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Introduction

* Line
— In a railway system with periodic timetable a line

connecting two stations runs several times in a fixed time
interval e.g. one hour, across the network.

— This number is called the frequency of the line.
* Line Optimization Problem

— consists of choosing some lines with their frequencies to
serve passenger demand and to optimize a given objective

* Objective functions
— to minimize operational costs for a fixed service

— to maximize service quality for fixed operational costs



Introduction

* Service Quality

— One way to improve the service is to minimize the total
travel time of all passengers

— At this stage of planning there i1s no timetable hence you
cannot determine the exact waiting period while changing
lines

— Changing of lines itself is a major inconvenience, hence one
possible way to optimize service is to minimize the total
number of changes or even simpler to maximize the total
number of travelers on direct connections or simply direct
travelers.
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Modeling Railway Networks and Lines

* G=(V,E):
— An undirected graph where
— V denotes the set of vertices which describe the stations

— E 1s the set of edges which define direct connections or
links between two stations
e T: the travel time on a single link

» D : the travel distance on a single link

— We assume that passengers from a to b come back to a



Modeling Railway Networks and Lines

e Possible lines

— L, : denote the set of all possible lines

* Classification Yards

— CJY C V classification yards, that describe the stations in
which a line may start / end, and they have a special
equipment (e.g. sidings to compose trains)

— Only paths in G with start and endpoint in CY are possible
lines

* Frequency of lines



Modeling Railway Networks and Lines

* tr(a, b)/ tr(t)
—a,beV,a#b
— Volume of traffic between the stations
e T ={{a,b}la,beV,a#b, tr({a,b}) #0

— denote the set of origin-destination pairs with nonzero
volume of traffic



Modeling Railway Networks and Lines

* Assumption

— Travelers between a and b (a, b) € V use a shortest path
between a and b in G with respect to some edge evaluation
1.e. travel time T or travel distance D

e P,:denote the shortest path in G with respect to some
edge evaluation betweena and b (t={a, b} € 7T)

* tl(e) : the traffic load 1s given by:
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Modeling Railway Networks and Lines

* [fr(e) : line frequency requirement, the minimum
number of trains / lines, which have to run along link
e to serve the demand for transportation

* A reasonable calculation of the line frequency
requirement would be:

(e
(]

e (:train capacity, a vague estimation of the real
situation

lfr(e):=
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Modeling Railway Networks and Lines

e Decision Variables:

* d,;: denote the number of direct travelers between ¢ €
T (t={a, b} using line /.

* f,: denotes the frequency of line / € L,

— the frequencies of the possible lines are 1n a fixed time
interval (e.g. in one hour)
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The Mixed Integer Linear Programming
Formulation
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The MIP Formulation

* The MIP formulation of the line optimization problem

DY = ma}.{Z: Z: dy
s.1. Zﬁ dy g

A\

tr(t) (forallteT)

C'-fi (forallee E,le L)

—_—

A

>_fi = lrle) (foralle€ L)

fe L
e

di 1, f1 € Z. (forall £ € 7,1 € L)
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The MIP Formulation

* We will allow fractional travelers d, , we relax d, , €
Z,.tod,, >0,

* The number of direct travelers 1s huge, therefore it
seems not to be very important to find the exact
integral optimum

* It may be sufficient to base our evaluation on its linear
programming relaxation
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The MIP Formulation

 Inequality,
> . dyg < tr(t) (forallt e T)

=
Py Cl

— restricts the number of direct travelers between ¢ € T by the
total number of travelers

* By inequality
Z: dyg < C-fi (forallee E le L)

teS
€, CI

— no line can be overloaded
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The MIP Formulation

* Equation,
Z fi = lIfr(e) (foralle e E)
_E{

* ensures that the edges are covered with a sufficient
number of lines / frequencies.
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An Example

* Considering the following railway network:
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An Example

* Demands (tr):

tr Vi V2 Volume
1 a B 50
2 a C 50
3 a d 50
4 b C 50
5 b d 50
6 C d 50
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An Example

* Lines / services (f), and C = 100 persons
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An Example

* Decision variables d,; that denote the number of direct travelers
betweent € T (t = {a, b} using line .

t [
1 (a,b) I (a,b)
2 (a, c) 2 (a, c)
3 (a,d) I (a,b)
3 (a,d) 2 (a,c)
3 (a,d) 3 (a,d)
4 (b, ¢) 4 (b, ¢)
5(b,d) I (a,b)
5(b,d) 4 (b, ¢)
5(b,d) 5(b,d)
6 (c,d) 2 (a, c)
6 (c,d) 4 (b, ¢)
2 6 (c,d) 6 (c,d)
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max d,,+d,, +d,,+d;,+d;;+d,, +d;, +d;, +

d5,5 + d6,2 T d6,4 + d6,6
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An Example

* Inequality restricts the number of direct travelers between r € T
by the total number of travelers

Y dy < tr(t) (forallteT)

4, <50
d,, <50
d,,+d,,+d,; <50
d,, <50

ds, +d;,+ds s <50
de,+dg,+dg, <50
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An Example

* By inequality no line can be overloaded
Z: dyg < C-fi (forallee F.le L)

e
cEF, CI
e L t
L VI|Vv2| el | e2 (a-d) 1(ab) | 1(ab)
1| a | b | (d| @b (a-d) l(a,b) | 3(ad
2| a | ¢ | (a-d) | (d=c) (a-d) 2(a,0) | 2(a0)
3| a d | (a-d) (a-d) 2 (a, c) 3 (a, d)
41 b | ¢ | (bd | (do (a-d) 3(a,d) | 3(ad)
5/ b | d|@®bad (b-d) 1(a,b) | 1(a,b)
6| c | d| (o (b-d) l(a,b) | 5(b,d)

(b-d) 4 (b, c) 4 (b, c)
(b-d) 4 (b, c) 5 (b, d)
(b-d) 5 (b, d) 5 (b, d)
(d-¢) 2 (a, c) 2 (a, c)
(d-¢) 2 (a, c) 6 (c,d)
(d-¢) 4 (b, c) 4 (b, c)
(d-¢) 4 (b, c) 6 (c, d)
(d-c) 6 (c.d) 6 (c.d)
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An Example

d,+d,, <100x f,
d,,+d,, <100X f,
d,, <100X f,

d,, +d;, <100x f,
d,,+d;, <100x f,
ds s 100X f;
d,,+d;, <100X f,
d,,+d¢, <100x f,
de o <100X f,
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An Example

* This equation ensures that the edges are covered with
a sufficient number of lines / frequencies.

Z fi = lIfr(e) (forall e € E)

_EE

* [fr(e) : line frequency requirement, the minimum
number of trains / lines, which have to run along link
e to serve the demand for transportation
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Arcs | tr(a-b) | tr(a-c) | tr(a-d) | tr(b-c) | tr(b-d) | tr(c-d) | total | Ifr(e)
(a-d) 50 50 50 0 0 0 150 2
(b-d) | 50 0 0 50 50 0 150 2
(d-c) 0 50 0 50 0 50 150 2

hth+tfh=2
fitf,+fs=2
Lhtfit]s=2




An Example

e Solution:
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