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Path Flow Formulation



Path Flow Formulation

e Let first reformulate the multicommodity flow
problem using path flows instead of arc flows.

e [et assume that
— for every commodity the arc flow costs are all nonnegative.

— we can represent any potentially optimal solution as the
sum of flows on directed paths.



Path Flow Formulation

e The path flow formulation:

— p¥: the collection of all directed paths from the source node
s* to the sink node #*, for each commodity £, in the
underlying network G = (N, A).

— f(P) : variables for every directed path P in p¥, that is the
flow on some path P and for the kth commodity

— 0,(P) : an arc-path indicator variable, that is, 0,(P) = 1 if
arc(i, j) 1s contained in the path P, and 1s O otherwise.

— We can always decompose some optimal arc flow into path
flows as follows:

x& =2 3;(P)f(P)

PePk



Path Flow Formulation

e The path flow formulation:

— c*(P) : the per unit cost of flow on the path P € Pk with
respect to the commodity k.

K — k
c"(P) = z(i,j)EA CUBU(P) = Z(f,j)EP Cfff

— 1f we substitute for the arc flow variables in the objective
function, interchange the order of the summations, and
collect terms, we find that:

2 cixg= 2 Y PP = 3 cHP)f(P)

(i, )EA (i,))EA PEPk Pepk



Path Flow Formulation

e The path flow formulation :

Minimize >, > cX(P)f(P)

1=k=K pPcpk

subject to

> > AP (P)=u; forall (i, ) € A,

l=k=K PcPk

> f(Py=d* foralk=1,2,...,K

rPepk

f(P)=0 forallk = 1,2,..., Kandall P € Pk,

?



Path Flow Formulation

e The path flow formulation:

— The problem has a single constraint for each arc (i, j) which
states that the sum of the path flows passing through the arc

1s at most u;;, the capacity of the arc.

z z SU(P))C(P) = Uij for all (i, J) = A,
1=k=K PcPk
— The problem has a single constraint for each commodity &
which states that the total flow on all the paths connecting
the source node s* and sink node #* of commodity k& must
equal the demand d* for this commodity.
> f(Py=d* forallk=1,2,...,K

PcPk

?



Path Formulation vs. Arc Formulation

e The path formulation vs. arc formulation

— For a network with n nodes, m arcs, and K commodities, the
path flow formulation contains m + K constraints

— The arc formulation contains m + nK constraints since it
contains one mass balance constraint for every node and
commodity combination.



Path Formulation vs. Arc Formulation

e The path formulation vs. arc formulation

— anetwork with n = 1000 nodes and m = 5000 arcs and with
a commodity between every pair of nodes has
approximately K = n? = 1,000,000 commodities.

— The path flow formulation contains about 1,005,000
constraints.

— The arc flow formulation contains about 1,000,005,000
constraints.

— We can apply a specialized version of the simplex method,
known as the generalized upper bounding simplex
method, to solve the path flow formulation very efficiently.



Path Formulation vs. Arc Formulation

e The path formulation vs. arc formulation

— The path flow formulation has a variable for every path
connecting a source and sink node for each of the
commodities.

— The number of these variables will typically be enormous,
growing exponentially in the size of the network.

— We might expect that only very few of the paths will carry
flow 1n the optimal solution to the problem.

— Linear programming theory permits us to show that at most
K + m paths carry positive flow in some optimal solution to
the problem.



Path Formulation vs. Arc Formulation

e The path formulation vs. arc formulation

— For a problem with 1,000,000 commodities and 5,000 arcs,

we could, 1n principle, solve the path flow formulation
using 1,005,000 paths.

— If we knew the optimal set of paths, or a very good set of
paths, we could obtain an optimal solution (1.e., values for
the path flows) by solving a linear program containing just
the commodities with two or more sets of paths.



Optimality Conditions



Optimality Conditions

e The revised simplex method of linear programming
— maintains a basis at every step,

— and using this basis determines a vector of simplex
multipliers for the constraints.

e The path flow formulation contains:
— one bundle constraint for each arc, and

— one demand constraint for every commodity,



Optimality Conditions

e The dual program of the path flow formulation
contains :

— w;; : (arc price) a dual variable for each arc

— o" : (commodity cost) a dual variable for each commodity k
=1,2, ..., K.

e The reduced cost ¢%* for each path flow variable
f(P) 1s:

cg” = cKP)y + D wy — o
(L)HEP



Optimality Conditions

e Path flow complementary slackness conditions:

— The path flows f(P) are optimal in the path flow
formulation if and only it for some arc prices w;; and
commodity prices o, the reduced costs and arc flows
satisfy the following conditions:

@ wi;l D> D 3,;(P)f(P) — u;]l = 0forall (i, j) € A.

l=k=K PcPk
(b) cg¥"=0forallk=1,2,...,Kandall P € Pk,
(¢) c@”f(P) =0forallk=1,2,..., Kandall P € P~,



Optimality Conditions

e The complementary slackness condition (b)

@ wil D D 8;(P)f(P) — u;] = 0for all (i, j) € A.
l=k=K PcPk
— states that the price w;; of arc (i, j) 1s zero if the optimal
solution f(P) does not use all of the capacity u,; of the arc.

— That 1s, 1f the optimal solution does not fully use the
capacity of that arc, we could 1gnore the constraint (place
no price on it).



Optimality Conditions

e In reduced cost of path P :
cg” = cKP)y + D wy — o
(L.))EP
e Since the cost c“(P) of path P is just the sum of the
cost of the arcs contained in that path, that 1s,

c“(P) = Dper Ch
e we can write the reduced cost of path P as
cE” = D> (c§+ wy) — oF
(iL.j)EP
e That 1s, the reduced cost of path P is just the cost of

that path with respect to the modified costs Cg- + wy;
minus the commodity cost o*.



Optimality Conditions

e In the complementary slackness condition (b)

(b) cg”=0forallk=1,2,..., K andall P € Pk,
e Since,
C?:;’w = 2 (C{j + ng) — U'k E0
(i, pHepP
E (Cﬁ -+ ng) = Uk
(i, pHepr

® So, it states that the modified path cost
2ipep (¢ + wy)
e for each path connecting the source node s* and the

sink node #* of commodity k must be at least as large
as the commodity cost o*.



Optimality Conditions

e The complementary slackness condition (¢)

() c@”f(P) =0forallk=1,2,..., Kandall P € P~

e This condition implies that reduced cost ¢ must be
zero for any path P that carries flow in the optimal
solution

— 1.e., for which the flow f(P) > 0O; that 1s, the modified cost

E (C{j + ng) — U'k
(i,)HEerP

— of this path must equal the commodity cost o



Optimality Conditions

e Conditions (b) and (c) imply that o is the shortest path
distance from node s* to node #* with respect to the

modified costs > ; hep (c& + w;))

e and

pat!

in the optimal so]
node #* that carries a

ution every path from node s to

positive flow must be a shortest

h with respect to tl

ne modified costs.

e This result shows that the arc costs w;; permit us to
decompose the multicommodity ﬂow problem into a
set of independent "modified" cost shortest path
problems.



Column Generation Solution
Procedure



Column Generation Solution Procedure

e In the path flow formulation there 1s an enormous
number of columns-with one flow variable for each
path connecting the source and sink of any
commodity.

e We have also shown how to characterize any optimal
solution to this formulation in terms of the linear
programming dual variables w;; and oX, interpreting
these conditions as shortest path conditions with
respect to the modified arc costs:

k
CU ~}- ij



Column Generation Solution Procedure

e The key idea in column generation is never to list
explicitly all of the columns of the problem
formulation, but rather to generate them only "as
needed."

e The revised simplex method 1s perfectly suited for
carrying out this algorithmic strategy.

e The revised simplex method maintains a basis B each
iteration.

e It uses this basis to define a set of simplex multipliers
© via the matrix computation &t B = ¢y (in our

application, the multipliers are w and o).



Column Generation Solution Procedure

e The method defines the simplex multipliers so that the
reduced costs Cg of the basic variables are zero; that

1S,
CE=CQ3“TT%=0

e To find the simplex multipliers, the method requires
no information about columns (variables) not in the
basis.

e It then uses the multipliers to price-out the nonbasic
columns, that 1s, compute their reduced costs.



Column Generation Solution Procedure

e If any reduced cost is negative (assuming a
minimization formulation), the method will introduce
one nonbasic variable into the basis in place of one of
the current basic variables, recompute the simplex
multipliers «t, and then repeat these computations.

e To use the column generation approach, the columns
should have structural properties that permit us to
perform the pricing out operations without explicitly
examining every column.



Column Generation Solution Procedure

e When applied to the path flow formulation, with
respect to the current basis at any step (which 1s
composed of a set of columns, or path variables), the
revised simplex method defines the simplex
multipliers w;; and 6* so that the reduced cost of every
variable in the basis 1s zero.

e Therefore, if a path P connecting the source s* and
sink #* for commodity k is one of the basic variables,
then: c&” = 0

e or equivalently,

Dper (ck + wy) = o



Column Generation Solution Procedure

e Therefore, the revised simplex method determines the
simplex multipliers w; and c* so that they satisfy the
following equations for every path P in the basis.

2 (Cf, + ij) — U'k
(i, p)HepP



Column Generation Solution Procedure

e Since each basis consists of K + m paths, each basis
gives rise to K + m of these equations.

e Moreover, the equations contain K + m variables (1.e.,
m arc prices w; and K shortest path distances c%).

e The revised simplex method uses matrix computations
to solve the K + m equations and determines the
unique values of the simplex multipliers.



Column Generation Solution Procedure

e The complementary slackness condition (¢) dictates
that
cg”f(P) =0

— for every path P in the network.

e Since each path P in the basis satisfies this condition,
we can send any amount of flow on it and still satisfy
the condition (c).

e To satisty this condition for a path P not in the basis,
we set £(P) = 0.



Column Generation Solution Procedure

e Consider, the complementary slackness condition (a).
(a) Wyj [ z z SIJ(P)f(P) — ufj] = ( for all (l, J) e A.

I1=k=K PcpPk

e If the slack variable: _
Si = [Zn=k=x 2inepdy(P)f(P) — uy]
— 1S not 1n the basis, Sii = 0, so the solution satisfies condition
().
e If the slack variable Sii 1s 1n the basis, its reduced cost,
which equals O - w;, 1s zero, implying that w; = 0 and
the solution satisfies condition (a).



Column Generation Solution Procedure

e We have thus shown that the solution defined by the
current basis satisfies conditions (a) and (c);

e It is optimal if it satisfies condition (b)
(b) cg”=0forallk=1,2,..., Kandall P € Pk

— 1.e., the reduced cost of every path flow variable 1s
nonnegative

e How can we check to see if for each commodity Kk,

cp? = z (Cg -+ Wij) — U'k =0 forall P € Pk,
(i,j)epP
e or, equivalently,

min >, (cf + wy) = o,
PcPk (i, )EP



Column Generation Solution Procedure

e The left-hand side of this inequality
min £+ wy
P&Pk (f,j)szP (CJ w*’)
e 1s just the length of the shortest path connecting the
source and sink nodes, s€ and # , of commodity k with
respect to the modified costs (¢ + wy)

e To see whether the arc prices w;; together with current
path distances o satisfy the complementary slackness
conditions, we solve a shortest path problem for each
commodity k.



Column Generation Solution Procedure

e If for all commodities &, the length of the shortest path
for that commodity is at least as large as o*, we satisfy
the complementary slackness condition (b).

e Otherwise, 1f for some commodity &, QO denotes the
shortest path with respect to the current modified costs
(ij' + wfj)

e and the reduced cost of path Q 1s less than the length
o* of the minimum cost path from the set P¥, then ,

k
(i.)eQ



Column Generation Solution Procedure

e The path Q has a negative reduced cost, so we can
profitably use 1t in the linear program 1n place of one
of the paths P in the current basis

e That 1s using the usual steps of the simplex method,
we would perform a basis change introducing the path
O 1nto the current basis.

e Doing so would permit us to determine a new set of
arc prices w; and a new modified shortest path
distance k between the source and sink nodes of
commodity k.



Column Generation Solution Procedure

e We choose the values of these variables so that the
reduced cost of every basic variable 1s zero.

e That 1s, using matrix operations, we would once again
solve the system:

ko
¢ = Dapep (¢ +wy) — 0" =0

e in the variables w; and o*.

e We would then, as before, solve a shortest path
problem for each commodity k and see whether any
path has a shorter length than o,



Column Generation Solution Procedure

e If so, we would introduce this path into the basis and
continue by alternately

— (1) finding new values for the arc prices w;; and for the path
lengths 6* , and

— (2) solving shortest path problems.

e This discussion shows us how we would determine the
variable to introduce into the basis at each step.

e The rest of the steps for implementing the simplex
method (e.g., determining the variable to remove from
the basis t each step) are the same as those of the usual
implementation, so we do not specify any further
details.



The End



