

7 CONTINUITY AND DIFFERENTIABILITY 
Let/ be a function defined for all points in a nbd of a point c, 

except possibly at the point c itself. Then the function/ is said to tend 
to limit I as x tends (or approaches) to c if for each E > 0, 3a 8 > 0 
such that 

lf(X)-11 < E whenever 0< I x-c I <8. 

Further, f is said to tend to + oo as x tends to c, written lim /(x) = 
»+c 

+ oo, if for each k > 0 (however large), 3 a 8 > 0 such that 

/(x) > k whenever I x-c I< 8. 

Similarly, the function/ is said to tend to - oo as x tends to c, written 
lim /(x) = - oo, if for each k > 0 (however large) there exists a 8 > 0 -such that 

/(x) < -k whenever I x- c I < 8. 

A function/is said to tend to a limit I as x tends to c from the left, 
called the left-band limit and written lim /(x) =I, if for each E > 0, 

X-+C-0 

there exists a 8 > 0 such that 

l/(X)-11 < E whenever c-8< x< c; 

and is said to tend to a limit l as x tends to c from the right, called 
the right-hand limit and written lim /(x)-1, if for each E > 0 there 

exists a 8 > 0 such that 

lf(x)-1 I< E 

»+c+O 

whenever c<x<c+8. 

Obviously, 1im /(x) exists if and only if both the limits, the left-hand -and the right-hand, exist and are equal. It may further be noted that 
right-hand and left-hand limits may exist without being equal to each 
other. Monotone functions always have right-hand and left-hand 
limits. 

A function/is said to be continuous at a point c if 

lim/(x)=/(c). 
:c+c 

A function f is said to be continuous from the left at c if 

lim /(x)=/(c); 
»+c-0 
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and continuous from the right at c if 

liin f(x) • f(c). 
x-+o 

Further, the function /is said to be continuous In an interval if it is 
continuous at every point of the interval. We cite below a few results 
which are used at places in the book. 

1. If/ and g are two functions continuous at a point c, the func-

tions /+g,f-g,f·g and I (g=F 0) are also continuous at c. 
g 

2. A function f defined on an interval I is continuous at a point 
cEI if and only if for every sequence {c.} converging to-c, we 
have lim /{en) =f(c). 

n+oo 

3. If/is continuous in [a, b], then/ is bounded therein and attains 
bounds at least once in [a, b]. 

4 .. If a ftmction/ is continuous on [a, b] and f(a)f(b) < 0, there 
exists at least one point cE]a, b[such tbat/{c)=O. Consequently, 
if a function is continuous on [a, b], it assumes every value 
between its bounds. 

S. A function/is continuous if and only if the inverse image of 
an open {a closed) set is open {closed). 

A function/ defined on an interval I is said to be uniformly conti­
nuous on I if for each E > 0, there exists a 8 > 0 such that 

I f(x2)-f(x1) I < E whenever I xi -x2 I < 8, xi, x2E/. 

It may be noted that if a function is uniformly continuous on an 
interval /, it is continuous therein but the converse may not be true. 
However, if the interval I is closed, the converse holds good. 

Let f be a function defined on an interval [a, b]. It is said to be 
derivable (dift'erentiable} at an interior point c (a < c < b) if 

liin f(c+h)-f(c), 
h+O h 

or, equivalently 

lim /(x)-f(c) 
x+c X-C 

exists. The limit in case it exists, is called the derivative of the func­
tion/ at x=c, and is denoted by /'(c). The left-hand liinit 

liin f(x)-JC.c), 
»+e-0 x-c 
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denoted by f'(c- O),f'(c-) or .P/(c}, is called the left-hand derivative; 
while the right-hand limit 

lim /(x)-/(c), 
.»+c+O X-C 

denoted by f'(c +O), f'(c +) or Df(c), is called the right-hand derivative 
of/ at c. A function/is derivable at x=c if and only if both Df(c) 
and D/(c) exist and are equal. It may be noted that a function which 
is derivable at a point is necessarily continuous thereat, but the con­
verse may not be true. For example, the function f defined by 

f(x} =I x I ( - oo < x < oo) is continuous at x = 0 but /' (0) does not 
exist. In fact, there exists a function which is continuous at each point 
but does not have a derivative at any point, see Appendix II. 

A function f is said to be increasing or decreasing in an interval I 
according as/(x2) ";;!;/(x1)or/(x2) ~/(x1),forallx2 ";;!:;xi andxi, x2E/. 
In case the strict inequality holds in the above relations, f is said to 
be strictly increasing or strictly decreasing. The function/ is said to 
be monotone (monotonic) in I if it is either increasing or decreasing 
therein, and is said to be strictly monotone if it is either strictly 
increasing or strictly decreasing. 
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Infinite Sets 

The act of counting is undoubtedly one of the oldest human activities. 
Even a child who is unable to count can nevertheless determine 
whether there are, for example, just as many chairs as persons in the 
room. He needs only to have each person take a seat on a chair. By 
this act, pairs are formed, each pair consisting of one person and one 
chair. One can also say that the chairs and persons are made to 
correspond to each other in a one-to-one manner, i.e., in such a way 
that precisely one chair corresponds to each person, and exactly one 
person corresponds to each chair. The primitive procedure, however, 
can be carried over to arbitrary sets too, and then it leads to a con­
cept which corresponds to that of the 'same number' of elements in the 
case of finite sets. This method of comparison is more powerful since 
it can be applied even when the sets to be compared are finite. For 
instance, consider the sets 

N =set of all natural numbers 

and S= {x: x= ! , nEN}. 

The method of comparison shows at once that the number of elements 
(in some sense) is the same in both the sets because we may arrange 
these sets as follows: 

1 2 3 4 n 

1 
1 I 1 
2 3 4 

1 -n 

1 EQUIVALENT SETS 

1.1 Deflnidon. A set A is said to be equivalent to a set B if 3 a func­
tion/: A -+ B which is both one-one and onto. 
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In symbol, we write A ,..., B. It can easily be verified that the rela­
tion •,...,• in a family of sets is an equivalence relation. Thus, any two 
sets are equivalent if and only if there is a one-to-one correspondence 
between them. 

1.2 Examples 

I. The sets N and E (all even natural numbers) are equivalent 
because the function 

/: N-+E 
defined by 

f(n)=2n, nEN 

is one-one from N onto E. 
2. Let A={l, 2, 3, 4} and B={x, y, z, t}. These sets are equivalent 

because 3 a function f: A -+ B defined as 

/(l)=x, /(2)=y, /(3)•z, /(4)•t 

which is on~ne and onto. 
3. The sets ]O, l[ and [O, l] are equivalent as 3 a function 

I: [O, l] -+JO, l[ defined by 

r 1 
if x=O 

2 

~ x 
if 

1 
/(x)= 2x+l 

x=--,nEN n 

l x if 1 x -F 0, -, nEN n 

which is clearly one-one and onto. 
4. Let A={l, 2, 3} and B-={x, y}. If we list all the functions 

defined from A to B, we see that none of them is one-to-one. 
Hence A is not equivalent to B, i.e. A,.,, B. 

S. The finite interval]- ; , ; [is equivalent to the set B. (set of 

all real numbers) since 3 a function/:]- ; , ; [-+ B., defin­

ed by /(x) =tan x, which is one-one and onto. 
6. The function 

/:I-+ N 
defined by 

/(O)• l, f(n)•2n and f(-n)=2n+l for nEN 
is clearly a one-one function from I onto N. Hence I,..., N. 
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It is often quite hard to exhibit a one-to-one correspondence 
between two sets explicitly. It is rather easier to put one set into one­
to-one correspondence with a subset of the other set. The Schroeder­
Bernstein Theorem which is one of the most important and powerful 
theorems in set theory is very useful in such situations. 

1.3 neorem. Let A::::>B::::>Ai and A ,...., Ai. then A,...., B. 

Proof. Since A ,...., A1t 3 a function/ : A --+- Ai which is one-to-one. 
Furthermore, since A ::::>B, the restriction of f to B, which we shall 
also denote. by f, is one-one. This gives that the set B is equivalent 
to a subset of A1, i.e., B,...., Bi where 

A::::>B=>Ai::::>B1, 

and that the function/: B - Bi is one-to-one. 
Now A1 cB, and for similar reasons A1,...., k where 

A =>B=> Ai=> Bi ~Ai. 

and the mapping/: A1 - A2 is one-to-one. Consequently, th~e exist 
equivalent sets A, Ai. A2, .•• and equivalent sets B, Bi. B2, ••• such 
that 

Let 

Then 

and 

Note that 

A= (A - B) U (B- A1) U (Ai - B) U ••. UT 

B=(B-A1)U(Ai-B1)U(B1-A2)U .•• UT. 

(A - B),....,(Ai - B i),....,(A2- Bi),...., ••• 

Specifically, the function 

f : A,, - B,,-+ An+i - Bn+1 

is one-to-one. 
Consider the function g~ A-+ B defined by Fig. 2.1. 

In other words 

l/(x) 
g(x)= 

i(x)=x 

if XEA1- Br or A - B 

if xEB,,.-A,,(n > m) or T. 

The function g is obviously one-to-on~. Hence A,....,B.I 
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Fil. 2.1 

1.4 Theorem (Schroecler-Bemstein Theorem). Let A. and B be two sets. 
If each of them is equiralent to a subset of the other, then A. ....,B, 

Proof. Since A. is equivalent to a subset Bi of B, 3 a function 
f: A.-+ Bi which is one-to-one. Similarly, 3 a function g from B to Ai, 
a subset of A., which is also one-to-one. To each element of B there 
corresponds some element of A.1 under g. In particular, those elements 
of A.1 which correspond to elements of the set B1 form a set A.z. It is 
obvious that 

and 

The sets A. and A.2 arc equivalent because A."'Bt and Bi....,k. In 
view of Theorem 1.3, it is concluded that A."'A.1. Since A.i"'B and the 
relation •....,• is an equivalence relation, it follows that A. ..... B.I 

Note. The Schroeder-Bernstein Theorem has great theoretical and 
practical significance. With its help we can prove equivalence with a 
minimum of eft'ort for many specific sets. We shall encounter numer­
ous applications of it in this chapter. 

Problems 
1. Show that the open interval ]O, 1 [ is equivalent to the set R + of 

all positive real numbers. [Hint: Consider a ruction/: JO, 1[-+ R.+ 
given by 



f(x)={x 1 

4(1-x) 

ifO < x ~ I/2 

if 1/2 < x < I.] 
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2. For any two sets X and Y, prove that (Xx Y)-..(Yx X). 
3. Let X be a subset of the Euclidean plane B.2 defined by 

X={(x, y): 0 ~ x, y ~ 1} 

and I be the closed-open interval defined by 

l={(x, y): 0 ~ x < 1 and y-=O} 

Show that x ...... 1. [Hint: Apply the Schroeder-Bernstein Theorem.] 
4. Show that the set B. of all real numbers is equivalent to the set 

B. + of all positive real numbers. [Hint: Consider the function 

/: B. ~ B.+ defined by Jtx)=e¥.] 

2 li'INITE AND INFINITE SETS 
A set which is either empty or has a one-to-one correspondence 

with the set {1, 2, 3, ... , n}, for some natural number n, is said to be 
finite. A set which is not finite is called an infinite set. 

In view of Examples 2 and 4 in 1.2 it can be seen that two finite 
sets are equivalent only if they consist of the same number of 
elements. 

2.1 Theorem. Every set equi-valent to a finite (infinite) set is jiinite 
(infinite). 

Proof. Every set equivalent to a set of n elements, where n is a 
natural number, is also a set of n elements. Thus, it follows that every 
set equivalent to a finite set is a finite set. This further proves that 
every set equivalent to an infinite set is infinite.I 

Problem 5. Give an example of two infimte sets which are not 
equivalent. [Hint: The sets B. and N.J 

3 COUNTABLE SETS 

3.1 Definition. An infinite set is said to be den•erable or eaamer­
able if it is equivalent to the set N, the set of all natural numbers. 

3.2 Definition. A set which is either finite or denumerable is called a 
eoatable set. 
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Sometime, denumerable sets are referred to as countably infinite sets. 

Remark. There is no general agreement in English usage governing 
the meaning attached to the words 'denumerable' and 'countable'. 
Both of these terms are used by various authors to mean finite or 
equivalent to N. However, we will follow the convention that 'denu­
merable' means only equivalent to N and that 'countable' means 
finite or equivalent to N. 

If A is a finite set with n elements and f is a one-to-one function 
from {l, 2, 3, ... , n} to A, then by lettingf(i)=a,for i= 1, 2, ... , n, 
the set A can be written as {a1: i = 1, 2, ... , n}. Similarly, if A is a 
denumerable set, we can write A as the indexed set {a1; iEN}, where 
a1::Fa, if i ¥= j. The process of writing a denumerable set in this form 
is called enumeration. This leads to 

3.3 Theorem. Every countable set is equivalent to a set of natural 
numbers. 

In the following, we shall make use of Axiom of choice indirectly. 

3.4 Theorem. A set is infinite if and only if it contains a denumerable 
subset. 

Proof. It is sufficient to prove that every infinite set contains a denu­
merable set. Let A be an infinite set. The set A will not exhaust if we 
take out one element from it. Let us denote this element by a1. Thus, 
the set A-{a1} is a nonempty set. We again can extract an element, 
say a2, from A- {a1} leaving behind a non-empty set A- {ar, a2}. 

Since the set A is infinite, we could continue this process indefinitely, 
and as a result a sequence of elements 

ai, a2, ... , an, ... 
is extracted from the set A. Let these elements form a set B. Clearly 
B is a denumerable subset of A.I 

3.5 Theorem. The family of all finite subsets of a countable set is 
countable. 

Proof. It is sufficient to prove that the family fl of all finite subsets 
of N is countable. 

In the binary system every natural number x can be uniquely repre­
sented by 

00 Xn x= ~ __ , 
.l..l 2n-l · n-t 
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where Xn is either 0 or I. The integers Xn, nEN are called the binary 
digits of x. For each xEN, only a finite number of the binary digits 
can be equal to 1. 

For each xEN, define a set 

Px={nEN: x,,= l} 
The set Px is clearly a finite set and the correspondence x-+ Px 
defines a function 

f:N-+q 
which is one-to-one. This gives that the family q is countable.I 

In Examples 1, 3 and 6 in 1.2 we came across infinite sets which are 
equivalent to one of its proper subsets. In the following, we establish 
it for all the infinite sets. 

3.6 Theorem. Every infinite set is equivalent to one of its proper sub~ets 

Proof. Let E be an infinite set. Let xoEE. Then consider a set F 
which is obtained from E by deleting the point xo, i.e. F = E- {x0}. 

We will show that E is equivalent to F. 
Since Eis an infinite set, by Theorem 3.4, it contains a denumer­

able set, say, P= {xi. x2, ... , x,,, ... }. Consider a function f: E-+ F 
given by 

f Xt 

/(x)=1:1+1 

if x=xo 

if x=x,, iEN 

if otherwise. 

Then the function f is one-one and onto. Hence E,...,,F. This proves 
the theorem.I 

Remark. Since this property is not possessed by any finite set, some 
writers use it even as the definition of an infinite set. Richard Dede­
kind (1831-1916) was the first who used it as the definition for an 
infinite set. 

3.7 Theorem. A. subset of a countable set is countable. 

Proof. Let A. be a countable set. By definition, A. is either finite or 
denumerable. If A. is a finite set, then obviously every subset of it is 
also finite and so countable. On the other hand, if A. is denumerable 
then A. can be written as range of a sequence. Let 

A.= {ai. a2, a3, ... , an, ..• } 
and let B be a subset of A.. 

(1) 
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If B is an empty set, then B is finite and hence countable. Suppose 
B :F 1'· Let a111 be the first element in the range (1) such that an1 eB. 
Further, let a,.. be the first element which follows an1 in the range (1) 
such that On1 EB, and so on. Thus 

B={an1 , a .. , a,,., ... } 

If the set of integers n1t n2, n,, •.. is bounded, B is finite; otherwise 
denumerable. Hence in either case the set B is countable.I 

3.8 Theorem. The union of a finite set and a countable set is a count­
able set. 

Proof. Let A. be a finite set and B be a countable set. If B is finite, 
then obviously A. U B is a .finite set and hence countable. On the other 
hand, if B is denumerable then there are two possibilities: {i) A. n B = 1' 
and (ii) AnB:t:4'. 

Case (I) (when A.nB=~). Let the sets A. and B, respectively, be 
written as 

This implies 

A.= {ah a2, .•. , a,} 

B={bi. bi, ... , bn, .. . }. 

A. U B= {ai. a2, ... , a,. b1t bi, ... , b., ••• }. 

Define a function f: N -+ A. U B by 

f(n)= {
an ifl~n~p 

b,,_, if n ;;:i: p+ 1. 

One can easily see that/is one-one and onto. Hence A.UB is denu­
merable and so countable. 

Case (ii) (when A. n B::!:1'). Let C= A. n B. Set B* = B-C. It is obvi­
ous that B* is a denumerable set disjoint from A.. In view of case (i), 
the set A.UB* is countable. Further, A.UB=A.UB*. Hence A.UB is a 
countable set.I 

3.9 Corollary. The set J+ of all non-negative integers is a countable set. 

Proof. Writing J+=NU{O}, the result follows.I 

3.to Theorem. The union of two countable sets is a countable set. 

Proof. Let A. and B be any two countable sets. Then there are three 
possibilities: 
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(i) Both the sets are finite. 
(ii) One is a finite set and the other is denumerable. 
(iii) Both the sets are denumerable. 

Cases (i) and (ii) above are disposed of in view of Theorem 3.8. 
Assume that both the sets A and B are denumerable. Let 

Then 

A.=- {ai. 112, a3, ••• , a., ••• } 

B• {b1t bi, b3, ••• , bn, ••• }. 

AUB=-{ai, b1, a2, bi, a3, b3, ••. }. 

Now, define a function/: N-+ AUB by 

{
an+I/2 if n is odd 

/(n)= 
bn/2 if n is even. 

Clearly f defines a one-to-one correspondence. This proves that AU B 
is denumerable and hence countable.I 

Remarks. 1. In the proof of Theorem 3.10 it has been assumed that 
both the sets are disjoiJ!t. If the sets are not disjoint, even then the 
result can be proved as done in Theorem 3.8, case (ii). 

2. The result can be extended to any finite number of sets. 

3.11 Corollary. The set I of all integers is countable. 

Proof. Writing I= NU{O}UN-, where N- is the set of all negative 
integers, the result follows.I 

Note. For an alternative proof of Corollary 3.11, see Example 6 in 1.2. 

3.12 Theorem. q A and B are countable sets, then A x B is countable. 

Proof. If A or Bis empty, then the result is trivial. Assume that both 
A and B are nonempty sets. Since A and B are countable, we can 
write them as 

A= {a,: iEJ1} 

and B•{b1:jEJ2}, 

where J 1 and J2 are subsets of N. Define a function f: A x B -+ N by 

f(a,, b1)•2131, iEJ1 and jEJ2. 
The function/is clearly one-to-one on.the sets Ax Band 

C=-{x: x-2131, i,jEN}. 
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But CcN and so Cis a countable set, in view of Theorem 3.7. This 
proves that A. x B is a countable set.I 

3.13 Corollary. The set N x N is countable. 

3.14 Theorem. The union of a denumerable collection of denumer­
able sets is denumerable. 

Proof. Let q be a denumerable collection of denumerable sets. The 
collection q may be expressed as 

q = {A.i. A.2, A.J •••• 'A.11 •••• }, 

where each of the sets A.i. A.2, A.3, .•• is denumerable. Since each A.1, 
iEN is denumerable, we have 

A.1 ={au, a12, au, a14, ••. , a111• .•• } 

A.2 = { a2i. a22, a23, a24, •.• , a211, ••• } 

A.,.= {a11i. a112, a,,3, a114, .•• , a1111• ••• } 

Now, list the elements of U A., as follows: 
iEN 

0,,1 On-1 2 a11-2 3 a111 

In the above, the first row consists of all the elements a,,, where 
p + q= 2. The second row consists of all those a119 for which p + q = 3; 
and so on. In this process, an element a1k will be removed if it has 
been listed already. In this manner, a definite place is given to each 
element of the collection $. For example~ au is the jlh element of tho 
(i + j- 1)1h row. This proves that the collection q is denumerable. 

Alternative proof. Let {A.1 : iEPcN} be a denumerable collection of 
denumerable sets. Then each A., can be written as 

A.,= {au :jeQ,cN}. 

Assume that U A., is nonempty, otherwise the result is trivial. If 
IEP 

xeA.1 then x =au for at least one pair (i, j) with iEP and jEQ1• Let 
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f(x) = (i, j) where· i is the smallest positive integer such that x =au. 
This gives a one-one function/: U A.,-+ NxN. In view of the 

IEP 

Corollary 3.13, the set U A.1 is countable.I 
IEP 

3.15 Theorem. The set Q of all rational numbers is a denumerable set. 

Proof. Let Q+ and Q-, respectively, denote the sets of positive and 
negative rational numbers. Then 

Q=Q-U{O}UQ+. 
Consider a function/: Q+ ~ N x N given by 

1(: )=(p, q). 

Since p/q is a member of QI- expressed as the ratio of two relatively 
prime positive integers, the function/ is one-one from QI- into N x N. 
Thus Q}" is equivalent to a subset of N x N and hence denumerable. 

The sets Q+ and Q- being in one-to-one correspondence, Q.- is 
also denumerable. Hence it follows, from Theorem 3.10, that the set 
Q which is the union of Q+, Q- and {O} is denumerable.I 

Note. The assertion that the set Q+ is denumerable can also be esta­
blished by observing that the set 

A.,={.!. . .!, ~ .... } 
q q q 

is denumerable for each fixed qEN and 

Q+= u A.· 
qEN 

3.16 Theorem. The set P of all polynomials 

p(x) = ao + aix + a2.X2 + ... + amxm 
with integral coefficients is denumerable. 

(2) 

Proof. For each pair of natural numbers (m, n), let Pmn be the set of 
polynomials of the form (2) each of degree n in which 

l ao l + I ai I + · · . + l an I = m. 

Since m and n are finite, the set P mn is finite. Also 
P= U{Pmn: m, nEN} 

= U{P.k: kEN xN}. 
Hence P, in view of Theorem 3.14 is a denumerable set.I 
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3.17 Definition. A real number is called an alpbraic number if it is a 
solution of a polynomial equation 

p(x)•ao+a1x+ . .. +a,.x"=O (a.::/:- 0) 

with integral coefficients. 

Remark. The set of all algebraic numbers contains the set of all 
rational numbers (e.g. 3/4 is the root of 4x- 3 = 0) and many other 
numbers besides (the square root of 3 is a root of x"- 3 • 0). 

3.18 De8Dition. A real number which is not "algebraic" is called a 
transcendental namber. 

Note. The numbers e and .,, are the best known transcendenta­
numbers. The numbers e and .,, were proved to be transcendental, res­
pectively, by Hermite in 1873 and by Lindemann in 1892. 

Remark. Every transcendental number is irrational but the converse 
is not true. 

3.19 1beorem. 'The set A, of all real algebraic numbers is denumer­
able (countable). 

Proof. By Theorem 3.16, the set P of all polynomial equations is 
denumerable. We, therefore, can write 

P={P,(x)=O: iEN}. 

Let 

A1={x: xis a solution of P,(x)=O}, 

for a fixed i E N. Since each polynomial of degree n can have at most 
n roots, each A, is finite and therefore 

A• U A,, 
iEN 

being a countable union of countable sets, is countable. Further, since 
A is not finite, it is denumerablel 

Problems 
6. Using the function/: N x N-+N defined by 

f(m, n)•2"'(211+l)-l, 

prove that N x N is a countable set. 
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7. Show that every quotient set of a countable set is countable. 
8. Prove that the set of all polynomials with rational coefficients is 

countable. 
9. The set of all complex numbers which are algebraic over the 

field of rational numbers is countable. 
10. Let/ denote a function with domain A and range B. Show that 

if A is countable, then so is B. 
11. Let A be a countable set. Then prove that the set of all finite 

sequences from A is also countable. [Hint: It is sufficient to 
prove that the set of all finite sequences of natural numbers is 
countable.] 

12. Applying the Schroeder-Bernstein Theorem, show that there are 
just as many sets of positive integers as there are real numbers. 

13. Point out in Theorem 3.4, the use of axiom of choice. 
14. The family of all finite subsets of a countable set is countable. 
IS. A set Eis called isolated if EnE' =tfo, where E' denotes the set 

of all limit points of E. Prove that every isolated set of R. is 
countable. 

16. Prove that the continuous image of a countable set is countable. 
17. Let X be a subset of the coordinate plane R2 defined by 

X= {(x, y): 0 ==:;; x, y < I}, 

and I be the closed-open interval defined by 

I= {(x, y) : 0 ==:;; x < 1 and y= O}. 

Show that X,...., I. [Hint: Apply the Schroeder-Bernstein 
Theorem.} 

18. Let F denote the set of all functions defined on the set In= {1, 2, 
... , n} with range in I+. Prove that Fis a denumerable set. 

19. Prove that the set of all finite sequences whose terms are algeb­
raic numbers is countable. 

20. Prove that the set of all straight lines in a plane each of which 
passes through (at least) two different points with rational 
coordinates is countable. 

21. A point x a (xi. x2, ... , x.)ER.• is said to be a rational point 
if each x1 (i=1, 2, ... , n) is a rational number. Show that the 
set of all rational points in R.• is denumerable. 

22. Prove that the set of points of discontinuity of a monotonic 
function is countable. 

23. Prove Theorem 3.15 by using Theorem 3.7 and Problem I 1. 
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4 UNCOUNTABLE SETS 
On the basis of the previous section we may form an opinion that 

every set is countable (perhaps!) but in fact it is not so. It has been 
shown therein that each of the sets N I, Q and A (the set of all 
algebraic numbers) is countable though one represents, loosely speak­
ing, a "higher type of infinity .. than the previous one because of the 
proper inclusive relation NclcQcA. 

Now the question arises whether the set R of all real numbers 
which is a superset of A is also countable? The answer to this question 
is no. For, Cantor discovered that the set R is "not.. countable-­
or, as we phrase it, R is "uncountable .. or "uncountably infinite ... 
Since, as a geometrical representation, we identified the elements of R 
with the points on the real line, this means that the set of all points 
on the real line represents, again loosely speaking, a "higher type of 
infinity .. than that of only the integral points or rational points. 
Further, one may think that the set of all points on the real line R is 
uncountable because R is infinitely long. But surprisingly, we will 
show in the following that any open interval in R, no matter how 
small it may be, has precisely as many points as on R itself. 

4.1 Definition. A set which is not countable is called uncountable. 

Note. Since an uncountable set is necessarily an infinite set, we can 
call that as nondenumerable set. 

4.2 Theorem. The open interval ]O, 1( is uncountable. 

Proof. Let, if possible, JO, I[ be a countable set. Then the elements 
of ]0, I[ can be written as 

Expand each an in the form of an infinite decimal. Let 

a1 ... • bub12b13 ••• bin ••• 

~ ... ·h21~ ... b2n • •• 

where b's may have any integral value from 0 to 9. In representing 
the elements by decimals, we avoid the infinite chain of 9•s; for in­
stance, we write 1/2 as .5000 ... and not as .4999 .... In this way, 
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we guarantee that each element in ]O, 1[ has one and only one decimal 
representation. Now construct a number 

a= .b1b,.b3 ..• bn .•. 

where each b is an integer from 0 to 8 but b1 =I= bu, b2 =I= bn, b3=fob33, 
• • •, bn :F bnn, .••• 

The above construction shows that the number a belongs to the 
interval ]O, l[ and is different from any one of the numbers a. for it is 
different from a1 in at least the :fb;st digit and so on. This contradicts 
our assumption that we can list all the real numbers between 0 and 1. 
This completes the proof.I 

4.3 Theorem. The closed intef'val A.= [O, J] is uncountable. 

Proof. Let us assume, on the contrary, that the interval A. is a 
countable set. Then all its points can be arranged in a sequence 

Xi, X2, • •• , Xn, ••• (3) 

We assume, then, that every point xEA. occurs in the sequence (3). 
Divide A. into three equal parts by means of the points 1/3 and 2/3. It 
is clear that the point x1 cannot belong to all three subintervals 

[ 0, ! ]. [ ! ' ~ ]. [ ~ ' 1] (4) 

and that at least one of these subintervals fails to contain x1. We 
denote this interval by A.1 (if there are two such subintervals, then 
take either of them). We now divide the interval A.1 into three sub­
intervals of equal length and denote by A.2, one of the new intervals 
which does not contain the point x2. We further divide the segment 
A.2 into three equal intervals and designate by A3 the one interval 
which does not contain x3, and so on. 

As a result, we obtain an infinite sequence of nested intervals 

A.1:::>A2:::>A3:::>~:::> ••• 

which possesses the property that 

Xn~An. 

Since the length of the interval An is J-n, it is clear that this length 
tends to zero as n - «>. Then, in accordance with a well-known limit 
theorem, there exists exactly one point belonging to all the intervals. 
Suppose 

1J EAn, for all n. 
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Being a point of the interval .A., the point TJ must appear in the 
sequence (3). However, this is clearly impossible because, for every n, 
we have 

and ¥nEN. 
It gives that 

TJ ::/: x,,, ¥nEN, 
i.e. TJ is not a point of the sequence (3). _This contradicts our assump­
tion and hence [O, 1] is uncountablel 

Remark. In view of Example 3 in J.2, either of the Theorems 4.2 and 
4.3 can be obtained from the other. 

Note. The interval [O, 1] is often designated as the contlnaum. 

4.4 Theorem. .A.ny open interval l a, b[ is equivalent to any other open 
'interval Jc, d[. 

Proof. Let xE]a, b[. Consider a function/: ]a, b[ -+ ]c, d[ given by 

d-c 
f(x)•c+-b- (x-a). -a 

It is easy to verify that/ is one-one and onto. Hence the result follows.I 

4.5 Corollary. Let a and b be any two real numbera with a < b. Then 
]a, b[ is an uncountable set. 

Proof. The result is obtained in view of Theorems 4.2 and 4.4.I 

4.6 TheoreJD. .A.ny closed interval [a, b] is equivalent to any other 
cloaed interval [c, d]. 

Proof. It follows by using the same function as in the proof of 
Theorem 4.4.I 

Using the Schroeder-Bernstein Theorem, we now prove that any 
two intervals are equivalent. 

4. 7 Theorem. .A.ny two intervala are equivalent. 

Proof. It is enough to prove this result only for the case when one 
of the intervals is open and the other interval is closed. A similar argu­
ment will hold if either of these is a semi-open interval. 
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Suppose 11 =[a, b] and 12 • ]c, ti[. Since a < b, 3 two real numbers 
aa and b1 such that 

a E:;; a, < bi :et; b. 

Similarly, there exist two real numbers c1 and d1 such that 

c<c1<d1<d. 
The interval ]aa, b1[ is contained in [a, b] and the interval [ca, di] in 
]c, d[. By Theorems 4.S and 4.6, it may be noted that 

]ai, b1[ ,..., ]c, d[ 

and ]ca di] ,..., [a, b]. 

Hence, by the Schroeder-Bernstein Theorem, [a, b],..., ]c, d[-1 

Note. The result proved above is true for any two intervals, regard· 
less of their lengths. 

4.8 '11leoreaa. The aet ll of all real numbers ia UllCOUlltable. 

Proof. To prove this, it is sufficient to show that ]0, l [,..., ll. Consider 
the function/: ]0, l[-+ ll given by 

~ 2x-l ifO < x <.! 
x 2 

JC.x)• 2x-1 1 
l-x if 2 :et; x < 1 

Clearly,/ defines a one-to-one correspondence between ]O, 1[ and R.. 
This proves that ]0, 1( ,..., ll. Hence, in view of Theorem 4.2, ll is 
uncountable. 

Geometrical proof. Let ]a, b[ be an open interval. We bend ]a, b[ 
into a semi-circle and rest this semi-circle tangentially on the real line 
ll as shown in Fig. 2.2. 

0 
Pia. 2.2 
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Let P be a point of ]a, b[. Then, by joining P with the centre of the 
semi-circle and producing it to meet the real line at P', we can loca~ 
a point on the real line corresponding to each point of ]a, bf; and 
conversely. This establishes a one-to-one correspondence between the 
sets ]a, b[ and R. Hence R is uncountable.I 

Note. The result can be obtained by setting a one-to-one corres­
pondence between]- 21"/2, w/2[ and R, see Example 5 in 1.2. 

4.9 Corollary. Any interval is·equivalent to the set R. 

4.10 Corollary. The set of irrational numbers is uncountable. 

Proof. Let, on the contrary, the set of irrational numbers be count­
able. Then the union. of the set of rational numbers and the set of 
irrational numbers which is nothing but the set R of real numbers 
would be countable. In view of Theorem 4.8, this contradicts our 
assumption. Hence the result follows.I 

4.11 Theorem• The set of all real transcendental numbers is uncount­
able. 

Proof. Let, on the contrary, the set of allreal transcendental numbers 
be countable. In Theorem 3.19, we have proved that the set of alge­
braic numbers is countable. So, the union of the sets of algebraic 
numbers and transcendental numbers which is the set of real numbers 
is countable, in view of Theorem 3.10. This contradicts the fact that 
the set R of all real numbers is uncountable.I 

4.12 Theorem Every subset X ofR containing an open interval I is 
equivalent to R. 

Proof. The proof of this result makes use of .the Schroeder-Bernstein 
Theorem and the result that I is equivalent to R (see Theorem 4.8). 

The set Xis equivalent to itself and so equivalent to a subset of R. 
Also R. is equivalent to a subset I of R. So, by the Schroeder­
Bemstein Theorem, the sets X and R are equivalent.I 

Problems 
24. Prove that the set of all sequences of natural numbers is 

uncountable. 

'"The result is also valid for complex tramccndental numbers. 
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25. Let A. be the set of all sequences whose elements are the digits 0 
and 1. Prove that A. is uncountable. [Hint: The proof can be 
obtained by applying the method known as the Cantor diagonal 
process.] 

26. Prove that the set of all points of the plane is uncountable. 
27. Prove that the family of all subsets of a denumerable set is 

uncountable. 
28. If f: A. -+ B and the range off is uncountable, prove that the 

domain off is uncountable. 

5 CARDINALITY OF SETS 
Up to now, we have classified sets into finite, denumerable and non­

denumerable sets. In § 4, there are simply all those sets that remain 
after the first two classes have been split off, i.e. all sets which are 
not countable. One can raise the question whether or not it is possible 
to further subdivide the class of uncountable sets. Motivated by the 
fact that elements from the set N of natural numbers are used for the 
purpose of counting the elements in sets having finite number of 
elements, G. Cantor gave this question the following form: 

Can the concept of natural numbers be generalised in such a manner 
that every set is assigned one of these generalised "numbers" for the 
"number of elements" in the set? 

Should this be possible, there would result immediately a classification 
of infinite sets, too, according to the number of their elements. 

Cantor himself tried to define the concept of the power of a set, 
finite or infinite, by the aid of an expression: "The power of a given 
set A. is that general idea which remains with us when thinking of this 
set, we abstract from it all properties of its elements as well as from 
their order." He used the symbol Ato denote the power of the set A. 
(the two lines indicate double abstraction). The term cardinal number 
is commonly used as synonymous with the term power. More precisely 
we have: 

Let all the sets be divided into families such that two sets fall into 
one family if and only if they are equivalent which is possible since 
the relation ,...., between the sets is an equivalence relation. To every 
such family of sets, we assign some arbitrary symbol and call this 
symbol the cardinal number (or the power) of each set of the given 
family. If the cardinal number of a set A. is ex, we write 

A=cx 
or 
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The way cradinal number of a set is defined it is obvious that two 
cardinal numbers ct and f3 are equal if 3 sets A and B with A= ct and 
B= f3 such that A,..,,B. 

The cardinal number of the empty set is defined to be 0 (zero). We 
designate the number of elements of a nonempty finite set as the 
cardinal number of the finite set, i.e., I as the cardinal number of all 
singleton sets; 2 as the cardinal number of all sets which are equivalent 
to the set {a, b}; and so on. Thus, we can easily assign a cardinal 
number to a finite set from the set of nonnegative integers. We shall 
assign No (read as aleph nought, being the first letter of the Hebrew 
alphabet) to the class of all denumerable sets and as such No is the 
cardinal number of any denumerable set. We denote by c, the first 
letter of the word continuum, the cardinal number of the set [O, 1]. 

Clearly, the set of cardinal numbers 

{0, 1, 2, 3, ... , N0, c} 

is a superset of the set of natural numbers and thus we may consider 
the set of all cardinal numbers as an extension of the set N. Everyone 
is tempted to extend the order relation and the operations of addition 
and multiplication of N to the set of cardinal numbers in a natural 
way. This has been discussed in the sections that follow. 

6 ORDER RELATION IN CARDINAL NUMBERS 

6.1 Definition. Let ct and f3 be two cardinal numbers. Let A and B 
be two sets having cardinal numbers ct and /3, respectively. We say 
et ~ f3 or f3 ;;;::: ct if the set A is equivalent to a subset of B. 

We write ct< f3 if ct ~ f3 and ct =I= {3. In other words, ct< f3 if the 
set A is equivalent to a proper subset of B and A,.,, B. · 

Note. The definition given above and other definitions and results 
involving cardinal numbers are independent of the specific choice of 
the sets A and B. In other words, if we select two other sets A' and B' 
such that A.....,A' and B,..,,B', then A' and B' serve just as well in 
describing the relationship between ct and f3 and A,.,, B. 

6.2 Theorem. If ct, f3 and 'Y are cardinal numbers and if ct < f3 and 
f3 < 'Y, then ct < 'Y. 

Proof. Let A, B and C be the sets having cardinal numbers ct, f3 and 
'Y, respectively. Since ct < {3, the set A is equivalent to B•, a propei: 
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subset of B. Similarly fl< 'Y implies Bis equivalent to C*, a proper 
subset of C. From the relations 

A,...., B* and B,...,c•, 

it can easily be obtained that A,...,C**, a subset of c•. Hence ex < '>'.I 

Remark. Since the asymmetry of the relation '<' in the set of car­
dinal numbers follows trivially from the definition, we conclude, in 
view of the transitivity available from Theorem 6.2, that this relation 
defines a "linear order" in the set of cardinal numbers. 

6.3 Definition. The cardinal number of a finite set is called finite 
cardinal number and that of an infinite set is called transfinite cardinal 
number. 

The cardinal numbers No and c are the examples of transfinite 
cardinal numbers. 

6.4 Theorem. If ex is any transfinite cardinal number and fl is any 
finite cardinal numbers, then ex > fl. 

Proof. Let 1 =ex and B =fl. Since the set A is an infinite set and B is 
a finite set containing fl elements, A contains a subset (any subset 
containing fl elements) equivalent to B but A is not equivalent to ·any 
subset of B since B is finite. Hence ex > fl.I 

6.S Corollary. n < No, for any natural number n. 

Now the question is whether there is any cardinal number lying 
between n and N0• The answer is in the negative since as a consequence 
of Theorem 3.4, we have No as the smallest transfinite cardinal 
number. 

6.6 Theorem. No < c. 

Proof. Since No is the smallest transfinite cardinal number, Mo :E;; c. 
Further No ::/: c because No is the cardinality of a denumerable set and 
c is the cardinal number of [O, 1] which is an uncountable set. Hence 
No< c.I 

We have, so far, two transfinite cardinal numbers No and c, and 
we know that No < c. The question now arises: "Is there any cardinal 
number greater than c?" The answer is in the affirmative as a con­
sequence of the following theorem. 
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6.7 Theorem. N0 < c < f, where r is the cardinal number of the set q 
of all real-valued functions defined on the interval [O, J]. 

Proof. In view of Theorem 6.6, we are left to prove that c < r. Let 
a be any element of [O, l]. Define a function fa : [O, 1] ~ R by 

pJ..x) =a, \tXE[O, 1]. 

Let A={fa: aE[O, l]}. Then Acfi and A ...... [o, 1]. This verifies that 
c ~f. 

We shall now prove that c:F f. Let, if possible, c = f. Then there is 
one-to-one correspondence between [0, 1] and q. Let yE[O, I], and 
let us denote by/;, the corresponding element in q. 

Write/,(x)=F(x, y). Clearly F(x, y) is a function of two variablesx 
and y defined for all x and y in [O, 1]. Further, writing 

1 
ifi(x)=F(x, x)+ 2 

1 
=/J.x)+ 2, xE(O, I] 

we note that iii : [O, 1] ~Rand so i/JEfi. Also, ifi¥=1~ for any xE[O, I]. 
Thus, 3 a i/JEfi which has no pre-image in [O, I]. This verifies that 
[O, J].....,q. Hence c¥=f. 

This completes the proof.I 

Again, the natural problem is to find if there is a cardinal number 
greater than f. The answer to this is also affirmative. In fact, we can 
show, starting from a set of arbitrary cardinal number, that it is 
possible to construct a set of greater cardinal number. This has been 
shown in the following famous theorem known as Cantor's Theorem. 

6.8 Theorem {Cantor's Theorem). Let A be any arbitrary set and El'(A) 
be the power set of A. The11 

A<El'(A). 
Proof. Let B• be the set of all singleton subsets of A. Then obviously 
B•.....,A and B•c!P{A). Theone-to-onecorrespondenoe/betweenAand 
B• is 

/(x)a{x}, for all xEA. 

ThusA~!P(A). The result will be proved on showing A#:!P(A). Let, 

if possible, A-=!P\A). Then A ...... !J'(A). Let f be a one-to-one corres­
pondence carrying A onto !P(A). To every aEA, there corresponds a 
definite element of !f{A) under the correspondence f which we 
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designate by p(a), and every element of !P(A) is p(a) for one and only 
one aEA.. 

Let us call an element aEA a "bad" element if a is not a member 
of the set which is its image, i.e. if a~p(a)• and let T be the set of bad 
elements. Specifically. 

T= {a : aEA, a~p(a)}. 

Note that Tis a subset of A, i.e. TE.!P(A). Hence, since p is onto, 3 
an element tEA with the property that p(t) = T. 

Is t a "bad" or "good" element? 
If tET, then by the definition of T, t~p(t) = T, which is untrue. 

Thus the assumption A ,..,, !P(A) leads to a contradiction. Hence the 
result is true.I 

6.9 Corollary. Given a cardinal number, there e:xists a larger cardinal 
number. In other words, there is no' largest cardinal number. 

7 ADDmON OF CARDINAL NUMBERS 

7.1 Definition. Let ac and fJ be two cardinal numbet:s and let A and B 
be two disjoint sets with cardinal numbers at and {J, respectively. We 
then define ac + fJ as the cardinal number of AU B. 

Remark. We hasten to point out ~t «+fJ is always defined since it 
is always possible to find appropriate sets A and B which are disjoint. 
In fact, if A n B .p. t/J, then define 

Ao={a, 0): aEA} 
and Bo= {(b, 1) : bEB} 

to get A ,..,,Ao, B--Bo and AonBo=t/J. 

Since the relations 

AUB=BUA and (A.UB)UC=A.U(BUC) 
hold good for arbitrary sets, we have 

at+fJ=fJ+at 
(at+{J)+ '1= at+({J +'J') 

(commutative property) 

(associative property). 

Further, if at ~ fJ and Y ~ 8, then «+y ~ fJ+8. 

Remarks. 1. We cannot always infer from at< fJ and '1~8 that 
ac + '1 ~ fJ + 8. For instance, given any finite cardinal number n, theJ,1 
n <No and No~ No, but n+No=No+No (see Theorem 7.2(a) 
and(b)). 
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2. The cancellation law may not hold good in cardinal numbers. 
Consider for instance the sets A. and B, respectively, of the even and 
odd natural numbers. The cardinality of each of these sets is No and 
the cardinality of A. U B which in fact is the set N is also No. So 

No+No=No=O+No. 

If the cancellation law is permissible, we must have No=O which is 
not true. 

7.2 Theorem 

(a) n+No=No, nEN 

(b) No+No=Mo 
(c) No+ No+ ... =No 
(c) M0+c=c 
(e) c+c=c 
(f) c+c+c+ ... =c. 

Proof. The proofs of (a), (b) and (c) are obtained by using Theorems 
3.8, 3.10 and 3.14, whereas that of (d) is obtained by using Theorems 
3.15, 4.8 and Corollary 4.10. However, we leave the details to the 
reader. 

To prove (e), consider the disjoint intervals ]O, l] and ]l, 2[. Each 
of these has cardinal number c. Also their union is ]O, 2[, the cardi­
nal number of which is c. Hence c+c=c. 

The result in (f) can easily be obtained on the lines of (d) by consi­
dering the pairwise disjoint intervals 

[ o, ~ [. [ ~ • i (. [ i . ! [. . . .. I 
8 MULTIPLICATION OF CARDINAL NUMBERS 

8.1 Definition. Let a. and {:J be two cardinal numbers and let A. and 
B be any two sets having cardinal numbers a. and {:J, respectively. Then 
the product a.·fl is defined to be the cardinal number of A. x B. In 

symbol, a.· fl= A. x B. 

Note. We can alternatively define a.·{:J by "adding a. to itseJf fl 
times"; this refers to the formation of the sum I: a.,, where, the index 

telf. 

set A has cardinal number {:J and a.1 =a. for each iEA. 
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8.2 Theorem. .The operation of multiplication in the set of cardinal 
numbers is commutative, associative and distributive over addition, i.e. 

(a) a.· f3 = /3· a. 
(b) (a.. /3). )'=a.. (fl·)') 
(c) a.·(fJ+.'Y)=a.·f3+a..)' 

where ct, f3 and ,, are cardinal numbers. 

Proof. Let A, Band C be the sets such that A=a., B=/3 andC=)'. 
We know that 

AxB,...,BxA 

and 
Ax(Bx C),...,(A xB) x C, 

for the arbitrary sets A, B and C. These, by definition, imply 

a.· {J = fJ •a. 

and 

This proves (a) and (b). 
Further, we have 

a.·(fJ+)') =Ax (BU C) 

=(A x B) U (Ax C) 

=AxB+AxC 
=a.· fJ+a.·)'. 

This proves (c) and completes the proof of the theorem.I 

Remark. As in the case of addition, the cancellation law does not 
hold good for the operation of multiplication also. 

8.3 Theorem 

(a) n·No=No, vnEN 
(b) NoNo= No 
(c) No·No·No ... =No 
(d) No·c=c 
(e) C•C=C 

(f) C•C•C •• • =C. 

Proof. We prove theresult(e) only and leave the others to the reader. 
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Let A=[O, 1[ and B=AxA={(x, y):O:o;;;;;x<l,O:o;;;;;y<l}. ln 
order to establish (e), we have to prove that the cardinal number of 
B is the same as that of A for which we need to prove that A ,...., B. It 
is easy to see that 3 a one-one function of A into B given by 
f(x) = (x, 0). It remains only to show that 3 a one-one function of B 
into A since then the result would follow by the Schroeder-Bernstein 
Theorem. 

For every (x, y)EB, we can write 

X= •Q1Q2(l3. • ., 

where ai, a2, •.• ; bi. b2' ..• are all digital numbers. Let us assume 
that none of these fractions has recurring 9's. 

Now consider the function p : B -+ A defined by 

p(x, y) = ·a1b1a~ . .• 

This is clearly a one-one function of B into A. Hence the result is 
proved.I 

9 EXPONENTIATION OF CARDINAL NUMBERS 

9.1 Definition. Let « (=I= 0) and p (=I= 0) be any two cardinal numbers. 
Let A and B be two sets having cardinal numbers « and p, respec­
tively. We define aJ as the cardinal number of the set AB, the set of 
all functions on B with range in A. 

Note. We can proceed from product to exponent in the same way as 
we proceeded from sum to product. In other words the definition of 
otfl, for cardinal numbers « and p, can be given through the concept of 
repeated multiplication as well. More precisely, we may de.fine, alter­
natively, aJ by "multiplying «by itself p times"; this refers to the 
formation of the product II «1, where the index set A bas cardinal 

IEA 

number p, and «1=cx: for each iEA· 

To illustrate the exponentiation of cardinal numbers, wo take the 
following example. 

9.2 Example. LetA={a, b, c} andB={l,2}. Thefollowingfunctions 
of B into A can be defined 

{(1, a), (2, a)}, 
{(l, c), (2, c)}, 

{(1, b), (2, b)}, 

{(I, a), (2, b)}, 
{(1, b), (2, c)}, 
{(1, c), (2, a)}, 

{(1, b), (2, a)} 
{(1, c), (2, b)} 

{(I, a), (2, c)}. 
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We notice that there are 9 functions of B into A. In other words, the 

set AB consists of 9 elements. So AB -=9. This implies that there are 
32 ( • 3.3) functions of B into A. 

9.3 'lbeorem. For any cardinal numbers ex, fJ and Y, 

{a) a.'·rt.'•rt.11+'1 
(b) ( a.t''J" • "'" 
( c) ( rt./J)" - "''" 
(d) "'' E;; /J', jf rt. E;; fJ 
(e) 'Jill ~ .,,11, if"' ~ /J. 

Proof. (a) Let rt.•A, fJ=BandY-C, whereBnC-cfo. Then 

BUC-fJ+'1. 
So, we have 

a}'MI ... (ABUC), and 11'•(AC). 

Since r1."·r1."•ABxAc, we are left to prove that 
ABUC,....,ABxAc. 

Suppose /EABuc corresponds to the ordered pair of functions 
(jja,jjc), wherefra is the restriction of/to B andjjc is the restriction 
.off to C. Evidently (jj8 ,jjc) belongs to A.Bx AC. Now, we define a 
mapping ifl : A.Bue -+ AB x Ac given by 

i/(f)•{/ra,/rc). 

Clearly ifl is one-to-one between .(Bue and A.Bx A.C. Hence 

ABUC,...., A.Bx A.C. 

(b) Here, we require to show that 

(A.B)C,...., A.BXC. 

To do this, we define a function ifl on (AB)C as follows: 

i/(f) • gEA.BXC, 

where g(y, z)= (f(z)(y)EA for (y, z)EB x C. Now i/I is onto, since if 
geA.BXC, we define f to be that function on C whose value at zEC is 
that function on B which assigns to each yEB, the value g(y, z)EA.. 
Then i/(f)•g. To see that ifl is one-one, suppose/1 =F /2 in (A.B)C. 
Then there is a zoEC such thatji(zo) =F /2(zo). Since these two f11110-
tions on B are different, there must be a YoEB such that 

/1(zo)<Yo) =F f-A.zo'X.J'o). 
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Thus [i/t(/1)](yo. zo) :F [i/t(/2)](yo, zo), so i/i(fi) and i/i(/2) are different 
functions. Hence "1 is one-one. This proves that (AB)C....., ABxc. This 
gives the result in (b ). 

(c) Here, we shall prove that (Ax B)c ...... AC x BC. Let fE(A x B)C. 
Then the values of the functions f are ordered pairs belonging to 
A x B. Thus we can write 

j(C)=(g(C), h(C)), 

where g(C)EA and h(C)EB. Therefore, gEAc and hEBc. We have 
thus assigned to every function/, a pair of functions (g, h), i.e. an 
element of the set AC x Be. It can be easily verified that this corres­
pondence is one-to-one. Hence 

(A xB)C.....,ACxBC. 

Thus (a.· /J)" = r1! ·{fl. 

The proofs of the results in (d) and (e) are left as an exercise.I 

9.4 Theorem. Let A be a set with cardinal number a.. Then the cardi­
nal number of the set Ef(A), the set of all subsets of A, is 2«. 

Proof. It is sufficient to prove that 

Ef(A) ...... {O, I}-4, 

since the set {O, 1}" has 211 as its cardinal number. Define a function 
p : Ef(A)-+ {O, 1).4 as follows: 

p(E) =CE, for ECA 

where C: A-+ {O, 1} is given by 

CE(x)= { ~ if xEE 

ifxEAnE. 

The function pis clearly one-to-one. Hence El'(A)....., {O, 1} ... I 

9.S Corollary. Let a. be any cardinal number. Then 2« > a.. 

Proof. The result follows in view of Theorems 6.6 and 8.31 

9.6 Corollary. 2No > No. 
[Hint: Take a.= No in Corollary 9.5.] 

Remark. Given a cardinal number a., there corresponds a set A with 
cardinal number a.. But then the set !P(A), the set of all subsets of A 
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bas cardinal number 2ac (> «). Thus, there is no largest cardinal 
number. Consequently, we have a chain of cardinal numbers 

1 < 2 < 3 < ... < No< 2No < 2N0No < ... 
in which there are infinitely may transfinite cardinal numbers. 

'J.7 Theorem. 2No- c. 

Proof. Let A= {O, l}. Then {O, t}N denotes the family of all functions 
from N into the set {O, l}. The result will be proved, if we show that 

{O, I}N,...., (0, l]. 

Let/E{O, t}No be any element, i.e. 

/: N-+ {O, l}. 

Define a function p: {O, t}N-+[0, l] by 

p(/)= f. f{n). 
n~ 2n 

Note thatf(n) is either. 0 or 1 as such p(/)E[O, l], v/. The function p 
is also well defined. Further, any element of [0, l] has a binary expan­
sion (expansion in the scale of 2) of the form 

~bn ,{.,j_, 
n-r 2n 

(S) 

where each bn is either 0 or 1 and we assume that not all bk's after 
a certain term are zero \i.e., the series is non-terminating). 

Thus, the correspondence p is one-to-one, since corresponding to 
each/E{O, I}N, there exists an element of [0, l]; and conversely, given 
an element of (0, lJ, it can be expressed in the binary form as in (S) 
which corresponds to some/E{O, t}N. Hence 

This proves that 2No=cl 

'J.8 Corollary. cNo= c. 

Proof: We have 

{O, t}N,...., [0, l]. 

cNo=(2No)No 

=2No·No 

... 2No 

=c.1 
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9.9 Corollary. cC= 2c. 

Proof. We have 

ce-c2Noy 
-2Noc 

•2c.I 

Remark. The inequality c < fin Theorem 6. 7 can be established in 
view of the fact that r- cC and 2c > c since 

10 CANTOR-LIKE SETS 
Cantor-like sets and functions defined on them are quite useful, 

particularly for the construction of Counter-examples. One such set 
is Cantor's ternary set or simply the Cantor set, which was exhibited 
by G. Cantor (1845-1918) as an illustration of certain curious things 
which can occur with point sets on the real line. Some of the proper­
ties of this set, as we would see, defy geometric intution. 

The Cantor set, denoted by C, is a subset of the interval [0, 1) which 
is left after the removal of a certain specified countable (infinite) 
collection of open intervals from [O, 1). To construct the set C, we 
proceed as follows. 

Let Co denote the interval [O, 1). Remove from Co in succession: 

l. the open interval ] ~ , ~ [. the middle third of the interval in 

Co, leaving behind the set 

Ci• [ 0, ~ ] U [ ! , l]; 

2. the open intervals] ! , ; [and ] ~ , : [. the middle thirds of 

the two closed intervals [ 0, ! ] and [ ~ , 1] in Ci, leaving 

behind the set 

C2 = [ 0, ! ] U [;, +] U [ ~, : ] U [:, 1 ]; 

3. the open intervals ]J7• 2'7[• ]~. :,[. ]~~· ~~[ and ]~. ~~[· 
the middle thirds of the four (22) closed intervals in c2. leaving 
behind the set 



lrifinite Seu 45 

Cs= [ 0, i1 J U [~. ~ ] U [; • it] U [:1• } ] U [ ~ • ~~] 
urn~. ~]u[f. ~~u[~. 1); and 

4. continue this process generating a sequence {C.} of sets, where 
C'*i is obtained from c. by removing the (open) middle thirds 
of the 2• disjoint closed intervals of which c. is composed of. 

Figure 2.3 depicts Co, Ci and C2. 

Co 0 1 
~~~~~~~~~~~~~~~-

Ci _O~~~~-i f 1 

t f f i 
Fig. 2.3 

The points of the interval (0, l] which are never removed in the pro­
cess constitute the Cantor set C, more precisely, the points common 
to all the sets c., i.e. 

CID 

C= n c •. ·-· 
Each of the sets c. is nonempty, closed and bounded. Also, C'*icC. 
for all n. Hence the set C is nonempty, closed and bounded. 

Let E,, denote the set composed of all the open intervals removed 
at the nth stage; for instance 

Ei=] ~, ~ [ 
Bi-]~. ~[u]~. :[ 
Es= ]i1• i';[ U ]J1• :1[ U ]~~· ~~[ U ]~. ~[ 

Thus, it follows that the Cantor set C can also be expressed as the 
Cll 

complement of the union U E. with respect to the set (0, l], i.e. ·-· 
Cll 

c-ro. 11- u E.. ·-· 
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Note that in forming the Cantor set C, the length of the open inter­
vals removed at different stages are given by 

I 
l(E1)=3 

2 
l(E2)=32 

4 
1(£3)=33 

I ( 2)•-1 
and in general, l(En) = T 3 . Thus, the sum of the lengths of all 

open intervals removed upto the nth stage is given by 

n 
S.=~ l(E1) ,_. 

( 2 )·-· =1- T 

=> ~ s.= ~.!! [1- ( ~ r-·]= I. 
Hence the sum of lengths of all intervals removed is the length of the 
original interval [O, I]. As such the set remaining on [O, 1] which, in 
fact, is the Cantor set may seem so sparse as to be insignificant. 

Intuitively, it may appear that the only points left in the Cantor set 
are the endpoints 

I 2 1 2 7 8 
o, 1• 3' T· 9• 9• 9' 9' · ·· 

which are denumerable in number. Closer scrutiny reveals that this 
impression is wrong, and that the Cantor set is actually nondenumer­
able. The set C has many other remarkable intuitive properties. 

We give below a characterization of the Cantor set which is very use­
ful in obtaining many a properties of the set. 

10.1 Theorem. Each point x of the Cantor set C can be represented 
uniquely by a series of the form 

00 

~= ~ a,,/3•, 
n=l 

where each a._ is either 0 or 2; and conversely. 

Proof. lust as with decimal representation, every xE(O, I] has a 
representation of the form 
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(6) 

where 011 = 0, 1 or 2; and each number thus expressed is in [O, 1]. 
Representation in this general case, is not always unique, for instance 
i bas two representations, 

1 
T and 

ao 2 
~-· 

11-1 311 

In such situations, for the sake of uniqueness, we shall adopt the one 
which is nonrecurring. 

The points of E1 can be expressed as 

the points of Ez. as 

the points of E3 as 

1 00 On 
x=-3 + ~ 311; 

11-2 

1 ( 2 2 2 2) 00 a11 
x=27+ O, 3"9°r 3+9 + ~. 311 ; 

and in general, the point of E,, as 

1 n-1 b, ao a, 
X= 311 + 'f'. -31 + ~ -31' r-i t-11+1 

where b1 • 0 or 2 and a1 = 0, 1 or 2, but a,'s are neither all O's nor all 
2's. Thus xEE11 if and only if 

ao a, 
x- ~ -3'' 1-1 

where a, .. 0 or 2 for i < n; a,,= 1; and-for i > n, a, has no restriC­
tion except that these a,'s are neither all O's nor all 2's. Hence, each 
point in C can be represented by a series of the form (6). 

We now show that there cannot be more than one such representa­
tion, for if 

where each b11 also is either 0 or 2. We shall show that a,.= b11 for every 
n. Let, if possible, a. ::/= b. for some n. Let N be the smallest natural 
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number n such that a.. =F b .. Then I aN-bN I • 2 and I a,,- b,, I E;; 2 
for every n. Now, we have 

o-1.~ 0•3!• j ~~{I aN-bNI- •-~+i I a;::.~· I} 
1{ "° 2} l ~ 3N 2-,,!13- =)N' 

which is absurd. Hence a,,• b,, for each n.I 
10.2 Theorem. Each point of C i8 a limit point of C. 

Proof. Let xci be any point of C. We may write xo in its ternary 
~pression as 

where a,,• 0 or 2. The symbol 3 emphasizes that it is the ternary (not 
the decimal) representation. We now construct a sequence {x,,} of 
points as follows: 

' xi • 3a102Q3 ••• a,, • •• , 

' X2 • 3"202Q3. • • u .. • • • 

' X3 • 301"2'13· • • a,,. · . , 

. . 
where a~• O if a,,= 2 and "• 2, if a,,• O. Clearly, {x,,} is a sequence of 
points in C such that x,, =F xo for any n. Also, note that lim x,, • xo. 

-"° Hence Xo is a limit point of Cl 
As a consequence of Theorem 10.2 wo have the following. 

10.3 Corolmy. The Cantor 8et is perfect. (A set i8 perfect if it is 
both closed and deue in itself.) 

10.4 'lheorem. The Cantor 8et is 1111countable. 

Proof. Let, if possible, the Cantor set C be countable. Then, we may 
write C as 

C•{x1, .¥2. x1, ••• , x., .•• }. 



Write the elements in C in their ternary expansion as 

X1 -= 3a11012'113 ••• a1n • • • • •• 

X2 • 3tl210,22(l23 • • , 02n •·• • 

Xn • 3an10n2'ln3 • • • Onn • • • 

where au=·O or 2. Consider a sequence {a.}, where 

{ 
0 if a.n-2 

On• 
2 if Oa=O. 

Clearly the element 

X • 3a102'13 ••• On ••• 
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is in C. But x =/: Xn since it differs from Xn at least in the nth place. 
This is true for each n and as such x should not be in C. Hence the 
result is proved by contradiction. 

Alternative proof. Let/be a function defined from C" into [O, l] by 

f(x) ""20102'13 ••• 

where x ... 3b1/J.JJ, • • • is in C and 2a1 - b1• It is easy to verify that the 
function f defined above is onto [0, l]. The set C is uncountable in 
view of Problem 28 and Theorem 4.3.I 

10.S Corollary. The cardinal number of the Cantor set is c. 

Problem 29. Prove that: 

(a) C contains no interior point. 
(b) C does not contain any open interval. 
(c) Between any two points of C, 3 an open interval which belongs 

to the complement of C. 
(d) C is nowhere dense. 

Note. It should be emphasiud that the Cantor set and its properties 
are not given to destroy geometric intuition or to instill fear of using 
geometric intuition, but rather to guide the use of geometric intuition 
in analysis to a supporting role in discovering what to suspect and 
how then to prove or disprove the suspected. Hence, the construction 
of the Cantor set should bo placed, and kept, clearly in mind. 
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The idea involved in the characterization of the elements in C as a 
ternary expansion may be generalized to generate several such sets, 
viz. the Cantor n-ary set. Let us describe it as follows: 

Let n be a natural number, and let k be a natural number such that 
0 < k < n - 1. The Cantor n-ary set is composed of by the points x 
in [O, 1] which has an expansion, called n-ary expansion, of the form 

OD 0, 

X= f.;111' 
where a1 are the natural numbers 0, 1, 2, .. ., k-.1, k+ 1, .. ., (n-1). 
One can easily verify that the Cantor n-ary set has several of those 
properties satisfied by the Cantor set C. (Verify!) 

We further modify the construction of the Cantor set and obtain a 
set, called the generalized Cantor set. Let 0 < ar. < 1 be given. Let 

OD 

{a.} be a sequence of positive real numbers such that ~ a.= ar.. 
. n-1 

Remove from the middle of the interval [O, 1), the open interval of 
length al leaving behind two closed intervals. From the middle of 
each of these two intervals, remove an open interval of length a2f2 
leaving behind 22 closed intervals. Repeating this process, at the n•h 
stage, .from the middle of each of the 2•-1 intervals, remove an open 
interval of length a,,f 11 leaving behind 2• closed intervals; and so on. 
Then the set left after the process is repeated infinitely many times is the 
desired set, called the generalized Cantor set and is denoted by C(«). 

Problem 30. Prove that the set C(ar.), 0 < ar. < 1, is a nonempty, 
closed and uncountable set. 

10.6 Definition. Let C be the Cantor set. Then a function f: C -+ R 
defined by 

OD Q 

rcx> = E 2,..;1 ' ·-· 
where x = E 0

3: is called the Cantor funcdon. 
n-t 

Problem 31. Prove that the Cantor function is monotone increasing 
and continuous. 

11 CONTINUUM HYPOTIIESIS 
Motivated by the fact that for any finite cardinal number n > l 

there is always a cardinal number between n and 2•; and otherwise 
also, it is a natural question whether there is any cardinal number f' such 
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that No< p. < 2No( = c). This problem is yet unsolved and is called 
Cantor's continuum problem. However, many important results in 
mathematics have been proved by assuming that there is no cardinal 
number between No and c. This assumption is called the continuum 
hypothesis. 

Aocording to this hypothesis, c is the second transfinite cardinal 
number. 

Generalised Continuum Hypothesis. The assumption that, no matter 
what the infinite set A. is, there is no set with cardinal number p. such 
that 

A < "' < EP(A.), 

is called the generalised continuum hypothesis (g.c.h). K. GBdel has 
proved that the g.c.h. is consistent with generally accepted axioms of 
the theory of sets, provided they are themselve$ consistent. 

It can easily be seen that the continuum hypothesis is a particular 
case of the g.c.h., namely the case when A. is the set of all natural 
numbers. 

Problems 

32. If card (A.)=card (C) and cud (B)=card (D), show that 
card (A. x B) = card (C x D). 

33. Show that R2 has cardinal number c. 
34. Show that the set of all sequences of real numbers has cardinal 

numberc. 
35. Show that the set of all continuous real valued functions defined 

on the closed interval [O, l] has power c. 
36. Prove that f= 2c. 

[Hint: There are at least as many such functions as there are 
"characteristic functions" defined on the closed unit interval.] 

37. Prove Theorem 7.2(f). 
38. Prove Theorem 8.3(d) and (e). 
39. Show that (i) NoNo=c and (ii) N0=2c. 
40. Prove that if ct and fJ are any two cardinal numbers such that 

ct< {J, then 3 a cardinal number 'l' (1 > 0) such that fJ=ct+1. 
Does the converse hold true? Justify your answer in either case. 

41. Let ct be a transfinite cardinal number. Prove that the cardinal 
number 2ac is simultaneously even and odd, i.e., 3 cardinal 
numbers 'Y and 8 such that 2• = 21=-28 + 1. 
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42. Let « be a cardinal number. Prove that 

«;;;;,: No=> «+No=« 

and 
«;;;;,: c => «+c=«. 

[Hint:«~ No=> 3/l such that«= No+fl in view of Problem 40. 
Then «+No ... (No+fl)+No=/l+No=•.] 

43. Prove that for any transfinite cardinal number «, « + « • « · • = «. 
44. Let « and fl be two transfinite cardinal numbers. Show that 

a.+fl•a.·fl=max {a., fl}. 

45. Show that for finite cardinal numbers m, m1, n and n1 .. 
m :E;; n, mi < n1 => mm1 < nn1. 

Show, by means of examples, that the result is not true in the 
case of transfinite cardinal numbers. 

46. Prove that a cardinal number m is finite if and only if 

22· + 1 =I= 22· 

47. Prove that a set of cardinality c has 2c different subsets, each' of 
cardinality c. 

48. Prove that 1 + 22No = 22No· 

49. Prove that (i) JNo= 1 • tc. 

(ii) (n+ l)No = c, n ;;;:i: 1. 
50. Show that the subset X of R' defined by 

X={(xi. x2, x3): 0 :E;; x1 :e:;; 1 for i= 1, 2, 3} 

has cardinal number c. 

51. If A.= UA.,. and A=c, then prove that at least one; of the sets 
A,. has cardinality c. 



Ill 

Measurable Sets 

The length of an interval /, written /(/), is defined to be the difference 
of the endpoints of the interval /. Thus, irrespective of whether an 
interval I with a and b as its endpoints is closed, open, open-closed 
or closed-open, the length /(/) is b- a, where a < b. In case a= b, 
the interval [a, b] degenerates to a point and has length zero while an 
infinite interval has length infinity. Thus, length is an example of a set 
function, i.e., a function which associates an extended real number to 
each set in some collection of sets. In the case of length, the domain 
is the coJlection of all intervals. The set function I clearly satisfies the 
following: 

1. /(/) ~ 0, for all intervals /. 
2. If {/1} is a countable collection of mutually disjoint intervals, 

then 

I ( Lili) = ~ /(/,). 
1-1 1-1 

3. If x is any fixed real number, then 

/(/)=/(I +x). 

In the above, we have said that in the case of length, the domain 
is the collection of all intervals. We would now like to extend the 
notion of length to more complicated and arbitrary sets than intervals. 

1 LENGTH OF SETS 
Let 0 be an open set in R. Then 0 can be written as a countable 

union of mutually disjoint open intervals {/1}, unique except so far as 
order is concerned; i.e., 

00 

0= u 11. 
1-1 
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The length of the open set 0 is defined by 

~ 

I( 0) = I: /(/1). 
1-1 

The length /( 0) is well defined since the sum on the right does not 
depend on the order of the terms used in the summing process. Thus, 
the length of an open set is the sum of the lengths of the intervals (of 
course open and mutually disjoint) comprising 0. 

It is easy to verify that if 01 and 02 are two open sets in R such 
that 01c02, then 

/(01) ~ /(02). 

Hence, for any open set 0 contained in [a, b], we have 

0 ~ /(0) ~ b-a. 

Further, let F be a closed set contained in some interval [a, b]. Then 
the length of the closed set Fis defined by 

l(F) = b- a - /(P:), 

where Fe= [a, b]- F. It can easily be seen that l(F);;;:::: 0. 
So far, we have extended the concept oflength to open and closed 

sets. And since the classes of these sets are too restricted, we would 
like to extend the concept of length to a wider class of sets in R, if 
possible, to the class of all sets in R. In this regard, we imagine a 
function m which assigns to each set E in R, a nonnegative extended 
real number, written m(E), called the measure of E(an extension of the 
notion of length function), satisfying the following properties: 

1. m(E) is defined for all sets EE.P(R). 
2. m(I) = 1(1), for an interval /. 
3. If {.E,} is a sequence of disjoint sets, then 

m( U E1)= f m(E1). 
1-1 1-1 

(This property is known as countable additivity.) 
4. m(E + y) = m(E), where y is any fixed number. (This property is 

known as translation invariance.) 

Unfortunately, it is impossible to construct a set_ function which 
satisfies all the above four properties (1) to (4). In fact, if the conti­
nuum hypothesis "any uncountable set of all real numbers is equivalent 
to the set of all real numbers" is assumed, one cannot construct such 
a measure satisfying the properties (1) to (4). As a result one of these 
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four properties must be sacrificed or weakened at least. Following 
Henri Lebesgue (1875-1941), who mademanycontributionstomeasure 
theory and integration, it is most useful to retain the last three proper­
ties, i.e., (2) to (4), and to weaken the conditi9n given in (1) sot~ 
m(E) need not be defined for all sets E in R.. Still, of course, we shall 
be interested in defining m(E) for as many sets as possible. 

Weakening property (1) is not the only approach; it is also possible 
to replace property (3) of countable additivity by the weaker property 
of finite additivity: for each finite sequence {E1} of disjoint sets, we 
have m( U E1) = l)n(E1). Another possible alternative to property (3) 
is countable subadditivity which is satisfied by the outer measure. Thus 
it is convenient to introduce first a set function, the outer measure, 
defined for all sets in R. and is related to the measure of the set (when 
it exists). 

2 OUTER MEASURE 
All the sets considered in this chapter are contained in R., unless 

stated otherwise. We shall be concerned particularly with intervals I 
of the form ]a, b( unless otherwise specified. 

Let us consider the family q of all countable collections of open 
intervals. For any arbitrary .geq, the sum E /(/)is a non-negative 

1e.J 

extended real number. Further, this sum depends only on g and not 
on the order used in the summing process. 

Now, let Ebe an arbitrary set. Consider the subfamily C of q 
consisting of countable collections .5 of open intervals {11} ·such that 
EcUl1; i.e. 

' 
C ... {.9': .geq and .5 covers E}. 

The subfamily C is obviously nonempty. Thus we obtain a well defin­
ed number m•(E) in the set of all nonnegative extended real numbers 
given by 

m•(E)-inf { ~ 1(1): .9'EC}. 
I~ 

For a more precise understanding, see Definition 2.1. 

2.1 Definition. The Lebesgue outer measure or briefly the outer 
measure m•(E) of an arbitrary set Eis given by 

m•(E) =inf E 1(11), 
I 
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where the infimum is taken .over all countable collections {11} of open 
intervals such that Ee U 1,. 

I 

Remark. The outer measure m• is a set function which is defined 
from the power set g>(R) into the set of all non-negative extended real 
numbers. 

2.2 Theorem 

(a) m•(A) ;;;;i: O,for all sets A. 
(b) m•(r/>)=0. 
(c) If A and Bare two sets with AcB, then m•(A) :;;;;; m•(B). 

(This property is known as monotonicity.) 
(d) m•(A)- O,for every singleton set A. 
(e) Thefunctionm* is tran.vlation invariant, i.e., m*(A+x)=m*(A), 

for every set A and/or every xER. 

Proof. The proofs of (a) and (b) are obvious. 
(c) Let {In} be a countable collection of disjoint open intervals such 

that Be Uln. Then Ac Uln and.therefore 
n n 

Cl) 

m*(A) :;;;;; I! /(I.). 
•-1 

This inequality is true for any coverings {I.} of B. Hence the result 
follows. 

(d) Let A= {x} be an arbitrary singleton set. Since 

I.= ]x- +. x + ! [ 
is an open covering of A for each nEN, and l(ln)=J:.., the result 

n 
follows in view of (a). 

(e) Given any interval I with end points a and b, the set l+x 
defin~ by 

l+x={y+x :yE/} 

is clearly an interval with endpoints a+ x and b + x. Moreover, 

l(l+x)=l(l). 

Now, let e > 0 be given. Then there is a countable collection {In} 
of open intervals such that Ac U (I,.) and satisfies 

n 

Cl) 

I! /(I.) < m*(A) + e. 
•-1 
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Clearly A+xc U(I.+x). Therefore 

"" "" m•(A+x) E;; E l(I.+x)= E l(In) < m*(A)+e. ·-· ·-· 
Since e > 0 is arbitrary, we have m•(A +x) E;; m•(A). The reverse 
inequality follows by considering A= (A+ x)- x and using the above. 

To answer affirmatively the question whether m• is a generalimtion 
of the length function defined for the intervals, we prove the following 
theorem. 

2.3 Theorem. The outer measure of an interval is its length. 

Proof. Case 1: Suppose I is a closed finite interval, (say) [a, b}. Since, 

for each e > 0, the open interval ]a - ; , b + ; [contains [a, b ], we 

have 

m*(l) E;; 1(]a- ; , b+ ; [) =b-a+e. 

This being true for each e > 0, we must have 

m•(l) E;; b-a=l(l). 

To complete the proof of the result, we need to show that 

m*(J);;;;.. b- a. (1) 

Let e > 0 be given. Then there exists a countable collection {I.} of 
open intervals covering [a, b] such that 

m•(l) > E 1(1.)- e. (2) 
n 

By the Heine-Borel Theorem (cf. 1-1.1), any collection of open inter­
vals covering [a, bJ contains a finite subcollection which also covers 
[a, b], and since the sum of the lengths of the finite subcollection is 
not greater than the sum of the lengths of the original collection, it 
suffices to establish the inequality (2) for finite collections {I.} which 
cover [a, bJ. 

Since ae[a, b] implies that aE U I., there must be one of the inter-
• 

vals In which contains a. Let it be ]a1, b1[. Then a1 < a< bi. If b1 E;; b, 
then b1E[a, b], and since b1~]ai. b1[, there must be an interval ]a2, bz[ 
in the finite collection {In} such that b1E]a2, b2[; that is a2 <bi< b,,. 
Continuing in this manner, we get intervals ]ai. b1[, }a2, b2[, ... from 
the collection {I.} such that 

i=l,2, ... 
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where ho= a. Since { J,.} is a finite collection, this process must termi­
nate with some interval ]ak, bk[ in the collection which is possible only 
when bE]ak, bk[. Thus 

k 

~ 1(1,.) ;;;, ~ 1Qa1, b,[) 

=(bk-ak)+(bk-1-ak-1)+ .. . +(bi -a1) 
=bk-(ak-bk-1)- ... -(a2-h1)-a1 
> bk-a1 

> b-a. 

since a, - b1-1 < 0, bk > b and a1 < a. This, in view of (2), verifies that 

Hence m•(I) ;;;, b- a. 
Case 2: Suppose I is any finite interval. Then given an E > 0, there 

exists a closed finite interval Jcl such that 

/(J) > /(/)- E, 

Therefore, 

1(/)-E < l(J)=m•(J) ~ m•(I) ~ m•(t)=l(l)•l(I) 

=> /(/)- E < m•(I) ~ /(/). 

This is true for each E > 0. Hence m•(I) = 1(1). 
Case 3: Suppose I is an infinite interval. Then given any real 

number K > 0, there exists a closed finite interval Jcl such that 
l(J)=K. Tbusm•(J);;;, m•(J)= l(J)=K, that ism•(l);;;, Kfor any arbit­
rary real number K > 0. Hence m•(I) = ex> = 1(1).1 

The next theorem asserts that m• has the property of countable sab­
additM.ty. 

2.4 Theorem. Let {E.} be a countable collection of sets. Then 

m•(uE,.) ~I: m•(E,.). 
n n 

Proof. If m•(En) = ro for some nEN, the inequality holds trivially. 
Let us assume that m•(En) < ex>, for each nEN. Then, for each n, and 
for a given E > 0, 3 a countable collection {!,.,,}, of open intervals such 
that Enc U ln.1 satisfying 

l 
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Then 

UEcU U1.,,. 
n n I 

Howeyer, the collection {1.,1}.,1 forms a countable collection of open 
intervals, as the countable union of countable· sets is countable ( c.f. 
II-3.14), and covers UE •. Therefore 

n 

m*( U En) E;; ~ 1(1n,1) 
n n,I 

< ~ (m*(En)+2-•E) 
n 

But E > 0 being arbitrary, the result followsl 

2.5 Corollary. If Eis a countable set, then m*(E)=O. 

Proof. Since the set E is countable, we may express it as 

E= {ai. 02, ••• , a., ... }. 
Let E > 0 be given. Then enclosing each a1 in an open interval 11 with 
1(11) = 2-1., (i = 1, 2, ..• ) we get 

... ... 
m*(E) E;; ~ 1(11)= ~ 2-1•=•. 

1-1 t=1 
Letting E -+ 0, the result follows.I 

Note. Each of the sets N, I, Q.and A. (the set of all algebraic numbers) 
has outer measure zero since each one of these is countable. 

2.6 Corollary. The set [O, J] is uncountable. 

Proof. Assume on the contrary, that the set [0, l] is countable. Then, 
in view of Corollary 2.5, m*([O, ID= 0 and so /([O, 1]) = 0, by 
Theorem 2.3. This is absurd. Hence the set [0, 1] is uncountablel 

Remark. The result in Corollary 2.6 is true for any interval which 
does not degenerate. 

As a negation of Corollary 2.5, we have the following. 

2.7 Corollary. Any set with the outer measure d{fferent from zero is 
uncountable. 

The converse of Corollary 2.5, that is "a set with outer measure 
zero is countable'', is not always true. 
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2.8 Example. The Cantor set C is uncountable with outc:r measure 
:r.ero. 

Let Cn denote the union of the intervals left at the nth stage while 
constructing the Cantor set C (cf. Il-10). One may note that Cn con­
sists of 211 closed intervals, each of length 3-11• Therefore 

m•(C11) ~ 211 ·3-11, 

by Theorems 2.3 and 2.4. But any point of C must be in one of the 
intervals comprising the union Cn, for each nEN, and as such CcCn, 
for all nEN. Hence 

m•cq ~(~ r 
This being true for each nEN, letting n -+ oo gives m•(C) = 0. 

Problem 1. Cf m•t A)= 0, then m•(A. U B) = m•(B). In particular, if 
BcA., then m*(B) = 0. 

Solution. By Theorem 2.4, we have 

m*(A.UB) ~ m*(A.)+m*(B)=m*(B). 
But BcA.UB verifies (cf. Theorem 2.2(c)) 

m*(B) ~ m•(A.UB). 

Hence the result follows.Ill 

2.9 q,, and g a Sets. Although the intersection of any collection 
(countable or uncountable) of sets in R is closed and the union of 
a finite collection of closed sets is closed, the union of a countable 
(infinite) collection of closed sets need not be closed. Similarly, the 
intersection of a countable (infinite) collection of open sets need not 
be open (cf. 1-5). Thus we are motivated to define two new classes of 
sets, q .-sets and g a-Sets, different from those of open sets and closed 
sets, and consequently many others. 

2.10 Definition. A set which is a countable (finite or infinite) union 
of closed sets is called an ':F,,-set. 

Note. The class of all ':F,,-sets is denoted by q,,. In q,,, q stands 
for ferme (closed) and a for summe (sum). 

2.11 Example. Each of the following is an ':F,,-set: 

(i) A closed set. 
(ii) A countable set. 
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(iii) A countable union of .9'o·sets. 
(iv) An open interval ]a, b[ since 

la. b[ • U [ a+.!., b-.!..]. 
n-1 n n 

and hence an open set. 

2.12 Definition. A set which is a countable intersection of open sets 
is aDr1et. 

Note. The class of all Drsets is denoted by Da. In g,, g stands for 
gebiet (region) and 3 for durchschnitt (intersection). 

Remark. The complement of an .9'o·set is a Drset, and conversely. 

2.13 Example. Each of the following is a g rset: 

(i) An open set, and, in particular, an open interval. 
(ii) A closed interval [a, b] since 

[a, b]= n ] a-.!., b+.!.[. 
n=I n n 

(iii) A closed set. 
(iv) A eountable intersection of Drsets. 

Remark. Each of the classes .9' o and g a of sets is wider than the 
classes of open and closed sets. 

Note. We can also consider a class .9'oa of .9'orsets: An .9'orset is 
one which is obtained by taking the intersection of a countable coJleo­
tion of sets each of which is an .9'o·set. Similarly, we can construct 
the classes g ao, .9' oao, g w. etc. 

We now turn to a result which gives useful relations between the 
outer measure of an arbitrary set and the outer measure of open sets 
and Drsets which contain the set. 

2.14 Theorem. Let Ebe any set. Then: 

(a) Given E > 0, 3 an open set 0-=:JE such that 
m*( 0) < m*(E) + E; 

and hence m*(E) ... inf m*(O), where the infimum is taken over all 
open sets 0-=:JE. 

(b) 3 a Drset G-=:JE such that 
m*(E) • m*(G). 
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Proof. (a) There exists a countable collection {In} of open intervals 
such that Ee U 111 and 

n 

CD 

'E /(In) < m*(E)+E. 
11=1 

co 
Set 0 = U In. Clearly O is an open set and 

n-1 

CD CD 

<; 'E m*(l11)"" 'E /(In) < m*(E) + E. 
11-1 n-1 

(b) Choose E= .!.., nEN in (a). Then, for each nEN, 3 an open 
n 

set 0 11 -::::>E such that 

CD 

Define G = n On. Clearly, G is a 0.-set and G::>E. Moreover, we 
n-1 

observe that 

m*(E) <; m*(G) <; m*(011) < m*(E)+_!_, nEN. 
n 

Hence letting n -+ co verifies m*(G) = m*(E)I 

Remark. The significance of Theorem 2.14(b) is that any arbitrary 
set E can be included in a set which is of relatively simple type, namely 
a g ,-set, with the same outer measure. 

In defining the notion of outer ~easure of a set E, we have used 
the collections {/n} of open intervals that cover E. Now the question 
arises whether or not the restriction of the intervals in the collection 
being open can be dropped. The answer is yes. In fact, we prove the 
following. 

2.15 Theorem. The/unction m•: .P(R)-+- RU{O} (outer measure) is 
obtained whether, for all n, we stipulate (i) 111 open, (ii) 111 closed-open, 
(iii) 111 open-closed, (iv) 111 closed or (v) 111 mixtures of various types of 
intervals. 

Proof. In case (i), we obtain m• by Definition 2.1. Write the corres­
ponding m• as m~ in case (ii), m:C in case (ili"), m~ in case (iv) and m:. 
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in case (v). We shall show that each of these equals m•. It is sufficient 
to prove that m:. = m•, the other cases being similar. 

Let Ebe any set. By definiiton, 

To prove the reverse inequality, let E > 0 be given. Then, by the 
definition of m:., 3 a sequence {J,.} of intervals (of course J,. are mix­
tures of various types of intervals) such that Ee U J,. and 

• 
00 

E l(J,.) < m:S(E)+E. ·-· 
But for a given E > 0 and any J,,, there is an open interval /,, such 
that J,.el,. and 

=> 

l(/,,)•(1 +E)l(J,,) 

l(J,.) = (1 + E)-11(/,,). 

Thus, {/11} is a sequence of open intervals with Ee U /,. and satisfies 
II 

... 
=> 11~1(/11) < (l+E)m:S(EJ+(l+E)E. 

This verifies that m*(E) E;; m:.(E).I 

Problems 

2. Let A be the set of rational numbers between 0 and 1, and {/,,} 
be a finite collection of open intervals covering A. Prove that. 
El(!,,) ;;;i: 1. 

3. Prove that the outer measure of the generaliz.ed Cantor set C(«), 
0 <IX< 1, is 1-«. 

3 LEBESGUE MEASURE 
The outer measure, although defined for all sets in R, does not 

satisfy, in general, the countable additivity (Theorem 2.4). In order to 
have the property of countable additivity satisfied, we have to restrict 
the domain of definition for the function m• to some suitable subset, 



64 Lebesgue Measure and Integration 

.:Al, of the power set 9>(R). The members of .5lt are called measura­
ble sets which are defined as follows. 

3.1 Definition.• A set Eis said to be Lebesgue measurable or briefly 
measurable if for each set A, we have 

(3) 

Remark. The definition of measurability says that the measurable 
sets are those {bounded or unbounded) which split every set (measur­
able or not) into two pieces that are additive with respect to the outer 
measure. 

Since A= (An E) U (An .Ee) and m• is subadditive, we always have 

m•(A) E:;; m•(AnE)+m•(An.Ec). 

Thus, in order to establish that E is measurable, we need only to 
show, for any set A, that 

(4) 

Note. The inequality (4) is often used in practice to show that a 
given set E is measurable and the set A in reference is called test set 
since it is used to test the measurability. 

Remark. H. Lebesgue, in his investigation, did not actually use the 
definition given above to define measurable sets. Instead, he conside­
red set E in the bounded interval [a, b] and first defined the interior 
(or inner) measure of the set E as 

m.(E) = b- a- m*(Et!'). 

He, then, called the set E to be measurable if 

m.(E) ... m•(E). 

In other words, Eis measurable if 

m•(E)-b-a- m*(.Ec). 

If we let A.= [a, b], the equality (5) becomes 

m•(A) =m•(A nE)+m•(A. n .Ee), 

(S) 

which is the same as (3). Thus the actual definition which Lebesgue 
used is a special case of (3). Since Lebesgue started with sets contain­
ed in [a, b], i.e. bounded sets, appropriate modifications had to be 

•This definition is due to CarathCodory. 
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made for unbounded. sets .. Suoh modifications, however, are not 
needed if Definition 3.1 is used. 

3.2 Definition. The set function m: ..:Al.-+ a•, obtained by restrict­
ing the set functions m• to the subset ..:M of the domain of definition 
.fP(ll) of m•; that is, m = m~ _,,, is ·called Lebesgue measme function 
for the sets in ..:M.. 

For each EE..:M., m(E)=m*(E). The extended-real number m(E) is 
called the Lebesgue measme or simply measme of the set E. 

Having selected the measurable sets by the test given in (3) and the 
measure of a measurable set to be the same as its outer measure, we 
can deduce the properties of·measurable sets from the properties of 
outer measure already established, and erect a theory of integration 
on this foundation. This is the method originated by Caratheodory. 
We shall now show, in the following sections, that the measure m 
satisfies all the properties as desired in §1; namely, mis countably 
additive (Theorem 4.14), m is invariant under translation (Theorem 6.1), 
mis a generalization of the "length" (Problem 13) and many others. 

4 PROPERTIES OF MEASURABLE SETS 

4.l 1beorem 

(a) If Eis a measurable· set, then so is Ee. 
(b) The sets r/J and R ·are measurable sets. 

Proof. The proof is -evident from Definition 3.1.I 

4.2 Theorem If E has the outer measure zero, then E is a measurable 
set. Furthermore, every subset of Eis measurable. 

Proof. Let A be any set. Then 

since 

and 

m*(A) ;> m*(AnE)+m*(AnSC), 

A.nEcE => m*(AnE) ~ m*(E)=O 

A.necA => m*(An») ~ m*(A.). 

Hence Eis measurable. The other part follows from Problem 1.1 
4.3 CoroDary. Every countable set is measurable and its measure is 
zero. 

Proof. It follows from Corollary .. 2.5 and Theorem 4.2.I 
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4.4 Corollary. The Cantor set C and all its subsets are measurable, 
and each of them has measure zero. 

Proof. It follows from Example 2.8 and Theorem 4.2.I 

4.5 Theorem. If Ei and .Ei are measurable sets, then so is E1 U E2• 

Proof. Using the fact that E1 and .Ei are measurable sets, for any set 
A, we have 

m*(A) ... m*(A n E1) + m*(.A. n EfJ 
""m*(A n E1) + m*([A n Ef.I n .Ei) + m*([A n EfJ n £2) 
= m*(A n E1) + m*([.A. n E2] n Ef) + m*(A n Ef n ~ 

=m*(AnE1)+m*(AnEznED+m*(An[E1U.Ei]C) 

?: m*(A n [E1 U Ez]) + m*(.A. n [E1 U .Ei}c), 

since An(E1UE~=[AnEi]U£.A.nE2nEf1. Hence E1U.Ei is a measu­
rable set.I 

Problems 

4. Prove that the intersection and difference of two measurable 
sets are measurable. [Hint: For two sets E1 and E2, we can 
write (E1 n .Ei)C = Ef U E2 and E1 - E2 ... Ei n ~.] 

5. Prove that the symmetric dift'erence of two measurable sets is 
measurable. [Hint: The symmetric diff'erence of two sets E1 and 
& is given by E1il.Ei =(Ea - &) U (E2- E1); apply the result in 
Problem 4.] 

4.6 Definidon. A collection JI. of subsets of a set S is called an 
algebra (or Boolean algebra) of sets in !P(S) if 

(a) A, BE.JI. =>AUBE.JI. 
(b) AEJ/. => Ac, that is S-AEJ/.. 

By DeMorgan's law it follows that if JI. is an algebra of sets in 
!P(S), then 

(c) A, BE.JI.=> AnBEJ/., 
while, on the other hand, if any collection JI. of subsets of S satisfies 
(b) and {c), then it also satisfies (a) and hence JI. is an algebra of sets 
in !P(S). 

By induction, it is easy to check that an algebra JI. is closed under 
any finite union and finite intersection. 
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As an immediate consequence of Theorems 4.1 and 4.S, we have the 
following result. 

4.7 Corollary. The family~ of all meQSUl'able seta (subsets ofR.) is 
an algebra of sets in !P(R). lnparticular, if{Ei. Ei, ... , En} ia any 

n n 
finite collection of measurable sets, then so are U E, and n E1. 

1-1 1-1 

4.8 Theorem. Let E1, Ei, . . ., En be a finite sequence of disjoint 
meaaurable sets. Then, for any set A, 

m• (An [U E,])=f: m*(AnE,). 
1-1 i-1 

Proof. We prove it by induction on n. For n =I, the result is trivially 
true. Assuming it to be true for (n -1) sets, we would have 

m• (An [ U1 E1]) = E1 m*(A. n E,). 
1-1 1-1 

Adding m*(A.nEn) on both the sides, we get 

m• (An (u1 E,]) +m*(A n En)= f m*(A n E1) 
1-1 1-1 

since the sets E1 (i = 1, 2, ... , n) are disjoint. But the measurability 
n 

of the set En, by taking An [ U Et] as a test set, implies 
1-1 

m• (A.n[ u Et])=m· (An[ u E,JnEn)+m• (An( u E,Jn.E:) 
1-1 1-1 1-1 

Hence 

4.t Corollary. If E1,- Ei. .. . , En is a finite sequence of disjoint 
measurable sets, then 

m ( U E1) = t m(E,). 
1-1 1-1 
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Proof. Taking A = R in Theorem 4.8, the result follows in view of 
Corollary 4. 7 ·I 

Problems 

6. If E1 and E2 are measurable sets such that E,~E,, and m(.E,,) < 
co, then m(Ei - E,,) = m(Ei)- m(E2). [Hint: Express E1 as a union 
of two disjoint measurable sets Ei - E2 and E,,; apply the result 
in Corollary 4.9.] 

7. If E1 and E2 are any measurable sets, then prove that 

m(Ei U E2) + m(Ei n E,,) = m(E1) + m(E2). 

Solution. Let A be any set. Since E1 is a measurable set, we have 

m•(A) = m•(A n Ei) + m•(A n Ef). 

Taking A= Ei U E,,, and adding m(E1 n E,,) on both sides, we get 

m(E1 U.E,,)+m(E1 nE2) =m(E1)+m([E1 U &l n.Ef)+m(E1 n.Ei). 
Since 

[(E1 u E2) n Ef] u [E1 n E2] ... E2 

is a union of disjoint measurable sets, by Corollary 4.9, we note that 

m([E1 U E,,] n .Ef) + m(E1 n E,,) = m(&). 

Hence the result follows.I 

The result in Corollary 4.9 verifies that the measure function m on 
..:Al is :finitely additive. However, we would extend it to a more gene­
ral situation to the case of countably additive. But before we do so 
we prove that the family ..:Al is closed under countable union. 

4.10 Theorem. A countable union of measurable sets is a measur­
able set. 

The proof of Theorem 4.10 requires a result on algebra of sets which 
we state and prove below in the form of a lemma. 

4.11 Lemma. Let JI. be an algebra of subsets of a set S. If {A1} is a 
sequence of sets in JI., then there exists a sequence {B1} of mutually 
disjoint sets in JI. such that 

CD CD 

U Bt= U A,. 
1-1 1-1 

Proof. If the sequence {A1} is finite, the result follows trivially. Let 
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us assume {A1} to be an infinite sequence. Set B1 • A1t and for each 
nEN,define 

= A.nAf nA~n ... nA!-1 
Now, we note the following facts: 

(i) JJ,,E...A, for each nEN, since ...A is closed under the comple­
mentation and finite intersection of sets in ...A. 

(ii) B,.cA., for each nEN. 
(iii) The sets Bn are mutually disjoint. Consider B. and Bm to be two 

such sets and suppose m < -n. Then, because BmCAm, we have 

B,.nB.cAmnB. 

CD CD 

(iv) U B1= U A,. 
,_, 1-1 

•Amn[A.nAfn ... nA:.n ... nA:-11 
=[A,.nA:.Jn ..• 
-cfon ... 
-cfo. 

Since B1cA,, for each iEN, we have 
CD CD 

U B,c U A,. 
l=I 1-1 

CD 

To prove the reverse inclusion, let xE UA1• Clearly, x must be in at 
l=I 

least one of the sets A,'s. Let n be the least value of i such that xEA1. 
CD 

Then xEB., and so xE U B •. Hence 
•-1 

CD CD 

U A1c U B1. 
1-1 1-1 

This completes the proof of the lemma. 

Proof of Theorem 4.10. Let {E1} be a sequence of measurable sets 
CD 

and let E = U E1• To prove E to be a measurable set, by Lemma 4.11, 
1-1 

we may assume, without any loss of generality, that the sets E1 are 
mutually disjoint. 

n 
For each nEN, define F,. = U E,. Since .:At is an algebra of s"ts ,_, 
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and Ei. E,., ••• , En are in .:M, the sets Fn are measurable. Therefore, 
for any set A., we have 

since 

m*(A.) == m*(A. n Fn) + m*(A. n P,J 
~m*(A. n Fn) + m*(A n Ee), 

F:= [ U E,]ue:::>Ec. 
f-n+I 

But, by Theorem 4.8, we observe that 

Therefore, 

This ineq~ity holds for every nEN and since the left-hand side is 
independent of n, letting n -+ oo, we obtain 

... 
m*(A.) ~ ~ m*(A.nE,)+m*(A.n»:> 

1-1 

~m*(A. n E) + m*(A. n Ee), 

in view of the countable subadditivity of m•, cf. Theorem 2.4. Hence 
E is a measurable set.I 

4.12 Definition. An algebra JI, of sets is called a a-algebra (or 
a-Boolean algebra or Borel field) if it is closed under countable union 

GO 

of sets; that is, U A.,, is in JI, whenever the countable collection {A.1} 

·-· of sets; is in JI,. 

Note. It follows, from DeMorgan's law, that a a-algebra is also 
closed under countable intersection of sets. 

As an outcome of Theorem 4.10, in view of Corollary 4.7, we have 
the following result. 

4.13 Corollary. The family .:M of all meaaurable sets (subsets ofR.) 
is a a-algebra of sets in !P(R). 

4.14 Theorem. Let {E1} be an infinite sequence of disjoint measurable 
sets. Then 

m { U E,) = f. m(E1). ,_, 1':1 
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Proof. By Corollary 4.9, for each nEN, we have 

m ( U E1} = f. m(E,). ,_, t='l 
But 

.., n 

U E1=> U .E,, ¥nEN. ,_, ,_, 
Therefore, in view of Theorem 2.2{c) and the measurability of both 
the sets in the above inclusion {cf. Definition 4.12), we obtain 

m (u E,);;;;;: f m(E1). ,_, ,:r 
Since the left-hand side is independent of n, letting n -+ co, we get 

m (u E,);;;;;: f m(E,). 
,_, 1-1 

The reverse inequality is readily available from the countable sub­
additivity property of m• (Theorem 2.4).1 

Remark. The result in Theorem 4.14 verifies that the set function 
m : .:At -+ R* is countably additive. 

Towards the close of this section we would like to examine: How 
big could the family .:At of measurable sets be? 

4.15 Theorem. The cardinality of .:At is 2c 

Proof. Since .5McfP(R), it follows that .5M ~ 2c (cf. 11-9.4). The 
reverse inequality is available from the fact that the family fP(C), of 
all subsets of the Cantor set C, is contained in .:At (cf. Corollary 4.4) 
and that fP(C) = 2c, since the set C is uncountable having cardinality 
c (cf. 11-10.5). 

Remark. Though all the sets in fP(R.) may not be measurable as we 
shall see in §8, still we observe that the cardinalities of each of the 
families .:At and fP{R.) of subsets of R is the same. This reveals the 
fact, inspite of the inclusion .:McfP(R.) being proper, that the family 
.5M is very rich; so much so that there are as many measurable sets as 
in fP(R). 

Problems 

8, If Ei. E.z and E3 are measurable sets, prove that 

m(E1)+m(E.z)+m(E3)=m(E1UE.zU&)+m(E1()£.z)+m(E.znE3) 

+m(Ei nE3)-m(E1 n&nE3). 
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9. Construct a nowhere dense perfect set in the interval [O, l] whose 
. 1 

measure 1s T · 
10. Find the measure of E, the set of points in ]O, 1[ such that the 

decimal expansion of xeE does not contain the digits 5 and 7. 
11. Prove that there are 2c measurable sets in every interval. 
12. Let Ebe a measurable set. Prove that 

m*(A) = m*(A n E) + m*(A - [An E]}, 

where A is any set. 

5 BOREL SETS AND THEIR MEASURABil.JTY 
Given any collection C of subsets of a set S, consider the family q 

of all a-algebras each of which contains C, and let 

JI,= n {l.':l.'E$}. 

Then one can verify that JI, is the smallest a-algetira (unique) that 
contains C, in the sense that JI, is a a-a1gebra containing C and if l.' 
is any other a-algebra containing C, then JI, cl.'. Such a collection JI, 
is called the a-algebra generated by C. 

Since the intersection of a countable collection of open sets in R 
need not be open, the collection of all.open sets in R is not a a-algebra. 
This motivates us to introduce the following notion. 

5.1 Definidon. The a-algebra generated by the family of all open 
sets in R, denoted by 93, is called the class of Borel sets in R. The 
sets in !B are called Borel sets in R. 

5.2 Examples. Each of the open sets, closed· sets, fl rsets, q .-sets, 
flea-sets, $on-sets, ... is a simple type of Borel set. 

The class of Borel sets plays an important rolo in analysi~ in general, 
and in measure theory in particular. We now prove that the Borel sets 
are measurable (in sense of Lebesgue). 

5.3 Theorem. Every Borel set in R is measurable; that ia, !Bc..5H,. 

Proof. We prove the theorem in several steps by using the fact that 
.5ff is a a-algebra. 

Step 1: The interval ]a, oo[ is measurable. 
It is enough to show, for any set A:, that 

m*(A) ~ m*(A1)+m*(A2}, 

where Ai= A n]a, oo[ and A2 =An J- oo, a]. 
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If m~(A) • oo, our assertion is trivially true. Let m*(A) < oo. Then, 
for each e > 0, 3 a countable collection {In} of open intervals that 
covers A and satisfies 

co 
'E l(In) < m*(A) + E. 
n-1 

Write I~=I.n]a, oo[ and I:=I.nJ- co, a]. Then, 

I~UI:={InnJa, ooOU{InnJ- co, al} 

=Inn]- oo, oo[ 

=I., 

and I~ n 1: = tf.. Therefore, 

/(In)= 1(1~) + l(I!) 
= m*(I~) + m*(I~). 

But 

A1c[UI,Jn]a, oo[= U(Inn]a, ooD= UI~. 

so that m*(A1) ~ m*( U I~) ~ 'Em*Cl~). Similarly A2c U I; and so 
m*(A2) ~ 'Em*(/:). Hence, 

m*(A1)+m*(A2) ~ ~{m*(I~)+m*(L:)} 

=D(I.) < m*(A)+•. 

Since e > 0 is arbitrary, this verifies the result. 
Step 2: The interval]- oo, a] is measurable since 

]- co, a]= ]a, co[c 

Step 3: The interval]- oo, b[ is measurable since it can be expres­
sed as a countable union of the intervals of the form as in Step 2; 
that is, 

oo I 
]-oo,b[= U ]-oo,b--}. 

n-t n 

Step 4: Since any open interval ]a, b[ can be expressed as 

]a, b[=]- oo, b[n]a, oo[, 

it is measurable. 
Step S: Every open set is measurable. It is so because it can be ex­

pressed as a countable union of open intervals (disjoint). 
Hence, in view of Step S, the a-algebra ~ contains all the open 

sets in R. Since 5B is the smallest a-algebra containing all the open sets, 
we conclude that .!/Jc~. This completes the proof of the theorem.I 
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5.4 Corollary. Each of the sets in R: an open set, a closed set, an 
.9'a-set and a !la-set is measurable. 

5.5 Corollary. For any arbitrary set E (me'!.f.U'ab/e or not), there 
exists a !la-set G such that EcG and m*(E)=m(G). 

Proof. It follows by using Theorem 2.14(b) and the fact that !la-set 
is a measurable set.I 

Note. The set G of Corollary 5.5 is sometimes called an equimeasur­
able superset of E. 

Problem 13. Prove that every interval is a measurable set and its 
measure is its length. 
Solution. It follows in view of the fact that an interval is a Borel set 
and the outer measure of an interval is its length. 

Remark. The Borel sets do not exhaust all measurable sets; that is, 
the inclusion .9Jc..5H. is proper. This assertion follows from the fact 
that the cardinality of ..5H. is 2c (Theorem 4.15) whereas the cardinality• 
of .9J is c. However, there exist examples of sets which are measur­
able sets but not Borel sets. 

5.6 Example (Non-Borel measurable set). Let p be the Cantor func­
tion. Define a function t/J: [O, l] -+·[O, 2] by 

t/J(x) = x + p(x). 

It is obvious that t/J is a homeomorphism of [O, 1] onto [O, 2]. Let D 
be a non-measurable subset** of t/J{C), where C is the Cantor set. Then 
tfJ-l(D) is a subset of C and hence is a measurable set of measure zero 
(cf. Corollary 4.4). However, since tfJ-l(D) is the image under a 
homeomorphism of a non-Borel set D (because D is nonmeasurable), 
tfJ-l(D) is not a Borel set. 

Note. The first actual example of such a set (non-Borel measurable 
set) was constructed by the Russian mathematician M.Ya Sustin 
(1894-1919). In fact, Sustin discovered a very important and extensive 
class of sets, calling them A-sets, some of which are measurable (in 
sense of Lebesgue) but not Borel sets. 

'"The proof of this fact requires the concepts such as ordinal numbers and 
transfinite inductions, and is therefore out of the scope of the present book. 

**For the construction of nonmeasurable sets, refer to §8 of this chapter. 
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6 FURTHER PROPERTIES OF MEASURABLE SETS 
In §1 of this chapter, we had mentioned the "translation invariance" 

of a measure as one of the desirable properties. This is quite true with 
the Lebesgue measure on .:M as we establish in the following theorem. 

6.1 Theorem. Let E be a measurable set. Then any translate E + y is 
measurable, where y is a real number. Furthermore, 

m(E+y)=m(E). 

Proof. Let A be any set. Since E is measurable, we have 

m*(.A) = m*(A n E) + m*(A n £c) 

=> 

in view of the fact that m* is invariant under translation, cf. Theorem 
2.2(e). But one can easily verify that 

~[A nEJ + y= (A +Y) n (E+ y) 

lrAneJ+y=(A+yJnce+y). 

Hence 

m*(A + y)= m*([A + y] n [E + y]) +m*([A + y] n [£c + y]). 

Since A is arbitrary, replacing A with A-y, we obtain 

m*(A) = m*(A n E + y) + m*(A n £c + y). 

The measurability of E + y follows by taking into account that (E + y'f 
= £c + y, and the proof is complete because m• is translation 
invariant.I 

The following two theorems reveal a basic property of Lebesgue 
measure that concerns its behaviour for monotone sequence of sets. 

6.2 Theorem. Let {E1} be an i'ffinite decreasing sequence of measur­
able sets; that is, a sequence with E1+1 cE1 for each i E N. Let 
m(E1) < oo for at least one iEN. Then 

m ( n E1) = lim m(E.). 
1-1 --

Proof. Letpbetheleastintegersuchthatm(.E,) < oo. Thenm(E,J<oo, 
CD 

for all i ;;;::, p. Set E= n E, and F,=E1-Et+1· Then the sets F1 are 
1-1 

pairwise disjoint, and 
CD 

E11-E= U F,. ,_, 
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Therefore, 

But m(E11)=m(E)+m(E,-E) and m(E1)=m(.E,+1)+m(E1-Ei+1), 
for all i ;;;is p, since EcE, and Ei+1 cE1. Further, using the fact that 
m(E1)<00, for all i ;;;is p, it follows that 

and 
Hence, 

m(E11 - E) = m(E,)-m(E) 

m(E1- E1+1) = m(E1)- m(E,+I). ¥ i ;;;. p. 

... 
m(E,)- m(E) = ~ (m(.E,)- m(E1+1)) ,_, 

II 

... lim T'. (m(E,)-m(E1+1:.) 
n+oo ,:j, 

... lim {m(E11)- m(E,,)} -= m(E,) - fun m(E,J • ...... 
Since m(E11) < oo, it gives 

m(E) = 1lln m(E,J • ...... 
This proves the result.I 

6.3 Corollary. Let {E1} be an infinite decreasing sequence of measur­
able sets, and let m(Ei) < oo. Then 

m( n E,) = lim m(E,,). 
f-J n+GO 

Remark. The condition m(E1) < co, for at least one iEN, in Theorem 
6.2 (or m(E1) < oo in Corollary 6.3) cannot be dropped. 

6.4 Example. Consider the sets E,, given by E,, = ]n, co[, nEN. Then 
{E,,} is a decreasing sequence of measurable sets such that m(E,,) = oo 

GO 

for each nEN and n E,,=f· Therefore, 
n-1 

lim m(E11)= oo, while m(.P)•O. 
n+GO 

6.5 Theorem. Let {E1} be an irifinite increasing sequence of measurable 
sets; that is, a sequence with Ei+1-:JE1 for each iEN. Then 
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m( U E,) = Iim m(E.). 
1-1 •-+oo 

Proof. If m(E,) = oo for some pEN, then the result is trivially true, 
since 

m( U E,) ;;;ii: m(E,) = oo, 
1-1 

and m(E;,) =co, for each n ~ p. Let m(E1) < oo, for each iEN. Set 

00 

E= U E,, ,_, F1 = E1+1 - E1. 

Then the sets F1 are pairwise disjoint, and 

=> 

=> 

=> 

00 

E-Ei-= U F, 
l=l 

m(E-E1)=m( U F1)= I: m(F,)= f m(E1+1-E1) 
,_, 1-1 1"=1 

• 
m(E)- m(E1) = .~ 1~ {m(E1+1)-m(E1)} 

• lim {m(E.1-1)-m(E1)} 
8-+00 

m(E) = lim m(E.). 
•-+00 

Note. Theorems 6.2 and 6.S establish that the set function m is 
eonditfonally continuous from above as well as below. 

We are always interested, whenever possible, in measurable sets. 
However, proving the measurability of a given set is sometimes diffi­
cult in practice. It may be desirable in that situation to apply theorems 
about outer measure. A particularly useful result is the following 
theorem which, in fact, improves Theorem 6.S. 

6.6 Theorem. Let {E1} be an infinite increasing sequence of aets (not 
necessarily measurable). Then 

m•( U E,) = lim m*(E.). 
1-1 8-+00 

Proof. For each E1, there exists a Drset G1 (of course measurable) 
such that E1c(i, and m(G1) = m*(E1), cf. Corollary S.S. For each nEN, 
define 

00 

F.= n G,. 1-• 
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Clearly {Fn} is an increasing sequence of measurable sets. Therefore, 
by Theorem 6.5, it follows that 

m( U Fn) = lim m(Fn)· 
n-1 n-+oo 

But E1CE1+1 implies that EncG,, for all i;;;;::: n and as such EnCFnCGn, 
for each nEN. Consequently 

m*(E,,) ~ m(Fn) ~ m(Gn) = m*(E,,) 
~ m*(En)=m(Fn), V nEN. 
Hence lim m*(En) exists, and 

n-+oo 

1im m*(E,,)=m( U Fn)· 
n-t-oo n-1 

Also, we observe that 

"' "' U F,, ::::> U En, 
n-1 n-=l 

and, therefore, 

1im m*(E,,) ;;;;::: m•( U E,,)· 
n-+oo n-1 

The reverse inequality is obvious from the fact that 
Q) 

Enc U E,,, vnEN 
n=l 

and this completes the proof.I 

In analogy with the limit superior and the limit inferior of a 
sequence of real numbers (cf. I-6), let us define the concepts such as 
the limit superior and the limit inferior of a sequence of sets. 

Let {E1} be any sequence of sets. Define 

{
lim sup E1= n U E, 

I-+<» n-11-n 

"' "' lim inf E1= U n E,. 
1-+co n=l l=n 

If* lim sup E1=1im inf E1, the sequence {E1} of sets is said to be 
conl'ergent, and the common limit is written by 1im E,. 

Remark. It is easy to see, from the definition, that lim sup E1 is 
the set of points which are in infinitely many of the sets E1 while 

*H no confusion is likely to occur we shall write Jim supE1, etc. for lim sup E,, 
f-+CO 

etc. 
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Jim inf E1 is the set of points which are in all but finitely many of the 
sets E1• AB a consequence of it, we note that fun sup E1 ::J lim inf E1. 

One can easily verify the following results. 

6.7 Theorem. If {E1} is a decreasing sequence of sets, then lim E1= U E1, 
and if {E1} is an increasing one, then lim E, = n E,. 

Note. The assertion in Theorem 6.7 is analogous to the result that a 
monotone sequence of real numbers has the limit. 

6.8 Theorem If {.E,} is a sequence of measurable sets, then the sets 
lim sup En and lim inf En are also measurable. 

Problems 14. Prove the results in Theorems 6.7 and 6.8. 

6.9 Theorem. Let {E1}, be a sequence of measurable sets. Then 

m (lim inf E1) .e;;; lim inf m(E,). Further, if m ( U E,) < oo for some 
l=p 

pEN, then m (lim sup E1) ~ lim sup m(E1). 

Cl) 

Proof. Set Fn = n E,. Then, by definition, we have 
1-n 

Cl) 

Jim inf E, =- U Fn. 
n-1 

But we observe that {Fn} i~ an increasing sequence of measurable sets. 
Therefore, 

m( U F.) = Jim m(Fn) 
n-1 n+oo 

m (fun inf E1).. Jim m(F.). 
n+m 

Lot nEN be fixed. Then F.cEn+k and so m(Fn) .e;;; m(En+k), for all 
keN. Thus, we have 

m(Fn) .e;;; lim inf m(En+k) =fun inf m(E1). 
k+m 

This is true for each nEN. Hence 

Jim m(Fn) .e;;; fun inf m(E,), 
n-+co 

which verifies 

m (fun inf E,) .e;;; lim inf m(E1). 

The other part follows similarly-I 
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6.10 Corollary. If {En} is a convergent sequence of measurable sets 
andE,,cF/or each nEN, wherem*(F) < oo, then lim m(En) exists and 

n-+co 

m (fun En)= fun m(En)• 
n....,co n-+«> 

Problem 15. Prove the second part of Theorem 6.9 and show that the 
additional assumption stated therein is necessary. 

7 CHARACTERIZATIONS OF MEASURABLE SETS 
We now give certain characterizations of the measurability of an 

arbitrary set E in R in terms of certain relatively simple types of sets 
each of which is a Borel set. 

7.1 Theorem. Let Ebe a given set. Then the/ollowing statements are 
equivalent: 

(a) Eis measurable. 
(b) Given E > 0, there is an open set 0-:::JE such that m*(O-E) < e. 

(c) There is a g,,-set G-:::JE such that m*(G-E)=O. 
(d) Given e > 0, there is a closed set FcE such that m*(E-F) < e. 
(e) There is a <:!,,-set FcE such that m*(E-F)=O. 

Proof. (a)=> {b): Suppose first thatm(E) < oo.ByTheorem 2.14(a), 
there is an open set 0-::JE such that 

m*(O) < m*(E)+e. 

This, since both the sets 0 and E are measurable, verifies (cf. 
Problem 6). 

m*(O-E)=m*(O)-m*(E) < e. 

Consider now the case when m(E)= oo. Write the set R of real num-
ao 

hers as a union of disjoint finite intervals; that is, R = U In. Then, if 
n=l 

En=Enin, m(En) < oo. We can, thus, find open sets On-::JEn such that 

m*(On-En) < ;;. 
ao 

Define 0 = U On. Clearly 0 is an open set such that 0-::JEand satisfies 
n=I 

ao ao ao 

0-E= U On- U EnC U (On-En). 
n-1 n~I n-1 

Hence 
ao 

m*(O-E) ~ ~ m*(On-En) < E. 
n-1 
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(b) => (c): Given E = 1/n, there is an open set On--:::JE with 
00 

m*(On-E) < 1/n. DefineG= n On. Then G isag1rsetsuch that G--:::JE 
n~I 

and 

m*(G-E)::::; m*(On-E) < _!_, -vnEN. 
n 

This on letting n-+ oo proves (c). 
(c) =>(a): Write E= G-(G-E). But the sets G and G-E are 

measurable since G is a Borel set and G - E is of outer measure zero. 
Hence Eis measurable, cf. Problem 5. 

(a) => (d) : Ee is measurable and so, in view of (c), there is an open 
set 0--:::JEc such that m*(O-Ec) < E. But 0-Ec=E-Oc. Talfiilg 
F= oc, the assertion (d) follows. 

(d) => (e) : Given E = 1/n, there is . a closed set FncE with 

"" m*(E-Fn) < 1/n. DefineF,= U Fn. Then Fis a 9'0 -set such that FcE 
n-1 

and 

m*(E-F)::::; m*(E- Fn) < _!_, 
n 

'V nEN. 

Hence the result in (e) follows on letting n-+ oo. 
(e) => (a) : The proof is similar to (c) => (a). 

This completes the proof of Theorem 7. l. I 
Remarks 1. The assertions (b) and ( d) in Theorem 7 .1 state that the 
measurable sets are precisely thosewhichcan be approximated closely, 
in terms of m*, by open or closed sets; whereas the assertions (c) and (d) 
state that any arbitrary measurable set differs from a Borel set, more 
precisely from a g 1rset and an q a·set, by a set of measure zero. 

2. Condition (b) in Theorem 7.1 is a necessary and sufficient condi­
tion for the measurability of a set E. This should not be confused with 
the conclusion of Theorem 2.14(a) which states that for any set E(mea­
surable or not), there is an open set 0--:::JE such that m*(O) < m*(E) + E, 

In general, since O=EU(O-E) when 0--:::JE, we only have 

m*( 0) ::::; m*(E) + m*( 0 - E), 

and we cannot conclude m*(O-E) < E from m*(O) < m*(E)+E. 
3. Similarly the condition (c) in Theorem 7.1 for the measurability 

of a set E should not be confused with the conclusion of Theorem 
2.14(b). 

Problem 16. If E is a measurable set, prove that there exist Borel 
sets B1 and B,. such that B1CECB2 and m(B1)=m(E) =m(B2). [Hint: 
Use (a), (c) and (e) in Theorem 7.1.] 



82 Lebeague Measure and Integration 

Now, we prove a result which shows that a measurable set may be 
approximated by a :finite number of intervals. It may be noted that 
the union of each intervals, in general, neither contains nor is contained 
in the set we are approximating. 

7.2 Theorem. Let Ebe a set with m*(E) < oo. Then Eis measurable 
if and only if, given e > 0, there is a finite union B of open intervals 
such that 

m*(EAB) < e. 

Proof. Suppose Ebe measurable, and let e > 0 be given. Then, by 
Theorem 7.l(b), there exists an open set 0-:::>E with m*(O-E) < e/2. 
As m*(E) is :finite, so is m*(O). Further, since the open set 0 can be 
expressed as the union of countable (disjoint) open intervals {/1}, there 
exists an nEN such that 

.., E 

~ 1(11)<-' 
1-n+I 2 

in view of Theorem 4.14 and the fact that m*(O) < oo. 
n 

Write B• U 11. Then 
1-1 

Hence 

m*(EAB) ~ m•( U 11) +m*(O-E) < e. 
1-n 

Conversely. assume that for a given e > 0, there is a finite union, 
n 

B= U 11, of open intervals with m*(EAB) < e. By Theorem 2.14(a), 
1-1 

there is an open set 0-:::>E such that 

m*(O) < m*(E)+e. (6) 

If we can show that m*(O- E) is arbitrarily small, then by Theorem 
7.1, it follows that Eis a measurable set. 

n 
WriteS= U (I,nO).ThenScBandso 

1-1 

~E=~-~u~-E)c~-~u~-~ 

However, 

E-S =(En CJc)U(En.Bc)-E-B 
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since Eco. Therefore 

SAEc(E-B) U (B-E) = EAB, 

and as such m*(SAE) < e. However, EcSU(SttE) and so 

m*(.E) < m*(S)+e. 

Also 0-Ec(O-S)U(SAE) gives 

m*(O-.E) < m*(O)-m*(S)+e. 

Hence, in view of (6) and (7), we get 

m*(O-.E) < 2e. 
This proves the theorem.I 

8 NONMEASURABLE SETS 

(7) 

We now tum to the question whether or not there exist sets which 
are nonmeasurable in the sense of Lebesgue. 

Most of the sets we usually come across in analysis are measurable. 
However, there are several examples of nonmeasurable sets given by 
G. Vitali {1905), Van Vleck {1905), F. Bernstein {1908) and others. 
However, all these examples have been constructed on the assumption 
that the axiom of choice of set theory is valid, and it was not clear 
until recently whether a nonmeasurable set could be constructed with­
out assuming the validity of the axiom of choice. Recently, Robert 
Solovay {1970) has solved this problem by proving that the existence 
of nonmeasurable sets cannot be established if the axiom of choice is 
disallowed. 

In this section, we discuss an example of a nonmeasurable set which 
is a slight modification of the one given by Vitali. Before we do so we 
need certain preliminaries. 

8.1 Definldon. If x and y are real numbers in [O, l[, then the sum 

modulo 1, +., of x and y is defined by 

• {x+y, x+y <I 
x+y=-

x+ y-1, x+y ~ 1. 

8.2 Definition. If Eis a subset of [0, l[, then the translate modulo 1 
of Eby y is defined to be the set given by 

E-i-y={z:z=x.f.y, xEE}. 

It is easy to verify that: 
{i) x, yE[O, 1[ => x.f.ye[O, l[. 
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(ii) The operation + is commutative and associative. 
(iii) If we assign to each xE[O, 1(, the angle 2'1TX, then the sum 

modulo 1 corresponds to the addition of angles, and translate 
modulo 1 by y corresponds to rotation through an angle of2'1T)'. 

Below we prove that the measure (Lebesgue) is invariant under 
translate modulo 1. 

8.3 neorem. Let Ec[0,1( be a measurable set and ye (0, I[ be given. 

Then the set E + y is measurable and m(E + y) = m(E). 

Proof. Define 

{E1=En[o, 1-y[ 
.E2=En[l -y, 1[. 

Clearly E 1 and E2 are two disjoint measurable sets such that 
E1 U E2 = E. Therefore 

m(E) = m(E1)+m(.E2). 

Now, E1-i-y=E1+Y and .Ei-i'.-y=&+y-1 and so E1-i-Y and E2.+Y 
both are measurable sets with 

fm(E1 ~y)=m(Ei +y)=m(Ei) 

lm(E2+y)=m(.E2+y-1)=m(.E2), 

since mis translation invariant (cf. Theorem 6.1). Also 

E-i-y=(E1UE2)-i-y 

=(E1 ,+y)U(E2.+y) 

Hence E + y is a measurable set with 

m(E-i-y)=m(Ei -i-y)+m(E2.f.y) 

=m(E1)+m(E2) 

=m(E).I 

8.4 Theorem. There exists a nonmeasurable set in the interval (0, J[. 

Proof. We define an equivalence relation •,.....• in the set I= [O, 1 [ by 
saying that x and y in I are equivalent, to be written x,.....y, if x-y is 
rational. Clearly, the relation ,..... partitions the set I into mutually 
disjoint equivalent classes; that is, any two elements of the same class 
differ by a rational number while those of the different classes differ 
by an irrational number. 
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Construct a set P by choosing exactly one element from each equi· 
valence class-this is possible by the axiom of choice. Clearly Pc[O, 1[. 
We shall now show that Pis a nonmeasurable set. 

Let {r1} be an enumeration of rational numbers in [O, 1[ with ro = 0. 
Define 

P1=P.f.r,. 

Then Po=P. We further observe that: 

(a) PmnPn=r/1, m::f:n. 
(b) UPn=[O, I[. 

n 

Proof of (a). Let, if possible, yEPmnPn. Then there exist pm andpn 
in P such that . . 

Y=-Pm+rm=Pn+rn 
=> Pm - Pn is a rational number 
=> Pm= Pn, by the definition of the set P 
=> m=n. 

This is a contradiction. 
Proofof(b). LetxE[O, 1[. Thenx liesinoneoftheequivalentclasses 
and as such x is equivalent to an element y (say) of P. Suppose r1 

is the rational number by which x differs from y. Then xEP1 and 
hence [O, I[ c U Pn while the reverse inclusion is obviously true. 

n 
Now, we tum towards the proof of the nonmeasurability of P. 

Assume that P is measurable. Then each P, is measurable, and m(P1) 

= m(P), cf. Theorem 8.3. Therefore 
OD 

m(UP1)= 'f'. m{P1) 
I t:Y 

On the other hand 

oa 

= 'r m(P) 
1=t 

if m(P)=O 

if m(P) > 0. 

m(UP1)=m([O, 10= I. 
I 

These lead to contradictory statements. Hence P is a nonmeasurable 
set.I 

If we partition any measurable set with positive measure, instead of 
the interval [O, I[, into equivalent classes and proceed exactly on the 
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lines of the proof of Theorem 8.4, we are led to the following result 
which reveals the fact that once the axiom of choice is accepted, there 
is no dearth of nonmeasurable sets in R. 

8.5 Theorem. Every set of positive measure contains a nonmeasurable 
set. 

Problems 

17. Let E1 and E2 be measurable sets each having finite measure. 
Prove that the following statements are equivalent: 

(a) m(E1Ll~)=O. 
(b) m(Ei - £2) = 0 = m(E2 - E1). 
(c) m(E1)=m(E1n~)=m(~). 

18. If E1 is a measurable set and m*(E1LIE2)•0, then show that E2 

is a measurable set. 
19. Using the Heine-Borel theorem, show that every compact set in 

R is measurable. 
20. If {E1} is a sequence of sets with m*(E1) = 0 for each iEN, then 

OD 

prove that U E is a measurable set and has measure zero. 
1-1 

21. Show that each Cantor n-ary set• has measure zero. 
22. Prove that the generalized Cantor set• C(«), 0 < « < 1, is 

measurable and has measure 1 - «. 
23. For any set Ein Rand k > O, letkE={x:k-•xeE}. Show that 

(a) m*(kE)=km*(E). 
(b) Eis measurable if and only if kE is so. 

24. Prove that the set of all irrational numbers in [O, 1) is measur­
able and find its measure. Is every set of the irrational numbers 
measurable? Justify your answer. 

25. Show that a set E is measurable if and only if for each e > 0, 
there is an open set 0 and a closed set F such that FcEc 0 
andm(O-F) < e. 

26. Prove or disprove the result which states that the union of un­
countably many measurable subsets of[a, b] is measurable set. 

27. Work out the details of the proof of Theorem 8.5. 
28. Let E be a measurable set such that EcP, where P is the non­

measurable set constructed in Theorem 8.4. Prove that m(E) = 0. 

*For the definitions of Cantor n-ary set and generalized Cantor set, refer to 11-10. 
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Solution. Set E1•Ei-r1, where {r1} is the enumeration of ra­
tional numbers in [O, 1[ and ro = 0. Then, by using the arguments 
same as in proof of Theorem 8.4, one can show that {E1} is a 
sequence of disjoint measurable sets such that m(E1) = m(E) and 
00 

U E1•E. Thus ,_, 

~ m(E1)=m (u E,) =m(E) E; m([O, ID= 1. r::. 1-1 
00 

Since "f'. m(E1) is either 0 or oo, this verifies m(E) • O. 
t-:i 

29. Show that if A is any set with m•(A) > 0, then there is a non­
measurable set E contained in A. 

30. Giye an example of a sequence {E1} of disjoint sets such that 

m•( U Bi} < f m*(.E,). 
1-1 1-1 

31. Give an example of a decreasing sequence {E,} of sets with 
m*(E1) < oo such that 

m•(n E,) < lim m*(.E,). 
1-1 1-+eo 

32. Suppose E to be the set of points in ]O, I[ such that xEE if and 
only ·if the decimal expansion of x does not contain the digit 7. 
Show that m(E) = 0. 

33. Show that if m*(E) = oo and for each E > 0, there are intervals 
11, 12' ••• , r. such that 

m*(EA [U Id) < E, 
1-1 

then at least one of the intervals 11 is finite. 



IV 

Measurable Functions 

With the class ~ of measurable sets in mind, we introduce a rich 
class of functions; namely, the class of measurable functions which 
includes the class of continuous functions as a proper subclass 
(Theorem 7.1 and Example 7.2). The class of measurable functions 
plays a role of central importance in Lebesgue theory of integration. 
It will assume a place comparable to that of the class of functions 
which are bounded and continuous almost everywhere in the 
Riemann theory of integration and of functions of bounded variation 
in the instance of Stieltjes integrals. Roughly speaking, a function is 
integrable if its behaviour is not too irregular, and if the values 
it takes are not too large too often. The second requirement is 
equivalent to the existence of the equality of the upper and lower 
integrals. We now introduce the notion of measurability which gives 
precisely the conditions required for the integrability, given that the 
function is not too large. In many cases, it is easier to examine the 
measurability of a function than to investigate its upper and lower 
integrals directly. 

1 DEFINITION 
In what follows, we shall make use of the following notations: 

E(f;;:t; «)={xEE :/(x) ;$1: at} 

E(f=«)={xEE :/(x)=«} 

E(f::;;,. at)={xEE :/(x) ::;;,. at} 

E(f> «)={xEE :f(x) >at} 

E(f < «) = {xEE: /(x) < «}. 
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1.1 Definition. An extended real-valued function* f defined on a 
measurable set Eis said to be Lebesgue-measurable or, more briefly, 
measurable on E, if the set E(f >at) is measurable for all real 
numbers ot. 

Note. The measure of the set E(f > at) may be finite or infinite. 

Justification of Definition 1.1. As at varies, the behaviour of the set 
E(f > at) describes how the values of the function/ are distributed. 
lntitutively, it is obvious that the smoother the function f is, the 
smaller the variety of the sets will be. For instance, if E= Rand/ is 
continuous on R, the set E(f > ot) is always open. 

Problem 1. Show that a constant function with a measurable domain 
is measurable. 

Solution. Let/: E (measurable) - R* be a constant function defined 
by /(x) = K, where K is a constant. We clearly note, for any real num­
ber or., that 

if or.;;;:.:: K. 
E(f> or.)={: 

ifar. < K 

This implies that E(f > or.) is a measurable set since both the 
and q, are measurable. 

sets E 

The following theorem gives various alternatives to the definition 
of measurability of a function. 

1.2 Theorem. Let f be an extended real-valued/unction defined on a 
measurable set E (of finite or infinite measure). Then the following 
statements are equivalent: 

(a) E(f > at) is measurable/or all «ER. 
(b) E(f;;;:.:: or.) is measurable/or all atER. 

(c) E(f < ex) is measurable for all or.ER. 
(d) E(f ~ ot) is measurable/or all or.ER. 

Proof. Since the class ..5M of all measurable sets in R is a a-algebra 
of sets, cf. 111-4.13, the implications 

(a) => (b) => (c) => (d) => (a) 

•A function whose values are in the sot of extended real numbers is called an 
extended real-valued flmction. 
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are consequences of the following relations: 

E(f ~IX}= n (f > IX-2-) 
n-1 n 

E(.J< 1X)=E-E(f~ 1X) 

E(.f :r;;, 1X)= n E(f < 1X+2-) 
n-1 n 

E(.f > 1X)=E-F,(f :r;;, «), 

each of which holds good for each real number IX.I 

1.3 Corollary. An extended real-valued junction f defined on a measu­
rable set Eis measurable if and only if one of the statements (a), (b), 
(c) or (d) in Theorem 1.2 holds. 

Problem 2. Show that the function ifl defined on R. by 

{

x+S ifx <-1 

ifl(x)= 2 if -1 :r;;, x < 0 

x2 ifx~O 

is a measurable function. 

Solution. Let IX be any real number. Then 

fl-oo,IX-5( iflX<O 

/ 1-00, -5[U{O} iflX•O 

R.(ifl ~IX)· 11- oo, 1X-5JU[O, v';J ~fO <IX< 2 

J-00,1X-5]U[-l, v'IXl if2 :r;;, IX< 4 

l 1-00, v'~ if4 :r;;, IX. 

Since each of the sets on the right-hand side is measurable, the set 
R.( ifl :r;;, ae) is measurable for all real IX. Thus ifl is a measurable function. 

1.4 Theorem. If f is a measurable junction defined on E, then the set 
E(f =IX} is measurable for each extended real number at. 

Proof. For a real number IX, we have 

F,(f=IX)•F,(f ~ 1X)nF,(f :r;;, IX}. 



Measurable FUnctions 91 

Since f is a measurable function, the set E(f =a.) is measurable for 
each real number a.. For ct• oo, we have 

... 
E(f= oo)= n E(/> n); 

11-1 

and for a.= - oo, 
... 

E(/= - oo)= n E(f < -n). 
n-t 

Since the countable intersection of measurable sets is again a measur­
able set, the result follows in both the cases, i.e. when ct= ±oo. 

Remark. The converse of Theorem 1.4 need not be true. 

1.5 Example. Let P be a nonmeasurable set in E = ]O, 
the function/with domain Eand defined by 

f(x)= \ x2 

l -x.2 if xEE-P. 

ifxEP 

1[. Consider 

Then, for each real number a., the set E(/=ct) consists of at most two 
elements and is hence measurable. However, the set E(f > 0) is, in 
fact, the set Pwhich is nonmeasurable. Consequently,/is not a mea­
surable function. 

Problem 3. Let the function f: [0, 11 ~ R be defined by 

~x)-i: 
L7 

ifO<x<l 

if x=O 

if x= 1. 

Prove that/ is a measurable function. 

2 PROPERTIES OF MEASURABLE FUNCTIONS 

2.1 Theorem 

(a) If f is a measurable function on the set E and E1 CE is measur­
able set, then/ is a measurable/unction on E1• 

(b) If/ is a measurable/unction on each of the sets in a countable 
collection {.E,} of disjoint measurable sets, then/ is measurable 

Q> 

on U E,. 
n-1 
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(c) If f and g are measurable functions on a common domain E, then 
the set 

A.( f, g) = {xEE ;, f(x) < g(x)} 

is measurable. 

Proof. (a) for each real or., we have 

Ei(f > ar.)=E(f > ar.)nE1. 

The result follows as the set on the right-hand side is measurable. 

"" (b) Write E= UE,. Clearly, Eis a measurable set, cf. ID-4.10. The 
1-1 

result now follows, since for each real a. we have 

"" E(f >or.)= U E1(/> a.). 
1-1 

(c) De.fine for each rational number r, 

A.,= {xEE :f(x) < r < g(x)}. 

The result now follows by observing that 

A.,={xEE :f(x) < r}n{xEE: g(x) > r} 

and 

A.(f, g)= UA.,={xEE :f(x) < g(x)}.I 
r 

Problems 

4. If f and g are measurable functions on a common domain E, 
show that each of the sets {xEE :/(x) :e;;; g(x)} and {xEE: 

f(x)=g(x)} are measurable. [Hint: Use Theorem 2.l(c).] 
5. Let/ be a function de.fined on E1U&.. where E1 and &. are 

measurable sets. Show that the function f is measurable on 
E 1 U Ez if and only if /1E1 and/1E.; that is, its restrictions to E1 

and &. are measurable. 

Solution. Write/1 = f1Ei• /2 =Ji.Ea and E = Ei U E2. Let or. be any 
number. If f is measurable on E, then the set E(.f >or.) is 
measurable for each real or.. Also, one can observe that 

E1(/1 > or.)= E(f > or.) n E1. 

Since both the sets on the right-hand side are measurable, the 
set E(/1 > or.) is measurable. Hence /1 is a measurable function 
on E 1• Similarly, one can prove that/2 is a measurable function 
onE,.. 
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Conversely, if / 1 and/2 are measurable functions, then that f 
is so follows from the relation 

E(f > «)=E1(/1 > «)UE2(/2 > «). 

6 . Let f be a measurable function with measurable domain E. 
Show that f is measurable if and only if the function g defined 
by g(x)=f(x), for xEE and g(x)=O, for x~E is measurable. 
[Hint: Take E1 = E and E2= £C in Problem 5.] 

2.2 Theorem. Let f be a function defined on a measurable set E. Then 
f is measurable if and only if, for any open set G in R, the inverse 
imagef-1(G) ia a measurable set. 

Proof. First assume that f is a measurable function. Let G be an 
arbitrary open set in R. Then it can be written as a countable union 
of disjoint open intervals. Suppose 

OD 

G= U In, 
n=I 

where In= Jan, bn[· Therefore 

OD 

/-1(G) = U {xEE: f(x)Ein} 
n-1 

OD 

= U [E(f > anJnE(f < bn)]. 
n=t 

The measurability of/ implies that the set/-•(G) is a measurable set. 
Conversely, assume that the set 1-•(G) is measurable for any 

arbitrary open set G in R, in particular for G= ]«, co[,« being any 
real number. But, for G= ]«, co[, we observe that 

1-•(G)=E(f >a;). 

Hence f is a measurable functionl 

Problems 

7. Let/be a function defined on a measurable set E. Show that f 
is measurable if and only if the set E(f > r) is measurable for 
each rational number r. 

8. Let D be a dense set of real numbers. Let f be an extended 
real-valued function on R such that R(/ > «)is measurable for 
each «ED. Then/is measurable. 
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Solution. Let ct be any real number. Since D is dense in R, 
ctED. This implies that 3 a decreasing sequence {tin} in D con­
verging to ct. Thus 

... 
R(/ >ct)= UR(/> ctn)· 

n-1 

Since R(/ > ctn) is measurable for each n, the set R(/ > ct) is 
measurable. Hence the function/ is measurable. 

9. Let f be an extended real-valued function with measurable 
domain D and let 

Di={xED: /(x)= oo} and D2={xED: /(x)= -oo). 

Show that/ is measurable if and only if D1 and Di are measur­
able sets and the restriction off to D -(Di U Di) is measurable. 

Solution. Let/ be a measurable function. Write 

... 
Di={xED: /(x)= oo}= n {xED: /(x) > n} 

n-1 

and 
... 

D2={xED: /(:x)= -oo}= n {xED: /(:x)<-n}. 
n-1 

Note that Di and Di are measurable sets. Hence Di U Di is also 
a measurable set. In view of Theorem 2.l(a}, f is measurable on 
D - (Di U Di). The other part is obvious. 

10. Show that any function defined on a set of measure 7.ero is 
measurable. 

11. Show that any (unction/: E-+ R* defined on a measurable set 
E is measurable if and only if the following conditions are 
satisfied: 
(a) The sets/-i{oo} and/-1{- oo} are measurable. 
(b) For each Borel set B,J-i(B) is measurable. 

3 STEP FUNCIION 

3.1 Definition. A function p: [a, b]-+ R. is said to be a step function 
if 3 a partition 

{a=xo <Xi < x2 < ... < Xn=b} 

of the interval [a, b] such that in every subinterval ]x1-i. x,[, the func­
tion p is constant, i.e. 

p(x)=c,, 'f/ xE]Xt-i. x,[, i= 1, 2, ... , n. 
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Note. A step function is one which is defined in a closed interval 
assuming only a finite number of values. Each of these values is 
assumed by the step function in an open subinterval. We can disregard 
the values of the function at the partitioning points x1 or assign values 
to the function thereat arbitrarily, since these are finite in number 
and as such form a set of measure 7.ero (finite sets or more generally 
sets of measure 7.ero, if omitted, do not matter in our consideration*). 

3.2 Examples 

1. A function/: [a, b] ~ R defined by 

{
ct ifa~x<c 

/(x)= Q 

,., if c ~ x ~ b, 

where ct and {J are constants, is a step function. 
2. The Sign.um function S defined by 

{ 
1 ifx>O 

S(x)= 0 if x=O 

-1 ifx<O 
is a step function. 

3. The greatest integer function/ defined, on any open interval, by 
ftx)=[x] is a step function. 

4. A function/: R-+ [O, 1[ defined by 

.l{x)=-x-[x] 

is a step function. 

As an immediate consequence of Problem 1 and Theorem 2.l(b), 
we have the following corollary. 

3.3 Corollary. A step/unction is a measurable/unction. 

4 OPERATIONS ON MEASURABLE FUNCIIONS 

4.1 Theorem. Let f and g be measurable functiona on E, and c be a 
constant. Then each of thefollowingfunctions is measurable on E: 

(a) f±c 
(b) cf 
(c) f+g 

'The Lebespo integral of a functjon over a sot of measure zero is zero, c:f. V-4.3. 
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(d) f-g 

Ce) I/ I 
(/) /2 
(g) fg 

(h) f + g (g vanishes nowhere on E). 

Proof. Let at be an arbitrary real number. 
(a) Since/ is measurable and 

E(/±c > at}=E(/ > at±c), 

the function/ ±c is measurable. 
(b) Assume that c#: 0 since in case c = 0 the measurability of the 

function cf follows from Problem 1. The measurability of cf for c :;CO 
follows from the obvious relation 

{
EC/> at/c) 

E(,cf >at}= 
E(/ < at/c) 

(c) Consider the set 

if c > 0 

if c < 0. 

:E(/ + g > at}= {xEE : /(x) >. at- g(x)}. 

Since g is a measurable function, at- g is measurable in view of (a) 
and (b). Hence/+g is measurable in view of Theorem 2.l(c). 

(d) It is obvious in view of (b) and (c), since 

f-g=/+(-g). 

(e) Observe that 

E( If i >at)= {
E ifat<O 

E(/> at)UE(/<-at) if at~ O. 

Both the sets on the right-hand side are measurable and hence If I is 
measurable. 

(f) From the relation 

Ef./2 >at)= { E 
E<. If I > \/«) 

ifat<O 

if at~ 0 

and using (e), it follows that/2 is a measurable function. 
(g) This follows from the identity 

1 
fg= 4 [(/ + g)2-(/- g)2], 

in view of (b), (c), (d) and (f) above. 
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(h) In view of the identity 

I 1 -=J­g g 
and (g) above, it is sufficient to prove that 1/g, where g::F 0 on E, is 
measurable. We note that 

r E(g > o> 

EH·>-)=~ E(g < !)nlilK < 01 
I l E(g > O)UE(g < O)nE(g < ~) 

if Gt= 0 

if Gt> 0 

if ac <;_O. 

This proves that in either case. l/g is a measurable function. The 
proof of the theorem is now complete. 

Note. The results in Theorem 4.1 hold good for extended real-valued 
functions except that f + g is not defined when f = oo and g = - oo or 
vice-versa, for then 

... 
E(f+g > ac)= U [E(/ > r1)nE(g > ac-r1)] 

a measurable set. 

,_, 
U[E(/=oo)-E(g= - oo)] 
U[E(g=-oo)-.E(/= -oo)] 

Remark. The converse of Theorem 4.l(a) may not be true. 

4.2 Example. Let P be a non-measurable subset of E= [O, 1[. Define 
a function/: E-+ R by 

/(x)= f 1 
l -1 

if xEP 

ifx~P. 

The function/is not measurable, since E(/ > 0) ( =P) is a non­
measurable set. But If I is measurable as the set 

fE ifac<l 
E( If I> ac)= .1. 

.,, ifac;;;i:t 
is measurable. 

Problaas 
12. Are the results of (c) and (d) in Theorem 4.1 true for an infinite 

number of measurable functions? Explain. 
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13. If f is measurable, prove that any positive integral power of f is 
also measurable. 

4.3 Definition. Letfi and/2 be real-valued functions with common 
domain E. Then the functionsr•max (/i./2) and/.=min (fi,/z) 
are defined to be the real-valued functions on E, where values at any 
point xE.E are given by 

/*(x)=max (fi(x),fz(x)) 

and 

/.(x) =min (f1(x),/2(x)), 

respectively. 

4.4 Theorem. If /1 and /2 are measurable ftmctions, then the functions 
/* and f. are measurable. 

Proof. Let« be any real number. We note that 

F:(f* > a.)=F.(Ji > «)UE(f2 > «) 

FJJ. > «)=FJJ1 > a.)nE(f2 > a.). 

Since/1 and /2 are measurable functions, the sets E(fi > a.) and 
E(/2 > a.) are measurable. Also, the union and intersection of two 
measurable sets are again measurable sets. This proves that/* and/. 
are measurable functions.I 

4.5 Definition. Let f be a real-valued function. Then its positive part, 
written/+, and its negative part, written/-, are defined to be the non­
negative functions given by 

and 

respectively. 
We observe that 

and 

/+=max (/, 0) 

1- .... max (/, 0), 

/=f+-1-

111 =/++/-. 

4.6 Theorem. A. function is measurable if and only if both its positive 
and negative parta are measurable functions. 
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Problem 14. Work out the details of the proof of Theorem 4.6. 

Let {/,} be a sequence of functions defined on a common domain 
E. Then thefunctionmax(/i./2, ••• ,/,,)andmin(/i./2, ... ,/,,), forany 
finite n, can be defined similarly as in Definition 4.3. Also, in the case 
when n is infinite, the functions sup/,, and inf/,, could be compos-

" II 

ed of likewise. We shall denote by sup/,,, the function whose value at 
II 

xeE is the supremum of {/1(x), /2'.x), ..• }. We further denote by 
lim sup,,f,,, the function whose value at x is lim sup,, /,,(x). Similar 
notational agreements apply to inf/,, and liminf,,/,,. Wemaynotethat 

II 

Jim sup,,/,,= inf ( sup fk) 
II k>n 

(1) 

inf/,,= -sup(-/,,) (2) 
II II 

Jim inf,,/,.= -fun sup,, (-/,,)=sup ( inf /k). 
II .t;it11 

(3) 

Note. We may be using frequently the notations lim and lim in place 
of Jim sup and Jim inf, respectively. -

4.7 Theorem. Let {f,,} be a sequence of measurablefimctions (with the 
same domain E of definition). Then the/unctions max{fi,f;., .•. ,/,,}, 
min {fi,f;., .. . ,/,,},sup/,,, inf f,,, lim sup,, f,, and lim inf,, In are all 

II II 

measurable. 

Proof. In view of Eqs. {l}-(3), it will suffice to prove that max {/i. 
/ 2, ••• , /,,} and sup/,, are measurable functions.· 

II 

Let h =max {/i. J2, ... ,/,,}. We note that 

II 

E(h >et)= UE{f, >et). 
1-1 

Measurability of each/, implies that the function h is measurable. 
Similarly, by writing gas sup/,, and observing that 

II 

DO 

E(g >et)= u E(Ji >et), 
1-1 

the measurability of the function g follows.I 
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4.8 Corollary. If{/,.} is a sequence of measurable functions converg­
ing to f on E, then f is a measurable function. 

Proof. Since fn ~ /, we have 

Iim/n= lim/,.=/. 

In view of Theorem 4. 7, f is a measurable function.I 

4.9 Corollary. The set of points on which a sequence {/n} of measur­
able functions converges iS measurable. 

Proof. The required set 

{x: lim /,.(x)-lim /,.(x)=O} 

is, clearly, measurable.I 

Note. We may conclude that all operations of analysis, including 
limit operations, when applied to measurable functions lead to a 
measurable function. 

Problem 15. Does there exist a nonmeasurable function on [a, bf! 
1ustify your answer. 

5 CHARACTERISTIC FUNCTION 

5.1 Definition. Let Ebe a given set. If A. is a subset of E, then the 
claaracteristic function x,. of A is a real-valued function defined on 
Eby 

if xE.A. 

if x~.A.. 

Note. The characteristic function x,. of the set A. is also called the 
indicator f•ctlon of .A.. 

A few simple properties of a characteristic function are given in the 
following theorem, the proof of which is straightforward and hence 
omitted. 

5.2 Theorem. Let .A. and B be subsets of E. Then: 

(a) x1•0 and XB= 1. 
(b) .A.CB => x,. :E;; Xa. 



(c) XAuB=X..4+XB-XAnB· 
(d) XAns=X..4·XB. 
(e) XAc= 1-XA. 

co 
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(f) XA = ~ XA •• where A= U An and the sequence {An} consists of 
n-1 n 

disjoint subsets of E. 
(g) XA-B= XA - X.tnB· 
(h) XAxs= XA·XB. (The set B can be considered to be a subset of 

some other set F.) 

We define the measurability of a functionf over a set E, provided 
the domain set E is measurable. If E is a nonmeasurable set, the 
functionf is nonmeasurable. But it does not mean that if E- is a 
measurable set, the function! is always measurable. In fact, we prove 
the following theorem. 

5.3 Theorem. Let Ebe a measurable set. Then the set ACE and its 
characteristic .function X.11 are simultaneously measurable or non­
measurable. 

Proof. Let oc. be any real number. Then 

if oc. ~ l 

ifO~oc.<1 

if oc.< o. 
If A is a measurable set, then the set E(XA > oc.) is measurable for 
each real number oc. and hence XA is a measurable function. On the 
other hand, if XA is a measurable function, the set A turns out to be 
measurable by choosing an oc. such that 0 ~ oc. < 1. I 

Remark. Theorem 5.3 asserts that the characteristic function of non­
measurable sets are nonmeasurable even though the domain set is 
measurable. 

6 SIMPLE FUNCTION 
A very useful concept in the theory of measurable functions is that 

of a simple function. A function is said to be a simple function if it 
assumes only a finite number of values, each of them being finite. We 
put more precisely as follows. 

6.1 Definition. A function f: E-+ R is said to be a simple function 
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if there is a finite disjoint class {Ei. E2, ..• , En} of measurable 
n 

sets with U E1=E and a finite set {a1, a1, •.• , a,,} of real numbers 
1-1 

such that 

f(x)=a1, x E E1, 1 E; i E; n. 

Let f be a simple function as described above. Then, we have 

n 
/(x) = ~ aiXBr(;;c), 

1-1 

where XB, is the characteristic function of the measurable set E1• 

Clearly, the sets E1 = {xEE: f(x) = a1}, i = 1, 2, ... , n form a partition 
of E. If is easy to verify that a simple function i.'I always measurable. 

6.2 Examples 

I. Each step function is a simple function. 
2. Each characteristic function of a measurable set is a simple 

function. 

n 
3. Any linear combination of the form 'f'. a1X11r represents a simple 

t::f. 

n 
function defined on the set E= U E,. (The sets E,'s are meas 

f=I 

urable but not necessarily disjoint.) 

Note. The representation of the function p described in Example 3 
above is not unique. On the other hand, if p is a simple function de­
fined on a set E and the set {ai. a1, •• • , a111} its range, then 

,,, 
p=- ~ a1x,.,, 

1"':1 
(4) 

where A1={xEE: p(x)=a1}, i= 1, 2, ... , m. This representation of fl 
is called the canonical representation and it· is characteri:r.ed by the 
fact that the A,'s are disjoint and the a,'s distinct and nom.ero. 

Problem 16. Prove that the product of two simple functions and 
any finite linear combination of simple functions are again simple 
functions. 
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7 CONTINUOUS FUNCTION 

7.1 Theorem. A continuous function defined on a measurable set is 
measurable. 

Proof. Let f be a function defined and continuous on E (measurable). 
Let at be any arbitrary real number. Consider the set 

A={xEE:f(x) ~a.}. 

Let Xo be a limit point of A. Then, 3 a sequence {xn} of points in A 
with Xn-+ Xo. Therefore, 

f(xn) ~ a., vn. 
By the continuity off at xo, we have 

f(Xo) ~at 

and, as such, xoEA. Hence the set A is closed and, therefore, measur­
able. This proves that f is a measurable function. I 

Remark. The converse of Theorem 7.1 may not be true; more preci­
sely, a measurable function need not be continuous. 

7.2 Example. Consider a function/: R -+ {O, l} given by 

ifO~x<l 

otherwise. 

Clearly, the function/is measurable but not continuous. The point at 
x = 0 is a point of discontinuity off. 

7.3 Theorem. If rp is a measurable function on a set E (measurable) 
and fa function defined and continuous on the range of rp, then f o rp is 
a measurable function on E. 

Proof. Let at be an arbitrary real number. Then 

E(forp > a.)={xEE: p(x)EG}, 

where G={u :f(u) > at}. But G is an open set since f is continuous. 
Hence, in view of Theorem 2.2, the set E(f o rp > at) is measurable. 
This proves that/ o 'P is a measurable function. I 
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Remark. The result in Theorem 7.3 may not be true in reverse order; 
that is, a measurable function of a continuous function need not be 
measurable. 

7.4 Example. Consider the Cantor ternary set C, and the increasing 
and continuous Cantor function/ defined on [O, I]. Let g be defined 
on [0, 1] by g(x)=f(x)+x. The function g so defined is clearly 
strictly increasing and continuous on [O, 1). Hence g-1 exists with 
domain [O, 2] and range [O, 1). Moreover, g-1 is continuous, and, 
therefore, measurable on its domain. 

Let D denote the image of Cantor set C under the function g. 
Then Dc[O, 2). Since [0, 2] - C is an open set, it is a countable union 
of disjoint open intervals {]a,, b,[}. On each such interval, the Cantor 
function/has a constant value, say, «1• Therefore 

g(]a,, b1D =]a,+ ai:,, b1 + «1[ 
and mQa,, b1D = mQa1 +ex,, b, + «1D· 
This further gives that 

mUO, 2)-D)=m([O, l]-C). 

Hence, m(D) = 1. This implies that g maps a set of measure zero 
(Cantor set C) onto a set having a nonzero measure. 

Now, suppose F denotes a nonmeasurable subset of D. Denote by 
h the characteristic function of F. Clearly, h is a nonmeasurable 
function. 

Define a function p on [O, I] by p =hog and having range consist­
ing of two numbers 0 and 1. If p(x) = 1, then g(x)EF which implies 
xEC since FcD. Therefore {x : p(x) = I}cC and hence of measure 
zero. This implies p is equal to zero function almost everywhere. 
Accordingly, by Theorem 8.6, pis a measurable function on [O, 1]. 

Thus, the function h = p o g-1 is an example of a nonmeasurable 
function that is a measurable function of a continuous function. 

7.5 Corollary. QI is a measurable/unction, then so are I /I, I fl' 
(p > 0), exp (cf),/+ and/-. 

Proof. It follows from Theorem 7 .3 as each of the functions 
p(t) = It I, It I' (p > 0), exp (ct), t+ and t- is a continuous function. I 
Note. Some of the results in Corollary 1.S are obtained independent­
ly in§ 4. 

Problem 17. Show by an example that a measurable function of a 
measurable function may not be measurable. 
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7.6 Theorem. Let f and g be real-valued functions defined and measu­
rable on R. Then the real-valued function 

h(x) = F(j(x), g(x)), xER 
defined and continuoua on the Euclidean plane R2 is measurable. 

Proof. Let ar. be an arbitrary real number. Consider the set 

G"={(u, v): F(u, v) >ex}, u=f(x) and v=g(x). 

Obviously, G,,. is an open subset of R2 and hence can be expressed as 
a countable union of open sets In, that is, 

co 

G,,.= U In, 
n-1 

where In={(u, v): an< u < bn, c,. < 1J < dn} 

={(/(X), g(x)): an <f(X) < bn, Cn < g(X) < dn}• 

Now 

{x: (f(x), g(x))EI .. }={x: a .. <f(x) < bn}n{x: c,. < g(x) < d .. }. 

Since the functions f and g are measurable, the set 
{x : (/(x), g(x))Ein} 

is measurable. Further, we note that 

{x: h(x) > ar.} = {x : (/(x), g(x))EG,.} 
co 

= U {x : (/(x), g(x))EI .. }. 
11-1 

Hence, h is a measurable function. I 

7. 7 Corollary. If f and g are measurable functions, then so are f + g 
andfg. 

Note. The results in Corollary 7. 7 are already obtained independent­
ly in§ 4. 

8 SETS OF MEASURE ZERO 
Sets of measure :zero are just the sets that are negligible in the theory 

of Lebesgue integration. 

8.1 Definition. A property SP is said to hold good almost everywhere 
(abbreviated a.e.) on a set S if the set of points of S where SP fails to 
hold has measure zero. 

8.2 Examples 
1. If a function/ defined on a set ·Eis discontinuous on a subset of E 
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whose measure is zero and is continuous elsewhere on E, then we say 
that the function/ is continuous a.e. on E. 

2. Let f be a function defined on R by 

{ 
0 if x is irrational 

f(x)= 1 
if x is rational. 

Thenf(x)=O a.e. Thiscanequivalentlybewrittenas/=0 p.p. (presqae 
parpoat). 

8.3 Definition. Two functions f and g defined on the same domain E 
are said to be equhalent onE, written/.-g onE, if/ =g a.e. onE;i.e., 
f(x) = g(x) for all xEE- Ei. where E1 cE with m(E1) = O. 

8.4 Theorem. Let f and g be two equivalent functions defined on a 
set E. If f and g are continuoua on E, then they coincide throughout 
E. 

Proof. Suppose xoEE be a point such that/(.xo)~g(xo). Then, since 
f- g is continuous at xo, 3 a neighbourhood N Jt{J of xo in which/- g is 
nonzero. However, the measure of N"• is positive and so 

m{x :f(x)#=g(x)} > 0. 

Thus, f and g cannot be equivalent. This is in contradiction with the 
hypothesis. Hence the result follows. I 

Remark. Two continuous functions cannot be equivalent if they 
differ even at a single point of the domain. However, discontinuous 
functions can obviously be equivalent without being identical. 

8.5 Example. The function f defined in Example 2 in 8.2 is equiva­
lent to the function ga 0. 

8.6 Theorem. Let f and g be two functions defined on a common 
domain E such thatf=g a.e. and g is measurable. Then/ls measurable. 

Proof. Let E1={xEE :f(x)=g(x)} and .&={xEE :f(x)#=g(x)}. 
Then E•E1U.& and m(.&)=0. . 

Let at be any arbitrary real number. Consider the set 

A={xEE:f(x) >at}. 

Since An .&c.&, it follows that m*(A n .&) = O. Also, 

AnE1 ={xEE: g(x) > at}nEi.· 
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whence An E1 is measurable. 
The measurability of/follows from the relatiQ&l 

A=(AnE1)U(An.Ei) .• 

8.7 Theorem. If a function f defined on Eis continuous a.e., thenf is 
measurable on E. 

Proof. It runs on the lines of proof of Theorem 7.1 and hence left 
to the reader. I 

Since the behaviour of measurable functions on sets of measure 
zero is often unimportant, it is natural to introduce the follo'\\!ing 
generalimtion of the ordinary notion of convergence of a sequence of 
functions. 

8.8 Definition. A sequence {f,.} of functions defined on E is said to 
converge a.e. to a function/ if 

lim fJ..x)=-/(x), 

for all xEE- E1, where E1 cE with m(E1) = O. 

8.9 Example. The sequence {f,,} given by /,.(x)=( - l)"X", xE[O, 1] 
converges a.e. to the function f=O, in fact, everywhere except at 
point x• 1. 

8.10 Theorem. If a sequence {/n} of measurable junctions converges 
a.e. to the function/, then f is measurable. 

Proof. It follows from Corollary 4.8 and Definition 8.8. I 

Problems 
18. Let f be a measurable function. Then inf {IX : f ~ IX a.e.} is called 

the essential supremum off, denoted by ess sup/, and sup {IX :/~IX 
a.e.} the essential infimum of /, denoted by ess inf f. Prove 
that/ ~ ess sup f a.e. and ess sup f = - ess inf ( - f). Also 
prove that if f and g are any two measurable functions, then 
ess sup (/ + g) ~ ess sup f + ess sup g and give an example of 
strict inequality. [Hint: For inequality, take f=Xc-1.01-Xco.11 
and g= -/.Then inequality reads : 2 > O.] 

19. Letf•g a.e., where g is a measurable and/a continuous func­
tion. Then show that 

ess supf=ess sup g=supf. 



108 Lebesgue Measure and Integration 

9. BOREL MEASURABLE FUNCTION 
In analogy with Definition 1.1, we define the Borel measurable 

function as follows. 

9.1 Definidon. A function/ defined on a set Eis said to be a Borel 
measurable function, or more precisely, Borel function on E if the set 
E(f >ct} is a Borel set for all real numbers ct. 

As an immediate consequence of the definition, we note that every 
Borel measurable function is Lebesgue measurable. Now. the question 
arises: Is every Lebesgue measurable function Borel measurable? The 
answer is no. 

9.2 Example. The characteristic function of a set which is Lebesgue 
measurable and non-Borel is Lebesgue measurable but not a Borel 
measurable function. (ALebesgue non-Borel measurable set is given in 
Example 111-5.6.) 

Remark. If we replace a Lebesgue measurable set by a Borel set 
and Lebesgue measurable function by Borel measurable function in 
Theorems 1.2, 4.1, 4.4 and 4.7, the results hold good. In fact, one can 
prove the following results. 

9.3 Theorem. Let f be an extended real-valued junction defined on E. 
Then the following statements are equivalent: 

(a) E(f> ct) ia a Borel set for all ctER. 

(b) E(f "?i ct) is a Borel aetfor all ctER. 

(c) E(f <ct) is a Borel set for all ctER. 

(d) E(f ~ct) ia a Borel aet for all ctER. 

9.4 Theorem. Let f and g be Borel measurable functions on E, and 
let c be any constant: Then each of the following junctions is Borel 
measurable on E: 

{a) f ± c 
{b) cf 
{c) f+g 
(d) f-g 

{e) I/ I 
{f) 12 
{g) jg 
{h) f + g (g vanishes nowhere in E). 
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9.S Theorem. /f/1 and/2 are Borel measurable functions, then the 
functionsr and/. are Borel measurable. 

9.6 Theorem. Let {/n} be a sequence of Borel measurable funcrions 
(with the same domain E of definition). Then the functions max {/i. /2, 
..• ,fn}, min {/i./2, ... ,fn}, sup fn, inffn, lim SUPnfn,and/im infnfn 

n n 

are all Borel measurable. 

Remark. Theorem 8.6 cannot be extended to Borel measurable 
functions. 

9.7 Example. In Example ID-5.6, we note that 3 sets of measure zero 
1which are not Borel-measurable. Let E be one such set, i.e., m(E) = 0 
and E not a Borel measurable set .. Define 

g=XE and /sO. 

Clearly f is a Borel measurable function while g is not even though 
/=ga.e. 

9.8 Theorem. A. continuous function is Borel measurable. The 
converse may Mt be true. 

Proof. As it runs on the lines of proof of Theorem 7.1, it is left to 
the reader.I 

In Theorem 2.2, it is proved that inverse image of an open set G 
under a measurable function is a measurable set. If we take the set G 
simply to be a measurable set, t!:en/-l(G), where/remains a measur­
able function, need not be a measurable set. 

9.9 Example. Let p be a Cantor function and P be a nonmeasur­
able set in (0, 1). Then A= p(P) lies in C, the Cantor set, and has a 
measure 0. So A is measurable. However, pis one-one and onto, so 
,-•(A)= P, a nonmeasurable set. 

However, if f is a Borel measurable function and G a Borel set, 
we have the following. 

9.10 Theorem. If f is a Borel measurable function and B a Borel set, 
thenj-•(B) is a Borel set. 

Proof. It is left to the reader as an exercisel 

!J.11 Theorem. If f and g are Borel measurable functions, so is fog. 
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Proof. Let a. be an arbitrary real number. Then 

{x: (fog)(x) > a.}={x:f(g(x)) >a.} 

= {x: g{x)EA} = g-l(A), 

where A= {u:f(u) > «}. The set A is, clearly, a Borel set since f is a 
Borel function. Therefore g-l(A) is a Borel set, cf. Theorem 9.10. 
Hence fog is a Borel function as the set {x: (f o g)(x) > a.} is Borel.I 

Remark. Compare Theorem 9.11 with Problem 17. 

9.12 Theorem. /ff is a Borel measurable function and g a Lebesgue­
measurable function then fog is a Lebesgue measurable function. In 
other words, a Borel measurable function of a Lebesgue measurable 
function is a Lebesgue measurable function. 

Proof. It is enough to establish: "If f is a Lebesgue measurable fun­
tion and B a Borel set, thenf-l(B) is a Lebesgue measurable set." 
For this recall 

and 

J-l(Ac) = (f-l(A))". 

Thus, the class of sets whose inverse images under f are measurable 
forms a a-algebra. But this class clearly contains the intervals. Hence 
it must contain all the Borel sets.I 

Remark. The result in Theorem 9.12 is stronger than that in 
Theorem 7.3. 

Problems 
20. Show that to every measurable function/ there corresponds a 

Borel measurable function g such that g = f a.e. 
21. If f is an increasing function on R, then prove that f is a Borel 

measurable function. 
22. Prove Theorem 9.8. 
23. Prove Theorem 9.10. 

10 SEQUENCE OF FUNCTIONS 

10.1 Theorem. Let Ebe a measurable set with m(E) < oo, and {f.} a 
sequence of measurable functions defined on E. Let f be a measurable 
(r~al-valued)function such thatf,.(,x)-+ f(x)for e,ach xeE. Then given 
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E > 0 and 8 > 0, there is a measurable set A.CE with m(A) < 3 and 
an integer N such that 

I /J..x)-f(x) I <•, 
for all xEE-A and all n ? N. 

Proof. Consider the sets 

G,.={x :·xEE, lfJ..x)-f(x) I ? E}. 
Since the functions/,. and/ are measurable, the sets G,. are measurable. 
Define 

= {x: xeG,. for some n ? k} 
={x: xEE, lfJ..x)-f(x) I? E forsomen? k}. 

We observe that Ek+i~Ek, and for each xeE, there must be some set 
Ek such that x~Ek. On the contrary, if we assume that xEEk for all 
k, then for any given fixed k, we must have 

lfl...x)-f(x I ? E for some n? k. 

This would lead to f J..x) 7'+ f(x). Thus, {Ek} is a decreasing sequence 
co 

of measurable sets for which n Ek-4'· Therefore, in view of-corollary 
k-J 

ID-6.3, we have 
lim m(E,.) = 0 . ....... 

Hence, given a 8 > 0, 3 an integer N such that m(Ek) < 8, for some 
k ? N. In particular, m(EN) < 8, i.e., 

m{x: xEE, l/J..x)-f{x) I ? •for some n? N} < 8. 

If we write A= EN, then m(A) < 8 and 

E-A={x: xEE, lf~x)-f(x) I< E for all n? N}. 
In other words, 

l/J..x)-f(x) I < e; yn? Nandfor xEE-..4.-I 

A trivial modification of Theorem 10.1 is the following result. 

10.2 Theorem. Let Ebe a meaaurable-set with m(E) < co and{/,.} 
a sequence of measurable functions converging a.e. to a real-ralued junc­
tion /defined on E. Then, giren E > 0 and 8 > 0, there is a set A.CE 
with m(..4.) < 8 and an integer N auch that 

I fn(x)-f(x) I < E, 

for all xEE-..4. andalln? N. 
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Proof. Let F be the set of points of E for which fn-!-+ f. Then m(F) 
= 0 andfn(x) -+ f(x) for all xeE- F= E1 (say). Applying Theorem IO. I 
for the set Ei. we get a set Ai cEi with m(Ai) < 8 and an integer N 
such that 

lfn(x)-f(x) I <e, (4) 

for all n ;;;:i: N and xEEi -Ai. The result now follows by taking 
A=AiUFsince m(F)=O and E-A=E1-A1.I 

Problem 24. Show by an example that the condition m(E) < co in 
Theorem IO.I cannot be relaxed. 

Solution. SupposeE={x: x ;;;:i: O}. Then m(E)= co. Define asequence 
{/n} of functions In : E -+ R by 

fn(X)= l: ifOE;;xE;;n 

if x > n. 
The sequence {f,.} is, clearly, a sequence of measurable functions 
converging to f = O. If we take e = I and a 8(0 < 8 < I), there may 
not exist any set ACE with m(A) < 8 and an integer N satisfying the 
inequality (4). 

Let us recall that the concept of uniform convergence of a sequence 
of functions is stronger than that of point-wise convergence. Uniform 
convergence implies point-wise convergence but not vice versa. Con­
sider, for instance, a sequence {/n} of functions defined on [O, I] by 
fn(x)=x"(O E;; x E;; I). Then {/n} converges pointwise tothezerofunc­
tion on [O, 1]. The convergence is not uniform. However, {/n} con­
verges to zero function uniformly on the closed intervals (0, 1-e], 
for each e > 0. In other words, to each given e > 0, 3 a set Ac[O, I] 
with m(A) < e such that {/n} converges uniformly to zero function 
on the set [O, l]-A. 

This motivates the introduction of the concept of almost uniform 
convergence. 

10.3 Definition. A sequence {/n} of measurable functions is said to 
converge almost uniformly to a measurable function/ defined on a 
measurable set E if for each e > 0, 3 a measurable set AcE with 
m(A.) < e such that {/n} converges to f uniformly on E- A.. 

Remark. Letfn-+ /almost uniformly. Then for each positive integer 
n, 3 E,, such that m(En) < 1/n andf,.-+/ uniformly on E-En. Let 

CD 

A-= U (E-En)· Then m(E-.A.)=0 and for each xeA,f.(x)-+ f(x). 
n-t 
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Hence almost uniform convergence implies convergence almost 
everywhere. 

Towards its converse, we prove the following result. 

10.4 Theorem (Egoroff's Theorem). Let Ebe a measurable set with 
m(E) < oo and {fn} a sequence of measurable functions which converge 
to/ a.e. on E. Then, given 7l > 0, there is a set A.CE with m(A.) < 'rJ 
such that the sequence {.fn} converges to f uniformly on E- A.. 

Proof. Applying Theorem 10.2 withe= 1, B='rJ/2, we get a measur­
able set A.1cE with m(A.1) < 8 and a positive integer N1, such that 

lfn(x)-f(x) I < 1, 

for all n ~ Ni and xEE1( = E- A.1). Again, taking e = 1/2 and 8 = 'rJ/22, 
we get another measurable set A.2CE1 with m(A.2) < 8 and a positive 
integer N2 such that 

lfn(x)-f(x) I< 1/2, 

for all n ~ N2 and xE:&( = E1 -A.2); and so on. At the nth stage, we 
get a measurable set A.nCEn-1 with m(A.n) < 8 and a positive integer 
Nnsuch that 

I .fn(x)-f(x) I < _!_, 
n 

for 8.11 n ~ Nn and xEEn( = En-1 - An)· Setting 

we note that 

Also, 

CD 

A.= U An, 
n-l 

CD CD 'rJ 
m(A.) ~ l: m(A.n) < l: 2• = 'rJ. 

n-1 n-1 

E-A.=E- UA.n 
n 

= n(E-A.n)= n(En-1-A.n) 
n n 

=nEn. 
n 

Let xEE-A.. Then xEEn for all n and so 

1 I fn(x)-f(x) I < n' vn~N,,,. 
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Choosing n such that ..!..< e, we get 
n 

If n(x)-/(x) I < E, 

for all xEE-A and n ~ Nn = N.I 

Remark. Theorem 10.4 is no longer true if Eis of infinite measure. 
A counter-example is obtained by taking E = R. and fn = Xin•n+llt for 
each n. 

Note. One should not confuse the term 'almost uniform convergence 
with 'uniformly convergent almost everywhere'. 

11 THE STRUCTURE OF MEASURABLE FUNCllONS 
While studying the properties of a complicated function, it becomes 

a natural temptation to represent it, if possible, exactly or approxi­
mately in terms of comparatively simpler functions of similar nature. 
In this connection we establish some results approximating measur­
able functions in terms of other known functions which are simpler in 
nature, viz., simple functions and continuous functions. 

11.1 Theorem. Let f be a measurable function defined on a set E. 
Then there exists a sequence {fn} of simple functions which converges 
(pointwise) to f on E. In case f ~ 0, the sequence {/n} can be chosen 
such that 0 :!!;,.fn :!!;,.fn+l• \(nEN. 

Proof. Suppose first that f is nonnegative on E. Consider a finite 
collection of subsets of E defined by 

En,11 = {xEE: a.; l ~ f(x) < ;n}' 
for a.= 1, 2, 22, ••• , 22n and 

En, 1+2211 = {xEE :f(x) > 211}. 

Define a sequence {/n} of functions as 

1+2 .. (a.- 1) 
fa= «!1 """"fi' XEn,«· 

It is easy to verify that each f,. is a simple function and the sequence 
{fn} is an increasing one which converges to f on E. 

In the general case, apply the preceding construction to the non­
negative measurable functions 

g=f+ and h=f-
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and obtain sequences {gn} and {hn}, respectively. Since 

.f=g-h, 

we obtain a sequence {/n} given by 

J,,=gn-hn, 

of simple functions with the required property.I 

11.2 Theorem (Lasin Theorem). Let f be a measurable junction defined 
on E. Then for each • > 0, 3 a closed set FcE with m(E-F) < e 
such that f is continuous on F. 

Proof. First, suppose f to be a simple function and let {ai. 02, ••• , 
am} be the set of non-zero values off. Then, 

m 
the sets E, being measurable and disjoint. Write E...+1 =E- U E1 and 

1-1 

let•> 0 be given. Then, corresponding to eachE1, i= l, 2, .•. , m+ I 
we can find a closed set F,cE1 with m(E1- F,) < e, cf. m-7. I. Let 

m+I 
F= U F,. ,_, 

aearly, the set Fis closed, FcE and satisfies 
na+t 

m(E-F) .. 1: m(E1 - F,) < (m + l)e. 
1-t 

The sets F1, i = I, 2, ... , (m + I), being disjoint and the function 
/having a constant value on each F1, it follows that f is continuous 
onF. 

Now, let f be any measurable function defined on E. Then, by 
Theorem 11.I, there exists a sequence {/n} of simple functions con­
verging to f. Thus, in view of the above, given an E > 0 and for each 
n, there exists a measurable set AnCEsuch thatfn is continuous on An 
and m(E- A,.) < E/2•. Set 

Then, eachf,, is continuous on F and F is a measurable set satisfying 
E 

m(E-F)-m(U[E-A,,]) ~ E ""-=E. 
II II ,,&,--



116 Lebesgue Measure and Integration 

Corresponding to each positive integer p, define 

B,=.An{x:p-1 =:;;; lxl =:;;;p}. 

Clearly, each B, is a measurable set and .A= U B,. By Egoroff's 
p 

Theorem, to each p there corresponds a measurable set C,cB, such 
that m(B, - C,) < E/2' and {/n} converges uniformly on C,. Further, in 
view of ID-7.1, there exists closedsets F,cC, such that m(C,-F,) < 
E/2'. This implies that F,,cB,, with m(B,,-F,,) < E/2P-1 and {f,.} 
converges to f uniformly on F,. Hence f is continuous on each F,,. 

Let F= U F,. Then F is closed [For each positive integer n, if 
p 

ao 
Fn is a closed set such that FnC{x: n -1 =:;;; I x I =:;;; n}, then F= U Fn 

n-r 
is a closed set]. Moreover,/ is continuous on F because of the cons­
tmction of F (it may be noted that what is tme in the instance of 
U F,, is not tme of unions of closed sets in general). Finally, we observe 
p 

m(E- F) = m(E- .A) +m(.A-F) 

< E+m(UB,,- UF,,) 
p p 

< E+m(U[B,-F,,D 
p 

=E+l)n(B,-F,) 
p 

<E+ ~;_1 =3E, 

This completes the proof of the theorem.I 

11.3. Theorem. Let f be a measurable function defined on E. Then/or 
each e > 0, 3 a continuous function g defined on R. such that m(xe.& 
f(x) =F g(x))< E, Further, if I /(x) I =:;;; Mon E, then g may be chosen 
so that I g(x) I =:;;; M on R.. 

Proof. By the Lusin Theorem, for each e > 0, there exists a closed 
set FcEsuch that m(E-F) < E and/is.continuous on.F. Using the 
result: "Let f be a continuous function defined on a closed set F. Then 
there exists a continuous function g defined on R. such that glF= f. 
Moreover, if/ is bounded, g can be constructed so that it attains a 
maximum equal to that off'' studied in real analysis, the required 
function g exists on R. which is continuous on R. and satisfies g1p= f. 
Therefore the set 

.A={xEE:j{x) =F g(x)}cE-F. 
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Clearly, the set A is measurable since f and K both are measurable 
functions and m(A) < e. 

Finally, the boundedness of K follows directly from its construction.I 

11.~ Theorem (Frechet Theorem). Let f be a measurable function 
defined on E. Then there exists a aequence {Kn} of continuous functions 
on R such that Kn ~ f a.e. on E. 

Proof. By Theorem 11.3, for each n there exists a continuous func· 
tion Kn such that the set An= {xEE: f(x) ::/= Kn(x)} has a measure less 

Cl() 

than 2-11• Hence, for each m, the set U A,, is measurable and 
n=m 

( 

Cl() ) Cl() Cl() 

m U A,. ~ ~ m(An) < ~2-11 =21-m. 
n-m n-m n-m 

Define 
Cl() Cl() 

A= n U A,. .. 
m-1 n-=m 

Then, A is a measurable set and in view of III-6.3, its measure is given 
by 

m(A) = lim m{ U An)= 0. 
m-+oo n-=m 

Let xEEn Ac. Then, since x~A, 

for somep 
n=p 

and as such x~A,. for all n ~ p. This verifies that 

K..CX) = f(x), vn ~ p. 

Hence 

lim Kn(X) = f(x)~ 
11...+co 

The proof will now be complete if 

m(Ac n E).,. m(E). 

But it follows trivially since m(A) = O.I 

12. CONVERGENCE IN MEASURE 
The notions of pointwise convergence and uniform convergence are 

known from a basic course in Analysis. Pointwise convergence is more 
general than uniform convergence. An even more general notion than 
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that of pointwise convergence; namely, convergence almost everywhere 
is introduced in §8. But the concept of convergence almost every­
where is not very different in the sense that it remains the same concept 
as that of pointwise convergence except that it is now on a reduced 
domain of definition. Moreover, these concepts-pointwise convergence 
and convergence a.e.-reduce to the convergence of a numerical 
sequence at individual points of the domain. In the theory of measure 
and integration as well as in its application, other notions of conver­
gence which no longer reduce directly to the convergence of numerical 
sequences are very important; for instance, the notion of' the conver­
gence in the mean (cf. VII-5) and that of convergence in measure. The 
notion of convergence in measure was introduced by F. Riesz and E. 
Fischer in 1906-1907. Sometimes, it is also called approximate 
convergence. 

12.1 Deftnition. A sequence {/n} of measurable functions is said to 
conve11e in measure• to a measurable function f on a set E, written 

m 
fn ~ f on E, if for each 8 > 0 and e > 0, there exists a positive 
integer N such that 

m({xEE: lfn(X)-f(x) I ~ e}) < 8, vn>N. 
m 

In fact, the concept/n ~ f on E means that for all sufficiently large 
values of n, the functions/n in the sequence {/n} differ from the limit 
function/by a small quantity (less thane) with the exception of a set 
of points whose measure is arbitrary small (less than 8). The set in 
which the function fn differs from/ by more than or equal to e depends 
in general on n but its measure remains small for all sufficiently large 
values of n (n > N). Definition 12.1 can equivalently be formulated as 
follows. 

12.2 Definition. A sequence {/n} of measurable functions is said to 
converge in measure to a measurable function f on E, if 

lim m{{xEE: lfn(x)-f(x) I ~ E})=O, 
n-+oo 

for each e > 0. 

We first establish that the limit function of a sequence which con­
verges in measure exists uniquely almost everywhere. 

12.3 Theo.rem. If a sequence {fn} converges in measure to f, then it 

*It is also called asymptotic cotr1ergence. 
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converges in measure to every function g which is equivalent to the 
function/. 

Proof. For each E > 0, we observe that 

{x: lf,.(x)-g(x) I? E}C{x:/(x) :;6g(x)}U{x: lf,.(x)-f(x) I:> c;}, 

and since m({x: f(x) :;6 g(x)}) = 0, we infer that 

m({x: lfn(x)-g(x) I ? c;}) ~m({x: l/,.(x)-/(x) I ? c;}). 

This proves the result.I 

12.4 Theorem. If a sequence {/n} converges in measure to f, then the 
limit function/is unique a.e. 

Proof. Let g be another function such thatfn ~ g. Since 

lf-g I ~ If-In I + lfn-g I. 
we observe, for each E > 0, that 

{x: lf(x)-g(x) I ? c;}C { x: lf(x)-fn(x) I ? ;} 

U {x: l/n(x)-g(x) I ? ;}· 

Since, by a proper choice of e, the measure of both the sets on the 
right can be made arbitrarily small, we have 

m({x: lf(x)-g(x) I ? e})=O. 

This implies f,..., g.I 

A relation between pointwise convergence and convergence in 
measure is given as follows. 

12.5 Theorem. Let {/n} be a sequence of measurable functions which 
m 

converge to f a.e. on E. Thenfn -+/on E. 
Proof. Let us consider, for each nEN and E > 0, the sets 

S,.(e)={xEE: l/,.{x)-/(x) I ? e}. 

Let 8 > 0 be any arbitrary number. Then, by Theorem 10.2, there 
exists a measurable set A.CE with m(A.) < 8 and a positive integer N 
such that 

l/n(X)-Jtx) I < e, 

for all xEE- A. and n ? N. Thus 

S,.(e)CA., vn?N 



120 Lebesgue Measure and Integration 

vn~N. 

This proves the result.I 

Remark. The converse of Theorem 12.S need not be true. In other 
words, convergence in measure is more general than convergence 
almost everywhere. In fact, there are sequences of measurable (even 
continuous) functions that converge in measure but fail to converge 
at any point. 

12.6 Example. Consider the interval [O, l]. For each nEN, divide 
[O, 1] into n sub-intervals: 

[o.*]. [!. !] ..... [n~l· 1]. 
Write 

E =- -[k-1 k] 
nk n ' n • k=l, 2, ... , n. 

Enumerate all these intervals as follows: 

[O 1] 

[ 0, ~ ] ' [ ~ ' 1] 
[ 0, +] ' [ ! . ; ] ' [ ; . 1] 

i.e., Eu, E21, E22, E3i. £32, E33, .•.• 

Let {.E,.} designate the above sequence of intervals. Define 

fn=XB. • 

We clearly note that the sequence {/n} converges in measure to the 
zero function since m(En) ~ 0 as n ~ co. 

On the other hand, for each e > 0, we observe that 

{x: xE[O, 1], I fn(x) I ~ e}=En, vn. 
Then, for each xE[O, l], fn(x) = 1 for infinitely many values of n. 
Hence/n(x) +.. 0 for any xE[O, 1]. 

Although the converse of Theorem 12.S is not true, we, however, 
prove the following. 
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12.7 Theorem (Riesz Theorem). If a sequences {fn} converges in 
measure to f on E, then 3 a aubsequence {/n1:} of {/n} which converges 
to f a.e. on E. 

Proof. Let us consider two sequences {En} and {Bn} of positive real 
co 

numbers such that En-+ 0 as n-+ oo and X Bn < oo. We now choose 
n-l 

an increasing (strictly) sequence {nk} of positive integers as follows. 
Let n1 be a positive integer such that 

m({xEE, I fn1 (x)-f(x) I ~ EJ} < Bi. 

Such a number n1 must exist since, in view of fn ...+ f, for a given 
E1 > 0 and B1 ~ 0, 3 a positive integer n1 such that 

m({xEE, lfn(x)-f(x) I ~ E1}) <Bi, 

for all n ~ ni, in particular, for n = n1• Similarly, let nz be a positive 
number such that 

m{{x: xEE, lfn1 (x)-f(x) I ~ Ez}} < B2, 

and that n2 ~ n 1; and so on. In general, we get the number nk such 
that 

m({x: xEE, I fn1 (x)-f(x) I ~ Ek}) < Bk, 

and that nk ~ nk-1· We shall now prove that the subsequence {/n1:} 
converges to f a.e. 

Define 
co 

A.k= U {x: xEE, lfn,(x)-f(x) I ~ E1}, kEN 
1-k 

and 

Clearly, {A.k} is a decreasing sequence of measurable sets. Therefore, 
in view of 111-6.3, we have 

But 

m(A.) = Jim m(A.k)· 
k-+co 

co 
m(A.k) E;; 'f'. B1-+ 0 ask-+ oo. 

1=t 

Hence, m(A.) = 0. It remains to be verified that the sequence ifn.t} con­
verges to f on E-A.. 
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Let XoEE- .A.. Then xof:Ako for some positive integer ko. In other 
words, 

This gives 

r /,,,.(Xo)-/CXo) I < •1c. k ~ ko. 

But •k-+0 as k-+oo. Hence 

Jim /.,.{x.)=-/(xo). 
k+CX> 

This completes the proof.I 

12.8 Theorem. Let In :+ f and g,,.~ g on E. Then: 

m 
(a) fn+g,,-+f+g. 

(b) «/n ::+ «/, r1. is areal number. 

~ • m m 
(c) J• -+/+, /; -+/-and I In I -+ If I · 

Further, ifm(E) < oo, then: 

(d) .f. ..+ p. 
m 

(e) f,,·g,, -+/·g. 

Proof. (a) It follows from the relation 

{xEE: I (/n+g,,)(x)-(f+g)(x) I ~ "} 

c: {xeE: lfJ..x)-f(x) I ~;} 

U {xeE: I g,,(x)- g(x) I ~ ; } . 
(b) In case.r1.=0, it follows obviously. Let r1. .:fo O. Then 

{xEE: I (r1.fn)(x)-(r1./){x) I ~·} 

= {xeE: lf,,(x)-f(x) I ~ I: I}, 
and the result follows. 

(c) This follows from the relations 

11:-r I~ lln-11 ,. 
lr.-r I =e;; lln-1 I 
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and 

I lln I - Ill IE;; lln-1 '" 
(d) From Definition 12.1, it is obvious that the limit function is 

finit.e valued almost everywhere. Therefore, for E > 0, there exists a 
set A and k > 0 such that m(...t) < £/2 and I I I E;; k on ...tc. Writ.e 

&={x: lln(x)-l(x) l ;;it 8}. 

Then, on (AU.Ei)C, we have 

ll~-/2 I -= lln+lllln-1 I 
E;; (8+2k)8 

< E, 

for an appropriat.e 8 > O. Also m(&) < E/2 for all large n. So, for all 
large n, it follows that 

m({~: 1/;(x)-/2(x) l ~ E}) < E, 
giving the result. 

(e) From the identity 

1 
In• Kn= i-IUn + 8n')2 - Cfn- Kn')2], 

the result follows.I 

Remark. The condition m(E) < oo in (d) and (e) in Theorem 12.8 is 
essential. 

12.9 Example. Take E = ]0, 00£. Consider, for each n,I n(x) = x, xEE. 
Then, /(x) = X. Let gn(:x) = Cn, where { Cn} is a sequence of positive real 
numbers such that en-+- 0 as n-+- oo. 

Here m(E) = oo, and we note that 

m({x: lln(x)gn(x)-f(x)g(x) I ~ e}) 

=m({r. l CnX I ~ E})= oo, vn. 
m 

This shows thatln·Kn-+ l·g on E. 

12.10 Definidon. A sequence {/n} of measurable functions is said to 
be a Cauchy sequence in measure or f•damental in measure if given 
an • > 0 there exists a positive integer N such that 

m({x: lfn(x)-1,(x) I ~ E}) < E, 

for all n,p ~ N. 
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12.11 Theorem. If a sequence {/.} converges in measure to f, then 
{/.} is a Cauchy sequence in measure. 

Proof. It follows obviously from the relation 

{x: l/,,(x)-/,(x) I ;;ii c}c{x: lf,,(x)-f(x) I ;;ii ; } 

U {x: l/,(x)-/(x) I ;;ii ; }·I 
12.12 Theorem. If {/n} is a sequence of measurable functions which 
is fundamental in measure, then there exists a measurable/unction/ 
such that {fn} converges in measure to f. 

Proof. Since {.fn} is fundamental in measure, for every positive 
integer k, we may find an integer n1e such that if n ;;ii ~ and p ;;ii n1e, 

then 

m ({x: I /,,(x)-/,(x) I ;;ii ~1e}) < 2~, 
and assume that ~+1 > n1e for each k. This gives a sequence{/•}, an 
infinite subseqence of {f,,}. 

Let, E1c-= {x: I fn,.(x)-/11t+i(X) I ;;ii ~1e} . 
00 

Then for each x ~ U E1, we have 
1-1e 

00 1 
lfn,(x)-fn1(X) I ~ E lfn,(x)-fnm(X) I< 2i-1 • ,_, 

forj;;;i:i;;;i:k. Hence the sequence {/n,.}is a uniformly Cauchy sequence in 

( U E, )~ Since 
f=le 

(
oo ) oo 1 

m U E, ~ ~ m(E1) < 21e-1• 
1-1e 1=i 

the sequence {/n,.} is an almost uniformly Cauchy sequence and hence 
a Cauchy sequence a.e. 
Let us write 

f(x) = lim /n,.(x), 
le-Ml 

for every x for which the limit exists. We observe, for every E > 0, that 

{x: l/,.(x)-/(~)l ;;ii E}c{ x: lf,,(x)-fna{x) I ;;;i: ; } 
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U {x: l/111.(x)-f(x) I ;;;:i: ; }· 

The measure of the first term on the right is by hypothesis arbitrarily 
small if n and nk are sufficiently large, and the measm.e of the second 
term also tends to 0 as k - co, in view of the fact that almost uniform 
convergence implies convergence in measure; see Problem 271 

Problems 

25. Let the function/be finite valued and measurable on a ~t E. 
Then prove that: 

(aY l/le&(cx ;;;:i: 0) is measurable. 

(b) I/le& (ex < 0) is measurable if f(x) ::P 0 on E. 

[Hint: The f1µ1ction p(z)= I zje& (at ;;;:i: 0) is continuous for all z, 
and so I f(x) j• is defined for all xeE and is measurable. Further, 
if at < 0, the function If le& is defined and continuous on the 
open set z =f: O; so if f(x) =F 0, the power I f(x) le& is defined and 
measurable on E.] 

26. Show that, for every aER* and measurable functions f, g: 
E - R •, the functions h, k: E-+ R • defined by 

and 

where 

h(x)= {
a 

f(x)+g(x) 

ifxED 

ifxEE-D 

ifxED 
k(x)= fa 

l f(x)g(x) if xEE-D, 

D={/-l(oo)ng-1(- oo)}U{/-1(- oo)ng-l(oo)}, 

are measurable. 
27. Prove that almost uniform convergence implies convergence in 

measure. 
28. Let F'(x) exist for every x in [a, b) and 

f(x)=F'(x) (a~ x ~ b). 

Prove that /is a measurable function. [Hint: Define F(x)-F(b) 

for x > b. Letfn(x)=n[ F(x+ ! )-F(x) ]<a ~x ~ b,nEN). 

Then each/,, is measurable and/n ~ f on [a, b].] 

29. Show that an increasing function is a Borel function. 
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30. Provo that an increasing function of a measurable function is a 
measurable fbnction. 

31. Show that lim lim (cos pl "">2" defines a measurable function. 
,,.._, q-+oo 

32. Prove that every subsequence of a Cauchy sequence in measure 
is again a Cauchy sequence in measure. 

33. Is the supremum of an arbitrary family of measurable functions 
measurable? Iustify. 



v 

Lebesgue Integral 

The theory of Riemann integration though very useful and adequate 
for solving many mathematical problems, both pure and applied, is 
not free from defects. It does not meet the needs of a number of 
important branches of mathematics and physics of.comparatively 
recent development. First of all, the Riemann integral of a function 
is defined on a closed interval and cannot be defined on an arbitrary 
set. Investigations in proba.lity theory, partial differential equations, 
hydromechanics and quantum mechanics often pose problems which 
require integration over sets. Second and more important is the fact 
that the Riemann integrability depends upon the continuity of the func­
tion. Of course, there are functions which are discontinuous and yet 
Riemann-integrable, but these functions are continuous almost 
everywhere, cf. Theorem 1. t. Again, given a sequence of Riemann­
integrable functions converging to some function in a domain, the 
limit of the sequence of integrated functions may not be the Riemann 
integral of the limit function. ·In fact, the Riemann integral of the 
limit function may not even exist. This is a major drawback of the 
Riemann theory of integration, apart from the fact that even rela­
tively simple functions are not integrable in the sense ot Riemann 
integration. H. Lebesgue in his classical work, introduced the concept 
of an integral, known after his name the Lebesgue integral, based on 
the measure theory that generalizes the Riemann integral. It has the 
advantage that it takes care of both bounded and unbounded func­
tions and simultaneously allows their domains to be more general sets 
and thereby enlarges the class of functions for which the Lebesgue 
integral is defined. Also, it gives more powerful and useful convergence 
theorems relating to the interchange of the limit and integral valid 
under Jess restrictive conditions required for the Riemann integral, 
cf. Theorems 4.1, S.S, and 6.6. 
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1 RIEMANN INTEGRAL 
The classical definition of an integral, given first by Cauchy and 

later developed by Riemann, runs as follows. 
Let/be a bounded real-valued function defined on the interval 

[a, b] and let 

P={a=xo <xi< x2 ••• < x .. =b} 

be a partition (or subdivision) of [a, b]. For each partition Pof (a, b], 
consider the sums 

II 

S(P) = ~ (xi- x1-1)M1 
l=I 

II 

and s(P)= 'E (x1-X1-1)m1, 
1-1 

where M, =sup {f(x) : xE]x,_., x,]} and m1• inf {/(x) : xE]Xt-b x,]}, 
for i= 1, 2, .•. , n. 

The upper Riemann integral of/ over [a, b] is defined by 

!R. J: f(x) dx-inf S(P') 

and the lower Riemann integral off over [a, b] is defined by 

!R. I: /(x) dx=sup s(P), 

where the supremum and infimum are taken over all possible parti. 
tions P of [a, b]. If 

!R. r: f(x) dx = fR. 1: f(x) dx, 

we say that the Riemann integral off over [a, b] exists and denote it 

by !R. J: /(x) dx. It may be noted that in order that the function/ 

be Riemann integrable, it is necessary for it to be bounded. 
Let us try to look at the definition of the Riemann integral of a 

bounded function through a slightly different angle; namely, through 
step flmctions, as below. 

Let ifl be a step function (cf. IV, § 4) defined on the closed interval 
[a, ·b]. Then 

i/J(x)=c,, X1-1 < x < x, (i= 1, 2, .•. , n) 

where {a=xo <xi< x2 ••• < x,,=b}u apartitionof[a, b]. Define 
the elementary intep'al of fl over [a, b] as 
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The elementary integral of i/J is defined since the representation of r/i 
is unique and the sum is finite. Keeping this in mind we observe that 

-
SR J: i/J(x) dx =inf J: i/J(x) dx, 

for all step functions i/J ;;;;i: f. Similarly 

SR J: f(x) dx =sup J: i/J(x) dx 

for all step functions i/J ~ f. 

Note. While de.fining the elementary integral of a step function i/J, 
there was nothing in mind in regard to 'in what sense' it was defined. 
Rather, it was simply the name given to the sum E c1(x1-X1-1). 

I 
However, now one can easily verify that the elementary integral of a 
step function is nothing but the Riemann integral of the function. 

It may be observed that the definition of the Riemann integral 
involv~s the approximation of the integrand by step functions over 
the partitions of the domain of the integrand. If the bounded 
functionf defined over [a, b] is not too discontinuous, the Riemann 
integral of f is the limit of the integrals of step functions which 
approximate f. However, when the oscillations of f cannot be kept 
sufficiently small on the subdivisions, the Riemann integral fails 
to exist. Consider, for instance, the functionf: [O, 1] ~ R. given by 

/(x)={: 
if x is rational 

if x is irrational. 

For such a function, the oscillations in any partition of [O, 1] cannot 
be made less than 1, and the lower and the upper Riemann integrals 
take the values 3 and 4, respectively. Thus, f fails to be Riemann 
integrable. In fact, Lebesgue gave the following characterization of 
the Riemann integrable functions in terms of their discontinuities. 

1.1 Theorem. A bounded/unction is Riemann integrable if and only 
if it is continuous almost everywhere. 

Proof. For the proof, refer to Appendix I. 
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2 LEBESGUE INTEGRAL OF A BOUNDED FUNCTION 
We have seen that given a class of functions-the step functions 

defined on [a, b)-for which the integral (elementary integral) has 
been defined, the integral then can be extended to those fU.n.ctions on 
[a, b] which admit arbitrary close upper and lower approximations 
by functions of the cJass in question. The resulting Riemann-integ­
rable functions have all the properties we may reasonably expect. The 
same sort of thing may be done, starting from any class of functions 
in which an 'elementary integral' is defined. If the class with which 
we start is relatively complicated, the class of integrable functions so 
obtained is relatively large and adequate for a resonable theory of 
integration. If on the other hand, the initial class is simple, the result­
ing "integrable" functions may be inadequate, and the process must 
be repeated. Thus, in order to obtain a class of integrable functions 
wider than that of Riemann integrable functions, we replace the class 
of step functions by a larger class of functions known as simple func­
tions (cf. IV § 6). 

Let p be a simple function (measurable) with its canonical repre­
sentation given by 

where the sets A1={x: f(x)-=a1} are disjoint and measurable, and 
numbers a1 (i=1, 2, ... n) are distinct and non-zero. Assume that 4' 
vanishes outside a set of finite measure. Then, we define the "elemen­
tary integral" of p by 

f f(x) dx= E a,m(A1). 
1-1 

We sometimes abbreviate the expression for the elementary integral 

of p by J f>. If E is a measurable set, we define the integral of f> over 

Eby 

t p= f p·XE. 

The elementary integral of a simple function has been defined through 
its canonical representation. However, we prove that the elementary 
integral is independent of the choice of the representation of the 
simple function. 

n 
2.1 Lemma. Let p = E a1X11i, where each E, is a measurable set 

1-1 

of.finite measure and EtnEi=i1'for i#=J. Then 
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n 
Proof. Clearly, p is a simple function defined on U E1• Let a be an 

1-1 

element in the range of p. Then the canonical representation of p is 
given by 

p=JJ ax,,,., 
a 

where a varies over the range of p and the set A. is given by 

A.={x: p(x)=a}= U E,. ··-· 
Observe, in view of the additivity of m, that 

am(A.) = 1J a,m(Ei). ··-· 
Hence 

f p=~am(A.) 
= 1J 1J a1mC.E1) 

a a,-a 

n 
= x a,m(E,) I 

1-1 . 

Note. In view of Lemma 2.I, we can write the elementary integral 
for a simple function even when. its .representation is not canonical. 

2;.2· Th~rem. Let p and "1 be simple frmction1 which vanish outside a 
set of.finite metl$Ul'e. Den: 

(a) J qp+bi/J=a J p+b J i/J,for all reals a and b. 

(b) If p. ;;ii. i/J. a.e., then J p ;;;i: J i/J. 

Proof. (a) Let {A1} and:{B1} be the sets occurring in the canonical 
representations of p and i/J. Let Ao and Bo be the sets where p and i/J, 
respectively, vanish. Then 
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Since the collection of sets obtained by taking all the intersection 
A1nB1 (i=O, 1, 2, ... , m;j=O, 1, 2, ... , n) forms a finite disjoint 
collection of measurable sets, by Lemma 2.1, we get 

J ap+/Jr/I= E X (aa.1+bfl1) m(A1nB1) 
1-01-0 

m n 
== a E a.1m(A1) + b E /l1m(B1) ,_, 1-1 

=a J p+b J ip, 

in view of the fact that 

{ 
A,n L90 B1] =A,, 

[ U A1] nB1=B1. 
1-0 

i-0, 1, 2, ... , ,,, 

i- 0, I, 2, ... , n; 

and that oco = 0 •/lo. 
(b) Taking a• l and b~ -1 in (a), we get 

f p-J "1= J (p-ifa) 

Since p- "1 ? 0 a.e. is a simple function, by the definition of the 
elementary integral, we have 

f (p-r/i)? 0, 

and the result follows. I 
Let/ : E -+ R be a bounded function and Ea measurable set with 

m(E) < oo. In analogy with the Riemann integral, we consider the 
numbers 

inf J "1 and sup J p, 
-~/ E pCf E 

where "1 and p range over the set of all simple functions defined on 
the set E. These two numbers do exist and are, respectively, called 

the upper Lebesgue integral, written J; Ts f(x) dx, and the lower 

Lebesgue Integral, written J; IEJ{x) dx. 
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Justification. Since/ is a bounded function on E, there- exist real 
numbers « and fl such that 

. f «=inf {f(x) : xEE} 

l f3 =sup {/{x) : xEE}. 

Then the constants ct and fl, regarded as constant functions, are simple 
functions on E satisfying « =:;;; f =:;;; /3. 

Consider the set 

L(f) = {p : p is a simple function defined on E and p =:;;; /}. 

For any pEL(/), we have p =:;;; f =:;;; /3. This gives 

fB p :E;; tfl•f3m(E). 

Thus, the set U B p : pEL(/)} is a no:g. empty subset of real numbers 

since at least llG is a member of it, and it has an upper bound, flm(E), 

in R.. Hence, it has the supremum, sup J p. Similarly, by considering 
'P~ B 

the set 
U(/) = { i/J : i/J is a simple function defined on E and i/J ~ /}, 

we obtain that the set {J B i/J: i/JEU(/)} is a nonempty subset of real 

numbers and has the infimum, inf J i/J. 
#>I B 

It is quite clear that every bounded function defined on a set of 
finite measure possesses both lower and upper Lebesgue integrals1 It 
is natural to enquire whether the upper and lower Lebesgue integrals 
off are equal. The answer is certainly in the affirmative when/is a 
simple function. 

2.3 Theorem. Let f: E._,,. R. be a simple function. Then 

.£ ti<x> dx= J.B!=.£ J Bf(x) dx. 

Proof. /being a simple function,/EL(f) and/EU(/). Hence 

J B I =:;;; .£ J B f(x) dx =:;;; .£ f B f(x) dx =:;;; J Bf, 

and the result follows. I 
2.4 Definition. A bounded function/ defin~d on a set E of finite 
measure is said to be Lebesgue integrable over E, if 
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..£ t f(x) dx• ..£ JE f(x) dx. 

The common value is called the Lebesgue integral off over E, written 

..£ tf(x)dx. 

Remark. Every simple function is Lebesgue integrable and its 
Lebesgue integral is nothing but the same as the elementary integral 
off. 

Note. Since we deal mostly with Lebesgue integrals, we shall write 

J 8 f(x) dx for ..£ J 8 f(x) dx. We sometimes write the integral simply 

as J f. In the special case, when E= [a, b], the integral J 
E [a,b] 

. Jb f is traditionally denoted by a f. If f is a bounded measur-

able function which vanishes outside a set E of finite measure, we 

write J f for J 8 f. Observe that J 8 f = J f· Xs. However, for Riemann 

integral, we use the notation .!R. J :f(x) dx in order to distinguish it 

from the Lebesgue integral. 

Next, we show the important role played by measurable functions. 
We shall prove that every bounded measurable function defined on a 
set whose measure is finite is Lebesgue integrable. 

2.5 Theorem. A. bounded function f defined on a measurable set E of 
finite measure is Lebesgue integrable if and only if f is meaaurable. 

Proof. Let f be Lebesgue integrable over E. Then 

infJ i/J(x) dx- sup J p(x) dx=l(say), 
•>f E tpef E 

for all simple functions p and i/J. 
Given an integer n, 3 simple functions fin and i/Jn such that 

pJ..x) ~/(x) ~ i/Jn(x) satisfying 

f E i/Jn(X) dx < f+;,, 
and f Pn(X) dx > 1- ..!.._. 

E 2n 
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This gives 

J i/JJ.x) dx-J Pn(x) dx < !.. 
B B n (1) 

Define the functions 

i/J* =inf ip. and p* =sup Pn· 

Since for each n, Pn and i/Jn are measurable functions, the functions p* 
and ip• are measurable (cf. IV-4.7) and p*(x) ::t;,/(x) ~ i/J*(x). Now, 
consider the sets 

We note that: 
co 

(a) A = U LI". 
"=1 

A = {x: p*(x) < i/J*(x)}, 

Ll"={x: p*(x) < i/J*(x)- ! }• 
A", n = {x :, Pn(X) < ifl.(x)- ! }· 

(b) Ll"CLlt:••• 'fin· 

( c) m(A", n) < v/n; for if m( A"' n) ;:ii: v/n, then 

J..,, .• i/Jn(x) dx-L ... pJ.x) dx = L ... {ifiJ.x) - p,.(x)~x 
1 

>-m(LI.,.) 

which contradicts (1). 

v 

1 
;:ii:-, 

n 

Sincen is arbitrary, we, in view of (b) and (c)above, havem(A")=O 
and hence m(Ll)=O. This proves that p* ;:ii: i/J* a.e. But p* ~ i/J*. 
Hence p* = i/J* = f a.e., and since each of the functions p* and i/J* is 
measurable, the function/ is measurable. 

On the other hand, assume that f is a measurable function on E. 
Suppose f is bounded by M. Then 

-M ::t;,/(x) ::t;,M, 'f!XEE. 

Divide the interval [ - M, M] into 2n equal parts and consider the sets 

Ek={xeE: Mk ;:;::i:/(x) > M (k-t)}. -n ~ k::;;;, n. n ,n 
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Clearly, {Ek : - n ~ k ~ n} is a countable collection of pairwise 
• 

disjoint measurable sets such that E= U EA:. Therefore, k--· 
• 

m(E) = E m(Ek). k--· 
For each n, if we define simple functions "1a and P• as 

M• 
i/J,,(x)=- ~ kXs.(x) 

n k--• 
M II 

and p,,(x)=- E (k-l)xs.(x), 
n k=-• 

then they satisfy p,,(x) ~ f(x) ~ i/J,,(x). Thus, 

{ J inf J i/J(x) dx ~ J i/J,,(x) dx = M :E km(Ek) 
•>f B . B n k--• 

supJ p(x) dx ;;3!: J p,,(x) dx= M f, (k- l)m(Ek) 
rp<f B B n k--11 

=> inf J i/J(x) dx- sup J p(x) dx ~ M f, m(Ek) = ~(E). 
•>f B rp<f B n k=-• n 

Since n is arbitrary, we have 

0 ~ jnf J i/J(x) dx- sup J p(x) dx ~ O. 
•>f B rp<f B 

Hence f is Lebesgue ·integrable on E-1 
Remark. The connection between integrability and measurability 
provides the major justification for introducing the ideas of measura­
ble sets and measurable functions in the preceding chapters. 

3 COMPARISON OF RIEMANN INTEGRAL AND 
LEBESGUE INTEGRAL 
In this section, we undertake to establish that the Lebesgue integral 

is a generalization of the Riemann integral. 

3.1 Theorem. Let f be a bounded function defined on [a, b]. If /is 
Riemann integrable <Wer [a, b], then it is Lebesgue integrable and 

SR. J:f(x) dx= J:/(x) dx. 

Proof. . Since f is Riemann integrable over [a, b], we have 

inf Jb i/11(x) dx=sup Jb p1(x) dx=SR.Jb f(x) dx, 
•1>f " P1<f a a 

where p1 and i/11 vary over all step functions defined on [a, b]. 
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But every step function is a simple function. Therefore, 

sup J6 f1(x) dx E;; sup J 6 p(x) dx 
p1Cf a pcf a 

inf Jb i/11(x) dx ~ inf J 6 i/J{x) dx, 
fi>f a •>f a 

where p and "1 vary over all the simple functions defined on [a, bJ. 
Thus, in view of the above relations, we have · 

!R. Jb f(x) dx ~ sup J6 p(x) dx ~ inf Jb i/J(x) dx ~ !R. Jb f(x) dx 
• pcf a •>f a a 

~ sup J6 p(x) dx •inf J6 ifi(x) dx = !R. J" /(x) dx 
~Cf a •>f a a 

~ J: /(x) dx = !R. J: /(x) dx.I 

Remark. Though all bounded measurable functions are Lebesgue 
integrable, there are functions of this kind which are not Riemann 
integrable. 

3.2 Example. Consider the Dirichlet function/ : [O, l] ~ R. defined 
by 

if x is rational 

if x is irrational. 

The function /is clearly bounded and measurable on [O, 1] and hence 

Lebesgue integrable. Also J:/(x)=O. However,/ is not Riemann inte­

grable since 

!R. J~ /(x) dx = 1 and 

Note. We have observed that a bounded function defined on an 
interval may be Lebesgue integrable without being Riemann integra­
ble (cf. Example 3.2). On the other hand, if a function is Riem8.nn 
integrable, then it is Lebesgue integrable too (cf. Theorem 3.1) and 
the two integrals are equat Thus the class of Lebesgue integrable 
functions is wider than that of Riemann integrable functions. How­
ever, the situation is entirely different in the case of improper Riemann 
integrals. There do exist improper Riemann integrable functions which 
are not Lebesgue integrable (see§ 7). 
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Problem l. Prove that a Riemann integrable function defined on 
[a, b] is measurable. 

4 PROP.ERT.IES OF THE LEBF.SGUE INTEGRAL FOR 
BOUNDED MEASURABLE FUNCl'IONS 

4.1 Tlleorem. Let f and g be bounded mefl8Urable fimctions defined 
on a set E of.finite meuure. 71aen: 

(a) JB 4/'=a J.!. for all real numbers a. 

(b) IB (/+g>-JB I+ JB g. 
(c) Iff-g a.e., then 

JB 1• JBg. 
(d) If/" g a.e., then 

ls1 " JBg. 
Hence 

IJ.11 ~I.,,,. 
(e) If 1& "/(x) "p, then 

«m(E) ~ J 8 .{(x) dx "Jlm(E)• 

(f) If E1 tl1ld E2 are disjoint measurable subsets of E, 
then 

I l=J l+f /. BiUS. Bi B1 

Proof. (a) The result is trivially true when a= 0. Assume that a ""' 0. 
If t/I is a simple function then so is QI/I; and conversely. Hence for a > 0 

JB af- .. ~Js ai/l=a =~J. i/J•a Js /; 
andfora<O 

J 41'• inf J fll/i=asupJ ifJ-aJ f. 
B tlf#'IJlo,f B •Cf B B 
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(b) If r/11 and "'2 are simple functions such that r/11 ~I and "'2 ~ g, 
then r/11 + r/12 is a simple function and r/11 + "'2 ~I+ g. Hence 

ls (f+g) ~ls (r/Ji+r/12)= Is "11+ J s "12 

~ J (f+g> ~ inf I r/11+ inf J "12-J 1+J g· S fJ.>f E n>B E S S 
Similarly, if fl ~/and f2 ~ g are simple functions, then fl +p2 is a 
simple function with pi+ p2 <./ + g, and so 

Is (/+g) ~ls (fl+f'2)= Is Pi+ is f 2' 

which gives 

JE(f+g)~ JBi+JSg. 
Hence the result follows. 

(c) It is sufficient to show that 

JE(f-g)=O. 

Since/-g = 0 a.e., it follows that if + ~ f - g, then r/J ~ 0 a.e. There­
fore, in view of Theorem 2.2 (b), we have 

JBrfl~O 
~ J E (f- g) ~ 0. 

Similarly, one can prove that 

f B (f-g) ~O. 
This proves the result. 

(d) It is similar to that of (c). 
(e) It follows from (d) and the fact that 

Is 1·m(E). 

(f) It is an immediate consequence of (b) and the fact that 
Xs1u•= XBi. +Xs1 since E1 and .& are disjoint sets.I 

We derive certain simple results from Theorem 4.1 in the form of 
corollaries. 



140 Lebesgue Measure and Integration 

4.2 Corollary. /f/(x) ;;;i:: 0 on E, then f Bf(x)dx ;;;i:: o,· and if/(x)~O 

on E, then J 8/(x) dx ~ 0. 

4.3 Corollary. /fm(E)•O, then J 8 f=O· 

4.4 Corollary. If f(x)"" k a.e. on E, then J 8 / = km(E). In particular, 

iff=O a.e. on E, then J 8 f=O,· andiff=l a.e. on E, then 

f Bf=m(E). 

Remarks. 1. The converse of Theorem 4.1 (c) and Corollary 4.4 
need not be true (cf. Problems 2 and 3). 

2. The result in Theorem 4.1 (c) indicates one of the great advan­
tages of the Lebesgue integral over the Riemann integral. If f is a 
bounded measurable function on [a, b] (and henceLebesgueintegrable 
over [a, b]), then changing the values of the function/ on a set of mea­
sure zero has no effect either on the Lebesgue integrability of or on 
the value of its integral over [a, b]. On the other hand, changing the 
values of a Riemann integrable function on a set of measure zero 
may even destroy the Riemann integrability of the function. 

4.5 Example. Considerthefunction/defined by/(x)= 1, (0 ~ x~l). 
Then the characteristic function X.if of the set A., where A. is the 
set of all irrationals in [O, l], can be regarded as a function obtained 
by changing the values off on a set of measure zero in [O, 1]; namely, 
on the rational points where it takes value zero. Now, one can easily 
observe that/ is Riemann integrable in [O, 1] while X.4 is not. 

Problem. 2. Show by an example that the converse of Theorem 4.l(c) 
need not be true. 

Solution. Let the functions f: [ - 1, 1] -+ R and g : [ -1, I l -+ R be 
defined by 

/(x)= {: 
if x ~o 

if x>O 
and 

g(x)=1, vx. 
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Then 

J1/{x) dx=2=J1 g(x) dx. 
-1 -1 

But f :F g a.e. In other words, they are not equal even for a single 
point in [-1, l]. · 

Problem 3. Show by an example that the converse of Corollary 4.4 
need not be true. 

Solution. Consider the function/: [-1, l]-+ R. defined by 

Then 

f(x)= ~ 1 

l -1 

if x~O 

if x<O. 

JI f(x) dx= f0 fl.x) t1x+f1 f(x) dx=O. 
-l J~ 0 

But/ :F 0 a.e. on [ -1, 1]. 

In fact, towards the converse of Corollary 4.4, we prove the 
following. 

4.6 Theorem. If f 8f=0 andf(x) ~ 0 on E, thenf=O a.e. 

Proof. Suppose AcE is the set on which.flx) > 0. Then 

A={xEE:f(x) >0} 

= U {xeE : f{x) > J..}. 
n-l n 

Now it is enough to prove that the measure of each of the sets in the 
union is zero. Let, if possible, there be a natural number· N such that 

Write 

m({xeE :/(x)> ~})-~h(= O). 

Ei={xeE:f(x)> ~}· 

Ez = {xeE: f(x) ~ ~}· 
Thus E1 and Ez are two measurable disjoint sets such that E-E1 U Ez. 
Therefore 

I t=J t+f f. 
B Bi Bs 
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But 

J 1 ~ E/> N"'(E1) ~ N > 0. 

Consequently, J 8 f > 0 which contradicts the hypothesis that 

f Ef=O. 
This completes the proof of the theorem-I 

We now proc::eed to prove a result concerning the interc~ of 
the limit and integral operations of a convergent sequence of bounded 
measurable functions. 

4.7 Theorem (Bounded Convergence Theorem). Let {fn} be a sequence 
of measurable functions defined on a set E of finite measure. Suppose 
there 18 a real number M such that Vn(x) IE;; M,for all x and all n. 
Iff(x)= limfn(x)for each xEE, then 

-GO 
J f= Jim J fn· 

E n-+«> E 

Proof. Since the function/ is the limit of a sequence of measurable 
functions, it is measurable (cf. IV-4.8) and hence Lebesgue integrable. 
Further, by Theorem IV-10.1, for a given•> 0, there is a.measura­
ble set A.cE with m(A.) < •f4M and a positive integer N such that 

If n(x)-f(x) I < 2mCE) 
for ·all n ;> N and xEE- A.. Also, 

lfn(x) I E;;M, v nEN and xEE 
=> lf(x) I E;;M, xeE 
=> If n(x)-f(x) I E;; 2M, xEE and, in particular, for xEA.. 
Therefore 

IJE1.-JB1j= IJB ifn-nl 
E;;J8 1fn-fl 

= t-A lfn-fl+ f .41/n-f I 

< ~E-A.)+2Mm(A.) 

< •, vn ;;ii N. 
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Hence lim J !n • J /.I 
n-+oo B B 

A slightly improved form of Theorem 4. 7 is the following. 

4.8 Theorem. Let {/n} be a sequence of measurable functions defined 
on a set E of finite measure, and suppose that I f,.(x) I ~ M for all n 
and all x in E. lffn-+ f a.e. on E, thenfia integrable and 

f f=limf fn• 
B n-+00 B 

Remark. The results inTheorems 4.7 and 4.8 need not be-true in.case 
of Riema.Dn integrals. 

4.9 Example. Let {r1} be an enumeration of all rational numbers in 
[a, b]. Write Sn ... {r1 : i =-1, 2, 3, .•. , n}, nEN. Define, for eace neN, 
the functionfn : [a, b] -+ R by 

We note thatf,. is discontinuous only at n points in[a, b]; namely, the 
points of Sn. Thereforefn is Riemann integrable over [a, b], and we 
have 

vneN. 

Further, we observe thatfn -+ f on [a, b], where the limit function f 
is given by 

if x is irrational, 
/(x)={ ~ if x is rational 

which is not Riemann integrable although f is Lebesgue integrable, 
cf. Example 3.2. 

We :find from Example 4.9 that the result in Theorem 4.8 does not 
hold good for Riemann integral simply because the limit function . of 
a convergent sequence for Riemann integrable functions can be a 
function which is not Riemann integrable. However, we prove the 
following. 

4.10 Theore& Let {f,.} be a sequence of Riemann integrable fanc­
tioll8 defined on [a, b] such that I fJ..x) I ~ M,for all n and xe[a, b]. 
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If {f,,} converges a.e. to a Riemann integrable function f defined on 
[a, b], then 

5R. f" /(x) dx= fun !R.f6 fn(X) dx. 
0 n+IXI 0 

Proof. It follows in view of Theorems 3.1 and 4.81 
5 INTEGRAL OF NONNEGATIVE MEASURABLE 

FUNCTIONS 
In this section, we generali7.e the definition of the Lebesgue integral 

to include unbounded functions, particularly nonnegative functions 
(measurable) defined on sets of finite or infinite measure. 

5.1 Definition. If f is a nonnegative measurable function defined on a 
set E (measurable), we define 

f /=~!~!Eh, 
whereh isa boundedmeasurablefunCtionsuchthatm({xeE: h(x):;&O}) 
is finite. 

5.2 '11leorem. Let f and g be nonnegative meuurable functions defined 
on a set E. Then: 

(a) JB cf=c J 8 f, c > 0. 

(b) fB(/+g)= fBf+ fBg. 

(c) Ifft;;,,ga.e., then J 8 ·f~ J8 g. 

Proof. (a) By Definition 5.1, we have 

f cf= sup J ch=c sup J h=c J f. 
B chCcf B he/ B B 

(b) Let h and k be bounded and measurable functions such that 
h t;;,,f, k t;;,, g and vanish outside sets of finite measure, i.e. 

f m({xEE: h(x):;l::O}) < oo 

lmC{xEE : k(x)=#:O}) < oo. 

Then, we have h+k t;;,,f +g, and so 

Ish+ JBk= J B(h+k) t;;,, Is(/+g) 
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supJ h+ supJ k ~ J (f+g). 
ho;./ E ko;.g E E 

This gives 

JEf+ JE g ~ JE {f+g). 

To prove the reverse inequality, let ifl be a bounded measurable 
function which vanishes outside a set of finite measure and satisfies 
i/l ~I +g. Define functions hand k by setting 

{
h(x) =min (f (x). ifl(x)) 

k(x) = i/l(x)-h(x). 

Now, we claim that h(x) ~f(x) and k(zj ~ g(x). The first assertion 
is obvious from the definition. In order to establish the second relation 
we note that 

h(x)+k(x)=ifl(x) ~f(x)+g(x). 

If h(x) = ifl(x), then k(x) = 0 and hence k(x) ~ g(x) since g is nonnega­
tive; if h(x) = f(x), then obviously k(x) ~ g(x). 

Since h and k are bounded by the bounds of i/I. and also vanish 
where ifl vanishes, we have 

Hence 

JBf+ JEg;a, t (f+g). 

This completes the proof of (b ). 
(c) It follows directly in view of Definition 5.1 and Theorem 

4.1 {d) .• 

Problem 4. Let f be a nonnegative measurable function. Show that 

/=0 a.e. on E if and only if J Ef=O. 
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53 Theorem (Fatoa's Lemma). Let {fn} be a sequence of nonnegative 
measurable functions andfn-+ f a.e. on E. Then 

I f~ limJ fn· 
B ;;:;;;;; B 

Proof. We may assume, without any loss of generality, that the 
sequence {.fn} converges to f everywhere on E since the integrals over 
sets of measure zero are 7m'O. 

Leth be a bounded measurable function such that h ~I and vanishes 
outside a set of finite measure, viz. 

m({xEE: h(x):;CO}) < oo. 

Let us denote this set by E. Define a sequence {hn} of functions ~Y 
setting 

hn(x)=min {h(x),/n(x)}. 

Then each hn is clearly bounded by the bounds of hand vanishes outsi~ 
E. Moreover, we note that 

lim hn(x)= lim min {h(x),/n(x)} 
n-+oo n......, 

=min {h(x), /(x)} 
=h(x), xeE. 

Thus {h.} is a uniformly bounded sequence of measurable functions such 
that hn-+ h on E'. Therefore, by the Bounded Convergence Theorem 
(cf. Theorem 4.7), we have 

limJ hn= I h 
n-+oo Et Et 

=> J 8 h= JBt h= ::JB,hn ~:.i:: JBfn• 

Hence, taking the supremum over all h t:;.f, we get 

I I~ limJ fnl 
B ;;:+iii B 

Remark. Theorem S.3 need not hold good, even in the presence of 
uniform convergence, unless the functions/. are nonnegative, 

5.4 Example. Let the functions/n: [O, I]-+ 1l be given by 

{ 
if 1 2 

f,' 1x) -n -n t:;, x ie;; -n 
II\: = 0 

if otherwise. 
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Then /(x) = 1im fn(x) == 0 a.e. on [0, I], and 
...+co 

while 

fun J' fn(x)dx= -1, 
n:+Ciii 0 

JI' 

0 /(x).dx=O. 

ProbleDI 5. Show that the strict inequality exists in Theorem S.3. 

Solution. Consider a sequence {f,.} of functions defined on R., where 

We note that 

if n ~ x < n+l 

if otherwise. 

lim /n(x)=Q, -· 
and so /•O. Therefore J R/=0. 

I( we write E1 = [n, n + 1[ and E,. = R- [n, n + 1[, then 

f fn== f fn+ f fn= I. R Ei E1 

Hence 

f I< lim.f fn· 
R ;::;;;;; R 

Note For another example which ascertains that the strict inequality 
exists in Theorem 5.3, see Problem 19. 

The conclusion of Theorem 5.3 is weak as it only asserts that 

f IE;;!:. f In· In order to get equality between J f and= J fn, we 

should pose some more conditions on the sequence {f,.}. In fact, we 
prove the following. 

5.5 Theorem (Monotone Convergence Theorem). Let {/n} be an 
increasing sequence of nonnegative measurable functiona, and let 
f .. lim fn· Then, -
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Proof By Theorem S.3, we have 

f 1~ !!ff,,. 
Since for each n, fa <./and so Jin~ J f, c.f. Theorem S.2 (c). This 

implies 

!!!f fn~ ff, 
and hence the result follows.I 

5.6 Corollary. Let {un} be a sequence of nonnegative met1Sll1'able ... 
junctions, and let/= ~- u •. Then 

.~ 

ff=- f Juno 
n-1 

II 

Proof. Setting f. = E u1, we get a sequence {f,,} satisfying the hypo-
1-1 ... 

thesis of Theorem S.S. Since Jim fn = ~ Un= f, we have 
,._ n-1 

Jf• limffn 
n ... m 

=Jim J f. u,. 
lt+CO t=1 

In view of Theorm S.2 (b), we may write 

J '~ u,- ~f u,. 
Hence 

Jf= f funl ·-· 
5.7 Corollary. Let {E1} be a sequence of disjoint measurable sets and 
E= UE,. Qfis a nonnegative me08U7ablefunction defined on E, then, 

I 

Proof. Set Ji=f·'Xs,. Clearly, eac.n fi is a nonnqative measurable 
function.Also 

f·'Xs=f·Jr.uB. 
I 

•f('Xil1 +xs. + · · · +x .. + · ·.) 



Lebesgue Integral 149 

=~f·XBt 
I 

=~Ji. 
I 

Therefore, using Corollary 5.6, we obtain 

f f·Xs= ~ f Ji=~ f f·Xs, 

=> f f=~f f·I 
B I Et 

Problem 6. _ Show that Theorem 5.5 need not hold good for a decreas­
ing sequence of functions. 

Solution. Consider a sequence {/.} of functions each defined on R, 
where 

if x ~ n. 
f.(x)= 1: if x<n 

Oea.rly, {f,.} is a decreasing sequence of nonnegative 
functions and converging to zero function, f. Thus 

J~ f(x)dx=O. 

But 

J:.,, f.(x)dx= J~.,, f(x)dx+ J= f(x)dx 

limJ"' /.(x) dx= oo. 
·- -a> 

measurable 

Problem 7. Prove that if {f,,} is a sequence of nonnegative measurable 
functions defined on E, then 

I lim fn ~ lim f f n· 
B n:+.0 ;::;.g E 

Solution. Corresponding to each positive integer n, define 
h.=inf {/,,: v ~ n}. Each h.is measurable. Since hn ::;;;../,,,for v ~ n we 
have 

J B hn ~ J B /,,, for v ~ n 

=> I hn ~ lim J /,,, 'v'nEN. 
B -;+a) E 
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One may verify that {h.} is an increasing sequence which converges 
to the limit function h( = lim /.). Therefore, in view of Theorem 5.5, 

we have 

J lim fn =J h- lim J hn·:E;; limf fn· 
E ;+00 E 11-+CXI E ;;:+;;j E 

Remark. The result in Problem 7 is a generalization of Fatou's 
Lemma (cf. Theorem 5.3). 

Unlike the convention in the case of the Riemann integral, we now 
acknowledge co as a possible value for a Lebesgue integral. It is 
necessary to distinguish Lebesgue iutegrals having finite and infinite 
values. 

5.8 Definition. A nonnegative measurable function/ defined on a set 
E (measurable) is said to be integrable (or summable) if 

IE I< co. 

Note. Every nonnegative measurable function has an integral 
(Lebesgue) but only functions having finite integrals are called inte­
grable (or summable). 

5.9 Theorem. Let f and g be nonnegative measurable functions. q 
f > g on E and f is integrable over E, then g is also integrable over 
Eand 

Proof. By Theorem 5.2 (b), we have 

IB 1= f/f-g+g)= f B(f-g)+ I Bg, (2) 

since the functions /- g and g are nonnegative and measurable. 

Further, f being integrable over E, J Bf< co. Therefore, each integ­

ral on the right of (2) is finite. In particular, 

f Bg< CO. 

This verifies that g is an integrable function over E. The second part 
of the theorem is now obvious.I 
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s.10 1beorem. Let f be a nonnegative function which is integrable 
over a set E. Then given • > 0 there is a 8 > 0 such that for every 
set ACE with m(.A) < 8, we have 

Li<·· 
Proof. The result is trivially true if/ is a bounded function on E 
since in that case I f(x) I E;; M, vxEE, for some number Mand thus 
given • > 0, one can determine a 8( ... ~/M) > 0 for which 

f ,..fE;; Mm(A) < •· 

Assume that f is an unbounded function on E. Consider now a 
sequence {/.} of functions defined on E, where 

{ 
f(x) if f(x) E;; n 

fJ..x)= n 
if f(x) > n. 

Observe that {/.} is an increasing sequence of bounded functions such 
that fn -+ f on E. Then, by the Monotone Convergence Theorem,· 
given • > 0, there is an integer N such that 

f fN>f f-~· 
B E 2 

Therefore, by Theorem S.9, we have 

f (f-fN)•J f-f fN<~' 
B B B 2 

since f is an integrable function. 

E 
Choose 8 < lN. If m(A) < 8, then 

f..1=- L(f-fN)+ J,..fN 

<f B (f-fN)+N·m(.A) 

< ; +N·2~·•·I 
Note. The technique used in the proof of Theorem S.10 helps us to 
evaluate the Lebesgue integral of nonnegative functions, bounded or 
unbounded, see Problems 8 and 9.· 
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Problem 8. Evaluate the 
f: [O, '1]-+ R defined by 

integral (Lebesgue) of the function 

fl%)={ ~i ifO<x:E;;l 

if x•O. 

Solution. Here f is an unbounded nonnegative measurable function 
defined on [O, l]. Define a sequence {f.} of functions on [O, 1], where 

f f(x) 
f J,x)= n 

In other words, 

if f(x) =::;;; n 

if f(x) > n. 

/.(;<)-{ ~~ ifx;;;.:;3 

if 1 x<-· nl 

Clearly, as in proof of Theorem 5.10, we observe that {fn} is an in­
creasing sequence of nonnegative measurable function such that fn-+f 
on [O, 1]. Therefore, by the Monotone Convergence Theorem, we get 

I 1 f = lim J 1 fn = fun [Jr n dx + J 1 x..i•• dx] 
o n-+co o n-+m o n ... 

= lim [..!..+1.- ~] 
11-+CO n2 2 2n2 

3 =-· 2 

Hence, by Definition 5.8, f is integrable over [0, lJ, and the value of 
its integral is 3 /2. 

Remark. We note that the integral 

JI J 
,--=-dx 

oVx 
regarded as a Riemann integral is an improper integral, whereas, 
regarded as a Lebesgue integral, it is perfectly prop:r, even though 
the integrand is unbounded. Also, observe that the value of the integ­
ral in each case is the same, i.e. 3/2. 
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Problem 9. Evaluate the integral 
/: [O, l] ~ R defined by 

(Lebesgue) of the function: 

~x)~{ : if O<x~l 

if x=O, 

and show that/ is not Lebesgue integrable on (0, l]. 

Solution. The solution runs on the lines of that of Problem 8. In this 

case J:1= co. Hence/is not integrable ~besgue) over [O, 1]. 

Note. Problem 9 provides an example of an unbounded nonnegative 
measurable function which is not integrable (Lebesgue) over [O, I], 
whereas, the function considered in Problem 8, although an unbound­
ed nonnegative measurable function, is integrable over (0, 1]. 

Problem 10. Let/ be a nonnegative integrable function. Show that 
the function F defined by 

F(x) = J~ao /(t) dt 

is continuous on R. 

Solution. In view of Theorem 5.10, given an E > 0 there is a 8 > 0 
such that for every set ACR with m(A) < 8, we have 

IJA 1 l<E. 
If xoER, then for e\rery xER with I x- Xo I < 8, we have 

I J:. /(t) I dt < E 

I J:-ao /(t) dt-f :ao /(t) dt I < E 

I .F(x)- .F(Xo) I < E. 

Hence Fis continuous at xo. Since XoER is arbitrary, Fis continuous 
onR. 

Problem 11. Let {/.} be a sequence of nonnegative measurable 
functions which oc>nverge to f, and suppose fn ~ f for each n. Show 
that 
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Solution. Since/n ~/,in view of Theorem 5.2(c), we have 

f In ~If, ynEN 

and hence 

limffn ~ff. 
n-+m 

The result follows by using Fatou's Lemma (cf. Theorem 5.3). 

6 GENERAL LEBESGUE INTEGRAL 
We now undertake to extend the definition of the Lebesgue in~gral 

to include the most general possible functions (measurable) that take 
both positive and negative values. To tackle such functions, we show 
that a measurable function can be written as the difference of two 
nonnegative measurable functions. 

Let us recall that if f is a real-valued function defined on a set E, 
its positive and negative parts are defined as 

J+=max (f, 0) 

and 1-=max (-/, 0), 

and that/ is measurable if and only if both/+ and/- are measurable, 
cf. IV-4.6. 

One can easily verify that 

1-1+-1-
and 

!I I =/++/-. 

6.1 Definition. A measurable function/ is said to be integrable over 
E if/+ and/- both are integrable over E. In this case, we define 

f Bf• f Bf+-f Bf-, 

6.2 11aeorem. .A.function/ is integrable over E if and only if If I is 
integrable over E. 

Proof. 'If/ is integrable over E, it follows that/+ and/- both are 
integrable over E. By Theorem 5.2 (b), we have 

f Blf j =-f Bf++ ti-. 
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Hence the function If I is integrable over E. Conversely, if J 11 If I is 

finite, then so-are J 11/ + and J 8 1-, and, hence, the result follows.I 

Remark. Lebesgue integration is absolute integration in the sense 
that f is Lebesgue integrable if and only if If I is so. In other words, 
the Lebesgue integral integrates only those functions whose absolute 
value functions are also integrable. However, this is not always true 
in the case of Riemann integrals. 

6.3 Example. Consider a function/: [O, l]-+- R. given by 

fC.x)= { 
1 if x is rational, 

-1 if xis irrational. 

Observe that If I • l on (0, I] and hence Riemann integrable while f 
is not. 

Probl• 12. Show that the function/: [0, co[ -+ R. defined by 

/(x)={ s~o" if"#= o 
if x=O 

is not Lebesgue integrable over (0, co[. 
Solution. In view of Theorem 6.2, it is sufficient to prove that 

J: l~"l•co. 
For this, consider the integral 

f'"' lsinxldx-t J""' I sin xi dx 
0 X IC-I (k-l)tr X 

= f J,,.I sin{z+(k-1)7r} I dz 
1c-1 o z+(k-1)71' 

";:!; +. J" I sin {z+Ck- l)nJ ldz 
~1 o kw 
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Thus 

limJ"' lsinxle1x;;;i:f. 2 =co 
- 0 x 1c:th 

I... I sin x I -'~ --co. 
0 x 

6.4 'lbeorem. Let f be a measurable function orer a set E. If there is 
an integrable/unction g such that If I :E;; g, then/is integrable orer E. 

Proof. From/+ :E;; g, it follows that J Bf+ :E;; J Bg, and so/+ is inte­

grable on E. Similarly/- :E;; g implies the integrability of/-. Hence/ 
is integrable over E.I 

6.5 '11leorem. Let f and g be integrable junctiona orer E. Then: 

(a) The function of c/(c is finite) is integrable orer E, and 

JBc/=cJBf. 

(b) Thefunction/+g is integrable orer E, and 

JB(f+g)= JBf+ JBg. 

(c) lff:E;;ga.e.,then tt:E;;JBg. 

(d) If E1 and Ez are disjoint measurable seta·in E, then 

JB1UB/= f Bil+ IEs f. 
Proof. (a) Jf c ;;;i: 0, then 

Ccn+-cf+, cc.n-=cJ-; 

and if c < 0, then 

(cj)+:::a(-c)·f-, (cf)-·(-c)f+. 

The result now follows since the integrability off implies that of /+ 
and/-; and conversely. 

(b) We first prove that if Ji and.12 are nonnegative functions with 
, _Ji -fz, then 



Since/•/+-/-, it follows that 

/+-/-=/1-/2 
f++J2=fi +1-. 

This, by Theorem S.2(b), gives 

f Bf++ JB/2• f Bfl + J;-. 
Hence, by Theorem S.9, we have 

This ~tablishes (3) above. 
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Now, if/and g are integrable, then so are /++g+- and 1-+g-, an~ 

Therefore 

I+ g• (f+ + g+)-(/-+g-). 

J //+g)• f /++ JBg+- JB1-- JBr 

•/Bf+ f Bg. 

Alternative Proof. {b) Since f and g are integrable, If I and I g I 
are integrable (cf. Theorem 6.2), and so If I + I g I is integrable over 
E (cf. Theorem S.2 (b) and Definition S.8). Hence, from the fact that 
I/I+ I g I ;;;i: lf+g I, we conclude that/+g is integrable (cf. 
Theorems S.9 and 6.2). Further, we have 

f B{f+g)= JB{f+-f-+g+-g-) 

•fB(f++g+)-f E(/-+g-) 

•fBf++ li~g+- J1--f Bg­

• f Bf+ Isg. 

(c) We note that/~ g a.o. implies g-f;;=i: 0 a.e. Therefore 

f B(g-f} ;;;i: O. 
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Hence, 

JB g= IB(g-fl+ IE I 
;ii: f Bf, 

by using part (b ). 

(d) f J=ff·XB1UE1 
B1UB1 

= J f•XB1 + J f·XB1 . 

... J11i1+ Js./.I 

Note. Observe that f + g is not defined at points where f = oo and 
g = - oo or where f = - oo and g = oo. However, the set of such points 
must have measure zero, since f and g are integrable functions. As 
such the integrability and the value off+ g are indeoendent of the 
choice of the values in these ambiguous cases. 

Problelll l3. If f is an integrable function such that f = 0 a.e., then 

show that J f=O. [Hint: Apply Problem 4 to functions/+ and/-.] 

Problelll 14. If/is an integrable function, then prove that 

If ii E;;f Ill· 
When does equality occur? 

Solution. Since If I -/ ;ii: 0 and If I +I ;ii: 0, we hav~ 

J Ill ;ii: Ji and J Ill ;ii:- Jt· 
Thus, 

J111~1J11. 
Further, if f I ;ii: o, then J I I I = J l giving J 0/ I -/) ... o so that, 

in view of Problem 4, If I =/ a.e.; if J /E;; o, then J If I = J (-fl 
which, again in view of Problem 4, gives If I = -I a.e. Hence equality 
occurs when either f ;ii: 0 a.e. or I E;; 0 a.e. 



Lebesgue Integral 159 

Problem 15. Show that if/ and g are measurable functions such that 
I I I ~ I g I a.e. and g is integrable, then/ is integrable. 

Solution. Without any loss of generality, we may assume If I ~ I g I 
as we can redefine/, if necessary, on a set of measure 7.ero. This gives 

f+ ~ I g I verifying J f+ ~JI g I < oo. Hence /+ is integrable. 

Similarly,/- is also integrable. 

Problem 16. 'If/ is an integrable function, then show that/ is finite­
valued a.e. 

Solution. Let E be a measurable set of R.. The integrability off on E 

implies integrability of I f I on E. Hence J 8 If I is finite. 

Let, if possible, If I = ex> on a set A.cE with· m(A.) > 0. Then 

JB If I>/,. If I >nm(A), ynEN 

since If I > n on A. for all n. However, n being arbitrary we have 

J8 1f I =oo. 

This contradicts the fact that J 8 If I is finite. Thus m(A.) = O. Hence f 
is finite-valued a.e. 

Problem 17. Let /be a measurable function and g an integrable 
function, and «, P real numbers such that ex: ~ f ~ P a.e. Then, 3 
a real number Y with ex: ~ Y ~ P such that 

J f I g I =Yf I g I. 

Solution. Since i Jg I ~ I P I I g I ~ C I ex: I + I P I> I g I a.e. and 
g is integrable, the function/g.,is integrable (cf. Problem 15). Also 

cx:lgl ~flgl ~PlgJa.c. 
and so 

ex: I I g I ~J f I g I ~pf I g I . 

'If J I g I = 0, then g = 0 a.e. and the result is trivial. 'If J I g I :I= 0, 

by taking Y to be a real number given by 
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we get the result. 

It is the restriction to nonnegative functions in Fatou's Lemma and 
Monotone Convergence Theorem that ensures the integrability of 
limfn· If' it is desired to relax the condition of nonnegativeness of the 
functions, some other conditions are to be imposed. One such concerns 
the notion of dominant function of the sequence. 

6.6 Theorem (Lebesgue Dominated Convergence Theorem). Let g be 
an integrable function on E and let {fn} be a sequence of measurable 
functions such that I fn I ~ g on E and lim In= f a.e. on E. Then -«> 

f /= lim J fn. 
E n-+«> E 

(4) 

Proof. Clearly eachfn is integrable over ·E (cf. Theorem 6.4). Further, 
it follows from lim fn = f a.e. on E and I In I ~ g a.e. on E that 

n-+«> 

111 ~ g a.e. on E. Hence f is integrable over E. Consider a sequence 
{h.} of functions defined by hn=fn+g. Clearly, hn is a nonnegative and 
integrable function for each n. Therefore, by Fatou's Lemma, we get 

f (f+g) ~Jim J (fn+g) 
E ~ E 

J I~ limJ fn. 
E n:;oo E 

=> 

Similarly, consider a sequence {kn} defined by kn ... g-fn, and observe 
that kn is a nonnegative and integrable function for each n. So, again 
by Fatou's Lemma, we have 

f (g-f)~ limJ (g-fn) 
E n::+Gi1 E 

=> f I~ lim f / .. 
E n-+«> E 

Hence the theorem follows.I 

6.7 Corollary. Let {un} be a sequence of integrable functions on E 
00 

IUCh that ~ Un converges a.e. on E. Let g be a function which 18 ·-· 
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II OD 

integrable on E and atitisfy I~ ·u, I E; g a.e. on Efor each n~ nen ~ U11 
i='I .~ 

is integrable on E and 

f ~ u11 = .;._ J u11• 
B 11-=1 11'='1 B 

II 

Proof. Let~ u1=J... Applying Theorem 6.6 for, the sequence {f11}, 
i="1 

we get 

J f U11= EJ u .. I 
B 11-1 11-1 B 

6.8 Corollary. If/is integrable orer.E and {E1} is a sequence of dis-
OD 

joint mefl8Ul'able aets such that U E, = E; then ·-· 
J f=f.. J fi. 

B f,:l B 

Proof. Since {E1} is a sequence of disjoint measurable sets, we may 
write 

ID 

I=~ f·X111. 

The function/· XB,, is integrable over E sinC!' I /Xa I E; If I and If I 
is integrable over E. Moreover, 

I 'j;f·Xa I E; I/I, vnEN. 

Thus the conditions of Corollary 6. 7 are satisfied, and, hence,. 

J J=f E f·Xa 
B B 1=1 

= f. J I· x., = f.. I I .. t::f B t='i E, 

Note. The result ~ Corollaey 6.8 concerns a sequence c# .inteara:Is, 
rather than a sequence of functions, based on a decomposition of the 
domain of an integrable function. This, in fact, extends the result in 
Theorem 6.5 ( d) to any countable collection . of disjoint measurable 
sets. 

Remark. The condition of integrability off on E in Corollary 6.8 
cannot be :relaxed. 
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00 

6.9Example. Let E.=[n-1/n, n] and E= U E,. Define a function 
1-1 

/: E-+ B. given by 

Clearly, 
J{x)•(-l)"n, xEE., \fnEN. 

IE./= f f·XB.=(-l)"nm(E.) 

=(-1)", \fnEN 

~I 1= f c-1)" . 
.. ~ E. 11-1 

On the other hand 

JBlfl -ex> 

=> f is not integrable on E. 

If we replace the function g in Theorem 6.6 by certain appropriate 
g,.'s, we get the following generalization of the theorem. 

6.10 Theorem. Let {g,.} be a sequence of integrable functions which 
converge a.e. to an integrable junction g. Let {/.} be a seguence of 
measurable/unctions such that If,. I E;;; g,. and {/.} converge to f a.e. If 

f g= !!:I g,., 

then 

Proof. It follows on the lines of the proof of Theorem 6.6 by using 
Fatou's Lemma for the sequences {g. - f,.} and {g,. + f,.}.I 

ri.11 Corollary. Let {/,.} be a sequence of integrable frmctio118 such 

that/.,,-+ f · a.e. with f integrable. Then J B I/-f,. I -+ 0 if and only if 

ls If. I-+ J B If I· 

Proof. Suppose first that 

I. If. I-+ f. Ill. 
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Then,sincel/.-/1 ~If.I+ I/land 

_1!!J( lfn I +If I )=2 I If f < <X>, 

we have 

J 11-1n 1-+o, 

in view of Theorem 6.10. The other part follows triviallyl 

Remark. Theorem 6.6 is false without the assumption that an integ­
rable function g exists. First, a sequence of integrable functions, 
although convergent everywhere, can ha~ a nonintegrable limit fgnc­
tion and, secondly, even if the limit function is integrable, relation (4) 
may be false. In this direction, we n9w work out some examples. 

6.12 Examples 

1. Letfn(x)=nxn, 0~x~1. Thenlim/.=Oa.e.and -
lim J1 f n(x) dx = lim J1 nxn dx = lim +n 1 -= t 

- o - o -n 

=> lim J' fn :F J1 lim fn• 
- 0 o-

2. Let fn(x)•n2X!', 0 ~ x ~ 1. Then lim f,.=0 a.e. and -
limJ1 fn(x)dx= lim J1 .n2xndx 
- 0 ·- 0 

Ii n2 = m--•<X> -n+I 

=> lim J' fn = <X> :F 0 • f 1 Jim f,.. 
- 0 o-

3. Let 

/.(x)-{: tin"" 
if 71' 

- ~X~71'. n 
Then lim f n(x) = 0, \fXE[O, "] and -

limJ" fn(x) dx= lim.n_ 1"' sin nxdx=2 
- o - Jo 

=> lim r /n(x) dx '* (" lim.fn(x) d'x. -Jo Jo n-+oo 
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Note. In Examples 1 and 3 in 6.12, none of the sequences is mono­
tone or bounded almost evecywhero. 

Remark. Theorem 6.6 shows that the interchange of limit and integ­
ral operations in the case of Lebesgue integrals is possible under much 
less restrictive conditions than in that of Riemann integrals. The 
functions in the sequence need not be bounded. Moreover, uniform 
convergence is not required. Consider, for instani::e, the example which 
follows. This feature, among others, tend to make the Lebesgue 
integral a more useful concept than Riemann integral. 

6.13 Example. Consider a sequence {/,.} of functions, each defined on 
[O, 2], where 

r· if 1 ~ 2 -~x--

/,.(x)= 0 
n n 

if otherwise. 

Then 

f(x)= lim /,.(x)•O, \fXE[O, 2]. -Also, we note that 

I f,.(x) I ~ g(x), \fXE[O, 2) 
where 

B(x)~V: if 0<x<2 

if x=O. 

Since g is integrable over (0, 2),. the hypothesis of Theorem 6.6 is 
satisfied. However, one may observe that the sequence {/,.} does not 
converge uniformly on [0, 2]. 

Remark. The existence of an integrable 'dominant function' g in 
Theorem 6.6 is sufficient but not necessary for the interchange of the 
limit and integral operations. 

6.14 Example. Let 

Nx)~E 
if 1 1 

n-- <x<n+-2 2 

if otherwise. 
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Then /,.(x)-+ 0 as n -+ co for all x, and 

Joo (2n+l) 
0 /.(x)dx'=log 2n-l -.Oasn-+co. 

Thus the result of Theorem 6.6 is true. But, if If rl..x) I -~ g(x), :yx, 
then g(x) ~ I/x, and hence no integrable dominant function exists. 

7 IMPROPER INTEGRALS 
We have seen in § 3 that if f is a Riemann integrable function over a 

finite interval, then it is so in the Lebesgue sense too, and the two 
integrals coincide. However, this is not the case with imp~oper Riemann 
integrals* and:the possible corresponding results for "improper" ~bes­
gue integrals. As an illustration, we give; below a few examples. 

7.1 Examples 

1. Let E• (0, oo[. Define/: E-+ R by 

(-l)k+l 
/(x)• k , XE(k~ l, k[, 

fork• l, 2, ...• One may easily verify, by using Lebnitz's test for 
alternating series, that 

Jim ~J" I 
k-+co 0 

is finite. But, on the other hand, J 8 f does not exist, since J 8 If I 
fails to exist on account of 

If I= "r -=co. I DO 1 
B ,.=t n 

2. Let/: [0, co[ -+ R be given by 

{ 
si:x 

f(x)= 

0 

if x #: o. 

if x = 0. 

Then 

Joo 11' 

~ 01=2· 

•A Riemann integral may be improper because either the function to be integ­
rated is unbounded on a point (or points) in the interval of integration or the 
interval of integration itself is ~bOunded. 
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On the other hand,/ is not Lebesgue integrable on (0, ex>[ since 

J: Ill =ex>. 

3. Suppose that -1 <a< 0 and let/: (0, 1)-+ R. be defined by 

{
X" ifO<xE:;l 

f(x) • 0 if x -o. 
For each n, define/,,: [O, 1) ~ R. by 

{
"" if ..!.. ~ x E:; 1 

/,,(x)• 0 n 
if 0 E:; x < _!._ 

n 

Observe that {/.} is an increasing sequence of functions such that 
f. -+/,and 

f. 1 
o 1•~a+l' VnEN. 

Therefore, it follows, by the Monotone Convergence Theorem, that 

f ~ I exists and 

JI JI 1 ,_ Iim. /.= + 1· 
0 ..+ooO 0 

On the other hand, since f is unbounded, it is not Riemann integrable 

over [O, I] although the improper integral !R. J: f does exist and can 

easily be seen to be equal to _!_l · 
a+ 

4. ~ E-[0,1). Define/: E-+ R.* by 

{
ex> if x is rational 

f(x)• I 
if x is irrational. 

One can easily observe that 

J: 1-1, 

while the improper Riemann integral !R. J: f does not exist. 
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5. Let/: [0, :io[-+ R be defined by 

{ 
1 if x is irrational 

/(x)= 0 
if x is rational. 

Then/is neither Lebesgue integrablo nor-does its improper Riemann 
integral exist. 

However, using the Monotone Convergence Theorem, we e:an extend 
Theorem 3.1 to the Riemann improper integrals of nonnegative 
functions. 

Problem 18. What happens in Example ,3 in 7.1 when a < -1? 

7.2 Theorem. Let f be a nonnegati've function defined on [a, bl such 
that /is Riemann integrable over every subintenal[a+•, bJ, e > 0. If 
the improper Riemann integr,al 

lim .!R. Jb I 
•-+0 a+• 

existsandisftnite, then/is Lebesgue integrable over [a, bJ, and 

fb I""" 1im .!R. Ib f. 
a e-+0 a+• 

Proof. In view of Theorem 3.1, we note that 

Jb Jb f=.!R. f, 
a+• a+• 

•>0. 

The result then follows by using the Monotone Convergence Theorem 
on letting •-+ O.I 

Remark. The result in Theorem 7.2 can·be extended to an unbound­
ed interval (see Problem 24). 

7.3 COl'Ollary. If f is a function defined on an interval (bounded or 
unbounded) such that the improper Riemann integral of I fl exists, the 
improper Riemann integral and the Lebesgue integral off both exist and 
the two integrals are equal. 

Problems 

19. Prove the Monotone Convergence Theorem and Lebesgue 
Dominated Convergence Theorem replacing 'almost everywhere 
convergence' by 'convergence in measure'. 
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20. Considering the sequence {/.} defined by 

{
n2x ifO<x ~ ! 

/.(x)• 1 
O if x>-, n 

show that strict inequality holds in Theorem 5.3. 
21. Let {/11} be a sequence of measurable functions such that 

I /. I E;;; g a.e. on E, where g is an integrable function on E. 
Prove that 

I lim /n ~ lim J ,. ~ lim I ,.~J um 1n. 
E 1HOO n:+;O E 11-+co E E n-+co 

22. Let {/11} be a sequence of nonnegative functions on R. such that 

In~ I a.e. and suppose J /. ~ J f < co. Then, for each 

measurable sot E, prove that 

J8 fn-+ f Bf. 

23. Prove Theorem 6.10. 
24. Hf is nonnegative and improper Riemann integrable on [0, co[, 

prove that f is Lebesgue integrable. 
25. Let/be a nonnegative measurable function. Show that 

JI= sup J p, where supremum is taken over all simple functions 

p, 0 ~ p E;;;f. [Hint: Use Theorem IV-11.1.) 
26. Under the hypothesis of Theorem 6.6, show that 

!! J lfn I =O. 

[Hint: I In - I I E;;; 2g, for each n and Theorem 6.6 applied to 
(f,,-/) gives the result.] 

27. Prove for each of the functions/: [O, I]-+ R. defined as below, 
that the improper Riemann integral exists while the Lebeigue 
integral does not: 

{ 
1 . I 

-sm-

" " (a) /(x)= 
0 

{
(- l)"n 

(b) /(x)a O 

if""" 0 

if x=O. 

if 1 1 
n+l <x ~n 

if X=O. 



VI 

Differentiation and Integration 

In Riemann theory of integration it is known that differentiation and 
integration are inverse operations of each other in the following 
sense.: 

1. If f is a R.jemann integrable function over [a, b], then its 
indefinite integral 

F(x) = !R. J: /(t) dt 

defines a continuous function on [a, b]. Furthermore, if/ is continu­
ous at a point x0E[a, b], then F is differentiable there at, and 
F(xo) """/(xo). 

2. If/ is Riemann integrable over [a, b] and if there is a di1f'eren­
tiable function Fon [a, b] such that F'(x) = f(x) for xe[a, b], then 

!R. J: f(t) dt = .F(x)-F(a), vxE:[a, b]. 

(This result is usually referred to as the Fundamental Theorem of 
Calculus.) 

The present chapter deals with similar types of interrelation between 
differentiation and Lebesgue integration. 

1 DINI DERIVATIVES 
In discussiq the di1f'erentiation of an indefinite Lebesgue in~gral 

we shall have to take explicit care of the fact that a continuous func­
tion does not necessarily possess a unique derivative everywhere. By 
various ingenious methods, it is possible to construct nowhere diffe­
rentiable continuous functions (cf. Appendix II). 

For a function/ which fails to possess a derivative in the ordinary 
sense, i.e., when the increment ratio 
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f(x+h)-f(x) 
h 

does not tend to a unique limit as I h I -+ 0, we make use of the 
following four quantities known as Dini derivatives: 

D+f(x)= lim f(x+h)-f(x) 
h-+O+ h 

(upper right derivative) 

D+f(x)= fun f(x+h)-f(x) 
h-+0+ h 

(lower right derivative) 

D-f(x)= lim f(x+~-f(x) 
h-+O-

(upper left derivative) 

D f( ) _ 1. f(x+ h)-f(x) 
- x - tm h 

h-+0-
(lower left derivative). 

We may easily prove, by using the definition, that: 
1. The Dini derivatives always exist (finite or infinite) for any 

function/, and satisfy 

D+f(x) ~ D+/(x), D7(x) ~ D_f(x) 

2. If D-f(x)=D-f(x), then the common value, written Df(x), is 
just the left-hand derivative off at x; and similarly, if D+f(x);, D+f(x), 
then the common value, written Df(x), is just the right-hand deriva­
tive off at x. In general, Df(x) ~ Df(x) and if f has the derivative at 
x, then Df(x)=Df(x); andoonversely. Thus, the function/ is differenti­
able at a-point if and only if all four Dini derivatives thereat are 
identical and different from ± oo. 

3. 

4. 

l!_f(x)= -D(-f(x)). 

~ D(f+g)(x) ~ Df(x)+Dg(x) 

l Q(f +g)(x) ~ .Pf(x)+Eg(x). 

Now, we give examples of functions along with their Dini 
derivatives. 

1.1 Examples 

1. Let/: R~R be defined by/(x)=lxl. ThenD:f(O)=D+/(O)o::l 
and D-/(0)= D-f(O)= -1. As such D/(0)= -1 and D/(0)= 1. 
Consequently,/ is not differentiable at-x = 0. 
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2. Let f: R -+ R be defined by 

1 xsin(!) ifx>O 

f(x)= 0 if x•O 

l x sin ( ! )+4x if x < O. 

Then D+j(O) • l, D+f(O) • - 1, D-f{O) = S and D-fCO) • 3. 

3. Letf: R-+ R be defined by 

/(x)-{ 
0
x sin ( ! ) if x 7' 0 

if x=O. 

Then D+j{O)=D-f(O)• land D+/(O)=D-fCO)""' -1. 

4. Let/: R-+ R be defined by 

{ 
x {I +sin (log x)} if x >0 

f{x)- O if x=O 

x+ v -x sin2 (log x) if x < 0. 

Then D+j(O) = 2, D+/(O) = 0, D-f(O) • l and D-/CO) = - co. 

S. Letf: [O, l]-+ R be defined by 

{ 
0 if x is rationals 

f(x)= 1 
if x is irrational. 

Then D+ f(x)• co, D-fC.x)= -co and D+f(x)•O=/J-f(x), if xis 
rational; D+f(x)•O=D-fCx), D-f(x)= co and D+f(x)• - co, if 
x is irration&l. 

Next, we establish the measurability of lower and upper derivatives 
of a function. 

1.2 Theorem. If f la any function on an intenal I, then Di and D f 
are metl8U1'abe functions. -

Proof. It is sufficient to prove that the set l(Df > ac) is measurable 
for any real number ac. Consider, for a real number oc, the set 

A.• {xel, Df(x) > ac}. 
Corresponding to each pair of positive integers m and n, we denote 
by A.,,.,, the union of all intervals [x1, xa] which are subsets -of I and 
have the properties 
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and 

ao oo 

Clearly, the set Amn is measurable and so is the set U n A,,,n. 
n-1111-l 

Let cEA. Then 3 an integer no such that Df(c) > a.+(1/no). 
Therefore, corresponding to each value of m, there exists a point x• 
of I satisfying 

0<\x*-cl<...!... m 
co co 

and f(x*).-f(c) > «+...!.... 
x -c no 

Then cE U n Amn, as the closed interval [c, x*] is, contained in 
n-1 m=l 

Amno• whence cEAmno for each m. This further concludes that 
co co 

Ac U n Amn. 
n-1 m=l 

co co 
To get thereverseinequality, letcE U n Amn. Then there is an 

n=I m-1 

"" no such that cE n Amno• whence cEAmno for all m. This gives, corres-
m=I 

ponding to each m, an interval [xh x2] such that xi ~ c ~ x2, 

I x2-x1 I<_!_ and /(x2)-/(xi) >a.+...!.... (1) 
m x2-x1 no 

Suppose x1 < c < x2. Then, in view of (1), at least one of the 
following two must be true: 

(a) /(x1)-/(c) > «+..!..... 
xi-c no 

(b) f(xi)-f(c) > «+...!.... 
x2-c no 

Further, by (l) we see that if x2 = c, then (a) is true; and if xi= c, then 
(b) is true. In either case, there exists a number x in I for which 

1 f(x)-f(c\ 1 
0<\x-c\<- and 1 >«+-' m x-c no 

1 
so that Df(c) ~a.+-> a.. Thus cEA. Hence 

no 
co co 
U n AmnCA, 

11=1 m-1 

and so A is a measurable set. This proves that 1Jf is a measurable 
function. Similarly, it can be proved that D f is also a measurable 
function.I -
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1.3 Corollary. If/is a d(fferentiablefunction on an interval I, then/' 
is measurable on I. 

Problems 

1. "Let/: Ja, b[-+ R be a bounded nondecreasing function. Then 
show that the set {xEJa, b[: D+j(x) = ex>} is of measure 7.Cl'o. 

2. Let f : Ja. b[ -+ R be a bounded nondecreasing function and let 
0 < at < fJ. If Arx = {x: D-f(x) < at} and Bfj = {x: D+f(x) > fJ}, then 
show that m(Arx n Bfj)..;. 0. 

3. Evaluate the Dini derivatives at x = 0 of the function given by 

r ax sin2 ( ! ) +bx cos2 ( ! ) 
f(x)= ~ 0 

if x>O 

if x-o 

l 4'x sin2 ( ! )+b'x cos2 { ! ) 
where a< band a'< b'. 

4. Give an example of the functions f and g for which 

D+(/+g) ::/: D+J+D+g. 

[Hint: Consider /(0)-0, f(x)= x for xE Q., f(x)"" -x for 
x ~ Q.; and g= -f.J 

2 DIFFERENTIATION OF MONOTONE FUNCTIONS 

2.1 Definition. Let EcR. A collection ,!J of intervals is said to be a 
Vitali cover of the set E if for each xEE and each E > 0, there exists 
an interval IE.!J with xE/ and 1(1) < E. 

2.2 Example. Let {rn} be the enumeration of the rationals in [a, bj. 

Then the collection {/n.1} where ln,1= [rn- : 'rn++]. n, iENforms 

a Vitali cover of [a, b]. 

2.3 Lemma (Vitali's Covering Theorem). Let E be a aet of finite 
outer measure and ,!J a collection of intervals which cover E in the se118e 
of Vitali. Then given E > 0, there is a finite disjoint collection 
{Ii. /z, ... , IN} of intervals in .!J such that 

m*{E- U 1t)<E. 
1-1 
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Proof. We may assume, without any loss of generality, that each 
interval in .5 is closed; for otherwise we replace each interval by its 
closure and observe that the set of the endpoints of Ii, h, ... , IN 
has measure zero. 

Let 0 be an open set such that O~E and m*(O) < m*(.E)+ 1 < oo 
(cf. ID-2.14). Since .5 is a Vitali cover of E, we may assume that each 
interval in .5 is contained in O; otherwise we could discard from .5 
all those intervals which extend beyond 0 and the remaining inter­
vals in .5 still form a Vitali cover of E; for if xEE, then for some 
e > 0 there is a neighbourhood N(x, 2E)C0 and there is an interval 
IE.5 such that xEI, 1(1) < E, and hence /cO. 

We now choose, by the method of induction, a sequence {I.} of 
disjoint intervals from .5 as follows. Let /1 be an arbitrary interval of 
the family .5 and let 111 be the least upper bound of the Jengths of the 
intervals in .5 which do not have any point in common with 11• Note 
that 111 < oo since 111 E;; m(O) < oo. We then choose h, an interval 

from .5 which is disjoint from Ii. such that /(h) > ~ '111. Let 112 be the 

least upper bound of the lengths of the intervals in .5 which do not 
have any point in common with either /1 or /2, and note that 112 < oo. 
Choose /3, an interval from .5 which is disjoint from /1 U 12, such that 
/(/3) > 112/2. In general, having already choosen n disjoint intervals 
/1, /2, ..• , I., we denote by 11. ( < oo) the least upper bound of the 
lengths of the intervals in .5 which do not have any. point in 

• 
common with U 11, and choose I.+1 to be an interval from .5 such 

l=l 

that it is disjoint from the preceding intervals and l(I.+1) > 11./2. If 
• 

for some n, the set U 11 contains almost every point of the set E, 
l=l 

the lemma is proved; otherwise we get an infinite sequence {I.} of 
intervals from .5 such that 

{ 
I,nIJ'•tfo, i=Pi 

l(ln+i) > ~' 11. < oo, n = 1,2,3, ... 

Observe that {11.} is a monotonic decreasing sequence of nonnegative 
real numbers. 

"° Since U I.co, we have 
•=1 

"° ,!;_ l(I.) E;; m(O) < oo. 
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Thus, for a given E > 0, there is an integer N such that 

Write 

co E 
~ 1(1,.)<-· 

·-1V°+l 5 

N 
J•E- U /,.. 

•-1 
The lemma will be proved if we establish that m*(J) < •· Let xeJ. 

N N 
Then x~ U /,.. Since U /,. is a closed set not containing x, we can 

n-1 n-1 

find an interval I in .J such that xEI and 1(1) so small that I does not 
meet any of the intervals Ii. 12, ••• , IN, i.e. 

1nI1=t/J, i= 1, 2, .•. , N. 
Thus, we may have 

l(J} ~ "IN< 21(1N+1). 

If the interval I does not meet with IN+1 also, we should have 

1(1) ~ "IN+I• 

If I did not have any point in common with any of the intervals in 
the sequence{/,.}, then we should have 

l(I} ~"In• vn 
which is impossible since 

"In < 2l(ln+1) -+ 0 as n ~ 00. 

As such, I must meet at least one of the intervals in the' sequence 
{/,.}.Let "lo be the smallest integer such that I meets /,.0 • Clearly, 
no> N and 1(1) ~ "lno-i < 21(1no ). Since xel and I has a point in 
common with 1n0 , it follows that the distance of x from the midpoint 

of In. is at most 1(1)+ ~ l(lno) < i 1(1,,J. Thus, if Jn0 is an interval 

concentric with In. such that l(Jno)= 51(111o). we find that xeJ,,.. In 
other words, for every xEJ, 3 an n ;;;a:: N + 1 such that xeJ,. and 
l(J,.) = 51(1,.), and as such 

co 
m*(J) ~ ~ l(Jn) 

•-'N+i 
co 

• 5 ~ l(Jn) < E. 
n=~+l 

This completes the proof of the lemma.I 
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As an application of Theorem 2.3, we have the following significant 
result which generali7.es the result: 'The union of a countable collection 
of intervala is a measurable set'. 

2.4 CoroDary. The union of any collection of intervals is a measurable 
set. 

Proof. Let {/>. : AEA} be a collection of intervals and let 

E= U />.. 
>.e..t 

Denote by .$the collection of all closed intervals J such that Jell 
for at least one AEA. Then .$ is a Vitali cover of E, and it follows 
that for each E > 0, there exists a finite collection {Ji. Ji, ... , Jn} of 
disjoint intervals in .g such that 

m*(E- U J1) < E 
1-1 

=> m*{E- U J,)=o. 
i=( 

But J1cE, for all i. Therefore 

E-[u. J,] u[E- U J,]. 
1-1 1-1 

ao 
Hence the measurability of E follows from that of U J, and 

1-1 
ao 

E- U J,-1 ,_, 
2.5 Theorem (Lebesgue's Theorem). Let f be an increaaing real-valued 
function defined on [a, b]. Then/ is d;fferentiable a.e. and the deriva­
tive/' is measurable. Furthermore, 

J: f'(x) dx ~f(b)-f(a). (2) 

Proof. Let us first prove that the points of the open interval ]a, b[ 
at which not all the four Dini derivatives are equal form a set of 
measure zero. Since 

D+fl.x) ~ D+f(x) and D-fl.x) ~ D-J(x), 

it is sufficient to show that each of the following four sets of points 
of ]a, b[ is of measure zero: 

A. .. {xE]a, b[, D-/(X) < D+f(x)} 
B={xE]a, b[, D+/(x)< D-f(x)} 



Differentiation and Integration 117 

C={xe]a. b[, D_f(x) < D-f(x)} 
D={xE]a, b(, D+f(x) < D+J(x)}. 

We establish the result only for the set A, and the result in respect of 
the sets B, C and D can be proved similarly. 

Define, for given rationals, u and o with u < o, the set 

A,,,.,= {xE]a, b[: D-f(x) < u < " < Dif(x)}. 

Oearly, A is the union of a countable family {A.,.,} of sets, where u 
and " vary over all rationals. Thus, in order to show m*(A) = 0, it is 
sufficient to establish m•(A,,,.,) .. 0. 

Let m*(A,,,.,) .. ar:. Then given an • > 0, 3 an open set O::::>A.,., such 
that 

m{O) < ar:+•. 
Let x be any arbitrary point of A,,,., since D-/(x) < u, there is an 
arbitrary small interval (intervals) [x-h, x]cO such that 

f(x)-f(x-h) <uh. 
This way we obtain a Vitali cover .5 of A.,,,.,. By Lemma 2.3, there is a 
·finite subcollection {I., 12, •.• , IN} of disjoint intervals in .5 such that 

m*(A.,.,- U 11) < E, 
1-1 

Write 11• [x1 -h1, xd, i -1, 2, ... , N. Then summing over these N 
intervals, we have 

<m(O) 
<u(ar:+•). 

Let y be an arbitrary point of the set 

E•A.,.,n L~ Int (11)]. 

Since D+j'(y) > o, there is a small interval, and hence intervals of the 
form [y, y+k]cl,, for some i• l, 2, ... , N such that 

/()l+k)-f(y) > vk. 

This way we obtain a Vitali cover .g• of E. Again, by ~ 2.3, 
there is a finite subcollection {Ji. J2, ••• , JM} of disjoint intervals in 
.g• such that 

m*(E- U Ji)<•· ,_, 
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Since one can easily verify that m'"(E) > cz - E, it follows that 

m• (En [ 1~1 J1]} > cz-2E. 

If we write Ji- [y1, YJ + k1], j = J, 2, •.. , M, then summing over these 
M intervals, we obtain 

M M 
];1IfCY1+k1)-fCY1>J > "j;1k1 

> v(cz-2e). 

But each J1 is contained in some 11• Thus, for a fixed i, if we sum over 
thos"e j for which .ljc 11, we get 

~utY1+k1)-fCY1)] ~f(x1)-f(x1-h1), 

since f is an increasing function. Therefore, summing the right-hand 
side of the above over i = 1, 2, ... , N, we obtain 

N M 
t..:. [f(x1)-f(x1-h,)] ~ _f-1 [f(yJ+k1)-/(y1)] 

Since this is true for each E > 0, we must have uat ~ vcz. But u < v. 
This implies that cz = 0, and so m'"(A) = 0. 

We have thus established th8t 

( :\_ 1im f(x+h)-f(x) 
gx,-lt+O h 

is defined a.e. in [a, ~]. and that f is differentiable wherever K is finite. 
Write 

1( x+ !)-f(x) 
Kn(X)• I ' 

-n 

and setf{x)=/{b) for x ~ b. Then we note that {gn} is a sequence of 
nonnegative functions, since f is increasing, such that Kn -+ K a.e. 
Moreover,· g is measurable. Hence, by Fatou's Lemma, we have 

Ib K ~ lim fb Kn 
II ;;:+;iO II 

= =n J:[ f{x+~)-f{x)] dx 

.. !! [ n J:+l/n f-n J:+l/n f] 
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= }:![ f(b)-n J:+l/n f] 
:r;;;,f(b)-f(a) 

< <X>. 

This verifies that g is integrable and hence finite a.e. in [a, b]. Conse­
quently f is differentiable a.e. and g .. /' a.e. I 
Remark. Strict inequality holds in Theorem 2.S. 

2.6 Examples 

1. Consider the function/: [O, 11-+ R. given by 

{ 
0 if O :r;;;,-x :r;;;, ~ 

/(x)= 1 
if~< x :r;;;, 1. 

Thenf'(x) = 0 a.e. on. [0, 1]; and 

J: /' =0 < 1 =f{l)-/(0). 

2. The Cantor function r/J satisfies the hypothesis on [O, 1] and in 
addition r/J'(O)- 0 a.e. on (0, I]. Thus 

J: 1/l =O < 1 =r/J{l)-r/J(O). 

We know that equality, in the case of the Riemann integral, holds 
in (2) if/' is continuous in [a, b]. However, we shall obtain equality 
in the case of the Lebesgue integral under conditions less restrictive 
than that a continuity of/', but of course stronger than the hypothesis 
of this theorem, cf. Theorem 4.S. 

Problem S. Show by an example that the condition 'f is an increasing 
function in Theorem 2.S' is necessary. 

3 FUNCTIONS OF BOUNDED VARIATION 
In this section, we introduce functions of bounded variation. The 

reason for introducing such functions here is that they are related to 
the derivatives of Lebesgue integrals. These functions are essentially 
the dift'erences of monotone functions (cf. Theorem 3.2); and we, in 
fact, extend the Lebesgue Theorem .on differentiability of monotone 
functions (cf. Theorem 2.5) to the class of functions of bounded 
variation in § 4 which is Jarger than that of pionotone functions. 
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3.1 Definition. A function/ defined on an interval [a, b] is said to 
be of bounded variation if· there ii' A. oonstant K > 0 such that for 
every partition 

~-{a-=xo <xi< ... < x, < ... < x .... b} 

of [a, b], we have 
n 
~ I ft.x,)-f(x1-1) I ~ K. 

In fact, the variation of a function/ defined on [a, b] with respect 
to a partition P of [a, b] is given by 

P!u; P) • f I ft.x,)-f(x1-1) I . 
t=1 

and the total variation off on [a, b] by 

T!(f) =sup P!{f, P). 
p 

The total variation T!{f) may be finite or infinite. It follows from 
Definition 3.1 that f is of bounded variation on [a, b] if and only if 
T!(f) < 00. 

Further, let/be defined on R.. Define 

~(/) = lim T°_a(n. 
a-+oo 

tf ~.(/) < oo, then/ is said to be of bounded variation on R. 
We now give a few simple observations with regard to the functions 

of bounded variation. 
(a) A. bounded monotone function is a function of bounded variation 

and 

T!Cf) ... l/Cb)-/(a) I . 
(b) .A. function of ·bounded variation is necessarily bounded, but 

not conversely. 

Let xE[a, b] be arbitrary. Then 

I /Cx)-/Ca) I + I ft.b)-f(x) I ~ T!U> 
=> l/(x) I ~f(a)+T!(f). 

For the converse, consider a function/: [O, ll-+ R given by 

{ 
x sin(!!..) 

f(x)-= x 

0 

if x=FO 

ifx-o. 
(3) 
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The function/is clearly bounded. To show that/ is not of bounded 
. . "de . . { 1 2 2 2 2 o} variation, conSJ r a partition , T• S' 1' ... , 2n+l' of 

[O, 1], n being a positive integer. For this partition, we have 

11c1>-1(~)1+11(~)-1( ~)I+ ... +11(2n~ 1)-1co> I 

= ~ +(~ + ~ )+ ".". +(2n~I) 
( 1 1 1 1 ) =4 3+5+7+ ... +2n+l . 

S. ~ 1 . di . tial (1 1 1 mce t' 2n + 1 1s vergent, its par sum 3 + 5+7 + · . . + 

2n ~ 1) is not bounded above. Hence TJ(f) = oo. 

(c) A.function of bounded variation need not be continuous. 
Consider the function f: · [0, 2] -+ R defined by f(x) = [x], where 

[x] denotes the greatest integer not greater than x. Here f is a funo­
tion of bounded variation but not continuous in [O, 2}. 

{d) A. continuous/unction need not be of bounded variation. 
The function/ defined in (3) is continuous on [O, 1] but not of 

bounded variation. 
(e) If/ and g are two /unctions of bounded variation on [a, b] and 

.\ is a constant, then >../and f + g are functions of bounded variation on 
fa, b]. Furthermore, 

T!(f + g) ~ T!(f) + T!(g) 

and 

T!CA/) =I >.. I T!{f). 
Let P•{a=Xo < X1 < ... < Xn=b} be a partition of [a, b]. 

Then 

II 

l". I f(x,) + g(x,)-/{x1-1)- g(x1-1) I 
1=1 

Taking suprema on both the sides over all partitions P of [a, b], and 
noting that 

sup {x+ y : xEA. and yEB} ~ sup {x : xEA.} +sup {y : yEBh 
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we immediately get 1'6,,(f+g) =:;;; T!(f)+Ta(g). This also verifies that 
f + g is a function of bounded variation. 

The other part is an immediate consequence of the definition of 
T!(f). 

Remark. The set of all functions of bounded variation on a given in­
terval [a, bJ, denoted by BY[a, bJ, forms a linear space unlike the set 
of all monotone functions. In fact, the sum of two monotone functions 
need not be monotone, e.g. f(x)=sin x+2x and g{x)=sin x-2x 
defined on [- w, w]. 

(f) If f is a function of bounded variation on [a, b] and c is a point 
of [a, b], then/ is of bounded variation on [a, c[ and [c, b] both, and 
conversely. Furthermore, 

T!(f) = T!(f)+ r:(f). 

(g) f is a function of bounded variation on [a, b], then the function 
'Df: [a, b]-+ R definedby v1 (x)=T! (/) is known as the Yariation 
function. It may easily be verified that 'Df is an increasing function. 

3.2 Theorem (Jordan Decomposition Theorem). A.function f defined 
on [a, b] is of bounded variation if and only if it can be expressed as a 
difference of two monotone increasing functions (real-valued) on [a, b]. 

Proof. Let f be of bounded variation on [a, b]. Define g and h by 

{ 
g= ~ ('D/+f) 

h= ~ (vf-f), 

so thatf=g-h. 

Now, if xi. x2 is any pair of points in [a, b] with x2 > xi. then 

{ 
g(x2)- g(x1) = ~ [{'D/(x2)- 'Df(X1)} + {f(x2)-/{x1)}] 

h(x2)-h(x1)= ~ [{v!(x2)-v!(x1)}-{f(x2)-/(x1)}]. 

But,/ being of bounded variation on [a, b], in particular on [x1, xi], 
we have 

I /(x2)-/(x1) I =:;;; T.::</) = 'D/{x2)-o/{x1). 

Hence g(x:i) > g(xi) and h(x2) > h(xi) verifying that g and h both are 
monotone increasing (real-valued) functions. 
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Conversely, iff=g-h, where g and h are monotone increasing 
functions, then for any partition P of [a, b], we have 

n n n ,?; I f(xt)-f(x1-1) I ~ 1~ [g(x1)-g(x1-1)]+ ~[h(x1)-h(x1-1)] 

=g(b)-g(a)+h(b)-h(a) 

=> T!(f) < co. 

Hence/is a function of bounded variation. I 

3.3 Corollary. If f is a function of hounded variation on [a, b], then f' 
exists a.e. on [a, b.]. 

Proof. It follows from Theorems 2.5 and 3.2. I 

3.4 Corollary. If f is a function of bounded variation, then it is 
measurable. 

Proof. By Corollary 3.3, f is continuous a.e: fu [a, b] and the result 
follows by Theorem IV-8.7. I 

Note. The functions g and h in the decomposition of f are called, 
respectively, the positive and the negative variation functions off on 
[a,b]. Also, observe that 

'IJ(x)=g(x)+h(x), xe[a, b]. 

The positive and the negative variation functions of /are, respectively, 
denoted by P!(f) and N!(f). Thus, the positive and the negative varia­
tions off on [a, b] are, respectively, given by~(/) and N':,(f). 
Also 

T!(f) = />!(!) + N':,(J). 

3.5 Theorem. Let f be a function of bounded variation on [a, b]. 
Then f is continuous at a point in [a, b] if and only if its variation 
function 'Of is so. 

Proof. Let/ be continuous at a point x• in [a, b]. Then for each 
e > 0, there exists a 3 > 0 such that 

j/(x)-/(x*) I< ;,for I x-x* I< 3. 

By the definition of T!.(f ), 3 a partition 

P={x•=xo <xi < X2 < ... < Xn=b} 
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of ex•, b] such that . -" . 
~ l.ftx,)-.ftx1-1) I > :IitJ(f)--,;· 

Assume that the first int.erval, i.e. [xo, x1] in P is of length less than 
3, otherwise it could be made so by introducing an additional point 
between Xo and xi. which of course would not decrease the sum on 
the right of the above and, as such, the above inequality would still 
remain valid. Therefore, 

-" . . 
:iitJ(f)--2 < //(x1)-/(xo) I+ E lf(xi)-f(x1-1) I 

<f +T!i(f) 

T!·(f)-T!i(f) < • 
T"~)< •. 

1-2 

In other words, 

11/(x1)-VJ{x*) < •, O < xi-x• < 3 

Similarly 

lim 11/(x) = vJ(x*). -·-o 
Hence, "I is continuous at x•. 

Conversely, if the variation flmction "'is continuous at a point x• 
in [a, b]. to each • > 0, 3 a 3 > 0 such that 

I "llx)- •1(x•) I < •, for I x -x• I < 3. 

The result now follows from the fact that 

I f(x)-f(x*) I ~ I vJ(x)- llJ(x•> I .1 

3.6 Corollary. ..4. continuous function u of bounded variation if and 
only if it can be expreased Q8 a dVference of two continuoua monotone 
incre08ingjunctiona. 

Proof. It follows from Theorems 3.2 and 3.5. I 

Remark. J.f f is a continuous function of bounded variation, it may 
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also be expressed as the di1ference of two monotone increasing func­
tions which have discontinuities (even countably many), e.g. 

f=(g+k)-(h+k}, 

where k is an increasing function having discontinuities. 

Problems 

6. Show that the function f: [O, l] -+ R defined by 

{ 
...... ( 1 ) ""'-sm -

f(x)= 0 x' 
ifO < x ~ 1 

if.,x=O. 

is of bounded variation if ot > {J but not if ot ~ {J. 

7. Let/be defined by/(0)=0 and/(x)=x2 sin(~) for x¢0. Is 

/ofboundectvariation on [-1, l]? 
8. Show that the function/: [O, l] -+ R defined by 

{ ("x) xcos -
f(x)- O 2 

ifO < x ~ 1 

if x=O 

is continuous but not of bounded variation on [O, l]. 
9. Show that a step function defined on [a, b] is of bounded varia­

tion on [a, b]. 
10. Let {f,,} be a sequence of functions defined on [a, b}. If In -+ f 

on [a, b], then T!U) ~ lim T!(f,,). 
11-t<X> 

11. Let/ be a function of bounded variation. Prove that the set of 
points of diseontinuity off is countable. 

4 DIFFERENTIATION OF AN INTEGRAL 
Hf is an integrable function on an interval [a, b], then/ is integr­

able on any interval [a, x]c[a, b]. The function F given by 

F(x)= J: f(t) dt+c, 

where c is a constant, called the indefinite integral off. 

4.1 Theorem. Let/ be an integrable function on [a, b]. Then the 
indefinite integral off is a continuous function of bounded 1'ariation on 
[a, b]. 
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Proof. Let x0 be any point in [a, b]. Then 

I F(x)-F(xo) l= I J:, f(t) dt I 

=s;; I J:. lf(t) I dt I· 

But/being integrable, the function If I is integrable over [a, bJ, (cf. 
V-6.2). Therefore, given E > 0, there is a 8 > 0 sue~ that for every 
measurable set Ac[a, bJ with m(A) < 3, we have (cf. V-5.10) 

L111 <E. 

In particular 

\J:.lf(t) I dtl < E, for I X-Xo I <3. 

Hence I F(x)-F(xo) I< E, whenever I X-Xo I< 8. This proves the 
continuity of Fat xo, and hence in [a, b]. 

In order to establish that F is a function of bounded variation, let 

P={a=xo <xi< x2 ••• < Xn=b} 

be a partition of [a, b}. Then 

f. I F(x,)-F(x1-1) I = f. I f"' f(t) dt I 
t='i 1=1 "1-1 

=s;; t I"• l/(t) I dt 
l=J "•-1 

-J: I/Ct) I dt 

=> .T!CF)= J:1fl1> I dt < oo. 

Hence the result follows. I 

4.2 Theorem. Let/ be an integrable/unction on [a, b]. Q' 

f: /(t) dt.,. 0, 

for allxE[a, b], then/=0 a.e. in [a, b]. 

Proof. Let if possible,/#:0 a.e. in [a, b]. Suppose/(t) > 0 on a set 
E of positive measure. Then there exists a closed set F c E with 
rn(F) > 0. Put A ... ]a, b[ - F. Then A is an open set and we have 
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o-J:/(t)dt=Lu,, /(t)dt-L f(t)dt+J,, f(t)dt 

=> Lf(t)dt- -J,,f(t)dt. 

But f<.t) > 0 on F with m(F) > 0 implies 

f F f(t) dt::/=0 

Theroforo 

J" f(t) dt:FO. 

Now, A being an open set, it can be expressed as a union of count­
able collection {la,., b,.[} of disjoint· open intervals. Thus 

o.;J /Ct) dt=~ J6 
• .f(t) dt 

A II "• 

Jb. 
"• f(t) dt::/=O for some n 

either J:· /(t) dt=!=O or J:· /(t) dt.;O. 

In either case, we see that if f is positive on a set of positive measure, 
then for some xE[a, b] wo have 

J:/(t) dt:;.60. 

Similar assertion is obtained if/ is negative on a set of positive mea­
sure. Hence the result follows by contradiction. I 

4.3 Theore-. Let f be , a bounded and measurable function defined 
on [a, b]. If 

F(x)= J:/(t) dt+F(a), 

then F'(x)=/(x) a.e. tn [a, b]. 

Proof. Since/is bounded and measurable, it is integrable (cf. IV-
2.1 ). Therefore, in view of Theorem 4.1, Fis a continuous function of 
bounded variation on [a, b] and hence F exists a.e. in [a, b], 
cf. Corollary 3.3. Let I I I ~ K. Set 

'" 1 ) F(x+h)-F(x) 
Jll\x = h • 
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with h • .!.. Then n 
1 Jz+lt 

f.(x) = h " f(t) dt 

If.I ~K. 
Also,/.-+ F' a.e. If cE[a, b] is arbitrary, then the Bounded Conver-

gence Theorem (cf. V-4.7) implies that 

Ic F'(x) dx= Jim Jc f .(x) dx . - . 
1 Jc ... ~Ii ,.£Etx+h)-E{x)]dx 

.,. ~ [ ! J:+" E{x) dx- ! J:+" E{x) dx]. 

But F being a continuous function, we note that 

and similarly 

Thus 

I Jc+lt 1 Jc+h lim-h E{x) dx = Iim-h !R. E{x) dx 
11+0 c ~ a 

= ~ ~ E{c+9h), 0 < 9 < 1 

-=E{c); 

I 1•+" ~Ii 
0 

F(x) dx•E{a). 

J: F'(x) dx=F(c)-F(a)• J: /(x) dx 

J: [F'(x)-f(x)) • O. 

Thia is true for all c in [a, b]. Hence, by Theorem 4.2, we have F' •/ 
a.e-1 

Note that in Theorem 4.3, the fUnction considered is bounded and 
measurable. We extend it, in the following theorem, to any measur­
able function which of course is integrable. 

4.4 Theorem. Let f be an integrable function on [a, b], and suppose 

F(x) = J: f(t) dt+F(a). 

Then F'(x)•f(x) a.e. in [a, b]. 
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Proof. We may assume, without any loss of generality, that f ~ 0. 
Define a sequence {/11} of functions/,.: [a, b] ~ B., where 

{ 
/(x) if f(x) ~ n, 

/.(x)= 
n if /(x) > n. 

Clearly, each J. is a bounded and measurable function and so, by 
Theorem 4.3, we have 

! J: /,. = f,.(x) a.e. 

Also,/-f,. ~ 0 for all n, and, therefore, the function G,. defined by 

G.(x) = f: (/ -/11) 

is an increasing function of x, wh,ich must have a derivative almost 
everywhere, cf. Theorem 2.5; and this derivative would, clearly, be 
nonnegative. Thus, from tho relation 

F(x.) = J:/(t) dt+F(a)= G.(x)+ J: J. (t) dt+F(a), 

it follows that 

F'(x) = G~x) + f,.(x) a.e. 
;;;i:: f,.(x) a.e., vn. 

Since n is arbitrary, we have 

F'(x) ;;;i:: f(x) a.e. 

=> J: F'(x)dx ;;;i:: J:/(x)dx-=F(b)-F(a). 

Consequently, in view of Theorem 2.5, we get 

J: F'(x)dx=F(b)-F(a) 

= J:f(x)dx 

~ J: {F'(x)-f(x)} tlx = 0. 

Since F'(x)-/(x) ~ 0, this gives that F'(x)-f(x)=O a.e., and so F'(x) 
=/Cx) a.e.I 

Remarks 
1. An indefinite integral need not be dift'ereiltiablo everywhere, and 

even· if it is dift'orentiable, it need not follow that F' =/everywhere, 
cf. Examples 1 and 2 in 4.5. 
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2. The condition F' = f a.e. is not sufficient to ensure that F is an 
indefinite integral of/. Consider for instance examples In 2.6. 

4.5 Examples 

1. Consider the function/: [0, 2] -+ R given by 

Then 

f 1 if O:E;;x:E;;l 
f(x)= 2 

if 1<x:E;;.2. 

JJt { JC if 0 :E;; JC :E;; 1, 
F(JC)... f(t) dt = 

0 2x- l if 1 < x E;; 2. 

Here F defines a function which is continuous but not differen­
tiable in (0, 2]. In fact, Fis not differentiable at JC ... 1. 

2. Consider the function/: [0, 1] -+ R given by 

{ 
.!. if JC=p/q 

f(x)= q 

O if otherwise. 

Then 

F(x)• J:f(t)dt=O. 

Here F defines a function differentiable in [0, 1]. However, 

Jilx) ::/= f(x) for x • p/q in [0, 1). 

Problems 

12. "If f is the greatest integer t'unction and Jilx) .. J:/(t) dt, determine 

F on [O, 5] and verify that F'(x) = fC.x) a.e. in [O, 5]. 
13. Let 

if x is rational 

if x is irrational. 

If Fis as in Problem 12, then verify that F'(JC) = f(x) a.e. in [O, 1]. 

5 LEBFBGUE SILTS 
In this· section, w~ obtain interesting properties of integr~ble func­

tion which of course will not be used in the book but are of importance 
in applications. 



Differentiation and Integration 191 

5.1 Definition. Let/be an integrable function on [ab]. A point x in 
[a, bJ is said to be a Lebesgue point of/if 

1 Ix+h 
~Ii x lf(t)-f(x) I dt=O. 

5.2 Theorem. Let x be a Lebesgue point of the function /. Then the 
indefinite integral 

F(x)= J:t(t) dt+F(a) 

is differentiable at the point x, and F'(x) =f(x). 

Proof. Since x is a Lebesgue point of/, by Definition 5.1, we have 

Jx+h 
lim I f(t)- f(x) I dt = 0. 
h-+O x 

It is easy to show that 

F(x+h)-F(x) -f(x)=..!_fx+h {f(t)-f(x)} dt 
h h x 

=> I F(x+~-F(x) _f(x)j ~ ~J:+h I f(t)-f(x)jdt. 

This proves the theorem.I 

Remark. The converse of Theorem 5.2 may not be true in general. 

5.3 Theorem. Every point of continuity of an integrable function f is 
a Lebesgue point off. 

Proof. Let/be continuous at x0• Then, for every E > 0, there is a 
8 > O.such that 

lf(t)- f(xo) I< E, for I t - xo I < 8. 

For I h I < 8, we have 

I Jx+h h x {j(t)-f(X)} < E, 

and the theorem is proved.I 

5.4 Definition. The set of all Lebesgue points in [a, b] off is called 
the Lebesgue set of the function/. 
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6 ABSOLUTELY CONTINUOUS FUNCl10NS 
We now introduce a special class of functions of bounded variation, 

namely, the class of absolutely continuous functions. This class is 
important for a number of applications and helps to obtain results 
already proved under less stringent conditions. In particular, as we 
shall see in the next section, it characterises the class of indefinite 
integrals. 

6.1 Definition. A real-valued function/ defined on an interval [a, b] 
is absolutely continuous on [a, b], if for each e > 0 there exists a 8>0 
such that 

n 
'E lf(xO-f(x1) I< e, 
1-1 

for every finite pairwise disjoint collection Ox1, x~ [: i= 1, 2, .•. , n} of 
n 

open intervals in [a, b] with ~ Ix' - X1 I < e. 

Remarks 
1. Every absolutely continuous function is uniformly conti­

nuous, as may be seen by choosing a single interval ]x, x' [c[a, b]. 
However, a uniformly continuous function need not be absolutely 
continuous; for example, the Cantor function is uniformly continuous 
in [O, I] but not absolutely continuous. The function f in Problem 6 
for « = J1=1) is also an example of a continuous function which is 
absolutely continuous. 

2. In Definition 6.1, we may replace 'finite' with 'countably infinite'. 
In fact, suppose that given any e > 0, there is a 8 > 0 such that 

n 
'f'. I f(xf)-f(x1) I < e' < e, 
l-1 

for any finite collection {]x1, xm of pairwise disjoint intervals of total 
length less than 8. Consider any countably infinite collection of 
pairwise disjoint intervals Jy1, y~[ c[a, b] of total length less than 8. 
Then, obviously 

n 
'E lf(1D-/(y1) I< e', 
1-1 

for every n. Hence, lettingn ~ oo, we get 
00 

~ Jf(y~) - f(y1) I ~ e' < E. 

6.2 Theorem. q f is absolutely continuous on [a, b], then f is of 
boundedvariation on [a, b]. 
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Proof. For E·= 1, there is a 8 > 0 such that for every finite collection 
{]x1, xff, ia:: 1, 2, ••• , n} of pairwise disjoint intervals in [a, b] with 
n 
~r lx;-x, I< 8, we have 

n ' f.;1 lf(x1)-/(x,) I < 1. 

Select a natural number 

b-a 
N>-8-. 

Divide [a, b] by means of points 

c=co < ci < C2 ••• < CN=b 

such that Cj-CJ-l < 8, forj ... 1, 2, •.. , N. Therefore, for every finite 
collection {]x1, x~[} of pairwise disjoint subintervals in [c1-i. c1]. we 
have 

1:1/(x;)-/(x,) I< I 
I 

~~-1(/) ~ 1,j= I, 2, ... , N. 

Hence 
N 

J'!(f)= 'E r;1 (/) ~ N <co, 
}=I l""'l 

and this proves that/ is a function of bounded variation.I 

Note The result in Theorem 6.2 does not hold good when a or b is 
allowed to be infinite. 

6.3 Corollary. If f is an absolutely continuous function, it hos a deri­
vative almost everywhere. 

Proof. It follows from Theorem 6.2 and Corollary 3.3.I 

Remark. The converse of Theorem 6.2.need not be true. There are 
functions of bounded variation which are not absolutely continuous; 
one such function is the Cantor function, cf. II-10.6. 

6.4 'Dleorem. Let/ be a/unction of-bounded variation on [a, b]. Then 
f is absolutely continfl!)US on [a, b) if and only if the var.iation function 
11J',given by vJ(x).,,. T!(f), .is.abaolutely cont'lnuous on [a, b]. 
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Proof. The absolute continuity of v1 clearly implies that of f since 
I /(x,)-/(xf-.1) I :o;;;; VJ(x,)- OJ(x,_1) for a <:; x1-1 < x, < b. 

On the other hand, assume f to be absolutely continuous. Then 
given an E > 0, there exists a 8 > 0 such that, for any finite collection 
C = Qx1, ~[. i= I, 2, .•. , n} of pairwise disjoint intervals in [a, b] with 

n 
~ I x;-x, I < 8, we have ,_, 

n 
~ lf(xO-/(x1) I < E, 

For each i, let 

P1={x,-a~ <di< d2 < ... < a~,=xi} 

be a partition of [x1, x:J. Since 

n m, 1 n 

~ ~ I a1-"1-1 I = ~ I x;- "' I < 8, 1:1 J-1 r-1 

we have 

Fixing the collection C but varying the partitions P1 of each [x1, x; ], 
we have, upon taking the supremum over all such partitions P,, 

..;._ r/(/)<E 
~ "' 

This proves v1 is absolutely continuousl 

6.S lbeorem. q f and g are absolutely continuous functions on [a, b] 
and .\ is any constant, then so are the functions: (i) f +g; (ii)>./; 
(iii)fg; and (ir)f/g(g ¥i 0). 

Proof. The proof is an immediate consequence of Definition ti. I and 
the obvious properties of absolute value.I 

Note. From Theorems 6.2 and 6.S together with the remark that 
follows Theorem 6.2, we note that the set of all absolutely continuous 
functions on [a, b] is a proper subspace of BY[a, b], the linear space 
of all functions of bounded variation on [a, b]. 
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6.6 Theorem. q f is absolutely continuous on [a, b] and f' = 0 a.e., then 
fis a constant/unction. 

Proof. Let cE[a, b] be arbitrary. Then it is enough to prove that 

f(c)=f(a). Let E= {xE[a, c]:/'(x)=O}. Then Ec[a, c]. 

Let E and 11 be arbitrary positive numbers. Then, each xEE is the 
left endpoint of an arbitrary small interval [x, x+h]c[a, c] such that 

lf(x+h)-f(x) I< Yih (h > 0). 

Thus, the set of all such intervals forms a Vitali cover of E. From 
among these intervals, by Lemma 2.3, we can choose a finite collecti_pn 
{[x1,yd: i= 1, 2, ... , N} of pairwise disjoint intervals which covers all 
of E except for a set of measure less than 8, where 8 > 0 is the number 
corresponding to E > 0 in the definition of the absolute continutiy 
off. If we label x, so that x1 ~ X1+i. we have 

Yo= a::;; XJ < Y• ~ X2 < Y2 ••• < YN ~ C=XN+t· 

Also, the complement of the union of these intervals is again the union 
of a finite number· of disjoint intervals {]y,, X1+1[:i = 0, 1, ... , N}. Their 
combined length is not greater than 8, i.e. 

N 

~I X1+1-y1 I< 8. 

Now, we note that 
N N 
'E I f(y,)- f(x1) I ~ 11 'E {y,- x,) ,_, 1-1 

< "ll(c-a), 

by the way the intervals {[x,, y,]} were constructed; and 
N 

~ I f(x1+1) - f(y,) I < E, 

by the absolute continuity off. Hence 
1( N 

lf<c)-f(a) I = I~ [/(X1+1)-f(y1)}+ ~1 LJty,)-/(x,)] ! 

~ E+(b-a). 

Since E and 11 are arbitrary positive numbers, the result follows by 
letting E ~ 0 and 11 ~ O.I 

6.7 Corollary. q the derivatives of two absolutely continuous functions 
are equivalent, then the/unctions differ by a constant. 
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Problems 

14. Let/ be defined by /(0) = 0 andf(x) = x2 sin (1/x) for 0 < x ::;;; 1. 
Then prove that f is an absolutely continuous function. 

1 S. Work out an example of a function which is continuous and 
monotone but not absolutely continuous. 

16. Show that if/ is nonnegative and absolutely continuous function 
on [a, b], then so isf' for p ~ 1. 

17. Let/ and g be absolutely continuous functions on [a, b}. Is fog 
so? Justify. 

18. Let/be defined on [O, l}. Show that f need not be absolutely 
continuous on (0, ll even if f is so on [ e, 1) for every e > 0 and 
continuous at 0. 

19. Show that an absolutely continuous function/ defined on [a, b] 
transforms: 
(a) sets of measure zero into sets of measure zero; and 
(b) measurable sets into measurable sets. 

20. A function/ is said to be Lipschitziaa (or to satisfy a Upschitz 
condition) on [a, bl if there is a constant K such that 

I f(x)-f(t) I ::;;; KI x- t I , for all x, tE[a, b]. 

Show that if /is Lipschitzian on [a, b], it is absolutely continu­
ous on [a, b]. 
[Hint: With e > 0 given, take 8 = e/K in Definition 6.1.] 

21. A monotone function/ on [a, b] is called singular if f' = O a.e. 
Show that any monotone increasing function is the sum of an 
absolutely continuous function and a singular function. 

22. Let/be absolutely continuous on [a, b]. Show that 

T!(f)= J: If' I and P:{f)= J: [f'J+. 

7 INTEGRAL OF THE DERIVATIVE 
We first give a result which is more precise than that in Theorem 4.1 

in regard to an indefinite integral of an integrable function. 

7.1 Theorem. Let f be an integrable function on [a, b]. Then the 
indefinite integral F off is absolutely continuous on [a, b]. 

Proof. Let e > 0 be given. Then there is a 8 > 0 such that for every 
measurable set Ac[a, b] with m(A) < 8, we have (cf. V-5.10) 

L111<•. 
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since the integrability off implies that of I f I . Thus, for any finite 
collection {]x,, xi[: i= 1, 2, ... N} of pairwise disjoint open intervals 

N 
in [a, b] with E (xi - x1) < 8, we have 

1-1 

=> 

N %1 N %1 

~ I I f f(t) dt I :e;;; ~ f ' I f(t) I dt < • 
t:"i "' 1:1 "' 
N 

'r I F(xi)-F(x,) I <•. 
t=\ 

Hence, it follows that Fis an absolutely continuous function.I 

We now prove the converse of Theorem 7.1. 

7.2 Theorem. If Fis an absolutely continuous function on [a, b], then 
Fis an indefinite integral of its derivative; more precisely: 

F(x) = J: /(t) dt + C, 

were/•F' and C is a constant. 
Alternatively, we may state the theorem as: If Fis absolutely conti­

nuous function on [a, b], then F' it integrable over [a, b], and 

J: F'(t) dt = F(x)- F(a)· 

Proof. The function F, being absolutely continuous, is of bounded 
variation, and so we may write 

F=F1-F2. 

where F1 and F2 are monotone increasing functions. Also, F' exists 
a.e. on [a, b] and 

F=Ff.-F2 

=> IF' I :e;;; I Ff I + I F~I · 
This, in view of Theorem 2.5, gives 

=> 

Write 

I: I F I :e;;; f: I Fl I + f: I F~ I 
:e;;; F1(b)-F1(a)+F2(b)-Fz(a) 

<oo 
F' is integrable over [a, b]. 

G(x) ... f: F'(t) dt. 
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Then, by Theorem 7.1, G is an absolutely continuous function on 
[a, b] and so is the function H=F-G. But, it may be noted, in view 
of Theorem 4.4, that 

H'•F'-G'=Oa.e. 

It follows from Corollary 6.7 that His a constant function (say) .A.. 
Hence 

F(x)• J: F(t)dt+.A.. 

Taking x =a, we get A.• F(a). This establishes the result.I 

It follows from Theorems 7.1and7.2 that: .A.function/ is absolutely 
continuous on [a, b] if and only if it is an indefinite integral of an 
integrable/unction on [a, b]. 

Remark. If the restriction that Fis absolutely continuous is removed, 
then F' need not be integrable (Lebesgue) even. 

7.3 Example. Let F: [O, 1] ~ R be a function defined by 

{
x2 sin(;) 

F(x)= 

0 

ifx ::/= 0 

if x=O. 

The derivative F' exists on [O, l] while F is not integrable on (0, l]. 
In fact, 

Note. The class of absolutely continuous functions over [a, b] is 
identical with the class of functions obtained by integrating Lebesgue 
integrable functions over [a, b] except that the corresponding functions 
in two classes differ at the most by a constant. 

As an application of Theorems 7.1 and 7.2, we prove a result on 
integration by parts which is similar to that for the Riemann integral. 

7.4 Theorem. Let/ and g be integrablefunctiona over [a, b]. Suppose 

F(x)• J: f(t)dt+F(a) 
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and 

G(x)• J: g(t) dt+G(a), 

tor all XE[a, b]. Then 

J: F(t)g(t)dt+ J: f(t)G(t)dt•F(b)G(b)-F(a)G(a). 

Proof. By Theorem 7.1, F and G are both absolutely continuous 
functions on [a, b] and hence so is FG, by Theorem 6.5. Using 
Theorem 7.2, we have 

J: (FG)' ... (FG)(b)- (FG)(a) 

= F(b)G(b)-lfta)G(a). 

Also, by Theoi:em 4.4, F' • /a.e. and G' • g a.e. in [a, b], and therefore 

(FG)' •FG' +F'G•Fg+/G a.e. in [a, b]. 

Hence 

J: Jftt)g(t)dt+ J: f(t)G(t)dt=F(b)G(b)-F(a)G(a)I 

7.5 Corollary. If f andg are absolutely continuous functions on [a, b], 
then 

J: f(t)g'(t)dt+ J: f'(t)g(t)dt•fC.b)g(b)-f(a)g(a). 

Proof. Since f and g are absolutely continuous,/' and g' are integr­
able over [a, b]. Also 

/(x)• J: f'(t)dt+f(a) 

and 

g(x) • J: g'(t) dt + g(a). 

The result now follows from Theorem 1.41 



VII 

The Lebesgue L' Spaces 

Many of the classical spaces in analysis consist of measurable func­
tions and most of the important norms on such spaces have been 
defined by integrals. Tho Lebesgue LP-spaces arc among such impor­
tant classes. A complete understanding of these spaces needs a 
thorough understanding of the Lebesgue theory of measure and integ­
ration which we have developed in the preceding chapters. We are now 
fully prepared to introduce the LP spaces. These spaces have remark­
able properties and are of enormous importance in analysis as well as 
its applications. 

1 NOTION OF BANACH SPACES 
Let X be a linear space* over a field of real or complex numbers. 

A norm on X is a real-valued function II· II on X which has the 
properties: 

1. llxll ~o 
and II.xii = 0 <> x= 0, yxeX 

2. llx+ Yll ~ Uxll+llyll, yx,yEX 
3. llat.'tll = I IZ I nxu. yxEX and izER (or C). 

1.1 De8nition. A linear space X equipped with a nonn II ·II on it is 
called a normed linear space or simply a normed space. 

The normed sapce just defined is denoted by (X, 11 ·IO· If no 
confusion is likely to occur, we may denote it simply by X. 

A norm II· II on X defines a metric don X given by 

d (x, y) = llx - Yll· 

*For the definition of linear spaces and their basic properties, one may refer to 
any standard book on Linear Algebra. 
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It is simple to verify, from properties (1)-(3) of the norm, that d does 
define a metric on X. The metric d thus defined is called the metric 
induced by the norm. 

The notion of convergence for sequences and the related concepts 
in normed spaces follow readily from the corresponding definitions 
in metric spaces and the fact that now we have 

d(x, y)=llx-yll. 

1.2 Definition. A sequence {x.} in a normed space X is said to 
converge to an element xeX if given an E > 0, there is an N such that 

We write x.~ x 

11x.-x11 < E, vn > N. 

or lim x.=x. ·-
1.3 Definition. A sequence {x.} in a normed space X is a Cauchy 
sequence if given an E > 0, there is an N such that 

11x.-xmll < E, vn, m > N. 

One may verify th&t each convergent sequence in a normed space 
is a Cauchy sequence.but the converse may not be true. 

1.4 Definition. A normed space is said to be complete if every Cauchy 
sequence in it is convergent, i.e. if for every Cauchy sequence {x.} in 
X, there is an element x in X such that x. ~ x. 

1.5 Definition. A complete normed linear space is called a Banach 
space. 

1.6 Examples 

1. The space Q of all rational numbers with the norm II· II defined 
by llxll - I x I , xEQ is a n~rmed space, but not a Banach 
space. 

2. The spaces R. and C (the real numbers and the complex numbers) 
are Banach spaces with the norm II· II given by llxll = I x I , xER 
(or C). 

3. Let p, 1 ~p <co, be a real number. Denote by /P the 
space of all sequences x=(xi. x2,Xs, ••• ) of scalars such that 

"" ~ I x.IP < co. The space /P is a Banach space with the norm 
•-1 
defined by 
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4. The Space Im Of all bounded sequences X=(Xi, X2, X3, ••• ) of 
scalars is a Banach space under the norm given by 

llxllao = sup I x. I . 
• 

5. The space P[a, b] of all polynomials defined on [a, b] is a normed 
space under the norm given by 

nxn= max I x(t) I . 
1e[a. b] 

But P[a, b] is not a Banach space. 
6. The space C [a, b] of all continuous functions defined on [a, b] 

is a Banach space under the norm given by 

llxll- max I x(t) I . 
1era. bl 

Sequences were available to us even in the metric spaces (general). 
In a normed space, we may proceed an important step further and use 
the series as follows. 

Let {xk} be a sequence in a normed space X. Then we can associate 
n 

with {xk}, the sequence {s.} of partial sums given by s.= ~ Xk· And 
tO 

we can discuss the behaviour of the series ~ Xk in regard to its con­
~1 

vergence or non-convergence accordingly as the sequence {s.} of its 
partial sums is so. 

1. 7 Definition. A sequence {xk} in a normed space X is said to be 
summable to the sum s if the sequence {s.l of the partial sums of the 
series Exk converges to s in X, i.e. 

k 

or 

ns.-sll-+ 0 as n-+ 00 

• 
II~ xk-sll-+0 as n-+ co. 

1c=t 
If this is the case, we write 

00 

8• l: X1c. 
1c-1 

The sequence {xk} is said to be absolutely summable if 
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Note. We know that for a sequence of real numbers absolute sum­
mability implies summability. But this is not true in general for 
sequences in normed spaces. However, we prove the following. 

t.8 Theorem. A. normed space Xia complete if and only if every abso­
lutely summable sequence is summable. 

Proof. Assume that X is a complete normed space. Let {xn} be an 
absolutely summable sequence in X. Then 

co 

n!1 llxnll = M < 00• 

Thus, for each • > 0, there is an N such that 

n m 
Let Sn=- 'E X1c be the partial sums of the series 'E Xn· Then, we have 

k-l n-l 

n 
llsn-· Smll = II 'E X1cll 

k-m+l 
n 

~ :E 1lx1cll 
k-m+t 

for n ~ m > N. Thus {sn} is a Cauchy sequence in X and must ~n­
verge to some element (say) s in X, since Xis complete. Hence {xn} is 
summable in X. · 

Conversely, suppose each absolutely summable sequence in X is 
summable in X. Let {xn} be a Cauchy sequence in X. Then, for each k, 
there is an integer ~ such that 

I 
llXn- Xmll < l", yn, m > n1c. 

We may choose n1c such that n1c+1 > "'"· Then {xn.t} is a subsequence of 
{xn}. Set 

Yk • Xna - Xn.t-t 
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We note that 
k 

I. I: y,=xn,. 
1-1 

I 
2. llYkll < 2k' k > I 

and as such 
00 

°E llY.tll ~ llY1ll+ T-'. 2•-k=llyill+ 1 <co. 
k~ 

Thus, the sequence {Yk) is absolutely summable and hence summable 
to some element (say) x in X. It remains to prove that lim x.=x. ,.._ 
Since {x.} is a Cauchy sequence, given an • > O, there is an N such 
that 

yn,m>N. 

Further, since xn,. -+ x, there is a K such that 

ilxn,. -xii<;• yk~K. 

Choose k so large that k >Kand nk > N. Hence 

II x. - X II ~ II Xn - Xn,. II+ II Xn,. - X II 
<•, vn>N 
x.-+xl 

1.9 Definition. Let ]{ be a normed space over a field R. (or C}. A 
mapping f: X -+ R. (or C) is called a linear fuctlonal on X if 
f(a.x+{Jy)=a.f(x)+/J/(y), for all x, yEXand a., /JEil (or C). 

1.10 Definition. A linear functional f on a normed space Xis said to 
be bounded if there is a constant K > 0 such that 

I /(x) I ~ Kii x 11. vxEX. (I) 

The smallest constant K for which (1) holds is called the norm of 
f, written II/II. In fact, we have 

11/11 =sup{ I /(x) I · x.;. 0 and xEX} • llxll · 
or equivalently 

11/11 =sup { I f(x) I : xEX and II x 11 = l}. 
Also, we note that 

l/Cx) I~ 11/1111 xii, yxEX. 
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2 THE CLASSES L' 
If f is a measurable function on E, then If I" is so for each p, 

0 < p < oo. Designate by L"(E), the class of all p-integrable functions 
over E, i.e., 

2.1 Xxam.ples 

1. Let E = [O, 16] and f: E ~ R be a function defined by 
/(x)=(x)-1/4. Then/EL1(E) but/~L4(E). 

2. Let E = [ 0, ; ] and the function f : E -+ R be define<r by 

f(x) = [x log2 ( ! ) r1
• Then/ED(E). 

3. Let E =JO, oo [ and the function f: E -+ R be defined by 
.f{x)==(l +x)-112. Then/EL"(E) for eachp, 2 <p < oo. 

It is easy to verify that L"(E) is a linear space over R. Indeed, we 
observe that: 

1. f, gELP(E) => f+gELP(E), since 

I I +g I"~ 2" max {I/Ip. I g Ip} 
~ 2"CI/ I"+ I g I"). 

2. fEL"(E) and cxER => cxfEL"(E). 

Furthermore, if/EL"(E), then the inequalities 

f 0~/+~·1/1 
l O~/- ~I/ I 

imply that/+,/- and If I are.also in LP(E). 

In order to define L "'(E), let f be a real-valued and measurable 
function on a set E with m(E) > 0. A real number Mis said to be an 
essential bound for the function/ if 

l/(x)I ~Ma.e. on E. 

A function/ is said to be essentially bounded if it bas an essential 
bound. In .other words, a function/ defined on E is essentially bound­
ed if it is bounded except possibly on a set of measure 7.Cl'O. The 
essential supremum off on E is defined by 

ess sup j.f{x~ I-inf {M.: lf(x) I~ M a.e. on E}, 
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or equivalently 
ess sup lf(x) !=inf {M: m({xEE: I /(x) I> M})=O}. 

'If f does not have any essential bound, then its essential supremum is 
defined to be co. 

Let us designate by Lm(E) the class of all those measurable func­
tions defined on E which are essentially bounded on E, i.e. 

Lm(E) = {/: ess sup I /I < ex>}. 
It is not difficult again to verify that Lm(E) is a linear space over R. 

2.2 Examples 

1. Every bounded function on Eis in Lm(E). 
2. The function/: (a, b]-+ R given by 

{ 
1 if x is irrational 

/(x)= co 
if x is rational 

is in Lm[a, b]. 

Let us now define a function II • llP : LP(E) -+ R, 0 < p ~ co, as 
follows: 

llfll11=(J E 1/111)1'11
, O<p< co 

11/lloo = ess sup If I· 
Note. We shall establish in §4 that if 1 ~p ~co, then 11 ·1!11 defines 
a norm on LP(E), 1 ~ p ~ oo. In case 1 ~ p < co, II· 1111 is called a 
p-norm on LP(E). 

A relationship between II • 1111 (l ~ p < co) and 11 • lloo will soon be 
established in Theorem 2.4 which, in fact, would also justify the 
notation Lm(E) for the class of essentially bounded functions on E. 
Before, we do so let us prove some results in the form of a lemma. 

2.3 Lemma. Let/ELm(E). Then: 

(a) I /(x) I~ 11/lloo a.e. on E. 
(b) 11/lloo =sup {M: m({xEE: I f(x) I ;;;i:: M}) ::P O}. 

Proof. (a) LePI =llfllm· Note that 

{xEE: l/(x)I ;;;i:.11}= U {xEE: j/(x)I> 71+_!_}· 
n-1 n 

Since the union of a countable collection of sets of measure zero has 
measure zero, we have 

m({xEE : l /(x) I ;;;i:: 11/lloo}) • 0 
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I f(x) I ~ 11/lloo a.e. on E. 

(b) It is obvious from the definition of 11/lloo·I 

2.4 Theorem. Let E be a measurable set with m(E) < oo. Then 
L 00(E)cL'(E)for eachp with 1 ~P <co. Furthermore, if /EL00(.E), 
then 

11/lloo =- lim 11/11,. 
p+oo 

Proof. Let/EL00(.E) and 11=11/ lloo· Then 

I f(x) I' ~ 11' a.e. on E. 

J EI fl'~ 11"·m(.E). 

Therefore, /EL"(E) and consequently L 00(E)cL"(.E). Furthermore, 
we note that 

11/11, ~ 1J[m(E)]lfP. 

Since [m(E))l/p -+ 1 asp -+ co, we obtain 

lim sup 11/11, ~ 11. 
p-+00 

On the other hand, let I /(x) I ;;ai. ot on a set F with m(F) >0. Then 

11/ 11, ;;ai. at[m(F)J1'' 

=> 1im inf 11/ II, ;;;i: at. p+oo 
This verifies that (cf. Lemma 2.3) 

sup {at : m({xEE : I /(x) I ;;ai. ~}) =F O} ~ 1im inf 11/11,. 
p+oo 

Hence, the result follows from 

TJ ~ lim inf 11/11, ~ lim sup 11 /II, ~ 111 
p-+oo p-'HO 

2.5 Corollary. L 00(E)C n L'(E), and the norm on L"°(E) is equal to 
,>I 

the limit of 11/11, asp -+ oo provided m(E) < oo. 

Remark. The result in Theorem 2.4 need not be true if m(E) = oo. 

2.6 Example. Consider the function f: R -+ R given by f(x) = C 
(C =I= 0) for all x. Clearly /EL"°(R) while /~L"(R) for any p with 
O<p< oo. 

Most of the results for the spaces L'(E) we prove in the remaining 
sections hold good for any measurable set Ewith m(E) < co. Haw. 
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ever, for the sake of simplicity, we take E=-[a, b]. We shall denote by 
L' the space L"[a, bJ unless specified otherwise. 

3 THE HOLDER AND MINKOWSKI INEQUALITmS 
In the study of 11' spaces, an essential role is played by another 

space Lq whose exponent q is associated with p by the relation 
1 1 . -+ -=l, wherep and q are nonnegative extended real numbers. p q 

Two such numbers p and q are termed as (mutually) conjugate 
numbers. We adhere to the convention l/oo = 0 so that 1 and oo are 
conjugate exponents (numbers). It is clear that q=p(p-1)-1 > 1. If 
p=2, then q=2. But if p =F 2, then q =F 2. 

Before establishing that II· II, defines a norm on L", we shall prove 
some important inequalities which are immensely useful in doing so. 
In fact, Riesz's main tools in the study of LP spaces were the inequa­
lities we shall obtain in Tl;ieorems 3.2 and3.3. To obtain these inequa­
lities, we wiU require the following inequality which is a generalization 
of the inequality between arithmetic and geometric means. 

3.1 Lemma. Let 0 < ,\ < 1. Then 
a.'A(Jl-'A ~ .\a.+(1-.\){J 

holds good for every pair of nonnegati'Ve real numbers a. and fJ with 
equality only if at = {J. 

Proof. The inequality is trivial if either IX= 0 or fJ = O. Hence, assume 
that IX > 0 and fJ > O. Consider the function p defined for a non­
negative real number t by 

p(t) ='(1 - .\) + .\t- t'A. 
Then, p'(t) =.\(l -11-1), and sot= 1 is the only possible point for the 
extrema of p. It is verified that p attains its maximum at t = 1~ Thus 

p(t) ~ p(l)=O 
=> 1-.\+.\t ;;;;i: ,.,._ 

Setting t • IX/{J, the inequality follows. The equality -holds good only 
for t ... 1 which is obtained only if IX= fJI 

3.2 Theorem (Riesz-Holder Inequality). Let p and q be nonnegati'Ve 
1 1 

extended real numbers such that -+ - = 1. If /EL' and gELq• then 
p q 

f·gEL1 and 
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I!quality holds if and only if,for some nonzero constants A and B, we 
lune A lf111-B I gj• a.e. 

Proof. Whenp= 1, then q• co, and the inequality is available trivi­
ally in this case. Indeed, if II g 11.., .. M, then I g I ~ M a.e., and so 

lfgl ~M If I a.e. 

ThusfgeL•, and by integrating, we get 

J J Jg I ~ M J I fl ~ llfllt 11g1100° 

Now, assume that 1 <p <co and consequently 1 < q <co. The in­
equality is trivial if either f • 0 a.e. or g= 0 a.e. So assume f :F 0 a.e. 
and g =I= 0 a.e. This gives that llf 1111 > 0 and II g II. > 0. Now, applying 
Lemma 3.1 with 

we obtain 

I, .\-~ ( /(1) I )II 
at= 1111111 

l fJ • ( I g(t) I )• , 
llcll. 

I f(t)g(t) I ~ .!. I f(t) I" + .!. I g(t) I• 
1111111 Ilg II. - P Cll/1111>11 q (II g II.)• 

This gives thatfgEL1, and by integrating, we find that 

~ 1 1 
11/11, llKll• ~p+ q-=1. 

Hence 

J lfgl ~ 11/11, llgll •• 

(2) 

(3) 

Equality in (2) would occur if at= fJ, and, consequently, in (3) if at• fJ 
holds a.e. In other words, if 

II g 11: lf<t> 111 =11/11= I g(t) 1-·I 
Note. The inequality (3) is homogeneous, i.e., it holds for af and 
bg with a, bEB. whenever it is so for f and g. 



210 Lebesgue Measure and Integration 

The Riesz-Holder inequality implies that if fELP and gEL", 
(1/p)+(l/q)= 1 then fgEL1. It is not true in general that the product 
of two integrable functions is also an integrable function. In fact, we 
have the following. 

Remark. The condition that p and q are mutually conjugate expo­
nents cannot be dropped in Theorem 3.2, see Problem 3. For the 
converse of Theorem 3.2, see Problem 14. 

3.3 Theorem (Riesz-Mlnkowsld Inequality). Let 1 ~P ~ oo. Then 
for every pair/, gELP, the following inequality holds: 

llf+gll,~llfll,+ Ilg!!,. 

Proof. The case for p ... 1 is straightforward. If p =- oo, we note that 

~ If I ~ llf lloo a.e. 

l 1 g I ~Ilg lloo a.e. 

=> If +g I~ 11/llco+ll g llco a.e, 

and hence the result follows in this case also. Thus, we now assume 
that 1 <P < oo. 

Since L' is a linear space,f+gEL'. Also, we have 

I If +gl' ~I lf+glJl'-l I fl+ I lf+gl.P-1 I g I . 

1 J 
Let I< q < oo be such that-+-= 1. Then, since (p- l)q=p, 

p q 
observe that 

f < lf+g ,,-1)"= J lf+gl'· 

and therefore If+ g l'-1 EL". As such, by Theorem 3.2, both 

If +gl,,_1 lfl and If +gl,.-1 lg I 
belong to LI, and the Riesz-Holder Inequality leads to 

J lf+glP-l lfl ~ llfll, II ( l/+gl'-1) 11 •• 

and 

J l/+Kl'-1 I Kl~ llgll, II( lf+gl,,_1) II,· 

But 

II C If+ g l,,_1> II"· (f If+ g IC1'-1>t) 11
' =(II/+ g llJi)''•· 
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since (p- l)q=p. Hence 

J If+ g I" ~ (!If II,+ 11g11,)(11/ + g 11,)"t•. 

If II f + g II, is nonzero finite, the result follows by dividing both sides 
by II f + g ll~'q· In case II f + g II,= 0, there is nothing to prove while in 
case II/+ g II,= co, we either have II f II,= oo or II g II,= co in view of 
the relation I f + g I ~ If I+ I g j, and the result is obviously true 
again.I 

Remark. Equality holds in Theorem 3.3 if and only if one of the 
functions/ and g is a multiple of the other. 

Note. For the special case p = q = 2, the inequality in Theorem 3.2 is 
known as the Cauchy Schwarz Inequality. Cauchy (1821) first proved 
the inequality (Cauchy's inequality) for square summable sequences. 
Indeed, if {a,,} and {b,,} are sequences of numbers (real or complex) 

00 00 

such that I: I a,, 12 < co and I: I b,, 12 < co, then 
n-1 n~I 

~. I a,,b,, I ~ ( 11~1 I a,, 12 )1'2( ~1 1 b,, 12 )112• 

This inequality was generalized to integrals by A. Schwarz (1885). 
However, the same generalization had already been obtained by a 
Russian mathematician Victor Bunyakovsky (1859) which remained 
unnoticed by Western mathematicians. 0. Holder (1989) extended 
Cauchy's inequality for the general values of p and q by establishing, 

00 00 

for sequences {a,,} and {b,,) with I: I a,, I"< co and 'E I b,, lq < co, 
n-1 n-1 

that 

,!!, I a,,b,, I~ ( j;1 Ia,,1"}1'" ( ~1 Ib,,11 )1'' 
where (1/p)+(l/q)= l. The latter inequality is then generalized to the 
case of integrals by F. Riesz (1910). 

Likewise, the inequality in Theorem 3.3 was first proved for finite 
sums of numbers by a German mathematician Hermann Minkowski 
(1896) and then generalized to the case of integrals of functions by 
F. Riesz (1910). 

In view of the above observations, it is more appropriate to name 
the inequalities in Theorems 3.2 and 3.3, the Riesz-Holder Inequality 
and the Riesz-Minkowski In~quality respectively, However, these are 
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popularly known as the Holder Inequality and the Minkowski 
Inequality. 

Remark. The inequalities in Theorems 3.2 and 3.3, for 0 <p < 1, 
need not be true. In fact, for 0 < p < 1, we prove the following. 

3.4 Theorem (Riesz-Holder Inequality for 0 < p < 1). Let 0 < p < 1 
and q be the conjugate exponent ofp. If/EL' and gEL", then 

f lfgl ~{JI/I' )1"(J lg 11 )1''· 
provided 

J lgl1 :¢:0. 

Proof. First note that q < 0 sinoep < 1 and (1/p)+(l/q)• l. Set 

1 p 1 
p•- and --= -· p q Q 

Then P > 1, Q > 1 and (l/P)+{l/Q)• I. 
Further, setting 

lfgl=FP and lgl••GO 
so that I/I"• Ji'G, we find that FEIJ' and GELO. Thus, the Riesz­
Holder Inequality in Theorem 3.2, is applicable to the functions F and 
G giving 

f FG~llFllPllGlla 
f I/I'~ (J l/gl)'{f lgl• t"'' 

=> f lfgl ~(JI/I' )1" (J 181' )1'' 1 

Note. The condition J I g I• r/: 0 in Theorem 3.4 is necessary since 

q<O. 

3.5 Theorem (Riesz..Minkowski Inequality for 0 < p < 1). Let 
0<p<1 and/, g be in L' such that/~ O and g ~ 0. Then 

11/+gll., ~ 11/11,+llg 11.,. 

Proof. Observe that 

(f+g)P= f f(/+g)P-•+ f g(/+g)P-•. 
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Now following exactly on the lines of the proof of Theorem 3.3, by 
using the Riesz-Holder Inequality for 0 < p < J, the result is 
proved.I 

Remark. Strict inequality in Theorem 3.5 holds good. 

3.6 Example. Take /=X[0,1121 and g=X1112. 11. Clearly/, gEU[O, 1) 
for any p, 0 <p <I. Observe that 11/+g 1111 = 1, while 

ll/ll11+llg 1111=2-l/1'+2-11,,=21-(l/p) < 1. 

4 L" BANACH SPACES 
We are now prepared to show that 11·11" defines a norm on L".!n 

fact, for 1 ~ p ~ oo, the function II· II,, : L" -+ R satisfies the following 
conditions: 

1. 11/11"~0 
2. 11/11,,=0 if and only if/ =0 a.e. 

3. 11 a./ 11" =I a. l II I II,,, a. is a real number 
4. 11/+g 11,, ~ 11/11,,+llg 11,,. 

Conditions (1) and·(3) are immediate from the definition of II· II,,; the 
condition (2) follows from Problem 4 in Chapter V, while condition 
(4) is available from the Riesz-Minkowski Inequality. 

Unfortunately the definition of 11 ·II on U fails to satisfy the norm 
requirement that 11/llp=O => f =0. As such, 11·11" is not a norm on L". 
However, to avoid this difficulty, we do not distinguish between equi­
valent functions, i.e. the functions that are equal almost everywhere. 
In that situation, we regard the space L" consisting of equivalence 
classes of functions; for example, 0 will represent the class of functions 
each of which is equivalent to zero. Thus II· II,, now defines a norm on 
L", regarded as the space of equivalence classes, and therefore, L" 
becomes a normed space. If one refers to L" as a normed space, it is 

in reality the space of equivalence classes j of functions. But this 

should not pose any problem since, for any jeL", the norm is given by 

llillp=llgll,,. 

where g is any function in the equivalence class j, and this definition 

does not depend on the choice of the function g in the class J In 
actual practice, the equivalence classes are relegated to the background, 
and the elements of L" are thought of as functions, where any two 
functions are regarded identical if they are equivalent. 
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The norm II· 1111 on LtJ induces in a natural way a metric don it given 
by 

d(f, g) =II/-g 1111· 
4.1 Theorem (Riesz-Fischer Theorem). The normed spaces LtJ• 
1 ~ p ~ oo, are complete. 

Proof. To prove the result for the case p = oo, let {J,.} be a Cauchy 
sequence in L .... Then 

I fn(X)- /m(X) I ~ 11/n -fm lloa, 
except on a set An,mC[a, b] with m(Anom) = 0. If A= U An.m, then 

n,m 

m(.A)=O and 

I /n(X)-fm(X) I~ 11/n-fm lloa, 
for all n and m, and for all xE[a, bl -A. Therefore, it follows that 
{/n} converges uniformly to a bounded limit f outside A and the 
result is proved by observing the fact that the convergence in L.., is 
equivalent to uniform convergence outside a set of measure 7.ero. Now, 
assume 1 ~ p < oo. It is enough to show that each absolutely summ­
able sequence in LP is summable in LtJ to some element in LtJ 
(cf. Theorem 1.8). 

Let {/n} be a sequence in LtJ with 

... 
n~ ll/nll11=M < 00. 

Define a sequence {g.} of functions, where 
n 

g.(x) = I: I /1'..x) I· 
k-1 

Observe, for each x that {gn(x)} is an increasing sequence of 
(extended) real numbers and as such must converge to an extended 
real number g(x) (say), i.e., gn(x)-+ g(x), for each x E [a, b]. Since 
the functions g. are measurable, the function g is so. Also, in view of 
Riesz-Minkowski Inequality (cf. Theorem 3.3), we note that 

n 

~ k~ 11/A:ll,.<M 

JI gn 111 ~ M"(b- a). 
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Therefore, since g. ~ 0, by Fatou's Lemma, we have 

fgP ~MP(b-a). 
This verifies that gt' is integrable, and hence g{x) is finite a.e. on [a, bJ. 
Thus, we find that, for each x for which .g(x) is finite, the sequence 
{/.(x)} is an absolutely summable sequence of real numbers, and 
therefore must be summable to a real number (say) a{x). Let us set 

s(x)=O, 

for those x where g(x) =co.Then the function a so defined is the limit 
a.e. of the partial sums 

n 
s.(x) = ~ f k(x). 

~l 

i.e., an(x) ~ s(x) a.e. Hence s is a measurable function. Further 
n 

I sJ..x) I ~ E lf"'(x) I 
tc-1 

=gn(x) 

~g(x), 

which implies I s(x) I ~ g(x). Therefore, s E L" since g E LP, and 

I sn(x) - s(x) 111 ~ 2.P(g{x))P. 

But 2118" is an integrable function and I sn(x)-s(x) 111~0 a.e. So, by 
the Lebesgue Dominated Convergence Theorem (cf. V-6.6), we have 

J f Sn - 1111 -+ 0 

=> 11s. - sll, -+ 0. 

Hence the sequence {/.} is summable in L" and has the sum s in L". 
This proves the theorem completely.I 

Remark. It is worthwhile to point out that the space C[a, bJ is a 
normed space under the norm II· 1111 but not a Banach space. However, 
it can be noted that the completion of C[a, b] under II· II, is L"[a, b], 
for each p with I ~ p < oo (cf. Theorem 6.4). 

Though II· II,, does not define a norm on L11 for 0 < p < 1 since the 
inequality in Theorem 3.3 is reversed. in this case (cf. Theorem 3.5), 
we still have the following. 

4.2 Theorem. If 0 < p < l, then L" is a complete metric space with 
metric P defined by 

P(f, g)=llf-g\I:, VJ. g E L11• 
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5 CONVERGENCE IN THE MEAN 
We have already dealt with several notions of the convergence of a 

sequence of real-valued functions; namely, pointwise convergence, 
convergence almost everywhere, uniform convergence, almost uniform 
convergence and convergence in measure. However, the concept of the 
norm permits us to formulate another type of convergence in the 
spaces L", 1 ~ p ~ co, with the aid of almost the same expression as 
used in the case of real numbers. More precisely, we have the 
following. 

5.1 Definition. A sequence ifn} of functions in L", 1 ~ p ~ co, is 
said to conerge to f E L" in the norm of L' if for each • > 0, there 
exists a positive integer N such that 11/n - /II,-+ 0. This type of con­
vergence is usually referred to as convergence In the mean of order p 
when 1 :e;;; p < co and nearly lllliform convergence when p = co. 

As usual, one may define a p-mean Cauchy sequences of :fllnctions 

inL". 

5.2 Theorem. Let {fn} be a sequence in L" which converges in the mean 
of order p to fin L'. Then: 

(a) If the sequence {f,,} converges In the mean of order p to g, then 
f=ga.e. 

(b) The sequence {/n} is ap-mean Cauchy sequence. 
(c) lim 11/nll,= 11/11,, in particular the sequence {f,.} is bounded with ,,_.. 

respect to the rwrm II· II,. 

Remark. The converse of (b) is true, since L" is a complete normed 
space, while that of (c) need not be true (cf. Example 2 in 5.3). 

In general, convergence in the mean implies nor is implied by the 
pointwise convergence (or convergence almost everywhere). 

5.3 Examples 

1. For each n EN, consider the function/.: }O, 1[-+ R given by 

{
n if O<x~ ! 

fn(X)= l 
0 if -<x<l. n 

It can easily be verified that lim /,.(x)= 0 for each x E ]O, 1[ -while 11/nll,-+ co as n-+ co for p > 1. 
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2. For each n EN, consider the function /n: R. -+ R. given by 
fn =- Xri., a+ll· Note that f ,,(,x)-+ 0 as n-+ oo for each " E R.. On 
the other hand 

fn E I!(R.), 1 ~p ~ oo 

=> II/nil,= 1, °"" E N 

=> ll/11!1,=1+ 0 as n-+ oo for any p, 1 t;;;p~oo. 

3. Consider the sequence {fn} of functions as defined in IV-12.6. 
Observe that 

11/..11,-+0 asn-+oo. 

Hence {/n} converges in the mean of order p to 7.ero. But {/n} 
does not converge for any X· E [0, l]. 

Towards the relationship between pointwise convergence and 
convergence in the mean of order p, we prove that the following 
results. 

5.4 Theorem. Let {'fn} be a sequence in L", I ~ p < oo, such that 
/,.-+/a.e.andtliat.fEL'.lf lim ll/,.ll,=11/11,.then lim 11/n-/ll,=0. - -
Proof. We assume, without any loss of generality, that each /,. ;;;ii 0 
a.e. so that/is also so since tho result in the general caso follows by 
considering/=/+-/-. 

For any pair of nonnegative real numbers a and b, we have 

I a-bl'~ 2'(1al'+lbl"), 
Taking a• /n and b • f, we get 

l ~p< oo. 

2'<l/al1'+ l/l")-Va-/I" ;;;ii 0 a.e. 

Thus, using Fatou's Lemma and tho hypothesis, we get 

2" j I/I'· J ~ r2..-1<1f. l"+l/1'>-lf,.-/l'l 

~ lim infJ [2"-10/11l'+l/1')-l/n-/I') n-
•2.P-1 ~f 11·1'+2"-1 J1111'+ lim..: (- J lf.-/1') 

•2" I I/I'- ~!UP I l/n-/I"· 
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Since J 1/111 < oo, it follows that 

li!.1!!,UP I lln-1111 ~ 0. 

Therefore 

Jim supJ 1/.-/111 = Jim inf J IJ.-1111 =0, - . ...., 
so that 

Jim J lf.-Jl.11m•O. ·-Hence 
Jim 11/.-/1111• 0 .• -

5.5 'Theorem. Let {/.} he a sequence in L11, I ~ p < oo, with 
llfn-/1111 ~ 0 as n~ oo. Then, thereisaaubsequence {fn.} of {/.}such 
that fn" ~ f a.e. 

Proof. Since the convergence in the mean of order p, 1 ~ p < oo, 
implies the convergence in measure (see Problem 7), the result follows 
in view of IV-12.7. 

6 PROPERTIES OF L11 SPACES 

6.1 'Theorem. Let 0 < q < p ~ oo. Then I! c Lq, and there exists a 
constant K > 0 such that 

11/11. ~ Kll/1111, V/EL11• 

Proof. Clearly, the result holds good for each (0 < a < oo. when 
11 

p = oo. Thus, assume that 0 < q < p < oo. Let/EI.!. Thenfi E LI 
Set 'A=p/q. Clearly 'A> 1 and choose p. such that(l/'A)+(l/p.)= I. Then 

J: l/lh• J: 1/19.·l 

~ u: 111•1 r(Au: 1 r~ 
-(t lfl11r'11(b-a)ll~. 

Thui/E L' which proves that Uc U. Further, if we set~ =h-a, 
then 

II/ II. ~ Kllfll11I 
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Remark. The result in Theorem 6.1 holds good for any measurable 
set E with m(E) < co. However, in case m(E)= oo, the result 
L'(E) c L"(E), for 0 < q < p, need not be true. 

6.2 Example. Take E= ]1, co[ and define a function/: E ..+ R by 

f(x)=x-•11, 1 :i::;; q < co. 

Clearly f E L'(E) if p > q while/~ L"(E). 

6.3 Theorem. Let 0< q <p <co. lf/E L' n L', then/E Lr/oral/ 
f <r<p. 

Proof. For each r, q < r < p, we can find a t, 0 < t < 1, such-that 
r=tq+(1-t)p. 

Now 

=> 

IE L' n L' =>IE LP and/ E L' 

I /IIJ(l-t) E LJ/Cl-1) atid I I I'' ELI''· 

Moreover, we note that 1/t > 1 and the exponents 1/t and 1/(1 - t) are 
congugate to each other. Therefore, by Riesz-Hiilder inequality 
(cf. Theorem 3.2), we have 

I fir= l/l"IJjCl-tlP E LI, 

which verifies that f E Lr .. 

The following theorem will be of considerable value as we continue 
our investigation on the properties of Lebesgue integrable functions. 

6.4 Theorem. Let f E L', 1 :E;; p < co and e > 0. Then there exists: 

(a) A step function "1 such that Ill- "1 II, < e. 
fh) A continuous/unction g such that 11/-g II,< e. 

6.5 Corollary. (a) The space C[a, b] of all continuous functions 
f: [a, b] -+ R. is dense in L' for each p(1 :E;; p < co) and 

(b) The family of all step functions defined on [a, b] is dense in L' 
for each p(l :E;; p < co). 

Remark. If we replace the interval [a, b] by an infinite interval or 
more generally by any measurable set E with 1n(E) = co, then a func­
tion/ E L' may not be approximated by a continuous function. Note, 
for instance, that a constant function on R is continuous but not 
integrable. As such, the space C(E) of continuous functions on Eneed 
not even be a subset of L1(E) or L'(E), while for approximation of f 
by step functions we have Theorem 6.6. 
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6.6 Theorem. Let [EL' (R}, 1 ~ p < oo and E > 0. Then there 
exists a step function p on R such that Ill- pll, < E. 

6.7 Corollary. The set of all step/unctions on R is dense in L'(R) 
for eachp, 1 ~ p < oo. 

6.8 Theorem. For 1 ~ p < oo, the space L' is separable. 

Proof. Consider the collection !R. of all step functions having dis­
continuities only at rational points in [a, b] and assuming only ratio­
nal values. Clearly !R. is a countable set. But each step function can 
be approximated by a step function in !R. with respect to the norm 
11 ·II, and also the family of all step functions is dense in L' 
(cf. Theorem 6.4). Thus, the countable family !R. is dense in £' .. Hence 
I! is a separable space.I 

Remark. The situation is different when p = oo. 

6.9 Theorem. Lo:. is not a separable space. 

Proof. We note that 

II Xc •• c] - cX.,dJ llm = 1, 
=> S1/1.!.Xc.,c1) n S1p.(Xr.,dJ) = p, 
where 

c ::/: d 
c ::/: d 

S112(Xr.,cJ}={/EL00
: 11/-Xr.,c] llm < i}. 

Let q be any arbitrary set which is dense in L00• Then, for each c 
with a < c < b, there is a function/cE9' such that 

1 
II Xc •• 111-/0 lloo< 2' 

since Xc •• 111EL00
• As such/11 =F /4 for c ::/: d. Hence 9' must be un­

countable. This proves that Lo:. is not a separable space-I 

6.10 Corollary. No family of continuousfunctions is dense in Lm. 

However, we have the following. 

6.11 Theorem. The family of step functions is dense in L m. 

7 BOUNDED LINEAR FUNCflONALS ON L' SPACES 
Let p and q be two conjugate exponents. If gEL", 1 ~ q ~ oo, it 

follows from the Riesz-Holder Inequality (cf. Theorem 3.2) that 
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f· gELI for each/EV. As such, for a fixed gELq, one can define a 
function Fa: I! -+ R by 

F.<J)= f fg. 

Clearly, Fa is a linear functional on the Banach space L". In fact, we 
now prove that it is bounded also. 

7.1 Theorem. Letp and q (I ~p. q ~ co) be two conjugate expo­
nents and gELq, Then the linear functional defined by 

F,(f)= Jig 
is a bounded linear functional on L11 such that II Fa ll =II g llq. 

Proof. First consider the case whenp= oo and q= 1. Observe, by 
the Riesz-Holder Inequality (cf. Theorem 3.2), that 

I F,(f) I ~II g Iii 11/lloo. v /EL'. 

Thus, it follows that F. is a bounded linear functional on Y and that 

II Fa II~ II g 111. 

To prove the reverse inequality, let• 

f-sgn.g. 

Clearly,/EL.., and satisfies II/ 11 ... = 1. Therefore 

F.<J) = f Jg = J I g I = 11 g lh 

=> II F. 11=11 g 11 •• 
Let us now consider the case when J < p < oo. Again, by the 

Riesz-Holder Inequality, 

I F,(f) I ~ II g liq 11/11,,; v/EI!. 
Therefore, Fa is a linear functional on L" and satisfies II F• II ~ II g ljq. 
Further, to obtain the reverse inequality, let 

I= I g I q-1 sgn g. 

Clearly, f is a measurable function and I/I'= I g IJICq-1>= I g lq· This 
verifies that/EL'. Also, since 

f-g=( I g lq-1 sgn g)·g= I g lq. 

{ 
1 if g(x) ~ 0 

••i<x>= -1 if ll(x) < 0. 
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we note that 

F,(f)-= I Jg= I I g I• 

.. {J I g I• )1''(J I g I• )11" 

=(JI/I' )1''(J I g 1•)1'" 
-11/11,llg 11. 

=> II F• II ;;a. II g lie· 
Hence the proof is complete.I 

We are interested to know if the converse of Theorem 7.1 is true in 
the sense that every bounded linear functional on I! is representable 
as in Theorem 7.1. For this, we prove the following. 

7.2 Theorem (Riesz Representation Theorem. Let F be a bounded 
linear functional on L', 1 :r;;;,. p < co. Then there is a function g in L" 
such that 

F(f)= J Jg, 

and that 11F11= II g lie· 
The proof of Theorem 7.2 needs the following lemma. 

7.3 Lemma. Let g be an integrable function on [a, b] and K be a con­
stant such that 

1J1g I :r;;;,. Kil/II,. 

for all bounded measurable functions f. Then gEL1 and II g 11, :r;;;,. K. 

Proof. First we consider the case when p = 1 and q = co. Let E > 0 
be given, and let 

£ ... {xE[a, b]: I g(x) I ;;a. K+E}. 

Set/=(sgn g)XB. Then/is a bounded measurable function such that 
II/ llr • m(.E). Therefore 

Km(.E)=Kll/111 ;;a. I Jtgl 

=If g(sgn g)XB I 

= JBIKI ;ai: (K+E)m(.E) 



The Lebesgue L11 Spaces 223 

=> m(E) = O, since e > 0 is arbitrary. 
Hence II g I! ... ~ K. 

Let us now assume that 1 < p < co. Define a sequence {g.} of 
bounded measurable functions, where 

S g(x) 
g,.(x)= l 0 

if I g(x) I~ n 

if I g(x) I > n. 

If we get In= I g. I"'' sgn gn. then each fn is a bounded measurable 
function such that 

11.fn 11,=C II gn ll11r111 and I gn 111 =.fn·gn=.fn·g. 
Therefore 

( II gn 1111)11 = J fng ~ K II/. 1111 = K( II gn ll11)'l/" 

=> ( II gn ll11'r-111" ~ K 
=> (II gn 1111 ~ K, since q-q/p= I 

=> J I gn '" ~ Kil. 

But I gn I" - I g I" a.e. Thus, by Fatou's Lemma, we have 

JI g 111 ~ ~nf f I gn '" ~ K•. 

Hence, gEL" and II g lie ~ K. 

Proof of Theorem 7.2. We shall obtain the proof of this theorem in 
four stages. 

Stage 1. Suppose f = x,, tE[a, bJ, where x, denotes the characteris­
tic function of the interval [a, t]. 

Set f(t)=F(X,). Clearly, f defines a real-valued function on [a, bJ. 
We first show that f is an absolutely continuous function. Let 
{]x1, xm be any finite collection of non-overlapping subintervals of 
[a, b] such that I: Ix;- x1 I < 8~ If we set. 

I 

I= !:(Xx' -xx,) sgn {f(xi)-f(X1)}, 
I I 

then ( 11f11,,)" < 8, 
and so 

'E I ,,cxa- f(x,) I - F(f) 
I 

~II Fii· 11/11,. 
< 11 Fll·81l.11. 
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Thus E I p(x;)- p(x,) I < E, for any finite collection of intervals of 
I 

total length less than 8 ( - 11 ; 11,} and as such p is absolutely conti­

nuous on [a, b]. 
By Theorem VI-7.2, there is an integrable function g on [a, b] such 

that 

p(t)• J: g, ytE[a, b]. 

Therefore 

.F(X,)• J gX,· 

Stage 2. Suppose f is a step function. Since every step function 
on [a, b] can be expressed as a linear combination of the form l:c1x,1 

with the exception of a finite number of points and F is a linear 
functional, we have 

F(f>-Jd· 

Stage3. Suppose/is a bounded measurable function on [a, b]. 
By Theorem IV-11.1, there is a sequence {I/In} of step functions such 
that "1n -+ f a.e. Since the sequence { I/- "1· l.P} is uniformly bounded 
and f-"1n-+ 0 a.e., the Bounded Convergence Theorem gives 
11/-1/1.11,.-+ 0 as n-+ oo, and therefore 

I .F(f)-.F(l/J.) 1=1 F(f-1/Jn) I 
E;; II F 1111/- "1nll,, 

F(f)= Jim F(l/Jn) -
=~Jn .. 

But, since I 8"'a I :E;;; 'I I g I. where 'I is the uniform bound of {I/I.}, by 
Lebesgue Dominated Convergence Theorem, we have 

J Jg• =f nn· 
Hence J fg=F(f), for each bounded ineasurabie·functionf. Further­

more, since I F{/) I :E;;; II F II· Ill 11,,. we have gEL" and II g II. :E;;; II F II, 
in view of Lemma 7.3 .. 
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Stage 4. Finally, suppose /EU is any arbitrary function. Let 
• > 0 be given. Then, by Theorem 6.4, there is a step function i/J such 
that II/ - i/J II, < •· Since i/J is bounded, we have 

F(i/J)= Ji/Jg. 

Therefore 

I FCn-f fg 1~1 F{f)-F{i/J)+ f i/Jg-f Jg I 

~IF(/-i/J) l+I f<ifJ-flgl 

~II Fll·ll/-i/J 11,+ll g lle·llf-i/J II, 
< (II Fll+ll g tle}E· 

Since • > 0 is arbitrary, letting • ~ 0, 

F(f)-f Jg. 

The equality I! F II= II g II,, follows from Theorem 7.1.I 

Problems 

1. For p, 1 ~ p < oo, Prove that 

(a) gEL' and I/ I ~ I g I =>/EL'· 

(b) f, gEL', => fgELPl2. 

2. If /EL' and gEL,, where p, q > 0, then show that /ger, 
for a suitable r. [Hint: Set p' = p'A and q' = q'A where 1 /p + l/q .. 'A. 
Apply the Riesz-HOider Inequality for functions 1/11,,.EL'' and 
I g 111>.eL,,'.J 

3. Let/ELI such that/is not equivalent to any bounded function. 
Show that there is a gELI such tbat/g~LI·. 

4. If/is continuous on [a, b], show that 

lim 11/11,= sup lftt) I· 
,,_ te[a.bJ 

S. Prove Theorem 4.2. 
6. Work out the details of the proof of Theorem S.2. 
7. Let {/n} be in L', 1 ~ p <ex>. Show that if lim 11/.-/11,•0 

n-+co 
m 

holds in L', then/n ~ f. 
8. Let p and q be conjugate exponents and let/. - /in L1 and 

g. ~gin L,,. Prove that/.gn -/gin Ll. 
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9. Let {/n} be a sequence of functions in L«>. Prove that {/n} con­
verges to f in L «>if and only if there is a set E of measure zero 
such that {/n} converges to f uniformly on [a, b]-E. 

10. Prove Theorems 6.4 and 6.6. 
11. Prove Corollary 6.10 [Hint: Apply the method of contradiction 

and use Theorem 6.9] 
12. Let/ :;;;i: o be such that/ ELP.p > 0, and let /.=min (/, n). 

Show thatf,.EL" and lim 11/-f,.1~=0. 
~ 

13. A sequence {/.}in LP is said to converge weakly to fin L" if, for 
every function gEL' with I/p+ 1/q= l. 

Prove that if {/n} converges in the mean of order p tof in LP, 
1 ~ p ~ oo, it also converges weakly to fin LP. 

14. Let f be a real-valued measurable function on [a, b], 1 ~ p~ oo 
and (1/p)+(l/q)= I. Then show that 

11/11,,,=sup J: fg, 

where supremum is taken over all real-valued functions g with 

II g li11 ~ 1 and J:!g < oo. 

IS. Let {/n} be a sequence of functions in LP, I < p < oo, which 
converge a.e. to a function/ in LP and suppose there is a constant 
K such that 11/n 11,,, ::;;;;; K for all n. Prove that for each function 
gin L' 

f fg =I~«> f f.g. 

Discuss if the result is true for p = 1. 
16. Let 11/.-/11,,-+ 0 as n-+ oo, where{/.} is a sequence in LP, 

and/ELP, (1 ~ p < oo). Suppose {g.} is a sequence of measur· 
able functions such that I g. I E;;; M for some constant M, for 
all n andg.-+ g a.e. Show that II gJ.-gfll,-+ 0 as n-+ oo. 

17. A continuous function/: R -+ R is said to have compact support 
if there is a compact set KcR such that/(x) = 0 whenever x~K. 
The class of all such functions on R is denoted by Cc(R). 
Further, if Eis a measurable set in R, define the class CJ..E) 
=f.ftE:/ECc(R)}. Prove that 
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(a) Cc(R)cL'(R) and C11(E)CC(E) n L!(E), where C(E) is the 
class of functions defined and continuous on E. 

(b) CJ..E)•C(E), if E is compact and, in particular, Cc[a, b] 
•C[a, b];. 

(c) Cc(E) is dense in L'{E) for 1 E;;; p < oo. 

18. Let c:'(R) be the space of infinitely differentiable funcdons 01i 

R with compact support and let C:(E) • {/Xs: /Ec:'(R)}, E 
being a measurable set in R. Prove that c:'(E) is dense in LP(E) 
jf 1 E;;; p < oo. 

19. Prove Theorem 6.11. 
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Existence of Riemann Integral 

We give here a criterion for a bounded real-valued function defined 
on the interval [a, bl to be Riemann integrable therein. Before doing 
so, we first introduce the rudiments of the Riemann theory of inte­
gration. 

Let./ be a real-valued function defined on a bounded interval I. We 
define the oscillation off over I, denoted by w(I), as 

w(I) = lub .lf.x)-glb .lf.x). 
xel xel 

Define the oscillation of /at cEI, denoted by w(c), as 

w(c)=glb w(J), 
J 

where J ranges over all bounded open subintervals of I containing c. 
Clearly w(J) ~ 0 for any J and as such w(c) ~ 0 for all cEI. 

Proposition 1. A bounded function/: [a, b] ~ R. is continuous at a 
point c if and only if w(c)= 0. 

Proof. It is easy to verify that the oscillation of f over J is the 
supremum of the set of numbers I fC.xi)-fC."2) I. where x1 and xi are 
any two points of J. Let./be continuous at c. Then given an E > 0, 
there exists a bounded open interval J containing c such that 

lftx)-fC.c) I < E/2, 'f/ xEJ. 

In particular, if x1 and x2 are any two points of J, 

I .lf.x1)-.lf.x2) I ~ I ftx1)-.lf.a) I+ l.ftx2)-.If.a) I 

Hence w(c)•O. 

<• 
W(J} < E. 
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On the other hand, let w(c) • 0. Given an c > 0, there exists a 
bounded open interval J containing c such that w(J) < c. This, fur­
ther, implies 

In particular, 

I f(x)-f(c) I < c, V xE.J 
Hence f is continuous at c. I 

Proposition 2. Let/be a bounded function defined on [a, b]. Then f 
is Riemann integrable if and only if, for each c > 0 there exists a 
partition P of [a, bl such that 

S(P)- s(P) < c. 

Proof. The proof is left to the reader. I 
}>ropositlon 3. If w(x) < A for each xE[a, b], then there exists a 
partition P of [a, b] such that 

S(P)-s(P) < >i(b-a). 

·Proof. For each xE[a, b], there is a bounded open interval JJI 
containing x such that w(J31) < A. Since [a, b] is closed and bounded, 
by the Heine-Borel Theorem, a finite number of intervals J31 will 
cover [a, b]. Let P be the set of the end points of these J31• Let 
11, 12, ••. , In be the component intervals of P. Then w(l1) < A, for all 
i= 1, 2, ... , n. Hence 

n 
S(P)- s(P) ... 'E (M,- m1) (x,- X1-1) ,_, 

n 
=- 'f'. w(Ji) (X1-X1-1) 

1=1 
< A(b-a),l1=]X1-1,x1£.I 

Now the main result is as follows. 

Theorem. A bounded function defined on [a, b] is Riemann integra­
ble if and only if it is continuous almost everywhere. 

Proof. Let/be Riemann integrable over [a, b] and 

E={xe[a, b]: w(x)=-0}. 

We shall show that m(.E)=O. Observe that 
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where 

Em={xE[a, b]: w(x) ~ ~ }· 

It is enough to show that m(.E,,,) = 0 for each m. 
Fix m. Since/ is Riemann integrable over [a, b}, there exists in view 

of Proposition 2 a partition P of [a, b] such that 

E 
S(P)-s(P) < 2m · (1) 

Thus 
n n 
~- w(I1)(X1+1-X1)= I: (M1-m1)(X1+1-X1) 
t=1 1-1 

= S(l')- s(P) 
E 

<-· 2m (2) 

Now, Em=E:nUEm, where E:,. is the set of points of Em that are 
p 

points of the partitition P and E;. = E- E:,,. Obviously, E:,,c U Jk, 
k-t 

where Jk's are open intervals such that the sum of their lengths does 
not exceed E/2. Further, if xEE:,, then x belongs to some / 1.Hence 

1 
w(/1) ~ w(x) ~ -· m 

If we denote by 111' I,,_, .•• 11, those of the intervals 11 of P each of 

which contains a point of .E:,, then, in view of (2), the sum of lengths 

of / 1'1U = 1, 2, ... r) does not exceed E/2. Since E' c U Jk and 
· m k-1 

r 
E:,c U l1k' it follows that Em is of measure zero. 

k-1 

To prove the converse, suppose that/ is continuous a.e. in [a, b]. 
00 

Since m(.E,,,)=O for each m, Emc U I,, where each I, is an open 
1-1 

interval of [a, b] and* 
oo E 

~ l(Ii) < 2w([a, b)j • 

It is clear that Em is a closed set in R and hence in [a, b]. Therefore, 
by the Heine-Borel Theorem, there is a finite number of intervals 
111, 112, ••• , 11, which covers Em. Observe that 

r 
[a, b]- U J,k 

k .. 1 

•we may assume that w([a, bD > O. 
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can be expressed as a union of closed intervals Ji. J2 •..•• J,. Thus 

[a. bl-("~111" )u ( ,t; J, )· 

Since no interval J,(i= 1, 2, ... ,p) contains a point of E... there exists, 
by Proposition 3, a partition P1 of J~ such that 

S(P1)-s(P1) < _ l(Ji) • 
m 

SetP=P1UP2U •.• UP,. Cearly Pisa partition of [a, b]. Hence 

S(P)-s(P) • t {S(P1)- l(P1)} + f. (M11c - m1J (x11c - .%1~1) 
1-1 1c-1 

< _!__ t l(J1) + f_ w(l1J (X11c - .%1151) 
m 1-1 =I 

b-a r 
< --+ w(la, bD 'r (X11c -X11c-1) 

m =• 
b-a E 

<---.,;.- +w([a, bD· 2w([a, b]) 

< •• 
by a suitable choice of m for each • > 0. Hence, by Proposition 2, f 
is Riemann integrable over [a, b]. I 
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Nowhere Differentiable 
Continuous Functions 

Wo give here functions which are conunuous on R. but nowhere dift'e-· 
rentiable. 

Example 1 (Van der Waerden). Let F : R. -+ R. be a function defi­
ned by 

where 

F{x)= ~ /J.x)' 
A:~ 1~ 

/o(x) =distance from x to the nearest integer 

/J.x)=/o(l~x), k=O, 1, 2, ... 

We observe that: 

(a) .Each/1c i8 a continuous function on R. .. 
(b) F i8 continuous on R.. 

Since 

GD /1r,{X) • 1 
1:~ """fC;t <; ~o 2.1~ {xER.) 

s 
=9 < CX>' 

(1) 

by the Weierstrass M-test, the series (1) converges uniformly on R.. 
Therefore, it follows that F • continuous on R. because it is the 
uniform limit of continuous functions. 

(c) Fis nowhere differentiable, 
Let aER. be any point. It is enough to show that F'{a) does not exist. 
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Suppose a=ao·a1a201 ••. a,, ••. For nEN, let 

x,, • ao· a1a201 • • . a,,-ib,,a,,+ 1 . . ., 

where bn .. a•+• if a,,.,p 4 or 9 and b. • a-1 if a,,• 4 or 9. 
Therefore 

x.-a-±10-• 

lim x.=a. -
Thus, for any nEN, we note that 

f,J.x.)-f,J.a)= ±lOk-• (k=-0, 1, 21 •• (n-1) 

/,J.x,,)-/1'.a)=O (k ;;::: n) 

Hence 

This verifies that 

does not exist. 

F(xJ- F(a) • ~- /J.x.)-frJ..a) 
x.-a r-o lOk(x,,-a) 

n-1 ±lOk-n 
... ~ l()k(±lO--) 

•-I 
- ~- ±1. r-o 

fun [ F(x.)-.F(a) ] 
-.. x.-a 

Example 2 (Weierstrass). Let F: R -+ R be a function defined by 

JN ) "'"~GO COS 3-x 
.L"\" 2" ' ·- (xER) . (2) 

Since the series (2) is uniformly convergent on R and each term in 
the series is a continuous function on B., it foBows that the function 
Fis continuous on R. On the other hand, observe that the series 

"°(3)" -,!1, 2 sin 3•x, 

obtained by differentiating the series (2) term by term, is divergent 
when x is not a multiple of"· This indicates that Fis nowhere diffe­
rentiable. 
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Note. One can construct several examples on the lines of Examples 1 
and 2 above. For instance, in Example 1, one may replace the 
function F by the function defined by 

where 

F(x)-~ fk(x), 
t:o ti' 

(xEll) 

/oC.x) =distance from x to the nearest integer 

fk(x)= /oC.t/cx), k = 0, 1, 2, •.. ; 

while in Example 2, replace, the function F by the function defined by 
a> 

F(x) • 11, /Jll cos (a"7rx), 

where a is an odd natural number and b a real number such that 

0 < b < 1 and ab > 1 + ;w. 
At this stage, we may point out that most of the continuous func­

tions are nowhere differentiable. This is justified by the Baire category 
theorem: "The set 1l is not of the first category."* (The proof of this 
theorem is beyond the scope of this book.) 

•A set which is the union of a denumerable number of nowhere dense sots is 
called a set or the Int eaeegory. 
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The Development of the Notion 
of the Integral* 

Gentlemen: 
Foregoing technical developments, we are going to examine as a 

whole the successive modifications and enrichments of the notion of 
the integral and the appearance of other concepts used in recent 
research concerning functions of real variables. 

Before c&\achy, there was no definition of the integral in the actual 
sense of the word "definition". One was limited to saying which areas 
it was necessary to add or subtract to obtain the integral. 

For Cauchy a definition was necessary, because with him appeared 
the concern ~or rigour which is characteristic of modern mathematics. 
Cauchy defined continuous functions and the integrals of these func­
tions in nearly the same way as we do now. To arrive at the integral 
of/(~} .• it sufficed for him to form the sums (see Figure III.I). 

8= 'E/Cf1} (x1+1-x1) (1) 

which surveyors and mathematicians have used for centuries for 
approximating areas, and to deduce from this the integral 

J:/(x)dx 
by passage to the limit. 

Although this passage was obviously legitimate to those starting 
with a notion of area, Cauchy had to prove'that the sum S actually 

*This is the English translation of Henri Lebesgue's lecture delivered in a 
conference La Societe Mathematique at Copenhagen on May 8, 1926 and which 
is included as an appendix in the book Soo Bong Chae, Lebesgue Integration, 
Marcel Dekker, New York, No. 58 (1980). We wish to acknowledge our thanks 
to Marcel Dekker, for permitting us to include the same in this book. 
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tended toward a limit under the conditions which he considered. An 
analogous necessity is imposed each time one replaces an experimen­
tal notion with a purely logical definition. It should be added that the 
interest of the defined object is no longer evident; it can only result 
from the study of the properties of this object. 

0 

Fig. m.1. 

This is the price of logical progress. What Cauchy did is consider­
able enough to have a philosophical meaning. It is often said that 
Descartes reduced geometry to algebra. I would say more readily 
that, by employing coordinates, he reduced all geometries to that of 
the straight line and that this geometry, in giving us the notions of 
continuity and irrational number, has permitted algebra to attain its 
actual scope. 

In order that the reduction of all geometries to the geometry of 
the straight line be achieved, it was necessary to eliminate a certain 
number of notions related to geometries of higher dimensions such as 
length of a curve, area of a surface, and volume of a body. Precisely 
here lies the progress which Cauchy realized. After him, it sufficed 
that arithmeticians construct the linear continuum with the aid of 
natural numbers to accomplish the arithmetization of the science. 

And now, should we limit ourselves to doing analysis? No. Indeed, 
all that we will do can be translated into arithmetical language, but 
if one were to refuse to have direct, geometric, intuitive insights, 
if one were reduced to pure logic which does not permit a choice 
among every thing that is exact, one would hardly think of many 
questions, and certain notions, the majority of those notions which we 
are going to examine today, for example, would escape us completely. 

For a long time, certain discontinuous functions were integrated; 
Cauchy's definition still applied to these integrals, but it was natural 
to investigate, as Riemann did, the exact scope of this definition. 
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If Ji and / 1 designate the lower and upper bounds of f(x) on 
(x1, X1+1), then S lies between 

and 

Riemann showed that it suffices that 

S- ~ = }:.(/1- [t) (x1+1 - x 1) 

tends toward zero for a particular sequence of partititions of (a, b) 
into smaller and smaller intervals (x,, X1+1) in order for Cauchy's 
definition to apply. Darboux added that the usual passages to the 
limit by ~ and S always give two definite numbers 

1:/(x) dx J:/(x) dx 

These numbers are in general different and are equal only when the 
Cauchy-Riemann integral exists. 

From the logical point df view, these are very natural definitions, 
are they not? Nevertheless, one could say that they are use less in the 
practical ·sense. Riemann's definition, in particular, has the disadvan­
tage that it applies only rarely and, in a sense, by chance. 

Indeed, it is evident that partitioning of (a, b) into smaller and 
smaller intervals (x,, X1+1) makes the differences / 1- Ji smaller and 
smaller if/(x) is continuous, and by virtue of this cont:iiiuous process 
it is clear that this partitioning causes S- S to tend toward zero if 
there are only a few points of discontinuity. However, there is no 
reason to hope that the case will be the same for a function disconti­
nuolJ& everywhere. So, in effect, taking smaller and smaller intervals 
(x1, x1~1), that is to say, values of f(x) related to values of x which 
come closer and closer together, in no way guarantees that one takes 
values of f(x) whose differences become less and less. 

Let us proceed according to the goal to be attained: to gather or 
group values of f(x) which differ by little. It is clear, then, that we 
must partition not (a, b), but rather the interval (/,/) bounded by 
tho lower and upper bounds of f(x) on (a, b). We do this with the 
aid of numbers y, differing among themselves by less than E; we are 
led, for example, to consider values of/(x) defined by 

Yt ~ f(x) ~ Yl+l 
The corresponding values of x form a set E,; in the case of Fig. DI.2, 
this set E, is made up of four intervals. With a certain continuous 
functionf(x), it might be formed by an infinite number of intervals. 
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With an arbitrary function, it might be very complicated. But, no 
matter-it is this set E, which plays the role analogous to that of the 
interval (x1, x1+i) in the definition of the integral of continuous func­
tions, since it makes known to us the values of x which give to 
/(x) values differing very little. 

Fig.Dl.2. 

If .,,, is any number chosen between y, and Yt+i. 

YI~.,,,~ Y1+1 

the values of/(x) for the points of E1 differ from .,,, by less than £. 

The number .,,, will play the role which was assumed by /(f1) in (1); 
as for the role of the length or measure X1+J - x1 of the interval 
(x,, X1-1), this will be played by a measure m(E1), which we will 
assign to the set E1 in a moment. We form in this manner the sum 

(2) 

But first let us look at what we have just done and, in order to under­
stand it better, repeat it in other terms. 

The geometers or the seventeenth century considered the integral 
of Jtx)-the word "integral" had not yet been invented, but that is 
hardly important-as the sum or an infinity of indivisibles, 1 each of 
which is an ordinate, positive or negative, of Jtx). Very welll We 
have simply grouped the indivisibles of comparable size; we have, 
as one says in algebra, made the collection or reduction of similar 
terms. It may again be said that, with Riemann's procedure, one 

11n the context of areas, indivisibles are "infinitely narrow" rectangles of 
"infinitesimal" area. Leibniz used the symbol dx to denote the "width" of an 
indivisible, so that the "area" of an indivisible of length y was given by the pro-

duct y dx. Ho then introduced the symbol J y dx for the "sum" or "integral" 

of the areas of the indivisibles which gives tho area of a given region. 
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attempted to sum the indivisibles by taking them in the order in which 
they were furnished by the variation of x. One operated as did a mer­
chant without a method who counted coins and bills randomly in the 
order in which they fell into his hand, while we operate like the 
methodical merchant who says 

I have m(E1) pennies worth l ·m(E1). 

I have m(E2) nickels worth S·m(E2). 

I have m(E3) dimes worth lO·m(E3). 

etc., and thus I have altogether 

S= l·m(Ei)+S·m(&)+lO·m(E,)+, •. 

The two procedures will certainly lead the merchant to the same 
result because, as rich as he might be, he has only a finite number 
of bills to count; but for us who have to sum an infinity of indivisi­
bles, the difference between the two methods of adding is capital. 

Let us now occupy ourselves with the definition of the number 
m(E1) attached to E1• The analogy between this measure and a length, 
or the same with a number of bills, leads us naturally to say that, in 
the example in Fig. Ill.2, m(E1) will be the sum of the lengths of the 
four intervals constituting E1, and that, in an example in which E1 is 
formed from an infinity of intervals, m(E1) will be the sum of the 
lengths of all these intervals. In the general case, it leads us to pro­
ceed as follows: We enclose E1 in a finite or countably infinite number 
of intervals, and let Ii, 12 .... be the lengths of these intervals. We 
certainly want 

m(E1) ~ 11 +12+ ... 
If we look for the greatest lower bound of the second member for 

all possible systems of intervals which can serve to cover E1, this will 
be an upper bound for m(E1). For this reason we denote it by m(Ei) 
and we have 

(3) 

If C is the set of points of (a, b) not included in E1, we have 
similarly 

m(C) ~ m(C) 

Now, we obviously wish to have 
m(E1)+m(C)=m((a, b))=b-a 

Therefore we must have 
m(E,) ;;:i: b-a-m(C) (4) 
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The inequalities (3) and (4) give then the upper and lower bounds of 
m(E,). One can easily see that these two inequalities are never contra­
dictory. When the lower and upper bounds of E1 are equal. m(E;) is 
defined, and we say then that E1 is measurable.2 

A function/(x) for which the sets E, are measurable for all y1 is 
called measurable. For such a function, formula (2) defines a sum 
S. One can easily prove that, when one varies the choice of y1 in such 
a way that e tends toward :r.ero, the sum S approaches a definite limit 
which is by definition 

J:f(x) dx.3 

This first extension of the notion of integral led to many others. 
Let us suppose that it is a question of integrating a function/(x, y) 
in two variables. We proceed exactly as before. We assign to it sets 
E1 which are now points in the plane and no longer the points on a 
line. To these sets we must now attribute a plane measure; this mea­
sure is deduced from the area of the rectangles 

ex :!i;; x :!i;; {3, 

entirely in the same manner as linear measure is deduced from the 
length of intervals. With the measure defined, formula (2) will give 
the sum S, from which the integral is deduced by passage to the limit. 

The definition which we have considered thus extends itself imme­
diately to functions of several variables. Here is another extension 
which applies equally well whatever the number of variables, but 
which I state only in the case where it is a question of integrating 
f(x) on (a, b). 

I have said that it is a matter of forming the sum of indivisibles 
represented by the various ordinates of the points x, y=f(x). A 
moment ago, we grouped these indivisibles according to their si7.C. Let 

'The method of defining the measure of sets used here is that of C. Jordan 
(Cours d'Analyse de fEcole Polytechnique, Vol. 1) but with this modification 
essential to our aim; that we enclose the set Ei to be measured in intervals which 
may be infinite in number, whereas Jordan always used only a finite number of 
intervals. This use of a countable infinity in place of integers is suggested by the 
endeavors of Borel who, moreover, himself used this idea in particular for a defi­
nition of measure (Lecons sur la thlorie des fonctions). 

'Comptes Rendus Acad. Sci. Paris, 129, 1909. Definitions equivalent to that 
of the text were proposed by various authors. The most interesting are due to 
W.H. Young (Philos. Trans. Roy. Soc. London, 204, 190S, Proc. London Math, 
Soc,, 1910). See also, for example, the notes by Borel and by F, Riesz (Comptes 
Rendus Acad. Sci. Paris, 154, 1912), 
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us now restrict ourselves to grouping them according to their sign; 
we will have to consider the plane set E11 of those points, the ordi­
nates of which are positive, and the set En of points with negative 
ordinates. For the simple case in which/(x )is continuous, before 
Cauchy, as I recalled in the beginning, one wrote 

J:/(x)dx•area (E,)-area (En) 

This leads us to write 

J: f(x) dx = mJ..E11)- m.(En) 

m. designating a plane measure. This new definition is equivalent to 
the preceding one. It brings us back to the intuitive method before 
Cauchy, but the definition of measure has given it a solid logical 
foundation. 

We thus know two ways of defining the integral of a function of 
one or more variables, and tfuit we know without having to consider 
the more or less complicated form of the domain of integration, 
because the domain D intervenes only as follows: The sets E1 of our 
first definition and the sets E11, En of the second are formed by taking 
values of the function f only on the points of D. 

Since the choice of the domain of integration D enters only in the 
formation of the sets E1, or E, and En, it is clear that we could just 
as well agree to form these sets E1, En, E11 by taking into considera­
tion only the value11 assumed by f on the points of a given set E, and 
we wil~ have hence defined the integral off extended to the set E. 

In order to make precise the scope of this new extension of the 
notion of integral, let us recall that our definitions require that f be 
measurable, that is to say, that the sets E1 be measurable for the first 
definition, and that E11 and En be measurable for the second, and, in 
view of this, E must also be measurable. We thus know how to define 
the integral extended to a measurable set of a measurable and boun­
ded function on this set. I have, in effect, implicitly suwosed thus far 
that we are dealing with bounded functions. 

What would have to be changed in the first manner of definition if 
the function f to be integrated were not bounded? The interval (/, /) 
would no longer be finite; an infinity of numbers Yt would be needed 
to divide it into intervals of length at most equal to E, so there would 
be an infinity of sets E1 and the sum S of formula (2) would now be 
a series. In or~r not to be stopped at the outset, we must assume 
that the series S is convergent for the first choice of the numbers Y1 
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that we would make; but, if S exists for one choice of y1, it exists for 
all choices of y,, and the definition of the integral applies without 
modification. 

The name of summable functions has been given to all functions 
which can be integrated by the indicated procedures, that is to say, 
to all measurable functions for which the sums S have a meaning. 
Every bounded measurable function is summable; and as no one has 
up to now succeeded in naming a nonmeasurable function, one could 
say that, up to now, practically every bounded function has an integ­
ral. On the contrary, there exists very simple unbounded functions 
which are not summable. Thus, one must not be astonished that our 
notion of integral still reveals itself insufficient in certain questions. 

We have just extended the notion of integral to unbounded func­
tions by starting with the first of our definitions; the second leads to 
the same result. But for this it is necessary to enlarge the notion of 
measure in such a way that it applies not only to bounded sets, which 
we thus far considered solely, but also to sets of points extending to 
infinity. I mention this second method of proceeding only because it 
is also related to another extension of the definite integral in which 
the interval, the domain, the set on which the integral is extended, 
is no longer presumed finite, as we have done up to now, but may go 
to infinity. 

I limit myself to just an indication, because I will not be consider­
ing ·in what follows this extension of the integral concept. It is for the 
same reason that I am content with mentioning briefly the research, 
still very original, undertaken by a young man killed in the war, 
R. Gateaux, who intended to define the operation of integration for 
functions of infinitely many variations. This research, which was 
continued by Paul Levy and by Norbert Wiener, is not without rela­
tion to the axiomatic studies undertaken by M. Frechet and by P.J. 
Daniell with the aim of extending the notion of integral to abstract 
sets.4 Frechet and Daniell proposed furthermore to apply to abstract 
sets not only the definitions of which I have spoken thus far, but also 
a further extension of the definite integral, to which we shall be led 
soon by the notion of indefinite integral, which we are now going to 
examine. 

'R. Gateaux, Bull. Soc. Math. France, 1919; P. Uvy, Lecona d'analyae fonctio­
nelle, 1922; N. Wiener, Proc. London Math. Soc., 1922; M. Frkhet, Bull. Soc. 
Math. France, 1915; P.J. Daniell, Ann. of Math., 1918 and 1919. 
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On.e ordinarily calls the indefinite integral of a function /(x) the 
function F(x) defined by 

F(x) = C+ J: /(x) dx (5) 

We do not adhere to this name but give rather to the words "indefi­
nite integral" their original meaning. Originally, the two names "defi­
nite integral" and "indefinite integral" applied to the same expres-

sion J: f(x) dx. But the integral was called "definite" when it was a 

question of a given, determined; or defined interval (a, b); and the 
integral was "indefinite" when (a, b) was variable, undetermined. un­
defined, qr, if one wishes, indefinite. 

It is, in short, by a veritable abuse of language that one calls F(x) 
the indefinite integral of f(x). If we remark in addition that when 

one studies F(x) it is always to obtain properties of J: /(x) dx, that 

it is actually J: /(x) dx which one studies through F(x), one will be led 

to say: I call the indefinite integral of /(x) the function 

p(a, b)= J:f(x)dx=F(b)-F(a) (5') 

There are between an indefinite integral and the corresponding 
definite integral the same relations and same differences as between a 
function and a particular value taken on by this function. Further­
more, if we represent by D the interval (a, b) of integration, we may 
say that the indefinite integral is a function, the argument of which 
is the domain D, 

i/l(D)= p(a, b) 

From these reflections it clearly results that, relative to a function 
of two variables/(x, y), one must not take for the indefinite integral, 
as is sometimes done, the function 

F(X, Y) = ci(x) + ci(y) + J: J: f(x, y) dx dy {6) 

If one limits oneself to considering rectangular domains 

a ~ x ~ b, c ~ y ~ d 

one must take for the indefinite integral the function of four vari­
ables 

p(a, b; c, d)=F(b, d)+F(a, c)-F(a, d)-F(b, c) (7) 
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But if one wishes to consider aJI the domains of integration, since the 
most general domain cannot be determined by a finite number of 
parameters, however large the number, it becomes necessary to give 
up ordinary functions to represent the correspondence between a 
domain D and the integral extended to this domain and to study 
directly the function 

r/J(D)= ff 0 /(x,y)dxdy 

for which the argument D is a domain. It is this function which we 
will call the indefinite integral of f(x, y). Or rather, since we have 
also defined the integral off extended to a measurable set E, we will 
consider the indefinite integral as a set function which will have been 
defined for all measurable sets.5 

In all that has been said up to now, there are, to be sure, only 
questions of language or of naming; but those questions would not 
have been asked if we had not acquired a new concept. It is for this 
reason that one should not be surprised that the new language has 
allowed one to give all possible meaning to facts perceived first of all 
in the case of the function F(x) of formula ( 5). One has succeeded, in 
particular, in characterizing set functions which are indefinite integ­
rals by two properties: complete additively and absolute continuity.' 

When a set function possesses these two properties, it is the indefi­
nite integral of a function/ which depends on I, 2, 3, ... variables 
according to whether the sets E are formed with the aid of the points 
on a line, in a plane, in ordinary space, etc. In order to have a uni­
form language and notation, let us say that/ is a point function,f(P); 
We write 

r/l(E) = J E f(P) dm(E) (8) 

The function/(P) is entirely determined by ifi(E) to the extent that 
one can arbitrarily modify f on the points of an arbitrary set of 
measure zero without its ceasing to have ifi(E) for an indefinite integral. 
And one can obtain/(.P) starting with ifi(E), except on points of a set 
of measure zero, by the following procedure. 

'Ann. Sci. del' Ecole Normale Suplrieure, 1910. 
'These terms are due respectively to de la Vallee-Poussin (Integrales de Lebes­

gue, fonctions d'ensemble, c/assef de Baire, Paris, 1916) and G. Vitali (R. Acc. 
Sci. Torino, 1908). A function of a measurable set is absolutely continuous if, 
when E varies in such a way that m(E) tends toward zero, r/l(E) also tends toward 
zero. "Complete additivity" is a synonym for '"countable additivity". 
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Let P be the point at which we wish to calculate/; we take for the 
domain of integration A an interval with center P, or a circle with 
center P, or a sphere with centre P-according to whether we are 
dealing with the case of the line, plane, or space-and we form the 
ratio "1(.A)/m(A). Then, let A tend to zero and we have 

Jim i/J(A) = f(P) · (9) 
.d-+O m(A) 

This result evidently generalizes the classical theorem according to 
which, f(x) is continuous, the function F(x) of formula (5) admits f 
as its derivative; our procedure of calculating/(P) is indeed, in effect, 
a sort of differentiation of the set function "1(.E). 

This manner of differentiation was considered quite a long -time 
ago. Cauchy7 calls "coexistent quantities" those quantities determined 
at the same time, that is, by the same conditions. If, for example, one 
has a nonhomogeneous body, nonhomogeneous in composition and 
density, and if one considers a domain.D of this body, the volume of 
D, the mass of D, the quanpty of heat necessary to elevate by one 
degree the temperature of' D supposed isolated, all are coexistent 
quantities. These are functions V(D), M(D), Q(D) of the domain. 

It is n·ot by happy chance that we arrive here at functions of 
domains. lf one reflects on it, one quickly sees that every magnitude 
of physics is related not to a point, but to an extended body, that it 
is a function of a domain, at least insofar that it is a matter of 
directly measurable magnitudes. The body to be considered will not, 
however, always be a body of our customary space; it could be a 
body in a purely mathematically conceived space if, in the determina­
tion of.the envisaged magnitude, there intervene nonspatial variables 
such as time, temperature, etc. But this is of little importance; directly 
measurable magnitude-mass, quantity of heat, quantity of electricity, 
for example-are functions of· a domain and not functions of a point. 

Physics meanwhile also considers magnitudes associated with points, 
such as speed, tension, density, specific heat; but these are derived 
magnitudes which one defines accurately most often by the ratio or 
the limit of the ratio of two coexistent quantities: 

. Mass S ifi h t Quantity of heat 
Density= Volume ; pee c ea = Mass 

that is to say, by taking the derivative of a magnitude with respect to 
a coexistent quantity. 

'Exercices d'analyse et de physiqtu mathematique, Vol. 2, Paris, 1840-1847, pp. 
188-229. 
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Thus physics, and consequently geometry, leads to the consideration 
of functions of a domain and their differentiation just as does analysis 
of functions of real variables. Similarly the functions of a domain 
have, in physics, a somewhat more primordial role than point func­
tions. Why then do physicists not speak of these functions? Because 
mathematicians have not yet studied them and because algebra has 
notation neither for the domains, nor for the functions of domains. 
Thus one sees the physicist limit himself to considering special domains 
depending only on certain parameters, in such a way that the domain 
function to be considered is reduced to a function of parameters. 
This is, moreover, exactly what a mathematician does when, instead 
of considering the definite integral off (x, y) in all of its generaiity, he 
limits himself to considering the functions F(X, Y), p(a, b; c, d) of 
formulas (6) and (7). 

We remark furthermore that formula (8) establishes a connection 
between the set functions rfi(E), which are indefinite integrals, and 
point functions/(P), which are dependent uponalgebra. This formula 
(8) thus furnishes a sort of notation for certain set functions. But 
when one examines the two conditions required for a function to be 
an indefinite integral, one cannot doubt that physical quantities are 
among the class of functions susceptible to the notation. 

These reflections on the nature of physical quantities may have 
allowed you to understand more precisely the interest and the impor­
tance of the notions which we have encountered. They show, in 
particular, that the operation of differentiation which appears in for­
mula (9) is not the only one to be considered, that one can always 
consider the differentation of a function r/J(E) with respect to a 
coexistent function p(E), whether or not it is the measure m(E). 

One question now quickly comes to mind: Can one also replace the 
function mlE) with a given function p(E) in the definition of the in­
tergral? In this there is no difficulty. We will first replace formula (2) 
by 

S=~E1) 

if first the sets E1 belong to the family of those sets for which the 
function p(E) is defined, that is, the function to be integrated must 
be measurable with respect to p(E) in order for the series s to be 
convergent, that is,/must be summable with respect to p(E). This 
being presumed, the definition of the integral off(p) with respect to 
p(E), 

I fC.P) dp(E) 
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is obtained as before if the function p(E) and possesses a certain 
property which one expresses in saying that p(E) must be of bounded 
variation.• 

We have just arrived at a new and very considerable extension of 
the notion of integral in taking the formal point of view of the mathe­
matician; the point of view of the physicist leads even more naturally 
to the same result, at least for continuous functions f(P). One could 
similarly say that the physicists have always considered only integra­
tions with respect to domain functions. 

Suppose, for example, that one wishes to calculate the quantity of 
heat p(D) necessary to elevate by one degree the temperature of a 
body D of which we spoke above. One must divide D into small partial 
bodies Di, D2, •.• of masses M(Di). M(D2). ... , choose from each a 
point Pi. P2, ••• and choose for an approximate value of p(D) the sum 

/(P1)M(D1) + f(P2)M(D2) + ... 
f(P) designating the specific heat at P. This is to say that we are 
calculating p(D) by the formula 

p(D) = JD f(P) dM(E). 

In its general form the new integral was defined only in 1913 by 
Radon; it was, meanwhile, known since 1894 for the particular case of 
a continuous function of a single variable. But its first inventor, 
Stieltj~. was led to it by research in analysis and arithmetic, and he 
presented it in a purely analytical form which masked its physical 
significance so much that it required much effort to understand and 

8p{E)"is said to be of bounded variation if, in whichever manner one partitions 
E into a countably infinite number of pairwise disjoint sets E1 , E1, ••• , the series 
E I p(E,) I is convergent. 

The notion of functions of bounded variation was first introduced by C. Jordan 
for functions of one variable. 

The only set functions p(E) to be considered in these theories are additive func­
tions, that is, those for which one has 

p(&+E1+ ••. )=p(EJ+p(E.)+ . .• 

Bi. E,, . . . being pairwise disjoint. If the additivity is complete, that is, if the 
sequence E1, E1, ••• can be chosen arbitrarily, p(E) is necessarily of bounded 
variation. In effect, the order of the sets being unimportant, the series 
p(&)+p(E.)+ • •• must remain convergent whatever the order; that is, the series 
J I p(E,) I Is convergent. 

No attempts have been made up to now to get rid of the condition that p(E) be 
of bounded variation. One ought to remark besides that if p(E) were not of 
bounded variation, one could find a continuous function/(p) for which, neverthe­
lses, our definition of integral would not apply. 
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recognize what is now evident. The history of these efforts cites the 
names of F. Riesz, H. Lebesgue, W.H. Young, M. Frechet, C. de la 
Vallee-Poussin; it shows that we competed in ingenuity and in perspi­
cacity, but also in blindness.II 

And yet, mathematicians always considered Stieltjes-Radon in-

tegrals. The curvilinear integral Jc f(x, y) dx is one of these integrals, 

relative to a function defined in terms of the length of the projection 

onto the x axis of a arcs of C; the integral J J 8 f(x, y, z) dx dy in­

volves in the same way a set function defined in terms of areas of S 
projected onto the xy plane. 

In truth, these integrals most often present themselves in groups 

f cf(x, y)dx+g(x, y)dy 

Is f(x, y, z)dxdy+g(x, y, z)dydz+h(x, y, z)dz dx 

If one thinks also of integrals considered for the definition of lengths 
of curves or areas of surfaces, 

Jc (dx2+dy'-+dz2)1t2 Jt [(dxdy)2+(dydz)2+(dzdx)2]112 

one will be led to say that it is also convenient to study modes of 
integration in which there appear several set functions Pi(E), pi._E), 
. . . . This study remains entirely for the future, although Hellinger 
and Toeplitz have utilized certain summations with respect to several 
set functions. lo 

We have thus for considered integration, definite or indefinite, as 
an operation furnishing a number, defined or variable, by a sort of 
generalized addition. We are placed with the point of view of quadra­
tures. But one may also consider the integration of a continuous 
function as furnishing a function, just like the most simple of integra­
tions of differential equations. It is this point of view of primitive 
functions which we will now consider. 

Finding the primitive function .F(x) of a given function /(x) is 
finding the function, determined to an additive constant, when it exists, 

•J. Radon, Sitz, Kais. Ale. Wiss. Vienna, Vol. 122, Section Ila, 1913; T.J. 
Stieltjes, Ann. Fae. Sci. Toulouse, 1894; F. Riesz, Comptes Rsndus A.cad. Sci. 
Paris, 1909; H. Lebesgue, ibid., 1910; W.H. Young, Proc. London Math. Soc., 
1913; M. Frechet, Now. Ann. des Math., 1909; de la VallCe-Poussin, op. cit. 

10Seo, for example, J. reine angew. Math., 144, 1914, pp. 212-238. 
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which admits f(x) as its derivative. It is this problem that we are 
going to study. 

But first we remark that the preceding refiections lead to formulat­
ing the problem in a much more general fashion: Given a function 
f(P) which is the derivative with respect to a known function p(E) of 
an unknown function i/J(E), find the primitive function i/J(E) off(P). 

If, for example, we are dealing with a continuous function f(x) and 
if m(E) is the measure, the primitive function would no longer be the 

function F(x) offormula(S), buttheindefiniteintegral J8 f(x)dx. 

I can only mention this general problem which has not been 
studied; I ~ content with remarking that the Stieltjes integral would 
be very insufficient for resolving it. This integral has, in effect, only 
been defined for the hypothesis that p(E) is of bounded variation, and 
one may certainly speak of differentiation with respect to a ·function 
p(E) with is not of bounded variation. 

The theory of summable functions furnishes the following result 
related to the case in which p(EJ is the measure m(E): When the 
derivative f(P) is summable, the antiderivative off is one of its primi­
tive functions. I say one of its primitive functions because one still 
does not know very well now this general problem of primitive 
functions must be posed in order for it to be determined.11 

Let us leave aside thses questions, which I speak of only in order to 
show how much there remains to be done, and let us show how much 
has been done in the search for the primitive function F(x) of f(x), 
thanks above all to Arnaud Denjoy. 

I have just said that, when/(x) is summable, integration furnishes 
F(x) by formula (5). Suppose that, on (a, b),f(x) fails to be summable 
only at a single point c. Then integration gives us F(x) on (a, c-E) 
for arbitrarily small E and hence on the whole interval (a, c); it also 
gives F(x) on (c+E, b) and hence completely on (c, b). And taking 
into account the continuity of F(x) at the point c, we have F(x) on 
the whole interval (a, b). By such considerations of continuity,12 one 
sees that, if one knows F(x) on every interval which contains no point 
of a set E in its interior or at its extremeties, one can deduce F(x) by 
an operation which I shall designate by A. on every interval adjacent 
to E, that is, on every interval having its end points in E but- havi!lg 
no points of E in its interior. 

nsee on this subject the notes of Fubini and Vjtali, appearing 1915-1916, in 
Atti Rend. R. Acc. Lincel. 

11lt is the introduction of these conditions of continuity which very considerably 
differentiates the problem of primitive functions from that of quadratures. 
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Suppose now that one knows F(x) on intervals(«, fI) adjacent to a 
set E, that the sum l:[F(tf)-F(«)] is convergent, and that/(x) is 
summable on E.13 Then it suffices to say that the primitive function 
must result from the contribution of E and the intervals adjacent to E 
in order to be led to the formula 

F(x)-F(a)=~E /(dx+l:(F(fI)-F(ct)J}: 

the braces of the second member indicating that one must utilize there 
only points between a and x. From this formula there results the 
determination of F(x), thanks to an operation with I will designate 
by B. 

The preceding results mark the extreme points which I reached in 
my thesis, and I must say that I indicated them only somewhat by 
chance, because I did not at all suspect the importance given to them 
by Denjoy. Relying on Baire's results, Denjoy shows that, if f(x) is a 
derivative function on (a, b), then 

(1) The points for which/(x) is not summable form a set E1 which 
is not dense in (a, b); an operation 01 of type A. determine F(x) on 
intervals adjacent to E1. 

(2) Next, there exists a set & formed from point of E1 and not 
dense in Ei. on the adjacent intervals of which one can calculate F(x) 
by an operation 02 of type B. 

(3) Next, there exists a set E3 formed from points of E2 and not 
dense in &. on the adjacent intervals of which one can calculate F(x) 
by an operation 03 of type B, .... 

If it turns out that after an infinite sequence of operation Oi, 
02, ... , one has not yet found F(x) on the entire interval (a, b), the 
points of (a, b) which are not interior points of intervals on which 
one has defined F(x) form a set E.,, and an operation of type A, the 
operation 0.,, furnishes Fon intervals adjacent to E.,. One considers 
next, if it is necessary, operations O .. +i. 0 .. +2, ••• of type B, followed 
by an operation Oi.. of type A, followed by operations of type B, etc. 

And Denjoy, using now classical arguments of Cantor and Bendixson, 
proves that this procedure will finally give us F(x) on the entire inter­
val (a, b) after a finite or countably infinite number of operations. 

11It is convenient to remark that these hypotheses are not contradictory, the 
same as if Eis assumed to be the set of points on which/(x) is not summable in 
an interval (a, b) considered. For the determination of points of nonsummability 
on (a, b) it is necessary, in effect, to take into account all points of (a, b), whether 
they belong to E or not; whereas summability on E is a condition occurring only 
on the points of E. 
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This operative procedure, certainly complicated, but just as natural, 
in principal, as those previously envisaged, was called by Denjoy 
"totalization". 

Totalization solves entirely the problem of finding the primitive 
function F(x) of a given function/(x); it permits at the same time the 
determination of F(x) knowing only a derived numbert4 f of F(x) 
and no longer its derivative. I shall not dwell on these beautiful 
results; the most important fact for us is that totalization, by a long 
detour, furnishes us ·with a new extension of the concept of definite 
integral. Every time, in effect, that totalization applies to a function 
f(x) and gives a corresponding function F(x), we can attach to f(x) an 
integral, tlianks to formulas (5) and (5').15 

Gentlmen, I end now and thank you for your courteous attention; 
but a word of conclusion is necessary. This is, if you will, that a 
generalization made not for the vain pleasure of generalizing, but 
rather for the solution of problems previously posed, is always a 
fruitful generalization. The diverse applications which have already 
taken the concepts which we have just examined prove this super­
abundantly. 

"Dini's derivative. 
ll'fhe detailed memoirs of Denjoy appeared from 191S to 1917 in the Journal de 

Math., in the Bull. Soc. Math. France, and in the Ann. Sci; de l'E'cole Nonnale 
Superleure. 
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