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Lagrangian Relaxation

� The multicommodity flow problem formulation:



Lagrangian Relaxation

� We associate nonnegative Lagrange multipliers wij

with the bundle constraints, creating the following 

Lagrangian subproblem: 

� or, equivalently, 

� subject to 



Lagrangian Relaxation

� Since the term 

� is a constant for any given choice of the Lagrange 

multipliers therefore we can ignore it. 

� The resulting objective function has a cost � The resulting objective function has a cost 

� associated with every flow variable



Lagrangian Relaxation

� Since none of the constraints in this problem contains 

the flow variables for more than one of the 

commodities, 

– the problem decomposes into separate minimum cost flow 

problems, one for each commodity. 

� Consequently, to apply the subgradient optimization � Consequently, to apply the subgradient optimization 

procedure to this problem, we would alternately 

– (1) solve a set of minimum cost flow problems (for a fixed 

value of the Lagrange multipliers w) with the cost 

coefficients 

– (2) update the multipliers by the algorithmic procedures



Lagrangian Relaxation

� If        denotes the optimal solution to the minimum 

cost flow subproblems when the Lagrange multipliers 

have the value        at the qth iteration, the subgradient

update formula becomes:

� In this expression, the notation [a]+ denotes the 

positive part of a, that is, max(a, 0). 

� The scalar θq is a step size specifying how far we 

move from the current solution 



Lagrangian Relaxation

� If the subproblem solutions       use more than the 

available capacity uij of that arc, the update formula 

increases the multiplier        on arc (i, j) by the amount:

� If the subproblem solutions       use less than the � If the subproblem solutions       use less than the 

available capacity of that arc, the update formula 

reduces the Lagrange multiplier of arc (i, j) by the 

amount:



Lagrangian Relaxation

� The decrease would cause the multiplier            to 

become negative, we reduce the multiplier to value 

zero. 

� We choose the step sizes θq for iterations q = 1, 2, . . . , 

in accordance with:



Lagrangian Relaxation

� Whenever we apply Lagrangian relaxation to any 

linear program, such as the multicommodity flow 

problem, the optimal value 

� of the Lagrangian multiplier problem equals the 

optimal objective function value z* of the linear optimal objective function value z* of the linear 

program. 



Lagrangian Relaxation

� Example:

– Consider a two-commodity problem



Lagrangian Relaxation

� For any choice of the Lagrange multipliers wl2 and 

for the two capacitated arcs (sl, tl) and (1, 2), the 

problem decomposes into two shortest path problems. 

� If we start with the Lagrange multipliers 

� then in the subproblem solutions, the shortest path:

– the shortest path s1-tl carries 10 units of flow at a cost of 

1(10) = 10 and, 

– the shortest path s2-1-2-t2 carries 20 units of flow at a cost 

of 3(20) = 60

– Therefore, L(0) = 10 + 60 = 70 is a lower bound on the 

optimal objective function value for the problem. 



Lagrangian Relaxation

� Since 

� The update formulas become:

� If we choose θ0 = 1, then 



Lagrangian Relaxation

� The new shortest path solutions send:

– 10 units on the path s1-tl at a cost of (1 + 5) (10) = 60 

– 20 units on the path s2-t2 at a cost of 5(20) = 100 

� The new lower bound obtained through:

� The value of the lower bound has decreased.



Lagrangian Relaxation

� At this point:

� so the update formulas become 

-10

� If we choose θ0 = 1, 



Lagrangian Relaxation

� The new shortest path solutions send:

– 10 units on the path s1-tl at a cost of (1 + 10) (10) = 110 and 

– 20 units on the path s2-1-2-t2 at a cost of 3(20) = 60

� If we continue by choosing the step sizes for the kth

iteration as θk = 1/k, we obtain the set of iterates:



Lagrangian Relaxation



Lagrangian Relaxation



Lagrangian Relaxation

� From iteration 14 on, the values of the Lagrange 

multipliers oscillate about, and converge to, their 

optimal values:

� The optimal lower bound oscillates about its optimal 

value 150, which equals the optimal objective function 

value of the multicommodity flow problem. 



Lagrangian Relaxation

� This figure shows how the values of the Lagrange 

multipliers vary during the execution of the algorithm



Lagrangian Relaxation

� This figure shows how the values of Lagrangian lower 

bounds vary during the execution of the algorithm



Lagrangian Relaxation

� Advantages of subgradient optimization for solving 

the Lagrangian multiplier problem:

– (1) This solution approach permits us to exploit the 

underlying network flow structure. 

– (2) The formulas for updating the Lagrange multipliers wij

are rather small computationally and very easy to encode in are rather small computationally and very easy to encode in 

a computer program. 



Lagrangian Relaxation

� Limitations of subgradient optimization:

– (1) To ensure convergence we need to take small step sizes; 

as a result, the method does not converge very fast. 

– (2) the optimal flows      solve the Lagrangian subproblem, 

these subproblems might also have other optimal solutions 

that do not satisfy the bundle constramts. that do not satisfy the bundle constramts. 

� For example for the problem we have just solved, with the optimal 

Lagrange multipliers w12 = 2 and                      , the shortest paths 

subproblems have solutions with 10 units on the path sl-tl and 20 units 

on the path s2-t2 . 

� This solution violates the capacity of the arc (s1, tl). 

� In general, to obtain optimal flows, even after we have solved the 

Lagrangian multiplier problem, requires additional work. 



The End


